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A Fourth-Order Finite-Difference Approximation
for the Fixed Membrane Eigenproblem*

By J. R. Kuttler

Abstract. The fixed membrane problem Au + Az = 0in @, u = 0 on 92, for a bounded
region @ of the plane, is approximated by a finite-difference scheme whose matrix is
monotone. By an extension of previous methods for schemes with matrices of positive
type, O(h*) convergence is shown for the approximating eigenvalues and eigenfunctions,
where £ is the mesh width. An application to an approximation of the forced vibration
problem Au 4 qu = fin @, u = 0in 3, is also given.

1. Introduction. Let @ be a bounded region of the plane with smooth boundary
9. We consider the fixed membrane problem

(1.1 Aulx) + Aulx) = 0, x & Q, u(x) =0, x &9Q,

where A is the Laplacian. In [6], this problem was approximated by difference schemes
which were of positive type in the interior of the region. Here, we consider a difference
scheme for (1.1) which is only monotone. However, by appropriate modifications of
the techniques of [6], we can prove that this scheme yields O(#*) approximations to
the eigenvalues and eigenvectors of (1.1). The principal result is Theorem 8.1. An ap-
plication to a forced vibration problem is also given in Section 9.

2. The Difference Scheme. Let 4 > 0 be given and define the mesh S, by
{(ih, jn) : i, j are integers}.
Points x, y © S, will be called nearest neighbors if |x — y| = h, where we write

[x — y| = (&2 — n) + G2 — p))°

Let 2 be the set of points in S, M © having at least one nearest neighbor not in .
One such point might be x = (x;, x;) with (x;, — ah, x,), (x;, x, — Bh) € 4Q for
0<e,B=20f(x + A x5), (X1 + 2k, X5), (x4, X2 + h), (X1, X2 + 2h) € Q, we define
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238 J. R. KUTTLER

R T
212 —
= _%9 y=(xl+h’x2)’
22 —B)
= 7T a y=(x1’x2+h)s
Q.1 L+8
1 —
=2+Z, y=(x1+2h’x2)’
_1=8 -
_2+Bs y_'(xl)x2+2h),
= 0, otherwise.

Similar formulas apply at other points of 2{*’. One special case may arise, as shown
in Fig. 1, where (x,, x, + h), (x;, x, + 2k) do not lie in Q.

A

\

N

~—

FIGURE 1

In such a case x would be excluded from the difference scheme altogether and the
point (x; + &, x,) would be added to Q{¥. For the new point, formula (2.1) would be
used with 1 < « < 2. If 32 has bounded curvature and # is sufficiently small, there
will be no difficulty with the new point.

Next, let 2 be those points of S, M Q, not in O or excluded, which have a
nearest neighbor in Q®. For x € Q{» define

Rhx,y)= 4, y=x,
(2.2) = —1, |x—yl = hs yeshs
= 0, otherwise.

Finally, let © be those points of S, M Q not in ¥ U 9 or excluded. For x € Q
define

halh(xa y)
(2.3) = -3, ]x - yl = h’ y E Sh,

]
w

y=x,

= 1z, Ix - yl = 2h9 y e Sh;

= 0, otherwise.
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APPROXIMATION FOR THE FIXED MEMBRANE EIGENPROBLEM 239

Let @, = 9, U 0 U @¥. We approximate the Laplacian of a function u vanishing
on 4% by

(2.4) —Au(x) = 2 Lix, Yu(), xE Q.

vEDL

Let us agree to use C as a generic constant, whose value may change at each usage,
but which is always independent of 4. Then, if also # & C*) (4 has continuous sixth
derivatives on the closure of Q), it can be seen from Taylor series expansions that

[Au(x) — Awu(x)| £ Ch', x E g,
s cr, xEQGPU QY.

(2.5)

Bramble and Hubbard used A, in [2] in approximating the Dirichlet problem for
Poisson’s equation.
Our difference scheme approximating (1.1) is

(2.6) AUx) 4+ MUL(Kx) = 0, x & Q.

Problem (2.6) is equivalent to finding the eigenvalues and eigenvectors of the matrix
[u(x, Y)]..ve0:- In the next section, we develop some tools to use in studying this
matrix which, however, have some independent interest.

3. Monotone Matrices. Let 4 = (a;;) be an n X n matrix. We say 4 = 0 if
eacha;; = 0Oand 4 £ Bif B — A = 0. The matrix A4 is monotone if Ax = 0 implies
x = 0 for all x. Thus, 4 is monotone if and only if 47" exists and 4™ = 0. An easily
recognized type of monotone matrix is a matrix of positive type. The matrix A is of
positive type if 4 is indecomposable, the diagonal of A4 is positive, the off-diagonal
elements negative, and the row sums are nonnegative with at least one strictly posi-
tive. The following theorem is due to Price [8]:

THEOREM 3.1. A is monotone if and only if there exists M monotone such that

() M7'(M— 4) =0,

() oMM — A)) < 1.

Here p denotes spectral radius, the maximum of the moduli of the eigenvalues. Here
and in the corollaries, the “only if” part is trivial: take M = A. This theorem general-
izes Theorem 2.7 of Bramble and Hubbard [2]. There are a number of important corol-
laries:

COROLLARY 3.2. A is monotone if and only if there exists M monotone such that

0 Mz 4,

(i) p(M7'(M — A) < 1.

COROLLARY 3.3. A is monotone if and only if there exists M monotone and x > 0
such that

) M=z A4,

(i) Ax > 0.

Proof. By the Gerschgorin circle theorem (see [7, p. 152]),

(MM — A4)) < max [M(M — Ax)/x; <1,
since
0 = [M'(M— Axl: = x; — [M'4x); < x,,

because Ax > 0, M = 0 and no row of M~ can be all zero.
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240 J. R. KUTTLER

COROLLARY 3.4. A4 is monotone if and only if there exists M monotone and x = 0
such that

(i) Mz 4,

(i) Ax > 0.

Proof. Let 8 = min; [Ax]; > O and let e = §/(2 max; _; |a;;[). Then x + ¢ > 0
and A(x + ¢) > 0, so the hypotheses of Corollary 3.4 are satisfied.

COROLLARY 3.5. A is monotone if and only if there exist M, M, monotone such that

M, = A= M,.

Proof. Let x be such that M,x is the vector with all components 1. Since M, is
monotone, x exists and x = 0. Also, Ax = M,x > 0, so the hypotheses of Corollary
3.4 are satisfied.

COROLLARY 3.6. A4 is monotone if there is o > 0 such that A + ol is monotone and
every eigenvalue \ of A has positive real part.

Proof. Apply Corollary 3.2. We need only show p((4 + aI)™) < a™*. But
(4 + o)) = 1/min, |a + )|, where \ runs over the eigenvalues of 4.

At this time, we also note the following:

LeEMMA 3.7. If the partitioned matrix

4 B:I

\.C D

[w X]

LY Z

then W — A™ = —XCA™. In particular, if X 2 0, A7 2 0,C <0, then A7 < W.

we have WA + XC = I. Multiply on the right by A™".

with A invertible has inverse

4. Discrete Green’s Functions. The main tools in our investigations will be
discrete analogues of Green’s function. These are inverses of matrices related to
[A°1(x, M]..,c0. and their nonnegativity is crucial to the investigation. This will be
established, using results of the previous section.

We define then

4.1) =M.k, ) =870x,p), x E AU XY, ab ) =8k, xEQY,

for all y & Q,. This is the discrete Green’s function considered by Bramble and
Hubbard in [2, Eq. (4.5)]. From (4.1), we see that the matrix [g,(x, })]..,eq, is the in-
verse of the partitioned matrix
M = I:A B:l ’
0 I

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




APPROXIMATION FOR THE FIXED MEMBRANE EIGENPROBLEM 241

where 4 = [AK'Ii(x, M senpvnyn, B = [FI(x, Nleayuoae yeny, and I is the
identity on @ X Q{®. It also follows from Lemma 3.7 that the matrix
[g:(x; M. yeaun, o 1S the inverse of A. In [2], it was shown that

4.2) akx,»=0, xycQ,

i.e., M is monotone. Since g, is the inverse, it follows that, for any function W defined
on, all x € Q,,

@3 W =8 X el N-AWOI+ Dl DWO).

€U ()

This is analogous to Poisson’s formula. In [2], the following properties were proved

of g,:
4.9) > mxy) =,
yEQR ()
(4.5) > asx.»n=Cc,
yEQR(9)
(4.6) B Y ax = C,
vEDM

for all x € Q.. Using these in (4.3), we have the inequality
4.7) max |W| < C[max |As W] + B max |A, W[:I + max |W|.
Qa o’ Qpte) ax(s)

Now, on Q{¥, we have

W(x) = [—h’Ah W) — B D, hix,») W(y)] / K h(x, x),

vEQN vz
and from this and (2.1), we see that
4.8) max |W| £ Ch® max |A,W| + 6 max | W],
Qs Q5 (3) 1

where
0 = max Z [5.Ge, MU/ lx, x) < 1.

€A () yEQn;urz
Putting (4.8) into (4.7) and rearranging, we have
4.9) max |W| = C[max [A, W] + K max |A, Wl:l
a 1% [IRENIV IR E D]

Let us now use (4.7) to estimate W = &, — ¢ where ¢ is the torsion function
defined by Ap = —10nQ,¢ = 00ndQ and &(x) = K Y ,eq, gi(X, ¥), which satisfies
AD, = —1on QU Q2. If 90 is sufficiently smooth, ¢ satisfies (2.5) and we see from
(4.7) that

max |®, — ¢| £ Ch* + max |, — ¢| £ Ch* + max |®,| + max Jo|.
aa Qp(2) Qp(3) Qu(2)

Now, ¢ = 0 on 92, so |(x)| < Ch for |x — Q| = min,e,q |x — y| £ Ch. Also,
&, = h* on Q¥ by definition. Hence,

[Ba(x)] < lelx)| + max |®2 — ¢| = Ch
b
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242 J. R. KUTTLER

for [x — 80| = Ch, ie.,
(4.10) B Y alx, y) £ Ch.

vELs

Next, we consider the function

filx, ») = €, — Cy log (Jx — y|® + K.
It is easily verified that

—Ayohlx, ) 2 0, xE QYR y#ax,
—Afile N Z R, xEQU YD, y=x,
provided C, = 1 log 2. If we choose
C, = C, max log (Jx — y|* + ),

z,vEQ

then fi(x, y) = 0 for x, y € Q. Thus, we see that

-s-m(fh — &) =0,
and, since I is monotone,
“.11) 0= alx, ) £ C— Clog (jx — y|” + &Y.

Analogous inequalities to (4.11) are proved by Bramble and Thomée in [3] for discrete
Green’s functions of positive-type operators. Here, we see monotonicity wassufficient.
An easy consequence of (4.11) is

(4.12) B Y [ax, »)IF £ C.

vEDQa

5. More Inequalities for Green’s Functions. This section will be devoted to
derivations of some inequalities of more difficulty than those of the previous section.

Recall that @ = [gi(x, y)]..veq, is the inverse of [F*l(x, )]...cq,

The inequality which we next wish to derive is

5.1 2 any=C

for all x € @, where Q) = {x & Q: li(x, y) = 0 for some y € Q* J Q*}. The
method of proof is the matrix splitting technique employed by Bramble and Hubbard
in [2]. The analysis which follows is regrettably detailed.

Let us write
(5.2) ® =[I— H, — H]'D™",
where D is the diagonal matrix with
; =1, x€E®Y,
=} x€E”,
=3 x€9,
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APPROXIMATION FOR THE FIXED MEMBRANE EIGENPROBLEM 243

and
[Hl]zv = ,1?;5’ X E Qia lx - yl = h,
%, xEQP, lx—y|=nh,

= 0, otherwise,

[H.., = 15, xe W, x—yl=h
= —b, x& @, |x—y|=2n
=% xEQBY, Ix—yl =nh,
=0, otherwise.

Let us define the diagonal matrix D by
@y'= 2 U—-H)y=15 xE,

PSS
=3, x € o2,
=1, xE°,
so that D(I — H,) has row sums one, i.e.,
(5.3) E [DU — H)L, = E [/ — #)"'D'), = 1.
We write [/ — H, — H,] = [D'(I — H)[D(I — H,)], where H = DH,(I — H,)'D™.
Thus, by (5.3),
27U - DL, = X [D7'U — BLIDU — H)l.
vEQA v.zEM
(5.4) = § (I —H — Hl. =0 xEQUa"?,

=1, x€EQ.
Now, we consider the characteristic function of Q}:
xx) =1, x& &,
=0, x€EQ”UgY.
Then

{IZ — B)'DIID'U — H)l}.
> (I — H)'DL,ID'U — H)xl,

vEM'

+ Z (1 — H)'DL,[D™'( — H)],
yEM (Upy (s)

1 2 x(x)

= > (- H'Dl, Eﬂ [D7'(I — H)),

vED’

— 2. Id = B'DL,ID7'U — B)(1 — X,

vela

+ E [( — HY'DL,ID'(I — H)X,.
yEQ (33U0y (1)
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244 J. R. KUTTLER

By (5.4), the first term vanishes. Using the definitions of H and x, this can be written as
2 = H'DL, > [H(I— H)'D"l,

€’ EM (U ()
(5-5) v A pASIY 13

- 2 - Hm'DlL, X [H(U—~ H)'D'], = 1.
yEQ (21U (2) yER’

Now, we estimate the factors in each term. First, note that ( — H)™ = 0. This is

not obvious, but follows from H = 0 and p(H) < 1. That H = 0,isdue to 0 =

H,(I — H\)™ = H, + H,H, + --- , since the negative terms in H, are cancelled by

positive terms in H H, asin [2]. That o(H) < 1isdue to p(H) = o(I — H)'H,) < 1,

since the row sums of

U—-—U—-H)Y'H)=U—-H)'U—- H — H)
= (1_ H, — H2)+H1(1— H, — H2)+

are positive. Again negative row sums of (/ — H, — H,) are cancelled by correspond-
ing positive row sums of Hy\(I — H, — H,).
Next, for y € O U 92,

> [H.(I— H)'D],

€08’

< X [H(U— H)'D'],, = > [D'~ D' — H),

zE€0 s€0a

S1— 2 ID'U—-HlL.=1— X U—H — H),

z€Qp z2E€E0

IIA

Now, we consider, for y € Q}’, the term

(5.6) > [H(I— H)'Dl,.

sEMR (UL ()

Expanding the summand in a Neumann series, it becomes

[(H; + H,H, + HH: + ---)D7'},,.

Ifyc Q,z€ o \JQ® issuch that |y — z| = 24, then[H,],, = —1/60. However,
let x be the point such that [y — x| = |x — z| = h. Then [H,H,],, contains the term
[H.],.[H\].. = 4/225. Similarly, each negative term in H,H} is compensated for by a
positive term in H,H}*', Thus, for y & Q/’,

1 1 4 |1 1
—_— Ipy, > —— 4+ .2 = —.

sEM(IU ()

It follows from (5.5) and the above that

5.7 > - B'DL, 1800{1 + > - H)"DL,,}-

yENL' ! vEM 2 UMM ()

By similar reasoning, using the function
xx) =1, x€oU”,
=0, x€E7,

it can be shown that ) ,cq,0 [(I — H)™D],, < C. The argument is carried out in
[2, Lemma 3.3]. Finally, we note from (5.4) that
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APPROXIMATION FOR THE FIXED MEMBRANE EIGENPROBLEM 245

(58) 1= [~ H'DL, >, [D'U—- M), = 2, [U— H) DL,

vEQ £€0) yeQR(s)

Combining the above with (5.7), we see that
(5.9) 2 Ilu— m'DlL, = C.

T

From (5.2) and (5.3), we finally have
> sty = 2 (- H —Hy'D ', =% 2 - H — H)'L,

vER'’ yEQA'’ vEQ’’

=1 > X {Ibd - H)IY.IU - B)'D],

yEDR'’ €04 UL ()

£} max 2 [ — H)'Dl,

£€E0 VAR (2) yEQR’

or, from (5.9),
(5.10) 2, &6 S C,

the desired estimate.
We next define another Green’s function G, by

(5.11) ~MGiu(x, ») = K1 8(x,9), x5 € D
Although G, may not be nonnegative, it is a perturbation of g,. We have
THEOREM 5.1. For any mesh function S,

max 2, |[Gi(x, ) — gulx, »)ISO)

z€EQ vEQR

(5.12)
< C[max |s| + max 2 &lx, ) |S(.Y)|:|'

Qs (3) €M VR (DUNL (9) ye)

Proof. Let x, € Q be the point where D_,cq, [[Gi(X, ¥) — gi(x, 1)]IS()| attains its
maximum and let

Wx) = > [Gulx, ») — gilx, »)IS*(),

vEQs
where S*(3) = |S()]| sgn [Gi(Xos ¥) — gu(xo, Y)]. Employing (4.9), we have
max |W| £ C max |h*A, W|
11y

Qa(2)

IA

C[max |S| + max ) 13> antx, y)S*(y)I:l ,

Qp(s) 2EQR VAR (UL (0

and (5.12) follows.
COROLLARY 5.2. For all x, z € Q,,

(5.13) > IGyx, »)| £ C,
vEOR’ VR (DU (D)
(5.14) B Y |Gx, »)| S C,
vEQA
(5.15) [Ga(x, 2)| £ C |log A,
(5.16) Y G, »P s ¢,
IS
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246 J. R. KUTTLER

and for |x — 02| < Ch
(5.17) K Y |Galx, »)| < Ch
vER

Proof. For (5.13), employ the characteristic function of QU Qi U @ as Sin
(5.13). Then apply the triangle inequality and (4.4), (4.5), and (5.10). For (5.14),
let S = A* and use (4.6) and (4.10), respectively. For (5.15), let S(») = &, 2) in (5.12),
apply the triangle inequality and (4.11). For (5.16), let x, be the point where
MaX,eo, B D.sean |Gi(x, Y)I° is attained, and let S() = h°Gy(xo, ) in (5.12), from
which it follows that

s ezﬂ IGutx, »)|* < CH® max [Galxos »)] + max &* >, gu(x, ¥)Gal(xo, ¥).

aE0y vEQR

Again, using (5.12) with S(y) = hzg,,(x y) for x fixed,

K D Gi(xo, Mgalx, ¥) £ CK* max |gi(x, »)| + max 4’ Z &(x0, Y)ga(x, ¥).

vED vEQ (3) ze €0 PASH

By (4.11), this term can be seen to be bounded. Finally, letting S(y) = #* 8(y,, y) in
(5.12), we have, for any y, € Q,,

|K*Gu(x0, ¥0)] £ C [h + max Kg(x, yo)]
which indeed tends to zero as k does, by (4.11), and (5.16) follows. For (5.17) use
S = h* and (4.10).
We require yet one more Green’s function G} defined by

(5.18) —AGix,») =1 8(x,»), xE Q, Gix,») =0, x€ & U o,

for all y € Q,. Thus, the matrix [G/(x, ¥)]..,cq, is the inverse of the symmetric matrix
€ = [A*1(x, ¥)]s.ven,- We show & is monotone by applying Corollary 3.6. First, we
show £ + iJ monotone from Corollary 3.5: we define M, by

16
[MIJSII:'?’ x=y9
4
= =3 lx — y| =k
= 0, otherwise,
for x, y € Qf, and we define
8

M), = iz’ x =y,

= 0, otherwise

Sinee M. and M; are of positive type, they are monotone, hence, so is M2, and it is
casy to see that

r\

M =84 3rs M

ol
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APPROXIMATION FOR THE FIXED MEMBRANE EIGENPROBLEM 247
Thus, £ is monotone if its eigenvalues, necessarily real by symmetry, are positive. But
these are A°u", where ui? is the ith eigenvalue satisfying
(.19 MART@+ @ =0, x€ %, N =0 xE Q47U QY.

In the next section, we shall show that indeed |u{” — A“’| — 0as h— 0, for A\’ the
ith eigenvalue of (1.1), which is strictly positive. Thus, for h sufficiently small, £ is
monotone and G} nonnegative. Thus, as a consequence of Lemma 3.7,

(5.20) 0= Gix, ») £ gulx, »), x,¥yE Q.

From (5.20), we see that all of the inequalities proved for g, hold for G}. In particu-
lar, the difficult inequality (5.10) does, from which we prove the key inequality

(5.21) max |[W| £ C [max [AW] + max |W|:| .
Qa

Qa (U ()

for all W defined on Q,. To prove this, let
W*x) = Wx), x&@,
=0, x € 97V gY.
Then, by (5.18),
W) = 1* 3 Gilx, Ni—AW*()]

vEQy’
=& 2 Gt —AFOI+ K X Gitx, NIAFE) — AW*0)],

and (5.21) follows from (4.6), (5.10), and (5.20).

6. Convergence of p{™ to A™. In this section, we show that the eigenvalue
m of
6D AR@+wunE =0, x€% NE=0 x€E 2"V,

converges to A of (1.1) for each n. We will use the variational principles associated
with (1.1) and (6.1), and a technique of Weinberger [9].
The nth eigenvalue of (1.1) can be characterized by

6.2) A = min max D(u) / f u® dx,

a
where ¥ = aqu; 4 - -+ 4 a,u,, the max is with respect to the scalars oy, - - - , a,, the
min is with respect to choices of linearly independent u,, - - - , u,, continuous, piece-

wise differentiable functions vanishing on 42, and D{u) is the Dirichlet integral.
Similarly, the nth eigenvalue of (6.1) can be characterized by

2 z
K2 [ UL UL :12 B t]

6.3) w” = min max o L (

where {7 = o, 0. - < ol the nax is with respect to the scalais ay, -« - o, the
min is with respcct to chmc.es of lmrall) independent mesh functions Cl, cee U,
vapishing on ;% ' Q¥ the sum is over the mesh points of Qf, and subscript x; (%)
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248 J. R. KUTTLER

denotes forward (backward) difference quotient in the x; direction, i = 1, 2, i.e,

U.,0n, y2) = [UGh + A, ¥2) — UQn, y2)1/h, ete.
First, we show

6.4) m? 2 A" + o).

Let 4@, ---,u™ be eigenfunctions associated with A, ... A" in (L.1),

u=ou®+ -+ + au"™, and define
ux) = b7’ u(y)dy, x€& 9,
Qx(2)
=0, x € P U QY

where Qu(x) = {On, y2): [x1 — 3| £ 3k, |x3 — y2| £ 3h} is the square of side A
centered at x. Put this U in (6.3). Employing inequalities (2.14), (2.22) and (8.6) of

Weinberger [9], we see that
62 2
o + 15 [ {5 + (G}
”’(.n) < max 12 x> dx2

f W dx — (W /7°) D)
Q

and Hubbard [5, pp. 568-569], has shown

u\? u n
f,,{(aﬁ) + (axz)} dx = CO™Y.

From these, (6.4) follows.
Next, we show

(6.5 A < w4 o).

Let V¥V, ..., V™ be eigenvectors associated with p{¥, ---, ™ in (6.1),
U= aV® + --- + oF, and define u to be the contmuous, piecewise linear
function interpolating U (see [9, Section 6]). Then, by (6.4), (6.7) of [9] we sce that

A < 2 Uz + UZ)

S TS - > (UL + Ui)

W2 [U,, + UL+ U,.,. ++ U]

=< max

2
* hz Z U2 - i‘h2 Z [UZ; + Uz. + 2:51 + 111—2' U:glg]

(n)
Mn

T 112 (n)
1 — inw”

and we obtain (6.5). Combining (6.4) and (6.5), we have
(6.6) w? = A" >0 askh—0,

foreachn=1,2, ---.
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7. Convergence of A{™ to A by Perturbation. Next, we will show that
the \{™ are a perturbation of the u{™, and that as 4 tends to zero, \{ tends to u{™,
hence to \*”, by Section 6. We employ the following theorem of Wielandt:

THEOREM 7.1. If A, B are v X v matrices and A has an orthonormal basis of eigen-
vectors, then the eigenvalues of B lie in the union of the v discs |u*® — z| < ||4 — B|l,,
where the u* are the eigenvalues of A. If k discs are disjoint from the others, they
contain exactly k eigenvalues of B.

In the theorem, ||- ||, is the spectral norm of a matrix, defined by

[ 4 1/2
[IM]]: = sup || ME||o/11Ell2,  where [[£]]. = (E IE.-I”)

i=1
for a »-vector £ = (&, --- , §,). For a proof of the theorem, see [6].

We apply the theorem as follows. For 4, we take the matrix [A’G(x, ¥)]...con.
Note that the minor [A*G/(x, ¥))..,cq,’ is symmetric, while #°G}(x, y) = 0 for x €
22 U 9P, so that 4 has an orthonormal basis of eigenvectors, and the eigenvalues
are simply [u{”]* plus some zeros. For B, we take the matrix [#’G,(x, y)] whose
eigenvalues are [\{"]"'. Thus, we must estimate ||A*(G, — G})||.. However, for any
matrix,

[IM}]: £ [(MMD]* < ||IMMT||}7?,

where ||-][, is the maximum of the absolute row sums of the matrix. This is a con-
sequence of the Gerschgorin circle theorem (see, e.g., [7, p. 146]). Thus, we need to
estimate

(7.1) B max Y, | D [Gilx, 2) — Gilx, DIGW(y, 2) — Gi(v, 2)]|-

zE€EQp yEON (€08

Let x, be the point where the max is attained and put

a(¥) = sgn 2, [Gi(x0,2) — Gilxo, 2IGW(y, 2) — Giy, 2)s.

s€0p

Then, let
Wx) = k' 3 [Gix,2) — Gi(x, DIIG:(r, 2) — Gi(y, 2)le(y)

v.2E08

in (4.9). Then, (7.1) is bounded by

C’h4 max Z [Gh(y) z) — Gli(y’ Z)I
(7.2) sEMS) yEM
+ Ch* max ., Gj(x,2) EZQ |Gy, 2) — Gi(», 2)|.
vCia

zE€EQA'’ 2€EQN’

Now,

n %; Gy, 2) — Giy,2)| = C max [1Gs(», 2)| + Gi(y,z)] = Cllog 4|,
v » vz 1.3

by (4.11), (5.15) and (5.20). Using this in (7.2) and also (4.10) and (5.20), we have
(7.2) bounded by Chllog k|, which tends to zero as 4 tends to zero. Thus, the radii
of the discs in Theorem 7.1 tend to zero as A does. Since the p{™ tend to the A™,
which have no finite accumulation point, the disc associated with [u{®]™" for any
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fixed n eventually becomes disjoint from the remaining discs. Consequently, for any
fixed n and ¢ > 0, there is A sufficiently small that
(7.3) MY — A7 <.
8. Main Theorem. We are now ready to state and prove our main theorem:
TueOREM 8.1. Let \* be the nth eigenvalue of (1.1), let A\ be the nth eigenvalue

of (2.6) with associated eigenvector U”. For eachn = 1,2, --- , there are constants
C., h, such that for h < h,

(8.1) Y =A™ < cH,
and there is an eigenfunction u™ associated with \” such that
(8.2) max | U™ — ™| < C.h'.
2
Proof. With the machinery generated in the previous sections, our proof will have

exactly the form of the proof of the corresponding Theorem 5.1 of [6]. For this reason,
we only sketch the proof.

By (7.3)
(8.3) AVl G,
By (5.11), (2.6) is equivalent to
(8.4) UPx) = MV8 )0 Gulx, WU (), x € Q.
vEQ
Let us use the notations
(U, V=N Zﬂ u) V), Uk = (U, UN?,
(U, Wi=# 3 Un)Ve), U= (U, U3

1, then (8.4), (8.3), the Schwarz in-

Il

If U™ is normalized by requiring ||U™ ||
equality, and (5.16) show

(8.5) max | U™ | £ C..
a
From (8.4), (8.5) and (5.17), we see that for |x — 92| £ Ch
(8.6) U ()] £ Cah.
Let us suppose that A™ = AP = ... = \"*™ is an eigenvalue of multiplicity

m + 1. Since A, restricted to Q/ is symmetric, the eigenvectors ¥V{® of (6.1) are a
complete orthonormal basis on Q:
(W7, W% = &G, ).

If we set

ntm
A = 200, MY, i=om e untom,

jean

then
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(8.7) HU — < Chy, i=mn,,n+ m.

This follows from Parseval’s identity:
” U( )”/2 — < (i), V;(,‘)X + . Z |<U’('¢')’ V’(.i)x‘z
1N, s, ntm "
= (U2, A+ X e (B 20
where H{" is uniquely defined by

AHY(x) =0, x € O, H@) = B, x€ 42U 9.
It follows from our hard-won inequality (5.21) that

max |Hi’| £ max |UP| £ Cih,
' Qa (U ()

by (8.6), and so
IO = PRI = G211 — (2, BV = G,
In a very similar manner, we show that if

ntm

) ) () () ,
Vh‘ =Z<U ’Vh’>}/th,9 l=n,"'9n+ms
i=n
then

. .
(8.8) u) — V2|t S Cohy,  i=n, -+ ,n+ m.

From (8.8), we can conclude that the (m -+ 1) X (m + 1) matrix [{&‘, Vi? )],
i, j=n, -, n+ m,is nonsingular. In particular then, there are eigenvectors
)= Eaii(h)u(i)’ i=n,"',n+m,
in the eigenmanifold associated with A such that
(8'9) u,(‘i'), V:”>I: = <U)(.{), V;”)‘s i’ .l =n, +** ,n + m.
Moreover, the coefficients a;;(k) are bounded independently of 4.
Then, it follows from (8.9) and Parseval’s identity that

R P PR S D I A F N
AR, co0n

0a (220UQR (3)
= B Z IUI(-i) _ u;.')lz
Qx (33UQ ()
} #(i) (i) (i) (i) :
+ Z (i) [53) <H ’ Vh' )h (¥) <ﬁ ) V!" )l'l >
atm I A A

where A" is defined by

ALPE) =0, xEQ, LW =u'x, x€q®UQ®.
Since |[uy?(x)| = C:hfor |x — 82| £ Ch, we see that
(8.10) HUY — w®|ls = Cih.
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From (8.10), we also have

(8.11) KU, B = 1 — CA°.
Inequality (8.11) is the key inequality needed to prove the first half of Theorem 8.1,
for now
O\l(n‘) >\(-))< (') -)> = < (t) (s) A* h))
(8.12) = <U;(.'), Thuh,)>h <l‘t(.‘): Th"n”)h + (Thl‘)(s‘); "1.‘)>

+ (U = w?, A — A% ),
obtained by adding and subtracting terms. We have used the notations
T;.u,(.') = Au,(,i) —_ A;.u,(,‘)
for the truncation error, and A% for the adjoint of A, defined by
ALV = 2 by, ) V).
vEQs
Recall by (2.6) and our smoothness assumption on »‘* that

) 4 14
IT}."). | = C.h s on Qh’

< CH, on P U QY.

However, on 22 U 9 both U and u{" are bounded by C;h, while the number of
points in @ U 9 is only proportional to ™. From these considerations, we see
that the first three terms on the right side of (8.12) are bounded by C;4*. As for the
remaining term,
Ahum(x) - Ahuh‘)(x)
vanishes for x & @ U * U ¥, and is bounded by
ch™? max lus?] < C.h7}

QarUQp (22U, (3)

for x € QU U 9 U . Again noting that the number of points in @’ \U 0 U Q®
is only proportional to 47*, the last term on the right of (8.12) is bounded by

C; max [ U — uiP] .
a7 U (2) U ()

Thus, using (8.11) we have the inequality

(8.13) A =AY = c.-[ max | — w?| 4 h‘]-

Qa’ U0 (U ()

We next employ the discrete Green’s function to write

U (x) — g (x) = h° Z Gi(x, ») Al () — U ()]

(8.14) = =1 2, Gilx, N’ ) AV X Gale, MU 0) — 0]

+ A = A ;, Gulx, M) UL ().

Using inequalities (5.13) and (5.14), we see that the first term on the right of (8.14) is
bounded by C;A*. By (5.14) and (8.5) the last term on the right is bounded by
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CN? — A9, or if |x — 8Q] < Ch, (5.17) shows the last term bounded by C.h
[A$? — X|. Using (8.3), (5.16) and Schwarz’s inequality bound the middle term on
the right by |[U® — u{®||,, or, if |x — 69| < Ch, (5.17) bounds it by
C.h maxg, (U — 4" |. In summary,

(8.15)  max |US? — "] £ GUIUS — w”|ln + M7 = A9 4+ Y,

o

(8.16) max [USY —u?| < C.»[h max [US — |+ h M = AP+ h‘:l-
On

Oa U (22U ()

Finally, we use Parseval’s identity and (8.9) to conclude that

WU — (= 5 U =P+ D KU~ VNP
f®n, e ,n+m

Qa(3huap ()

and by a straightforward computation

(“,(li) — A(”)<U;(,i) _ u(i)’ V}El))}: = ((x}(l') — )\(i))U’(.i) — Thu}(;” + ﬁ’(‘l’)’ V;“);{,
where H(® is defined by

MEP() =0, x €%, A = U — i@, x€ 9P U o,
It follows that
@.17) ||UP — i ||x S c‘[ max [USY = ] 4+ WP — A9 + h“]-

Qa7 U (30U ()
Combining (8.13), (8.15), (8.16), and (8.17) yields the proof of Theorem 8.1.
Let us observe some simple consequences of Theorem 8.1. Since the \* are real,
we have

(8.18) [Re A\ — A| < cr'.

Also, when \¥ is simple, A\ will be real for 4 sufficiently small. This is because the
matrix [[,(x, Y)]..,ca is real. Thus, if A\;”? were complex, its conjugate [A{”’]” would also
be a distinct eigenvalue of A, converging to A{*. But this is impossible, since [A{"]"
must converge to some A9 = A7,

We normalized U” by requiring |[U{” ||, = 1. This determines U{" only up toa
multiplicative constant of modulus 1. If we specify this constant by requiring that
(U, V9Y = 0, then when A’ is simple, u{” is a real multiple of u‘”, as can be
seen from (8.9).

Theorem 8.1 shows that U{" approximates to O(A*) an eigenfunction u{* which
depends on . Properly normalized, however, U" will approximate to O(k*) an eigen-
function u{* such that [ |u{ |* dx = 1, independently of 4. In particular, when A"’ is
simple, US> will approximate the unique normalized eigenfunction »‘*’. This normal-
ization is

B Y a0) U0 =1,
vEQK
where q, is given in the appendix of [6]. For a proof, see [6, Corollary 6.2].

9. Forced Vibration Problems. Let us remark that all of the results of the pre-
vious sections hold for the problem

0.1 Aul) + @)+ Nulx) =0, xS @, ux)=10, x€&aq,
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where ¢ is nonpositive and smooth on @, and for the discrete Green’s function G, de-
fined by

9.2) (Dh.: + aE)Gux, ») = —h "8(x, »),  *, ¥y € .

The proofs require only that the additional term g be carried along throughout. We
make this remark because we next wish to consider the problem

(9.3) Aulx) + r(u(x) = Fix), x € Q, ux) =0, x & 99,

for F and r given smooth functions on Q. Problem (9.3) is a forced vibration problem
and an O(K°) analogue of it was studied by Bramble in [1].
Let us rewrite (9.3) in the form

©.4) Aulx) + g(ulx) + (sup r>u(x) = F(x), x& Q, ulx) = 0, x € aQ,
2

where g(x) = r(x) — supg r < 0 on Q. A unique solution u of (9.3) or (9.4) exists if
and only if sup r is not an eigenvalue of the operator A 4 ¢. Now, we consider the
difference approximation

9.5) QUNx) + rx)Un(x) = Flx), x & G,

where A, is the difference operator defined in Section 2. We prove:
THEOREM 9.1. If (9.3) has a unique solution u & C*), there are constants C, h, such
that for h < h,, (9.5) has a unique solution U, for which

max | Uy — u| < Ch'.
Qa
Proof. Let G, be the discrete Green’s function defined in (9.2). Then, for x € Q,,

| Un(x) — u(x)| =

B 3, Galx, NAW0) + q0M0) — AU = 20) GO)]

< sup lq| #* ; [GaCx, | | URG) — u()| + 7 ; [GaCx, W) |Tau(¥)] .
Therefore, using (5.13) and (5.14) for G, of (9.2) and (2.5),
(9.6} [ () — ulx)| = CI:h2 ; [GyGx, P | ULG) — u()| - h‘]c
Employing (5.17), this yields
.7 max |Uy — 4} £ C[h max | Uy — ul 4 h‘} ;

[ TSIV TRLH (1Y
while (5.16) and Schwarz’s inequality yield
(4.8 wax (& - w = CILGy - wly - B
Ge

Irom (8.7} and (9.8), we sec

D w0 wn L CET wax 0w
Gplein gptes
: ‘_(,‘__' [ (g [’J ..(1 ooy k 1
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which implies

9.9 U — ulls = CII U — ullh + AL
Finally, we complete the proof by using Parseval’s identity to estimate
. 1/2
(9.10) U — ulli = [Z KU, — u, Vi")ilz] ,

where V1 is the eigenvector associated with u{” in the symmetric problem
AV@ + @@+ I @ =0, x€Q, VP@W=0 x€o”Uo®.
Define H, by

AHy(x) + g)Hy(x) = 0, x € Qf, Hyx) = Uyx) — ulx), x € &> U o,
From (5.21), we have

max |Hy| £ C max |U, — 4],
Q' Qp (20 (3)

or, employing (9.7), (9.8), (9.9),
(9.11) max |Hy| = Clh [|Us — ull} + #.
[y

Then, we have
w (s — u, KON = (Hy 4 u = U, (0 + V7% + wi™(H VPN
= (& + )(Hy + u — U), Vi"% + m”(Hi, ViV
= (up XUy — u, Vi) — (rau, Vi2) + wi(H,, Vi7X.

Now, since sup  is not an eigenvalue A\’ of A + ¢ and p{ — A" as h — 0, there
are constants C, A, such that for 4 < h,,

max |y’ —supr|™t < C, max ui”/|ps — supr| < C,
4 [

and so

KU — u, Vi°HI £ Climw, iOR| + KHy, KON
Using this in (9.10), we see that
O — ulll = Cllinalll 4 [HI S CH* 4 11T ~ sl
by (9.11), from which it follows that
NG el = K,
completing the proof.

T et us remark that by employing the results of {6], the above technique of proof
will show that a unique solution of the {orced vibration problem:

r. o 4 ' ‘ I . '
2‘ E;‘: (f ,(x )(“ Y \ Oy = IR, x4,
©.12; e /
wyp: 0 x (o,
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can be approximated to O(k®) by using the symmetric difference scheme given in [6] at
the beginning of Section 7.
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