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A DYNKIN GAME WITH ASYMMETRIC INFORMATION

JUKKA LEMPA AND PEKKA MATOMAKI

ABSTRACT. We study a Dynkin game with asymmetric information. The game has a random expiry time,
which is exponentially distributed and independent of the underlying process. The players have asymmetric
information on the expiry time, namely only one of the players is able to observe its occurrence. We propose
a set of conditions under which we solve the saddle point equilibrium and study the implications of the

information asymmetry. Results are illustrated with an explicit example.

1. INTRODUCTION

Dynkin games are game variants of optimal stopping problems, for the seminal study see [6]. Such a
game has two players, "buyer” and "issuer”, and both of them can stop the underlying process prior the
terminal time. In this paper we study the following formulation of the game. First, we assume that the
underlying process X is a time homogenous diffusion; we will elaborate the assumptions on X in the next
section. At the initial time ¢ = 0, the players choose their own stopping times 7 (buyer) and v (issuer) and

at the time of the first exercise, i.e. at 7 Ay, the issuer pays the buyer the amount

(1.1) 91( X)L raqy + 92(X5)Lrnny + 93(X5)1r=nys

we will pose assumptions on the payoff functions g; in the next section. An interpretation of this is that, at
any stopping time -, the issuer can cancel the buyer’s right to exercise, but she has to pay the cost g2(X5)

to do so. Now, it is the buyers (issuers) objective to choose the stopping time 7 (y) such that the expected
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present value of the exercise payoff

(1.2) (z,7,7) = B, {e’T(M” [91(X) L7y + 92 (X)L oy + 93(X5) L {r=ry] }

is maximized (minimized). Here, r > 0 is the constant rate of discounting.

The objective of this paper is to study a version of this game with random time horizon, the infinite
horizon game given by the expression (1.2) being already analysed comprehensively e.g. in [1] and [8]. In
financial terminology the random time horizon game can be interpreted as a perpetual game option with
default risk, for studies on game options see e.g. [7], [12] and [13]. We remark that our problem can be
regarded also as a Canadized version of a finite horizon game — for studies considering Canadization of options,
see [4], [13] and [14]. To introduce the random time horizon, we assume that, in addition to the diffusion X,
there is also an independent Poisson process IV defined on the underlying probability space. Furthermore,
we assume that the game expires at the first jump time of the Poisson process, that is we assume that the
game has an exponentially distributed random time horizon. The existence of the terminating event and its
rate is assumed to be known to the players, while the information of it is asymmetric: we assume that the
occurrence of the expiring event is observable only to one of the players. Here, the information asymmetry
has an interpretation as inside information. Indeed, the player who observes the default taking place has
more information than is commonly available on the market and can be considered as an insider. We make
a distinction between the cases when either buyer (Game 1) or issuer (Game 2) observes the jump of the
Poisson process and study both of these cases separately.

Our approach to the problem is built on Markovian approach to Dynkin games. There is a substantial
literature in this area highlighting various parts of the theory. For instance, studies [1] and [2] are concerned
with deriving explicit characterization for the value and saddle point equilibrium using classical theory of
diffusions and standard nonlinear programming techniques. A generalized concavity approach is used in [7]
and [8] to produce the optimal solution via the theory of excessive functions. In [9] and [17], the authors
study equilibrium properties of Dynkin games under very general Markovian setup. Our setup and approach
is closely related to [1] and can be regarded as a partial extension of it. We start our analysis by first deriving
partly heuristically a free boundary problem which gives us a candidate for the solution. To set up the free
boundary problem, we assume that the optimal continuation region is an interval with compact closure with
constant thresholds. Given the time homogeneity of the diffusion X and the fact that the discount rate r and

the jump rate of N are constants, this is indeed a reasonable assumption.
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We derive necessary and sufficient conditions for the existence of a unique Nash equilibrium for Games
1 and 2. We also carry out a comparison of the solutions showing that whenever Games 1 and 2 have a
saddle point solution, the value of Game 1 dominates the value of Game 2. Furthermore, we show that if the
payoff g2 is non-negative, the value of the infinite horizon game dominates both the value of Game 1 and 2.
Interestingly, we find that if go admits also negative values, then the value of the infinite horizon game can
even be the smallest of the three. We discuss also the symmetric information case where the expiring event
is not observable to either of the players — denote this as Game 3. In this case, we find that the value is in
between the values of Game 1 and Game 2. We also show that the optimal continuation regions of Games 1
— 3 are related in a way that can be described as follows: If you are able to observe the terminating event,
you will wait longer — The more you know, the longer you wait.

The reminder of the paper is organized as follows. In Section 2 we set up the underlying dynamics and
introduce the Dynkin games. In Sections 3 and 4 we study the solvability of the games and discuss some
implications of the information asymmetry. In Section 5 we compare the optimal solutions of the games and
study limiting behavior of the solutions. In Section 6 we illustrate the main results of the study with an

explicit example.

2. THE GAMES

2.1. Underlying Dynamics. Let (Q, F,F,P), with F = {F;};>0, be a complete filtered probability space
satisfying the usual conditions, see [3], p. 2. In addition, let W be a Wiener process on (2, F,F,P). We
assume that the state process X is a regular linear diffusion defined on (Q, F,F,P), evolving on R4, and

given as the solution of the It6 equation
(21) dXt = /J,(Xt)dt + U(Xt)th, X() =x,

where the coeflicients 1 : Ry — R and ¢ : R4 — R are assumed to be sufficiently smooth to guarantee the
existence of a unique (weak) solution of (2.1), see [3], pp. 46 — 47. In line with most economical and financial
applications, we assume that X does not die inside the state space R, i.e., that killing of X is possible only
at the boundaries 0 and co. Therefore the boundaries 0 and oo are either natural, entrance, exit or regular.
In the case a boundary is regular, it is assumed to be killing, see [3], pp. 1820, for a characterization of the
boundary behavior of diffusions. The assumption that the state space is R4 is done for reasons of notational
convenience. In fact, we could assume that the state space is any interval Z in R and all our subsequent
analysis would hold with obvious modifications. Denote as A = %02(:10)%22 + u(m)% the differential operator

associated to the process X. For notational convenience we denote Gg = A — 3 for a given constant 5 > 0.



4 JUKKA LEMPA AND PEKKA MATOMAKI

For any given constant 8 > 0, we denote as Lf the class of real valued measurable functions f on R

¢
E, { / e Pt |f<Xt>|dt} < o0,

where ¢ := inf{t > 0 : X; ¢ Ry} denotes the lifetime of X. In addition, for any given constant 5 > 0, we

satisfying the condition

denote, respectively, as ¥z and g the increasing and the decreasing solution of the ordinary second-order
linear differential equation Ggu(xz) = 0 defined on the domain of the characteristic operator of X — for the
characterization and fundamental properties of the minimal S-excessive functions ¢¥g and ¢g, see [3], pp.

18-20. Denote as Bg = ??T(;)QDB () — %wﬂ(a@) the Wronskian determinant, where

- )

denotes the density of the scale function of X, see [3], p. 19. We remark that the value of the Wronskian does

not depend on the initial state  but on the constant 8. For a function f € Lf, the resolvent Rgf : R4 — R
is defined as

¢
(2.2) (Rsf)(z) = Eq {/ e_ﬂtf(Xt)dt} ;

0

for all z € R4. The resolvent Rg and the solutions g and (g are connected in a computationally very useful
way. Indeed, we know from the literature, see [3], pp. 17 — 20 and p. 29, that for given f € Ef the resolvent
Rgf can be expressed as

oo

(Rs)(x) = By ps(x) / " ba () Fw)m’ )y + By () [ eatswm' W

for all z € R4, where m/(z) = W denotes the speed density of X.

To close the subsection, we denote as N a Poisson process with intensity A > 0, and assume that NV is
independent of the underlying X. Now, the first jump time T of N is an exponentially distributed random
time with mean % Denote as F = {]:—t}t>0 the enlarged filtration defined as Fi=FV o({T < s}:s<t).
In other words, the filtration F carries th; information of the evolution of underlying X and the first jump
of the Poisson process N. We denote as 7 as the set of all F-stopping times and as 77 the set 7y augmented

with T, i.e., the set of all I@‘-stopping times.

2.2. The Games. Dynkin game is an optimal stopping game between two players, ”"buyer” and ”issuer”. In

contrast to classical optimal stopping problems, also the issuer can now exercise. Recall now the definition
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of the expected present value of the exercise payoff from (1.2). Throughout the study, we make the following

standing assumptions for the payoffs g;.

Assumption 2.1. We assume that the payoffs g; : R4+ — R, i = 1,2, 3, are continuous and non-decreasing
functions satisfying the ordering g1 < g3 < g2 and that g; is bounded from below. Furthermore, we assume

that g; € L7 and ¢g; € C1(R4) N C?(R4 \ D), where the set D is finite.

In order to propose a value and notions of equilibrium for the considered games, define first the lower
and upper values V and V as

(2.3) V(x) = sup inf I(x,7,7), V(z) = inf sup I(x,T,7),
reT V€T V€T reT

where T is the class of admissible stopping times. Following [8], pp. 1578, we remark that g; <V <V < gs.

If, on the other hand, the values satisfy V. >V, we say that the game has the value V := V =V, i.e. has a

Stackelberg equilibrium. Moreover, if there exists stopping times 7% and v* such that
Iz, 7,7") <z, 7",7") < Mz, 7", 7),

for all x € R4, then the pair (7%,7*) constitutes the saddle point, i.e., the Nash equilibrium of the game.
We remark that the existence of the saddle point implies the existence of the value but the converse does
not hold in general — for a study addressing this problem in a general Markovian setting, see [9]. However,
in our setting the underlying process is nice enough so that Stackelberg equilibrium is equivalent to Nash
equilibrium.

The main objective of this paper is to study two Dynkin games which are associated via a certain type of
information asymmetry. To make a precise statement, recall the Poisson process N from the previous section.
At the initial time ¢ = 0, the underlying X and exogenous N are both started. At the first jump time T,
the game ends. Thus, the considered games have an exponentially distributed random time horizon which is
independent of X. The information asymmetry is introduced as follows: we assume that the occurrence of
the expiring event is observable only to one of the players. Let us formalize this setting first in the case when
T is observable to the buyer; later this case will be referred to as Game 1. First, recall the definitions of the
sets To and 77 from the previous subsection. At the start of the game, issuer choose a stopping time from set

To and the buyer from the set 7;. The expected present value II; of the exercise payoff is written as

(2.4) (2, 7,7) = E; {G*T(TM) [91(X ) ircqy + 92(X5)Lirsny + 93(X5) 11—y ] l{TAWST}} ;
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and the upper and lower values are defined as

(2.5) Vi(z) = sup inf Iy (x,7,7), Vi(z) = inf sup II;(x,7,7).
reTi 7€To Y€To reTy

For Game 1, we denote the value function as V; and the saddle point equilibrium as (71, ~7).
The setup of the second game, which will be referred to as Game 2, is completely analogous. For Game 2,
we assume that the random time 7T is a stopping time to issuer. Similarly to Game 1, we define the expected

present value Il5 of the exercise payoff as

(2.6)  T(z,7,7) =E, {e—T“M) (91 (X)L ey + 92(X) Loy + 95(X )1 ] 1{%7@}} ,
and the upper and lower values are defined as

(2.7) Vo(z) = sup inf Ily(x,7,7), Va(z) = inf sup Ia(x,7,7).
reTo 1€ V€T reTs

Analogously to Game 1, the value function of Game 2 is denoted as V5> and the saddle point equilibrium as
(73,73)-
3. GAME 1

3.1. Equivalent formulation of the game. First, we introduce some additional definitions and notations.

Following [1] (see also [19]), define the operators Lﬁ and Lg for sufficiently smooth functions f: R4 — R as

@06 = L) - 2 (f)) /@),
(3.1 :
f'(z) (@)

L’ =

(L) = Gt on(e) = s (),
for a given constant S > 0. In order to simplify the upcoming notation, define the functions g; : R4+ — R,
1=1,2, as

91(z) = g1(2) = MRr+297)(2),
(3.2)

g2(@) = ga(x) = M(Rriagi ) (@),
where g7 () = max{g;(x),0}. We remark that since we assumed g; < go, also g1 < go.
In this subsection, we transform Game 1 into an adjusted perpetual game and study its solvability. To
this end, we derive first a candidate G for the optimal value function in a partly heuristic way — for a related
study in a different context, see [10]. We start with the ansatz that the game has a saddle point equilibrium.

Because the exponential distribution has memoryless property and the underlying dynamic structure is time
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homogeneous, we assume that the state space R, is partitioned into continuation and action regions, where
the continuation region (z7,y7) C R4 has compact closure. If x € (27,y]), the players wait by definition.
Now, in an infinitesimal time interval dt, the Poisson process jumps (expiring the exercise opportunities)
with probability Adt. Because the buyer can exercise at time T, she will exercise at that time if and only if
g1 > 0; this yields the terminal payoff gi" (z). On the other hand, with probability 1 — \dt the contract lives
on yielding additional expected present value. Denote as G; the candidate for the value function. Formally,

this suggests with a heuristic use of Dynkin’s theorem, see e.g. [16], that
G1(x) = g ()Adt + (1 = M) E,[e "G (Xar)] = Agi (x)dt + (1 — \dt)[G1(x) + G,.G1(x)dt]
= G1(z) + G,G1(z)dt + N (z) — G1(2)),

for all z € (27, y}) under the intuition dt* = 0. This yields the condition
(3.3) GriaGi(z) = =g (2),

for all z € (27,y}). The solutions of the equation (3.3) can be expressed as Gi(x) = MR.5ag7)(z) +
1ra(x) + capria(x) for some positive constants ¢; and ¢o. We assume that the candidate G; satisfies the
value-matching condition, i.e., is continuous over the boundary of (27, y;). This condition can be expressed

as

AByxgi)(21) + e1tbria(21) + ca@ria(21) = ga(27),

ARrgrgD ) (i) + c1thra(y}) + coora(y}) = 91(y3)-

Using the notation from (3.2), it is a matter of elementary algebra to show that

Orx(Y7)92(27) — @ra(21)91 (W) B
= =h
(3.4) O o W) lra(7D) — 9o 1)l (U7) 11,91
cy = U)TJF)\(Z]T)Al(yT) - 1/}T+A(yf)g2 Z]T) — hQ(Z* y*)
Cra(UD)ria(z) — era (D) Yra (vh) b

To proceed, denote as 7(.x ,+) the first exit time of X from the interval (27, y7). We know from [5], Theorem
13.11, p. 46-47, that the function z — E, [ef(HA)T(zf’yi‘)} solves the boundary value problem G, u(z) =0
on (z7,y7) with boundary conditions u(z}) = u(yy) = 1. Using this, we find that

Pra(@)ria (2

Oria (Y1) Ura(z

E, {e*(rJr)\)(Ty}‘/\’Yzf)l{T . *}} @T+A(€T)wr+)\(,’f
it OrexA (YD) Prea (27

E, {e*(r+>\)(7'y; /\’yz;)l{T e *}} >1k - )
vl STz —
1

)
)

~— [ — ~—|~—
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see also [15]. Consequently, the candidate G; can be rewritten as

G1(w) = NRragh) (@) + g1 () Ba { VM0
(3.5)
~ * —(r+X) (1, L*
+ 92(27)Eq {6 TN Tz 1)1{Tyf>'vz;}} ;

for all x € (2§,y7). Since the sample paths of X are (almost surely) continuous, an application of the strong

Markov property of the underlying X yields

(3.6)

IS, s
Gi(z) = Ey {)‘/ e gH (X )ds + TV i) {gl(XTyf)l{Tysz;} +92(sz;)1{fy{>vzf}]}
0

for all z € R,. This result indicates the form of the equivalent perpetual game. The next proposition
confirms that this partly heuristic derivation gives the correct form of the adjusted perpetual problem. For

a rigorous proof we though need an auxiliary lemma.
Lemma 3.1. For T € T1, there exists ' € T such that TAT =7 AT a.s.
Proof. See [18], Lemma, Section VL3, p. 378. O

Proposition 3.2. The upper and lower values for Game 1 can be rewritten as

Vi(z) = inf sup f[l(x,T, v), Vi(x) = sup inf fIl(x,T, v),
v€To reTo r€To 7€T0

where

TAY
I (z,7,7) = Ey {)\/ ei(wr)\)sgii_(Xs)dS + e (VT [91(X7)1{7'<'y} + 92(Xy)1irsy + 93(Xv)1{7':7}} }
0

for all x € Ry.

Proof. Let 71 denote the set containing I@—stopping times satisfying 7 < T for all w. We know that for all
TE 'f], there is a 7" € T7 for which 7/ = 7 AT. Because buyer’s objective is to maximize the expected present

value of the payoff and she is aware that after the observable expiry time 7" the payoff will be zero, we reason
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Vi(x) = sup 1nf E.;<e

WD e )1{T<'v} + 92(X7)1{T>'v} + 93(X’Y)1{T:’Y}]1{T/\’YST}}
T 1

= sup 1nf E.

{
sup
{
{

e X lgrery + 98 (X0 rarp) 1< + 92(X0)Lirsny + 95(X) 1 ry] Ly |

-7 T/\'y
-7 T/\'y
—r(FAYy)
-7 T/\'y

= sup »ylgfo x| € Xi)lggery + 97 (X)o7 ) Liscqy + 92(X5) Lissqyy + 93(X5) 15203 ] 1{?MST}}
reTy

= sup inf Eq (e Xa)lpary + 97 (X0)1omy)Lip ) + 02(X5) ey + 93(X7)1{+:y}]}
2eTh

= SUTP ;Q%E { —r{TAT)AY) (1 (X )Lrery + 97 (X)L s Lirar<at + 92(X5) L paTsyy + 93(X7)1{TAT:7}}}
7€

Now, it follows from Lemma 3.1 that the last expression is equivalent with the form

sgz 71272 E, {e r((r/\T)A'y)[ (g1 (X )lirery + gf(XT)l{TzT})) Lirar<qy + 92(X5) Lz arsqy + g3(X’Y)1{TAT:V}} }
T 0

Finally, let 7,y € Tg. Since T is independent of X, we conclude that
E {e """ [(gy (X )1 rery + 97 (X)L r21y)) Lirarany + 92(X3) 1 rnrsqy + 95(X5) 1 rar=ny] Loy + Lirery) }
=E. {701 (Xe)Lgrpzry + €7 [01(X0) Ly + 92(X0) oy + 930X Lirm)] Lrnner |

TAY
=B, {3 [T O s I [ (X 4 02X L) (X ) |
0

for all z € R4. This computation proves the claimed result for the lower value V;. The result for the upper

value V is proved completely similarly. O

In Proposition 3.2 we showed that the random horizon game can be transformed into an equivalent
adjusted perpetual game. Moreover, we observe that the form the value function (3.6) associated with
constant threshold policy is consistent with Proposition 3.2. It is also worth mentioning that the buyer follows
actually a stopping rule "Stop at time 7 AT” which results into the payoff g1 (X; )1 <7y + g (X7)1{r>1y-

This property was used in (3.7).

3.2. Necessary Conditions. Having the expression (3.6) at hand, we proceed with the derivation of neces-

sary conditions. Define the function @ : Ri — R, as

Ql(xv Zvy) =E, {67(T+>\)(Ty/\72) [gl(XTy)]‘{Ty<'Yz} + QQ(X’YZ)(X'YZ))I{Ty>’YZ}}}

= hi(z,y)Vria(x) + ho(z, y)oria (),
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recall the definition of the functions g; and h;, i = 1,2, from (3.2) and (3.4), respectively (see [1], expression
(15)). Function @, is the value function associated to the strategy constituted by the first hitting times 7, and
v, to arbitrary boundaries y and z satisfying z < y. We assume now that the thresholds 2] and yj give rise
to an extremal expression for Q; in the sense that for all fixed (initial) state x, the point (z7,y7) is a saddle
point for the surface (z,y) — Q1(x, z,y). In other words, given the family of surfaces (z,y) — Q1(z, z,y),
indexed by the initial states z, we assume that the point (2], y7) is saddle point for all of these surfaces. To
determine first order necessary conditions for the saddle point, denote as x, the unique point satisfying the

condition ¥4 x(z) = ©r+x (o). Now, the conditions %(zo, 25, y5) = 86;%(:1:0, z¥,y7) = 0 result into

ohi, ., . Ohs, .
1(21,y1)+ 2(2173/):07
(3.8) 0z 0z
' ohi, ., . oh

a—y(zlayl) =+ 6—;('2;’%) =0.

Using the notation from (3.1), we find after differentiation and some elementary manipulations that the

conditions (3.8) can be rewritten as

(L;+A§2)(Zf)1/)r+>\(yf) - (L:/JH\QZ)(ZT)@HA(ZJT) = Briagi(yi),

(L5290 i) ra(z1) = (L300 W) erea(zh) = Broade(21),

(3.9)

Following [1], Lemma 4.1, we readily verify that the conditions (3.9) can be expressed as

Y1 *
o / (Gr1202) () (praalt) = 2220 3 (0)) M/ (Dt = 52 (32(y7) — D)
3.10 A1,

Y1 *
/ (Gr4201) @) (Yraa(t) = 20 (0) m'(Ddt = 5B (31(:1) — (1))

Denote now the candidate

91(517), X Z yfv
(3.11) G1(2) = Y ARrgag) (@) + Quw. 25, u1), @ € (21,97),
g2(x), x < zf.

Finally, the r-harmonicity of the candidate G; on the continuation region (z7,y;) implies that the necessary
conditions (3.8) can be rewritten as
(L5"g2)(21) — (LG an)(yi) = 0,

(3.12)
(Lyt32) (1) = (L a1) (1) = 0,
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see also [1], Corollary 4.2.
The next proposition contains our main result on the necessary conditions for the optimal solution for

Game 1.

Proposition 3.3. Assume that there is a pair (z7,y5) satisfying the conditions (3.12) and that there exist

thresholds z;, 1 = 1,2, such that
(3.13) Griagi(x) % 0, whenever x § .

Then the pair (z7,y7) is unique and z5 < & and &1 < yi. Moreover the value of Game 1 reads as Vi(x) =

G1(x) for all x € Ry, where Gy is defined in (3.11).

Proof. We know from [1], Theorem 4.3 that under assumption (3.13) a pair satisfying (3.12) is necessary
unique and that zf < & and #; < y;. To prove that the value of the game reads as (3.11), we follow the

lines of the proof of Theorem 4.3 in [1]. First, assume that z € (27, y7) and define the functionals

Ar(z) = MBriagi ) (@) + ha (27, y])¥rin (@) + ha (2], 47)ria () — 01(2)

a(at Gyr(@) (@) Caila
= ga( 1)%;(%) 1( 1)1&4@?) 91 ()
Ag(z) = MRriagi ) (@) + ha (21, yD)Uria (@) + ha (27, 47 ora(z) — ga(x)
— (2 @yi‘(x) % AZI(I) il
G, T

where

2,(2) = praa(a) — z::gi N
3 _ 1/)T+)\(Z)

(@) = vria(e) = T

Pr4+x (I)

The saddle point condition (3.8) implies that the candidate G; is once continuously differentiable in R and,

consequently, that A (y7) = Al (y7) =0 = Aq(2]) = AL(27). By standard differentiation we find that

d[a@] _ 8@ [=BapG) @@, o k@
T |0 R |t 5@ e >] ,
d [Ds(@)] _ S"z) | Bai(yi)  gal@) Py () i
dx |:¢yf($)] o @5; (J:) 7/)r+>\(yf) S/(I) 90111( )+ S’(I) 92( )] ,
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which imply together with (3.10) that

d | Ai(x) S'(z) [ . ) /
— | = = - Var (1) (Gryagn) (t)m/ (t)dt < 0,
dx «(x () Ja !

(3.14) wzl(( )) wzl(())
d [Ax(x)] 3 S'(z T ) . o
el 2 [ e OGom) Ol e <o

Pox

1

!/ !/
To see that the inequalities in (3.14) hold, we observe first using (3.10) that ( Dy > (27) < 0and (ﬁ—i) (y7) <
Y1
0. Moreover, since 0 < z7 < &2 and £ < yj < oo, where &3 and #; are given in (3.13), and = € (27, y7), the

examination of the derivatives of the integrals reveals that the inequalities in (3.14) hold.

Ai(@)  Malyi)
Dor (@) = ox(yi) 0. Furthermore,

since 1/32; () > 0, we find that Aj(z) > 0 for all z € (z7,y7). Similarly we find that Agx(z) < 0 for all

To conclude, we observe first that the condition (3.14) implies that

x € (2§,y7). These properties of A, imply that g1(x) < Gi(x) < go2(x) for all x € (2§,y7). Moreover, since
2z} < &9 and yj > &1, we observe that G; is r-superharmonic on (z7,00) where the value is strictly smaller
than gs(x) and r-subharmonic on (0, y7) where the value is strictly larger than g;(x). Thus the thresholds 2}

and y; give rise to a unique saddle point strategy and the value V4 (z) = G1(z) for all z € R ..

In Proposition 3.3 we showed that given the additional condition (3.13), a solution of the pair (3.12)
is necessarily unique. From a practical point of view this is a convenient result. Indeed, if we attempt to
solve the pair (3.12) numerically for a particular example and our scheme converges to a solution, we can
be sure that it is the unique optimal one. The condition (3.13) was needed in the proof of Proposition 3.3
to assure that functionals L™+*§; behave nicely enough for the uniqueness result to hold - remember that
(L™§;)' () < (Gr42Gi)(z). We propose in the next lemma a set of sufficient conditions for the assumption

(3.13).

Lemma 3.4. Assume that there are thresholds Z;, i = 1,2, such that

VIIA
§x

Grgi(x) % 0, whenever x

In addition, assume that

e gi1(x) >0 for all z > 0 or that G.g1 is non-increasing, and

* (97 — 92) and G,g> are non-increasing.

Then the condition (3.13) holds.
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Proof. The result follows from the expressions G, 1xG1 = Grg1 + Mg — g1), where g — g1 is non-increasing

and gr+)\g2 = grg2 + )\(g;r - 92) O

We note also from Proposition 3.3 that the stopping times 7 and 7.: do not tell the entire story about
the optimal stopping rules. Indeed, the optimal stopping rule for the issuer is "stop at time 7.; = inf{t >0 |
X; < 27}7, but for the buyer optimal rule is "stop at time 7,» = inf{t > 0| X; >y}, but if T < 7:, stop at
time T whenever g1(Xr) > 0”7 so that the optimal rule for the buyer is not pure threshold rule.

While Proposition 3.3 catches a relatively large range of problems, our assumptions are not usually
satisfied if exercise payoffs have option characteristics — for example if g;(z) = (z — ¢;)T, where ¢; > c2 > 0.

In the next result we propose a set of necessary conditions for a class of problems of this kind.

Corollary 3.5. Assume that there exists T; < &; so that g;(x) =0 on (0,%;), (Cryagi) > 0 on (Z;, &;), and

(Crg0gi) <0 on (2;,00), i =1,2. Assume also that the threshold

" 91(y)
Yz, = argmax =
T | enay) - 225 ea)

exists. If there exists a pair (21,y7) € (Zo, &2) X (#1,73,) satisfying the first order conditions (3.12), then the

conclusion of Proposition 3.3 are satisfied and the value of the game reads as in (3.11).

Proof. The result follows from Proposition 3.3 after noticing that g7, is the corner solution to the lower

equation of (3.9). O

If there does not exist an internal solution, then the pair (Z2,},) constitutes a corner solution, which

is the saddle point solution and the solution reads as

91(), if v > gz,

0= Mg @)+ SR Fne a9 0h), T2 € (@2 85,)

O, lfISJ_TQ

3.3. Sufficient Conditions. The main objective of this section is to propose a set of sufficient conditions

for the solvability of the game. To this end, we prove first the following lemma.

Lemma 3.6. Letb € Ry. Then ﬁ:((i)) > ﬁ::i((i)) for all x < b and the function x — w&:—&(;ﬂ) s monotonically

InCreasing.
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Proof. Let © < b < co. From [3], p. 18, we have E, {e™"™} = ﬁ:((gg)), where 7, = inf{¢t > 0 | X; = b}. Then

wT(‘T) _ e~ TTh e—(r DYL N G wT'i‘)\(‘r)
oo =B T B =

From this we also see that % is monotonically increasing. |

The next theorem, which is the main result of this subsection, gives a set of conditions under which the

optimal solution for Game 1 is given by (3.12) and (3.11).

Theorem 3.7. Assume that the boundaries 0 and oo are natural for the underlying X, that condition (3.13)

holds, and that for i =1,2,

gi ()
()

(3) Grg1(x) > Grga(x) for all z € R4\ D.

:O’

(2) limg—oo

Then there exist a unique pair (27,yT) satisfying the first order conditions (3.12) and the value Vi of Game

1 reads as in (3.11).

Proof. First, we find by coupling the assumption (3) with the inequality g2 > g1 that

(3.15)  (Grag1)(2) = (Grg1)() + A(g{ () — 91(2)) > (Grg2)(z) + A(g{ (%) — g2(2)) = (Gr+2G2) (2),
for all z € Ry \ D. Furthermore, since the functions g; € £7, the assumption (1) implies that

(3.16) GrinGi = Grgi + Mgy — gi) € L7,

for i = 1,2. Our next objective is to show that

(3.17) lim (L7 ;) (x) = lm (L7 g) () = 0.

=1l
T—00 z—0 ¥

To this end, let b € R. Since the function wwi(;zl) is decreasing, see Lemma 3.6, we find

. ) ) = ABrng)@)
19 0= RS OR - BT

i[5 -0

T+ (‘T)

for ¢ = 1,2. Here, the last inequality follows from the assumption (2) and Proposition 4 from [11]. By

coupling (3.18) with (2.1) and (3.16), we find that

(L g0 (x) = - /°° Or iAW) (Gringi)(y)m' (y)dy — 0, as x — oo,
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where the integral representation follows from [1], Corollary 3.2. In addition, since g; and g, are bounded

from below, Corollary 3.2 from [1] implies that

(Ly g0 (x) = /Ox Uria(®)(Gr28i) (y)m (y)dy — 0, as x — 0.

Thus we have established the condition (3.17). Now, the conditions (3.13) and (3.15) — (3.17) guarantee that

the claimed result follows from [1], Theorem 4.4. O

Theorem 3.7 states a set of conditions under which a unique pair (z7,y;) satisfying the first order
conditions (3.12) exists and under which the value of the Game 1 can be written as (3.11). We remark
that these conditions do not depend on the jump rate A. Furthermore, we know from Lemma 3.4 that the
condition (3.13) can be substituted with a set of conditions that are also independent of A. Thus, when using
our results to check whether a particular example of Game 1 has a (unique) solution, the value of A does not

play any role.

4. GAME 2

4.1. Equivalent formulation of the game. This section is devoted to the study of the solvability of Game
2. The analysis is completely analogous to the Section 3. Again, we begin with the ansatz that the game has
a saddle point equilibrium and that the continuation region (23, y5) C R has compact closure. Now, because
the terminal date T is observable to the issuer and she knows that after that time the buyer cannot exercise,
it is clear that she will exercise at time 7" if and only if g2(X7) < 0. Thus, in an infinitesimal time interval dt,
the Poisson process jumps with probability Ad¢ leaving the buyer with payoff g5 (z) = min{gs(x),0}. With
probability 1 — Adt there is no jump which results in additional expected present value. Analogously to Game
1, we deduce that the candidate G2 must satisfy the condition G, 1 G2(x) = —Ag, (x) for all x € (23,v3) and,
consequently, the candidate can be represented as

(4.1)

Tys/\’yz; —(r s — —(r+X)(7,,* *
Gz(@—Em{A/o (TN (X s 4 e I3 A1) [m(xwg)lm;%}+92(sz;>1{@;>%;}]}

for all z € Ry. As in Game 1, this form is the correct form of the value function for the associated perpetual

game.

Proposition 4.1. The upper and lower values can for Game 2 be rewritten as

Va(z) = inf sup 1:12(33,7', v), Vy(x) = sup inf ﬁg(x,T, v),
v€To reTo TeTo1€T0
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where

TNAY
Tl 79) = B {0 [ 05 (s 4 N (00X T ooy + 2030 + 00X )]}
0

forallz e Ry.
Proof. Completely similar to the proof of Proposition 3.2. O

Similarly to Game 1, we remark that the issuer follows now a stopping rule ”Stop at time v AT ” which

results into the payoff go(X,)1 (<7} + g5 (X7)1(y>1y.

4.2. Necessary conditions. In order to simplify the notations, we denote

g1(x) = g1(x) = AM(Rrya92)(2),

92(x) = ga(z) — A(Rr4295 )(T).

(4.2)

Moreover define the function Q2 : R3 — Ry as

Qa2(z,2,y) = E, {67(T+A)(TyA'YZ) [(gl(XTy)l{Ty<'Yz} + QZ(X'VZ)(X'VZ))I{W>WZ}}}
=k (Za y)"/’r-i-)\(x) + kQ(Zv y)cpr+,\(:c),

where the functions k1 : R3 — R are defined as

b (2 y) = Prea(y)g2(2) — orea(2)91(y)

(4.3) Prax®)ria(z) = ora(2)ra(y)”
ka(z,y) = Vria(2)91(y) — Yria(y)g2(2)

’ Pra()¥ra(2) — Praa(2)ra(y)”

Analogously to Section 3, we assume that for every fixed z, the (z,y) = Q2(z, z,y) has a unique saddle
point (23,v3), which does note depend on z. Then the first order necessary conditions for this saddle point

can be written as

(LEHAg2)(23) = (L1 (y3) = 0,

(L5 2)(25) — (L7 51) (45) = 0.

(4.4)

The next proposition contains our main result on the necessary conditions for the optimal solution for Game

2.
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Proposition 4.2. Assume that there is a pair (z3,y3) satisfying the conditions (4.4) and that there are

thresholds &;, i = 1,2, such that
- > < i
(4.5) Gragi(z) 0, whenever x < ;.

Then the pair (z5,y3) is unique and z5 < z} and y3 < yi. Furthermore the value Va of Game 2 reads as

gl(x)a xr 2 y;;
(4.6) Va(2) = § M(Rrsrgs ) (@) + ki(25, 93)0ria (@) + ko (23, y3)0ria(2), @ € (25, 93),
gz(fb), z S Z;a

where the functions k;, i = 1,2, are defined in (4.3).
Proof. Completely analogous to the proof of Proposition 3.3. 0

Similarly to Proposition 3.3, we posed in Proposition 4.2 the additional assumption (4.5) to assure that
the functionals L™ ; behave well enough so that the uniqueness of the solution is guaranteed. In this case,
as in Game 1, we propose sufficient conditions to (4.5) which do not depend on . These conditions are listed

in the next lemma.

Lemma 4.3. Assume that there are thresholds Z;, i = 1,2, such that (G,)gi(z) % 0, whenever x § Z;. In
addition, assume that
e (Grg1) and g5 — g1 are non-increasing, and
e (G,g2) is non-increasing or g2 < 0 for all x > 0.
Then the condition (4.5) holds.
Proof. Similar to the proof of Lemma 3.4. O

Similar to Proposition 3.3, the optimal thresholds times 7,; and 7.; do not tell the whole truth about
the optimal stopping times. The optimal stopping time for the issuer is now "stop at time 7z, but if 7' < 7,
and g2(X7) < 0, stop at time T, else do not stop”, whilst the optimal stopping time for the buyer is ”stop at

time 7,x =inf{t > 0] X; > y3}".

Corollary 4.4. Assume that there exists T; < Z; so that gi(xz) =0 on (0,Z;), (Cr423:) > 0 on (Z;, &;), and

(CriaGi) <0 on (&;,00), i =1,2. Assume also that the threshold

7% = argmax 9w
T | tenaly) - 2280, ()
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exists. If there exists a pair (z3,y5) € (T2, %2) X (Z1,73,) satisfying the first order conditions (4.4), then the

conclusion of Proposition 4.2 are satisfied and the value of the game reads as in (4.6).

Proof. Proof is similar to that of Corollary 3.5. 0

If there does not exist an internal solution, then the pair (Z2,#;,) constitutes a corner solution, which

is the saddle point solution and the solution reads as

gl(x)a if x 2@;2

Val®) =\ MRrnga) @) + GG e S i (02,), o € (@232,

0, if v < Zs.

4.3. Sufficient conditions. The next theorem contains a set of sufficient conditions for the optimal solution

for Game 2.

Theorem 4.5. Assume that the boundaries 0 and oo are natural for the underlying X, that condition (4.5)
hold, and that the conditions 1-3 in Theorem 3.7 holds for i = 1,2. Then there exist a unique pair satisfying

the first order conditions (4.4) and the value Va of Game 2 reads as in (4.6).

Proof. The proof is analogous to that of Theorem 3.7. O

Theorem 4.5 states sufficient conditions under which an optimal pair (23, y3) uniquely exists and under
which the value of Game 2 can be expressed as in (4.6). Using Lemma 4.3 the condition (4.5) can be expressed
independent of A\. Therefore, similar to Game 1, we remark that with a particular example, the conditions of

the theorem can be checked without any reference to the jump rate A.

5. COMPARISON AND ASYMPTOTICS

In the previous sections we studied the solvability of Games 1 and 2. In particular, we derived necessary
and sufficient conditions for the solutions to be given by (3.11) and (4.6). In this section, we study further the
properties of these solutions. In particular, we are interested in finding orderings of the stopping thresholds
and the value functions. Furthermore, we study the asymptotic behavior of the optimal characteristics with
respect to jump rate A. To this end, we define two more Dynkin games. First of these is the infinite horizon
Dynkin game, which is defined using (1.2) and (2.3) in the absence of terminating event taking place at time
T. For a comprehensive analysis of this game, see [1]. Denote the value of this game as V' and the optimal
exercise thresholds as (z*,y*). The second additional game is the game with random time horizon in the case

where the terminating event is not observable to either of the players — we refer to this game as Game 3. The
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upper and lower values of Game 3 are inf,c7; sup, s (x, 7,7) and Sup, e, inf,e7y 5 (x, 7, 7) respectively,

where

3(z,7,7) = E, {e’(’”“)(””) [91(X) L r ) + 92(X) 1 rsny + 63(X5) 11y } :

In fact, Game 3 is an infinite horizon game with discount rate r + A. Hence we know from [1] that under
certain assumptions this game has a Nash equilibrium given by the unique thresholds (z3,y35). We denote
the value of this game as V3. It is worth pointing out that Proposition 3.2 implies that if the function g; is
nonpositive, the value of Game 1 coincides with the value of Game 3. Similarly, Proposition 4.1 implies that

if the function g- is nonnegative, the value of Game 2 coincides with the value of Game 3.

5.1. Ordering of the thresholds and the values. The following proposition is our main result on the

ordering of optimal characteristics of the games.

Proposition 5.1. (A) Assume that Game 1, Game 2 and Game 3 have unique saddle point solutions. Then

the following orderings hold
o Vi(z) > V3(x) > Va(x) everywhere.
o 2 > 23> 25 and yi > y3 > y5 always.
(B) If in addition the infinite horizon game has a unique saddle point solution and gs is non-negative, then

o V(x) > Vi(x) > Vs(x) > Va(z) for all z € R

® 2F >z >z > 25 and Yyt >yl > Y3 > ys.

Proof. (A) Let us first prove the orderings between Game 1 and Game 2. Recall the definitions of IT; (z, T, )

and IIy(z, 7,v) from Propositions 3.2 and 4.1 respectively. Now

N TAY
M (z,7,7) = E, {/\/0 e” VG (X )ds + e VT g (X)L )y + 92(X0) sy + 93(X5) 1= }
TAY
2B {0 [T g (s 4 e N [ (X)L )+ (X Lo + (Ko
0
= ﬁQ (:Cv T, FY))
for all z € R4 and 7, v € 7p. Thus

(5.1) Vi(z) = sup inf IIi(z,7,7) > sup inf Hy(z,7,7) = Va(z)
reTo €70 reTo7€To

Suppose now, contrary to our claim, that y7 < y3 and let « € (y;,y3) so that z is in the continuation
region of Game 1, and in the stopping region of Game 2. Then V;(z) = g1(x) < Va(x), contrary to (5.1). The

same reasoning applies to the case z5 < z{. Next, recall the definition of I from beginning of the section.
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We see that 1:[1 > 1:[3 > 1:[2 and using reasoning as above we find that V3 > V3 > V5. The claimed inequalities
for the thresholds follows as above.

(B) Let g2 be non-negative and recall the definition of II(z,7,~) from (1.2). We shall compare it to
II; from (2.4). We know that the value function satisfies V(x) = sup, .y inf,c7 (z,7,7) and similarly
Vi(x) = sup, ¢ 7, infe7 i (2, 7,7). Letting Ti={reTi|7<T}and T¢ = T; \ T; we can write

(5.2) Vi(z) =max< sup inf IIy(z,7,7); sup inf IIy(z,7,7) p,
ret; 1€70 rete V€T

the last term being zero due to non-negativeness of gs. For the first term on the right hand side we get
sup mf I (x, 1,v) = sup mf I(x, 7,7)
refi 7€ refi 7€

and again due to non-negativeness of go for the second term we get the inequality

sup inf I;(x,7,7) =0< mf II(x, 00,7) < sup mf (x, 7,7)
7'67'0V €To 7—67’07

Substituting these to (5.2) we get

(5.3) Vi(z) <max < sup inf II(z,7,7); sup inf II(z,7,7v) » = sup inf I(z,7,7) = V(z),
reti v€To reTe 1€To €T 7€To

the first equality being true, since in the maximization we have two disjoint sets for which T U ’ﬁc =77 and
the last equality follows from the fact that 77 = 7 in the absence of terminating event.

Suppose, contrary to our claim, that y* < y7 and let x € (y*,y7), so that x is in the continuation region
of stochastic time horizon case, and in the stopping region of infinite time horizon case. Then V(z) = g1(z) <

Vi(x), contrary to (5.3). The same reasoning applies to the case 2} < z*. O

Intuitively, the item (A) of Proposition 5.1 is not surprising. Indeed, if the issuer has inside information
about the terminating event, it will make the value of the game smaller as there is one additional stopping
time in the set over which the issuer minimizes. Similarly, if the buyer has inside information about the
terminating event, the value will be larger. In Game 3, the value is naturally in between these two extremes.
Furthermore, the exercise thresholds are ordered as one could guess from orderings of the value functions,
the principal idea being: The more you know, the longer you wait.

The item (B) is also intuitively quite clear. Since go > 0, there is no risk of ending up on trajectory
leading inevitably into negative payoff. By coupling this with the fact that Game 1 will end in finite time

almost surely, the ordering V' > V7 becomes evident as the less time to maximize the payoff which is bound



A DYNKIN GAME WITH ASYMMETRIC INFORMATION 21

to be nonnegative. We stress here that the positiveness of go is indeed required for the inequalities V' > V7,
2* > 27 and y* > yi to hold. We will give a numerical example at the end of Section 6 where these inequalities

are reversed for a function go that takes also negative values.

5.2. Some asymptotics. In this subsection we study the limiting behavior of the optimal characteristics of
Games 1 and 2 when the jump rate A tends to infinity as well as when it tends to zero. The next proposition

is our main result on this matter.

Proposition 5.2. Let Z; be the greatest point such that g;(Z;) = 0. The value functions Vi, i = 1,2, and the

corresponding optimal thresholds satisfy the limiting properties

g1(x) if x > Ty

lim V;(z) =V>(x) =<0 if © € (T2,71)

A—00

92(x) if © < To.

and

lim 2 = 2"
lim V;(z) = V(x) and A0
A—0 i s
fimy i =

Proof. We will prove the proposition only for Game 1; Game 2 is handled similarly. Let us first prove the

case A — oco. Recall from (2.4) and (2.5) that the value of the Game 1 reads as

Vi(x) = sup inf II;(z,7,v) = inf sup Il (z,7,7),
1(2) sup inf (@, 7,7) nf sup (@, 7,7)

where II; (z,7,7) = E; {e7"™) [g1(X7)1{rcny + 92(X5)Lirony + 93(X) 1=y ] Liraq<ry } - Letting X —

00, we see that
Iy (z,7,7) =0, ifr,y>0
i (x,7,v) =q1(x), fr=0<x
Iy (x,7,7) = g2(x), ifT7>0=x
Iy (x,7,7) = gs(x), ifr=0=n.

In light of these findings, let us show that the claimed function V°° is indeed the saddle point solution when
A approaches to infinity. There are three cases to be considered depending whether z < Zo, x € (Z2,Z1) or

x > Z1. (Note that since g3 > g1, we always have Ty < 7;.)
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Let ¢ < Za. Now ¢1(z) < g3(x) < go(z) < 0 and so we can check straightforwardly, using (5.4), that
sup, e, infye7 I (2, 7,v) = g2(x) = inf, ey sup, e, 11 (2, 7,y). The same reasoning applies also to the cases
x € (T2,Z1) and x > Z71, and the claimed limiting property follows.

Next we turn our eyes on the case A — 0. Since g;” € L}, we find that A(R,; g7 )(z) — 0 as A — 0 for
all z € Ry. Given this limiting property together with the definition of V4 in (3.11), we find that the claimed
limiting property holds. Finally given the convergence result of value function Vi, the claimed convergence

results hold also for the thresholds 2z} and yj. 0

It is interesting to observe that the values of Game 1 and Game 2 are the same at the limit A — 0
and also at A — oo. In the limit A — 0, this result is intuitively plausible: If the expected waiting time for
the Poisson process to jump is infinite, the game will not expire unexpectedly, and as a result we get the
solution of an infinite horizon game. Also the limit A — oo has a natural explanation: There is no advantage

of observing the jump, since both players already know that the jump will occur at the time zero.

6. ExprLIiCIT EXAMPLE WITH GEOMETRIC BROWNIAN MOTION

We illustrate the main results of the study in this section with an explicit example. Let the underlying

diffusion be geometric Brownian motion, that is, let X be the solution of the Itd equation
dXt = /LXtdt + UXtth,

where W is the Wiener process. Furthermore we assume that r > pu. Further let gi(z) = z — ¢; and

92(x) = x — ¢o and assume that ¢; > co > 0, so that go > ¢1. Given this setup, we find that (R,419:)(z) =

Ci

=z i
r+A—p A"
In this case the decreasing and increasing fundamental solutions of the ordinary second order differential

equation (A — f)u = 0 are pg(z) = 2" and Yp(z) = s respectively. Here

1 .
B 1.2 i 1_2 2 28
Vi o2 (20 H ( )\/(20 H) + 2o >7

for i = 1,2, are the solutions of the characteristic equation %02% (vi = 1) + pvyi —r = 0. Finally, the scale

2p

density reads as S'(x) = a” 2.
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6.1. Game 1 has a solution. We know that (R, g, )(z) satisfies the differential equation 2022 (R, g7 )"+
px(Rraagd) — (r+ N (Rraag) = —gi. Therefore (R, 2g]") satisfies the following conditions:

+ ale-l-)\(:E) + GQQDT+)\(,’E) if S Cc1
(Rr-i-)\gl ) =

atrir(®) + asprar (@) + (Reag) (@) iz > cr.
Since (Ry4ag;7)(0+) # 0o, we must have az = 0 and since limy_,o0 ((Rrx97)(2) — (Rrgag1)(2)) = 0+, we
must have ag = 0. Furthermore (R, )\gf) is continuous and differentiable. Thus the coefficients a; and a4

can be solved from conditions limg ¢, + (Rr42g7 ) (%) = limg—e, - (Rryagy ) (z) and limg, e, 4 (Rryagy ) () =

limg e, - (Rr42g7) (). Tt is a matter of elementary calculation to show that

B 1 (Rrgx91) (c1)raa(c1)—(Rryrg1)(c1)vr 5 (c1)
a1 = 5.l ((RrJr)\gl)(Cl) + <PT+A(01)¢L+X(01)—90’TH(Cl)wwx(cr)k <Pr+>\(cl))

(Rryag1) (c1)ria(er) = (Rriagr)(c1)¥ 5 (c1)

= o eV () =9 (e Brraler)

Next we show that the presented setup satisfies the sufficient conditions of Theorem 3.7. Since G, g;(x) =
(u—r)z+re;, for i = 1,2, we find that G,.g; € LY, for i = 1,2. The assumption ¢; > ¢o implies that G.g1 > G,.g2

— thus the conditions (1) and (3) in Theorem (3.7) hold. Moreover, since we assumed r > p, we have that

~5 > 1, therefore ii ((Z)) = g% 4 ¢z 2, for i = 1,2, satisfy condition (2) in Theorem 3.7. Finally for the

condition (3.13) recall that §; = g; — M(R,r4ag7). Thus Gryadi = Grgi + Mgy — ;) and we get

(w—r—=Nz+(r+Na if x < ey,
gr+)\g1 (‘T) =

(b—r)z+rcr if x > e,

(w=—r—=XNz+ (r+ e itr < e,
Grag2(x) =

(u—r)x+ (r+Nc2 — Ay if x> c.

From these expressions we see that the condition (3.13) holds and 1 > ¢;.
It follows that we can apply Theorem 3.7 and, consequently, that there exists a unique pair (z7,y7)
satisfying the necessary optimality conditions (3.12). If 27 < ¢, the conditions (3.12) can be written as (to

simplify notation, we write ~; := y{“‘)

— — 2p 2p
(yM)\M(% —y9) + y(viﬁ\)ﬁ(rﬂ n o T:j?) y’72+;§ L_ vt s 1(2(72 1) - 7202)

ym=D(r=p) _ ryer ), -1 _ m+Z-1
rHA—p@ r+A Y
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If, on the other hand, 27 > ¢;, conditions (3.12) take the form

(y“)\cu(”h _ 72) + y(r2—)(r—p) TV201) yw-‘r%—l _ ZVT‘rﬁ— ((7271)(7«7#)2 + Vﬁﬁil — Yoy + 2N ('71 _ 72))\&4)

r+A—p r+A r+A—p
yn=D(r—p) _ ryer ), mtE-1 _ m+2%—1 (zn=D(r—p) | mre _
( r+A—p r+A Y 7 =z 7 r+A—p + 4+ mc2) -

Indeed, the function (RTJF,\gfr ) is piecewise linear with conversion point at ¢;. Furthermore yi > &1 > ¢
(see Proposition 3.3), but we do not know whether zf < ¢; or the other way around. Therefore we have two
alternative formulation for (3.12). Nevertheless, only one of these have solution, since Theorem 3.7 guarantees
the uniqueness of the solution. Furthermore at the point z = ¢;, these two pair of equations become the same.
Unfortunately solving the optimal boundaries from these equations explicitly does not seem to be possible.

Therefore we illustrate the results numerically. But before that, let us see through the solvability of Game 2.

6.2. Game 2 has a solution. Similarly to Game 1, we find that

a 1/’7“ T)+ RT 2 )T if x Co
(Rringy )(2) = sUr A (@) + (Rriag2) (@) <

agPra(T) if > ca,

where

. 1 (Rri2g2) (c2)tria(c2) = (Rryag2)(c2)vrya(c2)
NN ) (_(RT“”)(C?) TN (2 TSN (= By oy TN ‘PT“(CQ))

(Rrixg2) (e2)¥rin—(Rriag2)(c2)¥r 5 (c2)
‘Pf,‘+)\ (02)¢7‘+x (C2)7LPT+>\ (C2)'¢';+)\ (62)

ag =

In particular as, ag < 0.
Next, we verify that the sufficient conditions in Theorem 4.5 hold. We already showed with the Game
1 that the conditions (1)—(3) hold, so it suffices to check whether the condition (4.5) holds. Recall that

gi = gi — MRr12g5 ) so that G.yag1 = Grgs + Mgy — 94s). Thus

(p—r)z+ (r+Nc1 — Aea if x < ¢,
Griagi(z) =

(w—r—=Nz+(r+Na if x > e,

(b —7)x +reg if v < cg,
gr-l—)\g?(x) =

(w=—r—=XNz+ (r+ANc if x > co.

From these expressions we see that the condition (4.5) holds and & > cs.
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Again, we can apply Theorem 4.5 and there exists a unique pair (23, y3) which satisfies the necessary

optimality condition (4.4). This time, if z5 < cg, the condition can be written as (to simplify notation we

write 7; ==~ )

K2

va+25-1 _ Z’YT’_%_ (Z(T—M)(l—w) _ T’VzCz)

(y71 (71— 72)Aae + y(12 — 1) — y2c1)y - e

2p 2p _ _
(v = 1) = mer)y™ 5 = S (DI e 923 — ) Aas ).

If, on the other hand, z5 > c¢a, the condition (4.4) takes the form

2 —_
(1 (71 — 72)Aa6 + y(2 — 1) — y2e1 )y T 71 = 22T T (2 (yp — 1) — qca + 271 (11 — 72)Aae)

71+§—571 _

(y(r1 = 1) = mer)y He(m - 1) = me).

Similarly to Game 1, we know that y3 > &1 > ¢2 (cf. Proposition 4.2), but we do not know whether z5 < co
or not. Therefore we have two alternative formulation of (4.4), but only one of these have a solution. Again,
solving the optimal boundaries from these equations explicitly does not seem to be possible and so we are

prompted to do numerical illustrations.

6.3. Numerical illustration. To illustrate the optimal characteristics numerically, we fix the parameter
configuration u = 0.03, r = 0.08, 0 = 0.35, ¢c; = 3, ca = 2 and A = 0.1. Under this choice, the value functions

for Game 1 and Game 2 are given in Figure 1(a)—(b).

FIGURE 1. (a) The solution of Game 1; (b) The solution of Game 2. Now (z7,y7) = (1.52,8.34),
whereas (z3,y5) = (1.34,5.68). For comparison in infinite horizon game (z*,y*) = (1.60,8.99) so
that now 25 < 27 < 2" and y5 < yi <y”.

The values V', V1, V5 and V3 are compared graphically in Figure 2, recall the definition of V' and V3 from

Section 5.
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0351 V(z) — Va(x)
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FIGURE 2. The differences V — Vo, Vi — V5 and V3 — Va.

In line with Proposition 5.1, we observe that the inequalities V' > V3 > V3 > V5 hold in this case. We
point out that V' > V; in this case even though go takes also negative values. The values V, V; and V5
appear to differ quite significantly from each others, which indicates that the mere existence of the expiry
time and the inside information on it can have substantial impact on the optimal exercise rule. For example,
if z = 4 for the given parameters, we have V(4) = 1.55 and V;(4) = 1.41 the difference being 0.14, so that
V' (4) is about 10% greater. However, we observe that the value V3 does not differ much from V5. This means
that in this example when the issuer have inside knowledge about Poisson clock (Game 2), she rarely takes
advantage of this information. This, in turn, is because she exercises at the jump time T only if go(X7) < 0.

This happens rarely, since go is usually positive.

In Figure 3 we illustrate the sensitivities of the exercise thresholds with respect to parameters o and A
in Game 1 and in the infinite horizon game. We notice that the order of the lower thresholds change as o
increases. This is possible, since go takes also negative values (cf. Proposition 5.1). Moreover we see that as
o increases, the continuation region gets wider. This result is in line with the literature. Furthermore, we
observe that the continuation region shrinks as A increases which is again natural in the current example. In
particular, the issuer lets her exercise threshold grow towards co so that she could increase her chances of

exercising with negative payoff.

6.4. Counterexample for inequalities 2] < z* and yj < y*. In Proposition 5.1 we prove that if go > 0,

then for the optimal stopping boundaries we have the inequalities 2] < z* and yi < y* and for the values we
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A

FIGURE 3. The changes of thresholds in Game 1 and in infinite horizon game, when changing o and .

have V(z) > Vi(z). In this subsection we show that if gs is allowed to be negative, then these inequalities
are not necessary true, a hint of this can also be seen from Figure 3.

Let the underlying diffusion still be a geometric Brownian motion and the parameter configuration as
uw=0.03 0=10, A =0.1 and r = 0.08. Furthermore, let g1 = ¥z — 3 and g» = /= — 2; in particular,
g2 > g1. It is a straightforward task to check that there exist unique saddle point solutions for Game
1, Game 2 and infinite time horizon game and that the optimal thresholds read as (z],y7) ~ (0.56,44.7);
(25,y5) ~ (0.24,39.4) and (z*,y*) ~ (0.21,30.0). Now contrary to Proposition 5.1(B), we have z{ > z* and
yi > y*. Moreover, we have also that z5 > 2* and y3 > y*. On the other hand, the boundaries of Game 2
are lower than the ones of Game 1, see Proposition 5.1(A). Moreover, we find that V(z) < Va(z) < Vi(z)

which is illustrated in Figure 4.

It is interesting to observe that the value of a random time horizon game can dominate the value of an
infinite horizon game. In fact, it can be that the infinite horizon game can have the smallest value of the
games considered in this paper, which seems first rather counterintuitive. However, this is all due to the
7sufficient negativeness” of go. Indeed, as the game will end almost surely in finite time, the issuers chances

of exercising with a very negative payoff is reduced in comparison to the infinite horizon game.
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0.10

0.05

FIGURE 4. The differences V — V2 and V3 — V. We have V < V5 <V in contrast to Proposition 5.1.
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