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Abstract

We investigate a model of spatio-temporal spreading of human immunodeficiency
virus HIV-1. The mathematical model considers the presence of various components
in a human tissue, including the uninfected CD4*T cells density, the density of
infected CD4™T cells, and the density of free HIV infection particles in the blood. These
three components are nonnegative and bounded variables. By expressing the
original model in an equivalent exponential form, we propose a positive and
bounded discrete model to estimate the solutions of the continuous system. We
establish conditions under which the nonnegative and bounded features of the
initial-boundary data are preserved under the scheme. Moreover, we show rigorously
that the method is a consistent scheme for the differential model under study, with
first and second orders of consistency in time and space, respectively. The scheme is
an unconditionally stable and convergent technique which has first and second
orders of convergence in time and space, respectively. An application to the
spatio-temporal dynamics of HIV-1 is presented in this manuscript. For the sake of
reproducibility, we provide a computer implementation of our method at the end of
this work.

MSC: Primary 65M06; secondary 65M22; 65Q10

Keywords: Human immunodeficiency virus; Diffusive mathematical model;
Structure-preserving finite-difference scheme

1 Introduction

In this manuscript, we agree that 4, b, and T* are real numbers such that a < b and T* > 0.
We fix the spatial domain B = (a4, b) and the space-time domain = B x (0, T*). The no-
tation Q is used to denote the closure of the set Q in the usual topology of R?, and we
use B to represent the boundary of the set B. In this work, we assume that the functions
T,U,V : Q — R are sufficiently smooth. Meanwhile, the constants 8, d, k, 8, y, ¢, and
N represent nonnegative numbers. Also, we define the functions ¢, ¢y, ¢y : B— R and
Y, Y, Yy 0B x [0, T] — R. Assume additionally that ¢w (x) = Y (x,0) holds for each
x€oBand W e {T,U,V}.
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Table 1 Physical meaning of the parameters in the continuous model (1)

Parameter  Physical meaning

New T-cells supply rate

Rate of natural death

Rate of infection T-cells

Death rate of infected T-cells

Rate of return of infected cells to uninfected class
Clearance rate of the virus

Average number of particles infected by infected cells

ZOR >3 o™

Under these conventions and nomenclature, the model of type-1 human immunode-
ficiency virus (HIV-1) infection of CD4*T cells with diffusion is described by the one-
dimensional problem with initial-boundary conditions:

oT B VT —-dT u o°r V(x, t) € Q

. —-K - + + > X, )

ot 14 9x2

ou ?U

o =kVT - (y +8)U + PR Y(x,t) € ,

A% v

— =NSU-cV+—, Vi) e,

ot 0x2 (1)
T(x7 0) = ¢T(x)’ Vx € B,
u xro = X), Vx € B,

such that (6,0) = du(x)

V(xr O) = d’V(x)’ Vx e B,

T=9vYr, U=y, V=4, Vxt)edBx][0,T].

This model is a system with diffusion. The functions T'(x, £), U(x, £), and V (x, £) represent
the normalized densities of the uninfected CD4*T cells, infected CD4*T cells, and the
free HIV-1 infection particles in the blood, respectively. The physical meanings of the
parameters 8, d, «, 8, y, ¢, and N are given in Table 1.

In order to express system (1) in an equivalent form, we suppose that T, U, and V are
positive solutions of system (1), and let . € R* be a free constant. Dividing both sides
of each equation of the population system by T'(x,¢) + A, U(x,t) + A, and V(x,£) + A, re-
spectively, and using the chain rule at the left-hand side of each equation, we obtain the

following equivalent system:

2

0] 1 o°T
—In(T+X)=——|B-«kVT-dT+yU+—|, Vxt)eQ,
o n(T + 1) T+A[ﬂ K +y +3x2i| (x,2) €

9 In(U + 1) VT - (y +8)U + o*u V(x,t) € Q

af = K - -~ 5 |’ ) )

ot U+ A Y o

9 In(V + ) L NSU -cV + (4 V(x,t) € Q

. =3, 4 —C —~ 5 | X, )

ot V+A 0x2 2)
T(x,0) = pr(x), Vx € B,
U(x,0) = x), Vx € B,

such that (6,0) = dux)

V(xr O) = d’V(x)) Vx e B,

T=1vYr, U=y, V=4, VYxt)edBx][0,T)].
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This equivalent form is employed to propose an exponential-type discretization of the
continuous problem under investigation. In particular, we provide a Bhattacharya-type
discrete scheme to solve the mathematical model (2). The reason to follow this approach
obeys the need to preserve some important features of the relevant solutions of this system
and to provide an unconditionally stable and explicit numerical solution for our differen-
tial model.

It is worth pointing out that the mathematical investigation of the human immunode-
ficiency virus HIV-1 is an interesting avenue of research. In fact, some works investigate
mathematical models to estimate HIV-1 virological failure and establish rigorously the
role of lymph node drug penetration [1], the global analysis of the dynamics of predictive
systems for intermittent HIV-1 treatment [2], mathematical models of cell-wise spread of
HIV-1 which include temporal delays [3], models for patterns of the sexual behavior and
their relation with the spread of HIV-1 [4], and the long-term dynamics in mathematical
models of HIV-1 with temporal delay in various variants of the drug therapy [5]. Some
of these models are based on ordinary differential equations, and their analytical study is
followed by simulation experiments which assess the validity of the qualitative results. To
that end, various numerical methodologies have been designed and analyzed, like some
algorithms for simulating the HIV-1 dynamics at a cellular level [6], stem cells therapy of
HIV-1 infections [7], fractional optimal control problems on HIV-1 infection of CD4*T
cells using Legendre spectral collocation [8], HIV-1 cure models with fractional deriva-
tives which possess a nonsingular kernel [9], stochastic HIV-1/AIDS epidemic models in
two-sex populations [10], among other reports [5, 11-13].

Notice that system (2) is an integer-order diffusive extension of some HIV-1 propagation
models available in the literature [9, 14]. The use of such a system is due to the current in-
formation available of the mechanisms of CD4*T cells and free HIV-1 infection particles
in the blood. In our investigation, we propose a two-level finite difference discretization
of (2). Our approach hinges on an exponential-type discretization of the mathematical
model, and we prove that the numerical model has various numerical and analytical prop-
erties which make it a useful research tool in the study of the propagation of HIV-1. For
instance, we prove that the scheme is capable of preserving the positivity and bounded-
ness of solutions. This feature is of the utmost importance in view that the variables under
investigation are densities [15]. The properties of consistency, stability, and convergence
are thoroughly established in this work. In particular, we show that the scheme is uncondi-
tionally stable, and that it has first order of convergence in time and second order in space.
We provide some simulations to assess the validity of the theoretical results. Moreover, the
computer implementation of the scheme used to obtain the simulations is provided in the
Appendix at the end of this work.

Before we begin our study, we must mention that the system under investigation (1) has
attracted the attention of these authors due to many important reasons. As we pointed out
before, the mathematical model is motivated by various particular models available in the
literature which do not consider the presence of diffusion. Those systems are described by
ordinary differential equations, whence the investigation of their diffusive generalizations
is an important topic of research. Indeed, the consideration of a nonconstant diffusion
gives rise to a more realistic and complex scenario. Physically and mathematically, the
study of (1) would yield more interesting results. From the numerical perspective, it be-
comes necessary to possess a reliable tool to investigate the solutions of the mathematical



Alba-Pérez and Macias-Diaz Advances in Difference Equations (2021) 2021:158 Page 4 of 19

model. After the theoretical and computational investigation of the scheme, researchers
in the area would possess a means to obtain trustworthy results to propose predictions on

the propagation of HIV-1 in the human body.

2 Numerical model
In this stage, we introduce discrete operators to provide a discrete model to approximate
the analytical solutions of continuous problem (2). Our approach employs finite differ-
ences, and the method to solve the continuous problem is introduced herein. The main
structural features of the proposed scheme is rigorously established in the second half of
this section.

Let us define the sets I, = 1,2,...,q and fq = {0} U I, for each g € N. Let M and K be
natural numbers. We define the set 3] = I;; N 3B and consider discrete partitions corre-

sponding to the intervals [a, b] and [0, T*] as

A=K <X <KXy < <Xy < - <Xp_1<xpm=b, Vmely, (3)

0=t()<t1<t2<~--<tk<---<t1<,1<lf1<=T*, V/(Ej]{, (4')

respectively. In the first partition, the value x,, is given by x,,, = %o + mh, where h = (b—a)/M
for each m € Iy;. In the second partition, the value of ¢ is given by t; = kv, where 7 =
T*/K for each k € Ix. We use the nomenclatures 7%, U¥, and V% to denote numerical
approximations to the exact solutions T, U, and V/, respectively, at the point x,, and time
t for each m € Iy and k € Ix.

Let W be any of T, U, or V. We introduce the following discrete quantities for each

m € Ip_1 and each k € Ix_1:

W = =, )

S,EW,/:, _ Wr]fﬂl - ZWZZ + Wr];—l.

h2

(6)

It is well known that the first operator yields a first-order estimate for the partial derivative
of W with respect to t at the point (x,,, k), while the second operator yields a second-
order estimate of the second partial derivative of W with respect to x at the point (x,,, ).
Substituting these discrete operators at the time #; into model (2), we reach the next finite-

difference scheme to estimate the solutions of (2) at (1, k) € Iyy_1 x Ix_1:

8 In(T% +2) =

[B - kVATS - dTh + ULl + 22T5),

TK + 2
1
8 In(Uk, + 1) = U+ [k VA TE — (v +8)Uf, + 82U,
8, In(VE + 1) = [NsUL, - cVi +82VE], )

VE + 2
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T = pr(xm), Vm € 1y,
u?n = ¢U(xm)y Vm € TM:
Vy(;)q = ¢V(xm), VYm € TM,

such that B
T* = Y ti),  V(m, k) €3] x Iy,

Ur =Yy tr),  V(m, k) € 3] x I,
Vy];l = w\/(xm; tk), V(m, k) S 3] X 71(.

It is clear that this numerical model is a two-step exponential discretization of the con-
tinuous problem (2). Indeed, using the discrete operators, it is an easy algebraic task to
check that (7) can be equivalently rewritten as follows:

t(B-VE +d+ 2)TK + yU* +ak. + €k
Tl;*lz(T,’;+k)exp[ (B~ (Vi i2) Ton v Uiy + T'm):|—k,

TK + 2

uk™ = (Ul +2) exp|:

I(KV,’;TV’;—()/+8+h%)ufn+a]{,ym+ell‘lym) N
uk +a I

T(NSUK — (c+ Z)V* + aF Koy
Vel - (V,]; +A) exp|: “ e ] -2

Von T €vm
VK + 1
Ty, = ¢r(xm), Vm € Iy,
Uy, = pu(xm), Vm € Ly,
VO = ¢y (xm)s Vm €Iy,
T* = Yr(m te),  V(m, k) € 3] x Ix,
Ut = Yy (em ), V(m,k) € 8] x I,
VE =Yy (om ), Y(m, k) € 8] x I,

such that

where af, ,, = h2W¥ | and €}, ,, = h2W},_, for each m € Iy_1, each k € Ix_1, and W €
{T, U, V}. Notice that each of the three equations in (8) can be expressed as T¥*! = F;(T%),

Llfn+1 = Fu(Llykn), and V,';l*l = FV(V,’;), respectively. Here, the expressions of the functions Fr,
Fy;, and Fy are as follows:

Fr(w) = gr(w)exp(pr(w)) — A,
Fy(w) = gu(w) exp(eu(w)) — A, 9)
Fy(w) = gv(w)exp(ev(w)) — A.

In turn, each function g7, gi;, and gy is given by gw(w) = w + A with W € {T, U, V'}, and
o1, Qu, Py are

T 2

or(w) = — (ﬂ - (KV,’; +d+ ﬁ>w+ yU,’; +a’§,m +el}vm), (10)
T k ok 2 k k

¢U(W)=w+k k VT — V+5+ﬁ WAy, +em | (11)

2
ov(w) = wj— Iy (NSUfn - (c + ﬁ)w + a"}’m + e’{,ym>. (12)

Page 5 of 19
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For convenience, we define the (M + 1)-dimensional real vectors

K = (T5, Tf, ..., TS, .. Th 1, Ty, (13)
uk=(ug,us,...,us,..., Uy, Uy), (14)
VE = (Ve Vo Ve VR VD), (15)

for each k € Ix. In general, we say that a vector W € R is positive if all the components are
positive. In such a case, we use the notation W > 0. We say that W is bounded from above
by s € R if all the components of W are less that s, in which case we employ the notation
W < s. Finally, if s is a positive number, then we use 0 < W < s to represent that W > 0 and
W <s.

The following results show the existence and uniqueness of the solutions of (8) along
with the preservation of the constant solutions.

Theorem 1 (Existence and uniqueness) Let k € Icq. If T >0,U%>0, V> 0,and ) >0,
then the discrete model (8) has a unique solution T**', U, and V*+1,

Proof The numbers TX + A, UX + A, and VX + A are greater than zero. As a consequence,
the real numbers 75+ = Fr(T%), UX! = F;(UF), and VAL = Fy (VX) are defined uniquely,
whence the existence and uniqueness readily follow. O

Theorem 2 (Constant solutions) For each k € Ix, let T*, U*, and V* be the zero vectors
of dimension M + 1. Then the sequences (Tk)fzo, (L[k)fzo, and (Vk)f=0 form a solution of
model (8) if o1, bu, dv, 1, Yu, ¥v =0and g = 0.

Proof By the hypothesis, the vectors T° = U° = V0 = 0 satisfy the initial-boundary con-
ditions. Now, if T* = U* = V* = 0 for some k € Ix_1, it is easy to verify that ¢7(0) =
@u(0) = y(0) = 0. This implies in particular that 75! = F1(0) = 0, U+ = F;;(0) = 0, and
V,’jl*l = Fy(0) = 0 for each m € I;_;. The conclusion follows using induction. O

The next lemma is an important tool to show the positivity and boundedness of the
solutions of the discrete system. The proposition is a result from real analysis, and its
proof is established through the mean value theorem.

Lemma 3 Let F,g,¢:[0,1] — R be such that F(w) = g(w) exp(¢(w)) — A for each w € [0,1]
and some A € R. Suppose that g and ¢ are differential and that, for each w € [0,1], the
inequality

gw) +gw)e'(w) >0 (16)

holds. Then F is an increasing function in [0, 1].

Lemma 4 Let ) >0 and k € Ix_,. Define the following positive constants:

2 2
B°T=ﬂ+y+<x+d+ﬁ)k+ﬁ, (17)
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o 2 2
B = y+8+ﬁ )\+K+ﬁ; (18)
2 2
B?,: <c+ ﬁ)A +N§ + 7’ (19)

and assume that0 < T* < 1,0 < U* < 1,and 0 < V¥ < 1. If the inequalities B} < %, TBY; < A,
and '(B(‘), < A hold, then FT(T,’;), Fu(l,[,’;), and FV(VVI;) are increasing functions for each

m € Iy_1 and each k € Ix_1.

Proof Define Hy (w) = gy, (w) + gw(w)gy, (w) for each W € {T, U, V} and each w € [0,1].

After some algebra, it is possible to see that

G
HT(W)=—T(W), vYw e [0,1], (20)
w4+ A
G
Hu(w):M, vw e [0, 1], (21)
w4+ A
G
Hy(w) = vw) vw e [0,1], (22)
w4+ A
where
Gr(w)=w+ A _uk k k M/kdk%ﬁ (23)
W) =w+A+t|yU, +ar, +er, —kAV, — —z B
[ 21 kk |k k
Guw)=w+Ar-1 yk+8k+ﬁ+KVme+auym+eu’m , (24)
[ 22 k., k k
Gy(w)=w+Ar-1 C)"+ﬁ+N8Um+aV,m+eV,m , (25)

for each w € [0, 1]. Using Lemma 3, we want to prove that the functions Fr, Fy;, and Fy are
increasing in [0, 1]. To that effect, we need to show that the functions Hr, Hy;, and Hy are
positive on [0, 1] or, equivalently, that the functions G7, Gy, and Gy are positive. Using

the hypotheses, note

|y | < YW e{T,U,V}, (26)

1
ﬁ;
X 1
el | < o YWelTU V). (27)
As a consequence, observe that Gy (w) > A — tBY, > 0 for each W € {T,U,V} and w €

[0,1]. In this way, the functions Gr, G, and Gy are positive on [0, 1]. Using Lemma 3, we

conclude that the functions Fr, Fy;, and Fy are increasing in the interval [0, 1]. O

Let W e {T, U, V}. Inthe following, R4, and R, represent the ranges of the functions

¢w and Yy, respectively, over the interval [0, 1].
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Theorem 5 (Positivity and boundedness) Let A > 0, and suppose that the following in-
equalities are satisfied:

B+y<d,
K+8<y, (28)
Né <c.

Let BY., BY,, and B, be as in Lemma 4, and suppose that Rg,,, Ry, < (0,1). Ifthe inequali-
ties TBY. < A, TBY, < A, and tBY, < 1 hold, then there are unique sequences of vectors (T*)X_,

(UMK, and (VK that satisfy 0 < TX <1,0 < U* < 1, and 0 < V¥ < 1 for each k € Ix.

Proof We use induction to reach the conclusion. By hypothesis, the conclusion of this
theorem is satisfied for k = 0, so let us assume that it holds also for some k € Ix_;. Lemma 3
assures that the functions Fr, Fy;, and Fy are increasing on [0,1]. Let m € Ix 1. If $ =0
and TX = UK = V¥ = 0, then it follows that

Fr(0) = Aexp(% (B+ yu,ﬁ)) —A=0, (29)
Fu(0) = Aexp(%(x vfg,i)) —a=0, (30)
Fy(0) = Aexp(% (Nau,kn)) ~A=0. (31)

On the other hand, the hypothesis establishes that

T

pr(1) < 1 (B-d+y)<0, (32)
+ A

oull) < -k~ y +8) <0, (33)

ov(1) < liA(N(S ~0)<0. (34)

This and (9) show that Fr(1) < 1, F;(1) < 1, and Fy(1) < 1. Notice that the functions
Fr,Fy, Fy : [0,1] — R are increasing and that 0 < Fy/(0) < Fiy(1) < 1 for each W €
(T, U, V}. The inequalities 0 < W* < 1 for W = T, U, V imply that T’r;*l = FT(T,’;), L[fn+1 =
Fu(Ufn), and V,’;*l = FV(V,';) all are numbers in the set (0, 1) for each m € I3;_;. Using the
data at the boundary, we reach 0 < TX*! < 1,0 < U**! < 1,and 0 < V¥*! < 1. The conclusion

follows using induction. 0

As a conclusion of this section, the numerical methodology is a structure-preserving
scheme to approximate the solutions of (2). In this manuscript, the concept of ‘structure
preservation’ or ‘dynamical consistency’ refers not only to the capacity of discrete models
to keep discrete versions of some physical features. In this context, these notions refer
also to the capability of a numerical method to be able to conserve some mathematical
characteristics of the solutions of interest of continuous paradigms, like positivity [16],
boundedness [17, 18], monotonicity [19], and convexity of approximations [20], among
other physically relevant features [21].



Alba-Pérez and Macias-Diaz Advances in Difference Equations (2021) 2021:158 Page 9 of 19

3 Numerical properties

In this stage, we present the main numerical features of the finite-differences scheme (8).
More precisely, we are interested in proving consistency, unconditional stability, and con-
vergence. To show the consistency of the numerical scheme, we require the following con-
tinuous operators:

d T
LeT=(T+AM)—In(T+A)-B+xkVT+dT -yU-—, (35)
ot 0x2
a *u
LyU=U+N)—In(U+A)-«VT+(y+dU-—, (36)
ot 0x?
9 %
LyV=V+A)—In(V+A)-NsU +cV - — (37)
ot dx?
for each (x,£) € Q. Also, we define the difference operators
LrT @ ti) = (T8 + 2)8: In(Th + 2) = B+ (k VE +d - 82)TK — y UL, (38)
Lyl te) = (UL, +2)8: In(UL, + 1) =k VETE + (v + $)UL, - 82U, (39)
Ly V(@m tr) = (Vi + 2)8 In(VE + 1) = NSUL, + Vi — 82V (40)
for each m € I;_; and k € Ix_;. For the remainder, the symbols || - || and || - || are used

to denote the Euclidean and the maximum norms in RM*!, respectively.

Theorem 6 (Consistency) If T, U,V € Cﬁf (Q) and X\ > 0, then there exist positive con-
stants Cr, Cy, and Cy, which are independent of T and h, such that

| Lo W, 8) = Log W )| < Cor (1 + 1) (a1)
foreachm eIy 1,k € Ix_1,and W e {T, U, V}.

Proof We prove the consistency only for W = T, the consistencies for W =U and W =V
are proved in a similar fashion. To that end, we employ the usual arguments based on
Taylor polynomials. As a consequence of the hypotheses on the regularity of T, there exist
positive constants C7,; and Cr, independent of T and /4 such that, for each (m, k) € Ij;_1 x

71(—1}
|(T; + x)% In(T5% + 1) = (T% +2)8, In(T5 + )| < Crat, (42)
2
) 81T | = Cra 3)

On the other hand, observe that

| V @y t) T (s 1) + AT (6, ) — K VETE —dTE | = 0, (44)
|y Ut )~y Uy | = 0. (45)
Finally, the conclusion follows now from the triangle inequality after we define the positive

constant Cy = max{Cr,, Crz}, which is independent of  and /4. Similarly, we may show

the inequalities correspondingto W =U and W = V. d
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Under the assumptions of this theorem, there is a positive constant C which is indepen-
dent of v and / with the property that, for each m € Iy_1, k € I, and W e (T, U, V},

LwW(x,t) — Lw W te) < C(t + H?). (46)
| | < C(

Indeed, observe that C = C; v Cy Vv Cy is a constant which satisfies this inequal-
ity. This fact will be employed when we prove the convergence of scheme (7). In our
next step, we show the stability of the proposed scheme. To that end, we fix two sys-
tems of initial-boundary data which are labeled ® = (¢7, ¢y, ¢v, Y1, Yu, ¥v) and P =
($T,$u, b, JT, &u, Jv). The corresponding solutions of (7) are represented respectively
by (T, U, V) and (?, i, \7). In particular, notice that the following result proves that the
scheme is unconditionally stable.

Theorem 7 (Stability) Let ® and ® be two sets of initial-boundary conditions for problem
(7), and let A > 0. Suppose that the hypotheses of Theorem 5 are satisfied for both triplets
(T,U,V)and (7, a, \7). There is a constant C, which is independent of the initial data such
that

[wh= W4 < W= W0l VeIV e (1Y) w

Proof Beforehand, notice that Theorem 5 guarantees that (7, U, V) and (7‘, a, V) exist
and that they are bounded. On the other hand, let W = T and introduce the function
@k :[0,1]M*D — R for each m € Ijy_; and Ix_; by

TW(T)
TK + )

R (T) = (T + 1) exp( )-x, VT € [0,1]+D, (48)

Here, the function W(T) is defined by

2

W(T)=p- <Kv,ﬁ+d+ E

)T,l; +yUr + alim + el}’m. (49)

It is readily checked that the function @ is of class C1([0, 1]™*D) for each k € I .. Asa con-

sequence of this, the number C,,,x = max g o+ | V®* ||, exists. Foreach T, T € [0,1]M+D),

M+1) with the property that

there exists some & € [0, 1]¢
|k (T) - @k ()| < |[VOLE) | ,IT =Tl < Coupe/ M + DIIT = Tl o (50)

As consequence, note that, for each m € I,

|T), - T| = |@5(T) - @4 (D)| < G| T - T*| ., (51)
where
Cr=1vmax{Cpiy/M+1):1<m=<M-1}. (52)

Using (51), it is clear that || T%*1 — TA*1|| < C|| T* — T*||s for each k € Iy,,. Finally, re-
cursion shows now that the inequality || 7% — T*||5, < C7[| T = T°||s is satisfied for each
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k € I, where

K-1
Cr = (M + 1)K ]_[ C. (53)
k=0

Similarly, we can prove that there exist positive constants Cy; and Cy, with the property
that | U* — T || < CullU° = U°)|os and || VE = VE||oo < Cy VO = V9| |ws. The conclusion
is reached now if we define C = Cr v Cy; v Cy. O

Finally, we study the convergence of the numerical scheme (8). In the next result, we
let (T,U, V) be a solution of differential problem (2) associated with the set of initial-
boundary data ® = (¢7, du, ¢v, ¥, Yu, ¥v). Meanwhile, the numerical solution obtained
through the discrete model (8) is denoted by (T, U, V).

Theorem 8 (Convergence) Let ® be a set of initial-boundary data which are bounded in
(0,1), and let A > 0. Assume that problem (2) has a unique solution bounded in (0,1) such
that T,U,V € C;Lf’ (). Suppose that the conditions of Theorem 5 hold, and let

exp(t/A) —1 <2t/ (54)

For each W = T,U,V, there is a constant Cy independent of T and h such that, for each
ke j](,

| W — W] < Cw(z + k). (55)

Proof Beforehand, notice that Theorem 5 assures that positive and bounded solutions for
discrete problem (7) exist. Without loss of generality, let W = T and define the difference
ek = T* — T* for each m € Iy and k € Ix. Notice that the exact solution T of problem (1)
satisfies scheme (8) at the point (x,,, Z) having some local truncation error R’fﬂ for each
m € Iyy_; and k € Ix_;. Also, for each m € I;_; and k € Ix_;, the analytical and discrete

solutions satisfy, respectively,

(WK + X)Ly TS = R, (56)

(Tk + )Ly TE = 0. (57)

By Theorem (6), there exists Cp > 0 such that |an| < Co(t + h?) for each m € I;_; and
k € Ix_;. Using the definitions of the discrete operators in equations (56) and (57), we

have that
lk+1=(1k+k)exp ‘ l’(” exp(go (Zk))—k (58)
m m Ty]; +)» T m ?

T = (T + 2) exp(or(TX)) - 2 (59)
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for each m € Iy and k € Ix_;. Subtracting 7‘:‘” of Tfn, we have

e = (a7 ) =1 explor(12) + 4. - @4,
< (1+ DK [exp(eRE,/2) — 1] + CA | T - T _ (60)
<DtRE +C| e,
where
& = (e, e ey ey ), (61)
Df, = max{exp(¢r(T%)): T € [0, 11"} (62)
for each m € Iy;_; and k € Ix_1. In addition, we let
C=max{CEvV/M+1:m=1,...M-Lk=1,..,K-1}, (63)
D:max{w:m:1,...,M—1;k=1,...,1(—1}. (64)

The constants ®* and C¥, are as in the proof of Theorem 7. Moreover, all the constants
Cfn are in the interval [0, 1], therefore C is an element of the interval [0,1]. Theorem 6
implies now that, for each k € Ix_j,

[ o = et = 16 = Cllef = oDz (x + ). ©5)
Taking the sum on both ends of the previous inequality and using the initial data, we have
||el*1 ”OO _ ||el+1 “oo _ ||e0 ”Oo < CODT*(T n h2) - CT(‘L’ + h2), (66)

where [ € Ix_; and Cr = CoDT*. The conclusion of this result has been reached now when
W = T. Analogously, we may easily prove the inequality of the conclusion when W = U
and W=1V. O

4 Application

In this section, we show some computer simulations obtained using the finite-difference
scheme (8). Beforehand, notice that the discrete model is an explicit scheme. To describe
its computational implementation, for each k € Ixc.1, we redefine the real vectors T*, U¥,
and V¥ as follows:

TF = (T5, T5, ..., Ty Thr_1)s (67)
ut = (us,us,..., Uy, Uy ), (68)
VE= (VI VS Vi Vi)- (69)

These vectors belong to the set R+, where R, is the system of positive numbers. Also,
we define the vectors of initial conditions ¢, ¢y, ¢y € R as follows:

b1 = (Pr(x1), ¢r(x2), ..., pr(Xp1-2) pr(Xar-1)), (70)
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¢U = (¢L[(x1)r ¢U(JC2), LRRR} ¢U(xM—2)» ¢U(xM—1))’ (71)
by = (pv(x1), pv(x2), ..., By (Xa1-2), By (Xar-1)). (72)

Meanwhile, for each k € I, we define the vectors Y&, ¥, ¥y € RM*! of the boundary
conditions through

¥ = (Yo, &),0,...,0, ¥r(xar, ), (73)
wll(l = (wu(x&tk)’o)“wo) 1//U(xMrtk))’ (74)
101\(/ = (wv(xo,tk),o,...,o, Wv(xM, tk)). (75)

With the previous definitions and for each k € I, we express the discrete model (8) in

vector form as follows:

)

T = (T + 1) exp[t(ﬂ ~WVErd+ )T 4 yU 4 ay +ekT)]

Tk + A

Tk VETE —(y + 8 + 2)U* + a¥; + F
Uk*I:(Uk+A)exp|:( ¥ i2) =l U)]—A,

Uk +a
T(NSUK - (c+ Z)VK + ak, + €5)
Vk+1 — (Vk + A,) exp[ th2 )\’ 1% |4 ] _)\‘ (76)
+
T°=¢r,
such that { 1/° = ¢,
VO = ¢v.

For each k € Iy and W € {T, U, V}, the vectors af, and €, are defined as follows:

P 1

k wrk k  wk

@y = 75 (Wa, Wi, Wip 1, W), 7
1

k k pyk ¥ y

Cy = ﬁ(Wo, Wi, Wy s WMfZ)' (78)

Using the boundary conditions, we readily have that W}\‘,I = Yrw (%0, &) and WX = vy (o, £)
for each k € Ix,1 and W € {T,U, V}. So, for all k € Ik, the vector form of the finite-

difference scheme (8) is defined as follows:

T = (Yo, &), T, T Tp_op Ty r(xan &), (79)
Uk = (wu(xoy tk): U{(y Té(; e U[]\(/[_21 UA}IE/I_l: wu(xMr tk)); (80)
Vk = (Wv(xoy tk)’ V]k; Té(; ooy V/]\(/I—Z’ Vj]\(/[_ll w\/(xM! tk)) (81)

The next experiments employ variations of the computer code in the Appendix, which
is a basic computational implementation of our finite-difference scheme. The parameter
values and the type of initial conditions are motivated by data used in the literature for
similar models but without diffusion [9, 14].
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Figure 1 Snapshots of the approximate solutions T, U, and V of (1) for each row at the time t =0, t=1,t=3,
and t = 5. The parameters employed are A =0.1, B =2,d=5.05,k =0.03,§ =0.016, y =3.0, c =204, and
N =1000. We let ¢7(x), pu(x), and ¢y (x) be as in Example 9. The approximations were calculated using our
implementation of (76) in the Appendix, with T =0.00001 and h =1

Example 9 In this example, we let B = (0,100) and define the initial conditions ¢7, ¢y,
and ¢y as ¢r(x) = %%, ¢y (x) =0, and ¢y (x) = 1 for each x € B. These initial data describe
an initial state in which no infected CD4*T cells are present, and the entire medium is
formed from free HIV-1 infection particles. In turn, the normal density of the uninfected
CD4*T cells increases in the linear medium considered herein. Let A = 0.1, 8 = 2, d = 5.05,
k =0.03, § =0.016, y = 3.0, ¢ = 20.4, and N = 1000. Under this situation, Fig. 1 provides
snapshots of the normalized solutions 7, U, and V at the times t =0, t = 1, ¢ = 3, and
t = 5. The graphs show that the solutions are positive and bounded in accordance with
the results obtained in the previous sections. In our simulations, we used the following
computational parameters r = 0.00001 and / = 1.

Example 10 Let B = (0,100) be as in the previous example, and use the initial conditions
¢r(x) = —x% + 100x, ¢y (x) = 0, and ¢y (x) = 1 for each x € B. Set the model and computa-
tional parameter values as before. Under these circumstances, Fig. 2 provides snapshots
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Figure 2 Snapshots of the approximate solutions T, U, and V of (1) for each row at the time t =0, t=1,t=3,
and t = 5. The parameters employed are A =0.1, B =2,d=5.05,k =0.03,§ =0.016, y =3.0, c =204, and
N=1000. We let ¢7(x), pu(x), and ¢y (x) be as in Example 10. The approximations were calculated using our
implementation of (76) in the Appendix, with T =0.00001 and h =1

of the normalized solutions T, U, and V at the times ¢t =0, ¢t =1, £ = 3, and ¢ = 5. Once

again, the results show that the numerical solutions are positive and bounded.

Before closing this section, we would like to point out the biological meaningfulness of
the figures obtained in the previous examples. To start with, graphs (a), (d), (g), and (j) of
Fig. 1 represent the evolution with respect to the time of the quantity of the uninfected
CDA4"T cells. Biologically, the quantity of these cells tends to decrease since there is a sig-
nificant interaction of the HIV-1 infection with the CD4*T cells, resulting in an increment
of them. The respective increments of the infected CD4* T cells with respect to the time
are shown in graphs (b), (e), (h), and (k). Moreover, the quantity of the infected CD4*T
cells could decrease since an infected cell could die or return to being an uninfected cell.
Obviously, this phenomenon is biologically possible. In turn, graphs (c), (f), (i), and (I) rep-

resent the evolution of the HIV-1 infection. From these graphs, it is easy to see that the
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infection is decreasing with respect to the time due to the presence of an active death rate.

The interpretation of the graphs in Fig. 2 is analogous.

5 Conclusions

In this manuscript, we numerically studied a coupled model consisting of three diffu-
sive nonlinear partial differential equations. The system under investigation is a biological
model which describes the interaction of the HIV-1 infection with the CD4*T cells. One
of the equations of the model describes the rate of change of the density of the uninfected
CD4*T cells, the second describes the rate of change of the infected CD4*T cells, and
the third governs the rate of change of the free HIV-1 infection. The differential system
was discretized using finite differences to estimate the analytical solutions. The technique
that we used in this work is an exponential type that maintains the most important char-
acteristics of the solutions of the continuous model. More concretely, the method was
motivated by the well-known family of Bhattacharya exponential-type schemes [22-24].
Bhattacharya’s discretizations have been employed to derive computational techniques to
solve various nonlinear partial differential equations [25-28]. As it is well known, the main
advantage of this family of models is its computational efficiency.

The scheme presented in this work was analyzed to study its most important proper-
ties. The most important structural features proved in this work were related to the unique
solvability of the discrete model. We also established that the scheme is able to preserve
the nonnegativity and the boundedness of the estimations. These properties are highly
relevant in light that the functions under investigation represent densities which are pos-
itive and bounded. From the numerical point of view, we proved the consistency of the
scheme. Moreover, the method is stable, and it converges to the exact solutions with first
order in the temporal variable and second order in the spatial. Finally, we provided some
computational simulations to illustrate the capability of the scheme to preserve the pos-
itivity and the boundedness of the numerical solutions. A Matlab implementation of the
method is provided in the Appendix for reproducibility purposes. It is worth pointing out
that a study of the mathematical model (1) in two dimensions can be easily performed by
extending the theoretical results of this work. Also, an implementation of our scheme in
two dimensions is also easily feasible.

Before we close this work, there are various important comments that require to be
thoroughly addressed. To start with, it is important to point out that there are some works
in the literature where fractional-type models like (1) without diffusion have been investi-
gated [9, 14]. Naturally, one would wonder which are the effects of considering a fractional
diffusion in such HIV-1 systems. At this point, it is important to mention that one of the
authors of the present manuscript has devoted part of his efforts to develop numerical
methods for Riesz space-fractional partial differential equations [29, 30]. In that context,
the differentiation order of the diffusion terms affect the speed of propagation of the spread
of effects into the medium. Of course, it would be interesting to propose and analyze nu-
merical models for fractional forms of the system under current investigation. However,
the meaningfulness of the use of fractional derivatives in the realistic investigation of HIV-
1 may be still questionable. Indeed, not many medical journals employ fractional operators
to model the propagation of HIV-1, though the problem is mathematically interesting and
challenging.
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Appendix: Matlab code

The following is a Matlab implementation of (8). This code was used to approximate the
solutions of problem (76) with different initial conditions. Some variations in the coding
were performed to obtain the computer results in this manuscript. A commented ver-
sion of this code and a two-dimensional extension of this algorithm are available from the
authors upon request.

function [T,U,V,x]=vihFDB

N=1000;
delta=0.016;
kappa=0.03;
gamma=3.0;
c=20.4;
beta=2;
d=5.05;

=~ o o
o

0;
100;
5.

h=1;
tau=0.00001;
lambda=0.1;

x=a:h:b;
M=length (x) ;

T=-1+x(1,1:M-1).72 + 100*x(1,1:M-1);
U=zeros (1,M-1);
V=ones (1,M-1) ;

aT=(1/h"2)*[T(1,2:M-1),T(1,M-1)1;
eT=(1/h"2)%[T(1,1),T(1,1:M-2)1;

au=(1/h"2)«[U(1,2:M-1),0(1,M-1)];
eU=(1/h"2)*[U(1,1),U0(1,1:M-2)];

av=(1/h"2)x[V(1,2:M-1),Vv(1,M-1)];
ev=(1/h"2)*[V(1,1),Vv(1,1:M-2)];

I=floor (K/tau) ;
for k=1:1I
WT=beta- (kappa*V+d+ (2/h"2)) . *xT+gamma*U+aT+eT;

T=(T+lambda) . *exp ( (tauxWT) ./ (T+1lambda) ) -lambda;

WU=kappax* (V.*T) - (gamma+delta+ (2/h"2) ) xU+aU+eU;
U= (U+lambda) . xexp ( (tau*WU) ./ (U+lambda) ) -lambda;

WV=Nxdelta*U- (c+(2/h"2)) *V+aV+eV;
V= (V+lambda) .*exp ( (tauxWV) ./ (V+lambda) ) -lambda;

aT=(1/h"2)»[T(1,2:M-1),T(1,M-1)];
eT=(1/h"2)%x[T(1,1),T(1,1:M-2)];

au=(1/h"2)+[U(1,2:M-1),U(1,M-1)];
eU=(1/h"2)«[U(1,1),U(1,1:M-2)];
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av=(1/h"2)x[V(1,2:M-1),V(1,M-1)];
evV=(1/h"2)«[V(1,1),v(1,1:M-2)1;
end
end
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