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Abstract. In the present paper, we use some standard a priori estimates for
linear transport equations to prove the existence and uniqueness of solutions for
the Camassa-Holm equation with minimal regularity assumptions on the initial
data. We also derive some explosion criteria and a sharp estimate from below for
the existence time. We finally address the question of global existence for certain
initial data. This yields, among other things, a different proof for the existence and
uniqueness of Constantin and Molinet’s global weak solutions (see [9]).

Introduction. In the past few years, a large amount of literature has
been devoted to the following one-dimensional nonlinear dispersive equation:
0w — 02 v+ 20,0 + 3v0,v = 20,v02,v + vI2, 0. (0.1)
The model above, commonly called the Camassa-Holm equation, has been
derived independently by A. Fokas and B. Fuchssteiner in [12], and by R.
Camassa and D. Holm in [3] (see also [13] and [4]). Some generalizations
of (0.1) with higher-order terms are also relevant (see e.g. [14]). In the
above equation, the function u = u(t, z) stands for the fluid velocity at time
t > 0 in the z direction and x is a nonnegative parameter. In the present
work, x will be in R or in T where T denotes the circle R/Z, and most of
our results shall apply indistinctly to both cases. We shall merely use the
notation x € A to mean that z belongs to R or to T.
Like the celebrated KdV equation,
Ohu + 6udyu + 0> u =0,

rxrx

the Camassa-Holm equation describes the unidirectional propagation of
waves at the free surface of shallow water under the influence of gravity. It
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turns out that (0.1) is also relevant to describe the propagation of nonlinear
waves in cylindrical hyperelastic rods (see [11]).

The reason for the success encountered by this new model lies in the fact
that it has both solitary waves interacting like solitons (see e.g. [3], [4], [10]
and [7]) and, in contrast to KdV, solutions which blow up in finite time as
a result of the breaking of waves (see e.g. [7] and [8]).

Throughout the paper, we shall concentrate on the case k = 0 (which
actually is not restrictive since the change of variables u(t, x) = v(t,x—kt)+k
leads to (0.1) with x = 0), and we shall address the question of the initial
value problem for positive times. As soon as uniqueness holds, it is clear
however that we have similar results for negative times. This is just a matter
of changing the initial condition ug into —uyg.

At this point, one can wonder which regularity assumptions are relevant
for initial data wug so that the initial value problem be well-posed in the
sense of Hadamard (i.e., (CH) has a unique local solution in a suitable func-
tional setting, and continuity with respect to the initial data holds). In the
first mathematical works devoted to (CH), the initial data uy were taken in
the nonhomogeneous Sobolev space H3, and well-posedness was shown in
C([0,T); H*) N C([0,T]; H?). Tt was stated besides that the solutions may
blow up in finite time or be global (see e.g. [6], [7] and [8]).

The link of (0.1) with nonlinear transport equations was pointed out in
[6]. Indeed, (0.1) may be rewritten as follows:

Opu + udyu = P(D)(u? + %(axu)z)a Ujg=0 = U0, (CH)

with P(D) = —0,(1 — 02)~'. Obviously, the H? assumption on the initial
data can be weakened. This was noticed before in [18] and [16] where lo-
cal well-posedness is stated for initial data in the nonhomogeneous Sobolev
spaces H® with s > 3/2.

Actually, taking initial data in Sobolev spaces does not matter. What does
matter is the choice of a Banach space E which is included in the space Lip
of continuous, bounded functions with bounded derivatives. Indeed, under
such an assumption on F, it is in general possible to get a priori estimates
in C(]0,T]; E) for the solution of linear transport equations

ow+adyv=f, v0)ekE, a,feC(0,T];E).

Therefore, the existence of local solutions might be proved in a plethora of
Banach spaces such that in addition G : u +— P(D)(u? + (0yu)?/2) maps E
to F continuously.
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We concentrate on the case where E is a nonhomogeneous Besov space
B; .. (see their definition in section 1). We deliberately use these very spaces
which are built on LP to emphasize that using spaces built on L? (such as
Sobolev spaces) is not so important. Note in passing that, since B3, = H",
the results of [16] or [18] come up as a special case of our results.

In the Besov spaces framework, the condition £ C Lip is equivalent to
s>1+1/p (or s > 1+ 1/pif r = 1), and it turns out that no further
restrictions are needed for the continuity of the map G (except that the
endpoint r = 1, s = 1, p = 400 is not allowed). We shall see on the other
hand that the additional condition s > 3/2 is required for uniqueness. This
merely stems from the fact that we are led to estimate the difference between
two solutions in BS " and that the term (8,u)? is involved in the right-hand
side of (CH).

Due to the use of estimates for the transport equation, we shall get a blow-
up criterion (almost) for free: the solution ceases to have the smoothness of
the initial data at time T™ if and only if

/0 )3, it = +o0. 02)

Let us emphasize that this type of explosion criterion is quite universal
for nonlinear hyperbolic PDE’s (a similar result holds for nonlinear wave
equation: see [15]). Actually, getting local existence results and the above
blow-up criterion barely utilizes the structure of (CH). An analogous method
would yield similar results for more general (possibly d-dimensional) equa-
tions

Ou+u-Vu = f(u, Vu).

Of course, the exact range of Besov spaces for which local well-posedness
holds depends on the dimension and on the nonlinearity f(u, Vu).

Next, we shall turn to results which are more specific to (CH). We first
aim at getting an explosion criterion more precise than (0.2). For that
purpose, we shall suppose that in addition ug € H!. Indeed, this will enable
us to use the energy (i.e., the H! norm) as a conservation law. In view of
Sobolev embeddings, this provides us with a uniform control on |[u(t)||; -
Further considerations based on a result by A. Constantin and J. Escher in
[8] will show that only the part infyea 0yu(t, z) of the whole norm [Ju(t)||;,
is responsible for the blowing-up of solutions. This fact was remarked before
in [7] and [6] for smooth solutions, though not explicitly stated. We are also
interested in getting a sharp estimate from below for the existence time.



956 RAPHAEL DANCHIN

Let us now present our main result. The reader not familiar with Besov
spaces can simply take ug in H® (s > 3/2) in the statement below.

Theorem 0.1. Let 1 < p < 400 and 1 < r < 4o00. Suppose that uyg €
Bs .NH' with s > max(1+1/p,3/2) (ors =1+1/p, p <2 andr = 1). Then
(CH) has a unique mazimal solution in C([0, Ty ); By,)NC([0, T} ); B ')
with constant H' norm.

Letc=11if A=R and c = cosh(1/2)/sh(1/2) if A ="T. Then the lifespan
Ty, satisfies

u

e 2 Vel[uol| g
T >T, f 2 arctan(—YONHY )y 0.3
o—r Velluoll g (mfxeA Owug(x)) (0-3)
Moreover,
Ty, < +oo :>/ & mf dpu(t,z)) dt = —oo. (0.4)

If the potential yo o — D%, uo has a sign then T} = +oo and sgn(u(t) —
02pu(t)) = sgnyo.

Let us stress the fact that (0.3) is sharp: for any € > 0, there exists a
smooth wug for which the maximal existence time T for solutions to (CH)
satisfy To < (1 + €)Ty,

Since for many initial conditions, blow-up occurs in finite time, consider-
ing the question of lower semicontinuity for the maximal existence time is of
great interest. This is the aim of Theorem 4.1 below. We should mention in
passing that our proof easily extends to more general equations.

One of the main interesting features of (CH) is the existence of stable
solitary traveling waves which are solitons (see [3] or [7]):

u(t,z) = ce” P70t 20 e R, ceR.

These waves have a discontinuity in the first derivative at their peak (i.e., at
x = xg+ct). In particular, the corresponding initial datum wg fails to satisfy

the regularity assumptions required in Theorem 0.1 (actually uy belongs to
1

1+1 1+
any Besov space Bp,od but not to B, ;”). Let us remark on the other hand
that in the special case of solitons, the potential yq et ug — 02, ug is a Dirac
mass. This motivates the study of well-posedness for initial data such that
Yo is in the space M of regular Borel measures with bounded total variation.
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In [9], A. Constantin and L. Molinet concentrated on the case where, in
addition, yo is positive. On the basis that, in this particular case, sgny(t)
and ||y(t)]| ;. are conserved with time, they proved the existence of a “global
weak solution” for such initial data. Uniqueness also holds, which means
that solitons are indeed relevant solutions. This also means on the other
hand that these “weak solutions” are not that weak.

In the present work, we do not make any sign assumption. Our aim is
to get a statement similar to Theorem 0.1. We shall indeed prove the result
below.

Theorem 0.2. Suppose that yo belongs to M. Then (CH) has a unique
mazimal solution u belonging to C([0, T} ); H*)NC ([0, Ty, ); H¥') for any

s < 3/2, and such thaty el — 02 u stays in M uniformly on every compact

subset of [0, T,y ). In addition, the energy is conserved:

T >
" ol

T
and T, < +oo = / (inf Opu(t,z)) dt = —oo.
0 A

i
re

If yo has a sign then the solution is global, and sgny(t) and |ly(t)|| , are
conserved.

Our paper is organized as follows. In the first section, we recall some basic
results on Besov spaces. In section 2, we investigate the well-posedness of
(CH) in Besov spaces, and state a blow-up criterion. The third section is
devoted to the proof of Theorem 0.1. In the fourth part, we prove that
the maximal existence time of the solutions has lower semicontinuity with
respect to suitably smooth initial data. In section 5, we prove Theorem 0.2.
We end the paper with an appendix devoted to the proof of estimates in
general Besov spaces for d-dimensional transport equations. We also give
there two approximation results used in part 5.

1. A few facts on Besov spaces and some notation. Before reaching
into the heart of the matter, we recall some basic results on Besov spaces.
They are not specific to the one-dimensional setting, and the positive integer
d will stand for the space dimension. A more complete presentation may be
found in [19]. We here use [5]’s notation.

The usual definition of Besov spaces relies upon a dyadic partition of
unity in Fourier variables: the Littlewood-Paley decomposition. We can use
for instance any couple (x,¢) of C*° functions such that y is supported in
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{€ e R |¢] < 4/3), p is supported in {£€ € RY:3/4 < |€] < 8/3}, and

XE)+Y p279%) =1 for £eR”

qeN

Let us first consider the whole-space case. Denote ¢4(§) = ¢(279€), hy =
F~lp, and h = F~'x. We then define the dyadic blocks as follows:

Au®0 if g<—1, A ju® x(D)u= / h(y)u(z — y) dy,
Rd

Agu def ©(279D)u = /Rd he(y)u(x —y)dy if ¢ >0.

In the periodical setting, we shall decompose the functions on the torus T¢
in Fourier series: u(x) = Y cz4 Uae?™™ ™, denote

hg(z) = Z ©(2790)e?™®  and  h(z) = Z x(a)ei o,

a€eZd agczZd
and define the dyadic blocks as follows:

Au=0 if g< -1, Aqu= Y x(@)uaem —/ h(y)u(z—y) dy,
Td

aeZd

Aqu def Z 027 %) uqa e :/ he(y)u(x —y)dy if ¢> 0.
a€Zd T4
In both cases, we shall also use the notation S,u &f > p<q_1 Apu.

From now on, we will not make a distinction between the periodical and
the whole-space cases (except where otherwise stated) and the notation A%
will stand for R? or T¢.

The formal equality

u= Z Agu
g=>—1
holds in S'(A?) and is called the Littlewood-Paley decomposition. It has
nice properties of quasi-orthogonality: with our choice of ¢, we have

ApAgu=0 if |k—q| >2 and Ag(S;—1uldgu) =0 if |k —g¢| > 5. (1.1)
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We can now define the Besov spaces.

Definition 1.1. For s € R, (p,7) € [1,+c]? and u € S'(A%), we set
1

def r\T . def
lull, = (Eysmr (27 1AGul,)" )" i 1< 7 < oo and fulp,

sup,>_1 2°¢ ||Aqul ;. We then define

By, < By (A%) = {u € 8'(A%) : |lull, < +oo}.

The above definition does not depend on the Littlewood-Paley decompo-
sition chosen. Let us indicate how Besov spaces are related to Sobolev and
Holder spaces:

Proposition 1.2. For s € R, we have B3 o = H®. For s € RHT\N, we have
B =C°.

Remark that we have the following strict embeddings (where < means
continuous embedding): ngl — L® — Bgom. If we denote by Lip the
space of bounded functions with bounded first derivatives, we have B}, ; <
Lip — Bl .. It will be sometimes useful to know the place of L' and of
the space M of regular Borel measures with bounded total variation in the
range of Besov spaces:

Lemma 1.3. The following embeddings hold : Bgl Lo M— B?m.

Proof. Let us prove M — B%oo. The other embeddings are straightfor-
ward. If u € M, then

Agu() = [ hy(y)duta =)

so that, denoting by |lu||,, the total variation of u, we have according to
Fubini’s theorem,

1Agull,. < / g ()] dy / dlul(z) < Cllul
Ad Ad

We of course also have [[A_jul/;, < HﬁHLl lul| o, which completes the
proof. [

Straightforward computations show that the Dirac measure § (which is in
some sense the less regular element of M) belongs to B%OO but not to B%T
for r < 4-o00.
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Let us give some classical properties for the Besov spaces (see the proofs
in [19] for example).
Proposition 1.4. The following properties hold :

i) Density: if p,r < 400 then S(A%) is dense in Bj .

ii) Generalized derivatives: Let f € C°°(R%) be a homogeneous function
of degree m € R away from a neighborhood of the origin. There exists a
constant C depending only on f and such that Hf(D)UHB;;m < C|u|

By .*
s—d(-+—-L

iii) Sobolev embeddings: if py <pa and r1 <, then B, . — By, »,"" 7.
If s1 <89, 1<p <400 and 1 < ry,r9 < +00, then the embedding B;?TQ —
By, is locally compact.

iv) Algebraic properties: for s > 0, B, . N L™ is an algebra. Moreover,
8 an algebra) <= (B, , — L*) <= (s > p/d or (s > p/d and
1)).
v) Interpolation: (B, , By2,)e.q = Bﬁi}*““))” for0<6<1.

vi) Fatou property: If the sequence (fi)ken is uniformly bounded in B, ,

and converges weakly in S’ to f, then f€ B, . and || f|| 5, < likm inf || fx|| g -
’ s —00 P,

B

S
p,
r =

We have the following continuity properties for the product of two func-
tions:

Proposition 1.5. For any s > 0 and 1 < p,r < +oo, there exists C =
C(d, s) such that

luvllgy . < Cllulpw el 5y + 0l llulls; ). (1.2)

If1 < pr < oo, s1,80 <d/p if r > 1 (s1,82 < d/p if r = 1) and
s1+ s2 > 0, there exists C = C(sy, s2,p,r,d) such that

faoll oy s < Clullger 0] - (1.3)

s1+s9— P
p,T

If 1 <p,r <400, s1 <d/p, s >d/p (s >d/p if r=1) and s1 + s2 > 0,
there exists C = C(s1, S2,p,7,d) such that

luvll 5z, < Cllull e 10

B2 - (1.4)

Notation. Throughout, C will stand for a “harmless” constant. For any
Banach space X, 0 < T < 400 and 1 < r < 400, we shall denote by
L"(0,T; X) the set of measurable functions on (0,7") valued in X and such
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that the map ¢ — ||u(t)||y belongs to the Lebesgue space L"(0,7). The
space C([0,77; X) will stand for the set of continuous functions on [0, 7]
with values in X, and we shall use the notation C([0, T]; X) for functions f
in C([0,T7]; X) differentiable with respect to ¢ and such that J; f also belongs
to C([0,T]; X).

2. Local well-posedness. In this section, we address the question of
local well-posedness for (CH) with initial data uo in Lip N B, ,.. We shall
see that existence holds true as soon as s > 1, and uniqueness as soon as
s > 3/2. We also prove a first blow-up criterion. More precise criteria will
be derived in section 3.

Uniqueness and continuity with respect to the initial data are a corollary
of the following:

Proposition 2.1. Let 1 < p,r < 400 and s > 3/2. Suppose that we are

giwen (u,v) € (L>(0,T;Bs . NLip) N C’([O,T];S’))2 two solutions of (CH)

with initial data ug,vo € B, , N Lip. Then we have for every t € [0,7T7] :
[u(t) = o)l gg-1 e (2.1)

< o — o] I (1 sy w10 by nsp) 47

By lnLee
Proof. Let us assume for the sake of simplicity that B;, C Lip. Denote

w By Obviously, w is in C([O,T};B;;l) and solves the following

transport equation:
1
ow + udyw = —wdyv + P(D) (w(u+v) + §8xw Dz (utv)).

According to estimate (A.1) and Proposition 1.4 i), the following inequality
holds true:

C [} 10wl o1 d’
(2.2)
X (1 wd0) ()| gy + 1l (w(A0)) ()l oz + (B0 B (wt0)) (7] -2 ) -

Since B;;l C L°°, the space Bf,;l is an algebra according to Proposition
1.4 ). Therefore,

||w3mv||B;;1 §0H81:U||B§;1Hw||35;1v (2.3)

gt <C(|lul

C [F18uu(T)|| .s—1 dr’ t
W) e < |[wollmese Jo ll u(T)Hprrl T L C .
B; B
3T ,T 0

Jeo(ut0)l| -2 < Cllao(uuo)

Bf,;l—i_ HU‘ Bg;l)"w‘ B;;L

(2.4)
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Ifs>2+1/pors>2+1/pandr =1, then B;_f is also an algebra so that

|0z w O (utv)]|

B2 < C| 0wl B2 (H(‘?Iu| B2t [0z v] B;jf)a
< Clwl g (el s + 0] =), (25

Otherwise, we still have s > 3/2and s > 1+ 1/p (or s > 1+ 1/pif r =1)
because B, . C Lip. Therefore, we can apply (1.4) and get

0w Oz (u + U)HB;TE < CHawaB;jE (H@quB;;} + HaxUHB;jrl)’
< Cflwl B (Hu\ BS,T)' (2.6)

Bs ., + (o]

Plugging (2.3), (2.4), and (2.5) or (2.6) in (2.2), and applying Gronwall’s
lemma, we end up with

Ju(t) ~ o0yt < oo — voll gy o Mg Ol Jor 5 7

If B, . ¢ Lip, the proof of (2.1) relies on inequality (A.2). Next, this is just a
matter of replacing everywhere ||-|| gs-1 (respectively ||| B;,r) by [ ga=1pe
Bs nLip) i the proof above. The important fact is that

P,

(respectively |||
I1P(D)zll L < Cllzll Lo - (2.8)

This may be seen by considering the explicit expression of the kernel of P(D)
or by noticing that 9,P(D)z =z — (1 —92,)"'2. O
Before stating our local existence result, we define some functional spaces.

Definition 2.2. For T >0, s €¢ R and 1 < p < 400, we set

S d_ef . S . S— 3 3
B3, (T) < C(0,T); B3,) N CY([0,T); B:3') NLip([0, T] x A) if r < o0,

s def ;o . Rs : . Rs—1 :
By o (T) = L*>(0,T; B, ,,)NLip([0, T]; By 5 )NLip([0, T] x A).
The notation Ej , stands for Nr~oE, .(T').
Let us state our well-posedness result:
Theorem 2.3. Suppose that s > 1, 1 < p,r < 400 and up € B, , N Lip.
Then there ezists a time T > 0 such that (CH) has a solution u € E, .(T).

If in addition ug € H', one can arrange that the solution satisfies

[l g2 < Mol - (2.9)
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If moreover s > 3/2, then uniqueness holds in E; (T'), equality holds in
(2.9) if ug € H', and the map ug — u is continuous from a neighborhood of
ug in By, . into C([O,T];B;:r)ﬁCl([O,T];ngfl) for every s’ < s if r = +o0,
and s’ = s if r < +o0.

Proof. Uniqueness when s > 3/2 is an immediate consequence of Proposi-
tion 2.1.

Now, let us assume for the sake of simplicity that B, , < Lip. We use
a standard iterative process to build a solution. Introduce a nonnegative
mollifier p € C§°(R?) such that [ p = 1, and denote p"(z) = np(nz). We
then choose u" = 0 and define by induction a sequence of smooth functions
(u™)nen solving the following linear transport equation:

a un)Q
O +umd, ) u"tt = P(D u”2+4(gC ,
u g = ug ™ L wug.

Denote U™ (t) = fg |u™(7)|| gs dr. According to Propositions A.1 and 1.4

i1), we have
||un+1(t)HB§,T < eCU (t) (HunglnB;m (2‘11)

t
e / e~V (| (7) Pl gt + 1@t (7))? ) ).

As 7+ Ay = Ay 5 ta) amd 741, = 1, we have [

|uoll 5= - On the other hand, Bj,! is an algebra and B, — B3 so that
p,T ’ ’ ?

<

the last term of (2.11) may be easily bounded. We eventually conclude that

t
o Ol , < €O (ol +€ [ O ()l ar). 212)
p,r p,T 0 o

Let us fix a T' > 0 such that 2C||ug|| 5. T' < 1 and suppose that

) ool 5,
vt € (0,7, lu"(t)] 5, <

. 2.13
=T 20wl )
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Plugging (2.13) in (2.12) eventually yields

1
<
/= 2CTul

6]

s t
B,

t

dr [uoll g
-+l )< el
Bj., | OHBp,r o (1—2C|uo| - 1_20”2‘0”B§rt

Therefore, (u")nen is uniformly bounded in C([0,77]; B; ,.). This clearly en-
tails that u"d,u™ is uniformly bounded in C([0, T]; B '), and the right-hand
side of (2.10) has been shown to be uniformly bounded in C([0, T; B; ,.). We
conclude that the sequence (u™),en is uniformly bounded in C([0, T; B;, )N
CH([0,T); B ).

As the embedding B, — B;;l is locally compact, the Arzela-Ascoli
theorem and Cantor’s diagonal process enable us to conclude that, up to an
extraction, the sequence (u")nen tends to a limit u € Lip([0,T]; By ') for
the topology of C([0,T7; (B, !)ioc); i-e., for any ¢ € C§°(A),

x (lluol

3
2

BZSMT)

910 (8) = G(0)] g

— 0 uniformly on [0, 7.
n—-+o00

Since (u")nen is uniformly bounded in C([0,T7; B; ,.), we have, according

to Proposition 1.4 vi), u € L>(0,T; B, ,). By interpolation, convergence
of ¢u™ to ¢u holds in C([0,T]; B,) for any s’ < s and ¢ € C§°(A). As
s > 1, this enables us to prove that u indeed solves (CH) in the sense of
distributions.

Now, (0¢ + u0,)u is in L>°(0,T; B, ,.). Hence, if in addition r < +o0, we
have u € C([0,77]; B, ,.) according to Proposition A.1. From this, we readily
gather that d;u € C([0,T]; B5 ).

If vg is in a small neighborhood of ug in B ,., the arguments above give the
existence of a solution v € E; . (T') to (CH) with initial datum vo. If s > 3/2,
Proposition 2.1 combined with an obvious interpolation ensures continuity
with respect to the initial data in C'([0,T7; B;:T) N ([0, T; B;:;l) for any
s’ < s.

The fact that continuity also holds in C([0,T]; By ,.) N C'([0,T]; By ')
when r < 400 is not obvious but belongs to the mathematical folklore.

It may be proved through the use of a sequence of approximate solutions
(te)eso for (CH) which converges uniformly in C([0,T]; Bs,.) N C*([0,T];
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B;;l). A viscosity approximation gives the desired property of convergence.
Since this question of continuity up to the index s is of secondary importance,
we shall not give more details in the present paper.

The case where B, ,. #~ Lip may be treated in a similar way. We just have
to use the norms ||- HBé _ALip instead of II ||Bé . Indeed, inequalities (2.8) and

(A.2) provide a control on the Lip norms. The details are left to the reader.
Let us assume now that, in addition, the initial datum ug is in H'. Using
the approximation scheme above to prove that |[u(t)|| ;1 < |luol| 4 is not
judicious since, in contrast to (CH), it does not conserve the H' norm.
This is actually more convenient to mollify the initial datum uy as above
and to define u™ as the maximal solution of (CH) corresponding to u{. Since,
for instance, ujy € H* and ||u} HB, < HUOHB; the proof above combined

with uniqueness ensures that for any 7' such that 2C||ug]| gy T <1 u"¢

C([0,T); H*n B; ) N C'([0,T]; H* N B3 '), In particular, the smoothness
of u™ allows us to derive directly from (0.1) that

vt € [0, T], [lu" Ol g = lugll g < lluoll g (2.14)

On the other hand, applying Proposition A.1 to the equation (CH) satisfied
by u™ and following the steps of the proof above, we conclude again (2.13).
We can therefore prove the convergence of (u"),en to a solution u of (CH)
as before. Since (2.14) holds, we besides get ||u(t)|| ;1 < |[uol| -

Let us remark now that the construction above enables us to solve (CH)
backwards on the whole interval [0,7”] from any time 77 < T'. Starting with
u(T"), this yields a solution v € E5 (T") defined on [0, T"]. Since u(T") € H',
we will have in particular [[v(0)||;: < [[u(T7)||4:. If moreover s > 3/2,
uniqueness ensures that v = u on [0,7"]; hence, [[u(0)]|7:1 < [|u(T")| -
Therefore, the H! norm is preserved with time. [

Let us now tackle the problem of breakdown. The first explosion criterion
we shall obtain is a corollary of the following estimate, which is similar to
that deduced by S. Klainerman in [15] for Sobolev norms in the framework
of nonlinear wave equations:

Lemma 2.4. Let 1 < p,r < 400 and s > 0. Let u € L>(0,T;B;, N
Lip) solving (CH) with ug € B, , N Lip as an initial datum. The following
inequalities hold on [0,T) (with a constant C depending on s and p) :

lu(®)| g < [uoll gs €€ Jo N4 lipdr (2.15)

()l < lluollypefo 1 luindr. (2.16)
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Proof. Let us apply A, to (CH). This yields
1
(0 + u0y) Aqu = [u, Ag]0yu + P(D)A, (u? + E(qu)g)

As s > 0, we have according to the estimate (A.9) of the appendix,

I[u, AglOwull p, < Ceg2™%|ul

Bs.,. [0l 1o -
On the other hand, according to Propositions 1.5 and 1.4 i),

Opu)?
1PO) e+ )| <yl

DT

s .
pr"‘

Going along the lines of the proof of Proposition A.1, this leads to

[u(®)]

t
5y, < ol +C [ )yl dr

Gronwall’s lemma yields (2.15). Making use of inequalities (3.4) and (3.5)
below, the proof of (2.16) is straightforward. [

Definition 2.5. Let up € B;, N Lip. We define the lifespan 77 of the
solutions of (CH) with initial data as

Ty, ef sup{7' > 0 : (CH) has a solution u € E; .(T)}.

We then have the following result:

Proposition 2.6. Suppose that ug € B, N Lip with 1 < p,r < 400 and
s >3/2. If T,y is finite, then we have

T
/O () g i = 0. (2.17)

If in addition ug € H*, then ||u(t)|| 1 = ||uoll g2 on [0, T ) and

s Lug

7
T: < 400 = / " 10su(P)|] o dr = oo, (2.18)
0
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Proof. Let u € Nr<r+E, .(T) be such that fo [[u(7)|1;p d7 is finite. Ac-
cording to Lemma 2.4,

vVt € [OaT*)7 ||u(t)’ B: ., < Mrp+ d_ef ”UO| CfOT ()l Lip dT. (219)

Bs. ﬂLp

Let € > 0 be such that 2CeMp+ < 1 where C is the constant used in the
proof of Theorem 2.3. We then have a solution u € E .(¢) to (CH) with
initial datum u(7T* —€/2). For the sake of uniqueness, u(t) = u(t+71* —¢€/2)
on [0,€¢/2[ so that @ extends the solution u beyond T*. We conclude that
T* < T, and (2.17) is proved.

If in addition ug € H', we saw in Theorem 2.3 that [Ju(t)| 5. is constant
on a small time interval. Making use of Proposition 2.1 and Lemma 2.4, we
can easily check that ||u(t)| ;1 is a constant on the whole interval [0, 7T} ).
Indeed, if it were not the case, there would exist a maximal T < Ty, such

that ||u(t)|| ;. is a constant on [0,7). Defining Mz as in (2.19) and using
Theorem 2.3, we would get an € > 0 such that (CH) has a solution in E , (¢)
with constant H' norm and initial data u(T — ¢/2). Therefore, uniqueness
implies that ||u(t)]| 5. is constant up to time T + €/2, which contradicts the
definition of T Now, thanks to the following Sobolev inequality,

Voo < , 2.20

we have a uniform control on |[u(t)||; for ¢ < Ty so that (2.17) reduces to
(2.18). O

Remark 2.7. In the supercritical case s > max(1+1/p,3/2) and if ug € H?',
we have a more general explosion criterion:

T?to
T} < +o0 —> /0 |02u(7) | o _ d7 = +o0. (2.21)

The fact that |Jyu(t)||; -~ may be replaced with the weaker norm
|0zu(t)|| go  is not surprising. A similar property has been stated for Euler
equations (see for example [1] or [5]). This merely stems from the following
standard interpolation inequality for s > 1+ 1/p:

10z ull g, |
).

1020l oo < ||8azu||15»gc - log( W
’ B
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3. Lower bounds for the maximal existence time. This part is
mainly devoted to the proof of Theorem 0.1. Our first result however states
that even for more general initial data with possibly infinite energy, one can
get a lower bound depending only on [[ug |y, for the lifespan of the solutions.

Proposition 3.1. Ifug € By . N Lip with s > 3/2, then we have

~ 1
T: > Ty & :
U (14 V2/2) 10suoll e + (V24 1) Juoll

Proof. From (CH), we derive the following equality:
1 1
010U + u0y Opu = u* — 5(8xu)2 —(1-02,) (v + 5(6mu)2)

This clearly implies that

t
1
ot < 10, + [ (Nl + 5 W00l

) dr.

On the other hand, the operator (1—92,)~! is the convolution operator with
kernel

(3.1)

n H(l — 92 )71 <u(7’)2 + %(BM(T)V)

Lo

ch(z — [z] — 1/2)
2sh1/2

1
p(z) = §€_m if A=R and p(x)= it A=T, (3.2)

so that the following estimates hold true:
10— 2 0 e < ol amd (31— 32) 0 < ol - (3:3)
Coming back to (3.1), we thus gather that
! 2 2
10z u(®)] oo < l|0zuol| o +/0 (I0zu(r)l Lo + 2 [lulT)l o) dr. (3.4)

Similarly, we directly get from (CH) and (3.3) that

g < ol + 5 [ QO +2 ) ) dr (35)
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From (3.4) and (3.5), we conclude that
2(t) < 2(0) + (1 + \/5/2)/0 (2(r))? dr

with 2(t) €' |0,u(t)|| Lo + V2 |[u(t)]| = so that

20 .
z(t) < for ¢t < min(T,,,T; ). 3.6
) =< 1— (14 v2/2)20t (Too, T2 ) (36)

In view of Proposition 2.6, this implies that T}; > TVUO. |

Remark. We shall see below that the coefficient (1 + +/2/2) is not optimal
in the case of finite-energy solutions. Let us notice that plugging (3.6) in
(2.15) yields the following bound:

[u(®)]

-B
B; . (1 - N—)

for a positive 3 depending only on s, p and r.

In the case where the initial data ug are in H', one can improve the ex-
plosion criterion (2.18) and get a sharp estimate from below for the existence
time T :

Theorem 3.2. Suppose that uo € Bj, N H' with s > 3/2 and Bj, C
Lip. Then (CH) has a unique mazimal solution u € C([0,T, ); B, ,) N
C([0,T;.); By') with constant H' norm. If we denote

5. < lluo

M(t) < sup dyu(t,x) and m(t) L inf dpu(t,x),
T€A z€A

we have for every t < T

HUOHHI
M(t) < ———— max
( ) o \/§

< max (M(O), %) (3.7)

( VZM(0) + [[ug | 1 tanh( ”“;&gﬂ)

luo | g1 + v2M (0) tanh(1olart)

S

and the lifespan T}, = satisfies

arctan ( m(0)

2
G 35
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with ¢ = 1 if A = R and ¢ = cosh(1/2)/sh(1/2) if A = T. The lower
bound above is sharp: for any € > 0, there exists a ug € H> such that
Ty < (1+€)Ty,. In addition, we have the following blow-up criterion:

Ty, < +oo= /0 m(t) dt = —oo. (3.9)

Proof. Throughout the proof, we shall assume that ug # 0.

Step 1: The case of smooth data: ug € H3. The proof of Proposition 3.2
relies on an “abstract key result” by A. Constantin and J. Escher (see [8])
which holds true for functions belonging to C1([0,T]; H?). Since we shall
apply this result to u, we shall suppose as a first step that ug € H3. The
“abstract key result” is the following:

Lemma 3.3. Let T > 0 and v € CY([0,T]; H?*(A)). Then for every
t €10,T), there exists at least one point &(t) (respectively ((t)) in A such that
m(t) € infoca Opo(t,2) = Oo(t, £(1)) (resp. M(1) < sup,eq dsv(t,a) =
d,v(t,C(t))) and the function m (respectively M) is almost everywhere dif-
ferentiable on (0,T") with

m/(t) = 0,00v(t,£(t)) (respectively M'(t) = d,0,v(t,((t))).

This lemma was first proved in [8] for m only and in the case A = R.
However, since the proof relies on local arguments and on the existence of
&(t), it works for A = T as well. Besides, changing v into —v, we obtain the
desired result for M.

Let us tackle the proof of Theorem 3.2 in the case uy € H3. According to
Theorem 2.3 and Proposition 2.6, (CH) has a unique maximal solution u €
C([0,Ty,); H*) N CY([0, Ty, ); H?) with constant H' norm, and T} satisfies

(2 18). (in view of Lemma 3.3 applied to v = u, we have for almost every
(07 T'Zl,(o)
dm  m? o (Oru)?
S T =t ew) - (px (w2 2) ) €W, (310)
dM  M?

DAL e - (o (2 E) ) e, s

In the case A = R, it was proved in [8] that

px <u n (62“) ) > “22 (3.12)
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Since in the case A = T the kernel of (1 — 92,)~! satisfies
e_‘m_k‘
2 )

ch(z — [z] — 1/2) _ Z

PE) = = 55a0/2)

keZ

it is easy to prove that (3.12) still holds.
From (3.11) and (3.12), we now gather that for almost every ¢ € (0,7} ),

> U

dM  M?  u?
— — < —(t,C(t)).

In view of inequality (2.20) and as ||u(t)|| 51 = ||uo|| g1, we get

dM M ol

1
dt 2 4 (3:13)

The continuity of d,u on A x [0,T ) obviously entails the continuity of
M. Therefore, according to (3.13), we easily gather (by contradiction) that
M(t) < |luoll g1 /v2 if M(0) < [luoll 2 /V2.

If M(0) > |lugl| ;72 /V/2, there exists a maximal T* < Ty such that M >
lwoll 1 /v/2 on [0,T*). According to (3.13), M is nonincreasing on this
interval. More precisely, denoting N(t) = v2M(t)/||uo| 1, we have for

almost every t < T,
2N'(1) [l

=N = Va2

so that routine computations yield

l[woll 1
M(t) < \/§H

(ﬁMw) + fluoll g tanh('“gbg%)

ol g1 + v/2M (0) tanh( Hugl'/%”)

Now, if T* < T, we then have M(t) < |lug|/gi/v2 on [T, T ). This
achieves the proof of (3.7) in the case up € H3. Combining (2.18) and (3.7),
we readily gather the explosion criterion (3.9).

Let us now turn to the proof of the bound from below for T} . Since
Ipll L < ¢/2 with ¢ given in the statement of Theorem 3.2, we obviously
have

dm  m? c 2 c 2
T + - > *§”u(t)||H1 = *§||u0||H1-
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After a time integration, we deduce that, for all ¢ < min(7}; , T, ),
t 0
) i ® Vel

Velluoll g — Velluol| g 2

arctan

or in other words,

cllugll -1 tan Velluollgn 4} _ 1,0
R oll 1 tan (YLl 1) 0 -

= m(0) JlrgLury)
L i tan (gl

Therefore, fot (minge 4 O,u(7)) dr remains bounded as long as t < min(T ,
Tuo)- In view of (3.9), this implies that Tp; > T, .

Step 2: The case of rough data. Let us consider a ug € B;, N H! with
s > 3/2 and B, , C Lip. Existence and uniqueness in E, .(T) for a small
positive T is given by Theorem 2.3. We also know according to Proposition
2.6 that the H' norm is constant on the whole interval [0, 7} ). We now
want to prove that T}y is bounded from below according to (3.8).

Let u™ be the solution corresponding to the approximate initial data ug def

Snhug. Since in particular, ug € B:;% N H', we gather from the definition
of Besov spaces that (u)nen tends to ug in Lip N H! so that ng tends to
T,;,- Note also that (ug)nen is uniformly bounded in B,
Let us fix an € € (0,1). For a N large enough, we have
(1 = &)luoll g )
[[uoll g2 m(0) '
According to step 1, we thus have T {jg > T, and for t € [0,T],

n>N:>Tu0>Td—ef

arctan (

n n n t

dpu™(t) < [[ug || g1 ( V2sup, e 4 Opult(x) + [Juf || ;71 tanh( Il S\H/{ )
sup pu™ (1) < 12l ’ s |
|1t )

T€EA V2 g || g + ﬂsupzeA Ogug (x )tanh( g\[ )

[[uoll g1
< C'max ( 2o M0 )
< e (0) (3.15)
On the other hand, taking N larger if needed, we have according to (3.14)
and for n > N

o || g tan (Llet gy — (int, e 4 O,up (2))

1+ (infpea Ox uO (x)) tan(” ol 1 t)

(R

)

i N4} <
inf O,u™(t) <

< 2l +m<o>2>'
€

s (3.16)
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From (3.16), (3.15) and Lemma 2.4, we get uniform bounds for (u")nen
in C([0,Tc); By ) N C'([0,Tc]; Bi,'). We can therefore conclude exactly as
in the proof of Theorem 2.3 that, up to an extraction, (u"),en converges
weakly to a solution u € E; .(T) of (CH) which satisfies (3.7) on [0,T].
Since s > 3/2, uniqueness holds true so that we conclude, having € tend to
zero, that Ty > T, and that (3.7) is satisfied on [0, T}, ).

Let us prove that (3.7) holds on [0, T} ). Let [0,7*] be the largest interval
on which (3.7) holds,

m = inf Ozu(t,x) and T=-——=__
tareloirpa ) Velwollm

Velol )

arctan <
m

Assuming that T* < T}y , we know that ||0,u(t)|| , is uniformly bounded on

[0, 7] so that m > —oo. On the other hand, if we define v & w(T* —T/2),
we have just proved that the corresponding solution v of (CH) satisfies (3.7)
on [0, T} ), thus, on [0, 7). In view of uniqueness, this means that u satisfies

(3.7) on [0,T* + T/2), which contradicts the definition of T. Therefore,
T* =T} . Now, we can conclude thanks to (2.18) that the explosion criterion
reduces to (3.9).

1
Last step: The estimate (3.8) is sharp. Let us notice that, as ug is in B;jg,
ug and J,ug are continuous and tend to zero at infinity. Since we assumed
that ug # 0, the term m(0) is negative so that T, € (0, +0o0].

The fact that the lower bound above is sharp may be deduced from The-
orem 4.1 in [7]. Indeed, it is proved there in the case A = R (but it is easy to
extend the results to A = T) that for any odd ug € H? such that 9,u0(0) < 0,
we have Ty < —2(9,u0(0)) ™" (actually there is a missprint in the statement
of the theorem; the right inequality is at the last line of page 319). Let us

choose a ug € H? such that 9,up(0) = infyea Orup(z) < 0 (for example

uo(z) = —ze=%" in the case 4 = R) and define ug(x) dof n~12ug(nx) for
n > 1. We clearly have
9xug (0) = —n1/28$u0(0) and |G|l g1 —n—qgo0 [[Oxtioll 2

so that

Ton Ol
liminf —& > lim (M)Tugzl. 0

n—-+oo TZL(” n—-—+oo
0



974 RAPHAEL DANCHIN

Remark. If ug € B, . N H' with B, , C Lip and s > 1, the proof above
shows that for any T' < T,,, (CH) has a solution in E5 (T) N L>(0,T; H")
satisfying (3.7). If s < 3/2, the question of uniqueness remains open, though.

We end this section by showing that under a sign assumption for the

potential yg def up — 02,ug, (CH) has a unique global solution. This result

finds its origin in [6] where the regularity assumption uy € H® was needed.

Theorem 3.4. Suppose that By, C Lip and that uo € By, N H'. If

p7r
Yo L o — d2,uo has a sign, then (CH) has a global solution v € E5 N

L°(RT; HY). If s > 3/2, then uniqueness holds in E .. Moreover, |[u(t)||
is a constant and y(t) has the sign of yo.

Proof. Approximate the initial datum wug with a nonnegative, smooth,

compactly supported mollifier p such that [ p = 1, and set uj def P’ * ug
with p"(z) = np(nz). Since ug is in H* N Bj ., we have (for instance)
uy € H* N Bj .. According to Theorem 2.3, (CH) has a unique classical

solution u™ € Npopn (B3 o(T) N ES .(T)) with constant H' norm.

On the other hand, p is nonnegative so that yg & ull — 0%, ul = p" * Yo

has the sign of yo. Moreover, if we denote by 1™ the flow of u™ (i.e. the
solution to ¥"(t,z) = x + fot u"(7,¢"(1,2)) dr), we have according to [6],

Vvt € [0,T7), Ve € A, yg(x) = y" (1, 9" (t,2)) (04" (t, 7)) (3.17)
so that sgny™(t) = sgnyy = sgnyo for all ¢ € [0,7™). Therefore, using the
explicit expression of u™ = pxy™ and 9, u™ = J,pxy"™ with p given in (3.2),

we readily get
102u"[| oo < [t Lo

whence
05" (1)]| e < Nla™ ()l e < [ Ol = gl < Mol (3.18)

Therefore T™ = +o00. Moreover, according to Lemma 2.4 and (3.18), we
have

vt € R, Hun(f)HBs < |\U3||Bs 601'5 lw(m)l s d7 < ||UO||BS 6CtlluollH1’
p,T p,r p,r

and we can conclude that (u"),ey is uniformly bounded in E; ...
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Following the end of the proof of Theorem 2.3, the above result suffices
to get that, up to an extraction, (u"),en tends weakly to a global solution
u € Ej, N L®RY; H') of (CH) such that sgny(t) = sgnyo. If s > 3/2,
uniqueness stems from Proposition 2.1, and it was proved in Proposition 2.6
that ||u(t)|| 4. is a constant. [J

4. Lower semicontinuity of existence time. In this section, we
address the question of lower semicontinuity of existence time with respect
to sufficiently smooth initial data. We shall prove the following:

Theorem 4.1. Assume that vy € B?

.~ where (s,p,r) are such that B, , C

1
Lip and s > 3/2. Let ug € Bjjp and T <T; . Then there exists a constant
C = C(p) such that if

1
HUO - UOH 141 (4.1)

< T T
Bpa C [, exp(C’fO ||u(T’)HB%+2 dT’)dT

then (CH) has a (unique) solution v € E; .(T) with initial datum v.

Proof. Let us remark first that the right-hand side of (4.1) is positive.

Indeed, it may be bounded from below by (CT exp{C' [ [u(t)|| 1. dt})".
BP

p,1
Let v be the maximal solution of (CH) with initial datum vy (whose

existence is ensured by Theorem 2.3). Denoting w Ly — u, we gather from

(CH) that
dw + (u+ w)d,w = —wdyu + F(u, w) (4.2)

with F(u,w) = P(D)(w? + 2uw + (9,w)?/2 + d,ud,w).
def

Denote T* = min(T} , T, ) (where T); and T} are the lifespans of u and

1
v), and let us turn to the proof of estimates for w in C([0, T7*); B;jl). Apply
inequality (A.10) in the appendix. We get for 0 <t < T,

t t
o o Slwoll gt | lwdew(mll g drt | F((r), wm)] g dr

P
Bp,l

p,1 p,1

p,1 0
t
+C/(H<9zu<7)\ 10w ()| 2 )llw(m)l| 1.4 dr;
0 B B

1 1
P P
p,1 BpJ p,1

hence, thanks to Proposition 1.5,

t
Jw®ll 140 < llwoll 1.1+C / (ko) g +Hlu) | s ) w3 dr
Ble Bp’1 0 B Bp’1 B

P
p,1 p,1
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According to Gronwall’s lemma, we infer that

S TR VTR
n<e B o woll s (4.3)
1

[w(®)]]

B

BRI

Denoting W (t) = exp(—C fg Jw(r)|| 1, dr) and
BP

t
G(t) = Cllunl i3 exp(C [ Nur)] 3.0) dr
By, 0 B,y

inequality (4.3) reads
W' > -G. (4.4)

Let

def .
T = mm{OStST;O :

Bs /exp C/ |u(r’ 1+2d7')d7->1}

Integrating (4.4) between 0 and ¢ and plugging the resulting inequality in
(4.3), we infer that V¢ < min(7T™*, T*),

ol 3 ex0(C 3 (P 3.2 )
< . . (45)
1= Clfunl 31 foexp(Cfo ()] 3. dr)dr

pl

[[w(t)]] 141
Bp,l

Assumption (4.1) clearly entails that 7" < T**. Let us argue by contradiction
and assume that T;x < T. Then, according to (4.5), we have, for ¢ < T}

vo?

ol 3 ex0(C i Nl 10 )
lw (@)l s < .

BT 1= Clluo| 3 I exp(C’fO (COI e dr/>d7'

p,1

< +00

14+ 1
so that [Jw(t)]] 14, is uniformly bounded on [0,T7). Since Bp?’ — Lip,
BF, ’
Proposition 2.6 shows that v may be extended beyond T . [
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Remark. Though the solution associated with uy = 0 is global, one can find
arbitrary small initial data for which the corresponding maximal solution is
not global (see [6], [7], [8] and [16]).

5. Weak solutions. The results of the previous parts are not completely
satisfactory since they do not yield global existence of solitons for instance.

Indeed, as explained in the introduction, for these latter, yg is a Dirac mea-
1

sure so that ug = (1 — 82,) tyo is in every le,i.oa (1 <p < +00) but not in
1
B:;E. This motivates the study of the initial value problem with data wug
such that yg is in M. Clearly, Lemma 1.3 ensures us that wug is in the space
B%’OO and, in addition, ug € Lip N H!. Therefore, Theorem 2.3 yields local
existence and uniqueness of a solution v in Ef  (T') with constant energy.
It would be interesting to prove a more precise result, namely that y(¢) stays
in M, and to study whether the same explosion criterion as in Theorem 3.2
holds. Under the sign assumption for yg, we shall obtain as in Theorem 3.4
that the solution is global. This latter result has been proved before by A.

Constantin and L. Molinet in [9]. Our main result is the following:

Theorem 5.1. Suppose that yo belongs to M. Then (CH) has a unique
mazimal solution u € LS. (0, T ; B ., NLip)Lipioc([0, T ); B ooNL>®). In

loc ug?
addition, the energy is conserved, y(t) & (u — 02,u)(t) stays in M uniformly
on every compact interval of [0,Ty ) and

sup Oru(t,x) < max(m, sup (%cuo(:c)). (5.1)
(t,x)€[0,Ty ) x A \/i z€A

We also have

T:O
Tr > and T <+oo:>/ inf dyu(t,x)) dt = —o0.
% Tl 0 o UghS0)

If yo has a definite sign, then the solution is global and |y(t)|| vy = llvoll s
for allt > 0.

Proof. Uniqueness is given by Proposition 2.1.
Step 1: Existence on a small time interval. Let us fix a T' < 2Hyo||7\/}. We
aim at building a solution on [0, 7] with constant energy, which satisfies (5.1)

and y(t) € M uniformly on [0,T]. To achieve it, approximate the initial data

as in the proof of Theorem 3.4. Obviously ug belongs to H> et NserH?,
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tends to ug in the sense of the distributions and y def ufl — 02, ul = p" *yo
so that

101l < Nl ar- (5.2)

Note also that [lug{lg: < lygllz: < [lyoll o According to Proposition 2.3,

(CH) has a unique maximal solution v™ € C([0,7™); H*°) with initial datum

ug and constant energy. On the other hand, y” def

u™ — 92, u™ solves
Oy" + 0 (u"y") = —y" O u"

so that
Ocly" | + Oz (u"y"]) = —|y" [0z u™. (5.3)

Integrating in space and time, we get

t
15" Olls < 18l = [ 1Ol (i 0 (D) b, (54)
whence .
ly" ()l < llygll o™ Jolinfaea dor D a7, (5.5)
Now, let us notice that, as d,u"™ = 9,p * y™ with p given in (3.2), we have
n 1 n
1020 | e < 5 15" ] - (5.6)

Plugging (5.2) and (5.6) in (5.5), and performing an explicit integration, we
get

: —1 2[|yoll
vt <min(T", 2[[yoll ), 19" O)ll2 < 3 = (5.7)
= tllyoll vy

Coming back to (5.6), this gives us a uniform control on |J,u"|; - for
t < min(T™, 2||y0H;j) This means, according to Proposition 2.6, that 7" >

2Hy0H/_\j > T. We therefore have uniform estimates for d,u" in L*°([0,T] x
A). Moreover, according to Theorem 3.2,

(t,2)€[0,T™)x A V2 azea
o]l g
< Inax< , sup Oy ug(x )
\/§ zeg 0( )
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We conclude that the sequence (y")nen is uniformly bounded on L*(0, T
LY). According to Lemma 1.3, we thus get that (u"),en is uniformly
bounded in C([0,T}; Bf ). Coming back to equation (CH), we infer that
(8yu™)nen is uniformly bounded in C([0,T]; Bf ) so that, finally, (u")nen
is also uniformly bounded in Lip([0, T]; B ).

Since the injection Bioo — Bllm is locally compact, Ascoli’s theorem
followed by a diagonalization process shows us that, up to an extraction,
(Un)nen tends weakly to a limit v € Lip([0,T]; Bj ). Coming back to
the uniform bounds for the sequence, we gather that v € L>(0,T; Bioo)
has constant energy, that y(¢) is in M uniformly on [0,7] and that (5.1) is
fulfilled on [0, T.

Interpolation arguments enable us to prove that convergence holds locally
in any space L>°(0, T’ By ) such that s < 2, which suffices to check that u is
indeed a solution to (CH). Having T" tend to 2”:(/0”7\/% and using uniqueness,
we can conclude that T > 2Hy0Hﬁ.

Step 2: The potential y(t) stays in M locally uniformly on [0, T} ). Step 2
stems from Proposition 2.6 and from the following lemma:

Lemma 5.2. Assume that yo € M, u € E7 (T) solves (CH) on [0,T] and
that y € L*>(0,T; M). Then there exists a universal constant C such that
on [0,T], we have

() g < ol pgedo 100 zee dr. (5.8)

Proof. Let p be the compactly supported mollifier used in Theorem 3.4.
Let us apply the operator (1 — 92,)p"x to (CH). Denoting y™ = p™ x y and
u™ = p" x u, we gather
n 2 n 2 n 2 <8Iu)2
Oy + (1= 02,) (p" * udyu) + (1 — 92,) (p" * 0y (u* + T)) =0.
Using the fact that u(¢) € Lip and that y(t) € M, we can write 0, (ud,u) =

u0?,u + (0,u)? in the sense of the distributions. After some computations,
this implies that

(9pu")?

Oy"™ + u"0,u" 4 O (u"y™) — 895( 5

) =St + S5 + 5% (5.9)

with
U =u"0u" — p" x (udpu), Sy = 0p(u"y") — 0 (p" * (uy)),
(Ogu)? (Ozu™)?

S5 =0, (x5 — 0. ().
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According to Lemma A.4 and to Lemma A.5 in the appendix, we have

15T L < Clldwull oo lull s 15210 < CllOzull oo 1l aas
195111 < CllOsull o 1070l ps-

Since obviously [[ul| ;1 < |lyllx, and [02,ull oo < 2[Jy]| o> We have
15T + 83 + 5512 < Cll0zull o [[Yll p-
On the other hand, from (5.9), we get
Oly" |+ 0x(u"[y"[) = —[y"[0xu™ + (ST + S5 + 53)sgn(y")

so that standard computations based on Gronwall’s lemma lead to the de-
sired estimate. [

Given a solution u € L75 (0, Ty ; Bf o, N Lip) N Lipioc(0, Tpy s Bi oo N L)
with initial data ug such that yo € M, we are now going to show that (5.8)
is satisfied on [0, T} ).

Combining step 1, uniqueness and Lemma 5.2, we gather that
(5.8) holds on  [0,2[|yo |l () (5.10)

Assume that it holds on [0,7*) for a T* < T . Lemma 5.2 tells us that
lly(t)|| o4 is uniformly bounded by a constant M- on [0,7%). Let € def Mz
According to (5.10), the solution u corresponding to the initial datum u(7™* —
€/2) satisfies (5.8) on [0,€]. Uniqueness ensures that u(t) = u(t — T* + €/2)
so that (5.8) holds on [0, T* 4 ¢/2]. Therefore we can conclude that (5.8) is
satisfied on [0, T} ).

Step 3: End of the proof of the local result. The conservation of the energy
up to time T,; has been proved in Proposition 2.6. On the other hand, it
is known that (5.1) holds on a small nontrivial interval [0,7]. Arguing as
in step 2 for the proof of (5.8) on [0, T} [, we conclude that (5.1) holds on
0,72,).

Now, Proposition 2.6 gives us the wanted explosion criterion.

Last step: Global solutions. Let us assume that y, has a definite sign.
Building a sequence (u™),en of approximate solutions according to step 1, we
get from Theorem 3.4 that sgny” () = sgny{ = sgnyo. Therefore, integrating
(5.3), we infer that

1" @Ol = ly" Ol e < 1yl as- (5.11)
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According to (5.6), and to Proposition 2.6, we conclude that the solu-
tion u” is global. Moreover, thanks to (5.11), we get uniform bounds in

o (RT; B3 ) for (u™)nen, and we can conclude exactly as in step one,
to the existence of a global solution u € Efoo. Thanks to (5.11), we have
in addition ||y(t)|| v, < ol (- Obviously, we would have obtained similar
global results by solving (CH) backwards. Indeed, this amounts to changing

ug into —ug. Therefore, in view of uniqueness, ||y(t)|| ,, is conserved. [

Remark 5.3. By Sobolev embeddings and interpolation, we have u €
C([0,Ty,); H5) N CH([0, Ty, ); H*~1) for any s < 3/2, which completes the
proof of Theorem 0.2.

Remark 5.4. The estimate from below T); > 2||u0||;j is probably not
sharp: indeed, it stems from inequality (5.4), which is quite rough. On
the other hand, the “best” estimate from below that we can hope is T}; >

4”“0“],11- Indeed, if A =R, the sequence of initial data

u(2) = "B (ool i)

gives a sequence of solutions which satisfy ||yg| . = 2 and, according to
Theorem 4.1 in [7], blows up before the time 2 + 2n~1.

Appendix.
A.1. Linear transport equations. This section is devoted to the statement of
estimates in general Besov spaces for d-dimensional linear transport equations:

8tf—|—v-Vf=F, ft:0:f07 (T)

where the vector field v has bounded space derivatives. Such estimates are standard in
the framework of Sobolev or Holder spaces with positive regularity indices. The case of
negative regularity indices for Holder spaces has been tackled in [5], chapter 4.
Here is the statement in general Besov spaces:

Proposition A.1. Suppose that (p,r) € [1,+00]? and s > —d/p. Let v be a vector field
such that Vv belongs to L' (0, T B;;l if s > d/p+1 orto L*(0,T; Bg,/rpﬁLoo) otherwise.
Suppose also that fo € By ., F € L*(0,T; B3 ,.) and that f € L>(0,T; By ,.)NC([0, T]; S")
solves (T). Then there exists a constant C depending only on s, p and d, and such that

the following inequalities hold:
) Ifr=1o0rs#d/p+1,

t
1£Ollsg, <<V (Ifollpy, + [ VNI ar) (A1)

with V() = [5 1INV gasp oo 47 if s < d/p+1 and V(1) = [ [|Vo(7)| gs-1 dr else.
p,T p,T
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2) If s < d/p+ 1 and, in addition, Vfy € L®, Vf € L0, T x A% and VF €
LY(0,T;L%®) then

IFOllps  + V@) < VO (IIfoHB;’T + 11V follpoo

t
+ [ VO (@l gy, + IVF@l ) dr) (A2)
i ,

with V(t) = [§ Vo)l dr.

dran
If r < 400, then f € C([0,T]; By ). If r = +o0 then f € C([0,T]; B;:l) foralls’ < s.
If divv = 0 and v - Vf stands for div(vf), then all the above results hold true for
s>—-1—4d/p.
Proof. Slight modifications of Chemin’s proof (devoted to the case of Holder spaces) give
estimates (A.1) and (A.2) so that we will not write out all the details.
The basic idea is to split (7) in dyadic blocks according to Littlewood-Paley decom-
position:

(0 +v-V)Aqf = AgF + Ry, Aqf\t:o = Agfo, (A.3)

where we denoted by R4 the remainder [v,Aq] - Vf. Using standard energy arguments
and a convenient integration by parts, we end up with

ldivo(T) || foo 1Aqf (Tl Lo )dT.

t
A fOllLr <I1Aqfoll Lo +/ ( 18 F ()|l o+l R (T)ll Lo +
0 P

(A.4)
Multiply both sides of (A.4) by 29%, take the £” norm and apply Minkowski’s inequality.
It follows that

t
17®llsg, <1hollsy, + [ 1P@ls ar (A5)
ot g5 - % 1 .
+f ((q;@ IRo(e)") "+ 2 o) lge 17l )

Now, the main problem lies in estimating the remainder. We have the following:

Lemma A.2. If1 < p,r < 400 and s > —d/p (or s > —d/p — 1 if divv = 0), the
following estimates hold for a constant C = C(s,d,p,r):

|1Rqll1p < CCQQ_qSHVU”Bz/f’mLOO ”fHBE,r if s<d/p+1, (A.6)

[Bqll e < Ceq2™ PVl garn o IfllBs Lip 4 s=d/p+1, (A7)
p,T B

[Bqllpe < Ceq2™ IVl goallfllpy o s>d/p+1. (A.8)

Moreover, if s > 0, we also have

[[v7, Ag] - 050%|| ., < Ccg279 ||V oo \|v||B§yT, (A.9)
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where the Einstein convention on the summation over repeated indices has been used.

Assume that Lemma A.2 holds true and consider first the case s # d/p+1, or s = d/p+1
and r = 1. Plugging inequalities (A.6), (A.7) or (A.8) in (A.5) yields

t t
17 Ollmg < 1olsg + [ WPy dr+C [ V@I@lgy i (a10)

and Gronwall’s lemma enables us to conclude to inequality (A.1).

Let us now consider the case s =d/p+ 1 and r > 1. Since Bg/f — L°° does not hold
true, we further need an estimate for ||V f|| ;. Let us notice that

(0t +v-V)0jf =—0jv-Vf+0;F

so that
t t
IVl oo < IIVfollLoo+/0 IVE(T) o dT+/O IVo(T)ll oo IV ()l oe dr. (A11)

Now, summing (A.5) and (A.11), plugging inequality (A.7) in the right-hand side and
using Gronwall’s lemma completes the proof of (A.2).

Let us tackle the question of continuity in time. Since f € C([0,T];S’), this is not
hard to check that Ayf € C([0,T]; LP) for every ¢ > —1 and p € [1,+oc]. This implies
that Sqf € C([0,T]; B, ,.) for all g € N.

Suppose first that r < +o0o. Then the sequence of functions (Sgf)sen defined on the
interval [0, T] and valued in B ,. converges uniformly on [0, T]. Indeed, according to (1.1),

Ap(f=Sef)= > Aglgf

la’ —q’|>1
q'">q
whence L
If = Safllps <C( X @ 1ags])")" (A.12)
' q'>q—1
Using inequality (A.4) to bound the right-hand side of (A.12), we gather
.l
1 = Safluge sy 0 <O(( X (2 a0 sollyn))
q'>q—1
T , 1 T 1

+/O ( > ¥ Ay F@)| ) )TdTJerHL%o(B;T)/O ( > CqI(T)T>TV/(T)dT).

q'>q-1 ¢'>q-1

The first term clearly tends to zero when ¢ tends to infinity. The terms in the integral also

tend to zero for almost every 7. Lebesgue’s dominated convergence theorem enables us

to conclude that || f — Sqf||Loo(]_E;S ) tends to zero when ¢ tends to infinity. This proves
T (Pp,r

that u € C([0,T]; B, ,.) in the case 7 < +o00.
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When r = 400, we just utilize that for any s’ < s we have the embedding By oo =&
B;:l so that the above argument may be repeated in the space B;:l. This yields f €
’
C([O,T];B;l). (]
Proof of Lemma A.2. We shall use some basic results in paradifferential calculus. Let
us recall that paradifferential calculus is a convenient way to define a generalized product
between distributions which is continuous in functional spaces where the usual product

does not make sense (see the pioneering work by J.-M. Bony in [2]). The paraproduct

between u and v is defined by Ty,v def >

decomposition:

gen Sq—1ulqu. We have the following formal

def

wv = Tyv+Tyu+ R(u,v) with R(u,v) Z AquAgv and A, = Ag—1+A¢g+Ag41.

g=>—1
The estimates below are standard (see [19] for example).
Proposition A.3. For all s € R, p € [1,+00] and r € [1,+0o0], we have

T s <C oo s -
ITwvllps . < Cllullpe 0llps
Suppose that t < 0; then we also have
ITuvll e < Cllullps,_Nollg -
Let (s1,82) € R?, (p,p1,p2,7,71,72) € [1,4+00]% be such that s1 + s3 > 0, % < % +

and + < L 4 % Then the following estimate holds:

r — r1

1
p2

([ R (w, vl

) < CHUHB;LT,I HUHB;g,Q'
B

p,T
In the above estimates, C depends only on d and on the parameters defining the Besov

norms.

Following [ 5, pp. 67-70], we decompose Rq into Rq = ?:1 Rf] with Ré =[T,;,2q]0; f,
R2 = To; Ay v, R} = —Ag Ty, o7, R} = 0;R(vI,Aqf) — Agd;R(v, f), and R =
AgR(divy, f) — R(divv, Aqf). The original proof by Chemin was devoted to the case of
Holder spaces. It easily extends to the general Besov spaces: this is just a matter of
replacing L°° with LP norms, and ¢°° bounds over NU —1 by ¢” summations. Under the

assumptions of Lemma A.2 on s,p,r, we get

183l o < Cea2™% V0]l 1 £ (A.13)

R3]l < Ceq2™ I Vullpy, IIfllss (A.14)

183110 < Cea2™ IVl arp IV £l - (A.15)
if s<d/p+1 or (s=d/p+1 and r=1),

183 < Ceq2™ V0l o1 9l ov (A.16)

13l < Cea2™ 190l arp /1l (A17)

1B2] L < Cea2™®l1divoll paso 115, (A.18)
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with 37 - _; ¢y = 1. This yields (A.6), (A.7) and (A.8). Let us observe that the first five
estimates hold true for s > —d/p — 1. The stronger condition s > —d/p is required only
for the last term RZ, which does not appear in the case of a solenoidal vector field v.
To prove (A.9), we write Rg = Z?:l Ri + Eé with R}, R2, R3 as above (with f = v)
and B _ _ ' '
R} = R(v7, Ag0;v") — AgR(v7, 9;0").

We bound Ré, Rg and Rg according to (A.13), (A.14) and (A.16). Using Proposition A.3,
we easily get, for s > 0,

_ )
|R]|,, < Ceaz o 190l e ol

and the proof of (A.9) is achieved. O

Remark. The estimate (A.1) also holds for homogeneous Besov spaces when s < d/p+1,
or s <d/p+1and r = 1. This is just a matter of replacing NU {—1} with Z in the
summations.

A.2. Approximation lemma. This last section is devoted to the proof of the two
approximation lemmas used in section 5. Results in the same spirit may be found in [9]
or in [17], page 43.

Throughout this part, we are given a smooth function p with support in the ball
B(0,R). For any tempered distribution h, the notation h™ will stand for h x p™ where

p(2) € ndp(na).

Lemma A.4. There exists a constant C depending only on p and such that
0" % 0z (vg) — Oz (v™g")ll L1 < Cll0zv]| Loo [lgll g

for any function v with first derivative in L°°, and g € M.

Proof. Arguing by density, one can assume with no loss of generality that g is a smooth
integrable function. Next, we use the decomposition

p"H 0z (vg) =0z (v"g") = p" x 0z(vg) — Ox(vg") + (v —v")02g" + 9" 0x(v — ") . (A.19)

n n n
R 1 R 2 R3

For almost every x, the term R7(x) is written

HORT / 0up(n(e ~ 1)) (0(y) ~ v(2))g(y) dy — ndsv(x) / d)p(n(z—y)) dy. (A.20)
Whence, for almost every z,
B} @)] < [[20]] e ( / n2|0ap(n(z — )|z — vllo()| dy + / nlp(n(z —))llg(v)|dy).

Therefore, a convolution inequality yields

BTl < Cllozvllpoo llgllr - (A.21)
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Let us notice that
(v—2")(z) = /(v(x) —v(y))np(n(z —y)) dy

so that
o= 0"l < nl8svllp~ [ 12llotnz)]dz < O~ [0l

Therefore, since obviously [|0zg™| ;1 < Cn||g|l 1, we conclude that
[R2]IL1 < ClOzvl oo gl - (A.22)

To bound ||R% ||, 1, we use that [|[0z0™|| pec < C[|020[| L0 and [|g™ |1 < Cllgll1. Com-
ing back to (A.21) and (A.22), this completes the proof of Lemma A.4. [

Lemma A.5. There exists a constant C depending only on p and such that
™ % 0z (vg) — 0z (v"g")[I L1 < CllOzvl o 9l oo

for any functions v € BV and g € L™°.

Proof. Arguing by density, one can assume that v is smooth and that v and 9,v belong to
L'. Again, making use of the decomposition (A.19), it suffices to prove that, for i = 1,2, 3,
we have

IR < CllOzvllpa [lgll oo -

Let us notice first that for any function ¢ € C§°(R) supported in B(0, R) and = € R, we
have

| [ @) = oot = ) dy] < 1ol o (0ol A mpmpm) @) (A23)

where 1[4 ;) denotes the characteristic function of [a,b]. Indeed, we have
n [ @)~ v@)on(e — ) dy = [ 6(:)(0() vl —n712) dz,

_ /¢(z)(/oz/n Orv(z — N)dA) dz

so that

R/n

/
n [ @)~ oot -l < [ o@nas [ oste - vl an

—R/n

< 116ll / 1020(2 — )1 R /.1y () .

Now, let us decompose R} according to (A.20). The last term of the right-hand side
obviously satisfies the required estimate. For the first term, we use (A.23) with ¢ = 9zp
and apply a convolution inequality. As ||1[—R/n,R/n] ||L1 = 2R/n, this yields the desired
estimate.
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Using again (A.23), we see that v —v"||;1 < Cn~1||0zv|| 1. Since [|029™ |00 <
Cn||g|l oo, we gather that RY satisfies the wanted estimate. The case of RY is straight-
forward. O
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