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T h e Jo u r n a l  o f  Sy m b o l i c  L o g i c  

V o l u m e  4 8 ,  N u m b e r  4 ,  D e c .  1983

A  F I L T E R  L A M B D A  M O D E L  A N D  T H E  C O M P L E T E N E S S

O F  T Y P E  A S S I G N M E N T 1

H EN K  B A REN D REG T ,  M A RI O  CO PPO  A N D  M A RI A N GI O L A  D EZ A N I - C I A N C A G L I N I

In  [6, p. 317] C u r r y  d e s c r i b e d  a  f o r m a l  s y s t e m  a s s i g n i n g  t y p e s  t o  t e r m s  o f  t h e  

t y p e - f r e e  ¿ - c a l c u l u s .  I n  [11] S c o t t  g a v e  a  n a t u r a l  s e m a n t i c s  f o r  t h i s  t y p e  a s s i g n 

m e n t  a n d  a s k e d  w h e t h e r  a  c o m p l e t e n e s s  r e s u l t  h o l d s .

I n s p i r e d  b y  [4] a n d  [5] w e  e x t e n d  t h e  s y n t a x  a n d  s e m a n t i c s  o f  t h e  C u r r y  t y p e s  

in  s u c h  a  w a y  t h a t  f i l te rs  in t h e  r e s u l t i n g  t y p e  s t r u c t u r e  f o r m  a  d o m a i n  in t h e  s e n s e  

o f  S c o t t  [12]. W e  will  s h o w  t h a t  i t  is p o s s ib l e  t o  t u r n  t h e  d o m a i n  o f  t y p e s  i n t o  a  

¿ - m o d e l ,  a m o n g  o t h e r  r e a s o n s  b e c a u s e  all  ¿ - t e r m s  p o s s e s s  a  t y p e .  T h i s  m o d e l  

g iv es  t h e  c o m p l e t e n e s s  r e s u l t  f o r  t h e  e x t e n d e d  s y s t e m .  By a  c o n s e r v a t i v i t y  r e s u l t  

t h e  c o m p l e t e n e s s  f o r  C u r r y ’s s y s t e m  fo l lo w s .

I n d e p e n d e n t l y  H i n d l e y  [8], [9] h a s  p r o v e d  b o t h  c o m p l e t e n e s s  r e s u l t s  u s in g  t e r m  

m o d e l s .  H is  m e t h o d  o f  p r o o f  is in  s o m e  s e n s e  d u a l  t o  o u r s .

F o r  ¿ - c a l c u l u s  n o t a t i o n  see  [1].

§1. Curry type assignment.

1.1. D e f i n i t i o n , (i) T h e  C u rry  typ e  sch em es  f o r m  t h e  s m a l l e s t  s e t  T c s u c h  t h a t

1- <pb • • • 6  T c ( t y p e  v a r i a b l e s ) .

2. cr, z  e  T c => (a  z)  e  T c .

(ii) A  C u rry  s ta te m e n t  is a n  e x p r e s s i o n  o f  t h e  f o r m  a M  w h e r e  cr e  T c a n d  M  e  A  

( se t  o f  t y p e  f re e  ¿ - t e r m s ) .  M  is t h e  sub jec t  a n d  a  t h e  p red ica te  o f  o M .

A  basis  B  is a  s e t  o f  C u r r y  s t a t e m e n t s  w i t h  o n l y  v a r i a b l e s  a s  s u b je c t s .

(iii)  A  C u rry  typ e  a ss ig n m en t  is d e f i n e d  b y  t h e  f o l l o w i n g  n a t u r a l  d e d u c t i o n  

s y s t e m ,  see  e .g .  [10, C h a p t e r  I, § 2A ] .

( - D  • [a x]

z M  (*)

(7 Z  X x .  M

( E Q ^ )  o M  M  = p N

V N

(*) i f  .y  n o t  f ree  in  a s s u m p t i o n s  o n  w h i c h  z M  d e p e n d s  o t h e r  t h a n  o x .

( iv)  I f  o M  is d e r i v a b l e  f r o m  a  b a s i s  B , t h e n  w e  w r i t e  B \—c crM. I f  D  is a  d e r i v a 

t i o n  s h o w i n g  th i s ,  t h e n  w e  w r i t e  D : B  \—c o M .

R ece iv ed  J u n e  20, 1981.

R e s e a r c h  p a r t ia l ly  s u p p o r te d  by th e  I ta l ia n  C .N .R .  G r a n t  80 .01917 .97 .
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W e  a s s u m e  t h a t  t h e  r e a d e r  is f a m i l i a r  w i t h  t h e  n o t i o n  o f  / - m o d e l  ( w e a k l y  ex-  

t e n s i o n a l  ¿ - a l g e b r a )  a n d  t h e  i n t e r p r e t a t i o n  o f  ¿ - t e r m s  in  t h e m .  See  [1] o r  [7].

1.2. D e f i n i t i o n . L e t  J /  =  < D ,  •, [ ] )  b e  a  ¿ - m o d e l .

(i) I f f  is t h e  v a l u a t i o n  o f  v a r i a b l e s  o f  A  in D ,  t h e n  I M J f  e  D  is t h e  i n t e r p r e t a 

t i o n  o f  M  in . / /  v i a  f .  U s u a l l y  w e  o m i t  t h e  s u p e r s c r i p t  J ( .

(ii) L e t  i~ :  /' g  a;} -> P D  =  { X \ X  ^  D }. T h e n “t h e  i n t e r p r e t a t i o n  o f  o  e  

Tc in  . / /  v i a  d e n o t e d  l a j ' f i  e  P D , is d e f i n e d  a s  fo l lo w s .

L b p i l #  = i  '(<Pi) •

2. =  {d  e  D \ \ / c  e  y i f d - e e  M f - } .

(iii) ? ,  r  N  a  M  i f f  [ M J f  e  k ] / ,

. / / ,  f ,  r  f= B  i ff  J / ,  £, T '  (= <jx f o r  a l l  a x  e  B,

B  f= o M  i ff  V. / / ,  <J, i  ' (= B  J ( , £, T  t=  o M .

W e  w il l  s h o w  th e  f o l l o w i n g  c o m p l e t e n e s s  r e s u l t :  B \—c o M  <=> B  |=  o M .  T h e  

s o u n d n e s s  (=>) h a s  b e e n  p r o v e d  in [2].

§2. Extended type assignment.

2.1 .  D e f i n i t i o n , (i) T h e  s e t  T  o f  e x te n d e d  typ e s  is i n d u c t i v e l y  d e f in e d  by  

(p& <p\, ■ • • G T  t y p e  v a r i a b l e s ,

coe  T  t y p e  c o n s t a n t .

2. a , t  e  T  => (o  t ) e  T, (a  {) z )  e  T.

(ii) A s ta te m e n t  is o f  t h e  f o r m  o M  w i t h  ( j g T ,  M  e  A.  A  basis  is a  s e t  o f  s t a t e m e n t s  

w i t h  o n l y  v a r i a b l e s  a s  s u b j e c t s .

T h e  s e m a n t i c s  f o r  T c  is e x t e n d e d  t o  T.

2.2 .  D e f i n i t i o n , (i) L e t  i r : { ^ }  —► P D , w h e r e  D  is t h e  d o m a i n  o f  a  ¿ - m o d e l  

. / / .  T h e n  f o r  a  e  T  t h e  se t  l a j f -  £  D  is d e f i n e d  b y  a d d i n g  t o  1. 2 ( i i ) :

3. I c o j f  =  D.

4. la n rlf- = l a i f  n w / .
(ii) A s  b e f o r e  o n e  d e f in e s  . / / ,  £, y  (= a  M ; £ ,  y ^  f= i? a n d  5  (= o M .

In  o r d e r  t o  i n t r o d u c e  t h e  f o r m a l  s y s t e m  o f  e x t e n d e d  t y p e  a s s i g n m e n t  o n e  first 

d e f in e s  a  p r e o r d e r  <  o n  T. T h e  i n t e n d e d  i n t e r p r e t a t i o n  o f  a  < z  is V . / / ,  V '  [[<j] ƒ  c

W / .

2 .3 .  D e f i n i t i o n , (i) T h e  r e l a t i o n  <  o n  T  is i n d u c t i v e l y  d e f in e d  b y  ( i .e .  is t h e  s m a l 

le s t  r e l a t i o n  s a t i s f y i n g ) :

z  < z,  

z  < co,

co <  CO —► CO,

z  <  z  n  t ,

a  fl z  <  a , a  f] z  < z ,

(a  -> p) f |  f a  z )  <  a  -> (p  n  t ), 
a  < z < p = > a < p ,

cr <  </,  r  <  r '  => cr f |  ^  ^  ^  fl  r ' ,

<?' <  a ,  r  <  r '  => <7 ->  z  <  a'  -►  r ' .

(ii) a  ^ z < = > a < z <  a.

N o t e  t h a t ,  e .g . ,  (o  p) f |  {&-* t ) ~  a  -> (p  f l  t ); co ~  o  co; a  f) (p f l  r )  ~  

(<7 f |  |0) fl r .  T  m a y  b e  c o n s i d e r e d  m o d u l o  ~  ; t h e n  <  b e c o m e s  a  p a r t i a l  o r d e r .

2 .4 .  L e m m a , (i) o  —>► r  ~  co <=> z  ~  co;
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(ii) ( / i i  -> Vi) n  * * • fl ( / /w v„) <  0“ r  and  z ^ a ) ,  then there arc i }, . . . ,

ik G {1, . . n] such  tha t / j t} f l  * * * fl  V-,* ^  o  a n d  v ix f l  * * * fl v,-4 <

P r o o f , (i) D e f in e  Q ^  T  i n d u c t i v e l y  b y :  coe  Q \ p e  Q => a  -> p g  ¿2; o, p e  Q => 

o  f |  p 6  £  . N o t e  t h a t  o  e  Q => o  ~  co. By i n d u c t i o n  o n  t h e  d e f i n i t i o n  o f  <  o n e  

c a n  s h o w  o  e  Q, o  < z  => z  g  Q. I t  f o l l o w s  t h a t  o  e  Q <=> o  ~  co. T h e  r e s t  is c l e a r .

(ii) By i n d u c t i o n  o n  t h e  d e f i n i t i o n  o f  <  o n e  c a n  s h o w  f o r  /?, n ' , /??, m  >  0  t h a t  

f o r  a ll  /  g  {1, . . . ,  /?'} o n e  h a s

\(fi\ -+ v»i) n  • • • n  (fin -+ v n) n  ^  n  • • • n  <pjm 

< (a i  -*• t i ) n  • • • n  ( < v  -* z w) n  <p a  n  • • • n  p / ,  n  co n  • • • n  ^1 m

a n d  Z[ ^  co => 3 / j ,  . . ik g  {1, / i xi fl * * * D ^  0“/

a n d  vZI f l  * * * fl ^  7/].

T h e n  t h e  r e s u l t  f o l lo w s .  ■

2.5 .  D e f i n i t i o n  (i) E x t e n d e d  t y p e  a s s i g n m e n t  is d e f in e d  by  t h e  f o l l o w i n g  n a t u r a l  

d e d u c t i o n  s y s t e m .

( -> 1 )  [ox] ( - > E )  o  -> z M  o N

z  M N

z M  (*)

g  -> z  Xx. M

( P j I )  o M  z M  °  0  z M  o  f l  z M

g  fl g M  z M

( <  ) o M  g  <  z
z M

(co) coM  .

(* )  i f  jc n o t  f r e e  in  a s s u m p t i o n s  o n  w h i c h  z M  d e p e n d s  o t h e r  t h a n  o x .

T h e  r u le  ( ( ° )E )  is s u p e r f l u o u s ,  s in c e  it is d i r e c t l y  d e r i v a b l e  f r o m  ru le  ( < ) ;  t h e  

ru le  ( E Q /3) is n o t  i n c l u d e d  s in c e  it  is a l s o  d e r i v a b l e  (see  3 .8) .

(ii) I f  o M  is d e r i v a b l e  f r o m  a  b a s i s  B  in  t h e  e x t e n d e d  s y s t e m ,  t h e n  we w r i t e  

B  1— o M .  M o r e o v e r  D \ B  \— o M  is a s  in 1.1 (iv).

E x a m p l e . (— ((<7 —> z)  a) —> r  X x .x x .

2.6. D e f i n i t i o n . A  f i l te r  is a  s u b s e t  d  c  T s u c h  t h a t :

(i) c o e d ;

(ii)  o,  z  g  d  => o  f) z e d ;

(ii i)  o  > z  g  d  => o  g  d.

2 .7 .  L e m m a , (i) { o \ B  j— o M )  is a f i l t e r .

(ii)  B  1— o x  o  o  is in the f i l t e r  g e n e ra te d  b y  { z \ z x  g  B ).

(ii i)  I f  z M  is d er ived  f r o m  0 \ M ,  . . . ,  o n M  o n ly  b y  m e a n s  o f  ru les  ( p ) I ) ,  ( f l ^  

a n d  ( < ) ,  then  z  > o\  f] * • • f l  Qn-

P r o o f , (i) By r u l e s  (co), ( < )  a n d  ( Q l ) .

(ii) By i n d u c t i o n  o n  d e r i v a t i o n s .

(iii)  F r o m  (ii) s in c e ,  in  t h e  r u l e s  in q u e s t i o n ,  M  b e h a v e s  l ike  a  v a r i a b l e .  ■
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2 .8 .  L e m m a , ( i )  B  [—  z M N  => 3  o  e  T: [B  f— a  -► z M  a n d  B  (— crN].

(ii) S u p p o se  V a ,  t  £ T  [B (J { e x }  h -  => B  (J {o x } \— z N ]  a n d  x  n o t  in B \  

then  V p e  T  [B f— p X x .M  => B  (— p X x .N ] .

(iii)  I f  x  is n o t  in B  then B  \— a  z  X x .M  <=> B  (J {<?*} t M .

P r o o f , (i) By i n d u c t i o n  o n  t h e  d e r i v a t i o n  o f  z M N .  T h e  o n l y  i n t e r e s t i n g  c a s e  is 

w h e n  t h e  la s t  a p p l i e d  ru le  is ( P ) I ) ,  i.e. z  =  Z\  f |  ^ 2- T h e n

Z \ M N  Z2 M N

z \  n  r 2 m n

is t h e  l a s t  s te p .

By t h e  i n d u c t i o n  h y p o t h e s i s  t h e r e  a r e  a 2 s u c h  t h a t  B  \— a { -> z,-M, B  f— a t-N 

f o r  / =  1 , 2 .  T h e n  B  f— o \  f |  W a n d  B  \— (a i -*■ n )  fl t z )M.  I t  is e a s y  t o

v e r i fy  t h a t

n  ( ^ 2 - ^ 2) ^  (ffi n  <̂ 2) -» (71 n  *2).

so  w e  c a n  t a k e  a  =  o \  f l  0*2-

(ii) I n d u c t i o n  o n  t h e  d e r i v a t i o n  o f  p X x .M .  T h e  o n l y  n o n t r i v i a l  c a s e  is ( -> 1 ) .

T h e n  t h e  r e s u l t  f o l l o w s  f r o m  t h e  a s s u m p t i o n .

(iii)  (<=) By r u le  (->-1). (=>) W e  m a y  s u p p o s e  t h a t  z  ^  co. L e t  D : B  |— a  -> z  

Ax. M . L e t  (jl{ -> v {X x .M  (1 < / < / ? )  b e  a l l  t h e  s t a t e m e n t s  in  D  o n  w h i c h  a  -> 

z X x .M  d e p e n d s  a n d  w h i c h  a r e  c o n c l u s i o n s  o f  ( - » I ) :

#

_________________V jM

¡ii -> v tX x .M

T h e  s t a t e m e n t  a  —► z X x .M  is d e r i v e d  f r o m  t h e  ¡l i{ -*  v {X x .M  u s i n g  o n l y  r u l e s  ( p ) I ) ,  

(P )  E)  a n d  ( <  ). By 2 .7 ( i i i )  i t  f o l l o w s  t h a t  ( f i x -* v \ )  D * * * f l  ( / /„ -►  v„) <  r  

a n d  h e n c e ,  b y  L e m m a  2 .4 ( i i ) ,  t h e r e  a r e  / b  . .  . ,  ip s u c h  t h a t  ¡ut] f l  * * * f l ¡¿ip >  g  

a n d  v/, fl  * * * f l  Vip ^  r .  H e n c e  w e  c a n  c o n s t r u c t  D ' : B  {J {<ja:} \— z M  a s  f o l l o w s :

f i , y n  • • •  n  HiPx

---------------------------- ( H E )

fi,kx 1 < k < p

v ikM  1 < k  <  p

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - — ( H D
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2 .9 .  L e m m a . I f  B  (— aM ,  then B  \ M  \— aM ,  where B  \ M  =  {<7a* e  B \ x  e  

F V (M ) } .

P r o o f . I n d u c t i o n  o n  t h e  d e r i v a t i o n s .

2 .1 0 .  R e m a r k . I f  M  -*+pv M '  a n d  B  |— zM ,  t h e n  B  |— z M '  ( s u b j e c t  r e d u c t i o n  

t h e o r e m ) .  W e  d o  n o t  n e e d  t h i s  f a c t ,  h o w e v e r .

§3. The filter model.

3 .1 .  P r o p o s i t i o n , (i) a  < z  => V ^ r ,  i r  ^  M f - .

(ii) ( S o u n d n e ss ). B  (— a M  => B  \= a M .

P r o o f , (i) I n d u c t i o n  o n  t h e  d e f i n i t i o n  o f  < .

(ii) I n d u c t i o n  o n  d e r i v a t i o n s ,  u s i n g  (i).

3 .2 .  D e f i n i t i o n , (i) =  [ d \ d \ s  a  f i l ter} .

( i i )  F o r  d h  d 2 g  d e f in e

d \ - d 2 =  { z  g  T \  3  a  e  d 2 a  - >  z  e  d Y)

3.3 .  L e m m a . d h  d 2 e  &  => d y d 2 e  2F. 

P r o o f . E a s y .

I t  w il l  b e  s h o w n  t h a t  • ,  I ] )  is a  ¿ - m o d e l .  In  o r d e r  t o  d o  so  w e  a p p l y  t h e  

m e t h o d  o f  H i n d l e y  a n d  L o n g o  b y  d e f i n i n g  d i r e c t l y  [ M ] e a n d  s h o w  t h a t  t h i s  s a t i s 

fies c o n d i t i o n s  ( i ) - ( v i )  in  [7].

3 .4 .  D e f i n i t i o n , (i) L e t  £ b e  a  v a l u a t i o n  in  S/7. T h e n  B ç =  { a x  | a  e  £ (* )} .

(ii) F o r  M  e  A  d e f in e  l M ] ç  =  {a \B Ç 1— a M }  ( e  8?  b y  2 .7 ( i) ) .

3 .5 .  T h e o r e m . -,  [ ] )  is a X -m od el, i.e.

(i) M e  =  € ( * ) ;

(ii) I M N J ç  =  [ M J r

(ü i )  l A x . M ] r d  =  [ M J Ç{x/d);

( iv )  ( V x e F V ( M ) .  [ x ] e =  M ç,) => [M]ç =

(v )  I X x . M J ^  =  [Xy.  M [ x  : =  y]  J e, i f  y  no t  in M \

(v i)  [ W e . F  [ M i ^ x/d) =  [ ^ ] ç (x/rf)] => U x . M i ç  =  [A x .W ]* .

P r o o f , (i) I f  r  g  i .e . ,  Bç 1—  z x ,  t h e n  b y  2 .7 ( i i )  z  is in  t h e  f i l te r  ( g e n e r a t e d  

b y )  £ (* ) .  T h e  c o n v e r s e  is t r iv i a l .

(ii)  I f  z  g  I M N J ç ,  i .e .  Bç  1— z M N ,  t h e n  b y  2 .8 ( i )  3 a  g  I N J ç  a  -> z  e  I M J ç ,  i .e. 

z  g  I M J ç  • I N J ç .  T h e  c o n v e r s e  is t r iv ia l .

(iii)  z  g  [ M ] £(*/</) o  Bç(x/d) z M

<=>

<=>

B^ U { a x \ a  g  d }  |— z M , w h e r e  B^ =  — { a x  | ¿j g £(.x )}

Be U {<?*} I— f o r  s o m e  a  e d  ( u s e  c o m p a c t n e s s  a n d

t h a t  d  is a  f i l te r )

o  Bç \— a  —+ z  X x . M  f o r  s o m e  a  e  d  ( u s e  2 .8 ( i i i ) )  

Bç  (— a  -> z  X x .M  ( u s e  2 .9 )

<=> a  -»  z  g  l À x . M ^ ç  f o r  s o m e  a  g  d  

<=> z  g  IXx . M J ç - d .

( iv )  T r i v i a l  b y  2 .9 .

(v )  T r i v i a l .



(vi)  A s s u m e  t h e  L H S  a n d  p e  l A x . M ] ^  T h e n  o g  [ ¿ A \ /V ]e by  2 .8 ( i i ) .  By s y m  

m e t r y  w e  a r e  d o n e .  ■

3.6 .  D e f i n i t i o n , (i) y^oC^») =  {d  e  & \ (p { e  d } .

(ii) G i v e n  a  b a s i s  B , d e f in e

f o x )  = { a e T \ B \ - a x }  {e & ) .

3.7 .  L e m m a , (i) V  ¿7 e  T  [ a ] rQ =  {d  e  <F\a e  d ) .

(ii) B  \— a  M  <=> B {tB) [— a  M .

(iii) ffl,  f  'o 1=  B.
P r o o f , (i) By i n d u c t i o n  o n  a.

(ii),  (iii). E a s y .  ■

3.8 .  C o r o l l a r y . T he  fo l lo w in g  is a der ived  rule  f o r  e x te n d e d  typ e  a ss ig n m en t

o M  M  = 6 N
(EQ„) ------- - f f J - -  ■
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P r o o f . S u p p o s e  M  = /3 N  a n d  B  [— o M .  T h e n  B ^ b) K  a M , h e n c e  o e  =

I N J zb s in c e  &  is a  ¿ - m o d e l .  S o  B  \— a N .  ■

3.9 .  C o r o l l a r y , (i) a  <  z  o  V . / / ,  10] $  ^  M  f .

(ii) a  ~  z o  V . / / ,  l a f f  =  [ r ] */.

P r o o f . ( i ) ( = > ) 3 .  l ( i ) .  ( < = ) T a k e  J{ =  J*7, t T  =  y 0  ancl n o t e  ^ a t  {p | a  <  (o} is a  

f i l te r  g  W f o .

(ii) By (i).

3 .10 .  C o m p l e t e n e s s  t h e o r e m . B  f— a M  <=> B  f= a M .

P r o o f . (=>) 3.1 (ii). (<=)

B  1=  a M  => £ 5 , y  0 1= o M  b y  3 .7 ( i i i )

^  1^1 y'o

=> a  e  b y  3 .7 ( i)

=* I-  ^  M

=> B  \— a M  b y  3 .7 ( i i ) .  ■

I t  is i n t e r e s t i n g  t o  c o m p a r e  H i n d l e y ’s c o m p l e t e n e s s  p r o o f  w i t h  o u r s .  H e  t a k e s  

a s  a  m o d e l  a  t e r m  m o d e l  (cf.  [1, 4 .1 .1 7 ] )  a n d  a s  v a l u a t i o n s

1r B(<Pi) =  { [ ^ ] l  B +  I -  <Pi M ) ,  £o (x )  =  [ x ] ,

w h e r e  [M]  =  [ N  e A \ M  =  $ N )  a n d  B  is a  p a r t i c u l a r  e x t e n s i o n  o f  B.  T h e n  he  

s h o w s

W f fi =  {[M]\ B+ h -  oM), l Mh 0  = [Ml

R e m a r k . It is e a s y  t o  p r o v e  t h a t  t h e  f i l te r  m o d e l  is a  c o n t i n u o u s  ¿ - m o d e l ;  see  

[1, §1 9 .3 ] ,  (¿F is e v e n  a n  a l g e b r a i c  c o m p l e t e  l a t t i c e ) .  By a n  a r g u m e n t  s i m i l a r  to  

t h e  o n e  in [3], w e  h a v e  T h  ( ^ )  =  eS (cf. [1, §16 .4 ]) .  F o r  t h e  p a r t i a l  o r d e r  c  in  th e  

m o d e l  SF o n e  h a s  Q  c  1 c  |. T h e r e f o r e  ( J %  c )  is d i f f e r e n t  f r o m  (Pa>, c ) a n d  

( # ,  £ )  =  ( J «  c ) .
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§4. C o n s e r v a t i v i t y .  U s i n g  a  P r a w i t z  n o r m a l i z a t i o n  a r g u m e n t  i t  will  b e  s h o w n  t h a t  

e x t e n d e d  t y p e  a s s i g n m e n t  is c o n s e r v a t i v e  o v e r  t h a t  o f  C u r r y .  T h e n  t h e  c o m p l e t e n e s s  

f o r  t h e  l a t t e r  t h e o r y  f o l l o w s  f r o m  3 .10 .

F i r s t  w e  m o d i f y  t h e  e x t e n d e d  t y p e  a s s i g n m e n t  t h e o r y .

4 .1 .  D e f i n i t i o n , (i) A  large  b a s i s  is a n  a r b i t r a r y  s e t  o f  s t a t e m e n t s  a M  w i th  

a  e  T a n d  M  e A .  T o  e m p h a s i z e  t h e  d i f f e r e n c e ,  b a s e s  a s  in 1. l ( i )  a n d  2. l ( i i )  a r e  c a l l e d  

sm a ll .

(ii) C o n s i d e r  t h e  t y p e  a s s i g n m e n t  s y s t e m  o f  2 .5  a n d  r e p l a c e  r u l e  ( < )  by

( M
a M  M  fa N  

a N

B  f— * a M  d e n o t e s  d e r i v a b i l i t y  in  t h e  r e s u l t i n g  s y s t e m  w h e r e  w e  a l l o w  B  t o  be  

l a rg e .

4 .2 .  L e m m a . B \— a M  => B  [— * aM .

P r o o f . T h e  o n l y  t h i n g  t o  s h o w  is t h a t  ( < )  is a  d e r i v e d  r u le  in  t h e  |— * s y s t e m :  

i f  a  < z,  t h e n  a M  \— * z M .  T h i s  is d o n e  b y  i n d u c t i o n  o n  t h e  d e f i n i t i o n  o f  <  u s i n g  

ru le  (/3rj).

E x a m p l e . L e t  a  -> z  <  a '  -> z  b e  a  c o n s e q u e n c e  o f  a ' <  a  a n d  z  < z  . T h e n  

o n e  h a s  t h e  f o l l o w i n g  d e d u c t i o n :

a  x

in d .  h y p .

a x  a  -> z  M  , 
-------------------------------------- --  ( _ * £ )

z M x

z ' M x

i n d .  h y p .  

( - i )

a'  -► z  Ax.  M x  , 0 v
— - - - - - - - - 7 - T 7 - - - - - - - - - (Pv)

a  —► z  M

R e m a r k . By R e m a r k  2 .1 0  t h e  c o n v e r s e  o f  4 .2  is a l s o  t r u e  i f  B  is a  s m a l l  b a s is .  

W e  d o  n o t  n e e d  t h i s  r e s u l t ,  h o w e v e r .  F o r  l a r g e  b a s e s  t h e  m o d i f i e d  s y s t e m  is s o m e 

w h a t  s t r o n g e r  t h a n  t h e  s y s t e m  o f  §2  w i t h  l a r g e  b a s e s :  A x .z x  [— * (p0 z, <p0 A x .z x  W-

(po z -
4 .3 .  D e f i n i t i o n . L e t  D : B  (— * a M .

(i) A n  —► -cu t  in  D  is a  s t a t e m e n t  o c c u r r e n c e  p Z  in  D  w h i c h  is t h e  m a j o r  

p r e m i s e  o f  ( ->  E )  a n d  is o b t a i n e d  b y  ( -► I)  a n d  i m m e d i a t e l y  f o l l o w e d  b y  k  >  0  

a p p l i c a t i o n s  o f  (/fy).  T h e  leng th  o f  t h i s  c u t  is k  +  1.

(ii)  A n  f l  -cu t  a n d  i ts  l e n g t h  a r e  d e f i n e d  s im i l a r l y .

(ii i)  T h e  degree  o f  a  c u t  p Z  is |p | ,  t h e  n u m b e r  o f  s y m b o l s  in  p.

( iv )  T h e  ord ina l  o f  D  is 0(D)  = cd • \p\  +  m ,  w h e r e  \p \ is t h e  h i g h e s t  d e g r e e  o f  

a  c u t  in  D  a n d  m  is t h e  s u m  o f  t h e  l e n g t h s  o f  c u t s  w i t h  d e g r e e  |(o | ;  0 ( D )  =  0  i f  D  

d o e s  n o t  c o n t a i n  a  c u t .

(v )  D  is n o r m a l  i f  0 ( D )  =  0.

4 .4 .  E x a m p l e . T h e  f o l l o w i n g  t w o  d e r i v a t i o n s  a r e  n o t  n o r m a l :
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: ( j \M  a 2 M
(f io n-cut : ox fi o 2M

o i  f |  o 2 N  

o \  N
( H E )

length 2

D2 : [ax]

z M

o  z  Àx. M

- > - c u t :  a  -> z X x .M  

(-► I) d e g r e e  |a  -> z\

( f iy)  a, l e n g t h  2.
a  —► z P  o N

T P N  ( - * £ )

4 .5 .  L e m m a  ( S u b f o r m u l a  P r i n c i p l e ). L e t  D : B  f— * a M  be norm a l. Then  each  

p red ica te  in D is su b ty p e  o f  o  or o f  a p red ica te  in B.

P r o o f . W e ll  k n o w n ;  see  e .g .  [10, p p .  41 ,  42]. ■

4 .6 .  L e m m a  L e t  D : B  f— * a M .  Then  there  is a deduction  D [x  : =  L ] : B [x  : =  L] \— * 

a M [ x  : ■= L] b y  rep lacing  a ll f r e e  occurrences  o f  x  b y  L . M o re o v e r  D [x  L] has  

the  sa m e  tree  s tru c tu re  a n d  sa m e  ord ina l as D {e.g. D is n o rm a l  i f f  D [x  : =  L] is 

n o rm a l) .

P r o o f . O b v i o u s

4 .7 .  L e m m a .

( I x . M ) N -----P N

s i  p $
M [ x : - = N ] '  » L

Pv

P r o o f . S in c e  c o m m u t e s  w i t h  -++ pv, see  [1, §3 .3 .] .  ■

4 .8 .  L e m m a . L e t  D :  B  a M  have  ord ina l 0 ( D )  #  0. Then  there  is an M '  a n d  

D ' with

1. M  M \

2 . D ' : B  f - *  o M \

3. O ( D ' )  <  0 ( D ) .

P r o o f . S in c e  0 ( D )  #  0 ,  t h e r e  is a  c u t  in  D.  L e t  |^| b e  t h e  h i g h e s t  c u t  d e g r e e  in  

D  a n d  c o n s i d e r  a n  i n n e r m o s t  c u t  p Z  w i t h  t h i s  d e g r e e  (i .e .  in  t h e  s u b d e r i v a t i o n  o f  

th i s  c u t  t h e r e  a r e  o n l y  c u t s  o f  l o w e r  d e g r e e ) .

I f  t h e  l e n g t h  o f  p Z  is >  2, t h e n  o n e  c a n  p e r f o r m  t w o  c o n s e c u t i v e  a p p l i c a t i o n s  

o f  (fir)) a t  o n c e  o b t a i n i n g  a  d e r i v a t i o n  D ' : B  (— * a M  w i t h  l o w e r  o r d i n a l .

I f  t h e  l e n g t h  o f  p Z  is =  2, t h e n  D  h a s  a s  s u b d e r i v a t i o n  D x o r  D 2 a s  in  4 .4  w i t h  

t h e  c u t  p Z  b e i n g  o \  f |  <?2 M  o r  o  -> z X x . M .

I f  p Z  is t h e  n _cut  <J\ H 0 2 - M,  t h e n  r e p l a c e  D x by

a n d  o n e  o b t a i n s  a  d e r i v a t i o n  D ' : B  |— * a M  w i t h  l o w e r  o r d i n a l  ( t h e  o n l y  p o s s ib ly  

c r e a t e d  c u t  h a s  d e g r e e  |a \  i <  \o\  n  oz\  =  ipi)-
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I f  p Z  is t h e  -> - c u t  a  z  A x .M ,  t h e n  r e p l a c e  D 2 by

a N

x M  [ * : _ = N ]  ( p v )

u s i n g  4 .6  a n d  4 .7 .  S in c e  P N  L  t h e  s u b j e c t s  in  p a r t  o f  t h e  r e s t  o f  D  h a v e  t o  be  

r e d u c e d  ( b y  (/3rj)) in  o r d e r  t o  m a t c h  z L .  I n  t h i s  w a y  o n e  o b t a i n s  a  d e r i v a t i o n  D ' : 

B  \—* a  M '  w i t h  M  M '  a n d  O(D ' )  <  0 ( D ) .  D u p l i c a t e d  c u t s  h a v e  d e g r e e  

< \p \  ( s in c e  p Z  is i n n e r m o s t ) ;  p o s s i b l y  c r e a t e d  c u t s  h a v e  d e g r e e  \a\ o r  \z\ <  

\a —► z\ =  \p\. S o m e  e x t r a  a p p l i c a t i o n s  o f  (firj) m a y  b e  n e e d e d  in  D '  b u t  o n l y  i f  

z P N  is f o l l o w e d  b y  ( P | I ) .  B u t  t h e n  n o  c u t  w il l  b e  l o n g e r .

I f  t h e  l e n g t h  o f  p Z  is 1, t h e n  t h e  a r g u m e n t  is s l ig h t ly  s i m p l e r .

4 .9 .  C o r o l l a r y  ( N o r m a l i z a t i o n  T h e o r e m ). I f  B  \ -  * a M ,  then there is a n o rm a l  

D  a n d  M '  such  tha t M  M '  a n d  D : B  (— * a M ' .

P r o o f . I m m e d i a t e  b y  4 .8 .

4 .1 0 .  C o r o l l a r y  (C o n s e r v a t i v i t y ). L e t  B , a M  be C u rry  s ta te m e n ts .  Then

B  )— a M  => B  \—c a M .

P r o o f . By 4 .2  a n d  4 .9  t h e r e  is a  n o r m a l  D : B  \— * a M ' w i t h  M  ■+*$ M ' . B y  4 .5  D  

is g o o d  a s  a  C u r r y  d e r i v a t i o n .  H e n c e  B  \—c a M ' .  B u t  t h e n  B  \—c a M  b y  (E Q ^ ) .  ■

4 .1 1 .  T h e o r e m  (C o m p l e t e n e s s  f o r  C u r r y  t y p e  a s s i g n m e n t ). L e t  B , a M  be  

C u rry  s ta te m e n ts .  Then

B  \—c a M  o  B  | =  a M .

P r o o f .

B  (— c a M  o  B  \— a M  b y  3 .8 ,  4 .1 0

o  B  [= a M  b y  3 .1 0 .  ■

T h e  e x t e n d e d  t y p e s  a l l o w  u s  t o  c h a r a c t e r i z e  t e r m s  h a v i n g  a  n o r m a l  f o r m  o r  

h e a d  n o r m a l  f o r m ;  t h e  p r o o f  f o l l o w s  [5].

4 .1 2 .  L e m m a . L e t  D  : B  (—* z M  with  D  n o r m a l , z  ^  o j  a n d  z M  n o t  o b ta in e d  b y  

(-> I)  or  ( P |  I )  im m e d ia te ly  fo l lo w e d  b y  k  >  0  ap p lica tions  o f  (firj). Then  M  is o f  

the  f o r m  x M x • • • M n.

P r o o f . I n d u c t i o n  o n  D .  T h e  o n l y  i n t e r e s t i n g  c a s e s  a r e  w h e n  t h e  l a s t  s t e p s  in  D  

a r e  ( ->  E )  o r  ( Q  E )  f o l l o w e d  b y  k  >  0  a p p l i c a t i o n s  o f  (firj). I f  i t  is ( ->  E )  t h e n  z M  

c o m e s  f r o m  a -+ z P ,  a Q , w i t h  a  -► z P  e i t h e r  a n  a s s u m p t i o n  in  B  ( t h e n  P  is a  

v a r i a b l e ) ;  o r  t h e  i n d u c t i o n  h y p o t h e s i s  a p p l i e s  (a  -> z P  is n o t  o b t a i n e d  b y  ( - *  I )  

s in c e  D  is n o r m a l ,  n o r  b y  ( Q  I)).  T h e  c a s e  ( P | E )  is t r e a t e d  s im i l a r l y .  ■

4 .1 3 .  T h e o r e m , (i) 3 B 3 z  ^  a) B  \— z M  <=> M  has a h e a d  n o rm a l  f o r m .

(ii)  3 5 ,  z { B  |— z M  a n d  qj n o t  in B, z ]  <=> M  has a n o rm a l  f o r m .

P r o o f , (i) (<=) I n d u c t i o n  o n  M .

(=>) L e t  B  \— z M , z  ^  a). By  4 .2  a n d  4 .3  t h e r e  is a  n o r m a l  D : B  |— * z M ' .  

I n d u c t i o n  o n  D.  I f  z M '  is o b t a i n e d  in  D  b y  (-►  E ) ,  t h e n  4 .1 2  a p p l i e s .  I f  i t  is 

o b t a i n e d  b y  ( -> 1 ) ,  ( p j  I) o r  ( p  E) ,  t h e n  t h e  i n d u c t i o n  h y p o t h e s i s  a p p l i e s .
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(ii) S im i l a r ly .  ■

R e m a r k s ,  ( i )  A  s e m a n t i c a l  p r o o f  o f  4 . 1 3 ( i i )  u s i n g  s o u n d n e s s  a n d  t h e  m o d e l  Pco  

is a l s o  p o s s i b l e .

(ii) I t  is e a s y  t o  s h o w  t h a t  [— >̂0 -*  tpQM<=> M  =  ß X x .x .  T h e r e f o r e  t y p e  a s s i g n m e n t  

is a  r e c u r s iv e ly  e n u m e r a b l e  b u t  n o t  r e c u r s iv e  t h e o r y  ( in  f a c t  J { - c o m p l e t e ) .
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