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1 Introduction

In recent years, mathematical modeling has been upheld by fractional calculus, with a few
outcomes, and fractional operators were demonstrated to be a fantastic instrument to de-
pict the hereditary characteristics of different patterns. As of late, this blend has acquired
a lot of significance, basically because fractional differential equations have become amaz-
ing assets for displaying a few complex wonders in various assorted and boundless fields
of science and engineering; readers are referred to [1-20] and articles [21-37]. Hilfer [38]
initiated another kind of derivative, along with Riemann-Liouville and Caputo fractional
derivative. Motivated by the monograph, nowadays, several authors focus on these Hilfer
fractional differential equations, and we refer to [24, 39—48]. Singh et al. [49] discussed the
existence and Ulam stability of solutions for a class of boundary value problems for Hilfer-
type nonlinear implicit fractional differential equations with instantaneous impulses in
Banach spaces.

The differential system with Sobolev-type is frequently evident in the mathematical
structure of several physical events similar to the flowing of fluids through fractured rocks,
thermodynamics. The readers may refer to [50-56]. Many authors discussed the relations
between the asymptotic stability of the zero solution for retarded differential equations
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and real parts of all characteristic roots of characteristic equations. In [57] the author in-
vestigated the asymptotic stability of the zero solution for Caputo—Hadamard fractional
dynamic equations on a time scale. These equations guarantee the effectiveness of the
zero solution, and several authors reported interesting fixed point results in the frame-
work of complete b-metric spaces, recently, Lazreg et al. [58] established some impulsive
Caputo—Fabrizio fractional differential equations in b-metric spaces.

Control hypothesis is a significant region of usage arranged in mathematics which deals
with the design and assessment of control structures. The development of modern math-
ematical control theory is heavily influenced by controllability. The problem of controlla-
bility of dynamical systems is commonly employed in control system analysis and design.
Fractional-order control systems defined by fractional-order differential equations have
gotten a lot of interest in recent years, a wide list of these distributions can be found in
[25, 26, 28, 29, 40, 43, 48, 51, 56, 59-62]. The controllability of impulsive fractional evolu-
tion inclusions with state-dependent delay is demonstrated in [63], which employs a fixed
point theorem for condensing maps.

From the above literature survey, to our knowledge the existence and exact controllabil-
ity of the fractional system have not been studied fully. Motivated by this fact, we consider
the Sobolev-type Hilfer fractional integro-differential system of the form

Dg;ﬂ [jz(t)] =Az(t) +f(t, Zt /te(t, s, zs)ds), teN=(0,b], (1.1)
0

T80 = g € By, (1.2)

and assume that the system with control has the following form:

DY [T2(1)] = Aze) + f(t, 2 / elt,5,2) ds) +Bu(t), teN=(0,b], (1.3)
0

180 P 0 = ¢ € B, (1.4)

where Dg;ﬂ stands for Hilfer fractional derivative of type % <pB<1,order 0 <o <1.The
state z(-) takes values in a Banach space along with the norm || - ||, A is the infinites-
imal generator of a Cp-semigroup. The control function u(-) € L(N,U). The histories
z 1 (—00,0] = By, z(s) = z(¢ + s), s < 0 are associated with phase space B;. Additionally, a
bounded linear operator B:U - Z, U e Z. f:Nx B xZ—Zande:NxNx B, —~ Z
are given functions.

We organize the remaining part of our article as follows: Some new notations, important
facts, lemmas, vital definitions, and theoretical results are recalled in Sect. 2. Section 3
provides the existence of fractional system (1.1)—(1.2) which is proven by Monch’s fixed
point theorem. We extended the study to deal with the exact controllability for (1.3)—(1.4)
in Sect. 4. In Sect. 5, we discuss the system with nonlocal conditions. Finally, we end with
Sect. 6, which presents our conclusions.

2 Preliminaries
We review the essential hypothesis which is utilized all through the work in request to

acquire new outcomes. Let v =« + 8 — af, we have (1 —v) = (1 — «)(1 — B). We define
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C1(N,Z) = {z: t172(t) € C(N, Z)} with | - ||, defined by | z||, = sup{t}™|z(¢)]], ¢ € N}. Sup-
pose C(N,Z) : N — Z with || Z]|¢ := sup,y lI2(t)|| for z € C, and we introduce A : D(A) C
Z— Z,J :D(A) C Z — Z is satisfied, refer to [53].

(F1) The linear operators A and J are closed.

(Fy) D(J) C D(A), J is bijective.

(F3) J':Z— D(J) is continuous.
In addition, from (Fy), (F2), J! is closed. Applying the closed graph theorem and (F3),
we obtain the boundedness of A7 : Z — Z. Designate ||.7}|| = J;, and |7 || = Tpu.

Definition 2.1 The fractional integral of order « € (0, 1) of f : [b, +00) — Ris the function
I} f of the form

1 [ f@

F) ), (t_s)liads, t>b;a>0.

Iy f(t) =

Definition 2.2 The Riemann-Liouville derivative of order « € [m — 1,m), m € Z"* for
f :[b,+00) — R, the function D% j+ f of the form

1 dm t
Lpoyf(t) = T / /) ds, t>bm-1<a<m.

(m—a)dem J, (¢—s)yi-m

Definition 2.3 The Hilfer fractional derivative of order 0 <« <1 and type 0 < 8 < 1 for
f(¢) of the form

DL = (1P D 1)) o).

Remark 2.4
(i) In case a = 0, b = 0, the Hilfer fractional differential is identical to the classical
Riemann-Liouville fractional derivative for f of the form

d
DRff () = —To: f(0) = D0 f ().

(ii) Incase « =1,0< B < 1, and b = 0, the Hilfer fractional derivative is identical to the
classical Caputo derivative for f of the form

g d .
DyPf@) =10." 0= DP o f ().

As of now, we characterize the abstract phase space 8B;, which is introduced in [51]. Let
g:(-00,0] — (0, +00) be a continuous function with j = f_ooog(t) dt < +00. For each i > 0,
we define

B = {dJ :[-i,0] = Z, ®(¢) is bounded and measurable},

and provide

|®l[=;01 = sup |d>(y)| for every ® € B.
y€[~i,0]

Page 3 0of 18
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Define
0
B = {CD : (—00,0] = Z;For every i > 0, ®|[_;0) € £,/ gDl z0 dt < +oo}
—00
and
0
I®ls = / g Pl dt  for every & € B,.
—00
Hence (8, || - Il g,) is a Banach space. Suppose

, z:(-00,b] = Z;
£l =
Z|N € C(er)r Z(O) = d) € £l}
fix || - || in 8B;, and it is characterized by

Izlls = ¢, + sup{|=(8)| : £ € (0,61}, z€ B}.

Lemma 2.5 ([64]) Ifz € B}, then fort € N, z; € By. Also,

’

jlz®)] < llzells < Ills, +j sup |z(s)
s€(0,t]

where j = f_ooog(t) dt < +00.

Definition 2.6 ([65]) z: (—00,b] — Z is a mild solution of (1.1)—(1.2) only if z(0) = ¢ € B;
on (—00, 0] and satisfies

28) =T ' Sap(t)T

+ /t(t_s)ﬂ—lj—lQﬂ(t_s)f(s,zs, /s e(s,t,zr)dt) ds, teN, (2.1)
0 0
where
Py(t) =t"1Qp(),  Qp(0) = fo BOM;(6)T (£°0) do.

Remark 2.7 We define the mild solution of (1.1)—(1.2) as follows:

RS A
Mﬁ(@)—;m, 0<B<1,0€eC,

where Mg () is a Wright function and satisfies

1+

———— for6 >0.
I'(l+ By

/ 6'Mpy(6)db =
0

Lemma 2.8 ([65]) The operators Sy g(t) and Qg(t) satisfy the following conditions:
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+ Fort >0, the operators Sy g(t) and Qg(t) are linearly bounded, i.e., for every z € Z,

ISust02] < 5 2l Qe < %nzn,

t
|
(1-8)+8)
where S, 5(2) = 12 P Py (1)
+ The operators {Sy,p(£)} =0 and {Qp(t)}s>0 are strongly continuous.

Lemma 2.9 The strongly continuous operators {Qg(t)}ts0 and {Se,(£)}i0, 0 < ' <t <b
are defined by

[(£) Qs (t)e = () Qs(¢")e| 0 and

[Sup()z=Sap(t')z| >0 ast”—¢.

Definition 2.10 ([60]) Assume F* of the Banach space (F(positive cone), <). Define ¢
with values of F*, it is said to be a measure of noncompactness on Z iff ¢(coY) = ¢(Y) for
Y C Z, where coY is a closed convex hull of Y.

The measure of noncompactness of ¢ is called:

(1) Monotone if and only if (Y7 € Y3) = (¢(¥1) < ¢(Y2)), Y1, Y3 are bounded subsets of

Z;

(2) Nonsingular if and only if ({a} U Y) = ¢(Y) foreveryae Z, Y C Z;

(3) Regular if and only if ¢(Y) =0, Y is relatively compact in Z.

The measure of noncompactness of Hausdorff iz is defined by

a(Y)=inf{e >0;Y C UNk such that diam(Ny) <€ ¢}.
k=1

To know more information about the properties of MNC, the readers can refer to [66].
Now, for every Y, Y3, Y5 of Z,
(4) x(Y1 +Ys) < (Y1) + 1i(Y2), where Y1 + Ya = {y1 +y2: 91 € Y1,y € Ya};
(5) 12(Y1 U Ya) < max{(Y1), i(Y2)};
(6) (@) <|a|x(Y) for any @ € R;
(7) If Q: D(Q) € Z — Y, then iy(QY) < kii(Y), Y € D(Q), here Y is a Banach space
and k is any constant.

Lemma 2.11 ([66]) If K C C(N, Z) is bounded and equicontinuous, then [i(K(t)) is a con-
tinuous function for all t € N

nK) = sup{ﬁ(IC(t)),t € N}, where K(t) = {z(t) 1z € IC} cZ
teN
Theorem 2.12 ([62, 67]) If {u,: N — Z} is Bochner’s integrable function with ||u,(t)| <
1i(t) a.e. for t € N and for every n > 1, where i € L*(N,R), then Y (t) = i({u,(t) : n > 1}) €
LY(N,R) and satisfies L({ [, un(s)ds:n > 1}) <2 [y (s ds.

Lemma 2.13 ([68]) Let K be a closed convex subset of Z and 0 €e K. If F: K — Z is a
continuous map which satisfies Monch’s condition (i.e., M C K is countable, M C co({0} U
F(M)) = M is compact), then F has a fixed point in K.
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3 Existence
In this section, we mainly focus on the existence of (1.1)—(1.2), and in order to prove the
main theorem, we have the following assumptions.

(Ag) ForallK € Z,0 € (0,00) and z € K,

|T(£56)z-T(£0)z]| -0, ast,— 1.

(A7) The function f : N x 8B; x Z — Z satisfies the following:
(i) f(-,s,2) is measurable for every (s,z) € B; x Zandf(t, -, ) is continuous, t € N
and z € By, f(-,-,2) : (0,b] — Z is strongly measurable.
(ii) There exist B; € (0, 8), m; € L%(N, R*) and Q : R* — R* such that

If(&.5.2)] < mOQE Islz, + l2])

for every t,s,z € N x B; x Z, where 11 satisfies lim infj_, o ? =0.

1
(iii) There exists B, € (0, 8), my € L2 (N,R*) such that, for any K; C Z and F; C
By,

/’Z(f(t,Fl,Kl)) < mz(t)[ sup /’I(Fl(é)) + /’I(Kl)] for almost all £ € N,

—00<£<0

where F1(§) = {w(§) : w € K1}, [t is the Hausdorff measure of noncompact-
ness.
For m; € L ([0,b], R*), B; € (0, ), i = 1,2.
(Ay) The function e: N x N x 8; — Z satisfies the following:
(i) e(-,s,z) is measurable for all (s,z) € B; x Z.

(ii) There exists Eg > O such that |le(t,s,2)|| < Eo(1 + ||zllg,) for every t,z € Z,
s e C(B[.

(iii) There exists m3 € L'(N,R*) such that, for any K, C Z,

/’Z(f(t,s, z)) < n13(t,s)[ sup ﬁ([(z(é))] for almost all £ € N,

—00<€<0

with 13 = sup,y [y m3(t, T) dt < co.

For our convenience, we introduce

My =k ||m ||L%(N,]R+)) M, = k2||m2||L%(N’R+),
1-8;\ (B=piy P
i= [(,3 /Zl)b(lﬁi)] , Bi€(0,B8),i=1,2.
—Pi

Theorem 3.1 Assume that (Ao)—(A3) are satisfied, then (1.1)—(1.2) has at least one mild

solution if

2MMyJN(1 + 2m)

P r'(g)

1
<1 forsome 5 <B<l. (3.1)
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Proof We define the operator Y : 8, — 8B; by

¢(t)’ t € (—OO, 0]1
Yz(t) = T 1S, () T (3.2)
+ fot(t - )PP T Q- 9)f (5,25, [ €ls, T,2:)dT)ds, teN.

For ¢ € B, we define 7 as follows:

¢(t)’ te (_OO,O];
jilSa,/S (t)j(l), te N;

then 7 € 8. Let z(t) = g(t) +7(t), —oo < t < b. Clearly, zsatisfies (2.1) if and only if g satisfies
g =0and

t s
g(t) = / (t-s)f 1T Qp(t - S)f(&gs + ﬁs,/ e(s, 7,8 + ﬁ,)dr) ds.
0 0
Let B/ = {ge B;:g0=0¢ B;}. Forany g € B/,

lglls = llgoll 5, + sup{[g(s)| : 0 <s < b}
= sup{ ||g(s)|| :0<s< b}.

Hence (B/, || - ll») is a Banach space. Now £ > 0, we fix Fy = {g € 8/ : |Igllp < £}, then
F; € 8/ is uniformly bounded, g € F;, and referring to Lemma 2.5,

llg: + Nellg, < llgell s, + el 3,
1

Sj<£+*7’”Wﬂ)+ﬂ)‘7ml¢l> +l¢lls, =L (3.3)

We define the operator Y : B/ — B/ as follows:

0, t € (—00,0],
Ye) =1 fit -1 T Qut—s) (3.4)
Xf(S,g;+f]t,fOSe(s,t,g, +1.)dt)ds, teN.

To prove that Y has a fixed point.

Now we divide the proof into a few steps for our benefit.

Step 1: For £ > 0, Y (F;) C F,. If it is false, then g/(-) € F, and ¢ € N such that [|(Yg")(®)| >
£. Suppose £ > 0, and consider {F, =z € C1_, : ||z||, < £}. It is understood that F; is a closed,
bounded, and convex set of C. Furthermore, from Lemma 2.8, (A1), and Hélder’s inequal-
ity, we have

£ < sulg tl_"H ('Y“gl)(t) ”

< bl—v

t s
/iU—SW—RT4Qﬂ@_sy(&gf+ﬁw/'d&rgf+ﬁgdr>ds
0 0
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<b /t(t =TT Qpt - s)my(s)Q(€ + bEo(1+ ') ds
0
MM T :
<b! miiﬂ)sz(e +bEy(1+1)). (3.5)

We now divide (3.5) by ¢, and taking £ — oo, it contradicts with (3.1). Therefore, 'T(F[) -
Fy.
Step 2: Y is continuous on F;.
For all g”,g € F,(N), m =0,1,2,..., with lim,,_, ., g = g, then we have lim,,,_, ., g""(¢) =
g(t) and
lim £7Vg"(¢) = t'g(t).
m—> 00

Consider f(¢, t17"2"(¢), fot e(t, s, s' 72" (s)) ds), and we take

F,u(s) =f<s,sl“’(gs"‘ +15), /Se(s,s,sl_v(g;” +1e)) ds) and
0
E(s) =f(s, s17V(gs + ) /se(s,e,sl'v(gs + 1)) de).
0

Lebesgue’s dominated convergence theorem and hypotheses (A;), (Ay) give
t
/ (t - s)ﬂ_lj_lQﬂ(t —5) ||Fm(s) —F(s) || ds— 0 asm— oo,t € N. (3.6)
0

Now, by (A1), we have

bl—ijm

| Te" - Yg|, < TR

/Ot(t—s)'s_1 ”Fm(s) —F(s) || ds. (3.7)
Using (3.6) in (3.7), we get

”'Y“g’"—?g”c — 0 asm— 0o,
therefore, T is continuous on Fy.

Step 3: ?(Fg) is equicontinuous on N. Let y € ’?(F[).
For 0 < t; <ty < b, we have

ly ) -v@)| = HJ1 fo ’ 57"t — )P Qp(ts — 5)F(s) ds

13
_ j—l/o‘ t%_v(tl _ S)ﬁ_lQﬁ(tl —$)F(s)ds

=

/ 0t — 1 T Q — )E) ds

51

+

fo ) (6"t -5 =77 (01 - 9771 | T Qplta — 5)F(s) dis

+

/ (0 - T [Qulta - 5) - Qults - )JF(s) ds
0
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< 11\:1(?; Q(¢' +bEy(1+0)) / Y i - 9 (o) ds
B Pt
0

+

/ 1 87t — )P T [Qplta — ) — Qplts — 5)|F(s) ds .
0

By Lemma 2.9 and Lebesgue’s integral dominance convergence theorem, we get ||y (£;) —
y(t1)|| becomes zero as ty — t; — 0.

Thus, Y (E,) is equicontinuous on N.

Step 4: Monch’s condition: Assume that K C F; is countable and X C conv({0} U ?(IC))
To prove [(KC) = 0, where [t is the Hausdorff measure of noncompactness. If IC = {g”}°°_,,

thus we show that T(IC)( t) is relatively compact in Z for all £ € N. By using Theorem 2.12,
2({(rgmo},)

_ ﬁ({tl—v /Ot(t—s)ﬁ‘lj‘lQﬁ(t _S)I-"W,(S)}00 )
m=1

5 2Mjmb1 V/ (t—S)ﬂ 1A({ m(s)}m 1)

SZMJMbl V/ (t—s)P mz(s)[ sup S({g"(s+ ) +iis + D)}, )

—00<T =<0

Al{ [ eearriga) )]e

mbl v A~ S
2Mj /(t )P my(s) sup M({ ’”(7:)+r](t)}m=1)ds

—O0<T=<s$

1-v
+%/{; (t-s)f~ 1mz(s)/ e(s.e,g!" + i) de}, ) ds

mb“ s
<2 / (-5 lma(s) sup A({g" (@) + A(D)T,) ds

—O0<T=<S$

1-v
+4MJMb / (t -9 "mys /lm s,€)| sup ﬁ((gganﬁE)(‘s))dg]ds
(/3) 0 —00<E <0

1-
< % swp_ A(lg @)+ o))

mbl v R R
+ 4MA/1£2(«;) / m3(s, 8) _Oilg)fou((ggm +1¢) () dg]

mbl—v el
< 2T o] sup (") + HE)T)

= TIB) 0<7<s
7 11-v
< %[1 +2m3] sup A(K(D)).

That is,

MM T,b (1 + 2015 ~
2 ( ) sup 2(K(7)).

(YK
M(T (t)) = () 0<t<s

Page 9 of 18
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Therefore, by using Lemma 2.11,
A(K) < B(conv({0} U (T (K))) = 2(Y(K)) < PR(K),

where P* is defined in (3.1), hence 11(K) = 0.
Lemma 2.13 shows that T has a fixed point K € F,. Consequently, z = g + 7 is a mild
solution of (1.1)—(1.2). The proof is now completed. O

4 Controllability
In this section, we mainly focus on the controllability of (1.3)—(1.4). So, we now introduce
the mild solution of (1.3)—(1.4) as follows.

Definition 4.1 A function z: (—00,b] — Z is said to be a mild solution of (1.1)—(1.2) if
and only if z(0) = ¢ € B; on (—00, 0] and z satisfies

t
0

2(t) = T Supt)T b + / (-9 TQp(t - s)f(s, Zs, fs e(s, r,z,)dr) ds
0
t
+/ (t—s)ﬂ_lj_lQﬂ(t—s)Buz(s)ds, teN. (4.1)
0

Lemma 4.2 System (1.3)—(1.4) is said to be controllable on N if, for every ¢ € By, 7' € Z,
there exists u € L2(N, U) such that z(t) of (1.3)—(1.4) satisfies z(b) = z".

Controllability results are proved in relation to the following hypotheses:
(Az) The operator B: L%(N,U) — L(N, Z) which is bounded, W : L%(N, U) — Z defined
by

b
Wi = / (b= 171 Qy(¢ - 5)Bu(s) ds,
0

satisfies:
(i) W1 takes the value in L%((0, 5], U)/ Ker W, there exist M; > 0, M,, > 0 such
that ||B|| <M, and |W™!|| < M,,. X
(i) There exists B4 € (0, B), and for every K € Z, my € L% ((0,b], R*) such that
(WLK)(2)) < ma(t)A(K). Here, m; € Lﬁli([O, b,R"),B:€(0,B8),i=1,2,3,4.
For our convenience, we introduce

p26-1
My =ka|lma| 2 N,R+)? Cr= ’
1 Pa (VED 28 -1

1-8; p-p; 1P
ki:[(ﬂ ’;)b‘l—ﬁﬂ} . i=1,2,3,4.

Theorem 4.3 Assume that (Ag)—(As) are satisfied, then (1.3)—(1.4) is controllable on (0, b]
if

2IMTuMoyb (1 + 2m3) [ IMMyMy T,

r'(B) T'(B) ]ﬁ(/C(T)) <1 forsome % <B<1l. (4.2)
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Proof By using (Asz), we define u,(t) by
u,(8) = Wi |:z1 - j’ISa,,g(t)j¢>

b s
- / (b - S)ﬂiljilQﬁ(b - S)f(S;gm/ e(S7 T»gr) dt) dsi| (t)
0 0

Let Y : 8, — B be defined by

¢(t)’ t [S (_OO: 0])
1
Ya(t) = J Sat,ﬂ(t)j(t)¢ 43)
+ [ =P T 1Qp(t - 5)f (s, 25, [ €(s, T, z:) dt) ds
+ fot(t - 8)P 1T 1Qp(t - s)Buy(s) ds, teN.

For ¢ € B, we have

A ¢(t)’ t S (—O0,0],
n(t) =
‘.771801,/3 (t)j(py te N,

then 7 € 8B;. Let z(¢t) = g(¢) + 7(t), —oo < t < b. Now, we identified that z satisfies (4.1) if
and only if g satisfies gop = 0 and

s

g(t) = /t(t—s)ﬂlleﬂ(t—s)f(s,gs + ﬁs,/ e(s, 7,g8: + ﬁr)dt) ds
0 0

t
+ / (t- s)ﬁ_lj_lQ,g(t — 8)Bu,(s) ds,
0
where
b
9= w2 = 788,5070 - [ B-917 7 Qu(6-9
0
xf(s,gs + f]s,/ e(s, t,8: + f]z)d‘L') ds](t).
0

We define the operator T : B, — B; by

0, t € (-00,0],
Tet) = { [H(t - )P T 1Qp(t - $)f (5, s + s [ (s, T, g + ) dT) ds (4.4)
+ fot(t —8)P LT 1Qp(t - s)Bu,(s) ds, teN.

Now, to show T has a fixed point. We divide the proof into the following steps for our
convenience.

Step 1: To prove that there exists a constant £ > 0 such that Y(FZ) C F,. If it fails, then
2'(-) € F, and t € N such that | Y (g%)(2)] > €.

Take £ > 0 and consider {F; =z € C1_, : ||z||, < £}. Apparently, F; is a closed, bounded,

and convex set of C.
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Using Lemma 2.8, (A1), (A3), and Holder’s inequality, we have

£ < sug v H (:Yv“gl)(t) ”

< bl—v

t s
/ (t—s)ﬂ‘lj‘lQﬁ(t—s)f<s,gs + ﬁs,/ e(s, 7,8 + ﬁr)df> ds
0 0

+ b , teN

/t(t - s)ﬁ’lj’lQﬁ(t — 8)Buye(s) ds
0

Mjmbl—v

<
N2

MM Tnb [P
rp) \2p-1"¢"

MM, b
PO —
- '(B)

MMM, T, b | b2p-1 )
' bF(ﬁ{ \/; [||Zl||+3 RRGIONE

b Y
+/0 (b—y)ﬂ‘lj‘lQ,e(t—y)f(%gy +ﬁyr/0 e(y, 7,8 +ﬁf)df> dy}

/t(t - s)ﬁ_lml(s)Q(E’ + on(l + Z')) ds
0

Q(€ +bEy(1+1¢'))

MMljml’)l_V , , MMwajm w| 21-v| _1
ijjm MMljmb17V / / :|
Q¢ +bEy(1+¢
*Toaop gt T PR L)
MMljmbl_v , , MijbMW *
<M q +bE0(1+Z))[1+7F(ﬁ) c}
MT,MyM, TnM T,

CH "2 + = ||¢||]. (4.5)
I'(B) [ Il Fy(1-p)+p)
Take p = ¢ + bEy(1 + £), note that p — oo as £ — oo.

Dividing (4.5) by £ and taking £ — oo, we have

lim inf —=— T %) (4.6)

_MMFb ﬁ(p)p[ MJT,MpM,, }
=TT eem o p € ’

then by (A1) (ii), (4.6) is a contradiction. Hence ’?(F[) CF,.

Step 2: Similar to Step 2 of Theorem 3.1.

Step 3: For g € Fy, assume g(t) = "1 Yz(¢), Y provides bounded sets into equicontinuous
sets of C for all y € Fy, there exists T € T(z) such that || Tz(t;) — Yz(t1)|| = O as £, — .

Yz(t) = T Sup ()T () + / (-9 TQpt-s)
0
(X)f<s’gs + ﬁs: /S e(s, T,Zr)dl') ds
0

+ /t(t - S)ﬂiljilQﬂ(t — 5)Bug(s) ds.
0
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Hereafter, we continue our proof as per Step 3 of Theorem 3.1, and hence Y (F,) is equicon-
tinuous.

Step 4: Monch’s condition: Consider K C F; is countable and XC C conv({0} U Y (K)). To
prove 11(K) = 0, here i is the Hausdorff measure of noncompactness. If C = {g"”}°_, , then

we show that T(IC)(L‘) is relatively compact in Z for all £ € N. By Theorem 2.12, we obtain

A Fe0l) =a({ [ €97 Qe -90F0) + Bun0)]| )

m=1

2M mbl" A 00
7 / (- R Fno)) T, ) ds

mbl—v 1~ o
% [ alfun o)) ds

= Hl +H2r

where

2M T, b
= 2 [ e Eo) )

MM, T, b" " (1 + 2m%)

= r'(B) Oi‘il;ﬁ(lc(f )) (from Step 4 of Theorem 3.1),
MM, T, b'"
]12 = Fb(ﬂ / (t Ltgm(s)}m 1) ds
MMy T, b oMT, [P o
== Tp / (¢ = 5)P Limy(s) T6) ) (b- )P A(Fu(s)) ds

2 Fo 1-v

= jm’;’(;ﬁ?M‘*b (Le2m) sup RUCAE)

ZMijZbl_v(l + 271’1;) |: 2MMbM4jmi| ( (1.))
I'(B) r'(B)

That is, Z(YK(?)) < ZMJ'”M?IJ(;V(“M?) 1+ ZMA%\S/I;“?’” 12 (K(t)). Therefore, using Monch’s
condition, we get £(KC) < fi(conv({0} U (Y (K))) = (Y (K)) < P*1i(K), where P* is defined
in (4.2), and hence Lemma 2.13 shows that (1.1)—(1.2) has a fixed point K in F,. Hence,
z = g +1j is the mild solution of (1.1)—(1.2) satisfying z(b) = z'. Consequently (1.3)—(1.4) is

controllable on N. O

]I1+]I2§

5 Nonlocal conditions

The nonlocal Cauchy problem for differential equation was first studied by Byszewski [69].
Their research is driven by imaginative enthusiasm and the manner in which these types of
problems usually occur when proving practical applications. For example, material science
and life sciences can be depicted by techniques for the differential framework subject to
nonlocal limit conditions, the readers can refer to [48, 60, 62, 69, 70]. We presently expect

that the nonlocal Sobolev-type Hilfer fractional integro-differential equations with control
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are as follows:
t
DyF [T2(t)] = Az(2) +f(t, zt,/ e(t,s, zs)ds) +Bu(t), teN=(0,b], (5.1)
0
(1-a)(1-B) _ £ £ ) ] =
Ly z(0) =@ + j(tiy, tiys tigs .5ty ) € By, O0<ix <bk=12,...,n (5.2)

The result is proved in relation to the following hypothesis:
(A4) Function j : 8" — 8B is continuous, there exists L;(#) > 0 such that

n
s 1vas . vi) = g Wi, wa, o wi)|| < ZLk(J)HVk - will g,
k=1

for all v, wy € 8y, and consider L = sup{|lj (v1, va,..., Vi)l : vk € Bi}.

Definition 5.1 A function z: (—00,b] — Z is a mild solution of (5.1)—(5.2) only if zy =
@+ j(ts; trys s ty,) € By on (—00,0] and

2(t) = T ' Sup(O) T [¢ + J by bxys Ly s 12,)(0)]
t - b1 o1 ~ s
+/(;(t P T T Qgplt s)f(s,zs,/o e(s,r,zt)dt)ds
+/t(t—s)ﬂ_lj’lQﬁ(t—s)BuZ(s)ds, teN, (5.3)
0

is satisfied.

Theorem 5.2 Assume that (Ag)—(A4) are satisfied, then (5.1)—(5.2) is controllable on (0, b)

if
7 1-v * =7
2Mij2:(ﬁ)(l + 2”’13) { 2M1\I/{[E%4jm }ﬁ(K(T)) <1 forsome % < ,B <1
is satisfied.
6 Example

Assume that the fractional evolution system with control is as follows:

Dy, 6) - r2(9, )
= %Z(ab, §)+Ug, )
+8@, [* (o~ )z(o,6)do, [i [° Ear, 68— Pzle, ) de dr),
rel0,m],z € (0,b], (6.1)
03[z, )llcm0 = 20(s), s € [0,7],
z(¢,0) = z(¢p, ) =0, ¢ >0,
2(0,8) = ¢(B), 0<p<m,

2
where Df;3 denotes the Hilfer fractional derivative of order %, typea,g: Nx[0,1] x [0,1] x
R — R is continuous.
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To convert (6.1) into an abstract form, consider Z = L>(0,7) and A : D(A) C Z — Z, let
J :D(J) C Z— Zbedefined as Av=v", and Jv=v-A, D(A), D(J) are given by

{ v € Z:v,V are absolutely continuous, v(0) = () = O}.

Additionally, A and P are presented as Av=) .~ , 12V, Zuy) Zm, v € D(A) and

oo

Jv= Z(l + mz)(v,zm)zm, ve D),

m=1

where z,,,(t) = \/gsin(mt), m=1,2,.... Also, for z € Z, we have

-1, _ -1, _
Prz= ;1 Tom) Bmlam AT 2= m§=1 A1) @)

and Qg(x)z=Y o, exp(%)(z, Zu)Zn.

Now, from [62] z(£)z(s) = z(t + s) for z € Z, i(T(t)D) < (D), where T(¢) is not compact
and [t is the Hausdorff measure. Moreover, ¢ — v(¢% + 0) is equicontinuous for ¢ > 0.
Define f: [0,7] x Z — Z by

o0, ¢) = / & () (e) de,

E3 ¢ 2
f(mb, /0 e(e,¢)ds)=;(¢, / t1(o - Pulo,y)do, fo e(e,¢><r)ds),

and D% (u)(9)(B) = el B) u9)(S) = (6, ).
Let B: U — Z be defined by (Bw)(¢)(s) = Uw(¢,5),0< ¢ < 1. For ¢ € (0,7), W is given
by
1 -1
Win(c) = /0 (1- )7 PLQ, (1 - H)UW(P, <) dob,

where

ad 2
w3 (e) = (%) Z(—l)r_lx_%r_l [W} sin(erﬂ).

r=1

Here, T% is defined on (0, 00), that is,
o0
T%(g) >0, c¢€(0,00) aswellas / T%(g)dg =1,
0

fand U fulfills (A;)—(A3). We conclude that (6.1) is controllable on N.
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7 Conclusion

In this article, we have fundamentally focused on a class of Sobolev-type Hilfer frac-
tional integro-differential framework with infinite delay, which generalized the Riemann—
Liouville fractional derivative. At first, we dealt with the new existence result of a mild
solution with the assumptions that the framework satisfies the initial condition and non-
compactness measure condition. Later, we have presented the controllability results of the
thought about the fractional framework. In the end, we introduced an example to show the
procured hypothetical results. We will try to investigate the neutral differential equation
and controllability of a similar problem in our future research work.
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