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A DISTANCE FORMULA FOR TUPLES OF OPERATORS

PRIYANKA GROVER AND SUSHIL SINGLA

ABSTRACT. For a tuple of operators A = (A, ..., Ag), dist(A, CI)

is defined as min A — =I| and var(A) as Az >~ 0, [(2]A;)|*.

For a tuple A of commuting normal operators, it is known that
dist(A,CII)? = sup var(A).

lzll=1 *

We give an expression for the maximal joint numerical range of a
tuple of doubly commuting matrices. Consequently, we obtain that
the above distance formula holds for tuples of doubly commuting
matrices. We also discuss some general conditions on the tuples of
operators for this formula to hold. As a result, we obtain that it
holds for tuples of Toeplitz operators as well.

1. INTRODUCTION

Let ¢ be a Hilbert space. Let #(.#) be the space of bounded linear
operators on .. Bjorck and Thomée [8] showed that for a bounded
normal operator A on 7,

2

s, (142l - [(zlA2)[") = R,

where R, is the radius of the smallest disc containing the spectrum
2

of A. The quantity || Az||* — ‘(:c|A:c>‘ is the variance of A with respect

to x, denoted by v%r(A) (see [4]). Later, Garske [14] proved that a

one side inequality is true for any operator A on 7:

@Y sup var(A) > R%.

€T
[l=f|=1

Let s#? be the direct sum of d copies of J#. For A,,..., Ay € H,
let A denote the tuple (A;,..., Ay) : H# — ¢ defined as Az =
(Ayz, ... Agz). Then

1/2

A=

d
> AA,
=1
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We define the variance of the tuple A with respect to x € 7 as
d

var(A) = || Az|? — 3 [(¢|A,2)|. Ming [28] showed that if A is a

tuple of commuting operators on .77, then

(2) sup var(A) > Ri‘,

x
ll=l|=1

where R, is the radius of the smallest disc containing the Taylor spec-
trum of A. Moreover, if each A; is normal, (2) becomes an equality.
(See also [7].)

Let I be the tuple of identity operators (1, ...,I). Forz = (z1,...,24) €
C4, z I denotes the tuple (211, . .., 241). Let dist(A,C?I) = min |A—=1].
ze

For commuting normal operators, R4 = dist(A,C?I), and thus we
have

3) sup var(A) = dist(A, C? I)?.
ell=1 *

We note that for any tuple of operators A, we have

4) sup var(A) < dist(A, C?I)2.

x
[[z[|=1

To see this, let = be a unit vector in 7. Then for z € C?and 1 < j <
d, we have

2
|45 ])” = (@l Aj2)| = I1(A; = 2 Dall* = [(2](4; — 2 1))
< (4 — 2 Dl

‘ 2

Thus for all z € C¢,

d
Z(nAxn NI ; Dz <[ A-=I]”

U

So v%r(A) < dist(A,C?I)% Since x was an arbitrary unit vector in
JC, we get (4).

A doubly commuting tuple of operators is one which satisfies 4;A; =
A;A; and ATA; = AjAf for 1 < 4,5 < d,i # j. In particular, a
tuple of commuting normal operators is doubly commuting. We show
that for a finite dimensional Hilbert space 7#, (3) holds for a doubly
commuting tuple of operators.

We also give some equivalent conditions for any tuple of operators
on any Hilbert space to satisfy (3). For a tuple of operators A on a
Hilbert space .77, the joint maximal numerical range of A is defined
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as
Wo(A) ={(A1,...,A\g) € C*: (#™]A;2M) — \; forall 1 < j < d,
where ||| = 1 and | Az™| = | A|[}.
We shall denote by 20 = (2¥,...,29) € C9 the unique element for

which dist(A, C¢I) = ||A — 2°I||. Let A° denote A — 2°T and for
each1 < j < d, let A? =A; — z?[ . It is shown that the convexity of
Wo(AP) is sufficient for A to satisfy (3). As a corollary, we obtain that
(3) holds for tuples of Toeplitz operators as well. We give an example
to show that the convexity of W,(A°) is not necessary for A to satisfy
(3). Convexity of the joint numerical range and the joint maximal

numerical range has been a subject of interest for many authors (see
[2, 3,5, 13,19, 25, 26, 29, 33]).

In Section 2, we provide results for doubly commuting matrices. In
Section 3, we give some conditions for (3) to hold for general tuples
of operators and obtain results for Toeplitz operators. In Section 4,
we give some remarks.

2. DOUBLY COMMUTING MATRICES

For x, 1, € C", let 7@z, denote the rank one operator on C" defined
as (z;®x9)(y) = (x3|y)z; for all y € C". Let O be the tuple (0,...,0) €
Cd.
Theorem 1. For any tuple of matrices A,

|A—21I|>] Al foral zeC?
if and only if

0 € conv {((z|Aiz), ..., (x|Agz)) : ||z|| =1, A* Az = || A|]*z}.

Proof. Using Theorem 8.4 of [35], | A— 21| > || A|| forall z € C*if
and only if there exists a positive semidefinite matrix 7" with tr(7") = 1
suchthat A* AT = || A||*T and tr(A* 2 I T) = 0 for all z € C“. Using
the spectral theorem for 7', there are positive numbers sy, s, ..., s,

¢
such that " s; = 1 and orthonormal vectors 1, ..., x, such that ' =
i=1

¢
> s;x;@x;. We note that A* AT = || A ||*T is equivalentto A* A x; =
=1
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| A ||?z; for each 1 < i < /. To see this, we observe that

| A|? =tr(A*AT)

4
i=1

<[lAa” Al

So
) ‘

D s AT A = ||[AT Al =D sil|AT A

i=1 i=1
By the condition of equality in the Cauchy-Schwarz inequality, we get
A"Ax; = || Az forall 1 <i < (. We also have that tr(A* 2z I'T) =

¢

0 for all z € C? is equivalent to 3 s;{z;|A;z;) = 0 forall 1 < j < d.
=1

This gives the required result. O

Let W(A) = {((z]A1z), (x| Asz), . .., (x]Agx)) : ||z]| = 1} denote the
joint numerical range of A. Let

V(A) = {((z]| A1), (x| Axz), ..., (x|Agz)) : ||z|| = 1, A* Az = || A|]*x}.

Note that V(A) = W(P A P), where P is the orthogonal projection
of # onto the subspace {z : A* Az = || A||?z}. As a consequence of
Theorem 1, we have

Corollary 2. Let A be a tuple of matrices such that V(A) is a convex
set. Then we have

|A — 2I|| > ||A| for all z € C

if and only if there exists a unit vector x € C" such that | Az| = || A]|
and (xz|A;z) =0 forall 1 < j <d.

For a tuple of matrices, V(A) = W,(A). It was proved in [11, Theo-
rem 1] that if A is a tuple of operators such that W (A) is convex, then
so is Wy(A). Bolotnikov and Rodman [9, Theorem 3.1] showed that
if A is a tuple of doubly commuting matrices, then W (A) is convex.
Thus we have the following lemma.

Lemma 3. For a doubly commuting tuple of matrices A, V(A) is con-
vex.

In Theorem 1.1 of [9], the authors gave a complete description of a
doubly commuting tuple A of matrices. They showed that there is
a unitary matrix U, positive integers my, ..., my, my X m; matrices
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Ay g, ..., Aqx foreach 1 < k < /¢suchthatn =m;+mg+---+m, and
forj=1,....,d,

Aig 0 ... 0
) var=| 0 A2
0 ... 0 A

Moreover, for 1 < k < ¢, my = py Dok - - - Pax and
Al,k = Xl,k ® ]Pz,k - ]Pd k)
A2J€ = ]p1,k ® X2J€ ® ]ps p @ ® ]pd,k’

Adk = ]P1k®lpzk®'”®lpd 1k®Xdk7

where for 1 < j < d, X are p;, x p;, matrices and /, , denote the
pjk X p;k identity matrices. Using this, they proved that for doubly
commuting tuples of matrices A, W(A) is convex. Modifying their
proof along with [13, Proposition 4] (which is also the main ingredi-
ent in [9, Theorem 3.1]), we show that

(6) V(A)—Conv{HV 1<k:<€2|| k||2:||A||2}.

Jj=1 Jj=1

The convexity of V(A) (Lemma 3) follows as a consequence. We
prove (6) in two steps given in the subsequent lemmas.

Lemma 4. Let
A = XiQ1,Q - ®1,

Ad == Ip1®Ip2®"'®Xd7
where each X is a p; x p; matrix and I, is p; X p; identity matrix. Then

d
V(Ag, ..., Ag) = 'H1V(Xj)'
‘]:
Proof. We have
ZA*A _le1® ®(X*X)®ij+1"'®]pd'

So the eigenvalues of Z A% A; are precisely the sums of the eigenval-
j=1

ues of X7 X; over j. This gives

d d
7) HZ A4y =S|
j=1 g=1
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Let (21| X1z1), . . ., (wal Xuza)) € ﬁlwxj). So
1

Thus
d d
Y AA (@ @a) =Y X ©- - @ xa)
j=1 j=1
d
j=1
Since

(2| Xjzj) = (11 @ - @ 24 Aj(11 @ - @ 1q)) forall 1 < j < d,
we obtain ((z1|X121), ..., (x4 Xaza)) € V(A1,..., Ag).

Now let ((x|A1x),. .., (z|Asz)) € V(A4,..., Aq), where ||z| = 1 and

d d
(ZA;Aj)x: sS4,
j=1 j=1

For1<j<d,let{ey):q=1,...,p;} bean orthonormal basis of C?/.
Fixi € {1,...,d} and let

Si={(a, - Gi-1,Gis1,-- ) 1 < q; < p;forallj e {1,...,dM\{i}}.

Then we have

r = Z 6((]1)@)- ’ '®6((JZ;11)®f(Q17---7q2‘717q1'+1 ----- Qd)®€t(lii1l)®' ) '®6t(1izl)’
(q1,--,9i—1,qi+1,--,92)ESs

where f(qh___,qi, 1,@it15

d
v =3 || XX, .
7j=1

L=lz* = 3 Ifall®

aES;
d
i=1

X Xifa = X7 X fu for all £, € €\ {0},

The condition

d
= '21 ||X]’-*Xj|| gives
]:

Since

(x|Ax) = Z (falXifa)

a€S;

2 fa fa
= 3l (e
pag <||fa!| IIfaH>

Ja#0

it lies in V(X;). Hence
d

(x| Aiz), ..., (z|Aaz)) € [ V(X2).

i=1
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d
This gives V(Ay, ..., Aq) = I V(Xy).

=1
0
Lemma 5. For a doubly commuting tuple of matrices A,
d
V(A) = conv {V(Al,ka .. '7Ad,k> . 1 S ]{Z S 6, ZA;kAij = ||AH2} y
j=1

where A;; (1 <j <d,1<k</)areas given in (5).

Proof Let z be a unit vector such that A* Az = || A|]?r. Lety =
Uz = (y1,...,y0) . Fix 1 < k < (. Then

d
(Z A}k',kAj,k) ue = || APy
j=1

Note that HZ?Zl Aj-,kAj,kH < ||A*A||. Thus y; = 0 whenever HZ?Zl Aj-,kAj,kH #
| A||*. Now for 1 < k < ¢ such that y; # 0, we have

d
APyl = |U (Zz‘@&-) U\l [yl
j=1
d
> Z A;,kAj,k Hka
j=1
d
> D2 A Asn | |-
j=1

So

d d

DA A vk =D AT A k| Yk

i=1 j=1
Also, foreach 1 < 5 < d,

Yk Yk
o) = 3 ol 2 e )
’ 1§g, N Tl e
yr7#0
Thus
d
V(A) Q conv {V(Al’k, ce 7Ad,k> 01 S k S 67 ZA;,kAj,k = HA||2} .
j=1
Now let
d
A € conv {V(Al’k, C 7Ad,k> 1<k < 67 ZA;,kAj,k = HA||2} .
j=1
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We have

9oy

||A||2 = max {

} |

Let m be the number of terms where this maximum is attained. With-
out loss of generality, let 1 < k < m be such that HZ?Zl Aj.,kAj,kH =

d
*
Z A.]lej’l
J=1

d
*
j=1

m
|A||®>. So there are positive numbers sy, ..., s,, such that } s, =1

k=1
and A\, € V(A1 4, ..., Agx) forall 1 < k < m such that

k=1
Since A\, € V(Aug, ..., Aqx), there exists a unit vector y;, € C™ such
that
) e = ((WelAveyr), - - (Yl Aarye))
and
d d
AT e A | ue = | D2 A Aie|| v = | A Al ys.
j=1 j=1

Consider z = U*(\/s1¥1, - - -+ \/Sm¥m, 0, ...,0). Then |z|> = 1. Now,
we have

d
A*Ax = Z A;ij

j=1
d
— U [ S (UAUY (UAU Uz
j=1
rd 1[5 ]
];1 Aj71Aj,l 0 . 0 \/?ng
d .
0 A* A 0 :
—U* El 3,202 S
: 0
0 0 3 A%A :
. ];1 5,0 j,é_ _ 0 |

=U" (Vsil|A"Allyy, ... V5wl A" Ay, 0, ..., 0).
This gives

(10) A*Ax = | A%z
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Further, we have

(] Aje) = (Ue|U AU (Ua)

- <(\/7y17 sV Smymaoa---70)| (\/aAj,lylw"a \/SmAj,mymaoa

Z (Yl Ajkr)-

So by (8), (9) and (10), we get that A € V(A). Thus

d
> Aj kA

j=1

conv {V(Al,ka c. aAd,k) 01 S k S g, = ||A||2} Q V(A)

Hence the result. O

Now we show that (3) holds for a doubly commuting tuple of matri-
ces.

Theorem 6. For a doubly commuting tuple of matrices, we have

dist(A,CI)? = max var(A).

llzll=

Proof. By (4), we have max var(A) < dist(A,C?I)?. For the other

‘ —
side, we note that for every z € C?, || A" — 2z I'|| > || A°||. By Corol-
lary 2 and Lemma 3, there exists a unit vector x such that

I A" || = || A%
and
(z|Adz) =0forall j =1,...,d.
So
dist(A,C 1> = | A%z|?
d
= > [l 45|
j=1
d
= > ll4jz — 2ja|f?
j=1
d
= > (4] = (21452 \ ).
7j=1
Hence dist(A, C? I)? < max var(A). O

z]=1 =

Theorem 3.2 of [7] follows as a special case of Theorem 6.
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3. OTHER TUPLES OF OPERATORS

First, we observe that for d = 1, (3) is true for any operator on any
Hilbert space. To see this, in view of (4), only one side of the inequal-
ity is to be shown. Let Ay € C be such that dist(A,CI) = ||A — Xo!||.
Using Remark 3.1 of [6], there exists a sequence of unit vectors z(™ ¢
H such that ||(A — X\oI)2™ | — dist(A, CI) and (z™|Az™) — X\y. So

dist(A, CI)” = lim [[(A = ATz
= Jim (|42 = 2Re (Ao(Ax®[2)) + Xo]’)
= lim [[Az™ |2 — |\o|?
n—oo

= lim var(A)
n—00 4(n)

< sup var(A).

x
llz]|=1

Equation (3) may not hold for d > 1. To show this, we give examples
for every such d. These are motivated by the example of Pauli spin
matrices for the case d = 3.

Example 1. Let A = (A, Ay, A3), where A, = l(l] (1)1 s Ap = [S _OZ] ’

1 0
0 -1

_ 2 _ -z 1 —2y  —i 1— 23 0
14 Z-’"—H(l SR AR
|Zl|2‘|—|2’2|2+2—|—|1—23|2 —(z1 +77) + iz + 7))
—(z1+7) —i(zo+7) |zt 2P+ 2+ |1+ 232

> max{|z1)? + |2? + 2+ 1 — 2} |21 + |22)® + 24+ |1+ 2]}
> 2.

and A; = [ ] . Then for any z = (21, 29, 23) € C3?,

2

Now let z = (21, 25) € C2. Then
A = (23,01), Ast = (=i, i) and Agw = (7, ).
So || Axz|? = 3(|z1|? + |z2[?) and

3
2
> [fel )] = dlaPlaal® + (ol = ol = (ol + foal®)2
=1

Hence for a unit vector z € C?, var(A) = 2. So dist(A, C*I)?

max var(A).
lall=1 =

Let [ be the 2 x 2 identity matrix. For d > 3, it is easy to see that
(A1, Ag, A3, I,...,I) works as a counterexample.
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Ford=2 A = ( (A +1iAy), Ag) is a counterexample. We have

Cae @)

Then for any z = (21, z3) € C?,

2 -z 1 1—2 0
la-=re= (5 L) L)

[T s

2

—z 2112+ 1+ 1+ 2
> max{|1 — 2% 1+ |1 + 2/*}
> max{2 — |1+ 2|, 1 + |1 + 2|*}
> 3/2.
Now let z = (21, z2) € C2. Then

01 1 0
[O 0] x = (z2,0), [O 1] x = (r1,—x2).

So || Az|* = |z2)? + |21|* + |22|? and

R 8l 2

max var(A) = max (14 |as|* — |21 |22]” = (|21 — |22[*)?)
lzll=1 = lz]=1

~ jeiet (1 + |2l + Bla [Plaa]” — (|2]? + ‘x2|2)2)

= maxtfaaf?(1+ 8fos )

= 1—s)(1+3
gne[g}f]( s)(1 + 3s)

— 4/3
< 3/2.
So dist(A,C*I)? > max var(A).

fz]=1 =«

2
= |21 *|z2]? + (|z1]? — |z2]?).

We also note that when d = 1,
dist(A, CI) = sup {[(Azy)| : 2,y € A, ]| = ||yl = 1, (x[y) =0}

A proof of this can be found in [1, Theorem 12.59] or [24, Proposition
2.11].

Theorem 7. The following are equivalent.

(1) dist(A,CI)%* = sup var(A).

x
[[zf|=1
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(ii) 0 € Wy(A®), that is, there is a sequence of unit vectors (x(™)

such that lim || A% ™| = ||A°] and lim («"|A92(") = 0 for
all1 < j <d.

(iii) dist(A, C'I) = sup {|[(Azly)| 1z € A,y € A7, ]| = |y] = 1,
(xly;) =0forall1 <j < d}.

Proof. Suppose (i) holds. Since v%r(A) = v%r(AO), we have

|A°|* = |\Sl||l£)1 V%I(AO).

So there is a sequence of unit vectors (z(") such that lim V(aI)‘(AO) =
| A°||?. Since

var(A%) < || A0 < || AP,
we get (7). The proof of (ii) implies (¢) is similar to the case d = 1.

Now let us assume (i7). Then for each 1 < j < d, there is a unique

yy(»") € (Cz™)* and a unique ozg-") € C such that

0,.n) _ () (n (n)
ij()—ozj x()—l—yj.

By the assumption, lim oé"’ = 0 and lim ||(y§”), . ,yc(l”))|| = ||A°|.
(n) (n)
Let y(") _ (?/1 yes Yg ) Then

1™,y
(Az™|y™)y = < on(”)‘y(")>
| A%z (™) |2 — <AO$(")‘(Q§")$("), o ozgln)x("))>

™,y
— || A% as n — oo.

This gives
dist (A, CT) < sup {|(Azly)| : [|z]| = |yl = 1, (z]y;) = 0 forall 1 < j < d}.

If z € H and y € H? are such that ||z]| = |ly|| = 1 and (x|y;) = 0 for
all 1 < j < d, then for every z € C%, we have

(Axly)| = (A = 2D)aly)| < || A = 21|
So we also have
sup {|(Azly)| : ||z = |yl =1, (xly;) = 0 forall 1 < j < d} < dist(A, C'I).

This gives (ii).
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Now assume (iii) holds. We prove (ii) along the lines of Remark 3.1
of [6] where a similar result is shown for d = 1. By our assumption,
we get sequences of unit vectors (™ € . and y(™) ¢ s#? such that

(A% ]y™)| — | A

and

(@™|y) =0 forall j=1,...,d.
Since

(A% y™)] < || A% < ||A°),
we get
Tim [| A% = [|A°.

A0 ()

This gives y(™ — — "~ 0. So
S A
Jim (2|43 ) = || 4°) lim (= }y") = 0.

Thus we get (7). O

We have the following general result to Corollary 2 for a tuple of
operators A for which W;(A) is convex.

Proposition 8. Suppose W;(A) is convex. Then
|A—21I|>| Al foral z<c C*
ifand only if 0 € Wy (A).

Proof. The proof is similar to that of [32, Theorem 2] where this result
is proved for d = 1. We provide the details for the sake of complete-
ness. Suppose there exists a sequence of unit vectors =™ such that
7}1_{20” Az™|| = || A| and Ji)rgo<x(")|ij(")) =0forallj =1,...,d.

Then for z € C¢,
d
I(A-2zDz™|* = | Az™|?-2Re (Z Zj<f€(")\f4j$(")>> + 2|
j=1
— ||A|P+ | z]*asn — cc.

Thus |A—2I|>> | A|?+ | 2| In particular, || A— =T | > || A|.

Suppose |A—z1I| > ||A| forall 2 € C?and 0 ¢ Wy(A). Since
Wy(A) is a closed and convex set, the Hahn-Banach separation theo-
rem gives a 7 > 0 and a unit vector (wy, wy, ..., wy) € C? such that

d
Re> wih; > 7 >0forall (\,...,\q) € Wy(A).

i=1
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Let S =z € :|z|| =1and Re(Z wi(Ax|z) | < 7/2%. Letn =
sup{|| Az|| : = € S}. Clearlyn < ||Al. Let p = min{7/2, (| Al —

n)/2}. Let w® = p(wy, ws, ..., wy). If z € S, then
I(A—w’Dzl| < [[Az|+ pll(wy,ws, ... wd)l
< n+up
< Al

Suppose z is a unit vector such that x ¢ S. We write A = as

Ax = ((Oél + iﬂl)l', (Oég + iﬂg)l’, ey (Oéd + Zﬂd)l’) + vy,
where (y|(z,z,...,z)) =0and a;,3; € Rforall 1 <j <d. Then

d d
I(A—w® I)z|> = > (a; — pRe(w;)) Z B + pIm(w))* + [yl®
i=1 i=1

= [ Az|*+ 4" -2 Z(Re(wi)ai — Im(w;) )

=1

= ||Az|®+ (;ﬁ — 24 Re (Z wi(oy +i5i)))

J=1

< A= p

The last inequality follows because Re <Z w;(a; + zﬂz)> >T7/2 > .

This gives ||(A —w® I)z|| < || A ||, which contradicts our assumption.
U

Combining Theorem 7 and Proposition 8, we get the following.

Corollary 9. Let A be a tuple of operators on a Hilbert space 7. If
Wo(A°) is convex, then
sup var(A) = dist(A, C*T)2

€T
[lz]|=1

In particular, we get that (3) holds for tuples of Toeplitz operators.
Note that these tuples are non-commuting.

Corollary 10. For a tuple of Toeplitz operators A, we have
dist(A,CI)* = sup var(A).

€T
ll=]l=1

Proof. Note that A" is also a Toeplitz operator. It is also known that
W(A") is convex (by Theorem 2.6 of [12]), and thus so is W;(A°).
Using Corollary 9, we get the result. O
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So far, convexity of 1,(A°) has been an important tool in obtaining
(3). However, the below example shows that it is not necessary.

1 0 0 0

Example 2. Let A; = 0 0] and A, = 10

] .Let A = (A, Ay). For

any z = (2, 22) € C?,

r 2
([ 2] 7 )
i 1 —Z9
_ —Zl|2+|22|2+1 —2Z9
—Z9 ‘Zl|2+ ‘22‘2
> ‘1—21|2+‘22|2+1 —Z9 1
- —Z9 |21|2—|— |2’2|2 0
1/2
= (|1 =21 + 2 + 1) + |22])
1.

v

Equality occurs if and only if z; = 1 and 2z, = 0. Thus
dist(A,C*I)* =1 = ||(Ay, 43) — (1, 0)]].

o_ (|0 O 00
So A" = ([0 _1],[1 0D.Bydeﬁmtlon,

Wo(A?%) = V(A%) = {((zAlz), (x| AD2)) : ||| = 1, (A")* A2 = || A°| P}
Since (A°)* A° =1,

Wo(A%) = W(A°) = {(~|2” 227) : 21,2 € C, | + |2 = 1} .
This set is not convex (see [10, p. 138]). Now let z = (1, z,) € C2.
Then

| Az||? = 2|z % (z|A1z) = |21]* and (2] Ayx) = 2,77.
Hence
var(A) = 2| — [ [ = | ||
So
max var(A) = 1 = dist(A, C* I)*.

lz|l=1 =
4. REMARKS

Remark 1. Theorem 1.3 of [31] gives that || A—z I | > | A for all
z € C%if and only if there exists an at most countable set 7, a set of
positive numbers {s; : j € J} and an orthonormal set {z; : j € J}
such that

D > si=1,

JjeJ
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(i) A* Az; =| A|?*z; foreach j € J,
(iii) > sj(z;|Aiz;) =0foreach 1 <i <d.
jeT

Another proof of Theorem 1 now follows using the following fact.
Let X be a convex subset of C?. Let (z,) be a sequence of elements
in X and let (s,) be a sequence of non-negative numbers such that

o0 o0
> s, = 1. If Y s,2, exists, then it lies in X.
n=1 n=1

Remark 2. Let A be a tuple of commuting matrices. We note that
when each A4, is a 2 x 2 or 3 x 3 matrix, IW(A) is convex (see Proposi-
tion 2.3 and Theorem 3.4, respectively, of [23]). Thus in these cases,
(3) holds. Any collection of mutually commuting matrices have a
common eigenvector. Using this fact and following the idea of the
proof of [34, Lemma 5], we obtain

{(Azly) :x € A,y € 2 ||z] = ||yl = 1, (aly;) = 0 for all 1 < j < d}
= {2 €C:|2]* < var(A) for some z € A, |lz]| = 1}.

For a tuple of operators, we also have equivalence of (i) and (i) in
Theorem 7. This raises the curiosity if (3) holds for every tuple of
commuting operators.

Remark 3. The condition |A—zTI| > | A| forall z € C?is same
as saying 0 is a best approximation of A to the subspace C¢I of
B(A, #?) (see [30]). In other words, we say A is Birkhoff-James
orthogonal to C? I (see [20]). Proposition 8 is a characterization for
A to be Birkhoff-James orthogonal to the subspace C? I. Some char-
acterizations of Birkhoff-James orthogonality of an element to a sub-
space can be found in [15, 16, 17, 18, 21, 22, 27, 31, 35].

Remark 4. From the proof of Proposition 8, it follows that if W;(A)
is convex, then the following are equivalent.

@ [|[A—=I|>]| Al forall zeC
(ii) 0 € Wy(A)
(i) [A—2zI|*>||A|>+] z|*forall z € C"
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