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A Formula for the Colored Jones Polynomial of 2-Bridge Knots
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ABSTRACT. We derive a formula for the colored Jones polynomial of 2-bridge knots. For
a twist knot, a more explicit formula is given and it leads to a relation between the degree
of the colored Jones polynomial and the crossing number.

1. Introduction

For a positive integer n, the n-colored Jones polynomial is a Laurent polyno-
mial invariant in g of a knot colored with n-dimensional irreducible representation
of U, (slz). We denote by Jg (n) the n-colored Jones polynomial of a knot K, which
is normalized so that the colored Jones polynomial of the trivial knot is 1. Then,
Jk (2) coincides with the original Jones polynomial of a knot K defined by V. F.
R. Jones [3]. K. Habiro [2] and T. T. Q. Le gave explicit formulas for the n-colored
Jones polynomials of the trefoil knot and the figure eight knot. Moreover, a formula
for the colored Jones polynomials of twist knots was given by G. Masbaum [7], using
skein theory.

In this paper, we give a formula for the colored Jones polynomial of the 2-bridge
knot S(p,t), using a formula obtained by R. Lawrence and O. Ron in [5]. As an
application of our formula, we obtain a relation between the degree of the colored
Jones polynomial and the crossing number for the 2-bridge knots S(4p + 1,2p + 1)
and S(4p —1,2p — 1).

Let p and ¢ be coprime odd integers with p > ¢ > 1. We denote by S(p,t)
the 2-bridge knot of type (p,t) using Schubert notation. We explain how to draw
a diagram of the 2-bridge knot S(p,t)(see [1], [4]). Drawn two disjoint vertical
segments wy; = AB and wy = CD, divide each segments into p segments, and
number from 0 to 2p — 1 in both sides of the dividing points of each segment as
pictured in Figure 1. The points B and D are numbered 0, and the points A and
C numbered p. Next draw two disjoint simple curves v; from B to C' and vy from
D to A, which underpass the segments w; and ws. Along the curve vy, one starts
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from 0, i.e. B of the segments wi, and meets wo at ¢, and next meets w; at 2t,
and then meets wy at 3¢. This is to be repeated until one reaches p (= C') of wo.
Similarly, along the curve vy, one starts from 0(= D) of we, and meets w; at t,
and next meets wo at 2¢, and then meets wy at 3t. This is to be repeated until one
reaches p (= A) of wy. Here we take it mod 2p. This regular projection is called
Schubert’s normal form. For example, Schubert’s normal form for the S(5,3) (the
figure eight knot) is as in Figure 1.
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Figure 1.

-1
We will prepare with some notations. Let us put p’ = pT For 1 < j <79,
define integers r(j) so that r(j) = (25 — 1)t mod 2p and —p < r(j) < p. We put

. 1 ‘

0 = m 1) = T i) = . Note that o, = (1)),
r\J

where [z] denotes the greatest integer less than or equal to . For an integer ¢,

sign(7) is the sign of i. We put m = (myq,--- ,my ), mo = 0. We will also define for

oc==1

We obtain
Theorem 1. A formula for the n-colored Jones polynomial of the 2-bridge knot
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S(p,t) is given by

M Tsgatn)= 3 gy X(m),
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1
—(1 4 op)myp + 3 (0511 — 0j)m;
j=1

1 1+ Slgn(lk — ik’)
_5 Z Z 2 (Uik - Gik/)(mik - mik—l)(mik/

1<k<p'—1 k+1<k/<p’

p ' (4)
+ 305 (Y ] (miy, —mi—1))my 1,
j=1 k=1
1+o .
P A = itop<2h,
by(m) = T+ o0y,

—Z%Hgkg%f Tmik,l if p> 2t

-1
(qap' )n—l (qa”/ )m ’

p/
X(m) = L T ) mi—my s —1)™’,
( ) (qap/)nfmp,—l jl;[l(q ) = ( )

The plan of the present paper is as follows. In section 2, we review Lawrence
and Ron’s result and give a proof for Theorem 1. In section 3, we get a more explicit
formula for the colored Jones polynomial of twist knots and estimate the maximal
and minimal degrees.

2. Proof of Theorem 1

Firstly, we review a result in [5]. Let L be a knot in S3. We consider a 1-tangle
L’ whose closure is L. We assume that L’ is presented as a tangle diagram D in

1
) | (my =m1) = 5 D (041 + 0p1—j)m;

- mik/—l)
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generic position with respect to the height function with the end points at the top
and at the bottom. We orient D from the top to the bottom. Let ¢ denote the
number of the crossings in a diagram D. There are eight crossing types given by
the orientations on the two strands and the sign of the crossing, two cap types,
and two cup types by the orientations on the strand in a tangle diagram. The two
crossoing types (1) and (2), the cap type (i), and the cup type (ii) as in Figure 2
are called leftpointing. We construct an enhanced Gauss diagram G for D, which is
a circle containing the combinatorial data which encodes D. We number crossings
by j =1,---,c and denote by o; the sign of the j-th crossing. We mark the base

K72

/“m

Figure 2.
1bt ler 2b+ 2ct
A B
K2 K? K? K’
2d- 9 la-
KZ
2¢c— 9 1b
K?
1d- 9 2a-
K2
lc— 2b-
K* K> K’ K? K
D 2at 2a+ lar 1 C
Figure 3.

point on a circle, which corresponds to the end at the top of D. As going around the
circle clockwise from the base point, with tracing the tangle strand according to its
orientation, we mark 2¢ points indexed by i = 1, --- , 2¢, which correspond to points
passing crossings on the tangle strand. So, exactly two points of these 2¢ points
except the base point correspond to one crossing, and one comes from the underpass
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and the other from the overpass. Join these two points on the circle by an oriented
chord from overpass to underpass, and assign the sign of the corresponding crossing.
Each i-th point on the circle is assigned with a pair (j(i),e;), simply denoted by
j(i)e;, where j(7) is the number of the passing crossing, and ¢; is 1 for an overpass
and —1 for an underpass. Moreover, the circle is marked with blobs K*2 placed
on the leftpointing crossings and cups and caps as in Figure 2. The result is an
enhanced Gauss diagram. For example, the enhanced Gauss diagram for Figure 1
is shown in Figure 3, where oriented chords are not drawn. We denote by i, -+ ,
the position of the blobs K*2, where the a-th blob is placed between the i,-th and
(iq + 1)-th positions on the circle, with 2%

We put

1 1 1 o
a4 = 52%_52%_5;0]"

i>j+ i>j—
- 1 1
a1 = > gl - §Z5a ~ 5%
j=1 a

1 1
Co) = —d(1) = Y dackl — 3 > ol - 3 > oicilickl
a ‘7 i

k<iq k<i
D 0 (Y El) (Y enly).
7 1<j— k<j+

Theorem 2([5]). A formula for the n-colored Jones polynomial of a 0-framed knot
Lg is given by

(2 Jre(n)
= " - s(j) +1; oj(n—s(j)— oj(n—s(j)—1;
- Y (I)H{ (J)lj j } (=G~ _ 1. (qin=s) L) _ 1y,
1;=0 j=1 9j
J=0,...,c

where s(j) = — >, €ilj), and C™(1) = d)n+C°(1). Herei < j— means i < ig
forig such that j = j(io) and €,y = —1.

We apply this formula to the 2-bridge knot S(p, t).

From Schubert’s normal form, we get a 1-tangle diagram as in Figure 4 and
5. The corresponding enhanced Gauss diagram without blobs and chords can be
expressed in Figure 7. The number of the crossings equals 2(p — 1) = 4p’. We name
by ja (resp. jd) the crossing of the label (25 — 1)t mod 2p (resp. 2jt mod 2p)
on CD for 1 < j <p’ and name by jc (resp. jb) the crossing of the label (25 — 1)t
mod 2p (resp. 2jt mod 2p) on AB for 1 < j < p'. For 1 < k < p/, there exists
a unique 1 < j < p’ such that 2k — 1 = |r(j)| mod 2p, and then iza = ja and
irc = je. For 1 < j < p’, we define integers 7(j) so that 7(j) = 2j¢ mod 2p and
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—p < 7(j) < p. For 1 < k < p, there exists a unique 1 < j < p’ such that
2k = |F(j)| mod 2p, and then i;'b = jb and ix'd = jd. We have the following
lemma.

Lemma 3. (1) 0j. = 0j, = (_1)[(2J*1)t/p}7 and ojq = o = (_1)[2jt/p].
(2) Oja = 0(p’+1—j)b and Ti'b = O’l'p,+17ka,
Proof. (1) It is clear from the definition.

(2) Since tis odd, 2(p'+1—j)t = (p+1-2j)t = pt+(1—t)p—(2j— 1)t = p— (25 —1)¢
mod 2p. If 25t = £2k mod 2pfor 1 <k <p', 2(p'+1-k)—1=p—-2k=pF2jt =
pF2jt+ (t — 1)p = (pF 25)t mod 2p. So the claim holds. O

Figure 4. p < 2t Figure 5. p > 2t

v

p

/

/-

Let us compute s(ja), s(jb), s(jc), s(jd) for j =1,--- ,p’. Since the term with
s(j) < 0 does not contribute to the sum in the formula (2), s(la) = — Z?;l(lijrljc)
implies that l;p,ljc = 0 for j = 1,---,p and s(la) = 0. It also follows that
s(gb) = s((j + 1)a) = i:l lpo for 1 < j <p'—1 and s(p'd) = Zz;l lkq. We also
have s(1c) = — Z?;l ljq and so it follows that l;4 =0 for 1 < j <p’ and s(1c¢) = 0.
Thus only parameters [;, appear in the formula (2). We may denote /;, by simply
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Figure 6. Figure 7.

l; for 1 < j < p'. Moreover, we compute terms in C°(1). If j'a+ < ja+, then +lj/,
appear in the sum ZKJ.(H_ gil;. So, we have
' (j)

3) Zﬁiliz— Z lj = — Z lj,:_zlik'

i<ja+ §at+>jat (1)< () k=1

Similarly, noting that ;4 = 0 and that jd corresponds to 2jt on the segment CD,
we have

' (5)

(4) Z gily = — Z ljp = — Z liy,-

1<jd+ ' (3) <1 (4) k=1
An easy observation gives
(5) Z 5ili = Z 5ili =0.

i<jb+ i<jct
So, from (3), (4), (5) and s(j¢) = s(jd) =0,
P’ ' (5)
(6) DY al)( Y el = Y ogal(= Y L) (=s(ja)).
j i<j+ k<j— j=1 k=1

(Recall that 4,.(;y = j). Now we compute g;. Since ja+ > ja— for any ja, using
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Lemma 3, we get

Qja = %(Zdi* Zaifgja)

i>jat i>ja—
1
-1 Y
jat+>i>ja—
1 ' p’
= —5( Z (Cipa +0irp) + Z(Uka + o))
k=r'(j) k=j
1 & v
= 75( Z (Uika+0ip/+1,ka)+Z(0—ka+0(p’+1—k)a))'
k=r'(j) k=j

We will write 0, = 0.

We consider the case where p < 2t. Let us calculate ), d,. From Figure 4,
a blob of type (i) appears when the sign of the crossing corresponding to k on
the segment CD with 1 < k < p—t—1is —1 and when the sign of the crossing
corresponding to k on the segment CD with p—t+1 <k <t —11is +1. Note that
the blobs in the later case appear between the segment AB and CD (see Figrue 8
and 9). A blob of type (ii) appears when the sign of the crossing corresponding to
k on the segment CD with p—t+1 < k <p—11is —1. Moreover one blob of the
type (i) appears before the curve ve reaches the crossing p’d and one blob of type
(ii) appears when the curve vy meets the point C.

ot '
pt+l /\

t-1
—

—

G
'S

Figure 8. Figure 9.
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Thus

S,

1—o0y, 1—o0;, 1+ 0
Z 2%_ Z 27/k_|_ Z 2%

1<k< PRt Pt 1<k<p! Pt p1<k< G
by ey ey e
2 2 2
1<k<Pot—1 2ot <k<p! Potig<p<tst
DI D DD DI
- Y - Y
1<k<2t 2 ot <p<izd ' B 1 <k<p’ 2
SkSSH5 SISk —H— 5 +1<k=<p
n 170—ip/+1—k n o B 170—1;p/+17k:
Z 2 Z Pk Z 2
—t —t t—1 t+1
1<k<Er=—1 B +isk<5= HHE <k<p!

= 2 Z Tiy, -

—t t—1
B H1<k<5

Here we used Lemma 3. )
It is easy to see that > o, = 42?21 0ja. Therefore, we obtain

/

1 P’ ' p
d) = =520 Y @utoi,, )+ et ol
J=1 k=r'(j) k=j
p/
D SR 3
PRt 1<k Gt =t
1 P’ P’ P’ P’
) YD SRR 3 RT3
i=1 k=r'(j) k=j =1

To show the second equality above, we need the following lemma.

pl
Lemma 4. (1) If p < 2t, then Z oiy = —Zaj.
j=1

—t t—1
B i<k<i5

p/
(2) If p > 2t, then Z Oy = Zo*j.
St <k<ezt J=1
Proof. In the case where p < 2t, we focus the signs of the crossings labeled by even
on the segment w;. Note that the sum of their signs equals Z:?/:l oj. On the other
hand, from Figure 4, it follows that the sum of the signs of the crossings labeled
even j so that 2t —p+1 < j <p—1 equals 0 and that the sum of the sign of the
crossing labeled even j so that 2 < j < 2t — p — 1 equals — Zp%t+lgkg% 04y~ S0
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(1) holds. Similarly, in the case where p > 2¢, we examine the sum of the sign of
the crossing labeled even on the segment w; in Figure 5. Note that the sum of their

signs equals > J, 1 0. From the diagram, it follows that the sum of the sign of the
crossing labeled even j so that 2 < j < 2¢ equals 0 and that the sum of the sign of
the crossing labeled even j so that 2t +2 < j < p — 1 equals Z%gkg% Oip- S0
we get the equality (2). O

Next, we calculate the term ) dq Zk<ia €xli, which comes from the crossing

of type (2) on CD and blobs of both types on the curve v;. All blobs of type (i)
give

1— ik 1+ ik
_ Z 20 Z ls— Z 20’ Z l87

ISkSP;t 1<s<ir—1 Pgt_;'_lgkgt;l 1<s<i—1

and all blobs of type (ii) except the special blob of type (ii) near C' give

Z 1_20ik Z Ls,

p;t+1§k§p’ 1<s<ip—1

and all crossings of type (2) give

]. -|— g;
Z ) . (_llk)a

2ot 1<k<p’

and the special blob gives >0, ,

Moreover, we compute the term Z 0i€iliegly. When @ < la—, © > i1a+,
i = jb—, we have o;e;l; = 0. If i = la—, then Z aisiliaklk =0. If i = ja— for
2<j <y,

(7) oieili Y exly = 0j(— sz ),
k<i

and if § = ipra+ for 1 < k' <p’,

(8) stll Zsklk = Uzk/ 1k’ Z llk
k<i

We remark that ix41a+, - -+ ,4,yat appear in the sum in the left hand side of (8).
We can see that the term oy, 1;, (—1;, ) with & < m and j' =i, > iy, = j in (8) is
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cancelled with the term o (—1)l;/(—[;) in

pl
Zgisilif‘:klk —ZO'jlj2+
- =1

i i>3’
k<i jat>jilat
p’ . . .
1+ sign(ip — 1
= 720’jlj2+ Z Z & ; )(Uik 70%/)[%1%/'
Jj=1 1<k<p'—1k+1<k/'<p’
Finally, we get
1—o0; 1+o
c'() = —dQ)+ L s+ Uk I
(1) R LD D i DR
1§k§p; 1<s<ir—1 p%+1§k< ; 1<s<i—1
1- o, 140 AN W 4
R D VT D SR D
Pt 41<k<p 1<s<ip—1 Pt 4 1<k<p’ J=1 Jj=1
' . . .
1 +sign(ip — 15
Yot ¥ Y e o,
1<k<p’—1k+1<k’'<p’
j—1 ' (5)
C ¥ n(ozn) (2w
1<k<p’ k=1
1—o0; 1+o0;
= —d(1)+ k ls + —* l
M P LD D D DR
1<k<ESt 1<s<ip—1 Pt pi<k<izt 1<s<ip—1
140 1—o, LA
R D D D DI SUEE Do
Pt 1<k<p 2ot 4 1<k<p’ 1<s<ip—1 Jj=1 j=1
1 2 1 + sign(ix — ix’)
+§ZUJZJ - = Z Z 2 (Uik _Oik/)liklik/

205

265
(7). Thus, we get

>

(0ja — 0jra)ljalja

1<k<p'—1 k+1<k/<p’

™ (5)

2l

Similarly, we compute d(1) and C°(1) in the case where p > 2t. From Figure

5, one can see that a blob of typ
sponding to k on the segment C

e (i) appears when the sign of the crossing corre-
D withl <k<p-—t—1is —1. A blob of type

(ii) appears when the sign of the crossing corresponding to k on the segment C'D
withp—t+4+1 <k <p—11is —1 and when the sign of the crossing corresponding to

k on the segment C'D with ¢t 41

<k<p-—t—1is+1. Moreover one blob of the
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type (ii) appears before the curve v; arrives at the crossing la and one blob of the
same type appears when the curve v; meets the point C. Therefore, by Lemma 3,
it follows that

Z(Sa _ Z 1 _2Uik _ Z 1 _2Uik _ Z 1 —‘rZO'ik

1<k<Pgt PRt H1<k<p’ TR 1<k PRt
4 Z 1- i1, o z : 1- iy g1
2 2
1<k<Ezt—1 PRt 1<k<p/
140,

_ Z 2+17k_2
1-o; 1-o;
= %_ oo Y %

t+1 t+1 —t —t
1<k< Sl <k gt R
i ]‘_O—ipurl—k- B Z - B Z 1_o—ip’+1—k _9

2 Tipsis 2
t—1 t+1 —t —t
1Sk<5= S<k<Pr-l B +1<k<p
= -2 Ty,
4 Spg gt

12 P '
dl) = -3 YA (oin+0i, )+ (o +opi1i)};
J=1 k=r'(j) k=j
p/
+ Oi, — QZUj
Hlpi<kp<est J=1
1 p’ p’ p’ p’
YD ICETTRES S RPN
J=1 k=r'(j) k=j j=1

Next, we calculate the term ) o 0a > k<i, erli. Non-trivial terms correspond to
the crossing of type (2) and blobs of both type on the curve v;. All blobs of type

(1) give
1-— Ty,
- Z 2 Z ls,
1<k<iZt 1<s<ip—1
and all blobs of type (ii) except the special blob near C' give

Zl—%zlﬁ 3 H%Zlm

=t 4 1<k<p/ 1<s<ip—1 i <p<ESt 1<s<ip—1
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and all crossings of type (2) give

1+o0;
Z 2 k(_lik)7

Bl 1<k<p/

and the special blob gives Z?;l I
From Figure 7, we can see

Z O’Z{:‘ll 5klk

k<1a
= — crl2—|— (0ja — 0jra)ljalj
= FAY Jja j'a)tjali’a
i>j’
jat+>j'a+

—_ ZUJZ 2y Z Z 1+ sign;ik — k) (03 — 71, Mliskiv,

1<k<p’'—1k+1<k’'<p’

and so it is obtained that

c'1y = —dQ)
170—1% ]‘70—74k

D e DR D A

1§k§PT*t 1<s<ip—1 PT*tJrlSkSp/ 1<s<ip—1
1+ 0 1+ 0

- 5 D = > ()
Sk gt lss<ip—1 P 1<k
' 1 P’

—Zla—520ﬂa

j=1 j=1

1 1+ sign(ik — ik/)

1<k<p’ k+1<k/<p’

J— ' (5)
LY. (—m) S
k=1 k=1

1<k<p/

1—o0;, 140
= —d()+ — S+ Y 5l

1<k<Et 1<s<ip—1 Pt 4 1<k<p’

1- 1+ ik
- 2 2 )RR DD 20 > b

P;t+1gk§p/ 1<s<i—1 %+1Sk§p;t 1<s<i—1

267

ik/}
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/ / ’

p 1 p 1 P )
LR NIUEE DL
=1

j=1 j=1 j

1 1+ sign(ix — ixr)
_5 Z Z D) (Uik - Uik/)liklik/

1<k<p’ k+1<k'<p’

Jj—1 ' (5)

+ > O WO ).
k=1

1<k<p’ k=1

We compute the remaining term in the formula (2). Since o1 = 1, s(la) = 0,
and s(ja) = Y0 1 k(2 <5 <),

- 5]+l ogi(n—s(j)— oj(n—s(3)—1;
H{ ()l] / }J (q7i(n=s=1) 1) ... (g7 (n=s()=1) _ 1)

j=1 j
/
p

{ il—llk} (=TT =) q)L L (s n-SiT ) _ ),
J

i

<
—

Putting m; := Zi::l I and my = 0, the right hand side is changed to

j = mi-1

p/
(9) H { . m; } (q7im=mai—i=) 1y (g (nmma) ),
i=1 o

Noting that

(qa_,» )n—mj,l—l

(10) (qEaima—1=l) 1)L (gei(nTma) 1) = ,
(qoj)n—mj—l
(11) { m } _ (a7 )m,
mj—mj—1 f o (q% )my—m;_i (@7 )m,
(12) ((Q;))m — (—1) TG ),
q” )m

(9) can be exchanged to

s oy (P
(qu’)n—m =1 o @7 Jmg=m; -
P J1=
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-1
X pH (-1) g m]‘qgrgﬁl g (m;+1)
=2
p'—1 o o1 =
% H(_1)51+12 73 (nfmjfl)qu(" mj)(n—m;—1)
j=2

.y .y P - /1 Oi41— 0
_ (q P )n—l(q P )HLP/ H(qo_]) q Zp Tfnj
- mi—m;_1 .

(qap/ )nfmpzfl

Here we used 09 = oy = —1if p < 2¢t and 02 = 0y = 1 if p > 2¢. Recalling
m; —mj_1 = I, it is changed to

T/ [opei / /
(13) (@%%" )n-1(g" )mp/ (_1)2?:119‘q—2§=1 50l (1+1)
(qu/)nfm r—1
-1
'
771217 -1 “7+1 %G
H —mi-1 7
j=1
Accordingly, we obtain
o Oj+1 — 0
@) — Z %mj
j=1
1 p’ p’ p’
- 52{ > (i +0i, )+ D (Ok+opik)Hmy —my)
J=1 k=r'(j) k=j
J J
— 2.9~ J
j=1 j=1 2
1 p P 1 p 7
= 32 Y Gu o Jm = mi) = 3 30 ok + opaok)(my —my)
J=1k=r'(j) Jj=1k=j
J J
- 95— J
j=1 j=1 2
1 p 7 1 p P
= IS S o o - o) - S oy
i=1 k=r’(j) i=1 k=j

p'—1

p’ p’
Oitt — O
Jj+1 J
= > Okt opr)m) =D oj— > My
k=j+1 j=1

Jj=1
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1 P 12
= —5 Z (O'zk + o; 141 k>(mJ mj_l) — 52(0’] + Op+1 _]) j
=1 k=r'(j) j=1
P’ 1 p’ —1
Y5 D (05— op)m
j=1 j=1
1 p/ p/
) Z (@i i, ) (my —m;_1)
J=1k=r'(j)
1R I3
-3 (0j+1 + opgp1—5)m; (opr + o1) My —Zo']
j=1 j=1
= a(m),

and for the case where p < 2t,

v’
Zﬁajzj (1;+1)

Jj=1
[y
= —a(m) - E (0j41 —0j)m;
Jj=1
l1—o; Z 1+o0;
k
+ Z Mip—1 + 9 myg,—1
1<k< Pzt 2t <p<izl
1 + o;
k
+ Z 2 mik - : m'lk 1= mp/ - E U]
B HIsksy 2ot 1<k<y

| —

1<k<p’ k+1<k’'<p’
' (5)

+ 3 omia (S (may, —mi, 1))
k=1

1<k<p’

= —a(m) — (1+0p)my + 5 Z%H 73)m;

J=1
+ Z Z 1+2O'¢k —

1<k<Ert ot 1<k<EsE

+ Z 1 +20'ik mg, — Z My, —1

2t 1<k<p’ P2t 1<k<p!

1+ sign(ix — ixr)
2 Z Z 2 (Uik - Uik/)(mik. - mikfl)(mik,

—mj_1)

- mik/fl)
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Do =

4 Z Z 1+ Signgik — ik/) (O’ik

1<k<p'—1 k+1<k/<p’
' (5)

+ E: OjM;— 1§:m1k My, — 1)
1<k<p'

= bi(m) + ba(m),

and for the case where p > 2t,

P
Zi (1 +1)

Jj=1
P> > oo
2
1<k<rzt PRt picke gt
’
]. + O'ik
- 5 Mix—1 = My — > ol
2 ket =

1 1+ sign(ix — ix)
_5 Z Z 9 (Jik - Uik/)(mik

1<E<p! k+1<k/ <p/
' (4)

+ > oymia (O (mi, —mi 1))
1<k<p’ k=1

t+1 —t
Sl<k<E=

1 1+ sign(iy, — ixr)
Yy b,

1<k<p’'—1k+1<k’'<p’

T’(J)

- aik/ )(mzk

— 0y, ) (Mg,

my, — E

- mik—l)(mik/

—t p—1
B +1<k<Er=

mj —mj_1)

- mikfl)(mik/

My —1

ot 1<k<p!

+ Z oM — 1 mik—mik_l)):bl(m)—kbg(m).

1<k<p’ k=1

- mlkfl)(m’bk/

Mg, —1

271

—mik,q)

- m’ik/ —1)
- mik/fl)
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Thus we obtain the formula (1).

For example, we give an explicit formula for the colored Jones polynomial of
the knot 65, which is not a twist knot. The knot 65 has the Schubert’s normal form
S(11,7). We see p’ =5,

o1=1,00=—-1,03=—-1,04=1,05 =1,
T,(l) = 4’ T/(Q) = I’TI(B) = 5,7’/(4) = 37T/(5) = 277;1 = 2ai2 = 577;3 = 4ai4 = 177;5 = 37
04y = _1,O'i2 = _1a0i3 = 170i4 = 17Ui5 = _1a

and so

5 5 5
Z (Uik: + Uia—k,) = -2, Z (Uik + Uis—k) = -2, Z (Uik + Jis—k) = -2,

k=r'(1) k=r'(2) k=r'(3)
5 5
Z (0i, + 0ig_,.) =0, Z (i, + 0ig_,.) =0,
k=r'(4) k=r'(5)

Thus, we get a(m) = 1+ m; + mg + my. Moreover, we calculate

1-— O'ik, 1 + U,‘k
E 5 My —1 = M1+My, g M4, —1 = Mm3z+meg, E 5 mg, = Ma+ma,
1<k<2 3<k<2 3<k<5

4
1+05 :0, Z(O—j+1 —O'j)mj = —2m1 +2m3—2m4,
Jj=1

1 . Lo
Z Z - sign(i, — i )(Uik - Uz'k,)(mz'k. - mik—l)(mik/ - mik/—l)

1<k<p’—1k+1<k’'<p’ 2
= —2(m2 — ml)ml — 2(m5 — m4)(m4 — m3> — 2(m5 — m4)m1 + 2(m4 — mg)(mg — mg),

' (9)

Z Uj(z (miy, —mi,—1))mj—1

j=1 k=1

= —my(ma —mq) — mams) + ms(mg — my + ms —mg) + (—my)(ma — my + ms — my),

and so b;(m) = —1 — mg — m3 + myms — mams — mymg. It is easy to compute
bg(m) =ms.
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Finally, we obtain

Jsa1,7)(n)
— E qn(1+m1+m3+m4)717m2+m1m57m2m57m1m3

D§7nj_1§7nj§n71
1<j<5

« (q)n—l (Q)ms

(D1 (@D mi (@D ma—m1 (D ms—ma (@ ms—ms (q)ms—m4)_1 (—1)™s.

3. Results for a twist knot

In this section, we will consider the twist knots S(4p; +1,2p; +1) and S(4p; —
1,2p1 —1).

From Theorem 1, we get explicit formulas for the colored Jones polynomials of
these twist knots.

Corollary 5.

(14) Js(api+1,2p1+1) (n)
- Z q—"ZfS_l(—l)imH—Zf;—l mai(1+mait1)
0<m;_1<m;<n-—1
—1
(Dn—-1(D)m,, Pt el
X —) - (71)7711, H (Q)m2_7+1—m2j H(q)mQ_j_mQ_j—l )
q n—my, —1 j=0 j=1
and
(15) JS(4p1—1,2p1—1)(”)
= Z qn(_1+2?211_2(—1)im¢—2m2m71)+1—Efl1_1 mai—1(1+ma;)
0<mj;_1<m;<n-—1
-1
(Dn—-1(0)m,, Pt Pzt
Xip(_l)mzﬂ (q)m2j+1*m2_7‘ (q)m2j*m2j—1
(q)
q n—my, —1 §=0 j=1

Proof. Firstly, let us consider the knot S(4p; + 1,2p; + 1) for p; > 1. It is easy to
see that

Lemma 6.(1) o; = (—1)77!

Y 21 +2-2k f1<k<p 1 if1<k<p
= O =
T2k —p) —1 i 1< k<2, 1 ifpr+1<k<2p.
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Lemma 7. (1) oy, +0;, =0.

p/+1—k

(2) 0j41 +opp1-j = (=2)7.
From the above lemmas, we obtain
2p1—1

- > (-1)m;.

j=1

(16)

a(m)

We compute by (m) and by(m). One calculate

p1—1

mi,—1 = E maj,
j=1

1_0ik
2

(17) >

—t
1<k<egt

bD

p1
Mg, —1 = E maj—1,
j=1 2t 1<k <y’

1+ o0y,

(18) Z Tzkmik

B2t L1 <k<p!

D1
= Z ms, = Z mak—2p, —1 = Zmijl

p1+1<k<2py P1+1<k<2py j=1
(19) (1+op)my =0,

p'—1 p1 p1—1 2p1—1 '
(20) Z(Uj+1_0j)mj :—2Zm2j,1—|—2 Z m2j22 Z (—1)ij.

j=1 j=1 j=1 j=1

Moreover, it follows that k < k¥’ and o;, # oi,, if and only if 1 < k < p; and
p1+1 <k < 2p;. We note that sign(iy — i) = 1 if and only if iy, > ip and that
ir=2p1 +2—2kfor 1 <k <pjandip =2k —2p; —1for p; +1 < k' < 2p;.

So, we obtain

1+ sign(ix — ixr)

2. 2

1<k<p’ k+1<k'<p’

_22

(03 — Uik/)(mik - mikq)(mz‘k, — Mg, 1)

2

>

(Map, 422k — Map, +1-2k ) (Mar—2p, —1 — Mak/—2p, —2)

1<k<p1 p1+1<k’<2p1+1-k

—2 Z Z (m2j - m2j—1)(m2j’_1 - m2j1_2)’

1<j<p1 1<5'<j



A Formula for the Colored Jones Polynomial of 2-Bridge Knots 275

and

j=1 k=1
p1 r’(25-1) p1 ' (25)
= > oo > (miy —mi))maj o+ Y 0a( Y (miy, —miy1))ma;
j=1 k=1 j=1 k=1
p1 p1+J p1 p1—j+1
= Y oo (Y (miy —miy))maj o+ > oa( Y (miy —mi1))maj
j=1 k=1 j=1 k=1
P11 P1 p1+J
= Z(Z(mzpﬁzﬂk — Map,+1-2k) + Z (Mak—2p,—1 — Mak—2p, —2))M2j—2
j=1 k=1 k=p1+1
p1 p1—j+1
=D (> (mapya—ak — mapyp1-2k))ma;
j=1 k=1
pP1 P1 J
= D (O (mayr —majra) + Y (maj 1 — majr—a))ma; s
i=1 j'=1 =1
P1 p1
- Z(Z(m%/ — Majr—1))Maj—1
i=1 j'=j
P1 p1 P1 P1
= > (moj+ D (majy —majr1))maja— 3 (Y (majr —majr—1))ma; 1
i=1 i'=t+1 i=1 j'=j
P1 P1 P1 p1
= D (O (may —maj 1) +maj1)maj o — > (Y (majr —maj1))ma; 1.
i=1 j'=j i=1 j'=j

Summing up, we obtain

(21) bi(m) +by(m) = Y mag;(1+ma;p1).

Jj=1

Next, we consider the knot S(4py —1,2p; — 1) for p; > 1. It is not hard to show
the following two lemmas.

Lemma 8. It follows that (1) o; = (=1)771, and

(2) i 2p —2k+1 if 1<k <p, 1 if 1<k <p,
1 = ag; =
2(k — p1) ifpr+1<k<2p —1, " —1 ifp+1<k<2p —1.

2 ifk= P1,
Lemma 9. (1) oy, + Tiriri = {0 ik £ (2) 0j41+0p41-5 =0.
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From these lemmas, it follows that

(22) a(m) = Y (=1)'m; — 2map, 1 — 1,

We compute

1<k<Pzt 1<k<p1
(24) E My —1 = E Mi,—1 = E mak—2p, —1
Bt 1<k<p p1+1<k<2p;-—1 p1+1<k<2p;—1
p1—1
= E maj—1,
Jj=1
1+ 0y 1+ 0y
E k z : ik
Pt 4 1<k<p’ p1+1<k<2p;—1
(26) (1 +op)my = 2map, 1,
p'—1 2p; —2 2p; —2
(27) E (O'j+1 - aj)mj = E (O'j+1 - aj)mj =2 E (—1)’mi.
j=1 j=1 i=1

Moreover, it follows that k& < k&’ and oy, # oy, if and only if 1 < k < p; and
p1+1 <k <2p; —1. We note that sign(ix, — i) = 1 if and only if i > iy and
that i, = 2p; — 2k + 1 for 1 <k < p; and 1y = 2k’ —2p; for p; +1 < k' < 2p; — 1.

So, we compute

1 . S
Z Z * Slgn;Zk ke ) (O—Zk - J’Lk/)(mlk - mikfl)(mik/ - miklfl)

1<k<p’ k+1<k'<p’

2 E E (Map,—2k+1 — Map, —2k) (Mak —2p, — Mok’ —2p,—1)
1<k<p1 p1+1<k’'<2p1—k

2 Z Z (maj1 — maj)(majr — maji—1),

0<j<p1—11<5'<j
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and
P’ ' (§)
> o (Y ] (miy —miy1))m;
=1 k=1
P1 r’(2j—1) p1—1 r'(25)
= Y ooia( D> (mi—mi1))maja+ Y oa( > (mi, —mi1))maj
=1 k=1 j=1 k=1
p1 p1—j+1 p1—1 p1—j
= D> 0D (mie—mi1))mayo— > (Y (M, —mi1))ma;
=1 k=1 =1 k=1
p1 p1—j+1
= Z( Z (Map, —2k+1 — Map, —2k))Ma2;j—2
=1 k=1
p1i—1 p1 p1+J
- Z (Z(m2k—2p1+1 — Mog—2p,) + Z (Map,—2k — Map, —2k—1))M2j—1
J=1 k=1 k—p1+1
P11 p1 p1—1 p1—1 i
= Y O (may —maya)mayo— D (D (majryr —may) + Y (maj —maj1))ma;
j=1 j'=j j=1 j'=1 j'=1
P11 P1 p1i—1  p1
= Y O (majr1 —maja))maj2— > (Y (maj—1 —maj_a)+maj)ma; 1
Jj=1 j'=j Jj=1 j'=j+1
p1—1

= ST (majern — may)(may —magj 1) — Y maggma; 1.
j=1

0<j'<p1—11<5<y5’
Thus we obtain

p1—1
(28) b1(m) 4+ ba(m) =1 — Z ma;—1(1 4+ maj).

j=1

O

Using Corollary 5, we give explicit formulas for the trefoil knot S(3,1) and the
figure eight knot S(5, 3).
By the formula (15) with p; =1 and p’ = 1, we get

Z (@)n—1(@Q)m, (=1)™ g 12m)+

Js(3,1)(n) (Dn-m1-1(Q)m,

0<m1<n—1

= Z (qnfl _ 1) e (qnfml _ 1)(_1)m1qn(717m1)+1.

0<m;<n-—1
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By the formula (14) with p; =1 and p’ =1,

Z (Q)nfl((j)mg qnml(_l)mz

0<mi <mg<n—1 (D n—mz—1(Dmy (@) g —m,

Js(s,3)(n) =

b

and using the formula

k

k
(@)k — £ (k+b+1) — L (k+b+1-2§)
P =[[a-q 7).
e (@D)r—i(q) i

we obtain a formula of K. Habiro [2] or T. T. Q. Le as follows,

(q)nfl(Q)ner _
T (n) = -
e 09%:71_1 (q)”(q)m(Q)n—m—l 1

Finally, as an application of Corollary 5, we estimate the maximal and minimal
degree of Jx(n) for a twist knot K. We denote by deg, (Jx(n)) and deg_(Jx(n))
the maximal degree and the minimal degree in g of Jx(n) € Z[g!] respectively,
and let br(Jg(n)) = deg, (Jx(n)) — deg_(Jx(n)). From Corollary 5, we obtain

Corollary 10. For K = S(4p; +1,2p; + 1),

(29)  deg.(Jx(m) = 3n(n— 1)), deg_(Jx(n)) = —n(n— 1),

—_

br(Jx(n)) = Zn(n —1)(2p1 +2),

[\

and for K = S(4p1 — 1,2p1 — 1),

(30) deg, (Jx(n) = —n+1, deg (Jx(n)=—n?+1— %n(n S 1)E2p— 1),
br(Jx (n)) = %n(n — ) (2py + 1),

Thus, it follows that for K = S(4py +1,2p1 + 1) or K = S(4p1 — 1,2p1 — 1),

() br(Jie(n)) = 5n(n — DC(K),

where C(K) is the crossing number of K.

Proof. From Corollary 5, we obtain

Jsapi+12p+1)(n) = > g T Mt g T ma () () S

0<m;_1<m;<n-—1

x(g" =) (g =D ] ( (D,

j=2 Dm; 1 (Dmy—m; s '
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Notice that the maximal degree in g of ——————
q

is 1. Noting that

—n(n —1)
p1—1
<
i=1
p1—1 1 2p1—1
= 777,2112775 Zl (mifmi_,_l
< —n(n-1)(2p1 — 1),
and
1
0< §m2p1 (2n

279

is b(a—b) and the minimal degree

2p1—1 2p1

n(my+ Y (Maigr — mai) —map,) + 3 > omi(l+m) + Y mya(my —m; 1)

i=1 j=2
1 2p1—1 1 2p1—1

)2+§ Z mf+1+§ Z m;
1=1 1=1

1
—1—mgp,) < -n(n—1),

2

it follows that the term with m; = n — 1 contributes to deg, (Jx(n)) and the term

with m; =0 (i #p') and mpy =n—1
Similarly, from Corollary 5,

>

Jstapr—12p-1)(n) =

to deg_(Jx(n)). So, the formula (29) holds.

T D M= I i (ma) ()8

0<mj;_1<m;<n-—1

x(@ =1 @ -1 ] G -

1
n(—1—m; — Z (Mait1 —ma;)) +1 — 3 Z m; (1 + migq

2p1—1 _
P1 (q)mJ

j=2 q>mj*1 (Q)mj—mj,l .

2p172 2])171
i=1

2p172 2p172

P1
= n(—1- 2121’71 +1) + % Z (mi —my—1)* — % Z M — % Z i
i=1 =1 =

Since
-n+1
p1—1
>
i=1
21)172
i=1
9 1
> —n“+1- in(n —1)(2p1 — 2),
and

1 1
0> 75(271 — 1 —mop,41)Map, 41 > 7571(71 -1,

the term with m; = 0 contributes to deg, (Jx(n)) and the term with m; = n — 1

(t #p') and my =n —1 to deg_(Jx(n)). Thus, we get the formula (30).
Moreover, since S(4p1 + 1,2p1 + 1) (resp. S(4p; — 1,2p; — 1)) is given in the

Conway notation by C(2p1,2) (resp. C(2p1 — 1,2)), the equality (31) holds. O

2py —1
i=1

) — Z mj—1(m; —m;_1)

my;
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Remark 11. Recently, Le proved that the equality (31) holds for any non-trivial
alternating knot (see Proposition 2.1 of [6]).

Acknowledgment. We would like to thank the referee for many helpful comments.
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