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ABSTRACT

The performance of a dual-detector optical heterodyne recciver was analyzed and
compared with the performance of a conventional single—detector heterodyne receiver.
The dual-detector receiver is found to offer two main advantages over the single—de—
tector receiver — (1) increased performance in the presence of local oscillator intensi-
ty fluctuations that might severely degrade single—dctector recciver performance, and
(2) decreased local oscillator power requirements. These two advantages are particu-
larly important in a communication system which uses scmiconductor laser diodes as
local oscillators. Such lasers suffer from intrinsic wide-band intensity fluctuations and
can also impose strict power constraints on receiver design.

Based on the analysis, suggestions for the optimal design of a dual-detector heter—
odyne receiver are made. Also, several experiments were performed to demonstrate the
improved performance of the dual-detector receiver — both for unguided- and guid-
ed-wave receivers.

Thesis Supervisor: Dr. Vincent W. 5. Chan |
Title: Assistant Group Leader
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M.L.T. Lincoln Laboratory
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Chapter I
INTRODUCTION

The performance of a conventional single-detector optical heterodyne receiver can
be severely degraded by intcnsity fluctuations of the receiver’s local oscillator (L.O.).
Such fluctustions produce at the detector photocurrent noise in excess of the usual
quantum shot noise.! If the excess photocurrent noise is comparable to or larger than
the quanium shot noise, receiver performance may be degraded. For noisy local oscil-
lator lasers (such as semiconductor lasers), receiver performance degradation due to
L.O. intensity noise can be substantial (2—40 dB) [3,4].

An optical heterodyne recciver which uses two detectors with equal quantum effi-
ciencies has been proposed by several authors [5,6,7,8,5]. Such 2 receiver uses its two
detectors in a balanced-mixer configuration to suppress the photocurrent noise result—-
ing from local oscillator intensity fluctuations. More recently, the receiver model has
been generalized to include unmatched detector quantum efficiencies and an arbitrary
gain applied to one of the detector outputs [10,11]. This arbitrary gain is used to cor-
rect for unbalanced noise signals and to improve the overall receiver signal-to—noise
ratio.

In this thesis, the local oscillator noise cancellation properties of such dual-detec-
tor receivers will be discussed. The work will also include a discussion of several oth-
er parameters that affect dual-detector receiver design and performance, including am-

plifier thermal noise, non-flat or unmatched detector frequency responses, unequal

! Photocurrent noise produced by local oscillator intensity fluctuations will be refer-
red to as being "cxcess noise" or "local oscillator noise.” Photocurrent noise due to
the quantum detection process will be called "shot noise."

-1-



2
optical or electrical path lengths in the two branches of the receciver, and lossy beam
splitters or couplers (2]. These effects put constraints on the design of a practical re—
ceiver. Suggestions for building an optimum dual-detector heterodyne receiver will be
given. The results of several experiments which demonstrate local oscillator noise can-
ccllation will be presented, both for unguided- and guided-wave dual-detector optical

heterodyne receivers.



Chapter 11
DUAL-DETECTOR HETERODYNE DETECTION

In this chapter, a model for the dual-detector local-oscillator—intensity-noise—an-—
cellation receiver is presented and analyzed. By scaling the photocurrents produced in
the two detectors and subtracting, nearly quantum limited performance is attainable,
even in the presence of large local oscillator intensity fluctuations. The optimum beam
splitter is found, and the dual-detector recciver performance is compared with that of
the conventional single-detector receiver. It is shown that the presence of amplifier
thermal noise in the receiver can have an effect on the optimum choices of beam split—-
ter and scaling factors. Unmatched detector frequency responses can degrade dual-de-
tector receiver performance significently. The effect of uncqual signal path lengths in
the two branches of the receiver is described. The final section of the analysis deals
with the difficulties which arise when the beam splitter or coupler used to combine the

local oscillator and received signal beams is lossy.

2.1 THE DUAL-DETECTOR RECEIVER MODEL

An optical dual-detector heterodyne recciver uses a beam splitter to combine a
weak received signal beam (average power S) with a stronger local oscillator beam
(average power L?). S end L are assumed to be real. (Sec figure 1.) Normally, the two
beams are aligned in polarization so that the fields add. The inputs to the beam split—-
ter are the received signal fied =/ 2:8¢*1"" and the local oscillator field L=v&

oL¢"?"?, If the beam splitter is linear, lossless,! and symmetric, the output ficlds

! Lossy beam splitters (and couplers) are considered in Section 2.8.

-3-



E, and E, arc obtained by the transformation:

£ - otr Ji-e et S (1

Ez \,/5- e_11!/2 ﬁ_—e- /

where € and 1—€ are the power transmission and reflection coefficients, respectively, of

the beam splitter and o, is the phase shift of the reflected field. (See Appendix A.)
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H1(f)
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1

s £, Iy
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2

SPLITTER
TRANSMISSION A
¢ L

Figure 1: The dual-detector receiver model.
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The photocurrents priduced in the detectors are conditional Poisson processes.
After filtering, the phctocurrent in cach detector is a Gaussian process with mean pro-
portional to the power of the impinging optical field and a spectral height which can
be determined [12]. If the quantum efficiencies of the two detectors are n, and n,, re-

spectively, the means of the photocurrents I, and I, are:

n,e

1 -+ 1 2
=5 2 16
ne ) ) - )
e {(1-€)s” + el.” + 25L E(l—E)'cos[(ml—mz)t+¢l—¢2—n/2i}
-2 L)
2 tw 2 'F2
3)
ﬂze 2 2 ra— 21!
= {es® + (1l-g)L” + ZSLﬁ(l—E)-cos[(wl—wz)t+¢]"¢2-ﬂ/ ]!

The mean photocurrents contain & D.C. component and a component at the I.F.

difference frequency (w,~w,) of the signal and local oscillator fields. If:

Lo W(ﬁ , Tge) (4)

the S? term in each photocurrent can be neglected.

The zero-mean Gaussian noise components of the photocurrents will have one-
sided spectral density 2el+2ey(NI®. The first term is the white quentum shot noise
generated in a photodetector with D.C. photocurrent I. The second term is due to the
intensity fluctuations of the local oscillator. The local oscillator noise density has

been found to vary as D.C. photocurrent squared and can be quantified by the param-
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cter y.> Thus, the noise power densities, N, and N,, for the two detectors can be

written:

2
Nl = 2e11’DC + 2ey11'DC (5
N, = 2el + 2eyI? 6
2 = %8ly pe T 28705 ne (6)

Equations 2 and 3 show that the I.LF. components of the two photocurrents must
be 180° out of phase. However, by the assumption of relatively large local oscillator
power, the excess noise generated at the two detectors is duc mainly to L.O. intensity
fluctuations which reach both detectors simultaneously.® Therefore, the excess noise in
the two detectors will be in phase, though not necessarily equal in magnitude. By sub-
tracting the two detectors® photocurrents, it should be possible to increase the LF. sig-
nal power while decreasing the excess noise power. The resulting local-oscillator noise
suppression is similar to that obtained in a microwave balanced mixer [1].

The two shaping filters, H () and Hy(f), are included in the dual-detector receiv—-
er model to account for possibly unequal detector frequency responses. For now, it

will be assumed that H,()=H,(f)=1. Also, two arbitrary noiseless amplifiers (or atten—

} o has units of inverse current. Typical values of y range from 10? to 10° A™! de-
pending on frequency and output power for GaAlAs semiconductor lasers [18]. A
value of y=10* A" would imply that the photocurrent noise density produced in a
detector with 1 mA of D.C. photocurrent was 3 dB above the quantum shot noise
density.

4 The effect of unequal optical path lengths is discussed in Section 2.7.
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uators) with current gains A, and A, have been inserted. The gains of these amplifiers
can be adjusted to optimize the overall receiver's signal-to-noise-density ratio. A vari-
able level of thermal noise, N,,. has also been added to the recciver model.? For now,
it will be assumed that the receiver thermal noise is negligible compared to the quan—
tum shot noiseé so that N, =0. With N,=0, the amplifiers A, and A, are redundant.
Thus, let A,=1 and only vary A,.

After the scaling amplifier A, the I.F. photocurrent and photocurrent noise power
terms are equal to A I, and A’N,. Subtracting I, and N, gives the dual-detector

LF. beat signal (I_) and noise power (N_) terms:

T = 28 = . _ o 7
I 2ﬁm,/6(1 E)SL(A1n1+n2) cos[(wl w,)t+d, -9, /2] ¢))
- = 2ot oct,oc? t 2eY AT e e (®)

The signal-to—-noise—density ratio, SNDR, is therefore:

c(l—e)(/\ln1 + n2)2 Sz/ﬁw
SNDR = ®)

e .2 2
AEN) + (1—f.)n2 * [Alnle - nz(l—E)]

5 As a first appoximation, the thermal noise has been inserted after the adjustable
gains and is assumed to be independent of the magnitudes of the gains. A more re-
alistic model would have N, being a function of the scaling gains, but this would
unnecessarily complicate the model at this point.

¢ Section 2.5 deals with the problem of nonnegligible thermal noise.



To derive the SNDR of detector 1 or 2 scparately, just let A, go to = or 0, re-

spectively. Thus, for detector 1, the SNDR is:

(1-e)n sZ /tw

SNDR., =
1 ey, 2
1 + h’wL nlE
Similarly, for detector 2:
en, Sz/ﬁw
SNDR,, = —
1+ X %, (1-€)
nw 2

(10)

(11)

Since the single—detector receiver is a special case of the dual-detector recciver and

is not necessarily optimum, it is clear that the dual-detector recciver must always per—

form at least as well as the single—-detector receiver.

2.2 SNDR NEGLECTING THERMAL NOISE WITH ONE
ARBITRARY GAIN

When Eq. 9 is maximized over A,, an optimum gain is found:

v 2
where g = S~
N

Substituting the value of A, o back into Eq. 9 yields:

| [ (1n,B) (1-e)n, + (L4n B)en,1° 5%/
SNDR_ = - 5 5 /RN
(l+n28) (l—c)nl + (1+nlB) en, + B(nl-nz) £(1-¢)

(12)

(13)



For the case of n=n;=n, A, ;py=(1-€)/€¢ which depends only on the beam split—
ter transmission € and not on the excess noise parameter y. Thus, for matched detec-
tors the optimum receiver can be designed without prior knowledge of the local oscil-
lator excess noisc characteristics. The excess noise term in the denominator goes to
zero and the SNDR is the same 23 for a single—detector heterodyne receiver (Eq. 10)
with quantum efficiency n, no local oscillator intensity ﬁoisc, and €=0. However, the
local oscillator power required for the single—detector receiver is much larger since ¢
is close to 0 and most of the L.O. power is wasted. For the dual-dctector receiver with
n,=N, € can be sct equal to 1/2 and the same SNDR is achieved with much less local
oscillator power.

If n#n,, the excess noise will not be canceled completely when A, ... is used
(except for the case y—=). For semiconductor laser local oscillators with typical y
(around 10~} A-! at 100 MHz) and for €=1/2, the excess noise will be reduced by a
factor of (n,—n,)". In fact, it can be shown (scc Appendix B) that with the optimum

gain, the dual-detector SNDR expression is bounded:

2 2
S S
—_— —_— 14
= MIN(nl,nz) < SNDR_ < = MAX(nl,nz) (14)

This bound holds for all beam splitters () and excess noise levels (), even as y—=.
Even if the two detectors’ quantum efficiencies are not well-matched, the perform-

ance of the dual-detector receiver with optimizing gnin is rather insensitive to the ex-—

cess noise level. This is important since it iinplies that receiver performance will not

degrade substantially if for some reason the local oscillator becomes noisier (e.g. due
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to aging). However, since A o, does depend on y when n#n, and y is in gencral
a function of frequency, A, will be a function of frequency. This property is un-
desirable, so it is important to kecy ire detectors well-matched.

Notice, also, that the performance bound does not depend on €. Thus, the beam
splitter may be chosen based on other factors — namely L.O. power and thermal
noise. This independence of performance on € assumes, of course, that it is possible to

implement A, .

2.3 SNDR NEGLECTING THERMAL NOISE WITH TWO
ARBITRARY ATTENUATORS

A duai-detector receiver with an arbitrarily large gain and no thermal noise is not
very realistic. A more realistic model to consider is one which constrains A, and A,
to be arbitrary noiscless attenuators with magnitudes between 0 and 1. For the receiver
with no thermal noise, the two models are equivelent. However, when the effect of
thermal noise is discussed in Section 2.5, limiting the receiver model to two aitenua-
tors will produce more realistic results. Thus, the SNDR calculations must be modi-
fied to include two arbitrary, noiscless attenuators. With this change, the SNDR be-

comes:

2
E(l—E)(Alnl + A2n2)2 ST /tw
SNDR_ = (15)

2
_ - -€
ALED, * A5 (1-€)n, + B[Alnle Aznz(l )]

The optimum attenuator values follow directly from the previous optimum gain
calculation if the magnitude of at least one of the attenuators is equal to 1, i.e. no at—
tenuation in at least one of the signal paths. Later, when non-negligible thermal noise

is added to the receiver model, this condition will be optimum. Thus:
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14n,8
1-¢ 2 .
ML OPT MIN<1 * e 1+n18> (16)

—
|
m

1+n. B8
anfl | . L
Ay, 0PT . I+n,B (17

2.4 THE OPTIMUM BEAM SPLITTER

A second parameter which can be varied to optimize the receiver SNDR is the
transmission coefficient ¢ of the beam splitter. Figure 2 shows the SNDR for both a
single—detector receiver (dashed line) and two dual-detector receivers (solid linzs) as €
is varied. O dB is defined to be the SNDR of a single—detector receiver (detector 1)
with n,=1, no thermal noise, no excess noise, aud € approaching 0. As stated in Sec-
tion 2.1, the SNDR of the dual-detector recciver is always greater than or equal to the
SNDR of the single—detector receiver.

If the two detectors have equal quantum efficiencies (upper solid line), all values
of ¢ will give equal performance with the optimum attenuators. This is the same result
that was obtained earlier with Eq. 13.

However, if nPon, (lower solid line), then the optimum € (€5pp) is 0. Intuitively,
both the LF. signal power and the quantum noisc power in detector 1 are decreasing
as ¢, while the excess noise level decreases as €. Since the model neglects thermal
noise, a small signal level does not hurt the theoretical receiver performance as long

as the noise level is also small. Letting e O optimizes the ratio. Also, as €~0, the opti-
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Figure 2: Receiver performance without thermal noise.

mum attenuator values go to Al.on=l and Az.orr'_'o- Thus, the receiver is effec—
tively a single—detector recciver using only detector 1. Similarly, if n,<n,, then
€orr v Ayopr~0 and A o1 (Unfortunately for both cases, the L.O. power
must increase to infinity.) With no thermal noise and vnmatched detectors, the opti-
mum dual-detector receiver makes use of the detector with higher quantum efficiency
only, and a single-detector receiver performs equally well provided there is sufficient
local oscillator power available. Of course, the dual-detector receiver signal-to-noise
ratio would not be significantly degraded if the two detectors were nearly matched and

€ was chosen to be 1/2 to save local oscillator power.
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2.5 SNDR WITH THERMAL NOISE AND TWO ATTENUATORS

The real advantage of the dual-detector receiver over the single-detector receiver
appears when there is non-negligible thermal noise in the receiver. Figure 3 shows the
SNDR with thermal noise for both a single—detector receiver (dashed line) and a
dual-detector receiver (solid line).” The optimum € i3 constrained away from the ex-
treme values of 0 and 1. This is due to the fact that as € approaches 0 or 1, the L.F.
signal power (which goes as €(l-€)) becomes very small, whereas the total noise is
lower bounded by the fixed thermal noise and therefore the SNDR decreases. Since
the choice of beam splitter is now constrained away from the extreme values of ¢, lo-
cal oscillator intensity fluctuations can degrade the single—detector receiver perform-
ance and the dual-detector receiver can yield a significant improvement.

Adding thermal noise, N, to Eq. 13 yields:

2
2(%) c(l—E)Ssz(Alnl + Az”z)z

SNDR = 3 5 7 - (18)
- - + N
2e(A111 + A212) + 2ey(AlI1 AZIZ) h

th

where I, and I, are the D.C. components of the two detectors’ photocurrents.

7 The thermal noisc level has been set to 1/4 the quantum shot noise level of the
dual-detector receiver, which is typical of a receiver using a 50() front-end amplifier
with 1 mA of D.C. photocurrent. Also, a fixed local oscillator power was used,
since otherwise the L.O. power could be continually increased until the thermal
noise again became negligible compared to the quantum shot noise.
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Figure 3: Receiver performance with thermal noise.

The new values for the SNDR optimizing attenuators are:

Al,nPT

Az,opr

Hw
(l—c)(1+n28) + Nth- ;;5;—15
2 (19)
MIN}I r(1+h13)
Fw
€(l4n,B) + N o
2e nlL

= MINIL . (1-€)(1+n.f) (20)
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The presence of thermal noise always increases the magnitude of the optimum
atteauators (if they are not already equal to one). Even for n=n,, the excess noise
will not in general be canceled as it was for the receiver without thermal noise. Intui-
tively, the optimum receiver sacrifices some amount of excess noise cancellation in or-
der to increase the absolute {.F. signal level of one detector with respect to the ther—
mal noisc level.

When n,=n,, the value of € is 1/2 independent of the excess noise level (y) or the
thermal noise level (N,,). This is because of the €(1-<) dependence of the LF. signal
power. However, the width of the SNDR maximum around ¢,,.~1/2 (i.e.,, the range
of € for which good cancellation is possible) does depend on y and N,,.

Interestingly, if n,=n, there is a range of values of € around 1/2 where the opti-
mum sttnecuators for the dual-detector receiver with thermal noise are
A, opr=Ayopr=1- For this range of € no attenuators are needed, simplifying the
receiver design. As the thermal noise increases with respect to the quantum shot noise
of the receiver, the range of ¢ for which this effect occurs increases. Figure 4 shows
the difference between the SNDR for a dual-detector receiver which uses optimum at-
tenuators and the SNDR for one which holds A ,=A,=1 (i.c. no attenuators). For sem-
iconductor laser local oscillators with y=10* A-! representing a relatively quiet L.O.
(solid lines), there is little difference in performance between the two receivers for
0.4€<0.6. However, if y increases to 10° A-' representing a fairly noisy L.O. (dashed
lines), the need for either the optimum attenuators or a tight constraint on € becomes
apparent. As previously noted (Section 2.2), the dual-detector receiver’s performance
is relatively insensitive to the excess noise level when the optimum attenuators are

used.
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Figure 4: Receiver performance with and without optimum attenuators.

2.6 SNDR WITH UNMATCHED DETECTOR FREQUENCY
RESPONSES

A further difficulty that may degrade the performance of a dual-detector receiver
occurs when the two detectors have differing frequency responses. This problem could
arise, for example, if the detectors have different bandwidths. For good cancellation,
the L.O. noise photocurrents in both detectors must be well-matched both in ampli-
tude and phase over the entire frequency band of interest. If one detector begins to
roll off before the other near the edge of the frequency band, poor cancellation could
result. For 20 dB of cancellation with a 50/50 beam splitter and both attenuators

cqual to 1, the detector responses must be matched within at least 1.6 dB (assuming
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matched phases) and 11° (essuming matched amplitudes). Clearly, if onc detector has
not only rolled off by 3 dB but also acquired a 45° phase shift, poor cancellation will
result.

Unmatched detector frequency responses can also occur because of line resonances
in the two signal paths when the detectors are physically connected into a circuit. The
detectors look like a large resistance (M()) in parailel with a small capacitance (pF).
This makes them difficult to match to 2 50() line and thus line resonances can result.
If the noise in each detector is unequally amplified due to differing line resonances in
the two signal paths, the balanced-mixer action of the dual-detector recciver may be
disrupted.® In fact, an attenuator designed to maximize the SNDR of a particular re—
ceiver might change the line resonances of the signal path in which it is placed enough
to lower the overall SNDR rather than increase it as predicted.

If the complex frequency responses of the two branches of the dual-detector re-
ceiver are modelled as the shaping filters, H (f) and H,(f), the output of the receiver

after subtraction is:

2 n
e 2.2 Z
z(ﬁ) e(l-€)S L |A1”1“1“1F) + Aznsz(fIFH ] 2
SNDR_ = 5 5 5 - 5 @D
2e[A111|H1(f)[ +A5 T, [, (£) ] |+29YIAlIIHl(F)—Azlzdz(f)I
where:
w - W
S S 22
e ™ T (22)

* This difficulty was enccuntered in the experiments. See Section 3.1.2.
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The magnitudes—squared of the frequency responses, [H (f)f and [H,(f)f!, can be

measured with an incoherent white light source to obtain an upper bound on receiver
performance:

2
e 2.2 2
2(%5) €(1-€)S°L (AlnllHl(fIF)I + AZHZIHZ(EIF)ll

SNDR < - (23)
Toe(alr, |u (6) [P+aln, (1, (6) | 21+2ey A 1 [0, (6) [-A T [0 () ]1°
1711 222 ' 1'1''1 222

This bound holds with equality for all f where the two frequency responses are in
phase.

The degradation due to line resonances can be minimized by keeping the two elec—
trical path lengths as short as possible to push any line resonances out to frequencies
higher than those of intercst. This problem with implementing the optimum attenuators
is another reason why it is desirable to use well-matched detectors and a beam splitter

with €=1/2. Then no attenuators are necessary for optimum performance.

2.7 SNDR WITH UNEQUAL PATH LENGTHS

Excess noise cancellation can be degraded by unequal optical or electrical signal
path lengths in the two branches of the dual-detector receiver. A differential delay T,
cither optical of electrical, between the beam splitter and the photocurrent subtraction
point gives a relative phase shift to one branch of the receiver. This phase shift is lin—
car with frequency. The relative phase shift between the LF. signals due to the optical
delay will be (0,~w,yT-360/(21) degrees. The excess noise components in the two de—
tectors will alse be given a relative phase shift equal to fT-360 degrees. In general, the
excess noise will not be well canceled when the two photocurrents are subtracted. The
problem can, of course, be corrected by simply inserting an equal delay, either optical

or electrical, in the opposite signal path.
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At frequency f, the differential time delay T, necessary to give a 6 degree phase

shift is:

~
1]
—ﬁlv—-

360 (24)

A reasonable limit to the allowable differential phase shift between the two branches
of the receiver is around 11° (see Section 2.6). This phase shift will still yield a 20 dB
reduction in the excess noise if all other parameters are optimum. For 8 equal to 11°
and f=1 GHz, T is ~30 picoseconds which corresponds to an optical path difference of
~9 millimeters or an clectrical path difference of a few millimeters. Differential path
lengths significantly greater than these limits may disrupt excess noise cancellation at

high frequencies.

2.8 LOSSY BEAM SPLITTER OR COUPLER

Until now it has been assumed that the beam splitter used to couple the received
signal beamn with the local oscillator beam was lossless. This condition gives rise to
the 90° phase shift between each input field’s two outputs (se¢ Appendix A). The 90°
phase shift in turn leads to the 180° LF. signal phase shift and enhancement as de—
scribed in Section 2.1.

If the device used to couple the two fields is lossy, the relative phase shift need not
be 90°. Typically, the loss in a dielectric beam splitter is negligible, assuming that its
second surface is antireflection coated. However, the loss in a single-mode fiber
coupler may be several dB.

In Appendix A, the following bound is found for a lossy, symmetric, 1:1 output-

power-split coupler.
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arccos(l - [—(l)gg) < ¢ < nrccos(r(lgé - 1) (25)

This bound holds for losses less than 3 dB (0.5¢LOSS<1). Figure 5 shows this bound

on ¢ as a function of coupler loss for a symmetric, 1:1 output-power-split coupler.
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Figure 5: Constraint on a lossy coupler’s phase shift.

A value of ##90° implies that the LI.F. beat signals in the two detectors will not be
exactly 180° out ot phase. The beat signals are in fact 26 out of phase. Assuming that
the LF. signals in the two detectors are equal in magnitude, figure 6 shows the signal

degradation after subtraction as a function of ¢ relative to the case #=90" (0 dB).
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- 2
I.F. DEGRADATION = 10-1og10(—1——c—‘2154—¢i) dB

(26)

By combining equations 25 and 26, a bound on signal degradation as a function of

coupler loss can be found. For 0.5¢LOSS{1,

2 LOSS - 1
I1.F. DEGRADATION 2 10'10;?,ln — ] dB
1.OSS

27)
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Figure 7 shows a plot of this bound as a function of LOSS. A coupler with a loss
much greater than 1 dB could potentially give rise to several dB of I.F. signal degra-
dation. This could be a serious problem for single-mode fiber couplers. Any attempt
to adjust the phase of one of the L.F. signals will also change the phase of the intensi-
ty noise, thereby disrupting the noise cancellation. L.O. noise cancellation is not af-

fected by loss in the coupler, only the LF. beat signals are.
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Figure 7: Possible L.F. signal degradation vs. coupler loss.



Chapter III
EXPERIMENTAL RESULTS

In the preceding chapter, the performance of a dual-detector receiver was predict-
ed. In this chapter, that analysis will be verified by experimental results. Several ex—
periments were performed.

The first experiment used a relatively large-area (5.1 mm?), smali-bandwidth (200
MHz) silicon PIN photodetector and unguided laser beams. This experiment demon-
strated cancellation of photocurrent noise duc to relatively low frequency intensity
fluctuations in the L.O. field and verified the enhancement of the L.F. heat signal
power as predicted by the analysis [11].

In the second experiment, a delay was added to one branch of the dual-dctector
receiver. Its effect on L.O. noise cancellation was demonstrated [11].

The third experiment used small-area (0.01 mm?®), large-bandwidth (>3 GHz) sili-
con PIN phctodetectors to extend the noise cancellation measurements out to 3 GHz
The laser beams were unguided. It was demonstrated that noise at the relaxation reso-
nance frequency of s semiconductor laser (~1-10 GHz) could be effectively canceled
by the dual-detector receiver [17].

The fourth experiment used single-mode optical fiber to guide the laser beams. A
directional fiber coupler was used rather than a beam splitter to combine the received
signal and local oscillator beamns. The small-bandwidth, large-area photcdetectors of
the first experiment were used to simplify the noise cancellation mecasurements. Excess
noise canc=llation and 1.F. beat signal enhencement were demonstrated. Several diffi-

culties were encountered due to non—ideal operation of the fiber coupler.

- 23 -
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.1 UNGUIDED DUAL-DETECTGR RECEIVER
311 SMALL-BANDWIDTH DETECTORS
3.1.1.1 MATCHED PATH LENGTHS

The apparatus for the uaguided dual-detector receiver experiments using small-
bandwidth detectors is shown in Fig. 8. The GaAlAs semiconductor laser diode was a
Hitachi HLP1400 which lased at approximately 8300 angstroms. The laser bias current
of 125 mA was supplied by a battery pack. The laser was enclosed i a thermal hous—
ing which stabilized its temperature to £10™ °C. The output bcam had an optical pow-
er of 13 mW. The laser beam was directed through an scousto—optical modulator to
produce a weaker secondary beam whose frequency was offset from the main beam by
80 MHz. The main beam, with frequency at f,, was used as the local oscillator. The
secondary beam, at f, + 80 MHz, was used as the reccived signal beam. The two
beams were passed through an optical attenuator. This attenuator provided for vari-
able loca! oscillator and received signal beam power levels without changing the laser
operating point. Changing the attenuation did not significantly change the optical
feedback to the laser diode or its excess intensity noise characteristics. The two beams
were combined with a 55/45 beam splitter® and mixed in two silicon PIN detectors
(5.1 mm?, 200 MHz) to obtain the photocurrents I, and I,. For these experiments, the
SNDR optimizing gains, A, .. and A, 5, were not implemented.

The two photocurrents were subtracted with a microwave hybrid junction (Fig. 9).
The hybrid junction is a passive four-port device which takes two inputs, I, and I,,
and produces two outputs. Neglecting a small iasertion loss, the output w.om the o
port is (I|+[2)/f).-, and the output from the 0°-180° port is (I|—-lz)/~/f. The output

from the 0°—180° port of the hybrid junction was then amplified and sent to a spectrum

* The beam splitter was nominaliy 50/50. Since it was ncthaliy measured to be 55/45
(€=0.55), A, pr=(1-€)/€=0.82=-1.7 dB and A, opy=1 assuming N,=0 and
matched detectors.
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Figure 8: Low-frequency experimental apparatus.

analyzer. Spectra were taken for both the conventional single-detector receiver and the
dual-detector receiver,

For the single—detector receiver measurements, the combined fields hitting detector
1 produced I, containing a beat signal and noise with a D.C. component of 1.93 mA.

The beam normally hitting detector 2 was blocked so that [,=0. I, was passed

through the hybrid junction to obtain the single-detector receiver output current I.
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f'z

Figure 9: The 0°-180° microwave hybrid junction.

Due to the hybrid junction, half of the beat signal power and noise power of I, are
lost. However, this procedure simplifies the comparison between the single~ and dual-
detector receivers, since it ensures that both have the same insertion losses and detec—
tor loads.

For the dual-detector receiver measurements, detector 2 was unblocked. The opti-
cal attenuator was adjusted to reduce the laser power so that the sum of the D.C.
components of the photocurrents in detectors 1 and 2 (1.10 and 0.83 mA, respectively)
equaled the D.C. component of the photocurrent in detector 1 for the single~detector
receiver measurements (1.93 mA). The resulting I, and I, were subtracted with the
hybrid junction to obtain the dual-detector receiver output current I 4 Using this pro-
cedure, the quantum noise levels for the two receivers are equal if the detector fre-

quency responses are matched.
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The ratio of the 80 MHz Beat Signal Powers for tne dual- and single-detector

receivers (BSP, and BSP,, respectively) is:

, )
BSID i { L(nl+n

BSP.
Ps

2
2! 28)
en, + (l—c)dz_ (

The ratio of the local oscillator Excess Noise Power Density terms for the two re-

ceivers (ENPD; and ENPD)) is:

ENPDD n,e - nz(l—c) 2
(29)

1
+ -€
ENPDS n,€ n2(1 )

The measured parameters for the experimental setup were n,=0.84, n,=0.83, and
€=0.55. For Hitachi HLP1400 s-ries lasers, typical values for y at 20 MHz range from
10* to 10° A-'. For the particular laser and bias currents used in this experiment,
y=10* A-! at 20 MHz. This value of y would imply that for a detector with 1 mA of
D.C. photocurrent, the excess photocurrent noise power density would be equal to the
quantum shot noise power density. Thus, the total noise power density would be 3 dB
above the quantum shot noise deasity.

The quantum shot noise level was tound by shining an incoherent white light
source on the detectors. The noise produced in the detectors in this manner is
quantum limited [19].

The amplifier thermal noise was measured with the light inputs to both detectors
blocked. The resulting noise power density was assumed to be independent of all other
noise power densities. Therefore, it could be subtracted from the other traces to obtain

the noisc power densities due to shot noise and local oscillator intensity fluctuations.
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Figure 10 showsa the experimental noise cancellation data for the above ietup with

equal optical and clectrical path lengths for each receiver branch. The upper trace

showe the noise floor for the single—detector receiver. The middle trace shows the

noise floor for the dual-detector receiver. The lowest trace shows the quantum noise

level foer 1.93 mA. All three traces have had the thermal noise of the amplifier re-

moved. For the noise floor measurements, the laser beam was not modulated. The ex-

perimental ratios of the 80 MHz beat signals and the 20 MHz noise floors yiclded:

BSP,

GSp- = *0.4 dB (30)
S

ENPD

mD—S = -14 dB (31)

For the measured values of n,, n,, and ¢, cquations 28 and 29 predict the follow-

ing theoretical results:

BSP 32)
— = +0.
25D 0.8 dB
S
ENPD
- = =20 dB (33)

lin\’l‘l)S
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Figure 10: Low-frequency intensity noise cancellation data (no delay).

As predicted, the two beat signals did add constructively, whereas the local
oscillator excess intensity noise was substantially suppressed. There is a discrepancy
between the amounts of cancellation observed and predicted. This discrepancy could
be due to errors in measuring the beam splitter transmission and the detector quantum

efficiencies. Clearly, since the D.C. photocurrents are given by the expressions
£n €n

I =_—1|L]2 and 1 =‘:-—2|L|2.
nw no)

1 2

fN:  (0.55)(0.84) _

(1-€)n, ~ (0-45)(0.83) ~ (34

1.24

should equal
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R L Y (35)

30 there was indeed a measurement error somewhere. Rewriting Eq. 29 in terms of the

D.C. photocurrents:

ENPD I, - 1
D 1 2|
ENPD, - [1 + 1 ] = -17 dB (36)

17 dB of cancellation was in fact observed for several runs of the experiment. It
was also later discovered that the local oscillator’s excess noise floor was slowly vary-
ing with time. This varistion was several dB in magnitude with a period on the order
of a few minutes. Such a variation could account for the range of 14 to 17 dB of can-
celiation observed.

The discrepancy between the actual and predicied levels of cancellation conld also
be due to errors in the measurement of the detector quantum efficiencies. It is very
difficult to accurately measure a detector’s quantum efficiency, which can be strongly

affected by alignment, tilt, multiple reflections, etc.

3.1.1.2 UNMATCHED PATH LENGTHS

The effect of unmatched signal path lengths in the two branches of the dual-de-
tector receiver was measured by inserting a long coaxial cable between detector 1 and
the hybrid junction.!® The delay of the cable was found by taking onc half of the

10 The effect of a differential electrical delay is identical to the effect of an equal
differential optical delay.



K}
round trip time of a pulse injected in one end of the cable with the opposite end
shorted. The one-way delay was measured to be T=15.4 ns (1/T=65 MHz). The noise
cancellation data for the dual-detector receiver with unmatched path lengths is shown

is figure 11. The data displays the 1-cos(2nfT) dependence of the excess moise cancel~

1ation.
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Figure 11: Noise cancellation data with delay.

Although this data corresponds to an extreme difference in length between the two
signal paths, it demonstrates the requirement of near equal path lengths (<1 cm differ—
ence) if 20 dB of L.O. intensity noise cancellation is desired for frequencies up to 1

GHz.
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3.1.2 LARGE-BANDWIDTH DETECTORS

The intensity noise of semiconductor lasers is not flat beyond 150 MHz as figure
10 might suggest. There is a strong broad-band resonance (typically 10's of dB above
the 10-100 MHz noisc floor) in the intensity noise spectrum which peaks at a frequen—
cy on the order of 1 to 10 GHz [13]. The low-frequency tail of the resonance can se-
verely degrade a conventional wide—band single-detector heterodyne receiver’s per—
formance. However, the dual-detector receiver can cancel this resonance.

The apparatus used for the experiment to demonstrate high-frequency L.O. noise
cancellation is shown in figure 12. it was similar to the low—frequency apparatus, ex—
cept that the detectors were replaced with smaller—arca (0.01 mm?), larger-bandwidth
(>3 GHz) PIN silicon detectors.

The measurements were taken as follows. A Hitachi HLP1400 was biased at 64.5
mA (I/1,-1=0.071). The relaxation resonance frequency, f, for this diode was given
by the relationship f=6.01«I/1,-1)'2 GHz. Thus, the peak of the relaxation reso-
nance was at 1.5 GHz. The laser (L.O.) beam was blocked periodically by a chopper
which also provided a frequency and phase reference to a lock-in amplifier. The L.O.
beam was split with a 55/45 beam splitter. The acousto—optical modulator was not
used, and no attempt was made to demonstrate L.F. signal enhancement. The D.C.
photocurrents in detectors 1 and 2 after chopping were 9.9 and 9.3 microamps, respec—
tively. The photocurrents produced in the two detectors were subtracted, amplified,
and sent to the spectrum analyzer. The spectrum analyzer was set to linecar mode and
its video output (proportional to amps/Hz'/?) was sent to a D.C. coupled squaring
amplifier. The output from the squarcr (proportional to amps’/Hz) was sent to the
lock--in amplifier. The function of the lock-in amplifier was to produce an output
proportional to the part of its input which was at the chop frequency and phase. The

lock—in output was proportional to the difference in photocurrznt noise power density
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Figure 12: High-frequency experimental apparatus.

produced while the laser beam was blocked and unblocked. This was the desired in-
formation, with the additional benefit that the amplifier thermal noise was automati—
cally removed from the data. The measurecment sensitivity was increased ecnough that
the shot noise of a few microamps could be accurately measured. Without the lock-in,
a few hundred microamps of D.C. photocurrent was nceded to make the shot noise
visible over the thermal noise.

L.O. intensity noise spectra were taken for both a single-detector receiver (detector
1) and the dual-detector receiver with subtraction. Calibration of the apparatus was

obtained by illuminating each detector with an incoherent white light source. The in-
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tensity of the white light source was adjusted to produce the same D.C. photocurrents
in the two detectors as the laser had. The photocurrent noise produced in this manner
was quantum-limited. The laser intensity noise spectra were normalized by the quan-—
tum shot noise spectra. The spectra for the single—dectector receiver (at 9.9 uA) was
scaled to correspond to the noise power density that would have been observed if the
D.C. photocurrent was equal to that of the dual-detector receiver (at 19.2 uA).!! The
results are shown in figure 13. The upper trace is the photocurrent noise power density
of the scaled single-detector receiver. The lower trace (labeled “DUAL-DETECTOR
RECEIVER") is the noise power density after cancellation. 0 dB on the plot is the
quantum noise power density. The excess noise power density has been reduced by >20
dB over most of the frequency range. The total noise power density is <3 dB above the
quentum limit at the relaxation resonance peak. The increase in the noise floor at 1.5
Ghz is duc to mismatch of the two detectors’ frequency responses. The third trace (1x-
beled “PREDICTED CANCELLATION") shows the predicted noise floor of the
dual-detector receiver based on the noise floor of the single—detector receiver, the de-
tector photocurrents, and the measured detector frequency responses (see figure 14).

Figure 14 was obtained from the quantum shot noisc measurements for each detec—
tor. The two detectors’ responses are matched within 1 dB until about 1.5 GHz. At
that frequency and beyond, the mismatched is often greater than 2 dB and poor can-

cellation is expected (see Section 2.6).

' The scaling was done as follows: Subtract 1 from the ratio of laser intensity noise
density to shot noise density. Multiply this quantity by (19.2 mA/9.9 mA)' snd add
1.
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Figure 14: The measured detector frequency responses.

3.2 GUIDED DUAL-DETECTOR RECEIVER
In this section, the results of an attempt to demonstrate local oscillator intensity
noise suppression in single-mode fiber are presented. The experimental apparatus was
identical to that of the unguided, low-frequency measurements (Section 3.1.1), except
that the beam splitter was replaced by a directional fiber coupler (Figure 15) [14,15]).
The function of the fiber coupler is similar to that of a beam splitter. Light from
the local oscillator beam (L) and from the received signal beam (S) are focused into

the coupler's inputs, 1 and 2.!? The coupler takes the energy in each input and splits

12 [n a real system, the signal beam would have been focused into the fiber at the
transmitter end of th: link.
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Figure 15: The single-mode fiber directional coupler.

is according to some ratio which depends on the coupler’s construction, the input
polarization, and the input wavelength. The outputs, 3 and 4, which contain some
fraction of each input, are mixed in the detectors to produce the heterodyne beat sig-
nals.

If the coupler is lossless and symmetric, it will perform the same function as a
beam splitter. Unfortunately, practical couplers typically have a few dB of insertion
loss. Since the coupler is lossy, the two heterodyne beat signals need not be 180° out
of phase (sce Appendix A}.

The insertion loss of the coupler used in the experiment was cstimated to be -8 dB.
This value was obtained by comparing the power that could be coupled into a short
length of the single-mode fiber with the sum of the powers that could be coupled into
port 1 and output from ports 3 and 4. The maximum coupling efficicncy observed
through a normal piece of fiber was 0.30. The maximum efficiency observed through
the fiber coupler was 0.044. Thus, the insertion loss is given by

10-l0g,,(0.044/0.30)=—8 dB.
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With this large value of insertion loss, the bound on the relative phasc shift be-
tween the two output ports is uscless. The actual phase shift was measured by using
the following technique (see figure 16). The laser beam was sent through the acousto-
optical modulator to produce a secondary beam offset in frequency by 80 Mii from
the main beam. The main beam was fccused into input port 1 of the coupler. The
secondary beam was focused into input port 2. The fiber end faces had been cleaved
by a method similar to that described in [16]. The coupler cutputs 3 and 4, when
placed on detectors 1 and 2, produced 80 MHz LF. signals with phases ¢, and o,
respectively. The two signals were individually amplified and sent to a dual-trace os—
cilloscope where the difference in phase between the two signals could be measured.
Assuming that the amplifiers and cables give phasc shifts to the signals as shown in

the illustration, the measured phase difference @' equals:

A A A ©n

Next, fibers 3 and 4 were interchanged and the phase difference ¢ was measured

with the scope. The detectors and other electronics were not changed. Thus:

L TR S S SO (38)

The phase difference between the LF. signals at the detectors is then:

ot
by - b, = L ) (39)
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Figure 16: Measurement of I.F. signal phase difference.

The measured values were ©'=243" and ¢"=139°. This yicids & value of ¢,~¢,=52".
The value of o,~¢, is arbitrary to a multiple of 180°. As shall be shown iater in this
section, the LF. signals were found to add constructively, which would imply that
¢,—0,=-128".

The apparatus was modified to include the hybrid junction for subtraction of the
two photocurrents. The results of measuring the amplitudes of the individual beat sig-
nals in detectors 1 and 2 (a and b, respectively) and their difference (c) are shown in
figure 17. These measurements give another estimate of the I.F. phase difference, since

by the law of cosines:

cz = 32 + h2 - Zah’cos(¢3 - 4’1‘) (40)



az + b2 CZ
- = - 41
¢3 ¢, = arccos 5ab (41)

8=2.43 mV, b=1.74 mV, and ¢c=3.92 mV gives:

¢3 - ¢4 = arccos(-0.76)
(42)
= +140°

C T T T T | T T T T ]
s 3
2 ——B0TH E
= F [ 3
= C b ]
— o g ! 3
- J ] ]
Lt = :_ lll III ~
= o ! I| 3
ok ~ ] ! ]
= [ DETECTOR 1——F—m~ | :
j - F SN é

L = - I f a x - -
= o "' ( /‘!’"‘I—".——EIE TE' T':_:'F-' :
L o ooy N I'| »
o Iy N\ h
. : ' ,I }’ ..f \\l ||.\ \I‘. :
- i ¢ ) ]
Lﬁ 1 - /ff/f \ \\, :
= E ,"/ ',‘;'/ \ N \'\ E
- V4 e "N .
o ‘,/ J"’ ’ N O ]
= E R P SR T N
I el 1 ]t I

FREQUERCY (MHz

Figure 17: 80 MHz L.F. signal enhancement data.
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This value agrees fairly well with the previous estimate of -128°.
The individual signal levels of the two detectors were not equul. This implies that
the fiber coupler was not a symmetric device, since the detectors were well-matched.

Let the scattering matrix of the coupler be given by T so that:

ANE ] | 43)

: . ) I
|'I',“|2 = 5.0x10 ‘ |'I'])| = 8.5x10
-3 2 -3 (44)
ITAII 42.6x10 |1,,17 = 6.1x10
OUTPUT POWER SPLIT FOR INPUT PORT 1 ~ 8.5:1
(45)

OUTPUT POWER SPLIT FOR TNPUT PORT 2 + 1.4:1

The output power splits were found to be extremely sensitive to the input polariza-
tion. The optical fiber used in the coupler was not polarization preserving fiber. Bend-
ing the fiber or moving the coupler could drastically change the output power splits.
The inputs to the fiber were identical in polarization. However, after traveling through
the ~40 cm fiber pigtails to the coupler, the two input polarizations may have been
changed significantly. This could result in the assymmetric power split observed.

The output from port 2 with input to port 1 was measured for the fiber coupicr.

7.4x107* of the power input to port | was found to leak out port 2. This level of iso-
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lation could possibly cause the local oscillator to beat with itself due to multiple re-
flections in the coupler. The local oscillator noise produced in the two detectors in
this manner would be 180" out of phase and thus increcase when subtracted rather than
cancel.

Though the beat signal enhancement docs depend on loss in the coupler, the L.O.
noise cancellation property of the dual-detector receiver docs not. For the noise floor
measurements, the acousto—optical moduiator was turned off. The D.C. photocurrents
in detectors 1 and 2 were 50 and 8 microamps, respectively, implying a 6:1 output-
power—split ratio for the local oscillator input. With this split and nc scaling gains or

attenuators, the expected L.O. noise cancellation is (from Eq. 36):

6 -1 2
10 loglo(‘m) = -3 d8 (46)

Figure 18 shows the L.O. intensity noisc cancellation data for the fiber coupler
dual-detector heterodyne receiver. The upper trace is the data for detector 1 (at 50
uA) scaled to correspond to the noise in a single—detector receiver with a photocurrent
of 58 uamps (sce Section 3.1.2). The lower trace is the dual-detector recciver noise
floor at 58 uzamps. O dB is the quantum noise level. The rise in intensity noise at 160
MHz is due to feedback into the laser cavity from thc measurement apparatus. The

data does show a 3 dB decrease in the noise floor as predicted.
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Figure 18: Noise cancellation data in optical fiber.
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Chapter IV
CONCLUSIONS

The dual-detector optical heterodyne receiver possesses two main advantages over
the conventional single—detector heterodyne receiver — increased performance and re-
duced local osciliator power requirements.

First, the dual-detector heterodyne receiver can provide near—quantum-limited per—
formance in the presence of severc intensity fluctuations that might substantially de—
grade a single—detector receiver’'s performance. This is due to the L.O. intensity noise
cancelling nature of the balanced receiver. Not only does this property increase per—
formance, it also increases the receiver’s robustness. The receiver’s performance is in—
sensitive to changes in the local oscillator’s noise characteristics, which may result, for
example, due to aging.

Second, the dual-detector heterodyne receiver is able to achieve this improved per—
formance and robustness with much less local oscillator power. Since both beam split-
ter cutputs are collected, no L.O. power is wasted, as opposed to a single—detector re—
ceiver where typically more than 90% of the local oscillator power is discarded. This
property is very important if the receiver’s local oscillator is power—limited.

The increase in complexity of the dual-detector receiver cver the single—detector
receiver required to achieve these advantages is minimal. The phase fronts of the two

e
fields in second beam splitter output are already aligned. All that is required is to find

A
a well-matched second detector to collect it. The subtraction of the two phofocurrents
is not difficult. No scaling attenuators are necessary if the beam splitter is 50/50 and

the detectors are matched.
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For optimum performance and 20 dB of local oscillator noise cancellation, the
dual-detector receiver should use a 50/50 beam splitter (or coupler) with less than 1
dB power loss. The beam splitter should be kept as close to 50/50 as possible (better
than 45/55) to prevent the need of scaling atienuators. Signal path lengths must be
matched (to within a few millimeters for a 1 GHz receiver). And finally, it is neces—
sary to have two detectors matched to within 1 dB — both in quantum efficiency and
frequency response.
If » communication system is to make use of optical heterodyne technology and
use a local oscillator which is noisy or power-limited, the dual-detector receiver is far

preferable to the conventional single—detector receiver.



Appendix A
COUPLER PHASE SHIFTS

Figure 19 shows a four—port device with two inpats and two outputs. If the device
is linear and symmetric, exach input is coupled to both outputs with a resuiting magni-
tude change and phase shift. The coupling coefficients can be represented by twe un-
known complex ccnstants, A and B, such that for two arbitrary complex inputs S and

L, the resulting outputs are AS+BL and BS+AL.

s AS AS + BL
> - >
BS
BL
— - ——
L AL 8S + AL

Figure 19: Symmetric, linear, four-port coupler.

The transformation of the coupler is given by:

ouT A B S

ouT B A l. (#7)

- 46 —



47

Let A=ac’™™ and B=be™". Then

;Ie.i¢r he,i¢[
T = . . (48)
hej¢t aeJ¢r
a bej¢ i
I e’ "t 49
bel® A (49)
where ¢=0-¢ .
+ a2 + b2 2ab-cos¢
L 50
2ab-cos¢ 32 + b2 0)

If the coupler is lossless, T*T=I fcl)r power conservation.!’ Thus, ¢=+90° and a*+b*=1.

Whether or not the coupler is lossless, the matrix I-T*T must be positive semi-
definite. This is equivalent to the statement that there is no power gain due to the
transformation. With this constraint, it can be shown that the magnitudes of the eigen—
values of T are both < 1 (the cigenvalues of the identity matrix).

Let v, and v, be normalized eigenvectors of T such that:

1 11 2 22
(s1)
+
vlvl =1 v2v2 =1

13 T* represents the transpose conjugate of T.
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Since I-T*T is positive semi-definite, vl‘(I—T‘T)VIZO. But:

+ + + 2
vllvl - v T Tv1 =1 - I)\]] (52)
Thus, p K1. Similarly, p K1.
The magnitudes of the cigenvalues of T are:
_ 2ab-cosg
A= =55 (53)
a +b
Thus, for pK1:
2 2 2 2
+ b -1 .1 -a -b
gap £ oSt £ Ty (54)
If (1-a>-b*)/(2ab)<1:
2 2 2 2
arccos(a—“’zgg———l).ﬁ ¢ < arccos<l—-——;lﬁ> (55)

' Otherwise, ¢ is unbounded.

If a=b (i.c. the output power split of the coupler is 1:1), the above expression sim-

plifies to:

arccos( - 12 < ¢ < arccos —li -
2a 2a (56)
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And since a+b?*=2a=L0SS:

arccos(l - l—)f. ¢ < arccos(

1.0SS S

1
woss ~ V)

for 0.5¢LOSSS1. @ is unbounded for 0SLOSS<0.5.



Appendix B
SNDR BOUNDS

In this appendix, the bounds on the dual-detector receiver signal-to-noise—density

ratio stated in Section 2.2, Eq. 14, are proven.

THEOREM: For all n,, n,, €, and 8 such that 0Xn <1, &KnX1, 0<e<l, and 0<4:

2 2 2

S S enomt . S-
5= MIN(D ,n,) s o= SNDR' < - MAX(n .n,) (58)

[(1+n26)(1—c)nl + (1+n]B)€n212
where SNDR'= '

(1+n,8)*(1-e)n, + (1+n 8 %en, + B(n -n,) e(1-¢)

PROOF: There are three possible cases which must be proven.
I. nF=n=n: Show that SNDR'=n,
or equivalently that SNDR'-»=0.
1. npn,: Show that n,{SNDR'<n,,
or equivalently that SNDR'—,20 and SNDR'-7,£0.
L. n<n,;: Show that m,{SNDR‘Snz,

or equivalently that SNDR'— 20 and SNDR' -n,$0.

- 50 -
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First, find the sign of SNDR'-n,. Since the denominator of SNDR' is always

non-ncgative, the problem reduces to finding the sign of:

NUM(SNDR') - nl-DENOM(SNDR') (59)

Thus, by subsatituting the expression for SNDR' and regrouping terms according to

their order in #, we proceed as follows:

_ ~ 2
(1 e)nl+(1 e)n]n26+€n2+enln261

2

, 2
- ﬂl‘[(l"E)ﬂl+2(I-C)n1ﬂ26+(l-c)n nZB +cn2+2€nln28 (60)

1
2 2
+enln28 +c(1—e)(nl—n2)ze]

= [(1—€)n1+€n2+nln2812
2
- nl-[(1—c)nl+cn2+2nln28+e(1—E)(nl—nz) B (61)

2.2 2 2
+(1—€)n1n28 +enln28 ]

= [(1-E)nl+en2]2 + 2[(1-e)nl+cn2]nln28

(62)
+ nfngsz - nl-[ " ]

2
= e —nl)[(l—c)nl+sn2] + C(nz-nl)znlnzﬁ - E(l—e)nl(nz—nl) ﬁ
+ cn?ngﬂz - En?nzﬁz

) 63)
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2
= " + E(nz—nl)nIBlznz—(l—E)(nz—nl)] + enlnsz(nz—nl) (64)

= + E(nz-nl)nIB[(1+e)n2+(1—e)nl] + " (65)

= e(n,-n ) {[(1-€)n +en, ] + n,BLI+EIN,+(1-€)n, ] + nfnzsz} (65)

Similarly, the sign of SNDR'-n, is found. Substituting n, for n, in Eq. 53 and

picking up the previous derivation at Eq. 62 yields:

2 ' 222 "
[(1 c)nl+£n2] + 2[(1—€)nl+cn2]nln26 + nanB - nz-l ]

¢
|

(67)

= (1-€)(nl—nz)[(l—e)nl+en2] + (l-e)(nl—nz)annZB - nZE(l—e)(nl—nz)zB

2

+ (1-e)npn;8° - (1-€)n n36? (68)

2,2
nZB (”1‘”2)

(69)

- + (]‘C)(”1“”2’”26[2”1’5(”1‘”2)] + (1-e)n,
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= " + (l—r)(nl—nz)nzﬁl(2-f.)r|l+rnz] + " (70)

(n]—nz)(l—c){[(l—e)nl+€n21 + nzBl(Z—E)nl+en21 + nlngﬁz} N

The terms in braces in Bqs. 66 and 70 are non-ncgative by the assumed constraints

on n, N, & and 2. All three cases — I, II, and III — are casily seen to be true, and

the theorem is proven.
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