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Abstract

We propose and analyze a symmetric weighted interior penalty (SWIP) method
to approximate in a Discontinuous Galerkin framework advection-diffusion equa-
tions with anisotropic and discontinuous diffusivity. The originality of the method
consists in the use of diffusivity-dependent weighted averages to better cope with
locally small diffusivity (or equivalently with locally high Péclet numbers) on fitted
meshes. The analysis yields convergence results for the natural energy norm that
are optimal with respect to mesh-size and robust with respect to diffusivity. The
convergence results for the advective derivative are optimal with respect to mesh-
size and robust for isotropic diffusivity, as well as for anisotropic diffusivity if the
cell Péclet numbers evaluated with the largest eigenvalue of the diffusivity tensor
are large enough. Numerical results are presented to illustrate the performance of
the proposed scheme. discontinuous Galerkin, weighted averages, locally small
diffusion with advection, anisotropic diffusion

1 Introduction

Since their introduction over thirty years ago [19, 16], Discontinuous Galerkin (DG)
methods have emerged as an attractive tool to approximate numerous PDEs in the en-
gineering sciences. Here we are primarily interested in advection—diffusion equations
with anisotropic (e.g., tensor-valued) and heterogeneous (e.g., non-smooth) diffusiv-
ity. Such equations are encountered, for instance, in groundwater flow models which
constitute the motivation for the present work.

The analysis of DG methods to approximate advection—diffusion equations is ex-
tensively covered in [15]. This work already addresses anisotropic and heterogeneous
diffusivity. However, one particular aspect that deserves further attention is that where
the diffusivity becomes very small in some parts of the computational domain. In-
deed, in this case it is well-known that the presence of an advective field can trigger
internal layers. In the locally vanishing diffusivity limit, the solution becomes discon-
tinuous on the interfaces where the advective field flows from the vanishing-diffusivity
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region towards the nonvanishing-diffusivity region. This situation has been analyzed
in [10] and, more recently, in [5, 6]. For (very) small but positive diffusivity, the usual
DG methods meet with difficulties in the presence of internal layers that are not suf-
ficiently resolved by the mesh. Indeed, these methods are designed to weakly enforce
continuity of the discrete solution across mesh interfaces, but because internal layers
are under-resolved, the exact solution is better approximated by a discontinuous func-
tion at the interfaces adjacent to internal layers. One possible remedy is to consider
a hard-wired modification of the DG method at those interfaces, as already proposed
in [15] and, more recently, in [8]. However, a more satisfactory approach would be
to design a DG method that can handle internal layers in an automated fashion. This
is the purpose of the present work. The key ingredient is the use of weighted instead
of arithmetic averages in certain interface terms of the DG method, with weights de-
pending on the diffusivity on both sides of the interface. The present method relies on
the (mild) assumption that fitted meshes are used, i.e., that discontinuities in the dif-
fusivity are aligned with the mesh. When this assumption is not possible (e.g., in the
case of nonlinear diffusivity), the present method is not expected to behave better than
the usual DG methods, since all methods will suffer from the fact that they attempt to
approximate a rough solution within some mesh elements.

The idea of utilizing weighted averages stems from the mortar finite-element method
originally proposed by Nitsche [17, 18]. This method imposes weakly the continuity
of fluxes between different regions. Various authors have highlighted the possibility
of using an average with weights that differ from one half; see [21, 14, 12, 13] where
several mortaring techniques are presented to match conforming finite elements on pos-
sibly nonconforming computational meshes. In the cited works, weighted averages are
introduced as a generalization of standard averages and the analysis is carried out in
the general framework, but a possible dependency of the weights on the coefficients
of the problem is not considered. This dependency was investigated recently in [3] for
isotropic advection—diffusion problems, using a weighted interior penalty technique
with mortars; when applied elementwise, this approach yields a DG method. It was
shown in [3] that a specific choice of weights improves the stability of the scheme
when the diffusivity takes locally small values. The reason why weighted averages are
needed to properly handle internal layers is rooted in the dissipative structure of the un-
derlying Friedrichs’s system. The design of the corresponding DG bilinear form, where
dissipation at the discrete level is enforced by a consistency term involving averages,
has been recently proposed in [7]. The extension to advection—diffusion equations in-
cluding the locally vanishing diffusivity limit is analyzed in [6].

In the present work, we extend the DG method implicitly derived in [3] for isotropic
diffusivity to anisotropic problems. This task is not as simple as it may appear on first
sight since the presence of internal layers now depends on the spectral structure of
the diffusivity tensor on both sides of each mesh interface. The spectral structure also
raises the question of the appropriate choice of the penalty term in the DG method at
each mesh interface. The analysis presented below will tackle these issues.

We design and analyze one specific DG method with weighted averages, namely
the Symmetric Weighted Interior Penalty (SWIP) method, obtained by modifying the
well-known (Symmetric) Interior Penalty (IP) method [2, 1]. Many other well-known
DG methods, including the Local Discontinuous Galerkin method [4] and the Nonsym-
metric Interior Penalty Galerkin method [20], can also be modified to fit the present
scope; for brevity, these developments are omitted herein.

This paper is organized as follows: Section 2 presents the setting under scrutiny and
formulates the SWIP method, while Section 3 contains the error analysis in the natural



energy norm for the problem. The estimate is fully robust, meaning that the constant in
the error upper bound is independent of both heterogeneities and anisotropies in the dif-
fusivity. Section 4 is concerned with the error analysis on the advective derivative. The
derived estimate is again robust with respect to heterogeneities in the diffusivity, but
the constant in the error upper bound can in some cases depend on local anisotropies.
Robustness is achieved for instance if the cell Péclet numbers evaluated with the largest
eigenvalue of the diffusivity tensor are large enough. Numerical results, including com-
parisons with the more usual IP methods, are presented in Section 5 and illustrate the
benefits of using weighted interior penalties to approximate advection—diffusion equa-
tions with locally small and anisotropic diffusivity. Finally, Section 6 contains some
concluding remarks.

2 The SWIP method

Let Q be a domain in RY with boundary dQ in space dimension d € {2,3}. We con-
sider the following advection-diffusion equation with homogeneous Dirichlet boundary
conditions:

on 0Q. 1

—0-(KOu) + B-Ou+ pu = f inQ,
u=20
Here € L*(Q), B € [W'*(Q)]¢, the diffusivity tensor K is a symmetric, positive
definite field in [L”(Q)]%? and f € L*(Q). The regularity assumption on 3 can be
relaxed, but is sufficient for the present purpose. The weak formulation of (1) consists
of finding u € H} (Q) such that

(KDu, D)o+ (B-Ouv)oo + (Hu Voo = (f,v)oe WEH(Q) ()
where (-,-)o.o denotes the L?-scalar product on Q. Henceforth, we assume that
p—30B>p>0 aeinQ. 3)

Furthermore, we assume that the smallest eigenvalue of K is bounded from below by a
positive (but possibly very small) constant. Then, owing to the Lax—Milgram Lemma,
(2) is well-posed.

Let {J},}n>0 be a shape-regular family of affine triangulations of the domain Q.
The meshes .7}, may possess hanging nodes. For simplicity we assume that the meshes
cover Q exactly, i.e., Q is a polyhedron. A generic element in .7, is denoted by T, hr
denotes the diameter of 7" and nr its outward unit normal. Set 7 = maxre g, hy. We
assume without loss of generality that 7 < 1. Let p > 1. We define the classical DG
approximation space

Vi = {vi, € L*(Q);VT € T, vi|r €P,}, 4)

where PP, is the set of polynomials of total degree less than or equal to p. Henceforth,
we assume that the discontinuities in the diffusivity tensor are aligned with the mesh.
This is a mild assumption in the context of linear problems. Moreover, for the sake of
simplicity, we assume that the diffusivity tensor K is piecewise constant on .7},. This
assumption, which is reasonable in the context of groundwater flow models, can be
generalized by assuming a smooth enough behavior of K inside each mesh element.



We say that F is an interior face of the mesh if there are T~ (F) and T"(F) in .7,
suchthat F =T (F)NT*(F). Weset 7 (F)={T " (F),T"(F)} and let nr be the unit
normal vector to F pointing from 7~ (F) towards T (F). The analysis hereafter does
not depend on the arbitrariness of this choice. Similarly, we say that F is a boundary
face of the mesh if there is T(F) € 7}, such that F = T(F)NJdQ. We set T (F) =
{T(F)} and let np coincide with the outward normal to dQ. All the interior (resp.,
boundary) faces of the mesh are collected into the set 3‘71 (resp., %ﬁm) and we let
Gy = 9}’1 U ff Q  Henceforth, we shall often deal with functions that are double-
valued on L%’l and single-valued on ﬁ,;m. This is the case, for instance, of functions
in Vj,. On interior faces, when the two branches of the function in question, say v,
are associated with restrictions to the neighboring elements 7T (F), these branches are
denoted by vT and the jump of v across F is defined as

[e = v —v". )
On a boundary face F € .72, we set [V]r = v|r. Furthermore on an interior face F €
9‘;’, we define the standard (arlthmetlc) average as {v}r = 1(v™ +vT). The subscript

F in the above jumps and averages is omitted if there is no amblgulty.

The L?-scalar product and its associated norm on a subset R C Q (evaluated with
the appropriate Lebesgue’s measure) are indicated by the subscript 0,R. For s > 1,
a norm (seminorm) with the subscript s,R designates the usual norm (seminorm) in
H*(R). When the region R is the boundary of a mesh element d7 and the arguments
in the scalar product or the norm are double-valued functions, it is implicitly assumed
that the value considered is that of the branch associated with the restriction to 7. For
s > 1, H*(.7;) denotes the usual broken Sobolev space on .7, and for v € H'(.7,),
pv denotes the piecewise gradient of v, that is, (0,v € [L*(Q)]¢ and for all T € .7,
(Opv)|7 = O(v|r). Itis also convenient to set V (h) = H?(.Z,) + V.

The formulation of the SWIP method requires two parameters. As in the formula-
tion of the usual IP method we introduce a single- and scalar-valued function y defined
on .%;,. The purpose of this function is to penalize jumps across interior faces and val-
ues at boundary faces. Additionally, we define a scalar- and double-valued function w
on .7, ;l This function, which is not present in the usual IP method, is used to evaluate
weighted averages of diffusive fluxes. On an interior face F € .%,, the values taken by
the two branches of w are denoted by (w|r)T, or simply w¥ if there is no ambiguity.
Henceforth, it is assumed that for all F € .%, ,i, both values are non-negative and that

w +w =1 (6)

For v € V(h), we define the weighted average of the diffusive flux KO,v on an interior
face F € .7} as

{KOp}e = w (KOpw) ™+ (KOw) " (7

For convenience, we extend the above definitions to boundary faces as follows: on
F e 9;?9, w is single-valued and equal to 1, and we set {Kv} g = KOv.
The SWIP bilinear form B,(-,-) is defined on V (k) x V (h) as follows

By (v,w) = (KOpv, Opw)o.q + (1 —0-B)v,w)o.a — (v, B-0rw)o.a
+ ((VIVD, [wlo.r — (We{ KOpv} oo, [W])o.r — (ne {KTpw} e, [V])o.r)

Fezy,
+ Y By Whor+ S 3(Brrv,wlor. ®)
Fey?’ Fe/o;t?Q



The SWIP bilinear form can equivalently be expressed, after integrating the advective
derivative by parts, as

By, (v w) = (KDhV th)o o+ (le W)o o+ (B~th,w)07g

+ > (v Do.r = (np{KOwv}o, [Wl)o.r — (W {KDhwhao, [V]o.r)
Fezy,

= 5 Boar{whor— Y 3(Bnrvwlor. )
FeZF] Fe7)9

Both (8) and (9) will be used in the analysis. The discrete problem consists of finding
uy, € Vj, such that

By(up,vi) = (f,vn)oo Vi € Vi (10
The penalty parameter y is defined as

VF € Fy, y= aZ—Kerﬁ, (11

where o is a positive scalar (o can also vary from face to face) and where

VF € F}, Yk = (W), + (w")? 8¢, (12)
VF € 772, Yk = Om, (13)
VF € F, Vg = 3|Bnr|, (14)

with & = nl.KTnp if F € F] and &, = n-Knp if F € F7?. Note that the choice
for yg amounts to the usual upwind scheme to stabilize the advective derivative. As for
any symmetric IP method, the size of the penalty parameter o is assumed to be large
enough. This assumption is made for the rest of this work. The minimal value for o
depends on the actual value of the constant arising in the trace inequality (17) stated
below; it can be determined from the proof of Lemma 3.1 to ensure coercivity. Because
they are standard, these developments are omitted.

For the error analysis in the energy norm (see Section 3), no other assumption
than (6) is made for the weights. In particular, it is possible to choose wT = é, in
which case the SWIP bilinear form Bj, reduces to the standard IP bilinear form with
the penalty parameter scaling as the standard average of the diffusivity in the normal
direction; this method has been analyzed in [11]. Note also that the choice made in
[15] for the penalty parameter is different since it involves the maximum eigenvalue of
K.

For the error analysis in the advective derivative (see Section 4), a specific choice
of the weights differing from w™ = % has to be made to yield robust error estimates
with respect to the diffusivity. Specifically, we shall set

8 -
R A (4
and thus
O%n Ok

VF € Zi, = _KnKn 16
h Yk 6[?”‘{‘61;" ( )



Note that with this choice yx = W™, = W', , and that 2y is the harmonic aver-
age of the normal component of the diffusivity tensor across the interface. Observe
also that yx < inf(5gn, 5;,1), a point that becomes important to ensure even the con-
sistency of the method when the diffusivity is actually allowed to vanish locally, see
[6]. The numerical results presented in Section 5 show that also in the energy norm,
the DG method behaves better if the weights are chosen according to (15). Hence, we
recommend this choice whenever the diffusivity exhibits heterogeneities.

3 Error analysis in the energy norm

The goal of this section is to establish an error estimate for the SWIP method in the
energy norm, the estimate being robust with respect to heterogeneities and anisotropies
in the diffusivity. The analysis is performed using fairly standard arguments, i.e., by
establishing coercivity, consistency and continuity properties for the SWIP bilinear
form in the spirit of Strang’s Second Lemma [9].

In the sequel, the symbol < indicates an inequality involving a positive constant
C independent of the mesh family and of the diffusivity. The constant C can depend
on [|Blly1eqyes M=) Ly ! (see (3)), and the shape-regularity of the mesh family.
Without loss of generality, it can be assumed that the problem data is normalized so
that [|B|jy1.=(q is of order unity. We will not be concerned with the dependency
on |[{[|z=(q) since we are not interested in strong reaction regimes. The dependency

on [, ! can be addressed by means of Poincaré inequalities; this will not be further
discussed here. Owing to the shape-regularity of the mesh family, the following inverse
trace and inverse inequalities hold: For all T € .7}, and for all v, € V},,

1
vallo.or < by 2| vallo,r, (17)

10wvallo.r < bz lvallo.r, (18)

which result from the shape regularity of the mesh family {.7, } 0.
For a function v € V(h), we consider the following jump seminorms

Mls= Y IMIzr  MGr= (ol Dor, (19)

Fe7y,

with 0 := Y, 0 := yk or 0 := y. The natural energy norm with which to equip V (k) is

lo.o + [[KOpvlloa + My 20)

where K denotes the (unique) symmetric positive definite tensor-valued field such that
k>=K ae.in Q.

Vil = v

LEMMA 3.1 (Coercivity) The bilinear form By, is ||-||5 z-coercive, i.e., for all v;, € V),
By(vin,vi) 2 [lvallh 5- 2n
Proof. Letvy, € V. Taking v =w = v, in (8) yields
Biy(vi,vi) = | KOwvllg.0 + (Ui, vi)o.e — ((B-B)vi,vin)o.a — (i, B-Onvi)o.g
+[vally - Z} 2(np{KOvp} e, [va] o
FED,
+ Y Bue{vay,valor+ Y 3(Bnrva,va)or- (22)

FeF} FeFf®



Integrating by parts the fourth term on the right hand side of (22) and owing to hypoth-
esis (3), we obtain

(v vi)o.e — ((O-B)vi,vi)o.a — (va, B-Owvi)o,o (23)
+ Y Bre{vatalor+ Y 3(Bnrvivi)or = (K= 30-B)vasvi)o 2 [valga-
FEF] Fezf?

Consider now the sixth term in the right-hand side of (22). Let F € .%,. First, observe
that owing to Young’s inequality

12(nfp ¥ (KOpvn) T, [vil)or | = 12((KOpva) T, 0Tk T ngl[vi])o.r|
25F
< oo (O B + 5 (2l uvhﬂ)”,

where 0 > 0 can be chosen as small as needed. Using the trace inverse inequality (17)
and the definition of yx (12)-(13) yields

201 {K Dpviyeo, valor | S QollkOavnllg, 7 + [

Aohp
The end of the proof is classical since o in (11) can be chosen to be large enough. [J

LEMMA 3.2 (Consistency) Let u solve (2) and let u;, solve (10). Assume that u €
H*(%,). Then

Vvh S Vh, Bh(u — uh,vh) =0 (24)
Proof. Letv, €Vj,. Since u € H& (Q), (9) yields

B, (u,vp,) = (KOu,Opvp)o,.0 + (Hu, va)o.o + (B-Ou,vi)oq — ; (np{KOu} g, [va]] o, -
FEZ,

Using the fact that n’, K Ou is continuous on interior faces yields nf,{KDu}ep = (00~ +
W™ )nt-KOu = nl; KOu owing to (6). Hence, integrating by parts leads to

KOu, Oy - o AKOut o, [viDor = — O-(KOu),v )
( WVh)0,.0 FGZJ,,( FAKOu} e, [vi]))o.r Tg%( (KOu),vp)o,r

As aresult,

By(u,vp) = 5 (=0-(KOu)+ B-Ou+ pu,v)or = (f,vn)o.a = Bn(un, va),
Te,

yielding (24). (|
We now establish a continuity property for the SWIP bilinear form Bj,. To this
purpose, we introduce on V (k) the norm

1 1
2 2
IIVIIh%Z IVIIh,B+< > ||V||3,ar> +< > hTIIKDhV||<2),aT> : (25)
’ T

TeI, €T

Let VhL = {v € V(h),Vvh eV, (V,Vh)()’Q = 0}.



LEMMA 3.3 (Continuity) The following holds:

V(vown) €Vit x Vi, [Bawi)l S VI, 1 lIwallns- (26)
2

Proof. Let (v,wy,) € VhL X V.. The first two terms in (8) are easily bounded as

|(KOwv, Opwr ool + (U= O-B)v,wi)oal S IVInslwhllns-

To bound the third term, let E be the piecewise constant, vector-valued field equal to
the mean value of 3 on each T € .7},. Then,

(v, B-Tpwn)o.a = (v, B-Tpwi)o.a + (v (B— B)-Oawn)o.a
=, (B—B)-Own)oa.

since B-0pwy, € Vj, and v € V;-. Moreover, since 8 € [W!°(Q)]4,
VT € Fhy |B=Bll=(rye S hr,
so that the inverse inequality (18) yields

|, B-Onwn)o.al S [IVlloallwallog < [[vilnzlwallns.

Furthermore, proceeding as in the proof of Lemma 3.1 yields, for all F € %,

| (W {K Ty} o, [wall)o.r

1 1
S< > h%KD/WlIo,ar) h? [[will .

TET(F)

and

1
| (e LK Tywi Yo, [VDo.p | S B V] e 1K Onwilo, )

so that

Z} (I AK OV} oo, [winlo.r | + (e {K Owp oo, [VIo.re|) S VI, 1 1wl
FEZ, 2

For the remaining terms, we obtain

> 0D Dwdorl+ 3 ((Bne{v}, Dwslorl+ 3 13(Bnevwa)or|

Fez, FEF] FeFi?

Sy Dwally+ Y [{vHlo.r|Twalllys F < IIVIIh%IIWhIIh,B-
FeZ,

This completes the proof since |||z < ||||h - O
2
THEOREM 3.1 Let M,u be the L?-projection of u onto Vj,. Then,

llu—upllnp S llu—Tpul], 1. @27)
2



Proof. Owing to Lemmata 3.1, 3.2 and 3.3,
Bh(uh — I'Ihu,uh — I'Ihu) _ Bh(u — I'Ihu,uh — I'Ihu)
[ — Ml . \[n — Ml .
S llu=Mpul], 1 (28)
2

llup, — Mpu||pp S

We complete the proof by applying the triangle inequality and using the fact that
I <1, 1 H

REMARK 3.1 Estimate (27) yields an error upper bound in the natural energy norm
with a constant independent of the diffusivity tensor. Furthermore, if the exact solution
is smooth enough locally on each mesh cell, namely u € H?*!(.7,), it is readily seen
using standard approximation properties for the L>-orthogonal projector 1y, that the
upper bound converges as 4”7, which is optimal.

We now prove that under some assumptions, the error estimate in the L>-norm can
be improved using the Aubin-Nitsche duality argument. Let A, ¢ denote the lowest
eigenvalue of K in Q and set Ay x = max(1,Ag) where Ax denotes the largest eigen-
value of K in Q. We introduce the following dual problem: seek ¥ € H& (Q) such
that

(KOv,O)oa+ (B-Ov,Yoq + (Hv.Ploa = (vu—uoa WEH(Q).  (29)
We assume that elliptic regularity holds in the broken H2-norm, namely that

1Wllg2( 7y S Akl —unllo.- (30)

When K is uniform, it is well-known that the convexity of Q is sufficient to guaran-
tee (30). This is no longer the case if K is discontinuous. In this case, (30) implicitly
amounts to additional assumptions on the distribution of K inside Q.

THEOREM 3.2 In the above framework,
1

Aiix .
(=l + ot fa—walha, ) D

m >

[lu—unllo. <

where for all v € V (h),

v

1 1
2 2
uh=ww+<z%wma>+(zmwm%m>- (32)
T, T,
Proof. Step (i): observe that for all v € V(h), using (8) yields
By (v, ) = (KU, OW)oo + (H—0-B)v.)oa — (v, B-U¢)oqo — Z (e {KOW} o, [V])o.F

Feoy
= > (n—0«(KOY) = B-0¢+ (1 —D-B)W)or = (v.u—un)oq- (33)
TeI,

Step (ii): define on V (k) the norm

1
2
|wmzmmé+<zhﬁvﬁﬂ , (34)

Te,



and let us prove that for all (v,w) € V(h) x V(h),
1Bu(v,w)| < [Vlln.s [[wlln.1- (35)

Indeed, indicating by 7;, 1 <i < 8, the eight terms on the right-hand side of (9), and
proceeding as in the proof of Lemma 3.3, it is clear that ¥, .3|Ti| < [|v||n.5, Hw||h 1.

2
Moreover,

T3] =1(B-Owywhoal Y I1Twlloriwlor =5 harlCwlorhs Iwlor < [Vllns. [wlln1-
= TET,

Hence, (35) holds.
Step (iii): taking v = u —uy, in (33), applying Lemma 3.2 and using (35) yields for all
WYn € Vi,

= unllG.0 = Ba(u— up, W) = Biy(u— w0 — ) < Nl —wn s, || — Wy

ln.1-
Using standard interpolation results leads to
1
inf — <Agxh
w::lévh”w Whlln1 S MK ||‘1U||H2(9,1)7
and taking into account (30) yields
1
Mik
lu—uplloa < T h|u—up|p.5, - (36)
m,K
Using the inverse inequalities (17) and (18), we infer that for all v, € V},,
vallnge < 1vallns+lvallog+1kDrvalloq < lvallas- @37
Applying the triangle inequality together with (37) leads to
lu—unlnp, <llu—wplng, +llun—wnllnsz.
S lu—wallns, + lun —willns
S llu—=wallns, + llu—unllns, (38)
where wy, is arbitrary in Vj,. Substituting (38) into (36) yields (31). O
COROLLARY 3.1 If the exact solution  is in H?*!(.7},), then
< MK i
[ =unllo.@ S =0 ullgr+ 7). (39)
Proof. Use Theorem 3.2 and standard approximation properties of Vj,. ]

4 Error analysis for the advective derivative

When the diffusivity takes small values, it is no longer possible to control the advective
derivative by means of Theorem 3.1. The goal of this section is to obtain a control of

10



the error in the advective derivative that is possibly robust with respect to the diffusivity.
Define on V (h) the norm

Vlinsg = IVllns+[Ving, (40)

where

1
2
Ivllng = ( s hT||B~th||%,T) . 1)
T

€

To prove a convergence result in the ||-||;, gg-norm, the first step is to derive a stability
property for the SWIP bilinear form By, in this norm.

LEMMA 4.1 (Stability) Define

VTG%, Ak =

)

. (42)

. A
Lo if Bllpeye 2 T
AT otherwise,

m

where Ay 7 and A, 7 are respectively the maximum and the minimum eigenvalue of
K|r. Set Ax = maxre 7, Ag 7. Then,

B
inf h(VhaWh) > —1

sup —nVmWh) 43)
n€Vi\ {0}, e\ (03 Ve llngllWallnzp

REMARK 4.1 We stress the fact that the inf-sup condition is robust in the isotropic
case and in the anisotropic case if the cell Péclet numbers evaluated with the largest
eigenvalue of the diffusivity tensor are large enough. Note also that the anisotropies
are local to the mesh element, i.e., ratios of eigenvalues between adjacent elements are
not considered. To achieve this result, the key point (see the control of |[75,]|7,. in the

proof below) is that the choice (15) for the weights yields yx < inf(Jg,,, ).

)

Proof. Letvy, € Vy and setS =sup,, cy,\ 0} m%. We want to prove that |||, 55 <
AgS.

Step (i): owing to Lemma 3.1, we infer that

Ivall7 5 S Slivallnsg: (44)

so it only remains to control the advective derivative in [|v4 ||, gg-

Step (ii): let 77, € V}, be such that for all T € .7, |7 = hTB- [,v, where E is defined
in the proof of Lemma 3.3. Let us prove that

1
17515 < D Ivalln.zp- (45)
The inverse inequality (18) and the regularity of 8 yield for all T € .7},
1% llo.r < hrllB-Onvallo.r + hr|[vallo.r, (46)

while the inverse inequality (17) yields for all F € .7,

e < Y Imldor< Y (hrlB-Owallsr +hrlvallgr) -
TeJ(F) TeJ(F)
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Hence, since Ag > 1,

1
I llo.o + [[78]ly, < vallnss < Bgllvallnsp-

1
Let us estimate Ay 2 |[T5,] |y, r for all F € .%,. Observe first that yx = w¥ g, < &,

if F €7} and yx = O, if F € F2. Hence, if there is a T € Z,(F) such that
A
IBlljz=(rye 2 %T’ then

e () e r < b Ar w015 F <5 (hrllB-Oavallr +hrvalldr) -
TeJ(F)

Otherwise, for all F € .Z1,
e eI < b vie (((B-Dwvn) )2 + (B Dava))?)
e (8, ((BDw) )7 + 8¢, ((B-Dwn))?)

and similarly for F € ﬁf Q_ Hence, using the trace inverse inequality (17),

_ Aur
he M), S5 AurllOnlir S5 3 1K OpvnlGr-
TeT(F) TeF(F) /'mT

1

Thus, |[m]]]y S AIE< [vi||n,p- Furthermore, since K is piecewise constant,

KOG ]lo.r = hr || B-Oa(KOwva) llo.r S [IKChvallor,

implying that ||[K0, /|00 < ||vallnps- Finally, the advective derivative of 1, is con-
trolled by

2 —1 2 2
Il < hy Imllo.r < 11valli s
Te,

owing to (46). This proves (45).
Step (iii): we can now examine the term ||v,||> p by making use of (9):

lvi Hi_p =By, (vi, ) — (KOpvi, 0p10,)0.0 — (Ui, Th)o,0

+ > BOwn,heB-Opwn—mor+ > (Brr{m} [val)or
TeT FeF]

+ 3 aBnevimor— 3 (vl [mlor

FeFf? FEZy
+ Z ((ni"{Kthh}wv Hml]])OF + (n%{KDh mz}wv HVh]])O,F)
FEZ,

=By, )+ T+ L+ T+ Ta+Ts+ T+ T + Tg.

‘We observe that

1
B (vi, )| < S| ll1.55 < SAZ ||vallnsp-
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It is also clear that

I S
T+ | 2|+ |To| + 1T + [ T] < 1Vallnsl 0105 S 8288 1vill; pp-

Furthermore, using the inverse inequality (17) together with (46) yields
1 1
2 2
—1 2
Tl +1T5| < [[valllys ( > ITEI%,aT) S Aalllyg ( > hr ||T%||0,T>
TE<711 T621

13
S vallnsllvallngs < S21vall; gg-

Finally,
51 < S hr|(B-Owvn (B=B)-Dwv)or| S 5 hzlIB-Cuvallor | Davallor
TeI, T,
1o
S ; hr||B-Owvallorlvallor < vallnsglivalloa < SZvallj gp-
TeI,
Hence,

2 2
||Vh||%,73[5 S vallis +1vally g

1 11 3 1 3
< Slvallnsg + SO 1vallass +S288 vall; gg +SZ Ivall; g
1 11 3
< SOZ |1villn s +S2 8% [|vall; gp-

where we have used the fact that Ax > 1 in the last step. Applying twice Young’s
inequality yields the desired result. ]
Proceeding as above, the following result is readily inferred:

THEOREM 4.1 In the above framework,
il sp < B inf el 3 )

where, for all v € V(h),

1 1
2 2
WM#=WMN(ZIMW>+<ZhﬂmMmJ- (48)
) n

TeF, TeI,

REMARK 4.2 Estimate (47) yields an error upper bound on the advective derivative
with a constant depending on Ag. Robustness is recovered whenever Agx = 1, i.e., when
working with an isotropic diffusivity tensor or when the cell Péclet numbers evaluated
with the largest eigenvalue of the diffusivity tensor are large enough. Furthermore, if

ue HPH! (), the upper bound converges as WPt , which is optimal.

5 Numerical tests

5.1 A test case with discontinuous coefficients

To verify the convergence of the SWIP method and to make quantitative comparisons
between this and other IP methods, we consider the test problem proposed in [3],
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featuring discontinuous coefficients and where the exact solution is known analyti-
cally. We split the domain Q = [0, 1] x [0, 1] into two subdomains: Q; = [0, 1] x [0, 1],
Q, = [},1] x [0,1]. The diffusivity tensor K is constant within each subdomain, and

defined as
E(x 0
K@”<%)10>
1

where £(x) is a discontinuous function across the interface x = 5. Indicating with the
subscript 1 (resp. 2) the restriction to the subdomain Q; (resp. Qz) we will consider
different values of €|, while &, is set equal to 1. Letting 8 = (1,0)', y=0and f =0,
the exact solution is independent of the y-coordinate, and is exponential with respect to
the x-coordinate. The following conditions must be satisfied at the interface between
the two subdomains:

lim u(x,y) = lim+u(x,y), and lim —¢& dwu(x,y) = lim_ —Oeu(x,y).
- | 1- 1

X— i x%i X— § xﬂj

Setting u(0,y) = 1, u(1,y) = 0 and applying the matching conditions, we obtain the
value of the exact solution at the interface:

L eel) (ewlr) i )‘1
(2) 1—exp<2ﬂ>< el T Tee @)

As a result, the exact solution in each subdomain can be expressed as

u(3,5) —exp(sg) + (1—u(3,y)) exp()
-

ul(xvy) = exp(zgl) ,
—eX 1 ul 5 X x_l
i) =~ (ziyzzxp(é) s

Table 1: Convergence rates of the SWIP method, p = 1

h lu—unllng  llu—unllng  llu—unllo
0.1000 1.62e-01 1.49e-01 6.94e-03
0.0500 7.96e-02 5.45e-02 2.11e-03
0.0250 3.67e-02 1.87e-02 4.80e-04
0.0125 1.70e-02 6.37e-03 1.21e-04

order 1.11 1.55 1.98

To assess the accuracy of the SWIP method with respect to the mesh-size, we con-
sider a family of uniform triangulations {.7,},~¢ which are conforming with respect
to the interface between Q| and Q,. These triangulations are obtained starting from
a uniform partition of dQ in sub-intervals of length 2 = 0.1, & = 0.05, h = 0.025 and
h = 0.0125 respectively. The value of the penalty parameter o is henceforth set to
a = 1.0 for IP; elements and a = 4.0 for [P, elements. The numerical results obtained
with € = 0.1 are reported in Tables 1 and 2, where the order of convergence is com-
puted with respect to the last two rows of each table. We observe that the SWIP method
exhibits the orders of convergence predicted by the theory.
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Table 2: Convergence rates of the SWIP method, p =2

h lu—unllng  |lu—unlnp | —unllo.o
0.1000 2.31e-02 2.15e-02 6.80e-04
0.0500 4.63e-03 3.31e-03 4.29¢-05
0.0250 1.17¢-03 5.93e-04 5.20e-06
0.0125 2.95e-04 1.05¢-04 6.41e-07

order 1.99 2.49 3.02

Table 3: Comparison of SWIP and IP methods: & = 5e-2, p =1

method  [u—upllng  u—unllnpg  [lu—unlog M
SWIP 1.583e-01 1.505e-01 4.586e-03 9.555e-04
IP-A 1.483e-01 1.403e-01 5.153e-03 5.882¢e-03
1P-B 1.338e-01 1.378e-01 5.903e-03 5.882e-03

We have also compared the performance of the SWIP method with respect to two
IP methods. The first method (IP-A) corresponds to the SWIP method with weights
wT = % The penalty parameter Y is thus the arithmetic average of the diffusivity in
the direction normal to the face. This method was analyzed in [11]. The second method
(IP-B), proposed in [15], differs from IP-A in the choice of the penalty parameter: yx
is the arithmetic average of the maximum eigenvalue of K on the triangles sharing
the face F. We consider a uniform triangulation .7, characterized by & = 0.05. The
quantitative analysis is based on the norms |-||4., |||l ||-/lo,q and the indicator

M = max (]| mgx(uh) - mgazlx(u)\, | rrhin(uh) - rrgn(u)\) (49)

which quantifies overshoots and undershoots of the calculated solution. The numer-
ical results for p = 1 are found in Tables 3, 4, and in Figure 1. Table 3 deals with
the case & = Se-2; the inner layer is not very sharp and is resolved by the meshes
under consideration. We observe that the three methods deliver similar results for all
the quantities of interest. As the inner layer becomes sharper (€ = 5e-3, Table 4), the
SWIP scheme performs better than the other IP methods, especially in the L2-norm
and in the indicator M. The reason is that the weights permit sharper discontinuities
in the calculated solution, leading to smaller oscillations in the internal layer, whereas
the other IP methods force the discrete solution to be almost continuous. As can be
observed in Figure 1, this limitation promotes instabilities in the neighborhood of the

Table 4: Comparison of SWIP and IP methods: £ = 5e-3, p =1

method ||u—uh |h,B ||u—uhHh_ﬁ ||M—MhH07Q M
SWIP 4.917e-01 1.280 1.474e-02 6.594e-02
IP-A 5.886e-01 1.303 4.973e-02 4.373e-01
IP-B 6.625e-01 1.634 7.553e-02 4.173e-01
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Table 5: Comparison of SWIP and IP methods: & = 5e-3, p =2

method  [|u—up|np [0 —wn|np [l —unllo.0 M
SWIP 4.33e-01 1.44e+00 1.69¢e-02 6.72e-02
IP-A 6.05e-01 1.54e+00 3.77e-02 1.85e-01
IP-B 6.52e-01 1.71e+00 4.52e-02 1.86e-01

internal layer. The spurious oscillations generated in the case & = 5e-3 lead to an over-
shoot of about 40%. The robustness of the SWIP method with respect to standard IP
schemes is also confirmed by further numerical tests concerning vanishing values of &
(Figure 2). Finally, Table 5 presents the results for £ = 5e-3 and p = 2. We have in this
case considered a coarser mesh yielding approximately the same number of degrees of
freedom as in the simulations with linear polynomials. Then, the same conclusion as
for p =1 can be reached. As the mesh is further refined (or the polynomial degree is
further increased), the approximation space eventually becomes rich enough to com-
pletely capture the internal layer, and the three methods (SWIP, IP-A and IP-B) exhibit
a similar behavior.

5.2 A test case with genuine anisotropic properties

To conclude the sequence of numerical tests, we consider a test case with genuine
anisotropic properties. Because of the complexity of the problem, it is not possible
to compute analytically the exact solution. Consequently, the comparison between the
SWIP and the IP methods will only be qualitative.

We consider the unit square Q = [0, 1] x [0,1] split into four subdomains: Q; =
0,2] x [0,2], Qo = [3,1] x [0,2], Q3 = [3,1] x [3,1] and Q4 = [0,%] x [3,1]. The
diffusivity tensor K takes different values in each subregion:

le—6 O
K(x7y) = < eo 1.0 > for (x,y) € Ql7 Q?a»

1.0 0
K(x,y)z( 0 le6 ) for (x,y) € Qz, Q.

For the advection term we consider a solenoidal field B = (B, B;)" with B, = 40x(2y —
1)(x—1) and By = —40y(2x—1)(y—1). Unlike the previous test case, we note that the
field is neither constant nor orthogonal to the interfaces of discontinuity of K, but it is
still oriented along the direction of increasing diffusivity, thus triggering internal layers.
The forcing term only depends on the radial coordinate originating at the center of Q
in the form f(x,y) = 10~2exp(—(r — 0.35)/0.005) with > = (x —0.5)> 4 (y — 0.5)%;
this corresponds to a Gaussian hill with center at » = 0.35. Finally, we choose u = 1.
For the simulations, we consider a quasi-uniform mesh with 2 = 0.025. The mesh is
conforming with respect to the discontinuities of K. A qualitative representation of the
data is found in Figure 3.

In the left column of Figure 4 we compare the solutions obtained with the SWIP and
the IP methods. The contour plots of the numerical solutions confirm that the methods
at hand behave differently in the neighborhood of the interfaces where the tensor K is
discontinuous. We observe that the SWIP scheme approximates the internal layers by
means of jumps, while the IP schemes attempt to recover a numerical solution which is
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Figure 1: Graphical comparison between the methods SWIP and IP-A. The test case

with &;

3 is on the right.

Se-

1. Each column shows the one-dimensional exact solution u
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Se-
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Figure 2: The norm ||-|jo.o and the indicator (49) (denoted by M) are plotted for the
values & =277, i=0,...,16. The methods SWIP, IP-A and IP-B are compared with
respect to these indicators for linear (top) and quadratic elements (bottom).
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Figure 3: Test case with genuine anisotropic properties. On the left, an illustration of
the domain and its subregions together with a synoptic description of the diffusivity
tensor. The advection field 8 is shown on the right.
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almost continuous. Since the computational mesh is insufficiently refined, the scheme
IP-A generates some slight undershoots near the interfaces where K is discontinuous.
For the IP-B method the oscillations generated by the approximation of the internal
layer are much more evident and propagate quite far away from the interfaces. This
behavior can be explained by observing that this type of penalty does not distinguish
between the principal directions of the diffusivity tensor. Consequently, an excessive
penalty is applied along the direction of low diffusivity.

To strengthen these conclusions, we also consider a numerical test where the ad-
vection field is the opposite of the one reported in Figure 3, i.e. it rotates clockwise.
Following this advection field along the interfaces between subdomains, the diffusivity
decreases. These conditions lead to an exact solution which is smooth in the neighbor-
hood of the interfaces. In this case, the three methods are expected to behave similarly,
as is confirmed by the numerical results reported in the right column of Figure 4.

6 Concluding remarks

The SWIP method analyzed in this paper is a DG method with weighted averages
designed to approximate satisfactorily advection-diffusion equations with anisotropic
and locally small diffusivity. A thorough a priori error analysis has been carried out,
yielding robust and optimal error estimates that have been supported by numerical
evidence. The SWIP method is an interesting alternative to other IP methods since it
can approximate more sharply under-resolved internal layers caused by locally small
diffusivity.

This work was partially supported by GAR MoMaS (PACEN/CNRS, ANDRA, BRGM,
CEA, EDF, IRSN)
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