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Introduction

A FOURIER SERIES METHOD

FOR MEROMORPHIC AND ENTIRE FUNCTIONS

LEE.

BY

A. RUBEL (*) axo B. A, TAYLOR
University of Illinois.
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Introduction. — This work is a further development and application
of the Fourier series method for entire functions introduced by the first

aunthor in [5].

The idea which was presented there and is exploited
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further here is the following : if fis a meromorphic function in the complex
plane, and if

itr, )= & [ Gog | £re) ) et

is the k-th Fourier coefficient of log | f (re%) |, then the behaviour of f (z)
is reflected in the behaviour of the sequence { ci(r, f) | and vice versa.
We prove a basic result in theorem 4.6, which characterizes the rate of
growth of f in terms of the rate of growth of the ¢.(r, f) and the density
of the poles of f, generalizing theorem 1 of [5]. We apply this theorem,
as in [5], to obtain estimates for some integrals involving | f () | and to
obtain information about the distribution of the zeros of an entire function
from information about its rate of growth.

By these means, we make a study of certain general classes of mero-
morphic and entire functions that include many of the classically studied
classes as special cases. Let A(r) be a positive, continuous, increasing,
and unbounded function defined for all positive 7. 'We say that the mero-
morphic function f is of finite A-type to mean that there exist positive
constants A and B with T(r, f) < A%(Br) for r > o, where T is the
Nevanlinna characteristic. An entire function f will be of finite A-type
if and only if there exist positive constants A and B such that

[f(®)| <exp (AA(B]z})) {for all complex z.

If we choose A(r) = rf, then the functions of finite i-type are precisely
the functions of growth not exceeding order o, finite exponential type.
We obtain here complete answers to certain basic questions about func-
tions of finite )-type. For example, we characterize, in theorem 5.2,
the zero sets of entire functions of finite A-type. This generalizes the
well-known theorem of Lindelof that corresponds to the classical
case #(r)=rf. We obtain, in theorem 5.3, a corresponding resulf
for meromorphic functions. "Then, in theorem 5.4, we give necessary
and sufficient conditions on 4 that each meromorphic function of finite
A-type be the quotient of two entire function of finite A-type.

Further, we obtain, in theorem 5.7, a “ generalized Hadamard product ”
for entire functions of finite A-type. It serves many of the same purposes
as the Hadamard canonical product, and is considerably more general.
In particular, if 2 satisfies some additional conditions, and if fis an entire
function of finite 2-type, then there will be an unbounded set R of positive
numbers R, and corresponding entire functions fr of finite A-type, such
that the zeros of fr are the zeros of f in the disc { z:}z| = R} and such
that f;— fnot only uniformly on compact sets, but also in a way consistent
with 4. We call the sequence { fr } the generalized Hadamard product.
This result has been used in an essential way by the second author [6]
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in proving that spectral synthesis holds for mean-periodic functions in
certain general spaces of entire functions.

The body of the paper is divided into five parts, the last two of which
contain the main results. The first three sections are concerned with
various elementary, although sometimes complicated, results on sequences
of complex numbers. The first section discusses the distribution of these
sequences. The * Fourier coefficients  associated with a sequence are
defined in the second section and several technical propositions involving
these coefficients are proved there. The third section is concerned with
the property of regularity of the function 2, which is closely connected
with the algebraic structure of the field of meromorphic functions of
finite 2-type. The fourth section contains the generalizations of the
results of [5]. Finally, in the fifth section, the results about the distri-
bution of zeros, and the generalized Hadamard product are proved.

We urge that on a first reading, the reader read § 4 first and then § 5,
referring to §1, §2, § 3 for the appropriate definitions and statements
of necessary preliminary results. After this, the complex sequence theory
of the first three chapters will seem much more natural.

‘We shall use, for a function ¢(r), the notation 0(¢(r)) to denote a func-
tion that is bounded in modulus by A ¢(r) for some constant A, and the
notation O(¢(0(r))) to denote a function that is bounded in modulus
by A ¢(Br) for some constants A and B.

It seems clear that through much of this paper, the assertions about
entire functions can be replaced by corresponding assertions about
subharmonic functions, and the assertions about meromorphic functions
can be replaced by corresponding assertions about the differences of
subharmonic functions, without requiring any real change in the proof.
It is by now a standard procedure to replace the logarithm of the modulus
of an entire function by a general subharmonic funection, replacing the
zeros of the entire function by the masses that occur in the Riesz decompo-
sition of the subharmonic function. For numerous reasons, though,
we have preferred to keep this paper in the context of entire and mero-
morphic functions.

1. An analysis of sequences of complex numbers.

We study here the distribution of sequences Z={z,|, n=1,2,3,...,
with multiplicity taken into account, of non-zero complex numbers z,,
such that z,—oc0 as n—co. Such sequences Z are studied in relation
to so-called growth functions 2. We denote by A and B generic positive
constants. The actual constants so represented may vary from one
occurrence to the next. In many of the results, there is an implicit
uniformity in the dependence of the constants in the conclusion on the
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constants in the hypotheses. For a more detailed explanation of this
uniformity, we refer the reader to the remak following proposition 1.11,

Let Z = { Z, } be a sequence of non-zero complex numbers such that
lim z, = 00 as n — co.

1.1. DeFiNiTiON. — The counting function of Z is the function

nr,2)= Y 1

s

[enlzr

1.2. DeriNiTION. — We define
"n(l, Z
N(, Z) :f it—-)dt.
0
1.3. PropositioN. — We have

NG Z)= Y, 1og-|;’;—|-

[ENEp

Proof. — Note that
Y log- =f0 1og<tf> din(t, 2))

[ cnlzr
The proposition follows from an integration by parts.
1.4. ProposiTioN. — We have
d
n(r, Z) —rE‘N(r, Z).

Proof. — Trivial,

1.5. — DEFINITION. — We define, fork = 1,2, 3, ... and r > o,
1 1\%
S k:2)= > <Z—> .
E
1.6. DEFINITION. — We define, for k =1, 2, 3, ... and r,, r,> o0,

S(r, rs; k:2)=S(3k:2)— S k: Z).

When no confusion will result, we will drop the Z from the above
notation, and write n (r), S (r; k), etc.

1.7. DeriNiTION. — A growth function A(r) is a function, defined
for o< r<Coo, that is positive, non-decreasing, continuous, and
unbounded.

Throughout this paper, 4 will always denote a growth function.
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1.8. DeFiNiTION. — We say that the sequence Z has finite }-density
to mean that there exist constants A, B such that forallr > o,

N@, Z) = AW(Br).

1.9. ProrosiTioN. — If Z has finite A-density, then there are
constants 4, B such that
n(r, Z) == AX(Br).
Proof. — We have

(@, Z) log> éf- ”“TZ) di =B (o1, Z).

1.10. DeFINITION. — We say that the sequence Z is i-balanced to mean
that there exist constants A, B such that

(1.10.1) S s k:Z)léAlr(ZBn) +A7ﬁm)
1 2
forallry, ry>>o0and k =1, 2,3, .... Wesay that Zis strongly A-balanced
to mean that
. AX(Bry) |, A)(Br,)
(1.10.2) [ S(ri.rs k:Z)| £ Trk + kit
forallr,r.,>oandk =1,2,3, ....
1.11. PropositioNn. — If Z has finite )-density and is A-balanced,

then Z is strongly 7-balanced

Remark. — Using this result for illustrative purposes, we make explicit
here the uniformity that we leave implicit in the statements of similar
results. The assertion is that if Z has finite A-density, with implied
constants A, B, and is A-balanced with implied constants A’, B’, then Z is
strongly i-balanced with implied constants A", B” that depend only
on A, B, A’, B’ and not on Z or 2.

Proof of 1.11. — We observe first that, if r > o, and if we let r'= rk'*
then

(1.11.%) 8@, rs | =200,
T
To prove this, we note that

S@, s k)| = ;{f Jdn (o),

from which (1.11.1) follows after an integration by parts. Now, for
ry, rs>o, let ri=r k% and r,= r,k*. Then

| S r2s ) [ Z| S 1 B [+ [ 8@ 15 B) |+ [ S(re, 155 K) |-
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On combining this inequality with (1.11.1), (1.9), and the fact that
k'*~ 9, we have

G r. X 1 -
[ S, s By | 2| Sy, rys B+ k—MCA).(Brl) + mAA(BrQ).

But, by hypothesis,
| S(r, ry; k)

I
krt

L AXBrR) +

o A3(Br.)
1

for k =1,2,3, ....

1.12. DeriNiTION. — We say that the sequence Z is 2-poised to mean

that there exists a sequence « of complex numbers o = {o; |, k =1, 2, 3, ...
such that, for some constants A, B, we have, for k=1,2,3, ... andr > o,
(1.12.1) | o+ S(r;k:Z)léA}r(kBr)-

If the following stronger inequality

A)(Br)

(1.12.2) Lo+ S(rs k2 Z) | = — 5

holds, we say that Z is strongly 7-poised.

1.13. ProrositioN. — If Z has finife i-density and is A-poised, then Z is
strongly 7-poised.

Proof. — The proof is quite analogous to the proof of 1.11, based on
the substitution r’ = rk%. We omit the details.

1.14. ProprosiTioN. — A sequence Z is A-balanced if and only if il
is A-poised, and is strongly J-balanced if and only if it is strongly )-poised.

Proof. — We prove only the second assertion, since the proof of the
first assertion is virtually the same. If it is first supposed that Z is
strongly 2-poised, where { o;} is the relevant sequence, then we have

| S(ra, 125 k) | = | S(ras k) + op—op— S(rss k) |
o S(r; k)| + |+ S(r2; k) |
so that Z is strongly Z-balanced.

Suppose now that Z is strongly 2-balanced, with A, B being the relevant
constants. Let

p(@)=inf{p=1,2,3, ... :liminf A() :0%,
r>w® r’

Naturally, we let p(2) = o0 in case lim inf A (r)/r” > o as r”> co for each
positive integer p. For 1--k<p(d), we have infr*i(Br)>o
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for r > o. Thus, there exist positive numbers r, such that
A (Brk) ot (Br)
rk rt
3
forr > o and 1 <k << p(2). For k in this range, we define
(1.14.1) ap ==— S(r; k).

Tor those k, if there are any, for which k > p(2), we choose a sequence
0 < py << 0:<... with g;—00 as j — co, such that

i 2B _

jre PG
For values of k, then, such that k > p (2), we define

(1.14.2) a; = lim — S(s;; k).

fo e

To show that the limit exists, we prove that the sequence { S(s,; k) |,
j=1,2, ..., 1is a Cauchy sequence. Let

Ajm=S(0;; k) — S(om; k) = S(pm, 03 k).

We have
AX(Bog,.)
kp,

Ad(Boj).
ko¥

lAj,m |_é _I'

Since gt >~ o7 for o > 1, it follows from the choice of the ¢; that 4,,, — o
as j, m—>co. We now claim that

Ar(B
ot S(rs by | = SALED,
T
For, if 1 £k < p(4), then
o . AX(Br) . Ar(Br) _3AW(Br)
[ S B = | S 13 By | = 5 4 S0 3

If k> p (4), then

lar+ S@r; By |=Um |S(r, o35 k)| éAA(ﬁr) + lim sup A,‘(BP/) :A}'(Ifr).
j> kr > kot kr
1.15, DEFINITION. — We say that the sequence Z is Z-admissible

to mean that Z has finife i~densify and is 2-balanced.
In view of propositions 1.11 and 1.13, the following result is immediate.

1.16. ProrosiTioN. — Suppose that Z has finite A-density. Then the
following are equivalent :

(i) Z is A-balanced;
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(il) Z is strongly 2-balanced;
(iii) Z is A-poised;
(iv) Z is strongly 2-poised;
(v) Z is J-admissible.

In proposition 3.3, we give a simple characterization of 7-admissible
sequences in the special case 4 (r) = r?.

We next consider the effect that deleting from Z those finitely many
terms that lie in the disk { z: | z| =< R} has on S(ri, r:; k).

1.17. DEeFINITION. — We define Z (R), for R > o, to be the sequence
obtained by deleting from Z those terms of modulus not exceeding R.
That is, '

ZRYy=Znlz:|z|> R},
and we call Z (R) the R-remainder of Z.

1.18. DerinITION. — Let R be anon-empty set of positive real numbers.
The collection of remainders { Z (R): E€® | is called complete if R is
unbounded.

1.19. TueorEM. — Each strongly J-balanced sequence Z has a strongly
7-balanced supersequence Z' such that n(r, Z') =0 (n (r, Z)) and such
that Z' has a complete sel of remainders that are uniformly strongly

»-balanced. In the special case in which liminf r—2i(r) == for each
ro-w

positive number 9, we may take Z' = Z. In the special case in which

log 7.(e¥) is convex, we may take Z'= Z, and we may lake the collection

of remainders o be { Z(R) = R >~ R, | for some number R,.

Before proving theorem 1.19, we derive first some elementary facts
about the behaviour of the functions r—*2(r) when 4 has a particularly
nice form. In the following, we will denote by u(x) the function defined
for — oo <<z << o0 by u(x)=1log i(e¥). We observe that u is a non-
decreasing function.

1.20. LEmmMa. — Suppose that u(x) = log 4 e*) is convexr and that & is
a positive number. Then the function r—°A(r) decreases to its infimum
as r increases, and increases thereafter. If for some positive o we have
lim»sup r—°i(r) <<oo, then there exisls a constani M such that

+(2r) = MJ)(r). Further, there is a positive number R, such that for
every R > R,, there exisls a positive number ¢ = o(R) such that

AR . A0
e Tas
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Proof. — Since u is convex and increasing, we may write
u(z) = u(o) +f h(Y) dt,
0

where h is a non-negative and non-decreasing function. If z =1logr,
then

()

— exp {u(o) +f () — o) dt}

from which the first assertion follows immediately. To prove the second

assertion, observe that if lim sup }r(—? < 0o, then h(f) must be bounded-
say h (fy =< C. Then

)‘7‘((25) =exp{u(r + log 2) —u(x) | —exp { Clog 2 |.

To prove the last assertion, let x,= logR and ¢ = h(x;). Since h is
non-negative, non-decreasing, and not identically zero, it follows that
o is positive if R is sufficiently large. Then

(@) — 02) —(u(@;) — o) = f O — ) dt o,

Hence,

;.1({15) = exp { u(x) — 0% | = lnf exp { u(r) —ox = mf r(r)

Proof of theorem 1.19. — By hypothesis, there exist constants A
and B such that

A}\ BI'1 A7\ Br‘.’
(1.19.1) | S@u r2s k2 Z) [ = k(,,f )+ k(,k ).
Let R and ¢ be positive numbers for which

Z(BR) inf A(}_i'r)

>0 r
We claim that then

2 A A(Br, 2 A A(Br,
(1.19.2) | S(r, s k: Z(R) | < k,(,; )+ k,(k ).

If ry < r, <R, then S(ry, r:; k: Z(R)) = o and there is nothing to prove.
If R =r,~r., then

S, k: ZWR)=S(ry, 13 k2 Z)
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and so (1.19.2) follows from the inequality (1.19.1). If r, <R _=r,,
then

| S, ras k: ZWR) | =|SR, r23 k: Z) |,
which, by (1.19.1) does not exceed

AX(Br,) i AW(BR)
kr% kR*

However, if k >. o, then

MBR) _A(BR) 1 _i(Br) 1 _ 1(Br)
Rt~ "Re R—=T 7 0T T rf

On the other hand, if k = o, then

AMBR) _MBR) 1 _WBr) 1 _ iBr)
RF — Re Ri—c— r3 I‘é'*”"— rk .

Thus,

and (1.19.2) follows,

Let us now consider the case in which, for each p > o, lim r—"4(r) = oo
as r —oo. We define, for ¢ > o, _
. MBR) inf M(Br) ;

qusup{R. Re =1 =

We have R, > o since 2 is continuous. If ¢’ > ¢ and R =< R;, we have

MBR)__2(BR) 1 _ 1(BR)) 1 _ 1(BRs).
R~ ~ R° RP"=R; R ° RZ

[

It follows that R, is a non-decreasing function of . Further
if R > Rg, then A(R)/R° > A(R;)/RS, so that

AMR) R\°

i L7 AN el

*(Ro) ~<Rc> ’

and it follows that R, is an unbounded function of . If we now let

7_\(_36@2 inf@for some ¢ > o,

.R={R :
>0 R r>0

it follows from (1.19.2) that { Z(R): Re R} is a uniformly balanced,
complete set of remainders of Z. The last assertion of the theorem follows
from lemma 1.20 which states that R2{ R: R> R, | for some positive
number R,.
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We next consider the case in which

liminf r—74()=o0 asr—oco for somep > o.

Let p(%) denote the smallest positive integer for which this holds. Let ]
be any unbounded set of positive real numbers such that
lim M(BR) =

Row RPU
RER

and such that for all Re R,

(BR) _. .{MBr)

“RAW 7700
| r

o

:réR:.

Since lim inf r—7" 4 (Br) == o as r — c0, there is at least one such set ®.
The hypothesis that log A(e*) is convex implies that we may take
R={R:R>o0}, since r»™3(Br) must decrease to o at co. We
construct Z’ as follows. Let @ be a primitive p(2)-th root of unity,
say o =-exp(a7mi/p(+)). Let »~/Z denote the sequence {w—/ z,,

n=r1,23,...,and then let
phy—1

7 = U w7 Z.

j=0
It is clear that n(r, Z') = p(4) n(r, Z). Further, we have

pk)—1

S(ry, 123 k:Z’)=< Z w"/> Sy, 125k 1 Z).

j=0
Consequently, for k==1, 2, ..., p(3) — 1, we have that S(r,, r.;k: Z) =0
since the sum in parentheses is o for such values of k. From the above
equation, it also follows that

| S(r, ras k2 ZY | =ZpR) | Sy, 125 k: Z) |

for all positive integers k. To prove, then, that { Z/(R): Re®} is a
complete set of uniformly Z-balanced remainders of Z’, it is sufficient
to prove that (1.19.2) holds for k> p(?) and for every Re®R. As we
have seen above, (1.19.2) is trivial unless r,~ZR —r,, in which case

ALBR) | A¥(Br)

1Sy, sk Z(R) | = | SRy 123 k: Z)| < IR + s

However, in this case k > p(2) and r; £ R, so that

»(BR) _MBR) 1 _ A(Br) 1 M(Bry)
R T RPN RE=pN == Tppo0T pk—p(d T T pru) )

Hence (1.19.2) holds, and the proof is complete.
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2. The Fourier coefficients associated with a sequence.

We now present the sequence of so-called Fourier coefficients associated
with a sequence Z of complex numbers, and study its properties. We will
use it in §5 to construct an entire function f whose zero set coincides
with Z, and to determine some properties of entire and meromorphic
functions whose growth is restricted. The reason for calling them
“ Fourier coefficients > will become apparent on comparing their defini-
tion with lemma 4.2 of section 4.

2.1. DEerFINITION. — We define, for k=1, 2, 3, ...,

-
Sl(r;k:Z’):}{ 2 <%> .

[Er =ty

2.2. ProrositioN. — We have

| S'(r; k2 Z)| = ;{N(er, Z).
Proof. — It is clear that |S'(r; k: Z)| <n(r)/k, and we also have

() = f W@dt = N(en),

2.3. DeriniTION, — Let a=|a«l, k=1, 2, 3, ..., be a sequence
of complex numbers. The sequence {c(r; Z: )}, k=o, =1, =2, ..
defined by

2.3.1) c(rs Z:2) = (r; Z) =N, Z),

9

'3
(2.3.2) ck(r;Z:a)———%{a;p}—S(r;k:Z)';

—éS’(r;k:Z) for k=1,2,3, ...,
2.3.3) (s Z:a)="(cc(r; Z; )y for k=1,2,3, ...,

where * denotes complex conjugation, is said to be a sequence of Fourier
coefficients associated with Z.

2.4. DEFINITION. — A sequence { ¢i(r; Z: ) | of Fourier coefficients
associated with Z is called 2-admissible if there exist constants A, B such
that

(B
Qa1 lat:Z; a0 =280 o L),

(k| +1

2.5, ProprosiTION. — A sequence Z is A-admissible if and only if there

exists a 2-admissible sequence of Fourier coefficients associated with Z,

BULL. SOC. MATH. — T. 96, FASC, L. 5
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Proof. — Suppose that Z is i-admissible. Then by 1.16, Z is strongly
t-poised. Let a= (), k=1, 2, 3, ..., be the relevant constants, and
form { ¢x(r; Z : @) | from them by means of (2.3.1)-(2.3.3). Now (2.4.1)
holds for k= o and some constants A, B since Z has finite 7-density.
Fork=+1,+2,+3, ..., wehave

Lkl
s Zia) | =5 - at SE R+ 2185 )L

Then an inequality of the form (2.4. 1) holds by proposition 2.2 since Z has
finite A-density, and because Z is strongly 2A-poised with respect to the
constants { a;}.

On the other hand, suppose that (2.4.1) holds. Then
N{@)=¢@) = AL(Br),

so that Z has finite 2-density. Moreover,
= (o 5 k))l —le(s Z:0) + 18 @3 B

AX(BP)
=Tk +1

N(er) _2Ai(eBr)
TRk =Tk

so that Z is strongly 2-poised. By proposition 1.16, it follows that Z is
#-admissible.

2.6, ProrosiTioN. — Suppose that Z and «={a«:} are such that
lex(rs Z:a)| << AA(Br). Then {¢(r; Z:a)} is i-admissible. In parti-
cular, there exist constants A’, B’, depending only on A, B, such that

leutrs 22 9) | < T ED.
Proof. —For k=1, 2, ..., we have
(2.6.1) e | =Ll S@s B + 11863 B
and
(2.6.2) g]ak—i—S(r; k)]élck(r)l—l—-;—lS’(r; k.

Since ¢, (r) = N(r) =~ A4(Br), Z has finite A-density. Then by (2.2),
| S'(r; k)| £ (1/k) O (A (O(r))) uniformly for k=1, 2, 3, ..., by which we
mean that there are constants A”, B” for which | S'(r, k) | < (1/k) A"3.(B"r).
From our hypothesis and (2.6.2), it then follows that

r‘l a4+ S(r; k)| = 0@ (0(r))) uniformly for k> o.
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Then by proposition 1.13, we have that
| ox+ S(r; k)| = 7‘(0(1(0@))) uniformly for k=1, 2, 3, .. ..
Then, using (2.6.1), we have

e(r) | < ;{O()\(O(r))) uniformly for k=1, 2, 3, ....

Since ¢_;(r) = (cx(r))", and since Z has finite upper »-density, the propo-
sition follows immediately.

2.7. DeFINITION. — The quadratic semi-norm of a sequence
{ci(r; Z : o) | of Fourier coefficients associated with Z is given by

© N1/2
Ez(r;Z:a)zs Yl Ziapy .

£

2.8. ProposiTioN. — The Fourier coefficients {c¢i(r; Z:2)} are
)-admissible if and only if E,(r; Z : o) = A #(Br) for some constants A4, B.

Proof. — First, if
Aia(B,r1)
k{41’

then E,(r; Z: a) =~ Ai(Br), where B= B, and

el 3 ()|

ki=— o0

lex(r; Z:a) | <

On the other hand, suppose there are constants 4, B for which
E,(r; Z:a)<A)(Br). Then it is clear that jci(r; Z:a)| ZAXNBI)
so that by proposition 2.6, {c:(r; Z: o)} is A-admissible.

The next result will be used in § 5 to help develop the so-called genera-
lized Hadamard product.

2.9, THEOREM. — Suppose that Z is A-admissible. Then there exist
a A-admissible supersequence Z' 2 Z and a complete, uniformly A-balanced
set of remainders of Z',{Z'(Ry=Re®}, and a family {a(R)},

a(R)={ax(R)}, k=1, 2,3, ..., RER, of sequences of complex numbers
such that
@.9.1) e Z/(R): aR) | = BB o L)
K]+t
for some constants A, B, and further that
2.9.2) Ilim c(r; Z/(R): a(R)=o
>

reR



68 L. A. RUBEL AND B. A. TAYLOR.

for all >0 and k=o0, =1, =2, .... If liminfr=*i(r) == for
all k> o, as r—=, then we may take Z' =Z and ® = {R: R>R,! for
some positive number R,.

Proof. — Let Z’, Z'(R), and ® be constructed as in the proof of
theorem 1.19. Then for suitable constants A, B, we have that

n(r, Z) < ANBr), N, Z')—=ANBr),

AXBr) , AnBr)

krt T )

| Sy, 123 k: ZN(R)) | < kr¥

We now let a(R) = { «,(R) | be defined by equations (1.14.1) and (1.14.2)
that occur in the proof of proposition 1.14. Then, as was proved there,
we have that

3A(Br)
31),

| (R) o S 2 2 (R) | £ S

This inequality, together with 2.6.1, gives

3AX(Br)
a2k

lee(rs Z'(R) s a(R)) | = + éIS’(r; k:Z'(R))|.

However, we have
|8°(s k= Z'(R) | < (N3 Z/(R) < . N3 2) = A2(Br)

k )

to that (2.9.1) holds for some (possibly different) constants A, B. To
prove 2.9.32, it is enough to show that «4(R) -0 as R—« through &,
since it is obvious that

lim S(r; k: Z'(R)) = lim S'(r; k: Z'(R)) = o.
B> Ry o
EeER RER

From the equations defining a,(R) it is clear that oz (R)—>o0 as R—x
except possibly in the case where p(1) <o and k>p(i). However,
in this case, we have from (2.9.1) that, for all r << R,

_ANBR),
— [k[+1

‘éak(R) r*

and consequently that
2ANBR
| 2el®) | = 22780,
However, the family ® was constructed, in the proof of theorem 1.19,
in such a way that for k> p(?), we have
A(BR) _

lim =0
A>w RE '

RER
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so that
lim oz (R) = o.
B>
Rer

The final assertions of the theorem follow from theorem 1.19, where the
family ® was constructed.

2.10. CoroLLaRY. — If the sequences {ci(r; Z'(R) : a(R))} of Fourier
coefficients are as described in theorem 2.9, then for each r > o,
lim E,(r; Z'(R) : «(R)) = o.
R>w

RER

Proof. — Foreachr>oandn=1, 2, 3, ..., we have

lim sup [E.(r; Z'(R) : «(R))]*<< lim sup Z Lew(rs ZI(R) : a(R)) |2
R>w R>w»

RER Rer 1k[>n

2
=406y 3 ()
The result follows on letting n tend to <.

3. Sequences that are J-balanceable.

In this section, were are concerned with the process of enlarging
a sequence Z so that it becomes A-balanced. Growth functions 4 for
which this is always possible are called regular and give rise to associated
fields of meromorphic functions with special properties. For example,
see theorem 5.4. The principal results of this section are propositions 3.5
and 3.6 which give simple conditions that 2 be regular. In addition,
we give in proposition 3.3 a simple characterization of J-admissible
sequences for the case A(r) =r?.

. 3.1. DeFiNtTiON. — The sequence Z is i-balanceable if there exists
a r-admissible supersequence Z’ of Z.

3.2. DEeFINITION. — The growth function 2 is regular if every sequence Z
that has finite 2-density is 2-balanceable.

3.3. ProrosrrioN. — Suppose that A(r)=r° where o>o0. Then
(i) the sequence Z is of finite J-density if and only if

lim sup r°n(r, Z) <« as r—wo;

(i) if p is not an integer, then every sequence of finite 2-density
is 2-admissible;

(iii) if p is an integer, then Z is A-admissible if and only if Z is of finite
A-density and S(r; o : Z) is a bounded function of r;

(iv) the function 4(r) = r¢ is regular.
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Proof. — To prove (i), we have that n(r) = 0(r?) whenever Z has
finite 7-density. On the other hand, if lim sup r—°n(r) <<w, then
n(r) £ Ar? for some positive constant A so that

NG =f ) dt = Ao re-

To prove (ii), suppose that N(f) —~Atr. Then so long as ko,
we have

3.3.1) f ﬂdn(t)k<A + - ‘><)(r1) + 7-(’})>.

r;

I

For, on integrating by parts, we have that the integral is equal to

n(ra n(r1 _{_kf"n(t)dt

tk+1

But

and similarly

Moreover,

" n(f) o A (1 1%
[ Rasa ] gmas oty (L4 h)

[

and the inequality (3.3.1) follows. Hence, so long as o is not an integer,
every sequence Z of finite r*~density is re-balanced.

To prove (iii), suppose that Z has finite r*-density and that p is an
integer. Then by (3.3.1), we see that all the conditions that Z be
J-balanced are satisfied except for k=1p. For this case, the condition
that S(r,, r:; o) be bounded by ri?A2(Br,) 4+ r;? A2(Br,) for some A, B
is precisely the condition that S(r; o) be bounded, as is quite easy to see.

To prove (iv), we observe first that if p is not an integer then 2(r) =r?
is trivially regular by (ii). = If p is an integer, and Z has finite ré-density,
let Z' be the sequence obtained by adding to Z all numbers of the
form w—'Z, where w?=-—r1. Then Z’ has finite r¢-density and
S(r;0:Z")=o for all r>o. Hence by (iii), Z’ is rP-admissible, and
it follows that 2(r) =r? is regular.

The next two results give simple conditions, both satisfied in case
2(r) = r?, that imply that 2 is regular. We do not know whether there
exists a growth function 2 that is not regular.
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3.4. DEeFINITION. — We say that the growth function A is slowly
increasing to mean that A(2r) =L MA(r) for some constant M.

If 4 is slowly increasing, it is easy. to show that for some positive
number p, 2(r) =0(r?) asr — o,

3.5. Prorosrtion. — If 1 is slowly increasing, then 1 is regular.

3.6. PropositioN. — If log #(e*) is conver, then 2 is regular.
The proofs of these results use the next lemma.

3.7. Lemma. — The growth function  is slowly increasing if and only
if there exist an infeger p, and constanis A, B such that

= (l) Al (B r)
(3.7.1) o dt < - pr”

for p=>= p..
If #(r) =r?, then we may choose p, =[p] +1.

Proof. — Suppose first that (3.7.1) holds. We may clearly suppose
that B>.1. Then

ANBH [ MD) AQ) ., M2Br)
T prr éf o+t di = ﬁf N di = = p(@B)yrr

whenever p >.p, Taking p=p, we have i(2Br)-<Mi(Br), where
M = A (2B)7,

so that x(r) is slowly ihcreasing. Suppose next that A(r) is slowly
increasing, say A(2r) < M x(r). Then

\( (i 7 2k A
;’(*) 4= Z/ t”i)‘ pif'(Z‘Q— pgf) <2p>

Hence, if p, is taken so large that o7>>> M, we have an inequality of the
form (3.7.1). Incase 2(r)=r?, we have M = 2?, and the final assertion
follows.

Proof of proposition 3.5. — Let 4 be slowly increasing, and let Z be
a sequence of finite 2-density. Choose p, as in the last lemma so that,
for p = p,,

()] téA}(Br).

tp +1 —_— prp

r

Define

7o

7= U w*Z,
k=u
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where n,= p,+ 1, o = exp (2wi/n,), and w~*Z = {w*z,l,n=r1, 2, 3,.
Then we have S(ry, r:; k: Zy=ofor k=1, 2, ..., p,, since

14+ wffo¥d-, L ewnt=o

so long as w1, and this is true for k =1, 2, ..., p.. Hence, to prove
that Z’ is J-balanced, we need consider only k> p,. For such £,

with r <<r’, we have
i
AY <L !
d Z,

<l | Ep <1

|S(r, 13 k: Z) | = Ldn(t, 7).

I
k

On integrating by parts, we have

T . n(', Z") , n(r, Z" ‘n(t, Z)
‘f pn(, 2| = ) 4 —[—k[ s

Since Z is of finite 2-density and n(r, Z’)=(p,+ 1) n(r, Z), we have
n(r, Z'y Z A, 3 (B,r) for some constants A,, B, by proposition 1.9.

Since 4 is slowly increasing, we have A(B.r) <~ M i(r) for some positive
constant A,> 0. To complete the proof of the theorem, we have only
to prove that

‘n(t, Z A'\B'r
[ D a2

for some constants A’, B’. However,

fﬂn—(tfz)dtzAf 1) 4y AAu1(Br)

fi+t t/-+1 kr T Lk

since k > p,.

Proof of proposition 3.6. — It is no loss of generality to suppose that
r?2(r)-—>w as r->ow for each p > o, since otherwise 2 is slowly increa-
sing by lemma 1.20, and then proposition 3.5 applies. Now for
p=1,2,3,...,let R, be the largest number such that

AR _ e )
R% » >0 r?

andlet Ry=o. Then, as was shown in the proof of theorem 1.19 with the
numbers R,, we have that R.~R,—<R,~..., and that R,—>x
as p—>oo. Further, by lemma 1.20, r—7)(r) decreases for r—R, and
increases for r > R,. We also have the inequality

(3.6.1) 22i(r) <20(2r) it r>R,,
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since by the above remark,
(r) _ (2 r)

= = (rr

Now let Z be of finite i-density. For convenience of notation, we
suppose that N(r)<2(r) and n(r) =Zi(r), since we could otherwise
replace the function 7(r) by the function AA(Br) for suitable
constants A, B. We then claim that

(3.6.2) f tf,zdn(t)é%f’)

ifk>arand r<r'~<R,.

To prove (3.6.2), we first integrate by parts, replacing the integral by

n{’) n(r) ‘n(®
(rl)A — = T kf Iz dt.

Now

since r =~ r’ and r—*(r) is decreasing for r < R, ~ R;. Also,
n(t) dt =~ }(t) 1 l(r) 1 1
f fert T tk+l—p = 7 kF—p =n’
since 74ty Zr—7i(r) for r =t -r'—R,. Thus

" Mr AT ki@
[ im0 =22+ 20 o 20

We have k/(k— p) =2 since k2> 27, and (3.6.2) follows.

We now define Z’ as follows. For each z,eZ with R,_,<|z.,| =R,
we introduce into Z’ the numbers

I
Zns "ZII’ s ey
)]

1 Zn

where m =m(p) =27 and o =w(m) =-exp (27i/m). We make the
following assertions :

(3.6.3) n(r, ZY—nRy—1, Z)=2r(n(r)—n(R,)) if R,..=Zr=R,
(3.6.4) n(r, Z'y £ 2rn(r) if rZR,,



~3
=~

L. A. RUBEL AND B. A. TAYLOR.

(3.6.5) NG, Z)=23() if r—=R,
(3.6.6) f Y dn(t, 2)
ék'[ %dn(t) if k> or and r=r' <R,

3.6.m) S, r;k:Z)=o0 if r,r'>R,andkisnot a multiple of 2.

The assertions (3.6.3) and (3.6.4) follow immediately from the
definition of Z’, while (3.6.5) follows from (3.6.4), and (3.6.6) follows
easily from (3.6.3). To prove (3.6.7), it is enough to prove that
S(r,r';k:ZY=o0it R, ,~<r=r —<R,, j>p, and k is not a multiple
of 27. But, in this case, we have

Sr,r;k:ZY=vSC, r'; k: Z),
where

'\"=I + (“)k+ w'l/c_[__ . _'_ w(ln—i)k’

where m=m (j)=2/ and o=ow(m)=exp (27i/m). Since k is not
a multiple of 27, k is therefore certainly not a multiple of 2/, so that w‘=1.
We then have

- wkm

N = — = 0
! 1—wf ’

and our assertion is proved.

We now prove that Z’ is A-admissible. To see that Z’ has finite
J-density, let r>o0 and let p be such that R, ,<r-<R,. Then
by (3.6.5) and (3.6.1), we have that N(r, Z') L 272(r) =L 24 (21).
To see that Z’ is A-balanced, let k be a positive integer and suppose
that o <<r=r'. Write k in the form 27¢q, where ¢ is odd. Then,
by 3.6.7), S(r,r';k:Z)=0 if R,~r<r'. Suppose r—R,. Then
Sr,r'; k:ZY=S8S@, r"; k:Z"), where r"=min (', R,), by (3.6.7).
However,

]S(r,r”;k:Z’)]éif rdn(t Z).

By (3.6.6), this last term does not exceed

f L dn(),

and this, in turn, does not exceed 4r—2(r), by (3.6.2). Consequently,
we always have |S(r, r'; k:Z)| < 4r—*)(r), so that Z’ is 2 balanced,
and the proof is complete.
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4. The Fourier coefficients associated with a meromorphic
function.,

4.1. In this section, we associate a Fourier series with a meromorphic
function, and use it to study properties of the function. As we mentioned
in the introduction, the results of this section are generalized versions
of the results of the earlier paper [5], and the proofs are essentially the
same, Our notation follows the notation of [5] and the usual notation
from the theory of meromorphic and entire functions. We first recall
the results from the theory of meromorphic functions that will be needed.

For a non-constant meromorphic function f, we denote by Z(f)[respec-
tively W(f)] the sequence of zeros (respectively poles) of f, each occurring
the number of times indicated by its multiplicity. We supposethroughout
this paper that f(o) o, <. It requires only minor modifications to
treat the case where f(o)=o0 or f(o)=w=. By n(r, f) we denotle
the number of poles of f in the disc {z:|z|<r|. By N(, f) we denote

the function,
NG, )= f @dt,
0

and by m (r, f) the function
m(, )= f log* | f(re®) | 9,

where log*x =max (logx, o). Wehave, of course, thatn(r, f)=n (r, W{f))
and N(r, f)= N(r, W(f)). The Nevanlinna characteristic, that measures
the growth of f, is the function

T, fy=m(, f) -+ NG ).
Three fundamental facts about T'(r, f) are that

(4.1.2) T(r, f)=T (r, }) +log|f(o) s
(4.1.3) T@ fy=TN+Tx 9,
(4.1.4) T, f+9=T( )+ T, g)+logo.

Proofs of these facts may be found in [2], pages 4 and 5. An easy conse-
quence of (4.1.2) is that

(4.1.5) ?Ir‘f_ log [ f(re®| |d0 =2 T (r, f) 4 log| (o) |.

This follows from (4.1.2) by observing that the first term is equal
to m(r, f) + m(r, 1/f), which is dominated by T'(r, f) + T(r, 1/f).
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For the entire functions f, we use the notation
M, fy=sup {[f@)]:z=r].
The following inequality relates these two measures of the growth of f

in case fis entire :

(4.1.6) T, f)<logr MG, ) < R LT (R, )

for o ~rR. For a proof of this, see[2], page 18. We will use (4.1.6)
mostly in the form

(4.1.7) T(r, f) log"M(r, [) <3T(r, ),

which results from setting R=2r in (4.1.6).
The following lemma, which is fundamental in our method, was proved
in [1] and [5]. For completeness, we reproduce the proof of [5] here.

4.2, Lemma. — If f(2) is meromorphic in |z| <R, with f(o)£ o, =,

and Z(f)=1{z.}, W({)={w.}, and if log (f(2)) =2akzk near z=o,

k=0

then for o <<r < R, we have

»

4.2.1) lt)glf(rei9)| = 2 c(r, f)er,

h=—w
where the ci(r, f) are given by
r Q r
4.2.2)  c(r, ) =1log|f(o)| +Iz,24,~ log 1,7 - WZ.L,,IOg Twrl

I

—1og| /()] + N, ) =N @D

(4.2.3) For k=1,2,3, ...,

4.2.4) For k=r1,2,3, ...,
ck(rs f)=ck(r’ f))*’

where * denotes complex conjugation.
There are appropriate modifications if f(o) = o or f(o) = =.
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Remark. — Observe that in the notation of § 1 and § 2, formula (4.2.3)
becomes

(129 o )= far+ T ISC ks Z() =S k: W)
_ég S'(rs k: Z(f)) — S'(r; k : W(f)).

Proof. — We may suppose that [ is holomorphic, since the result
for meromorphic functions will then follow by writing [ as the quotient
of two holomorphic functions. We may further suppose that f has no
zeros on {z:|z|=r}, since the general case follows from the continuity
of both sides of (4.2.2) and (4.2.3) as functions of r. Tormula (4.2.2)
is of course, Jensen’s Theorem, and (4.2.4) is trivial since log | f| is real.
To prove (4.2.3), write

1) = * f " [logf (re®y] cos (k) df

for some determination of the logarithm, and k=1, 2, 3, .... Then, by
integrating by parts, we have
. f ' (re’) 0
Ii(r) = T sin(k 0)ire!’ df.

This may be rewritten as

. ff@irr _z7y
Tu() = gnli(I rf(z){ dz.

¢ ey

This last integral may be evaluated as a sum of residues, and on taking
real parts, we get the k-th cosine coeflicient of log|f|. Similarly, consi-
dering the integral

T =1 f [log (f (re®)] sin (k©) b,

where the integration is now between w/2k and 2n - m/2k, we get
the k-th sine coefficient. On combining these, we get (4.2.3).

We now define the classes of functions that we shall study.

4.3. DEFINITION. — Let % be a growth function We say that f(z)
is of finite A-type, and write f € A, to mean that f is meromorphic and that
T(r, ) =< A »(Br) for some constants A, B and all positive r.

4.4. DerFINITION. — We denote by A the class of all entire functions
of finite J-type.

4.5. ProposrtioN, — Let f be entire. Then f is of finife }-fype if and
only if log M (r, f) = A)(Br) for some constants A, B and all positive r.
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Proof. — This follows immediately from (4.1.7).

Note in particular that if A(r) =r? then fe A if and only if fis of
growth at most order p, exponential type. Note also that the definition
given above coincides with the definition given in [5], since only slowly
increasing functions (see definition 3.4) were considered there. A disad-
vantage of the earlier definition was that the classes A contained only
functions of finite order. A possible disadvantage of the present definition
is that for functions 4 of very rapid growth [e. g. 2(r) = exp(exp(r))],
A(2r) is much larger than any constant multiple of i(r).

‘We also note that by inequalities (4.1.3) and (4.1.5), .\ is a field and
Apg is an integral domain under the usual operations.

The main theorem of this paper is the following.

4.6. THEOREM. — Lef f be a meromorphic function. If f is of finite
A-type, then Z(f) and W(f) have finite j-densily, and there exist constants A,

B such that
ArB
(4.6.1) lei(r, )] == (Br)

k|41

In order that f should be of finite J-type, it is sufficient that Z(f) [or W (f)]
have finite 2-density, and that the weaker inequality

(4.6.2) lex(r, f) | = A A(Br)

hold for some (possibly different) constants A, B. Thus, in order that f
should be of finite }-type, it is necessary and sufficient that Z(f) have finite
J~densily and that (4.6.1) should hold. 1t is also necessary and sufficient
that Z(f) have finite i-density and that (4.6.2) should hold.

We will first give a proof based on the Fourier coeflicients and later
give an alternate proof.

(k=o,*x1, 2, ...)

Proof. — The order of the steps in the proof will be as follows. We first
show that if f satisfies an inequality of the form (4.6.2), and if either Z(f)
or W(f) has finite A-density, then f must satisfy an inequality of the
form (4.6.1). We then show that if fis of finite 2-type, then Z(f) and
W(f) are of finite 2-density, and f satisfies an inequality of the
form (4.6.2). Finally, we prove that if Z(f) [or W(f)] has finite /-density
and if f satisfies an inequality of the form (4.6.1), then f must be of
finite 2-type.

We shall suppose that f(o)=1. The case f(o)=o0 or f(o)==1x
causes no difficulty since we may multiply f by an appropriate power
of z, and the resulting function will still be of finite 2-type. This is
because if lim inf (A (r)/logr) = o as r— «, then by a well known result,
essentially Liouville’s theorem, the class A contains only the constants.

Let us suppose that either Z(f) or W(f) is of finite 7-density and that
|ci(rs )| =0@(0(r))) uniformly for k=0, 1, ==2, .... On consi-
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dering the case k=o, we see that both Z(f) and W(f) have finite
s-density. It is enough to prove that f satisfies an inequality of the
form (4.6.1) for k=1, 2,3, ..., since ¢ is the complex conjugate
of c¢;. We prove this exactly as proposition 2.6 was proved.
From (4.2.5), we have

(4.6.3) (el )| = ot SGs k2 Z()—S@s k= W) |
+ IS @k Z@) |+ LIS @ kW),
and
(4.6.4) glaﬂr Sk Z()— S k: W) < lelr, )|
+ oS @k ZA) [+ ]S @ ks W) |-
Then, by proposition 2.2, for Z = Z(f) or Z =W (f), we have
[S'(r; k: Z)|=Ek10(.(0(r))) uniformly for k> o.

By (4.6.3), it is therefore enough to prove that

lax+ S(rs k: Z(F))—Sr; k: W) | =k"r*0(0()))
uniformly for k=1, 2, 3, .... '

But, we already have from (4.6.4) that

lart S(r; k: Z(F)— S k: W) |=r*0(A(0())) uniformlyforsuch k.

Replacing r by r' =k'*r, and observing that r’ < ar, we have that
laet+ S5 k2 Z(f))— S@'s k: W(f)) =k 1 0@ (0M)).

Thus, the assertion will be proved if we can show that, for Z = Z(f)
and Z = W(f), we have

|S(r, 1’ k: Z)| =k r*0((0(D)).
This was proved in proposition 1.11 (see 1.11.1).
Now suppose that f has finite 2-type. Then
N@EWE)=NE =T 1)

so that W (f) has finite ’-density. By (4.1.2), the function 1/f also
has finite 2-type. Hence Z(f)=W(1/f) also has finite A-density.
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To see that an inequality of the form (4.6.2) holds, note that

lee(rs f)| = ;%f ‘{loglf(reio);}eamode

=L / |log | f(re®)[|d) =2 T(r, f)+log|f(o) |
by (4.1.5).

Finally, suppose that W (f) has finite 2-density and that (4.6. 1) holds.
If Z(f) has finite A-density, we apply the argument below to the func-
tion 1ff. Then N(r, f)=0(2(0(r))). It remains to prove that
m(r, )= 0((0(r))). However,

I i i
m, f)é;;f_n!loglf(re )1 do,
which by the Schwarz inequality does not exceed

< i frc >1/~:
2T g

By Parseval’s Theorem, we have, for suitable constants 4, B,

\ 9

1log1f(reze)1] o = 2 lex(r, f) |* £ A2 (1 (Br)y? Z <|kl+ )

k=—w

Hence m(r, f) = O(#(0(r))), which completes the proof of the theorem.

Specializing theorem 4.6 to entire functions, we have the next result.

4.7. THEOREM. — Let f be an entire function. If f is of finite i-type
then there exist constants A, B such that

@79 el f),_ﬁfl(f’") (k=o, =1, =2, ...).

It is sufficient, in order that f be of finite i-type, thal there exist (possibly
different) constants A, B such that

4.7.2) Ler(rs f)| << AX(Br) k=0, =1, =2, ...)
Thus, in order that fshould be of finite 2-type, it is necessary and sufficient

that (4.7.1) should hold, and it is also necessary and sufficient that (4.7.2)
should hold).

Proof. — This result is an immediate corollary of theorem 4. 6 since W (f)
is empty in case [ is entire.
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We now give a direct proof of theorems 4.6 and 4.7, that does not
depend on the formula for the Fourier series coefficients given in
lemma 4.2, and that is independent of proposition 1.11. We wish
to thank P. MarriaviN for suggesting that there might be a proof of
this kind. It has also the advantage that it is immediately applicable
to subharmonic functions. The steps are the same as in the above
proof except that we must prove directly that if f is of finite A-type,
then [ c:(r, )| = ({k| -+ 1) Ax(Br) for suitable constants 4, B.

Suppose that f is of finite Z-type. Then, by the Poisson-Jensen
formula,

log|f(re®) | = F(8) + G(6)— H(Y),

where, choosing o > r, and writing z = re®%,

z_ %
GO)= Y log| L—2 1,
ENEN 1— =5
0
z__w,
| 0 0
[0 | <5 o
and
FO)= = [ P o 0)log|[(pe9)| do.
T g
Here,

3 9
Pz__r_

o, )=
P(?, I, 9, )) ‘Q'-’—QI'PCOS(O—?)—[—IJ

is the Poisson kernel. 'We choose p = 2r. Then each term in the expres-
sions for G(!) and H(9) is of the form

log|w—a|—Ilog|1—aw|,
where w= ée"e and |a|=1. Using 4.2, we see that the Fourier

coefficients of such as function are, for k > o, either

T\«
— L eay—

or

BULL. SOC. MATH. — T. 96, FASC. 1. 6
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. 1 I N
according as o<|alé; or <|a]<1. In either case, we see that

the k-th Fourier coeflicient of G (9)— H (8) cannot exceed

e ealn )

To estimate the k-th Fourier coefficient of F (0), we use the estimate [7] :
1 T Y
=t )
where

oy (2, F) = E{Ff |F(& + o)— F(z) | dx.
A simple estimate shows that

w1 (o, F) = w*(2) —Q_Ir f j[ log | f(2re®) || df,

where
w* (o) =s(}1p[P(2r, r, O+ o, ¢)—P(ar, 1, 0, ).

But it is easy to see that

w(a)=12 sup [cos(® + o —9)—cos(h —) Zcz,

for a suitable constant ¢. Combining these estimates with the fact that f
is of finite 2-type and proposition 1.9, we obtain the desired estimate

AX(Br)
bee(r, )= ——-

The next results are proved from theorems 4.6 and 4.7 in much
the same way that the corresponding results of [5] were proved from
theorem 1 of that paper. For the sake of completeness, we include
the proofs.

4.8. DEFINITION. -—— For a meromorphic function f, we define

E, ()= { [ Irgiraen ras }/

s

Notice that if fis entire with f(o)=1, and if 2=/} is such that
ar fy=cr Z(f):a), k=0, %1,+92,..., then E;(r,f) = E.(r; Z(f); 2),
where this last quantity is the one defined in definition 2.7.
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4.9. TuroreM. — Lef f be an entire function. If f is of finite 2-type
and 1<q << o, then

4.9.1) E,(r, f) == A}(Br)

for suitable constants A, B and all r > o.
Conversely, if (4.9.1) holds for some q>-1, then f is of finite I-fype.

Proof. — If fis of finite A-type, then by the Hausdorff-Young Theorem
([7], p- 190), the L7 norm of log | f(r )|, as a function of 0, is bounded
by the ! norm of the sequence {c:}, where (1/p)+(t/g)=1. By
theorem 4.7, this 1» norm; is dominated by an expression of the
form AA(Br). Conversely, using Holder’s inequality,

D=5 [ gl et a

4_5f |10g | f(re® 1|7 de% — ANBD),

27'((

for suitable constants A, B, and it follows from theorem 4.7 that f has
finite 2-type.

4.10. TuEOREM. — Let f be a meromorphic function of finite i-fype,
with f(o)72 o0, . Then for each positive number = there exist positive
constants «, 3 such that, for all r > o,

(4.10.1) 2—I7Tf“exp<7\(~g?v)’10glf(refe)|’>d0é1+s.

Remark. — We have as a consequence that, for all r > o,

| T s+

which is somewhat surprising, even in case f is entire, since it is by no
means evident that the integral is even finite.

Proof. — There is a number 3 > o such that

le(r, NI M B
+(Er) é]k]_H (k=o, =1, F+02,...).
Let
FO)=F (O, 1)= y55log] fre") |
Then

_ ” o — &0 f)
F(O)_Zﬂﬂ-e 0, where Y= XEn)
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We may also suppose that the constant M satisfies
I T
Ef‘r | F(0)|d0 = M,

by theorem 4.9. By a slight modification of [7] (p. 234, example 4),
we know that for any such F there exists a constant z > o, where «
depends only on M and ¢, such that

;%f_ﬁexp(z[F(@)[dGél iy
from which (4.10. 1) follows.

5. Applications to entire functions.

We present, in theorem 5.2, a simple necessary and sufficient condition
on a sequence Z of complex numbers that it be the precise sequence of
zeros of some entire function of finite 7-type. The condition is that Z
should be 7-admissible in the sense of definition 1.15. This generalizes
a well-known theorem of Lindeltf (see the remarks following the proof
of theorem 5.2). Our proof depends on theorem 4.7 and a method,
presented in theorem 5.1, for constructing an entire function with certain
properties from an appropriate sequence of Fourier coefficients associated
with a sequence of complex numbers. In an appendix, we give an alter-
nate proof of theorem 5.2, due to H. DeELaNGE. We also prove, in
theorem 5.4, that 2 has the property that each meromorphic function
of finite 7-type is the quotient of two entire functions of finite A-type
if and only if A is regular in the sense of definition 3.2. Accordingly,
propositions 3.5 and 3.6 give a large class of growth functions 2 for
which this is the case, including the classical case 2(r) =r?. Even this
case seems not to be known.

Finally, we develop the so-called generalized canonical product,
a detailed discussion of which is given in the remarks preceding the proof
of lemma 5.5.

We turn now to our first task, the construction of an entire function f
from a sequence Z and a sequence {c.(r; Z: «)} of Fourier coefficients
associated with Z, We recall that we have assumed that Z=/{z,}
is a sequence of non-zero complex numbers such that z,— «© as n— «.

5.1. THEOREM. — Suppose that {c(r)}={c(r;Z:2)}, k=o,
=1, =9, ..., is a sequence of Fourier coefficients associated with Z such

that for each r> o, Z |ci(r) |> << co. Then there exists a unique enfire
function fwith Z(f) = Z, f(o) =1, and ¢, (r, f) = ci(r) for k =0, #1, = 2, .
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Proof. — We define

®

D(oe®) = D, cilp)er.

k= —=»

Since E [ci(p) |*<< 2o, this defines ®(se?) as an element of L*[— =, 7]

for each g > o, by the Riesz-Fischer Theorem. For > o0, we define
the following functions :

(.1.1) B,(z; 2.) = é:[ OP—(Z_;Z‘%)

(.1.2) Py =[] B:G =),
|3aleto

G.1.3) K(w;z) =012,

(.1.4) Q(z)—exp{QTl/i K(w,z)@(w)%‘";,
fwi=p

(B.1.5) fo(®=P,(2)Q.(2).
‘We make the following assertions

(5.1.6) The function f, is holomorphic in the disc {z:]z| <o, and its
zeros there are those z, in Z that lie in this disc.

(B.1.9) fo(0)=1.
(5.1.8) Ifr <o, then cu(r, f) =ci(r).

Now (5.1.6) is clear from the definition of f.. Also,
[0 =Po(9) 0,0 = 0,) [ -
ENEE
However,
Q,(0)= exp{;é—i["[_p )% | —expfe(p) | ,[]I =
and it follows that f.(o) =1.

To prove (5.1.8), we see by lemma 4.2 that it is enough to show that,
near z =o,

logf,(2) = N, uz's

k=1
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where the o; are such that a=/{a;} and c:(t) =c(r; Z : 2).
near z = o,

O N
(.1.9) %_gk .

‘We now make this computation. First, we have that

Byzz) __ lal—p % :

B.(z;2,)  (zo—2)(0°—222) p*—Z.2  Z,—2z

X (B3 (L)
p* Zn,
k=1

k=1

Thus,
P.(2) ¢
B e — Ui 241 near z=o
P.(2) 2: ke ’
! k=1

where
va= 3 (3)- 3 ()"

koo 92 z”)

|Znl<p [E =

For k=o, 1,2, ..., we write w=o0e? and c.(p)e*s = Qw*.
the definition of c.(0), we see that

Q<>:N(P’ Z)
and
Sl IS (Y e
Qk—-gak—,—g{ — z(z;) <pz) (k—1,2,3,-...
[snlp
Then
Q' 4+ Qi |
(I)(w)=:N(p, Z)+Z§{ pWF - 82 J
w B .
::N(p, Z)—I-Z%SEAHJA—'— Q/(pik<;7)> }7
k=1
so that
1 [ dw 2 @ (w)
e ](‘YI:O(D(W)K:(W’ z)—l; = i ]”’ljp(w_z)zdw
where
7] 2W
K;;(w,Z)ZazK(w, Z):m'
But

o7

-

(w—2)

I wk
f —— dw = k7"~ for k=o,1,2,...
[ =

That is,

Then by
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and

1 1\ I
_f <,_>—dw_0 for k:l,2,3,....
27l \W (w—z)

Hence

Qp (2

romsment ] 3 1(2-(3)'

ISnIéP

/ -
¥4 .
0:(2) =3 Vi 2,
k=1

where

Hence, near z—=o0, we have

Q) _ P | 00 _ N e
0 PG T 0.0 Z" .

and (5.1.9) is proved.
It next follows from (5.1.6)-(5.1.8) that

(®.1.10) if p'>p, then f;. is an analytic continuation of f.

For if we define, for |z | <p,

f /(Z)
Fo=F5
then

Ck(l’, F) B C/;(I', fp’)'_ ck(r, fp) = ck(r)—ck(r) =0,

for o < r <o, and therefore |F(z)|=1. On the other hand, F(o)=1
and it follows that F is the constant function 1.

We now define the function f of theorem 5.1 by setting f(z) =f,(2)
if p>>{z|. It is clear that f is entire, and, by (5.1.6), that Z(f)=
Also f(o)=1, and c(r, f)=ci(r, fo) for p>r, so that ¢ (r, [) = ci(r).
An argument analogous to that used in proving (5.1.10) proves that fis
unique, and the proof of the theorem is complete.

We now characterize the zero sets of entire functions of finite A-type.

5.2. THEOREM. — A necessary and sufficient condition that the sequence Z
be the precise sequence of zeros of an entire function f of finite X-type is that Z
be i-admissible in the sense of definition 1.15, that is, that Z have finife
A-densily and be 3-balanced.

Proof. — If Z= Z(f) for some f € Ag, then by theorem 4.7, the sequence
fee(r, f) 1, is a A-admissible sequence of Fourier coefficients associated
with Z, and thus Z is Z-admissible by proposition 2.5. Conversely,
suppose that Z is 2-admissible. Then by proposition 2.5 there exists
a A-admissible sequence { ¢;(r) } associated with Z. Then by theorem 5.1,
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there exists an entire function f with Z=Z(f) and {c:(r, f)}=1c ().
Then by theorem 4.7 and the fact that { ¢.(r) | is 2-admissible, it follows
that f € Ag, and the proof is done.

Remark. — This theorem generalizes a well-known result of Lindelsf [3],
which may be stated as follows.

THEOREM. — Lef Z be a sequence of complex numbers, and let o> o
be given. If p is not an integer, then in order that there exist an entire
function of growth at most order o, finile lype, il is necessary and sufficient
that there exist a constant A such that n(r, Z) < A¢. If p is an integer,
it is necessary and sufficient that both this and the following condition be
salisfied for some constant B :

3 (2f]n

lsal=r

This result follows immediately from theorem 5.2 and the charac-
terization of rr-admissible sequences given in proposition 3.3. Our
result shows that, in general, the angular distribution of the sequence
of zeros of a function, and not only its density, is involved in an essential
way in determining the rate of growth of the function.

‘We turn now to the second problem of this section, that of determining
when A is the field of quotients of the ring Az We first prove the
following result.

5.3. THEOREM. — In order that a sequence Z of complex numbers be
the precise sequence of zeros of a meromorphic function of finite J-type, it is
necessary and sufficient that Z have finite i-density.

Proof. — The necessity follows immediately from the fact that if f is
a meromorphic function, then N(r, )<< T(r, f). For the sufficiency,
we remark first that the method used in proving theorem 5.1 can be used
to construct suitable meromorphic functions. Indeed, suppose that
we are given two disjoint sequences Z, W of non-zero complex numbers
with no finite limit point, and constants y;, k=1, 2, 3, ..., such that
the coefficients defined by

co(@)=N(r, ZYy—N(r, W),
'3
()= ’2 et 8@k Z)— S(rs k: W)
—-—é{S’(r;k:Z)—S’(r;k:W) (k=1, 2,3, ...),

c_r(r)=(cc (1)) (k=1,9,3,...),
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satisfy Z | ¢ (r) |*<<oo for every r>o. Then by defining

D\5 (Z; w"‘) H BP(Z; wn,)

lwal<p
and

_Pi(90:(2)
fo(2)= —'pﬁ;(;;—‘ﬂ

one can show, as in theorem 5.1, that the meromorphic function defined
by f(z)={f.(2) for p>|z| has zero sequence Z, pole sequence W, and
Fourier coefficients {ci(r)}. It is therefore enough to prove that given
a sequence Z of finite A-density, there exists a disjoint sequence W of
finite A-density, and constants v, k=1, 2, 3, ..., such that the ¢ (r)
satisfy |c.(r)| A A(Br) for some constants A, B and all r>o. For
then, by the first part of the proof of theorem 4.6, the c.(r) must satisfy
the stronger inequality

lew(r) | <=

A'W(B'T)
IET A

for some constants A’, B’, so that the function fsynthesized from the ¢;(r)
must be of finite A-type by theorem 4.6.

Supposing now that Z= {z,} has finite 2-density, we define W= {w,|
by w,=2z,4 ¢, n=1, 2, 3, ..., where the ¢, are small complex numbers
so chosen that |w,|=]z,l, n==1, 2, 3, ..., all the numbers w, and z
are different, and such that

PIEEINITON

122 |
Then N(r, W)= N(r, Z) so that W has finite 2-density. Hence
| S'(r; k: Z) =k 0(A(0(N)))

and
[S'(r; k: W) |=Ek10((0(r)) for k=1,2,3,....

i)

\

We define

It remains to prove that

Pl 83 k2 2)— 5@ k: W) |=0(:0@)
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uniformly for k=1, 2, 3, .... Now

k
Clnt Sk 2)—S@s k: W)

o~ 1\ k
=3k 2 “5)*(#)?
| 20| >7 i
_ Il (W) —(z )‘ 1§ @) — )
T2k EI‘ (Wnza)* 7" 2‘ | 2, [** '
{2l > Lan|>1

However, | (w,)*— (z,)"| < ks, |2, |5, so that we have

f_ Y+ S(r3 k: Z)— S k2 W)

RN e T
<5 X imss X RS, 010

[2nl>r |30l 2>>r

5.4. TuEOREM. — The field A of all meromorphic functions of finite
A-type is the field of quotients of the rings Ay of all entire functions of finite
A-type if and anly if & is reqular in the sense of definition 3.2, that is, if and
only if every sequence of finife A-density is }-balanceable.

Proof. — First, suppose that 2 is regular and that fe A. Then Z(f)
has finite #-density by theorem 5.13. There then exists a sequence
Z'2Z (f) such that Z’ is 2-admissible. [We may suppose, by the remarks
preceding the proof of theorem 4.6, that f(o)#o0, o]. Then by
theorem 5.2, there exists a function g€ Ay such that Z(g)=Z'. Since
we have then that Z(g) CZ(f), the function h= g/f is entire. However,

T BT g+ 1 f> =T, ) + T(r, f) —log | (o)

by (4.1.2) and (4.1.3), so that he Ag, and f= g/h is the desired repre-
sentation.

Conversely, suppose that A= \pz/Ap. Let Z have finite Z-density.
Then by theorem 5.3, there exists a function fe A with Z(f)=Z.
We write f=g/h with ¢, he Ay, Then Z(g) is J-admissible, and
Z(9)2 Z (fy= Z, and we have proved that 2 is regular.

We turn now to the so-called “ generalized Hadamard product ”,
which is somewhat analogous to the canonical product of Hadamard,
which represents an entire function of finite order [this is the case of the
growth function 2(r)==r¢] as the limit of a sequence of functions, namely
the partial products, each having as its zeros those zeros of f that lie
in discs with center at the origin. The sequence converges to f not only
uniformly on compact sets, but also in a way consistent with the growth
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of f. The fact that this sequence is usually written as a product is not
essential, at least for our purposes. In the case of more general growth
functions 7, there still exists a sequence or family of functions with
the desired properties, and we call this sequence the generalized Hadamard
product. For completely general growth functions 2, it seems to be
necessary first to multiply f by a suitable entire function.

In the case A(r)=ref, once the function f and the growth function 2
are given, there is a canonical or natural choice of the product. If
lim inf r*2(r)=o for each k=1, 2, 3, ..., then there is still a canonical
choice. In general, there is some leeway in the choice, that comes from
the leeway in the choice of the constants «; that appear in the Fourier
coeflicients associated with the partial products,

Before presenting these facts in the form of theorem 5.7, we require
some lemmas.

5.5. LEmMA. — Suppose that the function f is holomorphic in the disct
{z:]z|<o} and that r<<p[2. Then

logM(r, f) = 3E.(2r, f),
where E, is the quanlily defined in definition 4.8.

Proof. — First since f is holomorphic, we have
TG, N=mer f)= 5 [ |logifren) || dy ZEutn f)

from Schwarz’s inequality. IHowever, since f is holomorphic for |z |<Cp,
we have by (4.1.6) that log M(r, f) = 3T (ar, f).

5.6. LEmMAa. — Lef ® be an unbounded set of positive numbers. Let
{gr: Re®} be a family of entire functions such that gr(o)=1, gr has
no zeros in the disc { z : | z|<< R}, and such that
A (Br)
(k|41
(5.6.2) lim ¢ (r, gr)=o,

R> =

RER

(B.6.1) e, gr) | = (k=o, =1, 2, ..., RER),

for each k=o, =1, *= 2, ... and each positive r. Then

lim gp(z)=1
L=
rReR
uniformly on compacts sels.
Proof. — Since gr(o)=1, it is enough to prove that log|gz(z)|—o
uniformly on compact sets as R —oo through ®. Now

log| gn(e") | <logM(r, 9a) = L5 T (e g2)
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for any o>r, by (4.1.5). However, as was shown in the proof of
lemma 5.5, T'(r, f) < E,(r, f) if fis holomorphicin {z:]z|=<r|. Hence

log | ga(re®) | = £L B, 6, ga.

Moreover, if R>p, we may apply the same argument to 1/gz. Doing
this, and observing that E.(r, f)= E.(r, 1 /f), we have

||1og | gn(re®) || = L2 E. (s, gu).

However, from (5.6.1) and (5.6.2), we have that

1/2
E(r,m—( D gk>\> -0

k=—=
as R —co through (R, and the result is proved.

5.7. THEOREM. — Lel f be a non-constant entire funclion of finite
A-type. Then there exist :

(a) a function he \r, h not identically o,

(b) an unbounded set R of positive numbers and a family {fr: Re R}
of entire functions fy of finile i-type,

(¢c) constanis A, B,

such that
(i) the zeros of fr are the zeros of fhin the disc {z : |z{ =R |;
(ii) fh{fr—1 as R—>o0 through R, uniformly on compact sels;
(iii) log M (r, F) =< Aw(Br) if F is any of the functions f, h, fu, or fh/f.

Moreover, if liminfr—*i(r)=co as r-»oo, for each k=1, 2, 3, ...,
then we may take h(z)=1 for all z. If log }(e¥) is a convexr funclion,
then we may take h(z)==1 for all z, and = {R : R> R} for some R,>o.

We call the family [fr: Re® | a generalized Hadamard product asso-
ciated with f.

Proof. — As before, we may suppose that f(o)=1. Let Z=Z(f),
and let Z', ®, and ¢ (r, R)y=c(r; Z'(R): «(R)) be as given in
theorem 2.9. Then by theorem 5.2, there is an entire function f* € \p
such that Z(f)=Z’. We may also suppose that f*(o)=1. Also,
by theorem 5.1, there are entire functions gze Ap with ggz(o)=1,
c(r, gr)=c:(r, R), and Z(gg)=2Z'(R). Then by Ilemma 5.6,
lim gz(z)=1 as R—oc0 uniformly on compact sets. Also,

jeu(r, gr)=1ex(r, R)|= (k|4 1)""0(2(o(r))) uniformly in k and R.
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Let fr=f"/gx. Evidently (i) and (ii) hold for fz. Further,

Leu(rs )| =1 (s ) —ci(r, gn)
= (k] 4+ 1) 00 (0())), uniformly in k and R.

Hence, there are constants A, B such that

e, F) < \ITIE A(Br)

if F is any of the functions f, h, f*=fh, ga= fh/fs, or fr=fh/gs. Hence
or each of these functions F we have

E.(r, F) = A"3(Br),

= o\ 172
i V(;‘ X
4 A<_A; )

Assertion (iii) then follows from lemma 5.5.

where

The final assertions of the theorem follow from the assertions of
theorem 2.9, except for the choice of h as the constant function 1.
However, if we take Z'—=Z, then in the above argument we can
replace h(z) by 1.

Appendix.

In this appendix, we give an alternate proof of theorem 5.2, that does
not depend on the Fourier series method, although it does use propo-
sition 1.14. It was communicated to the authors by H. DELANGE,
and we are grateful to him for his permission to publish it here.

We first recall the following well-known lemma (see, for example
A. I. Markushevitch [4], p. 85).

LemMA. — Let g be analytic in {z:|z|<R}, g(0)=o0, g(z)=2akz".
If Re[g(z)] £M for |z|<R, then for all k>x1,
x| = 2 MR*,

Now to prove the theorem, suppose first that feAy and let
Z=2Z(f)={z.), be the sequence of zeros of f, supposing without
toss of generality that f(o)=1. As usual, we let

M(r)=M(r, f)=max {|f(2)]: |z] <Zr].

We suppose that f(z)=expl2ak z‘} in some neighborhood of z=o.
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As before, Jensen’s Theorem shows that Z has finite i-density. Next
for r >o, let

ra=ra [ —

[znlr I— =
e

Then f, is an entire function with f,.(0)=1 and f,.(z) Zo for 'z| <r.
For each r > o, there exists a function g,, analytic in |z| <r, such that
9-(0)=o0 and exp [¢-(2)] =f.(z) for |z] <r. Letting r, be the smallest
modulus of the z,, we see that for |z | < r, we have

g-(2) =2[ak—|— S(@r; k: Z)17.

But, for [z|=2r, and therefore for |z]-<ar, we have |f.(z)| =M (2r).
Consequently,

Relg-(2)] LlogM (2r1) for |z|<r,
and the lemma yields

]°fk+S(r;k:Z)[éfﬁ%_(ﬂ_),

which shows that Z is i-poised, so that by proposition 1.14, Z is
A-balanced.

Suppose now that we are given a sequence Z = {z,| that has finite
A-density and is 2-balanced, hence 2-poised. We construct a function
feAgp such that Z==Z(f). There exist positive constants A and B
and a sequence { o | of complex numbers such that

Y log TZLI — A}(Br)

[24]<r
and

|t S5 k: 2] = ALED

for k>t and r>o. Thus, for every positive r, the series
E[ak—[— S(r; k: Z)] 2" converges when |z|<<r. Let r, be the smallest
modulus of the z,. For r <r, this series reduces to Eakz“, so that
Dzt converges for [z[<r. We define functions g and F, for

lz|<re by ¢g(2) =2 ozt and F (z) =exp[g (z)]. We see that F can
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be continued to an entire function f, for we may define g, and f, in |z| <r
by

9-(2) =X o+ S (r; k= Z)] ¢
and
f+(2) = exp [g-(2)].

For | z| < ry,, we obviously have

Since f,(z) 7 o for |z| < r, we see that Z is the sequence of zeros of f
Now it is clear that for |z |,

192@ | =N |+ S @rs k: Z) |1 =3 A} (2Br) G)k:A_x(gBr).

Therefore, for |z|=r,

lF(Z)I=‘f-z/-(Z) I1 (‘zz‘>l

[2alZ2r

—(explg-- @1 [ [1—£

lani=2r

={exp[An(Bn]} [] [I - _I_Zrn_l]

lanlL2r

It follows that
logM(r, f) < A k(2Br) + Z log[l -+ lzr 1 }

|api=2r
Since for |z,| = 2r it follows that
r 3r
R I L
LRFAR A

we have

r 3r -
3 log[l n W] = 2 log 77 <A NGB,

laal<2r EMPE
Combining results, we have that

logM(r, f) =2 A4(3Br),

so that f € Ay, and the proof is complete.
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