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Modeling flow in media with fractures

A problem requiring multi-scale modelling

Fractures represent heterogeneities in porous media.

Usually of much higher permeability than surrounding medium

May be of much lower permeability so that they act as a barrier

Fracture width much smaller than any reasonable parameter

of spatial discretization.

The models that we consider

Discrete fracture models, where the fracture locations are given.

Models that allow an interchange between the fractures and the

matrix rock.

Reduced models where fracture f is reduced to a 2-D interface γ.
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Incompressible two-phase flow

Saturation equation

φ
∂s

∂t
+ div uw = 0, uw = r + f,

r = −K∇α(s)
︸ ︷︷ ︸

cap. diffusion

, f = bT (s)uT + bg(s)KuG
︸ ︷︷ ︸

advection

.

Pressure equation

div u = 0, u = −KkT (s)(∇p − ρ(s)uG),
u = uw + unw , total Darcy flow ,

p =
1

2
(pw + pnw ) + β(s), global pressure (not physical) .

Functions α, β depend on capillary pressure and mobilities

Functions kT , bT , bg , ρ depend on mobilities
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a(s) =
kwknw

kw + knw
(−

dπ

ds
), a(0) = a(1) = 0, α(s) =

∫ s

0

a(σ)dσ,

b(s) =
kw

kw + knw
, b(0) = 0, b(1) = 1, bg(s) =

kwknw

kw + knw
(ρw − ρnw )

bg(0) ≥ 0 if ρw ≥ ρnw , bg(0) = bg(1) = 0.

a

s

α

s

b

s

bg

s

kT (s) = kw + knw ≥ kT > 0

ρ(s) =
knwρnw + kwρw

kT
β(s) =

∫ s

1

(bT −
1

2
) (−

dπ

ds
)

kT

s

β
s

(case β(0) > 0)

ρ

s
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Transmission conditions between rock types

σ

Rock type L

φL, K L, kL
ℓ , π

L,

αL, βL, kL
T , bL

T , bL
g , ρ

L

Rock type R

φR, K R, kR
ℓ , π

R

αR, βR, kR
T , bR

T , bR
g , ρ

R

Transmission conditions across σ

• Conservation of phases

u L
ℓ · n L + u R

ℓ · n R = 0, ℓ = w , nw =⇒ u L · n L + u R · n R = 0

• Continuity of phase pressures
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Continuity of phase pressures across σ

• Discontinuous saturation sL 6= sR

πL(sL) = πR(sR)

ssRsL

��✠
✂
✂✂✌

πR

πL

• Discontinuous global pressure pL 6= pR (p =
1

2
(pw + pnw ) + β(s))

pL − βL(sL) = pR − βR(sR)
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Three rock types for Ω1,Ωf ,Ω2

Ω = Ω1 ∪ Ωf ∪ Ω2 ⊂ R
n

Ω1 Ω2

Ωf

γ1 γ2

γ1

Ω1

φ1, K1, kℓ1, π1,

α1, β1, kT 1, bT1, bg1, ρ1

Ωf

φf , Kf , kℓf , πf

αf , βf , kTf , bTf , bgf , ρf

γ2

Ω2

φ2, K2, kℓ2, π2,

α2, β2, kT2, bT2, bg2, ρ2

Natural idea: • Use local grid refinement

Alternative: • Model Ωf as an interface γ
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From physical model to reduced model

1. Shrink Ωf to an interface hyperplane γ.

d

nf = n1 = −n2

γ1 γ2

Ωf

Ω2

Ω1

Γ1

Γ2

Physical model

→ nf = n1 = −n2Γ1 Ω1

Ω2

Γ2

∂γ

γ

Reduced model

2. On γ introduce tangential and normal components:

Kf = (Kf ,τ ,Kf ,n), uf = (uf ,τ , uf ,n).
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Pressure equation on γ

3. Average conservation equation and tangential component of

Darcy’s law across the fracture:

divτuγ = Qγ + u1 · n1 + u2 · n2, uγ = −Kf ,τd∇τPγ

with uγ =

∫ d

0

uf ,τ dσ, Qγ =

∫ d

0

qf dσ, Pγ =
1

d

∫ d

0

pf dσ.

4. Integrate normal component of Darcy’s law across the fracture:

→ Darcy’s law across the interface γ:

−
1

δ(sγ)
ui · n + (pi − βi(si)) = (Pγ − βf (Sγ)), i = 1, 2.

• δ(sγ) =
2Kfn kf (sγ)

d
.

• Note that when δ(sγ) → ∞, then (pi − βi(si)) = (Pγ − βf (Sγ)).
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Saturation equation on γ

5. Average conservation equation and tangential component of

Darcy’s law for the wetting phase across the fracture:

φγ
∂sγ

∂t
+ div τuwγ = Qwγ + uw1 · n1 + uw2 · n2,

uwγ = −Kγ ∇τ αf (sγ) + f(sγ),

with uwγ =

∫ d

0

uwf ,τ dσ, Qwγ =

∫ d

0

qwf dσ, sγ =
1

d

∫ d

0

sf dσ.

6. Integrate normal component of Darcy’s law (phase w) across the

fracture:

→ Darcy’s law for the wetting phase across the interface γ:

1

δw (sγ)
uwi · ni + πi(si) = πγ(sγ) +

fγ(sγ)

δw (sγ)
ui · ni , i = 1, 2.

• δw (sγ) = Kfn kwfn(sf )/d ,

• Note that if δw (sγ) → ∞, then πi(si)− πγ(sγ) → 0.
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Reduced model

Model in Ωi

φi
∂si

∂t
+ div uwi = qwi , uwi = −Ki∇α(si) + fi(si),

div ui = qi , ui = −Kiki(si)(∇pi − ρi(si)uGi),

Model on γ

φγ
∂sγ

∂t
+ div uwγ = Qwγ +

2∑

i=1

uwi · ni , uwγ = −Kγ∇α(sγ) + fγ(sγ),

div uγ = Qγ +
2∑

i=1

ui · ni , uγ = −Kγkγ(sγ)(∇pγ − ργ(sγ)uGγ),

Transmission conditions

1

δw (sγ)
uwi · ni + πi(si) = πγ(sγ) +

fγ(sγ)

δw (sγ)
ui · ni ,

−
1

δ(sγ)
ui · n + pi = Pγ − [β(s)]γ,i .
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Schur method: Pressure equation

Robin-to-Neumann operator

LRtN
i (pγ ,uG, qi) = −(ui · ni)|γ ,

where (pi ,ui) is the solution of

div ui = qi in Ωi × (0,T ),
ui = −Ki(∇pi − ρi(si)uG) in Ωi × (0,T ),
pi = 0 on ∂Ωi ∩ ∂Ω× (0,T ),

−
1

δ(sγ)
ui · ni + pi = pγ − [β(s)]γ,i on γ × (0,T ).

Interface problem
∑2

i=1 L
RtN
i (pγ ,uG, q)− uγ = Qγ in γ × (0,T ),

uγ = −Kγ kγ(sγ)∇pγ
in γ × (0,T ),

div uγ = 0 in γ × (0,T ),
pγ = 0 on ∂γ × (0,T ),
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Schur method: Saturation problem

Robin-to-Neumann operator

LRtN
wi (sγ , s0, qwi) = −uwi · ni |γ ,

where (si ,uwi) is the solution

φi
∂si

∂t
+ div uwi = qwi in Ωi × (0,T ),

uwi = −Ki∇αi(si) + fi(si) in Ωi × (0,T ),
si = 0 in ∂Ωi ∩ ∂Ω× (0,T ),

1

δw (sγ)
uwi · ni + πi(si) = πγ(sγ) +

fγ(sγ)

δw (sγ)
ui · ni on γ × (0,T ).

Interface problem

Φγ
∂sγ

∂t
+ uwγ = Qwγ +

∑2
i=1 L

RtN
w (sγ , qw ) in γ × (0,T ),

uwγ = −Kγ∇αγ(sγ) + fγ(sγ) in γ × (0,T ),
sγ = 0 in ∂γ × (0,T ),
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Numerical methods

• Splitting diffusion and advection

• Mixed finite elements for 2nd order terms

• Cell-centered finite volumes and Godunov’s method for advection

• Implicit Euler for diffusion, explicit Euler for advection

• Different time steps for diffusion and advection

• Domain decomposition solution
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Schur method: preconditioner

• Local preconditioner for the pressure: (divτ )
−1
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Interface GMRES-Newton convergence
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Numerical experiment with a high transmissivity fracture
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Numerical experiment with a high transmissivity fracture
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Numerical experiment with intersecting fractures

25 (m)

25 (m)

Inflow

Outflow

T

γ2

γ3

Ω2

Ω3

Ω1

γ1

Domain of calculation

A conforming mesh with

65104 tetrahedra

Domain Ω3 has a larger permeability.
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Numerical experiment with intersecting fractures

Saturation at three different times
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Numerical experiment with a fracture intersecting a barrier

25 (m)

25 (m)

Inflow

Outflow

T

γ2
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Ω2
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Ω1

γ1

Domain of calculation

A conforming mesh with

65104 tetrahedra

γ2 is now a barrier.
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Numerical experiment with a fracture intersecting a barrier

Saturation at two

different times:
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Things to do

Simulate actual 3-D examples

Consider fractures which do not extend up to the boundary

Use nonconforming meshes

Use different time steps in fractures and in matrix rock
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