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A FEYNMAN-KAC-TYPE FORMULA FOR THE
DETERMINISTIC AND STOCHASTIC WAVE EQUATIONS
AND OTHER P.D.E.’S

ROBERT C. DALANG, CARL MUELLER, AND ROGER TRIBE

ABSTRACT. We establish a probabilistic representation for a wide class of lin-
ear deterministic p.d.e.’s with potential term, including the wave equation in
spatial dimensions 1 to 3. Our representation applies to the heat equation,
where it is related to the classical Feynman-Kac formula, as well as to the
telegraph and beam equations. If the potential is a (random) spatially ho-
mogeneous Gaussian noise, then this formula leads to an expression for the
moments of the solution.

1. INTRODUCTION

The purpose of this paper is to present a form of the Feynman-Kac formula
which applies to a wide class of linear partial differential equations with a potential
term, and, in particular, to the wave equation in dimensions d < 3. In the case of
the heat equation, this gives an expression that differs from the classical Feynman-
Kac formula. As an application, we consider a random potential term which is a
spatially homogeneous Gaussian random field that is white in time. In this case,
our approach provides a probabilistic representation for all product moments of the
solution, which has already shown its usefulness for studying asymptotic behavior
of these moments in the case of the stochastic wave equation (see [10]).

We begin by giving an informal derivation of the representation in the special
case of the heat equation with potential, where we can contrast it with the classical
Feynman-Kac formula. Consider the heat equation on RY with a deterministic
potential V (¢, z):

(1.1) % = %Au(t,x)+V(t,x)u(t,a:),
w(0,) = f(2).
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The classical Feynman-Kac formula for the solution (u(t,z), t > 0, = € R?%) (see
for instance [15]) states that, under appropriate conditions on V' and f,

u(t,z) = EP {f(Bt) exp (/Ot Vit—s, Bs)dsﬂ

where (B;, t > 0) is a Brownian motion in R¢, and EZ is the expectation for
Brownian motion started at By = x.

We now heuristically derive an alternative probabilistic representation to (L.IJ),
which will be rigorously established as a special case of the main result in Section Bl
We start by writing Duhamel’s formula for the solution u(t, ), using the Green’s
function, as follows:

12 uta) = [ we=ntwids+ [ [ pee =)Vl duds

where

We use ([[2) as the start of an iteration scheme. Substituting this expression for
u(s,y) back into the right hand side of (I2]) suggests the following series expansion
for u(t, z):

(1.3) u(t,z) = Y In(t, o),
m=0
where Io(t, ) = [pa pe(x —y)f(y)dy and

(1.4) I (t,z) = /0 /]Rd pi—s(x — )V (s,y) (s, y)dyds.

We wish to write an explicit expression for I,,(¢,z). To begin with, let
w(t,x) = Io(t, ).

For convenience, let s,,41 =t and y,,+1 = . Then we have

(15) Iata)= [ [ (pr_sk(ykﬂyk>V<sk,yk>>w<sl,y1>dgd§
Tm(t) R'md 1

where
Tm(t):{(slw-wsm):OSSI SSSmSt}7

dy = dyy - - - dym, and ds = dsq - - - ds,,. An alternative derivation of the series expan-
sion (3) for u(t,z) starts by expanding the exponential in the classical Feynman-
Kac formula as a Taylor series and confirming that the terms correspond to the
expansion ([3). However, we will make use of the iterative formula (I4]) later on.

A basic observation is that the domain of integration Ty, (¢) has volume " /m/,
which, except for a missing exponential factor, is a Poisson probability. If N(t) is
a rate one Poisson process, then P[N(t) = m]| =t"e !/m!. Let ;1 < 72 < --- be
the times of the successive jumps of the Poisson process, and let 7p = 0. It is well
known that if we condition on N; = m, then the vector (71, ..., 7,,) is uniformly
distributed over the simplex T,,(¢). The time reversed sequence t — 7p,,...,t — 71
is also uniformly distributed on T, (t). Therefore, setting s = ¢t — T;p4+1-k and

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



A FEYNMAN-KAC-TYPE FORMULA FOR P.D.E.’S AND S.P.D.E.’S 4683

replacing yx by Ym+1—k, so that yo = x, we may rewrite the expression (L) for
I, (t,x) as

/ p (H p'r;cf‘rk,_l(yk - yk71)V(t - Tlmyk)) U}(t - vaym)dg 1{N(t)_m}‘| ;
Rm

k=1

et BN

where EV is the expectation with respect to the Poisson process. But we can
also exploit the fact that pi(x) is the probability density for the increments of a
d-dimensional Brownian motion. Thus

/ . (H Pri—7i_a (yk - yk—l)v(t — Tk yk)) w(t — Tm; ym)d?j
Rnl

k=1
m
(H V(t — 7k, BTk)> w(t — Tm, Br,,)
k=1

where EZ denotes the expectation with respect to Brownian motion started at z,
and therefore,

:Ef

)

In(t,x) = ' EBEN

(H V(t — Tk, Bm)) w(t — Tm, B‘rm) l{N(t)—m}] .
k=1

Summing over m, we get

(1.6) u(t,z) = ! EPEN

Ny
<H V(t — 7, BTJ) w (t=7x(): Bryg))
k=1

The representation (L)), unlike the classical Feynman-Kac formula, does not use
the entire Brownian path but only the values at a finite (random) set of times. This
allows us to extend this type of representation to equations where the differential
operator is not the infinitesimal generator of a Markov process. All we will require
is a Poisson process and an independent stochastic process whose one dimensional
marginals give the Green’s function for the differential operator. In particular, we
will treat the case of the wave equation with potential in dimensions d < 3.

The outline of this paper is as follows. In Section 2, we describe the class of
equations that we will consider and establish a series representation in the case
of a bounded potential. In Section Bl we establish our Feynman-Kac-type formula
analogous to (), where the Brownian motion will be replaced by a suitable spatial
motion that depends on the particular equation being considered. In Section [ we
give an application to the situation where the potential is a Gaussian random field
whose covariance is formally given by

E[B(t,2)F(s,y)] = b0(t = 5)f(x — ).

In this equation, §(-) denotes the Dirac delta function, f : R — R is continuous on
R?\ {0} and the right-hand side is such that f(z —y) is indeed a covariance. This
type of covariance is widely used in the literature, including for instance [5] [6], 8, [17].
In this case, unlike the classical Feynman-Kac formula, the noise is too rough for the
probabilistic representation of the solution to make sense. Instead, we establish in
this section a formula for the second moment of the solution. Section Bl contains the
extension to n-fold product moments. This formula makes use of a Poisson random
measure combined with a spatial motion. The first two named authors have made
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use of this formula [I0] to establish intermittency properties of the solution to the
wave equation with potential.

We end by making a few comments on related literature. Probabilistic rep-
resentations of the solution to deterministic p.d.e.’s abound. The closest related
work seems to be results on random evolutions, surveyed for example in Hersch
[12] and Pinsky [19]. These references give probabilistic representations for some
hyperbolic equations, including the Poisson representation for the damped wave
equation in one spatial dimension (also known as the telegraph equation) as de-
veloped by Marc Kac [I3] [14]. Also related is the use of random flight models for
the Boltzmann equation, as described, for example, in [I9] [11]. We cannot quite
find our approach represented in this literature. The use of Poisson probabilities is
also implicit in other works: Albeverio and Hoegh-Krohn [I] and Albeverio, Blan-
chard, Combe, Hoegh-Krohn, and Sirugue [2] have used the idea that the multiple
integrals involved in the expansion of Feynman integrals are related to Poisson
probabilities (see also [23]). All these works display the usefulness of probabilistic
representations in studying problems of asymptotics, homogenization and pertur-
bation theory for the deterministic p.d.e. For parabolic equations with random
potentials, the classical Feynman-Kac formula has been a key tool, for example in
the parabolic Anderson problem (see Carmona and Molchanov [3]) and in random
waves (see Oksendal, Vage and Zhao [I8]). We hope that our representation may
play a similar role for other equations with a random potential.

2. SERIES REPRESENTATION FOR BOUNDED POTENTIALS

Our series and probabilistic representations will be for the integral equation

(2.1) u(t,z) = w(t,z) + /0 ds y S(s,dy)V(t — s,z — y)u(t — s,z — y),

where w is a bounded and measurable function and S(s,-) is a signed measure. In
this section, the key assumption is the following:

Assumption A. For each t > 0, S(t,dy) is a signed measure on R? satisfying

sup |S(t,RY)| < oo forall T >0,
te[0,T]
where |S(t,R?)| denotes the total variation.
It is well known that a large class of linear partial differential equations of the
form

Lu(t,z) = V(t,x)u(t, )

can be recast, using their Green’s functions, into this integral form. We briefly
recall some illustrative examples that we consider later.

Example 2.1. (a) The heat equation on R?. Take L = £ — 1A and S(t,dy) =
pt(y)dy. Then for a suitable initial condition w(0,z) = fo(x), the Green’s

function representation of the heat equation leads to the integral equation

&I with
wita) = [ fola = wm(w)ay
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(b) The wave equation on R¢ for d < 3. Take L = g—; — A and

%1{\y|<t}dy lf d = 1,
S(t,dy) = ¢ Grom e H<ady Hd=2,
ot (dy) if d =3,

Art

where Jt(2) denotes the surface area on 0B(0,t) (the boundary of the ball

centered at 0 with radius ¢). For all three values of d, S(t,RY) = t. The
initial conditions are of the form u(0,2) = fo(z) and %(O,x) = fi(x) for
given fo, fi : R — R. In this case, letting * denote convolution,

w(t,z) = %(S(t) * fo)(2) + (S(t) * f1)(z).

For d > 4, the fundamental solution of the wave equation is not a signed
measure and so Assumption A will not hold.

(¢) The wave equation with damping. Take L = g—; + Za% — A on RY. This
also falls into the considered class when d < 3. Then

" To(lalVE = yP) 1y <y dy =1,
S(t, dy) = £ %w«m if d =2,

— (W + Ialwhm}@) it d = 3.
In these formulas, given for instance in [16] and [9], Zy and Z; are modified

Bessel functions of the first kind and of orders 0 and 1, respectively. In
these three dimensions, S(¢,dy) is a non-negative measure.

(d) The beam equation. In dimension d = 1, this is given by L = % + 50—; on
R. Then S(t,dy) = q:(y)dy, where q;(y) has Fourier transform exp(—|&|*t)
for ¢ > 0. The smoothness and integrability of ¢;, and hence Assumption
A, can be deduced from the Fourier transform (for example |2%¢:(x)| <

C10%4/0€?||1).-
We now give a series representation for the solution wu(t, z) of [21I).

Proposition 2.2. Let S(t,dy) be a signed measure satisfying Assumption A. Sup-
pose that V (t,y) and w(t, =) are bounded measurable functions on [0, T|xR%. Define
Hy(t,z) = w(t,x), and, for m >0,

t

(2.2) Hppi1(t,x) = / ds | S(s,dy)V(t—s,x—y)Hp(t — s,z —y).
0 Rd

Then the integral equation (ZII) has a unique solution satisfying

sup  Efju(t,z)|?] < oo
t<T,zcRd

given by
(2.3) u(t,z) = Hyl(t,z)
m=0

(the series converges uniformly on [0,T] x RY).
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Proof. We first check the convergence of the series ([Z3]). Set
M, (s) = sup |Hp (s, 2)]-
z€R4

Then

IN

Merl(t)

¢
sup / ds/ |S(s,dy)| sup |V (r, z)| sup |[Hp(t — s, 2 — 2)|
2€R? J0 Rd Tz z

¢

IN

C(S, V)/ ds M, (s).

0
A simple induction argument shows that M, (s) < oo for all m, s. Gronwall’s lemma
(see e.g. [6, Remark (6)]) now implies that > -_ H,, (¢, ) converges uniformly on
[0, 7] x RZ.

Another Gronwall argument shows the uniqueness of solutions to (2I]). So it
suffices to check that Y °_, Hy(t, z) satisfies (2). This is the case, since

t o]
w(t, ) +/ ds/ S(s,dy)V(t— s,z —y) Z Hp(t—s,z—y)
0 R4 m=0
0ot
= Iy(t,z) + Z / ds/ S(s,dy)V(t — s,z — y)Hp(t — s,x — y)
m=0"0 R4

= Z H,,(t,x).
m=0

Fubini’s theorem, used for the first equality, applies by uniform convergence of the
series and Assumption A. O

3. PROBABILISTIC REPRESENTATION

For the probabilistic representation, we use the following additional assumption
on the kernel S(¢,dy) used in the integral equation (Z1I).

Assumption B. There exists a jointly measurable process (Xt, t > 0) such that
for each t > 0

¢ _ |5(t, do)|

(In the case where S(t, A) = S(t, —A), the minus sign in front of X; is not needed.)

Example 3.1. (a) The heat equation. In this case, one can take X, =Vt Xo,
where X is a standard N(0,1;) random vector in RY. An alternative
possibility is to let (X;) be a standard Brownian motion in R?.

(b) The wave equation. In the three dimensional case, one can take X, =
t ©p, where O¢ is chosen according to the uniform probability measure on
0B(0,1). The one and two dimensional cases can be handled in a similar
way.

(¢) The damped wave equation. Kac [I3] [14] pointed out a neat representation
for solutions to the damped wave equation in dimension 1. Let (N, (t)) be
a rate a Poisson process and define 7, = fot(—l)Na(s)ds. If w(t,x) solves

the undamped wave equation %2712“ —Aw =0 fort € R, 2 € R? then

u(t,x) = Elw(7, z)] solves the damped wave equation %271; + Qa% —Au =
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0, and with the same initial conditions. Using this, one finds that the
kernel S,(t,dy) for the damped equation can be written as S,(¢,dy) =
E[S(7t,dy) 1z, >0y + S(—T¢, dy)1{r, <0y, where S(t,dy) is the kernel for the
wave equation. Now we satisfy Assumption B by setting X, = |r| Oy,
where O is a uniform random variable on [—1, 1], independent of N,(t).

(d) The beam equation. As in example (a), we can use scaling to set X; =
t1/4 Xy, where X is chosen to have distribution |S(1, dy)|.

Let X = (X!”, t>0), i > 1, be iid. copies of (X;, t >0), and let (N(t), t >
0) be a rate one Poisson process independent of the (X®). Let 0 < 73 < 15 < -+
be the jump times of (N(¢)) and set 79 = 0. Define a process X = (X;, t > 0) as
follows:
X :X()—f—Xt(l) for 0 <t <7,
and for ¢ > 1,
X=X, + XD for T <t < Tigg.

t—1;

We use P, to denote a probability under which, in addition, Xy = = with prob-
ability one. Informally, the process X follows XM during the interval [0, 1], then
follows X started at X, during [y, 7o), then X®) started at X, during [rs, 3],
etc. See Figure [Tl for an illustration.

x € R?
v (3
) X
Y (4)
@ X
3+ N(t)
2 4
1 4+
t t } }
T0 = 0 T1 T2 T3 t

FIGURE 1. A sample path of the process X and of the Poisson
process (N(t)).

Theorem 3.2. Suppose that the kernel S(t, dy) is a non-negative measure satisfying
Assumptions A and B. Suppose that V (t,x) and w(t, z) are bounded and measurable
functions on [0,T] x R%. Then (u(t,z), t < T,z € R?) defined by

2

(t)
(3.1) wu(t,z)=€"E, |w (t —TN() XTN(t)) [S(Ti —Ti_, ROV (t — TZ-,Xﬂ.)}

i=1

(where, on {N(t) = 0}, the product is defined to take the value 1) is the solution of

@D).
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Proof. For t >0 and m > 0, let

m

Y(m, t) = etl{N(t):m}w(t — Tm, er) H [S(Ti — Ti—1, Rd)V(t — Ti, X‘ri):| .

i=1

Then u(t,z) = > oo_o E.[Y(m,t)]. In order to show that u(t,z) is the solution
of (1)), it suffices by Proposition to show that H,,(t,x) = E.[Y (m,t)] for all
m,t,x. We prove this by induction on m. For m = 0,

EI[Y(m,t)] = FE, [etl{N(t)ZO}w(t,Xo)]
= elw(t,2)P,{N(t) = 0} = w(t,x) = Hy(t,z).

Now fix m > 1 and suppose by induction that H,,_1(t,z) = Ey[Y (m —1,¢)], for
all (t,z). Set 7y = o{X,,, 71}. Then

E,[Y(m,t)]

=E, [S(ﬁ, ROV (t — 71, X7, 1 <iye™
x B, {GHI LN -N(r)=m—13w((t = T1) = (T — 71), X7,,,)
x [[{8((7 =) = (ri-1 = m),RY)
=2

le.

X V((t - Tl) - (Ti - Tl)aXTi,)}

Note that, for ¢ > 1,

Ti41—T5

i—1
Xﬂ _ Xﬁ + ZX(j+1)
j=1

and the conditional expectation can be expressed using only the increments 7; —
71 for ¢ > 1. Using the strong Markov property of (N(t)) at time 71 and the

independence of the families Xt(i), we deduce that
E.[Y(m,t)] = E, |:S(7'1, RHV (t — 1, X, )e™ L <tyYmo1(t — 71, X5)

K S(s,dy)
_ —s dy s ) _ _ _ —
= /O ds e7*S(s,R%e SR V(t—s,2—y)Ym 1(t—s,z—y)

t
= / ds [ S(s,dy)V(t—s,x—y)Hpm_1(t —s,x —y)
0 Rd
= H,,(t,x),
by the induction hypothesis and (Z2]). This completes the proof. O

We have presented the simplest setting of the probabilistic representation, suffi-
cient to treat our interest in the wave equation in dimensions d < 3 and the random
potentials in the subsequent sections. However various extensions and variations
of this representation are possible. We give a brief description here, leaving the
details to the interested reader.

1. For a signed kernel S(t,dy), we need to modify somewhat the representa-
tion. Write S(¢,dy) = Sy (t,dy)—S_(t,dy) for the Hahn-Jordan decomposi-
tion into a difference of non-negative measures. Choose, if possible, subsets
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A(t) € R? so that S4(t, A(t)) = S—(t,A°(t)) = 0 and (z,t) — Lag(z) is
measurable. (Note that this is certainly possible when S(¢,dy) = q:(y)dy
for continuous (g;(y), t >0, y € R%).) Let C; be a counter defined by

Cy = Z Lir<ey Iix,, =X, €A(ri—1i1)}-
=1

Then the argument above leads to the representation

N(t)

u(t,x) = etE:D w (t - TN(t)7XTN(t)) (_1)Ct H |:‘S(T’L — Ti—1, )‘ V(t - Ti7X7'i) ’
=1

where [S(t,-)| denotes the total variation of the measure S(t,dy). This
representation then covers the case of the beam equation in all dimensions
d>1.

2. If, instead of being real-valued, u(t,x) = (u1(t,x),...,u,(t,z)) € R™, and
V(t,x) is an n X n matrix, so that (21J) is in fact a system of p.d.e.’s, then
the formula in Theorem B2 still holds, provided the matrix product in ([31])
is ordered according to increasing values of 1.

3. We have treated for simplicity the case of spatially homogeneous equations
on R%. However, in principle, suitable changes should allow representa-
tions for inhomogeneous equations, or equations in domains with suitable
boundary conditions.

4. For any A > 0, one can replace the potential V by A~'V and use a Poisson
process of rate A to obtain an alternative representation. For example,
rewriting the heat equation (1) as

ou 1 v

we would get the representation

u(t, $) = 6)\th w (t —TN(t)» X"’N(t))

3.2
(3.2) N
|:S(Tz — Ti—1, '))\71V(t — Ti, Xn):|
i=1
where X, starts over at the times of a rate A\ Poisson process. For large
A, these representations, when using a Markovian X, become close to the
classical Feynman-Kac formula. For example, we can further rewrite (L)
as
ou 1 V
3.3 — ==-A A1+ —|u—Au.
(3.3) ot 5 u+ { + )\] U U

Due to the term —Au in (3.3), the Green’s function e *p;(y) of Lu =
% — %Au + Au gives rise to a factor e~ inside the expectation in (3.2,

which cancels the factor e which is outside of the expectation. Regarding
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[1+ (V/X)] as our potential term, we find

Nax(t)
TNA(t))eXp Z log (1 ATV (=T, BTm))

m=1

u(t,z) = EP |w(t — TN, (1), B

Now letting A — oo and using log(l + z) &~ z, the integrand involves a
Riemann sum approximation to the integral in the classical Feynman-Kac
formula.

4. SECOND MOMENTS FOR RANDOM POTENTIALS

4.1. The random potentials. We are now going to consider a class of linear
equations driven by spatially homogeneous Gaussian noise F'(¢, x), whose covariance
is formally given by

E [F(t, 2)E(s,9)| = 6ot — 8)f( — y).

In this equation, §(-) denotes the Dirac delta function, and f : R? — R is continu-
ous on R?\ {0}. More precisely, let D(R4*+1) be the space of Schwartz test functions
(see [20]). On a given probability space, we define a Gaussian process F =
(F(¢), ¢ € D(RY1)) with mean zero and covariance functional

BIF@FW)] = [ at [ do [ ayett.o)f@= i),

Since this is a covariance, it is well-known [20, Schwartz, Chap. VII, Théoréme
XVII] that f must be symmetric and be the Fourier transform of a non-negative
tempered measure 1 on R?, termed the spectral measure: f = Fp. In this case, F'
extends to a worthy martingale measure M = (M;(B), t >0, B € B,(R%)) in the
sense of [21], with covariation measure @ defined by

QU0,1] x A x B) = (M(A), M(B)), = / (o [ dy La(@) e~ )L (),

and dominating measure K = @ (see [8 [6]). By construction, ¢t — M;(B) is a
continuous martingale and

Flo)= [ elta)lat. o),

where the stochastic integral is as defined in [21].

Assumption C. For each t > 0, S(¢, dy) is a non-negative measure and takes values
in the space of distributions with rapid decrease [20, Chap.VIII, §5]. Moreover, it
satisfies

T
(4.1) | as [ ntae) Pt < o
and

T
. 2 __
i [ / () sup FS((E) - FSWEF =0,

where p is the spectral measure of the Gaussian process F'.
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Consider the stochastic integral equation

(4.2) u(t,z) = w(t,z) + /0 y S(t—s,x—y)u(s,y)F(ds,dy),

where w(t, z) is a random field satisfying appropriate conditions (see below).

Our motivation is the case where S(t,dy) is the Green’s function for a partial
differential operator L, and the study of the stochastic p.d.e. Lu = u F, with
stationary initial conditions independent of F. This s.p.d.e. can be recast into
this integral form with w(¢,z) being the solution of Lw = 0 with the same initial
conditions as u(t,z). In this context, (w(t,-), M(-)) is stationary in z, or, more
precisely, has property (S) of Dalang [6, Definition 5.1].

The stochastic integral in (£2]) needs defining. If S(s,y) is a smooth function, as
in the heat equation, then we can use the stochastic integral with respect to a worthy
martingale measure introduced in [2I]. In this case, (£Z) has a unique solution
provided w(t, z) is a predictable process such that sup,<r ,epa E[w?(t,z)] < co.

If S(s,-) is a singular measure, as in the case of the 3-dimensional wave equation
that we are particularly interested in, then we use the integral introduced in Dalang
[6]. We briefly describe his construction that uses an approximation to the identity.
Choose 1 € C§°(R?) with ¢ > 0; the support of ¢ is contained in the unit ball of
R® and 5, v(z)dz = 1. For £ > 1, set 1g(x) = (¥ (Lz) so that ¢, — dg as £ — occ.
The stochastic integral in ([2]) is the L?-limit of the usual stochastic integrals

/Ot /Rd Se(t — s, — y)u(s,y) F(ds, dy),

where Sy(t, x) is the convolution [ S(t,dy)ve(z—y). While studying the s.p.d.e. Lu
= uF as above, this convergence was established in [6]. Assumption C (in partic-
ular, the fact that S(t,dy) is non-negative) is also used in the definition of the
stochastic integral.

The following proposition gives a straightforward extension of [6, Theorem 13|
that we need to handle the integral equation (£2)).

Proposition 4.1. Fiz T > 0. Suppose (w(t,z), (t,z) € [0,T] xRY) is a predictable
process such that sup,<p ,cga E[w?(t,x)] < oo and that (w(t,x)) has property (S)
of [6, Definition 5.1]. If Assumption C holds, then @&32) has a unique square-
integrable solution (u(t,z), (t,x) € [0,T] x RY). Moreover, this solution is L2-
continuous and if Sup,<p, ega El|lw(t, z)[P] < oo for some p > 2, then

sup sup Ef|u(t, z)|?] < oc.
0<t<T zecRd

Proof. The proof is identical to that of [6, Theorem 13|, except that ug(¢, ) there
is set to w(t, x) rather than to 0, and wu,; in the Picard iteration is defined by

Upt1 (t,x) = w(t, x) + /0 y S(t—s,x —y)u(s,y)F(ds,dy)

rather than by equation (52) of [6]. All the arguments in that proof apply, essentially
without change, to this situation. (I
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In the terminology of [9], the solution u(t, z) given by Proposition1lis a random
field solution of ([4.2)), that is, a solution that is defined for every t and = (as opposed
to a function-valued solution, defined only for all ¢ and almost all z, that would not
be adequate for our purposes).

In fact, it is shown in [6] that ([T is even a necessary condition for (2] to have
a solution satisfying sup; < ,epa Elu?(t, )] < oo.

In the cases of the heat and wave equations, [6] gives equivalent conditions to
(1) involving only w or the function f in the covariance structure.

4.2. The series representation. In this subsection, we work under Assumptions
A and C. We assume that w(t, x) satisfies the properties indicated in Proposition
Z91}

We shall show that there is a series representation for the solution u(t, ) of (@2,
analogous to ([Z3]), but with the deterministic integral replaced by the stochastic
integral as in (£2). Define Iy(t,z) = w(t, z), and, for m > 0,

(43) Ierl(tvx) = /O RY S(t - 5T = y>Im(Sa y)F(dS,dy)

Proposition 4.2. Suppose that w(t,z) satisfies the properties indicated in Propo-
sition @l Then the series

(4.4) u(t,z) = In(t,z)

m=0

converges in L? uniformly over (t,z) € [0,T] x R? and is the unique solution to

@.

Proof. We first check the L2-convergence of the series in ([#4]). Set

M, (t) = s;lﬂgl E[Ln(t,x).

By [0, Theorem 2],

M) < [Cdsdra) [ utae) 7S = s

By () and [6l [7, Lemma 15], we conclude that

o0
D Mi(s)? < oo,

m=0

which establishes the L2-convergence of the series. Set w,(t,z) = > _ I (t, z).
Then u,(t,z) — u(t,z) in L?, and by [6, Theorem 2], as n — oo,

t , gt
/ S(t — 5,2 — yun(s,y) F(ds, dy) > / S(t — 5,2 — y)u(e, y)F(ds, dy).
0 Rd 0 Rd
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Therefore,
t
wit,z) + / / S(t — 5, — y)u(s, y)F(ds, dy)
0 Rd

= i (w0 + t [ (50— ppunlsc)Plds.) )

n—oo

n—oo

nooet
= lim (Io(t, x) + Z / S(t—s,x—y)In(s,y)F(ds, dy))
m=0"0 R4
n+1
= lim Y In(t,x)
m=0
= u(t,x),

showing that u(t, z) solves ([£2)). O

The successive terms in ([Z4) are orthogonal in L?, that is, E[I,,(t, 2) L (s,y)] =
0 whenever m # m’. The series is therefore a chaos expansion for the noise F. The
orthogonality can be checked by induction on m and m/, using the fact that the
covariance between I, and I,,, reduces, as in ([d.3]) below, to an expression involving
the covariance between I,,,_; and I,,/_1.

4.3. The probabilistic representation of second moments. In this subsec-
tion, we work under Assumptions A, B, and C. We make the same assumptions on
w(t, z) as in Subsection

Let (N(t), t > 0) be arate one Poisson process. Using two independent i.i.d. fam-

ilies (X.(i’l), i > 1) and (X'.(i’Q), i > 1), construct, as in Section [B] two processes
X' = (X}, t >0)and X? = (X?, t > 0) which renew themselves at the same set
of jump times 7; of the process N, and which start, under P, ,, at x; and xa,
respectively. See Figure [2] for an illustration.

Xl
TGR:J/\‘\/’// t
y € R?

X7

T0=20 T1 T2 T3 T4 t

FIGURE 2. A sample path of the processes X! and X?2.
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Theorem 4.3. Let u(t, ) be the solution of [@2) given in Proposition 2l Then

Elu(t, z)u(t,y)] = etE917y [w (t —TN(t)> X71'N(t>) w (t - TN(t)’X‘IQ'N(t))
N(t)
x [T (S(ri = i RO f (X1 - X2)) |.
i=1

Proof. Observe that by Proposition [£.2]

Elu(t, ZZ Mo (t9)] = D Elln(t, @) Ln(t,9)],

using the orthogonality of the terms in the series. For m > 1, using the smoothed
kernels Sy(t,x) defined earlier, we have

ElLn(t, ) I (t,y)]

—E[/ A S(t—s,x— 2)Im—1(s,2)F(ds,dz)

/ /Rd (t =8,y = 2)Im-1(s, 2) F (ds, dz)]

(4.5) hmE[/ /Rngtfszfz)ml(sz) (ds,dz)
<[ st s st p s o)

t
= lim ds/ dzy dzo Se(t — s, — 21)Se(t — s,y — 22)
Rd Rd

t—oo [

X f(z1 — 22) E[lm—1(s, 21)Im-1(s, 22)]
:/tds S(t—s,x—dzl)/ S(t—s,y —dza)
0 R R4
X f(zl - Z2)E[Im—1(3; Zl)Im—l(Sa 22)]7

where we have used the Lebesgue Differentiation Theorem [22] Chapter 7, Exercise
2] in the final step. We shall now show by induction that

(4.6) E[l,(t,x) L (t,y)] = J(m,t,z,y), m > 0,
where
J(m,t,x,y) = €'Eyy {1{N(t)=m}w (t — T, XTlm) w (t — Tons Xfm)
X ﬁ {S(ri — 7o, RY2 (X — X2)}
i=1
For m =0,

J(0.t,2,y) = e'w(t, 2)w(t,y) Py {N(t) = 0} = E[lo(t, ) Lo(t, y)].
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We suppose now that (£8]) holds for m — 1. By the Markov property at 71, arguing
as in Theorem B.2] we have, choosing F1 = o{m, XT1 , X2 1

J(m.t,2,y) = Bay [ 1m<ne™ F(X] = X2)S(m1, RY)?

X 6 t Tl)Eahy[l{N N(Tl =m— l}w( Tm,X}—m)'LU(t - Tm’X"Q—m)

x [TIS(r = 7o, RY2F(XE - X2)|71]|
=2
=FEuy [Lin<ne™ f(Xr, — X2)S(r, RH2T(m — 1,t — 7, X2, X2)]

t
:/ ds S(&x—dzl)/ S(s,y — dzs)
0 R4 R4

X f(z1 —2z2)J(m —1,t — s, 21, 22).
The conclusion now follows from (5] and the induction hypothesis. (]

Remark 4.4. By multiplying the integral formulas (£2) for u(t,z) and u(¢,y) and
taking expectations, one formally expects the integral equation

Elu(t, z)u(t, y)]

=w(t,z)w(t,y) + /0 /Rd 9 S(t—s,x—dz)S(t— s,y — dzo)
X f(z1 — 2z2)Elu(s, z1)u(s, 22)].

This new integral equation on R2? is of the same form as (). This leads to
an alternative derivation, by applying Theorem [B.2] of the representation for sec-
ond moments given above. However, we have used the argument above, as it will
generalize to higher moments.

5. MOMENTS OF ORDER N

In this section, we work again under Assumptions A, B, and C. In addition to the
assumptions on w(t, ) made in Subsection A2 we assume that sup, . E[|w(t, )|?]
< 00, for all T, p > 0, which ensures that the solutions have finite p-th moments.

In the case where wu(t,x) solves a first order equation driven by the Gaussian
noise F', written in the form ‘Z—;‘ Lu + uF, where L is a differential operator
in the space variables, then a formal calculation suggests that the n-th moment

m(t,x1,...,2,) = Elu(t,z1) ... u(t,x,)] should satisfy

om

- 1 <&
v =Ly,  z,m+ 57712]"’@Z

i#]

(this formula is proved for discrete space in [3, Section I1.3]). Here, L,, ... ., stands
for the sum of the operator L applied to each variable x;. The equation for m
is again of the same potential type considered in Section 2] and can be recast as
an integral equation using a multiple product kernel constructed out of the kernel
S(t,dy) for % — L. Theorem then leads to a probabilistic representation for
m. This argument does not seem to apply for second order equations (in time) or
directly for integral equations. However, as we shall now explain, it is possible to
find a representation, analogous to the one for second moments, that holds for the
higher moments of the general integral equation (£.2).
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We start with an informal discussion of the representation for higher moments.
The second moments were given in terms of a pair of processes, both of which were
renewed at the times 7; of a single Poisson process N. The situation for the n-th
moment is somewhat analogous. Instead of two processes, we will use n processes
X1 ..., X™ For each pair of indices p = {p1,p2}, we create a Poisson process
Ni(p). The renewal times of the the process X will be the union of the Poisson
times arising from the processes Ni(p), such that the index ¢ is contained in the
pair of indices p.

More precisely we let P,, denote the set of unordered pairs from £, = {1,...,n}
and for p € P,, we write p = {p1,p2}, with p; < p3. Note that card (P,) =
n(n —1)/2. Let (N.(p), p € P,) be independent rate one Poisson processes. For
A C Py let Ni(A) = 32 ,c4 Ni(p). This defines a Poisson random measure such
that for fixed A, (N¢(A), t > 0) is a Poisson process with intensity card(A). Let
01 < 03 < -+ be the jump times of (N,(P,), t > 0), and R’ = {R}, R}} be the
pair corresponding to time o;. Two possible representations of this Poisson random
measure are shown in Figure [Bl

{374} L e x
2,4y 1
(2,8} Lol -
(1,4} e -
{173} T *
{1,2} g---= . . . . .
g1 g9 g3 g4 g5 t
4
; L |
X [
1 S [

o1 02 a3 04 05 t

FIGURE 3. Two equivalent representations of the Poisson random
measure (N(+)): the top representation is simply the superposition
of the Poisson processes (N¢(p)), p € Pp; in the bottom represen-
tation, two elements of £,, are joined at time o; if they constitute
the pair R’.

For ¢ € L,,, let P C P, be the set of pairs that contain ¢, so that card(’P(é)) =
n—1. Let 7{ < 75 < --- be the jump times of (N;(P®)), t > 0). We write N;(¢)
instead of N;(P®)). Note that

S Nilp) = Nu(Pa) = 5 S Nil0)

PEPn Lely,
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We now define the motion process needed. For ¢ € £,, and ¢ > 0, let (Xf’(i), t>
0) be i.i.d. copies of the process (X;) defined before Example Bl Set
xXt+ X0, o<t<qL,
X{ =
o0, (i+1
Xﬁig —l—Xt_(j_? ), <t <Th,.
This motion process is illustrated in Figure [l

R%

X4

Ty 4.-\—//
N

T3 /

>-—

xQ\XQ/\
wlv‘\

o

<
=
lE]»—t
s
ol

3

w
~

Il I I I |
T2 T3 75 T T4

FIGURE 4. Tllustration of the motion processes X’ in the case
where n =4 and X§ =2 ¢ =1,...,4.

It will be useful to define X} for certain ¢t < 0. For given (t1,71),. .., (tn, Tn),
under the measure Py, ), .. (t,,2,) We set

Xf =X for —tp <t <o.

Finally we set 7§ = —t,. The following theorem gives a formula for the n-th
moments, and it is the main result of this section.

Theorem 5.1. The n-th moments are given by
(5.1) Elu(t,z1) - u(t,z,)]

Ne(Pn) _ .
n(n— R R;
=" VPEG 0w | [T XS — X52)
i=1

N (¢)
X H H S(Tf - Tie—lv Rd) : H w(t - Tf\/t(e)’ XﬁNt(f))
teL, i=1 eLy,

The proof of this theorem requires some preliminaries. Let I,,,(¢,x), m > 0, be
as defined in (@3). For 0 < s <, set

Lgi(s,t,x) = / St —r,x—y)y(r,y)F(dr, dy),
0o Jrd
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so that I, (t,t,z) = I,(t,x) for m > 1. For m = 0 and 0 < s < t, we set
Io(s,t,x) = Iy(t,t,z) = w(t,z). Let

I(s;(my,tiyyx;),i=1,...,n)=F

n
H Iml (57 tiv xl>‘| )
i=1

for m; > 0, s < min(ty,...,t,), z; € RY i = 1,...,n. We begin by giving an
inductive expression for this expectation.
Lemma 5.2. Suppose mi + ---+ m, =m.

(a) If m =0, then

I(s;(0,¢5,2),i=1,...,n) = Hw(tz,a:,)

(b) If m > 1, then

I(s;(mi,ti,m;),i=1,...,n)

— Z / dr S(tpl -7, dyl)
0 R4

PEPnimpy mp, >0

(52) X /]Rd S(th A dy2)f(xp1 — Y1 — Tp, + y2)

2
x E HImpi_l(r, T Zp, — Yi) - H I, (7, g, k)
i=1 keLn\p

Proof. Part (a) follows immediately from the definitions. For part (b), if m = 1,
then n—1 of the m; are equal to 0 and so n—1 of the I,,,, (s, t;, ¥;) are deterministic.
The one I, (s, t;, ;) with m; = 1 is a martingale with mean zero, implying that
I(s; (my, ti,x;),i=1,...,n) = 0. The expression in formula [5.2]) is also equal to 0
since there is no p € P, such that m,, - m,, > 0.

If m > 2, we distinguish two cases. The first case is where all but one of the m;
are zero. In this case, I(s; (my,t;,z;),t = 1,...,n) and expression (5.2)) vanish, for
the same reasons as in the case m = 1. We now consider the second case, in which
there is at least one p € P,, with m,, - m,, > 0.

Using the smoothed kernels S, = 1)y * S, as in Section [£.1] we define

Huatsitia) = [ [ Sult=rea =) In(r) Pl dy).

For fixed (t;,;), s — I’ (s,t;,z;) is a martingale, and according to [2I, Thm.

2.5], if m; > 0 and m; > 0, then the mutual variation process of Ifm(-,ti, x;) and
If;ij ('a tja xj) is

5 = / dr dy15é(ti—7“79€i—y1)/ dya Se(t; —r, x5 — y2)
0 RA Rd

X f(yr — y2) Ly -1 (7,7, yl)Imj—l(ra T, Y2)-
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We now apply Itdé’s formula [4, Theorem 5.10] to the function f(ai,...,a,) =

ai - ap, and the n martingales Ifni(~,ti, x;), i =1,...,n. Note that
0 f 0% f ey
8—%2 =0 and daida, = H ar ifi#j.

ke{l,...,n}\{i,5}
The stochastic integrals terms given by It6’s formula have mean zero, because the
I, (+,-, ) have bounded moments of all orders, so taking expectations we reach

HI stz,le

— Z / dr dy1 Se(tp, — 1 Tp, — Y1) /d dya S¢(tp, — 1,25, — Y2)
R

PEPR: My -Mpy >0

(5.3)

X flr = y2)E L, -1 (rr,y) Iy, 1 (s ya) [ Ty (e )
kely\p

The variables I, (1, tg, %) and Iﬁlk (r,tg, 1) are both bounded in L? for all p and
continuous in L? in (r, ), so that they are continuous in L? in the variables (r, zy,).
This implies that the expectation in (5.3]) is continuous in (7, z1, ..., z,). Using the
change of variables z; = x,, —y1 and 2o = x,, — Y2, we let £ — oo in ([3)). The
left-hand side converges to I(s;(my,t;,x;),i = 1,...,n) and the right-hand side
converges to formula (5.2)), completing the proof. O

Define
J(t7 (mivthxi)’i = 1, . 7’]’),)

L(matetmn)

LR PR BTN § AT I S || B (G CEP e
i=1

XHHST—T LR Hw W,Z)

LeLy, i=1 teL,
The next aim is to show that these expectations satisfy a similar inductive formula.
Lemma 5.3. Suppose my + - +m, = m.
(a) If m =0, then

n

J(t; (O,tg,xg),ﬂz1,...,n):Hw(t—|—t5,xg).
(=1
(b) If m > 1, then J(t; (me,te,x4), £ € Ly,) is equal to

> /dS S(tp, + s,dy1) / S(tpy + 8:dy2) f(xp, — Y1 — Tpy + 12)

PEPn:mMp, Mpy >0

(5.4)
x J(t—s;(mp, —1,0,2,, —yi), 0 =1,2;(my, s +ts,24), L€ L\ p).
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Proof. Part (a) follows immediately from the definitions. For part (b), in the case
that only one of the m; are non-zero then J(t; (my,ts,2¢),f € L) = 0 since
Pty a0yt e AN () = my, £ € L} = 0, and formula (5.4) is also equal to 0
since there is no p € P, with m,, - m,, > 0.

We now suppose that m > 2 and that there is at least one p € P, with
My, - Mp, > 0. In this case {N¢({) = my, £ € L,} C {01 < t}, and we
are going to use the Markov property of N¢(P,) at time o;. Indeed, choosing

1 1
Fi= cr{crl,Rl,Xil,Xf”f , we may rewrite J(t; (m,,te,x0), £ € Ly,) as

1 2 _
> Elty a1, (tnn) | Hor<tmi=py F(X5, — X5))em =D/

PEPn:mp mpy >0
X H S(Tf - TgaRd)
lep
X E(thrl)w--v(tw,mw)[l{Nf(f)—Nal(f)*mu LeLp\p}N{N¢(£)—Ngy (€)=m¢—1, LEp}
fo(Xﬁ— H HST -7t R
(=2 LeLly,\p =1

m;

2111 ECEEES R ) RIS Rt

lepi=2 CEL,

Note that at time o7, on { R* = p}, the processes X*i start afresh from Xpi,i=1,2
while for £ € £, \ p, X* has seen no jump from —t, to o1, that is, for oy +¢, units of
time. Using the strong Markov property at o1, the conditional expectation above
multiplied by e(t=o1)n(n=1)/2 i5 equal to

J(t —o15(my, — 1,0, X07), i =1,2; (myg,01 + tg,x0), L € Ly \ p).
Therefore, J(t; (mye,te, x¢), ¢ € Ly,) is equal to

Z E(tlvxl)v-“v(tn7xn) [1{01 StRl:P}ealn(nil)/Q

PEPnimpy mp, >0

x f(x0 =X [[ S — 70, RY)
Lep
X J(t —oy;(mpy, —1,0,X00), 4
= 1727 (mf70-1 +t€a$5>7 4 S ﬁn\p)}

The variable oy is exponential with mean 2/(n(n—1)) and the variable R is indepen-

dent and uniformly distributed over P,. Taking the expectation over oy, R', Xff
we reach (5.4). O

Proof of Theorem 5.1l We note that it suffices to prove, when t; > t, that

I(t; (mla tla xl)a ey (mnatnaxn))

5.5
(5:5) = J(t; (m1,t1 —t, 1)y ..., (Mp, by — t,20)).
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Indeed, in this case, by Proposition 2]

Elu(t,zy) - -u(t,z,)] = Z Z I (t b)) - Iy, (8,8, p))

m1=0 My =0

= Z Z I mlat wl) '7(mn7taxn))
m1=0 my=0

= Z Z J m170 x]) -7(mn?07$n))7
ml_O n—O

and this is equal to the expression in (G.1]).

Let m = mq + -+ + m,. We are going to prove (B.H) by induction on m. If
m = 0, then (B5) follows from Lemma [5.2[(a) and Lemma [5.3)(a), since both sides
of (B8 are equal to w(ty, 1)« - - w(tn, xr). Now assume inductively that (&.5]) holds
for m — 1 > 0. By Lemma [B3|(b),

J(t;(mg,tg—t xe), L € L, )

— Z /ds S(tp, —t+s,dyr) / S(tp, —t+s,dy2)

PEP,: My, My >0
(5.6)

X f(xp, —y1 — Tpy +12)

X J(t—s3(mp, —1,0,2,, —y3), 1 =1,2;(my, s +tg —t,x), L € Ly —p).
By the induction hypothesis, the last factor J(¢t — s;...) is equal to

I(t —s;(mp, — Lt —s,2p, — i), i = 1,2;(my, te, ), L€ Ly \ p).
Now use the change of variables r = ¢t — s and Lemma B.2(b) to see that the

right-hand side of (58) is equal to I(t; (me,ts, x¢), ¢ € Ly,). This completes the
proof. ([

Remark 5.4. The intuition behind equality (55) is the following. Suppose n = 4
and consider space-time positions (t1,x1), ..., (t4,z4), as in Figure[ll The quantity

Rd

T

T2

€3

T4

time in s.p.d.e.

[ R —

i e e e m———————
oA S

Eu s R [
& o — -

~

w
~

Ny

1 2

t —t t t t
t*tl t*t4 t*tz s=0 S =
t—ts3

time for Poisson
random measure

FIGURE 5. Tllustration for equality (B.5]), with the direction of time
for the s.p.d.e. and for the Poisson random measure.
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I(t; (mye,te,xe), € =1,...,4) is the expected product of iterated integrals, where
the left-most integral is up to time ¢ < min(¢y, ..., t4) and the order of the iterated
integrals are mq,...,my.

On the other hand, time s for the Poisson random measure runs in the opposite
direction as in the s.p.d.e. (see Figure[l). In the quantity J(¢, (mye,te —t, z¢), £ =
1,...,4), the process X* starts at negative time ¢ — t;, and there are no Poisson
pairs during negative time. During the time interval s = 0 to s = ¢, the number of
Poisson pairs containing xy is set to my. With these constraints, I(t; (myg, te, z¢), £ =
1,...,4) = J(¢t, (me,te —t,x), £=1,...,4) as stated in (EH).
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