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Abstract—Sommerfeld integration is introduced to calculate
the spatial-domain Green’s functions (GF) for the method of
moments in multilayered media. To avoid time-consuming nu-
merical integration, the discrete complex image method (DCIM)
was introduced by approximating the spectral-domain GF by a
sum of exponentials. However, traditional DCIM is not accurate
in the far- and/or near-field region. Quasi-static and surface-wave
terms need to be extracted before the approximation and it is
complicated to extract the surface-wave terms. In this paper, some
features of the matrix pencil method (MPM) are clarified. A new
direct DCIM without any quasi-static and surface-wave extraction
is introduced. Instead of avoiding large variations of the spectral
kernel, we introduce a novel path to include more variation before
we apply the MPM. The spatial-domain GF obtained by the new
DCIM is accurate both in the near- and far-field regions. The
CPU time used to perform the new DCIM is less than 1 s for
computing the fields with a horizontal source-field separation
from 1.6 10 4 to 16 . The new DCIM can be even accurate
up to 160 provided the variation of the spectral kernel is large
enough and we have accounted for a sufficient number of complex
images.

Index Terms—Discrete complex image method (DCIM), matrix
pencil method, method of moments (MoM), multilayered media,
Sommerfeld integration (SI).

I. INTRODUCTION

COMPUTATIONAL electromagnetics (CEM) has evolved
rapidly since the 1960s with the increase of the computa-

tional power of computers. Among the various CEM methods,
the method of moments (MoM) [1] is extensively studied. The
MoM is a variational method sometimes based on integral equa-
tions. It requires segmentation of the structure only on the sur-
face and no absorbing boundary condition (ABS) is necessary.
Hence, it is more robust and concise and is preferred to be used
for most open structures radiating in free space. The Green’s
function (GF) from the source element to the field element is
required to evaluate the impedance matrix. However, for struc-
tures located in multilayered media, such as the real ground
plane of the earth and the stratified structure of printed or inte-
grated circuits, the GFs used in the MoM are different and much
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more complicated to derive than those for free space. Moreover,
the Sommerfeld integration (SI) [2] is introduced to the calcula-
tion of the spatial-domain s, which is very time consuming [3]
and complicated [4].

The discrete complex image method (DCIM) was developed
to avoid the numerical computation of the SI [5]–[9]. Using the
generalized pencil of functions (GPOF) matrix method, closed
form can be obtained without any numerical integration. In [5],
the quasi-static (which contributes in the near-field region) and
surface-wave terms (which contribute in the far-field region) are
extracted first. The spectral domains are then approximated by
a sum of complex exponentials that contribute in the medium
distance region. The closed forms in the spatial domain are then
obtained analytically by the use of the Sommerfeld identity. A
two-level DCIM without a surface-wave extraction is proposed
in [6] to save the number of samples of the spectral-domain
GF. The DCIM in the -plane ( is the radial wavenumber)
is introduced in [8], but or cannot be extracted from the
spectral-domain GF to simplify the computation. The traditional
DCIM without the surface-wave extraction has a large error in
the far-field region due to the fact that the traditional DCIM does
not contain enough information for the surface-wave poles. For
a general multilayered case, the surface-wave terms cannot be
obtained analytically. The extraction of the surface-wave com-
ponents numerically is complicated ([7] and [9]). Even with the
surface-wave poles extracted, errors occur for the near-field re-
gion due to the singularity at the origin for Hankel functions
when [7]. Correction terms have to be used to com-
pensate for this singularity in the near-field region [9]. As a
summary, the methods that avoid the numerical computation of
the SI can save time during the matrix filling step of the MoM,
but have their disadvantages or difficulties on surface-wave ex-
tractions and have different forms of expressions for the spatial
domains.

The following two features of the GPOF method [10] (a better
approach is the matrix pencil method in [11]) have been ne-
glected or misunderstood by the previous authors in employing
DCIM.

• Although only several samples of a function on a finite
path are used to implement the matrix pencil method
(MPM), the MPM tries to fit this function on the whole
complex plane.

• The MPM has the capability to fit functions with large
variations.
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The information of singularities of the functions can be obtained
by MPM if the parameters are properly chosen.

In this paper, we propose a direct DCIM without any quasi-
static or surface-wave terms extracted. A novel path is chosen
to obtain sufficient information of both the singularities and the
trend of the spectral domain GF to infinity. Hence, the discrete
complex images (DCIs), which were supposed to approximate
the spatial domain GFs only in medium distance region, can be
also accurate both in near and far field regions. Simulation re-
sults show this direct DCIM can get closed-form spatial domain
GF from to . The large distance up to
is sufficient for extremely large structures analyzed in MoM.
Another merit of this direct DCIM is that the closed-form GF
is expressed by a sum of exponential functions divided by a
distance, which is similar to the GF of spherical waves in ho-
mogeneous media, which makes computer programming much
simpler. The numerical techniques for the matrix filling step of
MoM in homogeneous media can be directly used for the multi-
layered media.

II. TRADITIONAL DCIM AND DISCUSSIONS

Suppose only electric currents are present, the mixed-poten-
tial integral equation (MPIE in [12]) representation for in an
inhomogeneous media can be expressed as

(1)

The bold letters in (1) mean vectors. is the vector poten-
tial dyadic Green’s function (DGF) in spatial domain where the
underline means ‘dyadic’. is the scalar potential kernel and

is the correction factor, which arises when cannot
be simply expressed by as in layered media. is the
integration over the source region where exists. The spatial
domain DGF can be expressed as

(2)

We use to express each component of this dyadic,
or . The spatial domain can be obtained

through SI from the spectral-domain GF

(3)

where is the first kind Bessel function of order . Although
(1)–(3) are applicable to uniaxially anisotropic media, in this
paper we focus on stratified isotropic media.

The spectral domain GF can be obtained by the
equivalent transmission-line Green’s functions (TLGF) ex-
pressed through voltages and currents [12]. Since the stratified
media can be easily modeled as transmission-line sections, the
voltages and currents can be obtained by the known sources
together with the reflection and transmission coefficients.

When , also the source and field points are in the same
layer, the SI can be written as

(4)

where is the direct line from the source
point to the field point. We call the spectral kernel of the
GF. and are related by

(5)

where is the wavenumber in the layer to be analyzed. Suppose
can be approximated as

(6)

by the MPM. We also have the Sommerfeld identity

(7)

Note that if in (3), we can use the derivative of the
Sommerfeld identity (7), which is

(8)

The process of DCIM for is similar to that for . In
this paper, we focus on the situation when . From (7) we
have

(9)

The spatial domain GF can be expressed as a sum of GFs by
the direct source and the image sources located at complex
distances in homogeneous media.

If the source point is in layer , the field point in layer
and , there will be two wavenumbers and as-
sociated with and respectively. and are difficult to
be decomposed from . In this situation, we choose

and apply GPOF on
[7]–[9]. Without loss of generality of and for an
easier analysis, we suppose and use in (4) as the
spectral kernel.

Since the matrix pencil method (MPM) is applicable for a
complex function with a real variable and the functions should
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(a)

(b)

Fig. 1. (a) Path of traditional DCIM in k domain. (b) Path of traditional
DCIM in k domain.

be equally sampled along the variable, we choose a path such
as

(10)

This path is a straight line in the -plane starting from
, as shown in Fig. 1(a), which maps to the origin on

the -plane, as seen in Fig. 1(b). This path keeps the linear
relationship between and , which is convenient to derive
and . It should remain in one Riemann sheet. should be
chosen such that is larger than the branch point to
avoid the singularities (marked as an in these figures).

As an example, we consider the simple microstrip case for
one layer substrate with the dielectric constant and
thickness mm, as shown in Fig. 2 [5]. The spectral kernel

for the scalar potential GF due to a horizontal dipole along
path with is shown in Fig. 3. The dots are the data recovered
by the MPM. In this example, the frequency GHz and

. in Fig. 3 is equivalent to in (1). Both here and
in Section III, for demonstration purposes, we will use . We
apply and use the same DCIM for all the components in (1).

Note that the static term is not extracted as before where we
apply the MPM . Moreover, we do not use the

Fig. 2. Microstrip structure.

Fig. 3. ~G sampled along path C in Fig. 2.

samples of from to . Instead we use the samples
to the left-hand side of the vertical line . The MPM can
estimate the remaining data (from to ) well, as
shown in Fig. 3.

The spatial-domain GF including the direct term can be
written as

(11)
A plot of is shown in Fig. 4. The dots are the computed

by the DCIM, while the line is the accurate result obtained by
direct numerical integration [4]. From Fig. 4, we can see that the
DCIM is accurate for small and medium values of . However,
it blows up for large . The reason is that the surface-wave term
is not extracted and it contributes to the far-field component (see
[7] and [9]). The surface-wave term from the singularities can
be written as

(12)

due to the Gaussian integration theorem. is the residue
for the corresponding singularity . Computation of the sur-
face-wave term includes the evaluation of the Hankel function.
Very small values of are close to the singularity of the Hankel
function, which does not naturally exist in the spatial GF when

. Hence, error occurs in the near-field region [7]. Extra
effort has to be done to compensate for this error if we want
one GF to remain for both the near- and far-field regions [9].
Moreover, the locations of the singularities are difficult to find,
especially for general multilayered media. Some complicated
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Fig. 4. Spatial-domain G obtained by traditional DCIM.

numerical techniques have been proposed to locate the singu-
larities in [7] and [9]. Even if the singularities are accurately
located, the form in (12) is different from (9), which destroys
the advantages of using a single simple expression for the spa-
tial-domain GF.

III. NEW DIRECT DCIM

Extra effort has been made to compensate in the DCIM, as
shown in [5]–[9], because the capability of the MPM is not fully
recognized and implemented. As described in Section II, it is not
necessary to extract the static term or to make near to zero
at . The MPM can estimate the behavior of out of the
path provided sufficient variation information is included in the
path. Theoretically speaking, if we have arbitrary accuracy (an
infinite number of significant digits) for the computation and
the sample values used in the MPM, the discrete images ob-
tained from the path in Fig. 1 will be sufficient to approximate
the spectral kernel in the whole domain, including the sur-
face poles. For the same reason, the traditional DCIM cannot
generate an accurate GF in the far field, not because the MPM
cannot approximate function with fast variation, but because the
path chosen cannot provide sufficient information generated by
the singularities. This difficulty is caused by numerical limita-
tion along the original path. With these features of MPM, choice
of the path can be more flexible and efficient, and the direct
DCIM can obtain satisfactory results without any extra com-
pensation methods.

The first change of the path is to , as shown in Fig. 5.
This change is to eliminate the necessity of choosing a slope
in the path and to simplify the relationship between and as
follows:

(13)

Another advantage of this change is to make the path parallel
to the imaginary axis, around which the singularities are dis-
tributed. The nearest distance between the path and different
singularities will be the same so that the contribution of each

(a)

(b)

Fig. 5. (a) Path of the new DCIM in k domain. (b) Path of the new DCIM in
k domain.

singularity will be equally sampled along the path. Simulation
results in Section IV show that the path can also generate sat-
isfactory results of the spatial GF in the near- and medium-field
regions.

The second change of the path is more critical. Researchers
involved with the traditional DCIM tried to avoid the large vari-
ations of the spectral kernel. In this paper, we do the reverse:
we try to include more variations of the spectral kernel before
we do the MPM. The idea is implemented by moving the path
closer to the singularities, which is shown as path in Fig. 5.
Suppose we shift the starting point of to , where

(14)

The path of is then changed as

(15)

We can get another sequence of values of the spectral kernel.
A plot of for is shown in Fig. 6. Compared with
Fig. 3, this plot shows large variations due to the singularities,
but the MPM can still approximate them well. The two singular-
ities for this example show up in Fig. 6, while we cannot differ-
entiate them in Fig. 3. Simulation results in Section IV show that
the proposed DCIM is accurate both in the near- and far-field re-
gions if is small enough.
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Fig. 6. ~G sampled along path C in Fig. 5.

One of the main purposes of this paper is to illustrate that the
traditional DCIs cannot approximate the spatial-domain GF in
the far-field region alone, not because the DCIs have the decay
rate of while the surface-wave poles have a different
decay rate of , but because we do not have enough ex-
ponentials to approximate the special kernel. From a theoretical
point-of-view, a continuous function can be analytically
expressed by a Fourier series, which is a special case of expo-
nentials. It is similar that any continuous in a specific part
of the -plane can be analytically expressed by a series of com-
plex exponentials. Together with the Sommerfeld identity, there
should be no theoretical difficulty for DCIs approximating the
spatial-domain GF without any singularity extraction.

To make the modified path start from the origin in the
-plane, we need to sample the spectral-domain kernel along

a compensating path . The MPM is applied on for the
remaining variations that are not on .

The recipe of the proposed direct DCIM is as follows.

1) Choose the value of according to the requirement of the
spatial-domain GF. Smaller will introduce more varia-
tion of the spectral-domain kernel and more information
of the singularities. More accurate results can be obtained
for smaller , especially in the far-field region. This re-
quires more samples for the MPM and more poles will
be generated and, hence, the computational load will be
increased.

2) Approximate the spectral kernel on path as

(16)

This step is usually the most time-consuming step for the
DCIM. For accurate requirements for the spatial-domain
GF, can be over 100.

3) Approximate the remaining part on path as

(17)

As the MPM on can estimate the behavior of the spec-
tral kernel on , the values of (17) should be very small.
To approximate the remaining variations, 5–8 poles of the
MPM are enough.

4) The spatial-domain GF can be expressed as

(18)

where

(19)

The procedure of two-path approximation is similar to the
two-level DCIM, as in [6]. However, the purpose of the two-path
DCIM in this paper is totally different from the two-level ap-
proximation in [6]. The purpose of [6] is to save the CPU time,
but the goal in this paper is to find a straightforward method
to improve the accuracy of the DCIM in the far-field region
without any loss of performance in the near-field region. We
can break the path in two segments and sample them with
different rates similar to [6] to save the CPU time, but it is not
our focus in this paper.

From (18), we can see that the spatial-domain GF can be ap-
proximated by a sum of uniform expressions of complex expo-
nentials, which is similar to the GF for a homogeneous media.
No other terms are necessary and there is only one GF for all the
various horizontal distances. Simulation results in Section IV
show the accuracy of (18) both in the near- and far-field regions.

IV. NUMERICAL RESULTS

In the first example, we use the same microstrip problem as
used in Section III. A general multilayered case is shown in the
second example.

When is first chosen according to the requirement of the
problem, the length of the path is accordingly set as .

is chosen as 7.5 in this example. The sampling step on is
chosen as . Note that although is fixed for different

, the sampled points are automatically more dense, as is
closer to the singularities, due to the relation in (15). Since the
DCIs obtained on should contain the variation information
on , the computation of the third step of the DCIM on
is trivial. is enough to apply the MPM on .

A threshold can be set in the MPM to control the accuracy.
The first step of the MPM is to do the singular value decompo-
sition (SVD) of a Hankel matrix built by the sampled data of

[11]. We choose the biggest singular values, which are
larger than where is the largest singular value.

is also the number of exponentials. In this paper, for the main
computation of the MPM on , we set . For the
MPM on , because most singular values are
zeros on this path.

The values of , the number of singular values, how far along
the horizontal direction can be reached accurately for the
spatial-domain GF, and the CPU times in a P4 2.8-GHz PC are
listed in Table I. is calculated by analyzing the normal-
ized error of the DCIM compared with the accurate numerical
integration. It is obtained when the normalized error is less than
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TABLE I
PERFORMANCES OF DCIM FOR DIFFERENT s

5 10 , which is small enough for the matrix element of the
MoM in most applications. We can choose a different threshold
of the normalized error and will change accordingly, but
the relevant sorting order of the forth column of Table I will not
change. in Table I is the wavelength in free space. The first
line is the situation for the traditional DCIM in [5] (without sin-
gularity extrapolation) along the path on , as in Fig. 1 (in this
example, is chosen as 7.5). The other five lines are the results
of the new DCIM along the path on and , as shown in
Fig. 5. Note that with , we can easily obtain an accurate
spatial GF up to 16.9 , which is larger than the largest hori-
zontal distance provided by all the previous papers. The CPU
time used in this case is 0.32 s longer than that in [5], but still
less than 1 s. Smaller are listed for reference when extremely
large structures [13]–[15] are going to be analyzed in multilay-
ered media. Note that although the computational load of the
new DCIM is approximately equal to , the CPU time
used for the computation of the GF is still negligible compared
with the matrix solving part in the MoM [14].

Fig. 7 shows the plots of for two values of together with
the accurate results. They are both accurate with small and go
further along compared with the traditional DCIM in Fig. 4.

Fig. 8 shows the plots of . The relationship between and
remain similar as for in Table I; hence, the performance

of either or is decided by , which is easy to control. The
difference is that the number of exponentials on in
is smaller than that in . The reason for this difference is that
the spectral kernel contains only one singularity instead of
two. However, this difference does not affect the performance.
The new direct DCIM is robust.

As a more general example, we take the same five-layer mi-
crostrip structure in [7, Fig. 1]. The source point is in the second
layer and the field point is in the fourth layer. The results in
[7] are accurately obtained both in the near and far field by the
proposed DCIM without any extrapolation of the quasi-static
static or surface-wave terms, which is shown in Fig. 9. Note that,
to apply the proposed DCIM, the two paths of in Fig. 5(a)
should be in the layer with the minimum (usually the free-
space layer). By doing this, path and will be constrained
in the same Riemman sheet and path will not cross the
branch point.

Fig. 7. Spatial-domain G obtained by direct DCIM.

Fig. 8. Spatial-domain G obtained by direct DCIM.

Fig. 9. Spatial-domain G for a general multilayered microstrip.  = 0:2
for the proposed DCIM.
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V. CONCLUSIONS

A new direct DCIM has been introduced in this paper. Com-
pared with the traditional DCIM, this method does the reverse
before applying the MPM: it tries to include more variations
of the spectral kernel and, hence, more information about the
singularities. This method is feasible due to the powerful fea-
tures of the MPM. It is implemented by choosing a novel path
nearer to the singularities. The spatial-domain GF obtained by
this method is accurate both in the near- and far-field regions,
and the performance is robust according to the choice of . The
spatial-domain GF is calculated using the same expression of a
sum of spherical waves, which is suitable for numerical calcula-
tion by the computer. No quasi-static or surface-wave terms are
extracted because they are not necessary.
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