
ROCKY MOUNTAIN 
JOURNAL OF MATHEMATICS 
Volume 6, Number 1, Winter 1976 

A DOCQUIER-GRAUERT LEMMA FOR STRONGLY 
PSEUDOCONVEX DOMAINS IN COMPLEX MANIFOLDS 

HUGO ROSSI l 

1. Introduction. Let M be a closed complex submanifold of Cn. 
The lemma referred to in the title is the following projection lemma of 
Docquier and Grauert. 

1.1 THEOREM. [ 1] Let Kbe a compact subset ofM. There is a neigh
borhood U of K and a holomorphic map IT : [/—> U H M such that 
ir(p) = pfor p ŒU H M. 

This lemma allows for the generalization to Stein manifolds of 
several function-algebraic results on domains in Cn [1, 9]. The pur
pose of this note is to prove a similar lemma when K is a strongly 
pseudo-convex domain on M, so that U is also strongly pseudoconvex, 
and U H M = K. We conclude with some applications, notably a 
generalization of the theorem of Sibony and Weimer [10]. 

I am indebted to Lee Stout for repeatedly encouraging me to pursue 
this idea, and to J. E. Fornaess for providing one critical step. Thanks 
also to N. Kerzman for reminding me recently of the potential useful
ness of this lemma. 

2. The Proof of the Lemma. We begin with the result of J. E. 
Fornaess, which can, for our purposes, be taken as the definition of 
s. psc. (strongly pseudoconvex). 

2.1 THEOREM. [2] Let D be a s. psc. domain on a Stein manifold M. 
There is a neighborhood NofD,a C00 function p defined in, and s. psh. 
(strictly plurisubharmonic) on N such that 

(a) dp ^ Onear dD, 
(b) D= {pGN:p(p)<0}. 

For a proof of this result see [8]. 
We shall call p a defining function for D. The main result of this 

note is the following assertion. 

2.2 THEOREM. Let M be a closed submanifold of a Stein domain U0 

in Cn. Suppose we are given (by Theorem 1.1) a neighborhood U of 
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M and a holomorphic projection n : 17—> M (in particular M is also a 
closed submanifold of U). Let D be a s. psc. domain in M (D G M). 
Then, there exists a s. psc. domain E in Cn such that 

(a) Ê C U H I/o 
(b) E H M = D 
(c) dE intersects M transversally indD 
(d) TT.E^D. 

PROOF. Let d be the dimension of M. From the argument of Doc-
quier and Grauert, we know that the fibers IT ~ hrx of IT intersect M 
transversally and are of dimension n — d. Let f\, ' ' ',fk^. O(U0) be 
chosen so as to generate the idealsheaf of M at every point of D. Let 
p be the defining function for D : D = {p G M : p(p) < 0}. p is s. psh. 
near D, we may take M to be this neighborhood. 

Let F = ^ki=i \fi\2. We want to show that there is an e0 and a 
neighborhood Ul C U Pi U0 of D such that dF is nonvanishing on the 
tangent space to the fibers of7r in Nx = { x £ ( / 1 ; 0 < F ( x ) ^ €0}. 

First of all, cover D by coordinate neighborhoods B (in Cn) with the 
following conditions satisfied: For zl9 • * ',zd, zd+ìì • • \zn the 
coordinates of B, 

(a) the level sets n'hrx are given by {% = zf : j ^ d}, 

(b) tei+i, " * - , * n } C {/i. ' * '»/*}• 
The following lemma shows that F |7T~VX, for x G D, has differ

ential nonzero near the origin, but for the origin. It is apparent that 
this concept of "nearness" varies continuously with the parameters 
{zf : j ^ d}. Thus, by the compactness of D the desired result follows. 

2.3. LEMMA. Let B be a ball centered at the origin in Cn~d and let 
gi, ' ' ',gt be functions holomorphic in B with gj(0) = 0, 1 â j â t. 
Let 

G(z)= £ |*|2+ i |&(z)P. 
i>d j=l 

There is an e0 > 0 such that for z £ B(0, e0), z ^ 0, u;e have 
dG(z) ^ 0. 

PROOF. Specifically, we show that for small enough balls, the deri
vative normal to the sphere is nonzero. Let 6 = ( 6d+\, * ' ',0n)be on 
the unit sphere. Let gjk = (dgjldzk) (0). Since g,-(0) = 0, we have 

G(to)= ( s N 2 + E IE&*M2) l'I2 

(2.4) + \t\3F(t,0) 

= M(0)|*|2+ |*|3F(*,0). 
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Thus 

G'(tO) = 2M(6)t + tF(t,6). 

Now, M is the term in parentheses in (2.4), so never vanishes. There is 
thus an €0 such that M(0) + tF(t, 6) / 0 for all 0, and all t, \t\ g to-
Then G'(tO) / 0 for 6 on the unit sphere and 0 < \t| ê €0-

We return to the proof of theorem 2.2. We have found, using the 
above lemma, a neighborhood Ul C U fi U0 of D with dF („v* ^ 0 
for x G (7 and €0 = F(x) > 0 (i.e., in the set JVj), and in which the set 
{/l9 • • ',fk} includes a set of coordinates for the fibers of TT. 

Choose €0 even smaller, so that {x G Ul :ir(x) G D, F(x) ê e0} is 
compact in Uit Choose a real number A > 0 with Ae0 > m = 
sup{|p(x)| :xGD}. Let a = p ° TT + A ^ l i |^|2, N2 = ( x G ^ U 
M :p « TT(X) < €0} and E = {p G N2 :a(p) < 0}. 

Now, a is strictly plurisubharmonic. For V—T dda = 
V—1 dd(p ° ?r) 4- AV —1 dd Zjifjfv Both summands are positive 
semidefinite, and the nullspace of the first summand is the tangent 
space to TT'hrx. But fiy • • -,fk include coordinates for Tr'hrx, so the 
second summand is positive definite on this space. Thus V—T ddcr 
» _ 0 throughout Nx U M. 

E is compact in 2V2. Let x G dN2. If p ° ir(x) > 0, we must have 
<r(x) > 0, so x (f E. If p ° TT(X) < 0, then 7r(x) Œ D, SO X G C/ĵ  and 
F(x) = €0 (since dN2 DUl= dNx). Thus 

a(x) = p ° zr(x) + Ac0 > — ra + AE0 > 0, 

so x $ Ê. 
Clearly £ Pi M =_D. In fact TT : E -» D. For if x G E, p ° TT(X) g 

a(x)g0,so7r(x) G D. 
All the assertions of the theorem follow easily from these observa

tions. 

3. Applications. We shall now give some indication of the use of 
this lemma: to generalize to the context of Stein manifolds certain 
function algebraic results on s. psc. domains in Cn. With this in mind, 
we introduce the following notation. If K is a compact set on a com
plex manifold, O(K) is the ring of all functions holomorphic at all 
points of K. By A(K) we mean the ring of continuous functions on K, 
holomorphic at interior points of K. A(K) is a Banach algebra in the 
uniform norm: | |/ | | = sup{|/(x)| : x G K}. Ö(K) is the closure of O(K) 
in this norm. For x Œ K, mx is the (maximal) ideal in O(K) of all 
functions vanishing at x, and mx is its closure in A(K) in the above 
norm. mx is the sheaf of ideals (in <D) of functions vanishing at x. 
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The first result is well-known for manifolds [7] ; our point is that it 
need only be proven for domains in Cn, as in [4, 5]. 

3.1 THEOREM. £7] Let D be a s. psc. domain in a Stein manifold M. 
Then 0(D) = A(D). 

PROOF. Since M is Stein, we may take M to be a closed submanifold 
of Cn. Let 7T : E —» D be as constructed in theorem 2.2. Now, if 
/ G A(D),f° n G A(E). By the approximation theorem of Henkin [4], 
/ o 77 = lim/n _with fn G 0(E). Then fn \M G O(D), and fn \ M - > / 
uniformly on D. 

3.2 THEOREM. Let D be as. psc. domain on a Stein manifold M. Let 
p G D, and suppose fi, • • -,fk G A(D) satisfy 

(a) dfx(p)^ • • dfk(p)spanmplmp
2, 

(b) {x G D :/i(x) = • •_• = / f c (4= 0} = {p}. 
Thenfi, ' ' ',fk generate mp as A(D)-module. 

PROOF. If M is Euclidean space, this is the theorem of 0vrelid [8] 
(see also [6] ). Here, we again take M as a closed submanifold of CN, 
and let 77 : E -^ D be as given by theorem 2.2. Let g{ = f ° 77, 1 ^ i ^ 
k, hj = Zj — z° 77, 1 ^ j ^ N. Then g ^ • • -, gfc, hl9 - - -,hN are in A(E) 
and satisfy conditions (a), (b) for p in E. Thus, 0vrelid ,s result applies 
to this set of functions. Iff G wv in A(D)7 t h e n / 0 77 G wp in A(E), so 
/ ° 77 = S t r i g i "+• S i ^ A ' w ^ h Mt' ü» ^ ^(^)- Then, restricting to D, 
we h a v e / = 2)<(«i I ß ) ^ , with ^ | D G A(D). 

3.3. REMARK. In both the above theorems, the results should remain 
true if we replace M by either a holomorphically convex manifold or a 
Stein space. However, in these situations the Grauert-Docquier lemma 
fails, and with it goes theorem 2.2 and any hope of proceeding via a 
reduction to Cn. Nevertheless, these results can be proven by means of 
another more specific result (see [2] ). 

Finally, we generalize the theorem of Sibony and Wermer [ 10]. It 
should be noted that their result itself requires a version of the 
Grauert-Docquier lemma which is different from theorem 2.2 and 
apparently requires much deeper results. We shall remark on this 
more specifically after the proof. 

3.4 THEOREM. Let Dbe as. psc. domain in a Stein manifold M. Sup
pose / l 5 • • s/* G C4(D) are holomorphic in D and satisfy 

(a) for x j£ yjn D, there is aj withf(x) / fj(y), 
(b) for x G D, dfi(x), • • -, dfk(x) span mjmx

2, 
(c) F(D) = {(fi(x), - • ',fk(x)) : x G D} is polynomically convex in 

CK 



A DOCQUIER-GRAUERT LEMMA 175 

Then the ring P of polynomials in fx, • • -,fk is uniformly dense in 
A(D). 

PROOF. AS before, we take M to be a closed submanifold of CN and 
take IT : E —> D as given by theorem 2.2. Let wiy • • *,t% be the 
coordinates of CN, and define these functions on E: 

&(p) =/<(*(?)), l ^ i ^ k 

hj(p) = Wj(p) - Wj(ir(p))9 l^j^N. 

Clearly the functions g1? • • -, gk, hi9 • • -±hN are in C4(E) and satisfy the 
first two conditions (a), (b) relative to E. Let zi9 • • *,zk+Nbe coordi
nates of Ck+N and define G : Ê -» Ck+N by 

*(G(p)) = g « H l ^ ^ t 

2i(G(p)) = h^k(p), k<i^k+N. 

Notice that G(E) D {z G Cfc+N : z{ = 0, i > fc} = F(E) X {0}. We 
now apply the argument of Sibony and Wermer to the map G defined 
on E, It must be noted that the hypothesis of polynomial convexity 
does not intervene in their argument until after the application of the 
approximation theorem of Henkin. Thus, we can conclude: if h G 
A(E\f= Ho G where H G Ö(G(E)). 

Now, t a k e / G A(D), and apply the above approximation result to 
f° IT. There is a sequence Hn G 0(G(E)) such that 

MP)) = Mm Hn(fMp)\ ' ' 'JMp)\ 
wx(p) -w^nip), • ' M%(p) - WN(TT(P)) 

uniformly in p. _Let /n(z l 5 • • -, zk) = Hn(zx, • • -, zfc, O, • • -, O). 
Restricting (3.5) to D, we obtain /(oc) = lim f^f^x), • • ',fk(x)), where 
fn G 0(F(D)), uniformly in x. But F(D) is polynomially convex, so 
by the Oka-Weil approximation theorem, the fn, and with it, / , are 
uniformly approximable by polynomials. 

3.6. REMARK. In contrast to the preceding results, this application 
of theorem 2.2 appears to be genuine: the techniques of Sibony and 
Wermer will not apply generally to manifolds. Their operative 
hypotheses are that both T and N are trivial bundles. However, J. 
Taylor and I have recently found an elementary way of accomplishing 
what is accomplished by the generalized Docquier-Grauert theorem 
which was only the fact that D is the spectrum of A(D). These results 
together with applications to more general manifolds-with-boundary 
will appear elsewhere. 
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