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A. Baraviera, C. F. Lardizabal, A. O. Lopes, and M. Terra Cunha

Abstract Quantum Information is a new area of research which has been
growing rapidly since last decade. This topic is very close to potential appli-
cations to the so called Quantum Computer. In our point of view it makes
sense to develop a more “dynamical point of view” of this theory. We want to
consider the concepts of entropy and pressure for “stationary systems” acting
on density matrices which generalize the usual ones in Ergodic Theory (in the
sense of the Thermodynamic Formalism of R. Bowen, Y. Sinai and D. Ru-
elle). We consider the operator £ acting on density matrices p € My over a
finite N-dimensional complex Hilbert space L(p) := Zle tr(W;pWr)VipV*,
where W; and V;, ¢« = 1,2,...k are operators in this Hilbert space. £ is not
a linear operator. In some sense this operator is a version of an Iterated
Function System (IFS). Namely, the V; () V;* =: F;(.), i = 1,2,...,k, play
the role of the inverse branches (acting on the configuration space of density
matrices p) and the W; play the role of the weights one can consider on the
IF'S. We suppose that for all p we have that Zle tr(W;pW7) = 1. A family
W = {W,}i=1,..r determines a Quantum Iterated Function System (QIFS)
Fw, Fw = {Mn, F;, Wi }tiz1,.. k-
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1 Introduction

We will present a survey, and also some new results, of certain topics in
Quantum Information from a strictly mathematical point of view. This area
is very close to potential applications to the so called Quantum Computer
[26]. In our point of view it makes sense to develop a more “dynamical point
of view” of this theory. For instance, Von Neumann entropy is a very nice
and useful concept, but, in our point of view, it is not a dynamical entropy.
A nice exposition about this theory from an Ergodic Theory point of view is
presented in [3] (see also [4]). Our setting is different. Part of our work is to
justify why the concepts we present here are natural generalizations of the
usual ones in Thermodynamic Formalism.

We have to analyze first the fundamental concepts in both theories. It
is well-known that the so called Quantum Stochastic Processes have some
special features which present a quite different nature than the usual classical
Stochastic Processes. A main issue on QSP is the possibility of interference
(see [1] [2] [8] [28] [31]). We will analyze carefully Quantum Iterated Function
Systems, which were described previously by [22] and [29].

We refer the reader to [1] for the proofs of the results presented in the first
part of this exposition.

Density matrices play the role of probabilities on Quantum Mechanics.
In this work we investigate a generalization of the classical Thermodynamic
Formalism (in the sense of Bowen, Sinai and Ruelle) for the setting of density
matrices. We consider the operator £ acting on density matrices p € My
over a finite N-dimensional complex Hilbert space

k

Lp) =Y tr(WipW;)WVipVy',
=1

where W; and V;, i = 1,2, ..k are operators in this Hilbert space. Note that
L is not a linear operator.

In some sense this operator is a version of an Iterated Function System
(IFS). Namely, the V; () V;* =: F;(.), i = 1,2,...,k, play the role of the
inverse branches (acting on the configuration space of density matrices p)
and the W; play the role of the weights one can consider on the IFS. We
suppose that for all p we have that Zle tr(W;pW}) = 1. This means that
Lr, is a normalized operator.

A family W := {W;};=1,. 1 determines a Quantum Iterated Function
System (QIFS) Fy,

Fw = {Mn, Fi, Witizi, ok
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We want to consider a new concept of entropy for stationary systems acting
on density matrices which generalizes the usual one in Ergodic Theory. In
our setting the V;, i = 1,2,... k are fixed (i.e. the dynamics of the inverse
branches is fixed in the beginning) and we consider the different families W,
i =1,2,...,k, (also with the attached corresponding eigendensity matrix
pw) as possible Jacobians (of “stationary probabilities”).

It is appropriate to make here a remark about the meaning of “stationar-
ity” for us. In Ergodic Theory the action of the shift o in the Bernoulli space
2 =1{1,2,...,k}" with k symbols is well understood. The concept of station-
arity for a Stochastic Process (where the space of states is S = {1,2,...,k})
is defined by the shift-invariance for the associated probability P in the
Bernoulli space (the space of paths). Shannon-Kolmogorov entropy is a con-
cept designed for stationary probabilities. When the probability P is associ-
ated to a Markov chain, this entropy is given by

H(P):=— Z pipij log pij,
ij=1

where P = (p;;) describes the transition matrix, and p; the invariant probabil-
ity vector, i,j = 1,2, .., k. This is the key idea for our definition of stationary
entropy.

Thermodynamic Formalism and the Ruelle operator for a potential A :
2 — R are natural generalizations of the theory associated to the Perron
theorem for positive matrices (see [30]) (this occurs when the potential de-
pends on only the first two symbols of w = (wy,we,ws,...) € 2). We will
analyze the Pressure problem for density matrices under this last perspective.

The main point here (and also in [1] [2] [18] [20]) is that in order to define
Kolmogorov entropy one can avoid the use of partitions, etc. We just need
to look the problem at the level of Ruelle operators (which in some sense
captures the underlying dynamics).

Given a normalized family W;, i = 1,2, .., k, a natural definition of entropy,
denoted by hy (W), is given by

0V V1)

"t (Wipw W) .
_12 Ztr(wmpwv w; ) 1og ( Vi V)

1 tr(Vipw V)

where, py denotes the barycenter of the unique invariant, attractive measure
for the Markov operator V associated to Fy. We show that this generalizes
the entropy of a Markov System. This will be described later on this work.
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A different definition of entropy for density operators is presented in [2]
[7]. There are examples where the values one gets from these two concepts
are different (see [2]).

We also want to present here a concept of pressure for stationary systems
acting on density matrices which generalizes the usual one in Ergodic Theory.

In addition to the dynamics obtained by the V;, which are fixed, a family
of potentials H;, i = 1,2,...k induces a kind of Ruelle operator given by

k
Lu(p):= Y tr(HipH;)VipVy (1)

=1

We show that such operator admits an eigenvalue 8 and an associated
eigenstate pg, that is, one satisfying Ly (pg) = Bpg.

The natural generalization of the concept of pressure for a family H;,
1 = 1,2,...k is the problem of finding the maximization on the possible
normalized families W;, ¢ = 1,2, ...k, of the expression

k
hy (W) + Zlog (tr(ijHH;)tr(VijVj*Dtr(ijWW;‘)

j=1

We show a relation between the eigendensity matrix pg for the Ruelle oper-
ator and the set of W;, i = 1,2, ...k, which maximizes pressure. In the case
each V;, 1 =1,2 ...k, is unitary, then the maximum value is log (.

Our work is inspired by the results presented in [22] and [29]. We would like
to thank these authors for supplying us with the corresponding references.

We point out that completely positive mappings (operators) acting on den-
sity matrices are of great importance in Quantum Computing. These opera-
tors can be written in the Stinespring-Kraus form. This motivates the study
of operators in the class we will assume here, which are a generalization of
such Stinespring-Kraus transformations.

The initial part of our work is dedicated to present all the definitions and
concepts that are not well-known (at least for the general audience of people
in Dynamical Systems), in a systematic and well organized way. We present
many examples and all the basic main definitions which are necessary to
understand the theory. However, we do not have the intention to exhaust
what is already known. We believe that the theoretical results presented
here can be useful as a general tool to understand problems in Quantum
Computing.

Several examples are presented with all details in the text. We believe that
this will help the reader to understand the main issues of the theory.
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In order to simplify the notation we will present most of our results for
the case of two by two matrices.

In sections 2 and 3 we present some basic definitions, examples and we
show some preliminary relations of our setting to the classical Thermody-
namic Formalism. In section 4 we present an eigenvalue problem for non-
normalized Ruelle operators which will be required later. Some properties
and concepts about density matrices and Ruelle operators are presented in
sections 6 and 7. In section 10 we introduce the concept of stationary entropy
for measures defined on the set of density matrices. In section 11 we compare
this definition with the usual one for Markov Chains. Section 12 aims to mo-
tivate the interest on pressure and the capacity-cost function. The sections
13, 77, 14 and 15 are dedicated to the presentation of our main results on
pressure, important inequalities, examples and its relation with the classical
theory of Thermodynamic Formalism.

This work is part of the thesis dissertation of C. F. Lardizabal in Prog.
Pos-Grad. Mat. UFRGS (Brazil) [16].

2 Basic definitions

Let My (C) the set of complex matrices of order N. If p € My (C) then p*
denotes the transpose conjugate of p. We consider in CV the £2 norm. A state
(or vector) in CV will be denoted by 1) or |+), and the associated projection
will be written |¢)(¢|. Define

Hy = {p€ My(C): p" = p}
PHy = {p € Hn : (p,9)) > 0,V € CN}
My :={p€PHn :tr(p) =1}
Pn = {peHn:p=[){lv e CV, (Yy) =1},

the space of hermitian, positive, density operators and pure states, respec-
tively. Density operators are also called mixed states. Any state p, by the
spectral theorem, can be written as

k
P = ZPJ%‘)(%L (2)

for some choice of p;, which are positive numbers with >, p; = 1, and 1,
which have norm one and are orthogonal.



6 A. Baraviera, C. F. Lardizabal, A. O. Lopes, and M. Terra Cunha

The set Py is the set of extremal points of My, that is, the set of points
which can not be decomposed as a nontrivial convex combination of elements

in MN.

Definition 1 Let G;: My — My, p; : My — [0,1], i =1,...,k and such
that Y, pi(p) = 1. We call

Fn={MnN,Gipisi=1,....k} 3)
a Quantum Iterated Function System (QIFS).

Definition 2 A QIF'S is homogeneous if p; and G;p; are affine mappings,
i=1,...,k.

Suppose that the QIFS considered is such that there are V; and W; linear
maps, ¢ = 1,...,k, with Zle W*W,; = I such that

_ ViV
Gi(p) = w(VipVe) (4)
and
pi(p) = tr(WipWy) ()

Then we have that a QIFS is homogeneous if V;=W;, i=1,... k.
Now we can define a Markov operator V : M(My) — M(My),

k
V@ =3 [ loute)

'(B)

where M (M) denotes the space of probability measure over M. We also
define A : My — My,

k
A(p) = Zpi(p)Gi(p)

The operator defined above has no counterpart in the classical Thermo-
dynamic Formalism. We will also consider the operator acting on density
matrices p.

k
Lip) = ai(p)VipV;".
i=k
If for all p we have Zf:k ¢i(p) = 1, we say the operator is normalized.
In the normalized case, the different possible choices of ¢;,i = 1,2,...,k,
(which means different choices of W;,i = 1,2,...,k) play here the role of
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the different Jacobians of possible invariant probabilities (see [23] II. 1, and
[20]) in Thermodynamic Formalism. In some sense the probabilites can be
identified with the Jacobians (this is true at least for Gibbs probabilities of
Holder potentials [25]). The set of Gibbs probabilities for Holder potentials
is dense in the set of invariant probabilities [19].

We are also interested on the non-normalized case. If the QIFS is homo-
geneous, then

Alp) =D _VipVi (6)

Theorem 1 [29] A mized state py is A-invariant if and only if

po = / pdu(p), (7)
Mn
for some V-invariant measure p.

In order to define hyperbolic QIFS, one has to define a distance on the
space of mixed states. For instance, we could choose one of the following:

D(p1, p2) = /tr[(p1 — p2)?]
D(p1, p2) = try/(p1 — p2)?

D(pr, p2) = V241 — tr((p 2020 )172]}

Such metrics generate the same topology on M. Considering the space of
mixed states with one of those metrics we can make the following definition.
We say that a QIFS is hyperbolic if the quantum maps G; are contractions
with respect to one of the distances on My and if the maps p; are Holder-

continuous and positive, see for instance, [22].

Proposition 1 If a QIFS (3) is homogeneous and hyperbolic the associated
Markov operator admits a unique invariant measure p. Such invariant mea-
sure determines a unique A-invariant state p € My, given by (7).

See [22], [29] for the proof.

3 Examples of QIFS

Example 1 2 = My, k = 2, p1 = ps = 1/2, G1(p) = UspU}, Ga(p) =
UspUs. The normalized identity matriz p, = I/N is A-invariant, for any
choice of unitary Uy and Us. Note that we can write
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pe = /MN pdp(p)

where the measure p, uniformly distributed over Py, is V-invariant.

¢

In the example described below we use Dirac notation for the projections.

Example 2 We are interested in finding the fixed point p for A in an example
for the case N =2 and k = 3.

Consider the bits |0 >= (0,1) and |1 >= (1,0) (the canonical basis). The
states p are generated by |0 >< 0|, |0 >< 1], |1 >< 0] and |1 >< 1|. Take
Vi =1 and Va such that |0 >— |0 > and |1 >— |0 >. Consider V3 such
that |0 >— |1 > and |1 >— |1 >. That is, Vo = |0 >< 0] + [0 >< 1|
and V3 = |1 >< 0] + |1 >< 1|. Therefore, V5 = |0 >< 0] + |1 >< 0]
and V58 =10 >< 1] + |1 >< 1|. Suppose p; = p;, i = 1,2,3, are such that
> ;pi = 1 (in this case, each p; is independent of p). Therefore, we consider
the operator L and look for fixed points p. Suppose

0 =p00]0><0| + po1|0><1] +p1o|l >< 0] + p11]1l >< 1|

Then
3

4 = 3 mlo) )

1=

2‘”’: '[vi( (P00 10 >< 0] + po1 |0 >< 1| + p1o|1 >< 0] + p11 |1 >< 1| ))v;]
2P tr(VipV;')

Let us compute first the action of the operator V2|0 >< 0|V5.
Note that (V2|0 >< 0|V55 )]0 >= V2|0 >< 0] (|0 > +|]1 >) = |0 >=
[0 > and (V2|0 >< 0|V5" ) |1 >= V5(0) = 0. More generally

pVs = (pool0><0|+
po1 [0 >< 1| +p10]1 ><0| + p11 |1 ><1]) (J0><0] + |1 ><0]) =
P00 |0 >< 0|+ po1 |0 >< 0] + p1o|l >< 0]+ p11 |1 >< 0].
Therefore,

VapVs = (|0 >< 0] + |0 ><1])( poo |0 >< 0]+

P01 |0 >< 0| + p1o|l >< 0|+ p11]1 ><0]) =
( poo +po1 + pio +p11)]0>< 0] = (1 +2Re(po1)) |0>< 0,
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because p has trace 1 = poo + p11. Note that tr(Va pV5) = (1 + 2Re( po1))- A
similar result can be obtained for V3. Proceeding in the same way we get that

A(p) = p1(poo [0 >< 0] + po1 [0 >< 1| +pio |1 >< 0] + p11 |1 >< 1] )+

p2 |0 >< 0| +ps |1 ><1].
The equation
Alp) =p= poo |0><0| 4+ po1 |0 >< 1| + p1o |1 >< 0|+ p11 |1 >< 1|
means
D1 Poo + P2 = Poo,
P1 po1r = po1,
P1 P10 = P10,

D1 p11 + P3 = pi11-
If pr # 0, then po1 = p1o = 0. Finally, if p1 # 1, then poo = 22~ and

p1
b3

P11 = 1o, and the fized point is
p=-L2 j0><0l+ -2 1<l
I-p I—p

¢

We recall that a mapping A is completely positive (CP) if A ® I is
positive for any extension of the Hilbert space considered Hy — Hy @ Hg.
We know that every CP mapping which is trace-preserving can be represented
(in a nonunique way) in the Stinespring-Kraus form

k k
Ak(p) =Y _VipVy, Y ViV =1,
j=1 j=1

where the V; are linear operators. Moreover if we have Z?Zl V;Vi =1, then
A(I/N) =1I/N. This is the case if each of the V; are normal.

We call a unitary trace-preserving CP map a bistochastic map. An ex-
ample of such a mapping is

i
Av(p) = piUipU;,
i=1

where the U; are unitary operators and ), p; = 1. Note that if we write
Gi(p) = U;pU}, then example 1 is part of this class of operators. For such
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operators we have that p, is an invariant state for Ay and also that d,, is
invariant for the Markov operator Py induced by this QIF'S.

We will present a simple example of the kind of problems we are interested
here, namely eigenvalues and eigendensity matrices. Let Hy be a Hilbert
space of dimension N. As before, let My be the space of density operators
on Hy. A natural problem is to find fixed points for A : My — My,

k
Alp) = VipVy".
=1

In order to simplify our reasoning we fix N =2 and k = 2. Let

ae(n) e (22) - (22)
V3 V4 w3 Wy P2 P4
where V; and V5, are invertible and p is a density operator. We would like to

find p such that
VipVi' + VapVy' = p. (8)

Below we have an example where the matrices V; are not real.
Example 3 Let
. 0 g (V1—p 0
Vy = etk VP . V= et ,
e ( 0 -vp) P70 —viTp

where k,l € R, p € (0,1). Then Vi*Vi +V5Vo = I. A simple calculation shows
that p2 = 0, and then

is invariant to A(p) = VipVi* + VapVy', for g € (0,1).
%

Now we make a few considerations about the Ruelle operator £ defined
before. In particular, we show that Perron’s classic eigenvalue problem is a
particular case of the problem for the operator £ acting on matrices. Let

_ pOO0 . 0p01
= (0): =%
00 00 p1p2>
V: s V: s =
’ <p10 0) ! <0P11> g (PBP4

Define
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4
L(p) =Y _ailp)VipVy'
i=1
We have that £(p) = p implies p; = 0 and
apr +bps = p1 9)

cp1 +dps = pa (10)
where
a=qpgo, b=aph, ¢=aplo, d= it
Solving (9) and (10) in terms of p; gives

b 1-d

mm, P11 =

P = P4

that is,

b 1—-d
= 11
l1—a c (11)

which is a restriction over the ¢;. For simplicity we assume here that the ¢;
are constant. One can show that

‘127’31 0 1“141’?1 0
p= 92P5; —q1Pgo+1 ) _ | 1—aapii+aspi, )
O 1*Q1Poo 0 d3P10
92031 —q1P%p+1 1—qup3, +a3p3,
Now let

Poo Po1
P= V= ,
; <p10 pn)

be a column-stochastic matrix. Let m = (71, m2) such that Pm = 7. Then

1—
™= ( Po1 5 Poo (13)
Por —Poo + 1" po1 — poo +1
Comparing (13) and (12) suggests that we should fix
1 1 1 1
Q== @2=—, 3= —, @4=— (14)
Poo Po1 P10 P11

Then the nonzero entries of p are equal to the entries of © and therefore we
associate the fixed point of P to the fixed point of some L in a natural way.
But note that such a choice of ¢; is not unique, because

1— 2 1-—
, = q1P0o _ (1319102901’ (15)

y 44 5
Po1P10 P11
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for any g1, g3 also produces p with nonzero coordinates equal to the coordi-
nates of 7.

Now we consider the following problem. Let

[ hoo 0 _ (0hn (00
a= () =G e (o)

(00 _ : [ p1p2
V4_(0h11)7H_;‘/’Hp_( )

P3 P4
Define

4
L(p) = Z aVipVi,
i=1

where ¢; € R. Assume that h;; € R, so we want to obtain A such that
L(p) = Ap, A #£ 0, and A is the largest eigenvalue. With a few calculations we
obtain ps = p3 =0,

q1hgop1 + @2 pa = Ap1

gshiop1 + aahiips = Aps

that is,

apy +bps = Ap1 (16)

cp1 + dps = Apa, (17)
with

a= Q1h(2JO7 b= QO%lv c= Q3h%07 d= Q4h%1
Therefore
. (*de 0) _[xpa O

0 p4 0 pa

and

Solving for A, we obtain the eigenvalues

a+d:|:£:a+d:|: (d—a)? + 4bc
2 2 2 2

)\:

1
= 5 (ahfo + ashdy & V0@h? —aihdo)? + 4420303, ),

where

¢ = V{d—a)? 1 dbe = \/(ash3) — a1h3,)? + daagshd, b,
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and the associated eigenfunctions

p= (a_zdcﬂ/”l 0 ) _ djzb:t(p4 0
0 0 pa

But p; + p4 = 1 so we obtain

( a—d+£( 0 >
— a—d+(+2c
p= 0 2c

a—d+(+2c
thrg)of‘thliC 0
qlhgo_q4hf1ic+2q3h%o
2 (18)
0 2q3hi,
qlh%of‘l4h%1ig+2q3h%0
that is,
—2b 0
_ a—2b—d
pP= 0 i a—d¥¢
a—2b—d¥C
2k 0
a1hgo—2q2hg; —qahi; F¢
0 QIhgo_(J4h%1:FC (19)
q1h3o—292h3; —qah, F¢
Therefore we obtained that pi,p4,q1,--..,q4, A are implicit solutions for the

set of equations (16)-(17). Recall that in this case we obtained py = p3 = 0.

Now we consider the problem of finding the eigenvector associated to the
dominant eigenvalue of H. The eigenvalues are

1
A= 5 (hoo + ha1 £ V/(hoo — h11)? + 4h01h10)
Then we can find v such that Hv = Av from the set of equations
hoov1 + ho1ve = Avq (20)

hiov1 + h11ve = Avg (21)
which determine vy, vo, A implicitly. Note that if we set

1 1 1 1
Q=" 2= —, 3= —, Q4=
Poo Po1 P1o P11

we have that the set of equations (16)-(17) and (20)-(21) are the same. Hence
we conclude that Perron’s classic eigenvalue problem is a particular case of

the problem for £ acting on matrices.
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4 A theorem on eigenvalues for the Ruelle operator

The following proposition is inspired in [25]. We say that a hermitian operator
P :V — V on a Hilbert space (V, (-}) is positive if (Pv,v) > 0, for allv € V,
denoted P > 0. Consider the positive operator L,y : PHy — PHn,

k
Lwyv(p) =Y tr(WipW; )WVipVy' (22)

i=1
We have the following result:

Proposition 2 [1] There is p € My and § > 0 such that Lw,v(p) = Bp.

5 Vector integrals and barycenters

We recall here a few basic definitions. For more details, see [22] and [29]. Let
X be a metric space. Let (V,+,-) be a real vector space, and 7 a topology
on V. We say that (V,+,-;7) is a topologic vector space if it is Hausdorff
and if the operations 4+ and - are continuous. For instance, in the context of
density matrices, we will consider V' as the Hilbert space Hy and X will be
the space of density matrices M.

Definition 3 Let (X, X) be a measurable space, let p € M(X), let (V,+,;7)
be a locally convex space and let f : X — V. we say that x € V is the integral
of f in X, denoted by
T = / fdu
X

¥(a)= [ wo fdp,
X
for all € V*.

It is known that if we have a compact metric space X, V is a locally convex
space and f : X — V is a continuous function such that ¢of(X) is compact
then the integral of f in X exists and belongs to ¢of(X). We will also use
the following well-known result, the barycentric formula:

Proposition 3 [32] Let V be a locally convex space, let E C V be a complete,
convex and bounded set, and j € M'(E). Then there is a unique € E such

that
) = [ .
E
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foralll e V*.

6 Example: density matrices

In this section we briefly review how the constructions of the previous section
adjust to the case of density matrices.

Define V := Hy, VT := PHy (note that such space is a convex cone),
and let the partial order < on PHy be p < ¢ if and only if ¢ — p > 0, i.e.,
if ¢ — p is positive. Then

(V,V*,e) = (Hy,PHn,tr),

is a regular state space [29]. Also, the set B of unity trace in V' is, of course,
the space of density matrices. Hence, B = M.

Let Z C V* be a nonempty vector subspace of V*. The smallest topology
in V such that every functional defined in Z is continuous on that topol-
ogy, denoted by o(V, Z), turns V into a locally convex space. In particular,
o(V,V*) is the weak topology in V. If (V,|| - ||) is a normed space, then
o(V*,V) is called a weak* topology in V* (we identify V with a subspace
of V**). We also have that (C,7) = (PHy, 7), where 7 is the weak™ topol-
ogy (and which is equal to the Euclidean, see [29]) is a metrizable compact
structure. In this case we have that Bo = BNC = M.

Definition 4 A Markov operator for probability measures is an operator
P:MYX)— MY(X) such that

P+ (1= Np2) = AP + (1 — M) Ppa,
for ui, pe € MH(X), X € (0,1).
An example of such an operator is one which we have defined before and we

denote it V: M} (X) — M (X),

k
Vv)(B) = idv, 23
(V) (B) ;/Filw)p (23)

and we call it the Markov operator induced by the IFS F. We will be inter-
ested in fixed points for V.
Define
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my(X) :={f: X — R:fis bounded, measurable}

and also U : mp(X) — mp(X),

k
x) = sz(x)f(F T

Proposition 4 [29] Let f € my(X) and p € MY (X), then

(f,vu) =Uf, ) Z/pz foF)du,

where (f, 1) denotes the integral of f with respect to p.

Definition 5 An operator Q : V™ — V7T is submarkovian if

1 Qx+y) = Q(x) + Qy)
2. Q(ax) = aQ(x)
3 Q)| < [|=|,

forallz, ye V*, a>0.

Every submarkovian operator @ : V¥ — VT can be extended in a unique
way to a positive linear contraction on V.

Definition 6 Let P: V't — V1 a Markov operator and let P; : VT — VT,
i = 1,...,k be submarkovian operators such that P = ) . P;. We say that
(P,{P;}t_,) is a Markov pair.

From [29], we know that there is a 1-1 correspondence between homogeneous
IFS and Markov pairs.

Example 4 In this example we want to obtain a probability n such that

V(n) =n.
Suppose a QIFS, such that

VipV
= tr(W;pW;}) WW, =1, Fi(p)=——F—=-—
pi(p) = tr(Wip Z (0) = vy
fori=1,... k. Denote my(Myp) the space of bounded and measurable func-

tions in My. Consider A : My — My,
VipV.*
:giﬂ :gtpviwfkiz

Suppose there exists a density matriz p which A-invariant. As we know, such
state is the barycenter of p which is V-invariant. Suppose Vu = p, then we
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can write
/fdu—/fdw—izk;/m(p)f(ﬂ Z/ trVVp/‘)/V*))du
- Z/tr WipW:) Y{/’f’pvv*))du
Therefore, for any f € my(My), we got the condition
/ fdp = Z / tr(WipWy) E/Vp;/V )>du (24)

Let us consider a particular example where N = 2, k =4, and

_ (P11 0 N ARV/TY
V1<0 o) 27100 )

0 0 0 0
Vs = , Vi= ,
’ <\/P21 0> ! (0 vpzz)
in such way that the p;; are the entries of a column stochastic matriz P. Let

7w = (71, m2) be a vector such that Pm = 7. A simple calculation shows that
for p, the density matriz such that has entries p;;, we have

« _ (p11p11 0 « [ p12p22 0
VipVi —< 0 0>, VapVy = ( 0 0) (25)
0 0 0 0
VapVy = , VapVy = , 26
s <0 P21P11> i (0 p22P22> (26)
and therefore
VipVy* (10 VopVs (10 (27)
tr(VipVy)  \00/)" tr(VopVy)  \00
VspVs (00 VapVy (00 (28)
tr(VapVy) — \01)" tr(VapVy)  \01
that is, the above values do not depend on p.
Define
10 00
and

n =m0y, + m2b,, (30)
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Note that the barycenter of n is
10 00 m 0
P = Mape ¥ by =T <0 0> e (0 1) ( 0 m)
For any mensurable set B we have

B) :i/lB(Fz‘( ))pi(p dn—Z/ tTVp : ))tr(VmVi*)dn

(31)

We can now consider the following cases:

1. Suppose first that py, py € B. The using (25) and (26), one can show that

an?f?“ Vira Vi) + paatr(Vipy Vi)
= (mp11 +0) + (0 + mop12) + (m1p21 + 0) + (04 mapa2) = (M1 + m2) =1,

because Pm = T.
2. Suppose now that p, € B, p, ¢ B

B) = thr(Vipl-Vi*) =mi(p11 +0+p2 +0)=m

3. Finally, suppose that p, ¢ B, p, € B

= ngtr(VipyVi*) = m2(0 + p12 + 0+ po2) = mo

4. It is easy to see that if py, py ¢ B then Vn(B) = 0.

The conclusion is that, Vn(B) = n(B) for any measurable set B.
Therefore, V(n) =1

7 Some lemmas for IFS

We want to understand the structure of A: My — My,

VipV;*
szFl ZtrW W) tr(VpV*)
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where V;, W; are linear, >, W*W; = I. Such operator is associated in a
natural way to a IF'S which is not homogeneous. In this section we state a few
useful properties which are relevant for our study. The following lemmas hold
for any IF'S, except for lemma 3, for which a proof is known for homogeneous
IFS only.

Lemma 1 Let {X, F;,p;}i=1,
I/{ o) LZI — W o A

g be a IFS, ¥ a linear functional on X. Then

ceey

Corollary 1 Let F = (X, F;,p;)i=1,..x be a IFS and let pg € X. Then
A(po) = po if and only if U(P(po)) = ¥ (po), for all ¥ linear functional.

Lemma 2 Let F = {X, F;,p; }i=1,...x be a IFS.

1. Let pg € X such that Fi(po) = po, i =1,..., k. Then Vd,, = d,,.
2. Let pg € X such that Vé,, = d,,, then A(po) = po.

Lemma 3 Let {X,F;,p;i}i—1,... .k be a homogeneous IFS, A =", p;F;.

1. Let p, be the barycenter of a probability measure v. Then A(p,) is the
barycenter of Vv, where V is the associated Markov operator.

2. Let p be an invariant probability measure for V. Then the barycenter of u,
denoted by p,, is a fized point of A.

Example 5 Let k=N =2,

~10 0 -2
Vl(o 1>7V2<3\2/§ 0 ;

Wy = (1/2)I, Wy = (v/3/2)I. Then

VipVy*
Ap) =D _pilp)Filp) = Y tr(WipW}) s
3 VapVy 1 3 VapVis

1
=-Vip\f'+ ———F—=— = -VipVJ + -
1P Ly TP
induces a IFS and it is such that py = £[0)(0| + 2|1)(1] is a fized point,
with Fi(po) = F2(po) = po. We can apply lemma 2 and conclude that d,,
is an invariant measure for the Markov operator V associated to the IFS
determined by p; and F;.

O

The following lemma, a simple variation from results seen in [29], deter-
mines reasonable conditions that we will need in order to obtain a fixed point
for £ from a certain measure which is invariant for the Markov operator V.



20 A. Baraviera, C. F. Lardizabal, A. O. Lopes, and M. Terra Cunha

Lemma 4 Let {My, F;,p;}i=1,... 1k be an IFS which admits an attractive in-
variant measure p for V. Then lim, .o A™(po) = pu, for every py € Mn,
where p,, is the barycenter of u.

8 Integral formulae for the entropy of IFS

Part of the results we present here in this section are variations of the re-
sults presented in [29]. Let (X,d) be a complete separable metric space.
Let (V,V™T,e) be a complete state space, B = {& € V*t : e(z) = 1}
and F = (X, F;,pi)i=1,..., the homogeneous IFS induced by the Markov
pair (A, {A;}F_}). Let I, = {1,...,k} Let n € N, v € I, i € I. Define
F,;,:=F;oF, and

Proposition 5 Letn € N, f € my(X), x € X. Then
U"f) (@)= > p(a)f(F.(x)
AV
Proposition 6 Let x € B, n € N. Then
AM(x) = p(x)F.(x).
LeIP
Proposition 7 Let F be a IFS and let g : B — R. Then forn € N,

1. If g is concave (resp. convez, affine) thenU™g < goA™ (resp. U™g > go A™,
Ug=goA™).

2. If T is a fized point for A then the sequence (U"g)(T))nen is decreasing
(resp. increasing, constant) if g is concave (resp. convez, affine).

Also suppose that F is homogeneous. Then
3. If g is concave (resp. convex, affine), then Ug is concave (resp. convex,

affine).

Define n : RT — R as

—zlogx ifx #0
”(x)_{o : ifxio

Define the Shannon-Boltzmann entropy function as h: X — RT,
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k

h(z) =Y npi(x))

i=1

Let n € N. Define the partial entropy H, : X — RT as

Hy(x) =Y n(p.(x)),

eIy

for n > 1 and Hy(z) := 0, 2 € X. Define, for z € X,

— 1
H(z) := limsup EH"(JU)’

n—00

the upper entropy on x, and

1
H(z) :=liminf —H,(z),
n—oo N
the lower entropy on x. If such limits are equal, we call its common value
the entropy on x, denoted by H(z).

Denote by MY (X) the set of V-invariant probability measures on X. Let
p € MY(X). The partial entropy of the measure y is defined by

Hy(p) ==Y n((p., 1)),

eIy
for n > 1 and Hy(p) := 0.

Proposition 8 Let 1 € MY(X). Then the sequences (+Hy(1))nen and
(Hpq1(w) — Hy(p))nen are nonnegative, decreasing, and have the same limit.

We denote the common limit of the sequences mentioned in the proposition
above as H(u) and we call it the entropy of the measure y, i.e.,

H() 1= Yim ~ Ho() = lim (Hypa () — Ha(1))

n—oo N n—oo

The following result gives us an integral formula for entropy, and also a
relation between the entropies defined before. We write S(u) := MY (X) N
Lim(V"™ ) nen, where Lim(V™ ), en is the convex hull of the set of accumula-
tion points of (V" u)nen, and Sz (u) is the set S(u) associated to the Markov
operator induced by the IFS F. For the definition of compact structure and
(C, T)-continuity, see [29].
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Theorem 2 [29] (Integral formula for entropy of homogeneous IFS, com-
pact case). Let (C,7) be a metrizable compact structure (V,V* e) such that
(A, {AYE)) is (C,7)-continuous. Assume that py € Bo := BN C is such
that A(po) = po. Then

H(po) = H(v) = / hd

X

for each v € Sz, (0,,), where Fc is the IFS F restricted to (Bc,T).
The analogous result for hyperbolic IFS is the following.

Theorem 3 [29] Let F = (X, F;,p;)i=1,...x be a hyperbolic IFS, v € X,
€ MY(X) an invariant attractive measure for F. Then

H(z) = lim (Hpy1(z) — Ho(2))

n—oo

and

9 Some calculations on entropy

Let U be a unitary matrix of order mn acting on H,, ® H,. Its Schmidt
decomposition is

K
U= vaVit e VP, K=minfm’n’}

i=1

The operators V4 and VP act on certain Hilbert spaces H,, and H,,, respec-
tively. We also have that Zfil ¢ =1 Let 0 = pa®pP = pa®I,/n and
define

K
Alpa) == trp(UcU*) = > ¢V paVi™
=1
Recall that
trp(la){(az| @ [b1)(b2|) == |a1){az|tr([b1)(b2])

where |a1) and |az) are vectors on the state space of A and |b;) and |bg) are
vectors on the state space of B. The trace on the right side is the usual trace
on B. A calculation shows that if pA = I,,,/m, then A(p2) = p2 and so A is
such that A(I,,/m) = I,,/m and A is trace preserving.
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Let F be the homogeneous IFS associated to the VA, that is, p;(p) =
U@ VAPVAY), Filp) = (a:VApVA™) ftr (VoY) and et po be a fixed
point of A = ), p;F;. Following [29], we have that py is the barycenter of
V"6,,, n € N. By theorem 2, we can calculate the entropy of such IFS. In
this case we have

H(po) = H(v) = /M v, (33)

where v € MY (X) N Lim(V"6,, )nen-
%

Let F = (M, Fy,pi)i=1,..) be an IFS, A(p) = >, p;F;. Let U be the
conjugate of V. By proposition 5,

U"h)(p) = > pp)h(E.(p))

LETY(p)

and since h(p) = 25:1 n(p;(p)), we have, for v = (i1,...,4,), and every

po € My,

/MN hdV"5,, = /MN Uhds,, (34)
- /M S pl0) S pi(Fi(p)) 1og 1y (F.(p))db,, (35)

Noelr(p) Jj=1

k

=— Y plpo)D_pi(Fi(po))logp;(F.(po)) (36)

L€17 (po) Jj=1
= - Piy (P0)Pis (Fiypo) -+ pi, (B (Fy, 5 (- (Fiypo)))) < (37)

L€ (po)

k
S " pi(Fs, (Fi_y (- (Fiy po))) log py (Fi, (Fi ., (- (Fiypo)))) = U™h)(po)
j=1

(38)
Suppose A(pg) = po. We have by proposition 7, since h is concave, that
(U™h)nen is decreasing, U™h < h o A™ and so

[ navs,, < n(ar (o)) = (o). (39)
My

for every n.
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10 An expression for a stationary entropy

In this section we present a definition of entropy which captures a stationary
behavior.

Let H be a hermitian operator and V;, ¢ = 1,...,k linear operators. We
can define the dynamics F; : My — My:

VipVi*

File) = tr(VipVy")

(40)

Let W;, ¢ =1,..., k be linear and such that Z 1 WiW; = I. This determines
functions p; : MN — R,

pi(p) := tr(WipW;) (41)

Then we have 25:1 pi(p) = 1, for every p. Therefore a family W :=
{W;}iz1,..k determines a QIFS Fy,

Fw = {Mn, Fi,piti=1,..k

with F}, p; given by (40) and (41).

Different choices of W;,i = 1,2..., k, as above, determine different invariant
probabilities.

We introduce the following definition of entropy

Definition 7 Suppose that we have a QIFS such that there is a unique at-
tractive invariant measure for the Markov operator V associated to Fyy. Let
pw be the barycenter of such measure. Define

k k
W;Vipw VW W;Vipw VW
hy(W) = — r(Wipw W) — I ) logtr( —— L
v(W) ; pw g ( tr(Vipw V) ) T( tr(Vipw V) )
(42)
Remember that by lemma 4, we have that py is a fixed point for

. k VipV;*

Lz (p) =Y _ pi(p)Fi( Ztr (WipW;) (43)

tr(VipV)

Lemma 5 We have that 0 < hy (W) < logk, for every family W; of linear
operators satisfying Zle WiW; = 1. Also, for any given dynamics V the
mazximum can be reached.
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We also define i

Ly (p) =Y tr(WipW;)VipVy' (44)

i=1
Note that by the construction made on section 10, we have hy (W) =
Uh(pw ), where Uh(p) = >, pi(p)h(Fi(p))-

¢

Lemma 6 Let F = (My, F;,p;) be a QIFS, with F;, p; in the form (40)
and (41). Suppose there is pg € My such that d,, is the unique V-invariant
measure. Then Lx(po) = po (eq. (43)) and

/L{"hdépo =U"h(po) = h(po),
for all n € N. Besides, U™h(po) = Uh(po) and so
hy (W) =U"h(po),
for allm € N,

Lemma 7 Let p1 be a V-invariant attractive measure. Then if p, is the
barycenter of  we have, for any p,

n—oo

lim U"h(p) = /Z/lhdﬂ = /hd,u < h(pp) (45)

Lemma 8 Let F = (My, F;,p;) be a QIFS, with F;, p; in the form (40)

~

and (41). Suppose that p is the unique point such that Lx(p) = p. Suppose
that Fi(p) =p,i=1,...,k. Then

U"h(p) = h(p),

n=1,2,..., and therefore hy (W) does not depend on n.

11 Entropy and Markov chains
Let V;, W; be linear operators, i =1,...,k, Zle WiW,; = 1. Suppose the V;

are fixed and determine a dynamics given by F; : My — My, i=1,... k.
Define

k
P = {(pla"'vpk) pzMNHRJraZ:lu7kazp2(p):1ﬂvp€MN}
i=1
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P = PN {(pla' .. apk) : EW“Z = 17 e '7k pl(p) = tT(Wprz*)a
Wi linear , Y " W;W; = I}

Mp = {p € M*(My) : 3p € P’ such that V,u = p},
where V, : MY (My) — M (M),

k
=S
i—1/F(B)
Note that a family W := {W;},=1 .. 1 determines a QIFS Fyy,
Fw = {Mn, Fi,pi}i=t,...k

As done in the previous section we introduce the following definition (which
is in some sense stationary)

L tr(Wipw W) & . tr(W;Vipw Vi W7)
; Vi V) z:: r(WyVipw Vi W) tog ( UL )
(46)

where as before, py denotes the barycenter of the unique attractive invariant
measure for the Markov operator V associated to Fyy .

Let P = (pij)i,j=1,..,~n be a stochastic, irreducible matrix. Let p be the
stationary vector of P. The entropy of P is defined as

N

ij=1

We consider an example which shows that the usual Markov chain entropy
can be realized as the entropy associated to a certain QIFS.

Example 6 (Homogeneous case, 4 matrices). Let N =2, k =4 and

~ ( v/Poo O (0 y/po1
‘/1_< 0 O bl ‘/2_ O 0 b

%= (i) = (0 m)

* Poo + P1o
VXV, =
Zi: v ( 0 Po1 +p11>

and so Y, Vi*V; = I if we suppose that

Note that
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po— (Poo p01)
P10 P11

is column-stochastic. We have

VipVy = (Pooom 8) L VapVy = <P0(1)p4 8)

0 0 0 0
V V* = s V V* =
SPYs (0 P10,01> 4PYa (0 p11,04)

tr(VipVi') = poop1, tr(VapVs') = po1ps

SO

tr(VapVy') = prop1, tr(VapVy) = pripa

The fized point of A(p) =, VipV;* is

Ppo1 0
— | 1—=pootpo1
pv 0 1—poo
1—poo+po1

Let m = (m1,m2) such that Pm = 7. We know that

= Po1 1 — poo (48)
1 —poo +po1’ 1 —poo + por

Then the nonzero entries of py are the entries of m and so we associate the
fized point of P to the fixed point of a certain A in a natural way. Let us
calculate hy (W). Note that A defined above is associated to a homogeneous
IFS. Then W; =V;,i=1,...,k and

"t (Wipy W) ) tr(W;Vipy Vi W)
_; . Ztr(W Vipy Vi W )10 ( i ; )
- tr(ViVipv Vi V')
_ izjtr(vmpm V) ) 1og( trJ(Vivai*)J ) (49)

A simple calculation yields H(P) = hy (V'), where H(P) is the entropy of P,
given by (47). This shows that the entropy of Markov chains is a particular
case of the entropy for QIFS defined before.

O

In a similar way, we can reach the same conclusion for the nonhomogeneous
case, 4 matrices, and also for 2 matrices [1].
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O

Lemma 9 Let Vy; be matrices of order n,
Vij = vpiz1i) (il
fori,j=1,...,n. Let
Ap(p) = VispVy;
,J

where P = (pij)ij=1,..n- Then for alln, A}(p) = Apn(p).

.....

Corollary 2 Under the lemma hypothesis, we have lim,,_,., A%(p) = A (p),
where m = lim,, o, P™ is the stochastic matriz which has all columns equal
to the stationary vector for P.

12 Capacity-cost function and pressure

Recall that every trace preserving, completely positive (CP) mapping can be
written in the Stinespring-Kraus form,

k k
Alp) =D VipVi', Y ViVi=1,
=1 =1

for V; linear operators. These mappings are also called quantum channels.

This is one of the main motivations for considering the class of operators
(a generalization of the above ones) described in the present work. These are
natural objets in the study of Quantum Computing.

Definition 8 The Holevo capacity for sending classic information via a
quantum channel A is defined as

Cj = max 5<§:P1A(Pi)) - Zn:]?is(/l(ﬂi)) (50)
i=1 i=1

p; €[0,1]

pPiEMN
where S(p) = —tr(plogp) is the von Neumann entropy. The mazimum is,
therefore, over all choices of p;, i = 1,...,n and density operators p;, for

some n € N. The Holevo capacity establishes an upper bound on the amount
of information that a quantum system contains [24).

Definition 9 Let A be a quantum channel. Define the minimum output
entropy as

H™"(A) = min S(A(1¥) (1))
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Additivity conjecture We have that
Cryon, =Cay +C4y,
Minimum output entropy conjecture For any channels A; and As,

Hmzn(/ll ® A2) — Hmzn(/ll) + Hmzn(A2)

In [27], is it shown that the additivity conjecture is equivalent to the
minimum output entropy conjecture, and in [12] we obtain a counterexample
for this last conjecture.

O

We will be interested here in a different class of problem which concern
maximization (and not minimization) of entropy plus a given potential (a

cost) [9], [13], [14].

Definition 10 Let My be the set of invariant measures defined in the section
11 and let H be a hermitian operator. For p € Mp let p, be its barycenter.
Define the capacity-cost function C : RT — RT as

Cla) = max {hawv () tr(Hp) < a) (51)

peMp

The following analysis is inspired in [21]. There is a relation between the
cost-capacity function and the variational problem for pressure. In fact, let
F:R* — RT be the function given by

FO) = sup {hwy(p,) = Mr(Hp,)) (52)

We have the following fact. There is a unique probability measure vy € Mg
such that
F(A) = hw,v(pvy) — At (Hpy,)

Also, we have the following lemma:

Lemma 10 Let A <0, and a = tr(Hp,,). Then

C(a) = hwv(pv,) (53)

13 Analysis of the pressure problem

Let Vi, W; be linear operators, i = 1,...,k, with >, W*W; = I and let
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k
Hp:=> HpH} (54)
i=1

a hermitian operator. We are interested in obtaining a version of the varia-
tional principle of pressure for our context. We will see that the pressure will
be maximum whenever we have a certain relation between the potential H
and the probability distribution considered (and represented here by the W;).
Initially we consider that the V; are fixed. From the reasoning described be-
low, it will be natural to consider as definition of pressure the maximization
among the possible stationary W; of the expression

k
hv (W) + 3 1og (tr(Hypa H) )tr(VipaVy') ) tr (Wi pw W)

Jj=1

Remember that different choices of W;,i = 1,2, ..., k, represent different
choices of invariant probabilities.
Our analysis uses the following important lemma.

Lemma 11 Ifry,...,r; and q1,...,q, are two probability distributions over
1,...,k, such thatr; >0, j=1,...,k, then

k k
—qulogqj —I—qulogrj <0

j=1 j=1
and equality holds if and only if r; = q;, 7=1,... k.

For the proof, see [25].

The potential given by (54) together with the V; induces an operator, given

by
k

Lu(p) =Y tr(HipH;)VipVy (55)

i=1
We know that such operator admits an eigenvalue 3 with its associate eigen-
state pg. Then Ly (pg) = Bpp implies

k
> tr(HipgH; )WVipsVi™ = Bpg (56)

i=1
In coordinates, (56) can be written as

k
> tr(HipgH;)(VipsVi )i = B(ps)ji (57)

=1
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Remark Comparing the above calculation with the problem of finding an
eigenvalue A of a matrix A = (a;;), we have that equation (56) can be seen
as the analogous of the expression

IEA =\ (58)

Above, the matrix A plays the role of a potential, E4 denotes the matrix
with entries e and [; denotes the j-th coordinate of the left eigenvector !
associated to the eigenvalue A. In coordinates,

D e =\, i j=1,....k (59)

O

From this point we can perform two calculations. First, considering (56)
we will take the trace of such equation in order to obtain a scalar equation. In
spite of the fact that taking the trace makes us lose part of the information
given by the eigenvector equation, we are still able to obtain a version of
what we will call a basic inequality, which can be seen as a quantum IFS
version of the variational principle of pressure. However, there is an algebraic
drawback to this approach, namely, that we will not be able to have the classic
variational problem as a particular case of such inequality (such disadvantage
is a consequence of taking the trace, clearly). The second calculation will
consider (57), the coordinate equations associated to the matrix equation for
the eigenvectors. In this case we also obtain a basic inequality, but now we
will have the classic variational problem of pressure as a particular case.

An important question which is of our interest, regarding both calculations
mentioned above, is the question of whether it is possible for a given system to
attain its maximum pressure. It is not clear that given any dynamics, we can
obtain a measure reaching such a maximum. With respect to our context, we
will state sufficient conditions on the dynamics which allows us to determine
expressions for the measure which maximizes the pressure. We now perform
the calculations mentioned above.

Based on (56), define

’I”j:

BtT(HjPﬁH;)”(V}PﬁV}*) (60)

So we have . r; = 1. Let

L WViw VWS
q’ = tr (—)
’ tr(Vipw Vi¥)
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where, as before, pyy is the fixed point associated to the renormalized operator

A.va
k
Az (p) =Y pilp)Fip) (62)
=1
induced by the QIFS (M, F}, pi)i=1... ks
VipV;*
F; C
O = i)

and
Note that we have
k
= W W;Vipw V¥

k
1

=— (Y WW,Vipw Vi) =

tr(Viow Vi) (; s WiView Vi)

Then we can apply lemma 11 for r;, qj-, j=1,...k, with 7 fixed, to obtain
(G
. tr(Vipw V*) & tr(Vipw V;*)

W ‘/szV W 1 * *
+ Z (W) log (EthjpaHj Jir(VipaV;)) <0 (63)
and equahty holds if and only if for all 4, j,

tr(W;Vipw VW)
tr(Vipw V;*)

1 * *
Gir(Hy o )i (VipsVy) =

Then
W;iVipw V"W W;iVipw V"W r
;W( o) )2 Gty )
WVipw VI W*
Jthr(%) log (tr(ijgH;)tr(V}ngj*))
J ! ¢

WiVipw Vi Wx
<Z ( tr(Vipw V) )logﬂ

which is equivalent to
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W V: V W WV, V{"VV?k
(i) e Gt )

r(W;Vipw V;* wx ) . .
Jrz i (Vipw V) log (tr(ijgHj )tr(Vjngj )) <logp (65)

Multlplymg by tr(W;pwW;) and summing over the ¢ index, we have

N N tr(Wipw W7 S
hv (W)+)  log (tT(HjPﬁHj)tT(VjPﬁVj )) > WW(WJWPW‘/} wy)
J i ’ i

< 3" tr(Wipw W) log 8 = log 8 (66)
and equality holds if and only if for all 4, j,
tr(W;Vipw VW)
tr(Vipw Vi)

1 * *
Ftr(HipsHj)tr(Vips Vi) = (67)
Let us rewrite inequality (66). First we use the fact that py is a fixed

point of Ax,,,
k

Viow Vi
E tr(Wipw W) ————2— = 68
£ r(Wipw W; )tr(Vmei*) W (68)

Now we compose both sides of the equality above with the operator
k
Z log (tr(ijgH;)tr(VjpﬁVj*)) Wi W; (69)
j=1

and then we obtain

k k

;tr(Wlpwwi )W ;IOg (t""(HJPﬁHj )tr(Vjngj ))Wg WJ
k
= pw > log (tr(Hps Hy )tr(Vips V) )W/ W, (70)
j=1
Reordering terms we get
k
) tr(W; pww*) I
jzllog (tr HjpgH; )tr(VipgV; ) ; i (Vipw V) — o Vipw Vi WW;
k
= pw > log (tr(Hyps )t (VipaVy') ) WS W (71)

j=1
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Taking the trace on both sides we get

u * * - tr(WlpWWz*) * A7 %
Zlog (fT(HjPﬁHj )tr(VipsV; )) Z W”(Wj‘/ipwvi W)
i=1 ’ i

Jj=1

k
= 3" tog (tr(Hypa H) )t (VipaVy) ) tr(ow W W5) (72)
j=1

Note that the left hand side of (72) is one of the sums appearing in (66).
Therefore replacing (72) into (66) gives us the following inequality:

k
hy (W) + Z log (tr(ij,@H;-‘)tr(Vjngj*Dtr(ijWW;) <logB (73)

Jj=1
and equality holds if and only if for all 4, 7,

tr(W;Vipw VW)
tr(Vipw V")

1 * *
Etr(ijﬁHj )ir(VipsVy') =

So we have the following result.

(74)

Theorem 4 Let Fy be a QIFS such that there is a unique attractive invari-
ant measure for the associated Markov operator V. Let py be the barycenter
of such measure and let pg be an eigenstate of L (p) with eigenvalue 5. Then

k
hv (W) + 3 10g (tr(Hpa H) )i (VipaVy') ) tr(Wspw W) <log 8 (75)
j=1

and equality holds if and only if for all i, ],

tr (W, Vipw VW)
tr(Vipw V;*)

(HjpsHj)tr(VipsVy') = (76)

1 t

—tr

B
In section 15 we make some considerations about certain cases in which we
can reach an equality in (75).

¢

For the calculations regarding expression (57), define
Tiim = —tr(HjpgH?)——"—21"— 77
i = ) =0 0

Then we have . 7jim = 1. Let
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W;Vipw VW
qij ‘= (H—*j) (78)
tr(Vipw V")
A calculation similar to the one we have made for (75) gives us
k
hy (W) + > tr(W; pwW;) logtr(H;pg H)
j=1
k
(VipgV )im
+ Y tr(WpwWi)log (——1—) <log 3 (79)
; R ( (Pg)im )
and equality holds if and only if for all 4, 7,1, m,
1 ViegVi)im — tr(W;Vipw V;Wr
—tr(ijgH;)( iPp g)l _ ( iViPw ; ]) (80)
B (pg)im tr(Vipw V;")
¢

14 Some classic inequality calculations

A natural question is to ask whether the maximum among normalized W,
1 =1,..., k, for the pressure problem associated to a given potential is realized
as the logarithm of the main eigenvalue of a certain Ruelle operator associated
to the potential H;, i = 1, ..., k. This problem will be considered in this section
and also in the next one.

We begin by recalling a classic inequality. Consider

k k
—qulogququjlogrj <0 (81)

Jj=1 J=1

given by lemma 11. Let A be a matrix. If v denotes the left eigenvector of
matrix E4 (such that each entry is e®), then vE4 = fv can be written as

g ve® = pu;, Vj (82)
;
Define s
eI,
Tij = 83
J ﬂ'Uj ( )

So >, 1i; = 1. Let ¢;; > 0 such that )", ¢;; = 1. By (81), we have
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k k
e%iiy;
= aijloggi; + Y gijlog —— <0 (84)
i=1 i=1 Bv;
That is,

k k k
= aijloggi; + Y aijai; + Y aij(logv; —logv;) <logB  (85)

i=1 i=1 i=1
Let @ be a matrix with entries ¢;;, let m = (m1,...,7) be the stationary

vector associated to Q. Since ), ¢;; = 1, Q is column-stochastic so we write
Qm = m. Multiplying the above inequality by 7; and summing the j index,
we get

*Zﬁjz(hj IOgQij+Z7TjZQijaij+z7TjZ%’j(logvi*k’gvj) <logp
J i J i J i

(86)
In coordinates, Qm = 7 is Zj qijm; = 7, for all . Then

_Zﬁjz(hj log gi; +Z7TjZQijaij
J i J i
+Z7rj2qijlogvi—Zﬂ'quijlogvjSlogﬂ (87)
J ( J i

These calculations are well-known and give the following inequality:

—Zﬂquz‘jlong‘j+Z7szqzjaij <logp (88)

Definition 11 We call inequality (88) the classic inequality associated to
the matriz A with positive entries, and stochastic matriz Q.

Definition 12 For fized k, and I,m =1, ...,k we call the inequality

k
hv (W) + > tr(W;pw W) log tr(H;ps H)

j=1

WipsViJum

k
+ tr(WpwW7¥) lo
Do W) og (05

Jj=1

) <log. (39)

the basic inequality associated to the potential Hp =, H;pH; and to the
QIFS determined by V;, W;, i =1,... k. Equality holds if for all i,j,1,m,
(ViegVi)im  tr(W;Vipw ViWF)

1 . B
g s = S = T W) (%0)
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O

As before pg is an eigenstate of Ly (p) and py is the barycenter of the
unique attractive, invariant measure for the Markov operator V associated
to the QIFS Fy . Given the classic inequality (88) we want to compare it to
the basic inequality (89). More precisely, we would like to obtain operators
V; that satisfy the following: given a matrix A with positive entries and a
stochastic matrix @, there are H; and W; such that inequality (89) becomes
inequality (88). We have the following proposition.

Proposition 9 [1] Define

w=(10). (00

o= (10) e ()

Let A = (aij) be a matriz with positive entries and Q = (gi;) a two-
dimensional column-stochastic matriz. Define

A/ el 4 /ed11
Hy = 0 0 )

and also

(T e (0F)

() o)

Then the basic inequality associated to W;,V;, H;, i =1,...,4,l=m =1 or
Il =m = 2, is equivalent to the classic inequality associated to A and Q.

Example 7 Let

Then

—2i 0 —iv20
Hf = Hf=1, H:= Hi=1
! <—2i0>’ 2o s (—iﬁﬂ)’ *

If we suppose the V; are the same as from proposition 9, we have that pg is
diagonal, so



38 A. Baraviera, C. F. Lardizabal, A. O. Lopes, and M. Terra Cunha
tr(Hyps ) = 4, tr(HapsH3) = 1, tr(HypgH5) =2, tr(HypsHj) = 1
Then Ly (p) = Bp leads us to
4p11 + p22 = Bpu

2p11 + p22 = Bp22
A simples calculation gives

_5+/17
==

4 3+\/ﬁ0
PB= o = 2
7T+ V17 0 1

We want to calculate the W; which maximize the basic inequality (89).
Recall that from proposition 9, the choice of V; we made is such that

(Vjpﬁvj*)lm
(p8)im

B

with eigenstate

=1

3

So .
hv (W) + > tr(Wpw W) logtr(H,pg ) < log 3 (97)
j=1
and equality holds if and only if, for all ¢, j,1, m,
(VipgVim  tr(W;Vipw VW)

0t = S~ W) .

L t

—=1ir

5
Choose, for instance, I = m = 1. Then condition (98) becomes

tr(W;Vipw Vi W)
HpgH?) = i 99

1 t

—tr

B
To simplify calculations, write W; = WrW,; and W, = (w};). Then we get

tr(HipgH; i S
w:wilzﬂﬂzQ, 2217"'74 (100)

So we conclude

W, = ( tr(HipsHy) 0 ) i=1,....4 (101)

VB 0 Vir(HipsHY)

That is,
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2 1 V2 1
Wy=—=I1, Wo=—1, Wyg=—1 Wy=—=1
' \/37 ? \/37 ’ \/B7 ! \/B

Note that

Sowiw = 4“\;%@1 2

To solve that, we renormalize the potential. Define

where

_ VB
4++/2

39

(102)

(103)

(104)

Then a calculation shows that £ (p) = Bp gives us the same eigenstate as
before, that is ps = pp- But note that the associated eigenvalue becomes

B = af. Now, note that it is possible to renormalize the W; in such a way
that we obtain W; with ) W W; = I, and that these maximize the basic
inequality for the H; initially fixed. In fact, given the renormalized H;, define

W, =aW;, i=1,...,4

Note that 3, W;W; = I. Also we obtain
+Ztr ipi W ) logtr(vVaH psv/aHy) <logaf
which is equivalent to
)+ Ztr oy W, ) log(atr(H;pg Hy)) < log a + log 3

That is

+Ztr JpW “Vlog «

Ztr ]pW ) logtr(HjpsH;) <loga + log 3,

(105)

(106)

(107)

(108)

and cancelling 1og a, we get the same inequality as for the nonrenormalized

H;. As we have seen before, such W; gives us equality. Hence
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k
hy (W) + > tr(W;py W) logtr(HjpgH; ) = log 3 (109)
j=1

15 Remarks on the problem of pressure and quantum
mechanics

One of the questions we are interested in is to understand how to formulate
a variational principle for pressure in the context of quantum information
theory. An appropriate combination of such theories could have as a starting
point a relation between the inequality for positive numbers

—> giloggi+ Y gilogp; <0,

(seen in certain proofs of the variational principle of pressure), and the en-
tropy for QIFS we defined before. We have carried out such a plan and then
we have obtained the basic inequality, which can be written as

k
hy (W) + Zlog (tr(ijﬁH;)tr(Vjngj*))tr(ijWW;‘) <logf (110)

j=1
where equality holds if and only if for all 4, j,

tr(W;Vipw VW)
tr(Vipw V")

1 * *
Str(HjpsH;)tr(VipsVy') = (111)

p
As we have discussed before, it is not clear that given any dynamics, we can
obtain a measure such that we can reach the maximum value log 3. Consider-
ing particular cases, we can suppose, for instance, that the V; are unitary. In
this way, we combine in a natural way a problem of classic thermodynamics,
with an evolution which has a quantum character. In this particular setting,
we have for each ¢ that V;V;* = V*V; = I and then the basic inequality
becomes

k
hy (W) 4+ Ztr(ijWW;‘) logtr(HjpgH}) < logf3 (112)

J=1

and equality holds if and only if for all 4, 7,
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1
BtT(HjPﬂH;) = tr(W;Vipw V;" W) (113)

We have the following:

Lemma 12 Given a QIFS with a unitary dynamics (i.e., V; is unitary for
each i), there are W; which mazimize (110), i.e., such that

k
hv (W) + Y tr(W;pyg W) log tr(H,pgH; ) = log 8 (114)

Jj=1

The above lemma also holds for the basic inequality in coordinates, given
by (89). Also, it is immediate to obtain a similar version of the above lemma
for any QIF'S such that the V; are multiples of the identity, and also for QIF'S
such that py fixes each branch of the QIFS, that is, satisfying

Vipw Vi

r(Vipwvy) "W
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