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ABSTRACT

We propose a new three-step phase-shifting algorithm, which is much faster than the traditional three-step
algorithm. We achieve the speed advantage by using a simple intensity ratio function to replace the arctangent
function in the traditional algorithm. The phase error caused by this new algorithm is compensated for by use of
a look-up-table (LUT). Our experimental results show that both the new algorithm and the traditional algorithm
generate similar results, but the new algorithm is 3.4 times faster. By implementing this new algorithm in a
high-resolution, real-time 3D shape measurement system, we were able to achieve a measurement speed of 40
frames per second (fps) at a resolution of 532 × 500 pixels, all with an ordinary personal computer.
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1. INTRODUCTION

Phase wrapping in the phase-shifting method is the process of determining the phase values of the fringe patterns
in the range of 0 to 2π.1 Phase unwrapping, on the other hand, is the process of removing the 2π discontinuity
to generate a smooth phase map of the object.2 Many algorithms have been developed to increase the processing
speed of phase unwrapping.3–5 However, few discussions have been focused on increasing the speed of phase-
wrapping algorithm. Traditional phase-wrapping algorithms involve the calculation of an arctangent function,
which is too slow in the case when real-time processing is required.6

In recent years, we have been developing a high-resolution, real-time 3D shape measurement system based on
the phase-shifting method.7, 8 As the phase shifting algorithm for the system, the three-step algorithm has been
our choice because it requires the minimum number of fringe images among all the existing algorithms. Less
number of images means faster image capture as well as processing, which translates into higher measurement
speed. However, our experiments show that even with the three-step algorithm, the image processing speed
is still not fast enough for real-time 3D shape reconstruction when an ordinary personal computer is used.6

The bottleneck lies in the calculation of phase, which involves a computationally time-consuming arctangent
function. To solve this problem, we propose a new three-step algorithm, which replaces the calculation of the
arctangent function with a simple intensity ratio calculation and therefore is much faster than the traditional
algorithm. The phase error caused by this replacement is compensated for by use of a look-up-table (LUT). Our
experimental results show that both the new algorithm and the traditional algorithm generate similar results,
but the new algorithm is 3.4 times faster. The adoption of this new algorithm enabled us to successfully build a
high-resolution, real-time 3D shape measurement system that captures, reconstructs, and displays the 3D shape
of the measured object at a speed of 40 fps and a resolution of 532 x 500 pixels, all with an ordinary personal
computer.9

Section 2 describes the principle of the proposed algorithm. Section 3 discusses the error of the algorithm
and proposes an error compensation method. Section 4 presents some experimental results. Finally, Section 5
summarizes the work.
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2. PRINCIPLE

Among the various phase shifting algorithms available,1 the three-step algorithm requires the minimum number
of frames and is the simplest to use. The following equations describe the intensity values of the three measured
fringe patterns:

I1(x, y) = I ′(x, y) + I ′′(x, y) cos [φ(x, y) − α] , (1)
I2(x, y) = I ′(x, y) + I ′′(x, y) cos [φ(x, y)] , (2)
I3(x, y) = I ′(x, y) + I ′′(x, y) cos [φ(x, y) + α] , (3)

where I ′(x, y) is the average intensity, I ′′(x, y) is the intensity modulation, φ(x, y) is the phase, and α is the
phase step size. Even though α can be any value, the two commonly used ones are α = 90◦and α = 120◦. The
fast phase shifting algorithm described in this paper applies only to the the case of α = 120◦. For α = 120◦,
solving Eqs. (1) to (3) for the phase yields

φ(x, y) = arctan
(√

3
I1 − I3

2I2 − I1 − I3

)
. (4)

Since computers are not that good at computing the arctangent function, the traditional approach of calculating
the phase using Eq. (4) directly is relatively slow.

We encountered this problem in our effort to develop a real-time 3D shape measurement system based on
fringe projection and phase shifting.7, 10 As a solution, we proposed a novel phase-shifting method, namely
trapezoidal phase-shifting method, that used trapezoidal fringe patterns, instead of the traditional sinusoidal
ones.6 By calculating an intensity ratio using a simple function, instead of phase using the arctangent function,
we were able to increase the calculation speed by 4.6 times, which made the real-time reconstruction of 3D shapes
possible. However, the use of trapezoidal fringe patterns brought some error due to image defocus, even though
the error is small, especially when compared to the traditional intensity-ratio based methods.11–14 In the course
of trying to deal with this error, we discovered that if we apply the algorithm developed for the trapezoidal
method to sinusoidal patterns, considering the sinusoidal patterns as the defocused trapezoidal patterns, and
then compensate for the small error due to defocus, we could preserve the calculation speed of the trapezoidal
method while achieving the same accuracy of the traditional sinusoidal phase shifting algorithm. The principle
is described in the following paragraphs.

Figure 1 shows the cross sections of the three phase-shifted sinusoidal patterns with a phase step size of 120◦.
We divide the period evenly into six regions (N = 0, 1, ..., 5), each covers an angular range of 60◦. In each region,
the three curves do not cross. Therefore, we can denote the three intensity values to be Il(x, y), Im(x, y), and
Ih(x, y), which are the low, median, and high intensity values respectively. From these three intensity values, we
can calculate the so-called intensity ratio r(x, y) as follows:

r(x, y) =
Im(x, y) − Il(x, y)
Ih(x, y) − Il(x, y)

, (5)

which has a value between 0 and 1, as shown in Figure 2(a). The phase can then be calculated by the following
equation:

φ(x, y) =
π

3

[
2 × round

(
N

2

)
+ (−1)Nr(x, y)

]
, (6)

whose value ranges from 0 to 2π, as shown in Figure 2(b). As we can see from the figure that the phase calculation
is not accurate, but with a small error. In Section 3, we will analyze this error and discuss how this error can be
compensated for.

If multiple fringes are used, the phase calculated by Eq. (6) will result in a sawtooth-like shape, just as in
the traditional phase shifting algorithm. Therefore, the traditional phase-unwrapping algorithm can be used to
obtain the continuous phase map.2
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Figure 1. Cross sections of the three phase-shifted sinusoidal fringe patterns. (a) I1(α = −120◦). (b) I2(α = 0◦). (c)
I3(α = 120◦)

3. ERROR ANALYSIS AND COMPENSATION

Fast three-step algorithm has the advantage of fast processing speed over the traditional three-step algorithm.
However, this method makes the linear phase value φ(x, y) to be nonlinear, as shown in Figure 2(b), which
produces error. In this section, we discuss the error caused by applying the fast three-step algorithm for sinusoidal
patterns first and then propose an error compensation method.

From Figure 2(b), we see that the error is periodical and the pitch is π/3. Therefore, we only need to analyze
the error in one period, say φ(x, y) ∈ [0, π/3). In this period, Ih(x, y) = I2(x, y), Im(x, y) = I1(x, y), and
Il(x, y) = I3(x, y). By substituting Eqs. (1) to (3) into Eq. (5), we obtain

r(φ) =
I1 − I3

I2 − I3
=

1
2

+
√

3
2

tan
(
φ − π

6

)
. (7)

The right-hand side of this equation can be considered as the sum of a linear and a nonlinear terms. That is

r(φ) =
φ

π/3
+ ∆r(φ) , (8)

where the first term represents the linear relationship between r(x, y) and φ(x, y) and the second term ∆r(x, y)
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Figure 2. Cross sections of the intensity ratio image and the phase image. (a) Intensity ratio. (b) Phase.

is the nonlinearity error, which can be calculated as follows:

∆r(φ) = r(φ) − φ

π/3

=
1
2

+
√

3
2

tan
(
φ − π

6

)
− φ

π/3
. (9)

Figure 3(a) shows the plots of both the ideal linear ratio and the real nonlinear ratio. Their difference, which
is similar to a sine wave in shape, is shown in Figure 3(b). By taking the derivative of ∆r(x, y) with respect to
φ(x, y) and setting it to zero, we can determine that when

φ(φ) =
π

6
± cos−1

(√√
3π/6

)
, (10)

the ratio error reaches its maximum and minimum values respectively as

∆r(φ)max = ∆r(φ)|φ=φ1 = 0.0186 , (11)
∆r(φ)min = ∆r(φ)|φ=φ2 = −0.0186 . (12)

Therefore, the maximum ratio error is ∆r(φ)max − ∆r(φ)min = 0.0372. Since the maximum ratio value for the
whole period is 6, the maximum ratio error in terms of percentage is 0.0372/6 = 0.62%. Even though this error
is relatively small, it needs to be compensated for when accurate measurement is required. Since the ratio error
is a systematic error, it can be compensated for by using an LUT method. In this research, an 8-bit camera
is used. Therefore the LUT is constructed with 256 elements, which represent the error values determined by
∆r(φ). If a higher-bit-depth camera is used, the size of the LUT should be increased accordingly. Because of
the periodical nature of the error, this same LUT can be applied to all six regions.

4. EXPERIMENTS

To verify the effectiveness of the proposed algorithm experimentally, we used a projector to project sinusoidal
fringe patterns onto the object and an 8-bit black-and-white (B/W) CCD camera with 532×500 pixels to capture
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Figure 3. Nonliearity error caused by the use of the fast three-step algorithm. (a) Intensity ratio in the region N = 1.
(b) Nonlinearity error.
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(a) (b) (c)

Figure 4. Fringe images of a flat board captured by an 8-bit B/W CCD camera. (a) Fringe image I1(α = −120◦). (b)
Fringe image I2(α = 0◦). (c) Fringe image I3(α = 120◦).
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Figure 5. Residual phase error. (a) With the traditional three-step algorithm. (b) With the fast three-step algorithm
before error compensation. (c) With the fast three-step algorithm after error compensation.

the three phase-shifted fringe images.8 First, we used a flat board as the target object. The captured three
fringe images are shown in Figures 4(a) – 4(c). For comparison, we applied both the traditional algorithm and
the newly proposed algorithm to the same fringe images. Figures 5(a), 5(b), and 5(c) show the error of the
traditional three-step algorithm, the error of the fast three-step algorithm before error compensation, and the
error of the fast three-step algorithm after error compensation, respectively. From Figure 5(b), we see that the
phase error of the fast three-step algorithm before error compensation is approximately 3.7%, which agrees well
with the theoretical analysis. After error compensation, this error, which is shown in Figure 5(c), is significantly
reduced and is comparable to that of the traditional three-step algorithm as shown in Figure 5(a). Next, we
measured an object with more complex surface geometry, a Lincoln head sculpture. The fringe images are shown
in Figures 6(a) – 6(c) and the 2D photo of the object is shown in Figure 6(d). The reconstructed 3D shapes
based on the traditional and the proposed three-step algorithms are shown in Figures 6(e) and 6(f), respectively.
We can see that the two results show almost no difference. In our experiment, we used an ordinary personal
computer (Pentium 4, 2.8GHz) for image processing. The traditional three-step algorithm took 20.8 ms, while
the proposed new algorithm took only 6.1 ms, which was 3.4 times less. The improvement in processing speed
is significant.
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Figure 6. Measurement results of a Lincoln head sculpture. (a) Fringe image I1(α = −120◦). (b) Fringe image I2(α = 0◦).
(c) Fringe image I3(α = 120◦). (d) 2D photo. (e)3D shape by the traditional three-step algorithm. (f) 3D shape by the
fast three-step algorithm.
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5. CONCLUSIONS

In this paper, we proposed a fast three-step phase-shifting algorithm based on intensity ratio calculation and
LUT error compensation for real-time 3D shape measurement. This algorithm originated from the previously
proposed trapezoidal phase-shifting method, which was aimed at improving the processing speed of the fringe
images. In this research, we found that the same algorithm developed for the trapezoidal fringe patterns could
be used to process sinusoidal fringe images with a small error, which could be easily eliminated by using an LUT
method. This finding resulted in a new three-step phase-shifting algorithm that is 3.4 times faster than and just
as accurate as the traditional three-step algorithm. Experimental results demonstrated the effectiveness of the
proposed algorithm. We have successfully implemented this algorithm in our real-time 3D shape measurement
system, which resulted in a frame rate of 40 fps and a resolution of 532× 500 points.
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