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A framework for the event-triggered stabilization of
nonlinear systems

Romain Postoyan, Paulo Tabuada, Senior Member, IEEE, Dragan NeSi¢, Fellow, IEEE, and A. Anta

Abstract—Event-triggered control consists of closing the feed-
back loop whenever a predefined state-dependent criterion is
satisfied. This paradigm is especially well suited for embedded
systems and networked control systems since it is able to reduce
the amount of communication and computation resources needed
for control, compared to the traditional periodic implementation.
In this paper, we propose a framework for the event-triggered
stabilization of nonlinear systems using hybrid systems tools,
that is general enough to encompass most of the existing event-
triggered control techniques, which we revisit and generalize.
We also derive two new event-triggering conditions which may
further enlarge the inter-event times compared to the available
policies in the literature as illustrated by two physical examples.
These novel techniques exemplify the relevance of introducing
additional variables for the design of the triggering law. The
proposed approach as well as the new event-triggering strategies
are flexible and we believe that they can be used to address other
event-based control problems.

Index Terms—Event-triggered control, hybrid systems,
sampled-data, networked control systems, nonlinear systems.

I. INTRODUCTION

Today’s control systems are frequently implemented over
networks since these offer many advantages in terms of
flexibility and cost. In this setup, the controllers communicate
with the sensors and the actuators through the network, not in
a continuous fashion but rather at discrete time instants when
the channel is available for the control system. Traditionally,
the time interval between two successive transmissions is
constrained to be less than a fixed constant 7', which is
called the maximum allowable transmission interval (MATI)
(see, e.g., [17], [19], [32]). In order to achieve a desired
performance, T' is generally chosen as small as technology
and network load permit. This strategy, although easy to
implement, represents a conservative solution that may un-
necessarily overload the communication channel. Indeed, one
would expect that the transmission instants should not satisfy
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a prefixed bound but rather be based on the current state of the
system, the channel occupancy and the desired performance.
Drawing intuition from this idea, event-triggered control has
been developed to reduce the need for communication while
guaranteeing satisfactory levels of performance. It involves
closing the loop whenever a predefined state-dependent trig-
gering condition is satisfied, e.g., [1], [2], [3], [11], [28],
[34]. This technique reduces the usage of the communication
bandwidth and of the CPU and provides a high degree of
robustness since the state is continuously monitored.

In this paper, we propose a framework for the event-
triggered stabilization of nonlinear systems using hybrid sys-
tems tools, and we use it to develop new event-triggering
schemes and to revisit and generalize the techniques in [13],
[16], [20], [28], [34]. We model event-triggered control nonlin-
ear systems as hybrid systems using the formalism of [8] (see
also [5], [6] where linear systems are considered). We show
that set stability conveniently describes the desired stability
properties of these systems. This property is established using
a novel Lyapunov theorem which extends the results in [8] to
the case where the Lyapunov function is locally Lipschitz (and
not necessarily continuously differentiable), which is essential
in event-triggered control where Lyapunov functions are often
given by the maximum of continuously differentiable functions
(which are locally Lipschitz), as we show. In addition, the
Lyapunov theorem relies on a different condition on the flow
set which weakens the corresponding one in Theorem 3.18
in [8]. We provide sufficient conditions for guaranteeing the
existence of a uniform minimum amount of time between
control updates. Although this is not necessary to guarantee
stability, this is crucial in practice as the communication
hardware cannot generate transmissions which are arbitrarily
close in time. We also explain how to redesign the triggering
condition to enforce the existence of such a minimum amount
of time between two transmissions when the aforementioned
conditions are not met because of the behaviour of the so-
lutions near the attractor. Similar results have been derived
in different contexts and for specific classes of systems and
triggering conditions in [5], [29].

The proposed approach is flexible and offers the possibility
to introduce additional variables to construct the triggering
condition. We emphasize the potential of these extra variables
through two new strategies which may further reduce the
usage of the communication resources compared to existing
techniques. In the first strategy, we use a threshold variable to
close the loop, which allows generating longer transmission
intervals than in [28], [34] as illustrated on a jet engine
compressor example. This technique is especially well-suited
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for real-time scheduling as we can tune the threshold dynamics
according to the available resources. The second strategy
is inspired by [19] where a time-triggered implementation
is studied. The idea here is to make the dynamics of the
clock variable used in [19] state-dependent in order to adapt
transmissions to the system state. This strategy is compared
with [28] on a van der Pol oscillator. We also show that the
approach is general enough to capture many of the event-
triggering laws available in the literature [13], [16], [20], [28],
[34]. By doing so, we revisit and generalize these techniques
by relaxing the conditions on which they rely and by allowing
general holding functions. Indeed, the results of the paper
not only apply to zero-order-holds but to various holding
functions such as the model-based one proposed in [15] for
linear systems. In addition, the proposed new techniques can
be used as starting points to address other event-based control
problems, such as the stabilization of systems with distributed
sensors and actuators ([24]), or the coordination of cyber-
physical systems for instance ([21]). Note that a related study
has been independently proposed in [26] where strategies
similar to those in [6] and [31] are investigated. Contrary to
[26], we ensure the existence of a uniform inter-execution
time for all our strategies, which is essential in practice
as explained above; furthermore we develop different event-
triggering policies and we revisit existing techniques.

The remainder of the paper is organized as follows.
Preliminaries are stated in Section II. Event-triggered control
systems are modeled as hybrid systems in Section III. The
analytical tools used to prove stability as well as the existence
of a minimum amount of time between any two transmissions
are stated in Section IV. In Section V, we propose new
triggering rules and we show how several existing event-
triggering policies can be addressed with the proposed
approach. The event-triggering techniques are compared
on illustrative examples in Section VI and conclusions are
proposed in Section VII. The proofs are given in the Appendix.

II. PRELIMINARIES

Let R := (—00,00), R>p := [0,00), Ry = (0,00),
Zso = {0,1,2,...}, Zso := {1,2,...}. A function 7 :
R>9 — R>¢ is of class K if it is continuous, zero at zero and
strictly increasing, and it is of class Ko, if in addition it is
unbounded. The notation I denotes the identity mapping from
R>o to R>q. Let (z,y) € R™*™, (x,y) stand for [zT, yT]T.
The distance of a vector x to a set A C R” is denoted by
|z|4 :=inf{lz —y| : y € A}.

The notation f~*(M) for a function f : R® — R™
and a set M C R™ stands for {z : f(x) € M}. When
f R = R, f2'm) = {x f(z) < m} and
f=(m) :== {z : f(z) > m} for m € R. The notation
| - | stands for the Euclidean norm. We use U°(x;v) to
denote the generalized directional derivative of Clarke of a
locally Lipschitz function U at x in the direction v, i.e.
U®(x;v) »= limsupy,_,o+ . (U(y + hv) — U(y))/h, which
reduces to the standard directional derivative (VU (z), v) when
U is continuously differentiable; see [4] for more detail. We

will use the following result which corresponds to Proposition
1.1 in [18].

Lemma 1: Consider two continuously differentiable func-
tions Uy : R® — R and Uy : R® — R. Let A :=
{z : Ui(x) > Us(x)}, B := {z : Ui(x) < Uz(x)} and
I':={z : Ui(z) = Us(x)}. For any v € R™, the function U :
x — max{Ui(z),Usz(x)} satisfies U°(x;v) = (VU1 (z),v)
for all x € A, U°(z;v) = (VUz(x),v) for all x € B, and
U®(x;v) = max{(VU;(x),v),(VUz(z),v)} for all x € T.
O

The lemma below will be useful for lower bounding
Lyapunov functions. Its proof follows from the fact that
a(s1 + s2) < a2s1) + a(2s2) for any o € Koo, 81,82 > 0.

Lemma 2: For any «a1,a0 € Ko, a1(s1) + aa(sz) >
a(sy + s2) for any sj,s2 > 0 where o : s +—
min{a(s/2), a2(s/2)} € Koo. O

The following technical lemma is an extension of Lemma
4.3 in [12], which is convenient when designing Lyapunov
functions to investigate set stability.

Lemma 3: Let O C R™ and A C O be non-empty and
compact sets and let V : O — R>( be a continuous function
which is equal to zero only on A. There exist a1, as € Koo
such that

ar(Jzla) < V() < ao(|x]a) Vz € O. (1)

When O is non-empty, closed and unbounded and V' tends to
infinity as |24 — oo, (1) holds. O

We recall the definition of the tangent cone to a set at a
given point and state a useful lemma.

Definition 1: [8] The tangent cone to a set S C R™ at a
point z € R”, denoted T's(z), is the set of all vectors w € R™
for which there exist x; € S, 7; > 0 with x; — z, 7; — 0 as
i — oo such that w = lim; oo (2; — ) /7;. O

Lemma 4: Let f : R™ — R™ be continuous, C' = {q :
V(z) > W(x)} and D = {q V(z) < W(x)} for
some continuously differentiable functions V' and W from
R™ to R. For any z € C N D, f(x) € Te(z) implies that
(VV (@), f(2)) > (VW (2), f(2)). O

III. SYSTEM MODELS

We will write event-triggered control systems as hybrid
systems using the formalism of [8], like in [5], [6], [26]. Thus,
we consider systems of the form

q¢=F(q) forqeC, ¢t =G(q) forqge D, (2)

where ¢ € R"e is the state and ng € Z~q. The sets C' C R™s
and D C R"« are closed and respectively denote the flow and
the jump sets. The vector fields F' and G are assumed to be
continuous on C' and D, respectively. The continuity of F' and
G together with the closedness of the sets C' and D ensure
that the system is ‘well-posed’, see Chapter 6 in [8].

In event-triggered control, the transmissions occur whenever
a state-dependent criterion is satisfied. The hybrid model
(2) is well-equipped to describe these systems. Indeed, a
transmission can be modeled as a jump of (2) that occurs
whenever the event-triggering condition is violated, which
corresponds to the fact that the state of system (2) enters in
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the jump set D. When ¢ € C, the system flows and, when
q € CN D, the system can either jump or flow, the latter only
if flowing keeps ¢ in C.

In this paper, the model (2) is obtained by following an
emulation-like approach (see, e.g., [17], [19], [28], [32]), i.e.
a controller is first assumed to be designed without considering
the resource limitations, afterwards, we take into account the
effects induced by the latter and we derive an appropriate
event-triggering condition to ensure stability for the obtained
system.

Suppose that there is no resource constraints and consider
the plant

3)

where z,, € R" is the plant state and u € R"™ is the
control input, for which a stabilizing dynamic state-feedback
controller is designed

Ty = fp(xp,u),

“)

where x. € R™¢ is the controller state. Note that when the
controller is static, (4) reduces to u = g.(z,). We now take
into account the digital nature of the communication medium.
At each transmission instant!, the controller receives the plant
measurements, updates its knowledge of it, sends the control
input and the actuators update the signal sent to the plant. As
a consequence, the plant and the controller no longer have
access to u and x,, respectively. Instead, they only know the
corresponding sampled versions, i.e. % and &, which are reset
to the actual values of u and x,, at each transmission instant,
ie.

i’c = fc(xcu ,Tp), u = gc(l'cu ,Tp),

4t

_ At
» = Tp, U = u.

)

Between two transmissions, 4 and &, are generated by given
holding functions which are respectively implemented at the
actuators and at the controller

(6)

The use of zero-order-hold devices lead to fp =0 and fu =
0. This formulation also allows to consider the model-based
technique in [15], as we show in Section V-C. We allow fp
and fu to depend on x,, x¢, Tp, U for the sake of generality to
capture the cases where they depend on a part of these vector
variables. We introduce the sampling-induced error to model
the impact of the sampling
Ty —xp
U—u >

-

which is reset to 0 at each jump in view of (5). We assume that
the dynamics of the controller (4) is sufficiently fast compared
to the transmissions rate so that we can ignore its sampling due
to its implementation on a digital platform (as in [19], [32] for
instance). To define the event-triggering law, we may introduce
auxiliary variables which we denote by a single vector variable
n € R™. Indeed, it is common in the hybrid literature to
use additional variables like clocks to ensure or analyze the

fp = fp(a:p,xc,:ﬁp,ﬁ), i = fu(xp,xc,:ip,ﬂ).

)

'We suppose that this process occurs in a synchronized manner and we
ignore the effects of the induced delays, noting that they may be analyzed by
following similar lines as in [28].

stability, see [8]. We will see for instance in Section V-E that
we need to introduce a threshold variable to revisit the work in
[34]. The 7-system has for dynamics 7 = h(x,e,n) between
two successive transmission instants and 7T = {(z,e,n) at
each transmission instant where i and ¢ are designed by the
user.

In that way, we obtain system (2) with

x f(z,e) x
g=|e| Flg=| g(xe) | Glo= 0
h(z,e,n) l(x,e,n)

where © = (2, z.), F' and G are assumed to be continuous and
f(xv 6) = fp(xpvgc(xcvxp + emp) + eu)7 fc(fl?c; Tp + ezp)),
glx,e) = (fp(:vp,xc,xp + €z, ge(Te, Ty + €2,) + €4) —
fp(‘rpa gc(xca Tp+ emp) + eu)7 fu(xpa Tey Tp+ €z, gc(xca Tp+
€r,) +eu) — g—zz(:vc, Ty + ez, ) fe(e, Tp + eIP)S with e, =
Tp —xp and e, = U — u.

The main problem in event-triggered control is to define
the triggering condition, i.e. the flow and jump sets C' and D
in (2), (and the dynamics of 7 if needed) in order to reduce
the resource usage, i.e. the amount of jumps, while ensuring
asymptotic stability properties together with the existence of
a uniform minimum inter-execution time.

Remark 1: The assumptions allow for triggering rules that
depend both on x and e. However, the specific choice of trig-
gering rule needs to be done according to the implementation
scenario. In the case of dynamic controllers, a triggering rule
depending on x,. requires continuous communication between
the sensors and the controller. This is difficult to achieve in
practice since sensors do not have, in general, access to the
state of the controller. We have chosen to present the problem
in a general setting because it allows to recover as particular
cases the stabilization using a static controller (as in [13], [16],
[20], [28], [34] for example) and the cases where only the
plant states (i.e. e = &, — x,,) or the inputs (i.e. e = U — u)
are sampled. 0

IV. ANALYTICAL TOOLS

By writing general event-triggered control systems as hybrid
systems using the formalism of [8], we can use a wide range
of tools to study system (2). In this paper, we focus on set
stability, which is a natural property when investigating event-
triggered control systems as we show in the forthcoming
section. We present a new Lyapunov theorem to guarantee
set stability, which extends the corresponding statements in
[8]. This result is used in Section V to analyse the stability
of various event-triggered control systems. We conclude this
section with sufficient conditions for the existence of a uniform
amount of time between any two transmissions.

A. Definitions

We recall some definitions related to the hybrid frame-
work of [8]. A subset £ C Rx>q X Zx>¢ is a hybrid time
domain if for all (T,J) € E, EN ([0,T] x {0,...,J}) =

U ([ti,tit1],4) for some finite sequence of times
i€{0,1,....]—1}
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0 =ty <ty < ... <t;. Afunction ¢ : £F — R" ig
a hybrid arc if E is a hybrid time domain and if for each
j € Z>o, t — ¢(t,7) is locally absolutely continuous on
I’ :={t : (t,j) € E}. The hybrid arc ¢ : dom¢ — R" is a
solution to (2) if: (i) ¢(0,0) € C'U D; (ii) for any j € Z>o,
¢(t,j) € C and Lo(t,5) = F(¢(t,;)) for almost all t € I7;
(iii) for every (¢,j) € dom¢ such that (¢,7 + 1) € dom¢,
o(t,7) € D and ¢(t,j + 1) = G(¢(t,7)). A solution ¢
is maximal when it cannot be extended, and is complete
when dom ¢ is unbounded. We recall the following invariance
definition for hybrid systems, see Definition 6.25 in [8].

Definition 2: A set S C R™ is strongly forward pre-
invariant if for every solution ¢ to (2), ¢(t,7) € S for
some (t,7) € dom¢ implies that ¢(t',j) € S for any
(t',7") € dom¢ with t + j <t/ + j'. (]

We introduce the definition below to characterize hy-
brid systems that generate solutions which have a uniform
semiglobal minimum amount of time between two jumps,
except, possibly, on a given set of the state space (the attractor
in this study).

Definition 3: The solutions to (2) have a wuniform
semiglobal dwell-time outside A where A C R™ is strongly
forward pre-invariant for system (2), if for any A > 0, there
exists 7(A) > 0 such that for any solution ¢ to (2) with
|$(0,0)]4 < A and any (s,17), (¢,7) € dom ¢ with s+i < t+7,

¢t j) ¢ A = joi<(t=s)/T(A)+1. 9

The solutions to (2) have a uniform semiglobal dwell-time if

for any A > 0, there exists 7(A) > 0 such that for any

solution ¢ to (2) with |¢(0,0)| < A and for any (s, i), (¢,7) €
dom¢ with s+ <t+j,j—i<(t—s)/7(A)+ 1. (]

We will see in the following sections that it is natural to
work with set stability when studying event-triggered control
systems. We consider the definition below which comes from
Definition 3.6 in [8].

Definition 4: The closed set A C R™ is uniformly glob-
ally pre-asymptotically stable (UGpAS) for system (2) if the
following holds.

(i) [Uniform global stability] There exists « € K, such that
for any solution ¢ to (2), |¢(t,7)|a < a(]¢(0,0)]4) for
all (t,7) € dom¢.

(i) [Uniform global pre-attractivity] For each ,r > 0, there
exists 7' > 0 such that for any solution ¢ to (2) with
[¢(0,0)|a < 7, (t,j) € dom¢ and ¢ + j > T imply
|¢(t7])|¢4 <e

We say that A is uniformly globally asymptotically stable

(UGAS) when, in addition, the maximal solutions to (2) are

complete. (]

B. Lyapunov conditions

As mentioned above, we resort to a locally Lipschitz
Lyapunov function R to prove that a given closed set A
is UG(p)AS for system (2). This function R is typically
composed of a known Lyapunov function for the closed-loop
system when ignoring the sampling and extra terms which
involve the variables induced by the sampling, i.e. the error e
and the potential additional variable 7. Explicit constructions

of R are presented in Section V. We use the following result
to conclude stability of .4 which states that R is required: (i)
to be positive definite and radially unbounded with respect to
A; (ii) to decrease on flows as long as F'(g) belongs to the
tangent cone of C at ¢ € C' (denoted T(¢)) and as ¢ ¢ A;
(iii) not to increase at jumps. The item (ii) is motivated by
the fact that, when F(g) does not belong to T¢(g) (which
can only happen at the boundary of (), a solution which
would reach this point cannot keep flowing as it would leave
the set C' and a jump will immediately occur or the solution
will stop to exist. Hence, it is not necessary to require R to
decrease at such points. The stability of A is then deduced
by assuming that there exists a minimum amount of time
between two jumps. This last condition is sufficient but not
necessary to obtain the desired stability result, nevertheless
it is fundamental when dealing with event-triggered control
as the hardware always has a certain latency which prevents
the occurrence of arbitrarily close in time transmissions. The
theorem below formalizes these ideas.

Theorem 1: Consider system (2) and let A be a non-
empty closed subset of R™¢. Suppose that there exists R :
CUDUG(D) — R which is locally Lipschitz on an open
set containing C, such that the following conditions hold.

(i) There exist ap,@r € Ko such that for any ¢ € C'U
DUG(D)
R(q) < ar(lgla)

(i1) There exists a continuous positive definite function ap :
RZO — RZO such that

R°(¢; F(q)) < —ar(R(q))
for all ¢ € C such that F(q) € Te(q).
(1D

ag(lgla) < (10)

(iii) Forall g € D

R(G(q)) < R(q). (12)

(iv) Solutions to (2) have a uniform semiglobal dwell-time
outside A.

Then the set A4 is UGpAS. When, in addition .4 is compact,
G(D) c CUD and F(q) € Tc(q) for any ¢ € C\D, the set
A is UGAS. U

Compared to Proposition 3.27 in [7], the Lyapunov function
is not required to be continuously differentiable on an open set
containing C' but only locally Lipschitz on this set. We will
see in Section V that the analysis of event-triggered control
systems often leads to such Lyapunov functions. Moreover, R
is not required to strictly decrease on the whole set C'\ A (see
item (ii) of Theorem 1), but only on a subset of C'\.A where
F(q) belongs to Te(g). This condition appears to be crucial
in the analyses carried out in Section V. Finally, no condition
is imposed on the persistency of flows in the attractor A.

In all the strategies investigated in this paper (except the
one in Section V-E), the attractor is compact. In this case, the
facts that A is UG(p)AS and that system (2) is well-posed (see
Chapter 6 in [8]) ensure that this stability property is robust to
small uncertainties on the measurements, the plant dynamics,
and the jump instants, see for more detail Theorem 7.21 in

[8].



IEEE TRANSACTIONS ON AUTOMATIC CONTROL

It has to be noted that the only region of the state space
where the existence of a uniform semiglobal dwell-time may
not be guaranteed is in the attractor A. While it may be
difficult to ensure that all solutions to (2) which lie in A have
a uniform semiglobal dwell-time, A is typically a subset of C
as it is the case for all the event-triggering schemes studied in
this paper (except in Section V-D where the solutions to the
corresponding hybrid system have a uniform semiglobal dwell-
time on the whole state space). In that way, for a given initial
condition in A, there always exists a solution starting from
this point which never jumps. This means that in practice, if a
solution to system (2) reaches A, we can turn off the triggering
mechanism. Further insight about the existence of dwell-time
outside the set .4 is given in the following subsection.

C. Existence of uniform semiglobal dwell-times

The following proposition lists a set of requirements for
the existence of uniform semiglobal dwell times outside the
attractor 4. These conditions are used in Section V to verify
the existence of such times.

Proposition 1: Consider system (2) and suppose the follow-
ing holds.

(1) Items (i)-(iii) of Theorem 1 hold.

(ii) For any A > 0 there exists ¢ : S(A) — Rx>(, where
S(A) is an open set containing RZ*(A)\.A, which is
locally Lipschitz and verifies the following:

(ii-a) there exists a > 0 such that ¥(G(q)) < a for any
g € S(A) N D with G(q) € S(A);

(ii-b) there exists b > a such that for any ¢ € S(A),
(q) < b implies ¢ € C\D;

(ii-c) there exists a continuous non-decreasing function
A : R>¢ — R such that for almost all ¢ € S(A),

(Vi(q), F(a) < A¥(q))-
Then the solutions to (2) have a uniform semiglobal dwell-
time outside A. In addition, when item (i) holds with A
compact and item (ii) is verified with S(A) an open set
containing RZ'(A), the solutions to (2) have a uniform
semiglobal dwell-time. O

The conditions of Proposition 1 can be interpreted as fol-
lows. Item (i) simply states that all the conditions of Theorem
1 are verified except item (iv) which is established using
Proposition 1. The function v in item (ii) of Proposition 1
is used to guarantee that there exists a uniform minimum
amount of time between two successive jumps outside 4. By
estimating the time it takes for ¢ to grow from a to b using
the growth condition in item (ii-c), we are able to obtain the
desired result. Note that ¢ does not need to be defined on A
since the purpose of Proposition 1 is to ensure the existence
of uniform semiglobal dwell-time outside A.

For some systems, it may happen that the conditions of
Proposition 1 are not met because of the behaviour of the
solutions to (2) near the set A (as discussed later in Remark
6 for example). In this case, we can modify the triggering
condition (i.e. the sets C' and D) to guarantee a weaker
asymptotic stability property for system (2) than the one
ensured by Theorem 1. Suppose that we can prove that the

sglutions to (2) have a uniform semiglobal dwell-time outside
A where A := R_'(¢) for some ¢ > 0. We modify the flow
and the jumps sets for system (2) as follows

C=CURZ'(), D=DnNR'(e). (13)

In that way, we obtain the result below.

Proposition 2: Consider system (2) with the flow and jump
sets defined as in (13) with € > 0 and suppose the following
holds.

(1) Items (i)-(iii) of Theorem 1 hold with R continuously

differentiable, and A compact.
(i) Solutions to (2) have a uniform semiglobal dwell-time
outside A.

Then the set A is UGpAS. When, in addition G(D) C CUD
and F(q) € Tg(q) for any ¢ € C\D, the set A is UGAS.
Furthermore, 1An this case, when item (ii) of Theorem 1 holds
for all ¢ € C with F(q) € Tz(q), the maximal solutions
converge in finite hybrid time to A, ie. for any maximal
solution ¢ there exists (t*,;*) € dom¢ such that for all
(t,7) € dom¢ with t* + j* <t + 74, ¢(t,j) € A. O
Noting that Theorem 1 ensures the UG(p)AS of A = R~1(0),
we see that Proposition 2 guarantees the same stability prop-
erty for the larger set R;l (¢) provided that we inflate the flow
set and restrict the jump set as in (13). We emphasize that
Proposition 2 still applies when R is the maximum of a finite
number of continuously differentiable functions (as it is the
case in Sections V-A, V-C, V-D for instance). Proposition 2 can
be used to relax the conditions which are imposed in Sections
V to ensure that solutions have a uniform semiglobal dwell-
time outside the attractor A. We will only explicitly mention
this relaxation for the event-triggering scheme in Section V-C;
similar conclusions can be drawn for the other techniques for
which A is compact.

V. MAIN RESULTS

In this section, we first present two new triggering rules. We
then revisit and generalize the strategies in [13], [16], [20],
(28], [34].

A. Using a threshold variable

We assume that the system © = f(z,¢e) (see Section III)
is input-to-state stable (ISS) with respect to the sampling-
induced errors, like in [28]. This is equivalent to the following
assumption (see Theorem 1 in [27]).

Assumption 1: There exist a continuously differentiable
Lyapunov function V' : R"* — R and ay, @y, a,7 € K
such that for all x € R™

ay(lz)) < V(z) < av(z)), (14)

and for all (x,e) € RM=t"e
(VV(2), f(x,¢)) < —a(V(z)) +(le])- (15)
U

From (15), we deduce that coa(V (z)) > v(Je|) with o € K
and o(s) < s for s > 0, implies

(VV(2), f(z,e)) < —(I-0)oa(V(x)). (16)



IEEE TRANSACTIONS ON AUTOMATIC CONTROL

We rewrite the condition o o a(V (z)) > v(Je|) as
V(x) W (e). (17)

In [28], transmissions occur when W (e) > V (x) (see Section
V-C). Here, the triggering condition is derived by defining a
threshold on the Lyapunov function V' (x) and W (e). The idea
is similar to what is done in [34], as we will see in Section V-E,
where a threshold is applied to V' (x) only. Here, we tolerate
V(z) to become larger than the threshold (which is not the
case in [34]) which may have the effect of enlarging the inter-
execution time as illustrated in Section VI-A. We define the
threshold variable n € R>( as the solution of the following
differential equation on flows

> a oo loy(le]) =

where § is any locally Lipschitz class-K function, and at
jumps,

U (18)

nt = Wi(e). (19)

A natural choice of triggering rule is W (e) > 7). Nevertheless,
in the case where W(e) < V(x), V decreases according to
(16) and therefore we do not need to close the loop. This
suggests considering the following triggering condition instead

Wi(e) = max{n,V(z)}. (20)
The problem is modeled as follows
& = f(x,e) T=u
¢ =g(z,e) p qeC, et =0 ge D, (21
i = —0(n) nt = W(e)
where ¢ = (z,¢,7), and
C = {q : max{V(z),n} = W(e), n >0} 22)

D ={q : max{V(z),n} < W(e), n>0}.

To guarantee the existence of a uniform semiglobal minimum
interval of time between two transmissions outside the origin,
the following conditions are assumed to hold like in [28].

Assumption 2: For any compact set S C R" T there
exist Ly, L2, L € R>( such that for all (z,e) € S

[f(z,e)l < La(|a] +e]), ayp' o W(e) < Lalel,
lg(z, e)| < La(|a| + le).

(23)

O

The following theorem ensures the stability of system (21).
Its proof is an application of Theorem 1 with R(q) =
max{V(z), W(e),n}.

Theorem 2: Consider system (21), (22), let A = {q :
(z,e,m) = 0}, and suppose Assumptions 1-2 hold with
W continuously differentiable. The solutions to (21) have a
uniform semiglobal dwell-time outside 4 and A is UGAS. [

Remark 2: In Theorem 2, W is required to be continu-
ously differentiable. When it is not the case, we can always
upper-bound it by a class-KC function which is continuously
differentiable on R+ (see Lemma B.1.2. in [9]) and define
the triggering condition using this upper-bound instead of
W (e). When the differentiability of W (or its upper-bound)
is not guaranteed at the origin, the triggering condition can be
modified as in (13) to ensure a uniform practical asymptotic

stability property for the origin of the obtained system in view
of Proposition 2. 0

Remark 3: In [26], an event-triggering technique is pro-
posed which combines the ideas of [28] and [31]. It essentially
consists in allowing V' to grow as long as it remains below
its value at the last jump multiplies by a constant A € (0, 1),
which leads to a piecewise constant threshold as opposed to
the continuously decreasing threshold presented above. 0

B. Using a clock variable

In [19], sampled-data systems with time-triggered execution
are modeled as a hybrid system similar to (2) by introducing
a clock variable 7. The flow and the jump sets are defined as
7 being smaller or not than a given fixed bound 7" known
as the MATI. This constant 7" corresponds to the time it
takes for the solution of the ordinary differential equation
é = —2L¢ — v(¢*> + 1) to decrease from p~! to p, where
L and ~ are some constants (see (5) in [19]) and p € (0,1) is
arbitrarily small. In this subsection, we modify the strategy in
[19] by making the ordinary differential equation that defines
(¢ state-dependent. This allows us to consider a larger class of
systems and to potentially enlarge the inter-execution intervals
compared to [19] as the clock velocity depends on the current
state of the system (see Remark 4 below). We make the
following assumption.

Assumption 3: There exist locally Lipschitz functions V :
R™ — R, W : R™ — R and continuous functions H :
R™ — RZO, L,G : R7etne RZO, Qy,ay, Qy,aw €
Ko, 0 € K such that the following conditions holds:

aw ([e]) < W(e) <aw(|e]) Ve € R"

(VW(e),g(x,€)) < L(x,e)W(e) + H(x)
aa. e € R Ve e R™
ay (|jz]) < V(z) <ay(|z]) Vz € R"
(VV(2), f(z,e)) < —ol|z]) — o(le]) — H?(x)
+G(z,e)W(e)? aa. & € R, Ve € R,
(24)
O

In [19], L and G are supposed to be constant that implies
that system & = f(z,¢e) is Lo-gain stable from W to H.
Making L and G state-dependent allows us to enlarge the
studied class of systems and to eventually obtain less conserva-
tive upper bounds in the second and the fourth inequalities of
Assumption 3 that will help to enlarge the inter-event intervals.
Note that Assumption 3 does not necessarily imply that the
system & = f(x,e) is ISS with respect to e. An example
of nonlinear systems which verifies Assumption 3 is given in
Section VI-B. Model (2) becomes here

o= flxe)
e = g(x,e) geC
) = —2nL(z,e) —n?—G(x,e
Z+:In()n (z,¢e) 25)
et = 0 pqeD,
o=z

where ¢ = (z,e,7), 0 < ¢ < € are design parameters and

n plays the role of ¢ mentioned above and is called a clock
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variable. The sets C' and D are

C={q:neld} D={q:n=c}.

Note that, instead of letting 1 to decrease from p~! to p
like in [19], we consider any constants 0 < ¢ < ¢. This
gives more flexibility and may help generating larger inter-
execution intervals. The following theorem ensures the stabil-
ity of system (25) and the existence of uniform semiglobal
dwell-times. It follows from Theorem 1 using the Lyapunov
function R(q) = V(z) +nW (e)%.

Theorem 3: Consider system (25), (26) and suppose As-
sumption 3 holds. The solutions to (25) have a uniform
semiglobal dwell-time and the set A = {q (x,e) =
0 and 7 € [¢, ¢} is UGAS . O

Remark 4: Suppose that L(z,e) < L and G(z,¢) < G for
any (x,e) € R"%*+" and some L > 0, G > 1. Then, the
event-triggering condition in (26) will generate longer inter-
transmission intervals than the corresponding time-triggered
one in [19] with L = L and v? = G in (9), (10) in [19],
respectively. Indeed, transmissions are triggered in [19] when
the solution to { = —2L¢ — (¢ + 1) with ¢(0) = p~ ' is
equal to p for some p € (0,1). By selecting ¢ = p~! and
¢ = p, we deduce from the comparison principle that ¢ will
be equal to p~! before 1 becomes equal to ¢, which results
in smaller inter-transmission intervals for the time-triggering
rule. O

(26)

C. Strategy in [28]

The system & = f(x,e) is assumed to be input-to-state
stable (ISS) with respect to the sampling-induced errors. The
model (2) is here

T = f(z,e) xt =1z
e:g(x,e)}qec’ e.;,_:O}quv

where ¢ = (z, e). From (16), (17), we have that V(z) > W (e)
implies

(VV(2), f(z,e)) <

27)

—(I=0)oa(V(z)), (28)

The triggering rule in [28] corresponds to W (e) > V(z) and
leads to the following flow and jump sets for (27)

C={q:W(e)<V()}, D={q:W()=V(x)}.
(29)
The following result is derived by applying Theorem 1 with
R(q) = max{V(x), W(e)}. The proof is omitted as it follows
similar lines as the proof of Theorem 2.

Theorem 4: Consider system (27), (29), let A = {q :
(x,e) = 0} and suppose Assumptions 1-2 hold with W
is continuously differentiable?. The solutions to (27) have a
uniform semiglobal dwell-time outside A and A is UGAS. [

When the controller is implemented using zero-order-hold
devices as in [28], g(z,e) = —f(x,e) in (27) and the third
condition of Assumption 2 coincides with the first one in (23).
Theorem 1 can also be used to analyse the implementation
of the controller using the model-based technique proposed
in [15]. In this setup, the control input applied to the plant is

2See Remark 2.

based on an estimate of the plant state between two successive
transmissions, which is generated using a copy of the plant dy-
namics. Assume the control law applied to the plant dynamics
ip = fp(wp,u) is static, ie. u = ge(#,). In this case, 7, =
fo(Zp, ge(p)) on flows and Z; = x,, at jumps. Recalling that
x =z, and e = %, — x, in this case, we obtain the model
(27) with f(z,e) = fp(2p, 9c(2p)) = fo(@p, ge(xp +€)) and
9(@,€) = fp(Zp, 9e(Lp)) = fp(Tp, 9e(Zp)) = fp(xpte, ge(xp+
e)) — fp(zp, gc(zp + €)). The conclusions of Theorem 4 then
apply when f, and g. are locally Lipschitz and are equal to
zero at the origin. We make this observation about the model-
based approach explicit for this event-triggering technique, but
it can also be done for the other strategies studied in this paper.

Remark 5: The condition W(e) < V(z) is selected to
ensure that V' always decreases. We could thus have de-
fined the sets C' and D for system (27) as in [6], [26]:
C =g : (VW) f.e)) < ~(L-0)oa(V()}
D ={q : (VV(2), f(z,e)) > —(I—0) o a(V(x))}. The
conclusions of Theorem 4 immediately apply in this case. U

Remark 6: We explain how Proposition 2 can be used
to relax the assumptions of Theorem 4 at the price of a
weaker stability property. Instead of the first inequality in (23),
suppose that for any 4 > 0 and any compact S C R *ne,
there exists L1 € R>¢ such that for any (z,¢) € S, | f(z,e)| <
L1(|z| + |e|]) + . This is the case for instance when f is equal
to zero at the origin and is locally Lipschitz everywhere except
at zero. We can apply Proposition 2 to conclude that the set
RZ'(e) is UGAS, where ¢ = agp(fp) for any # > 0 and
apr comes from the satisfaction of item (i) of Theorem 1 for
R(q) = max{V (z),W(e)}. Indeed, let u = 0~ 'ag'(e) > 0,
S C R"*" be compact and fix Ly € R>q. Let (x,e) €
SARSNe). [f(z,e)| < Lu(la| + ey + 0 a7 (e) < L(ja] +
lel) +0~"ag (R(q) < La(Ja] +|e) + 0~ az! (@r(|(z, e)]))-
Hence [f(z,e)] < La(|l| + le]) + 67"[(z,e)] < (L1 +
0=1)(|z| + |e]). We use Proposition 1 with ¥(q) = % when
Mle| < |z| and ¥(q) = M~! otherwise for some M > 0
(which is well-defined and locally Lipschitz on an open set
containing RZ*(A)\RZ'(¢)) like in the proof of Theorem 2,
to derive that the solutions to (27) with the flow and jump
sets modified as in (13) have a uniform semiglobal dwell-time
outside RZ'(g). We then apply Proposition 2 to obtain the
desired result. It is interesting to note that the set Rzl (€) can
be rendered as small as desired by decreasing ¥ in this case
(at the price of shorter minimum inter-transmission times). []

D. Strategies in [13], [16], [20]

We suppose that Assumption 1 is satisfied. The idea is to
constrain the error e to remain less than a given constant. In
that way, transmissions are triggered whenever the condition
below is satisfied

7(Jel)

where p > 0 is a design parameter and < is defined in
Assumption 1. We obtain the following hybrid model

= z
} qEC, €+ — 0 } qua
(31)

> p (30)
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where ¢ = (x,¢) and

C={qg:7(le]) <p}  D={q:7(el) > p}.

The following result is an application of Theorem 1 with
R(q) = max{V(z)—a~1(2p),0} +max{y(|e|) — p,0} where
a comes from Assumption 1.

Theorem 5: Consider system (31), (32) and suppose As-
sumption 1 holds and e — ~(|e|]) is continuously differen-
tiable. The solutions to (31) have a uniform semiglobal dwell-
time and the set A= {q : V(z) < a™'(2p) and v(le]) < p}
is UGAS. O

(32)

E. Strategy in [34]

The main idea of [34] is to construct the event-triggering
condition such that a known Lyapunov function V' for the
closed-loop system in the absence of sampling remains below
a designed threshold which decreases to the origin. In that way,
the convergence of the plant state to the origin is immediately
guaranteed and the function V' is not forced to decrease all the
time contrary to [28], which may reduce the need for control
updates. We revisit this idea by introducing a variable to model
the threshold.

We assume that the controller is designed to ensure As-
sumption 1. The threshold variable is denoted by n € Rxq
and it has the following dynamics on flows

—4(n)

where ¢ is a designed continuous and positive definite function
such that 6(s) < o o a(s) for any s > 0, with « is defined
in Assumption 1 and o is any class-Ko, function such that
o(s) < s for any s > 0. The selection of § depends on
the desired performances in terms of the convergence of the
Lyapunov function V. The dynamics in (33) generalizes the
corresponding one in [34] as the threshold is only required to
asymptotically (and not necessarily exponentially) decrease to
the origin. At jumps, 7 takes the value of V(x), ie.

V(z).

no= (33)

o= (34)

Following [34], the triggering condition is designed such that
V(x) is always below 7 (except potentially at the initial time
instant) which leads to the hybrid model below

z = f(x,e) xt =
e = g(z,e) » qe C, et =0 q€ D,
= —d(n) nt = V(x)

(35

where ¢ = (z,e,7) and

O—§q:V(I)Sn,nZO},
D={q:V(z)2n,12=0,(VV(2), f(z,e)) > —a(V(%%})-
The condition (VV'(z), f(z,e)) > —a(V (x)) is needed in the
definition of D to avoid the Zeno behaviour. Indeed, after a
jump n = V(x) but it is not necessary to jump again since
V(z) will decrease faster than 7 in view of Assumption 1
and the way 0 is designed in (33). The theorem below is an
application of Theorem 1 with R(q) = max{V (z),n}.
Theorem 6: Consider system (35), (36), let A = {q :
(z,7n) = 0}, and suppose Assumptions 1-2 hold. The solutions

to (35) have a uniform semiglobal dwell-time outside the
origin and A is UGpAS. O

Remark 7: The satisfaction of Assumption 2.1-2.2 in [34]
implies the satisfaction’ of Assumptions 1-2 (when using
zero-order-hold devices) but the opposite is not true. Hence
Theorem 6 relies on weaker conditions than Theorem 3.3 in
[34] (when task delays are ignored); see Section VI-A for an
example where the Lyapunov function V' is quadratic which

is not allowed by [34]. O
Remark 8: Similar results can be obtained for the policy
proposed in [33], see Section V.A in [23]. ]

VI. ILLUSTRATIVE EXAMPLES

We compare the event-triggering techniques presented in
Sections V-A-V-B with those in Sections V-C and V-E on two
physical examples.

A. Jet engine compressor

3,2 1.3
5x7 — 59,

We borrow the model from [14]: 21 = —x5 — 3

9 = u, where x; represents the mass flow, zo is the pressure
rise and w is the throttle mass flow. In this model the origin
has been translated to the desired equilibrium point, and
the objective is to steer (z1,22) to zero. The control law
u = 4zy — 4dzy — 22} — 223 is designed to stabilize the
origin. This controller is then implemented using zero-order-
hold devices and is connected to the two sensors measuring
x1 and x5 through a network. The objective is to stabilize the
system while limiting the number of control inputs in order
to reduce the usage of the communication channel (and not
necessarily of the processor time) as well the actuator energy
consumption. Thus, it is more convenient to work with the
sampling-induced error on the control input u, i.e. e = U — u,
which means that we compute all the time w and trigger
transmission according to the selected event-triggering policy.
The system under sampling-induced constraints is

s 3.2
$1——$2—§$C1—

3
X7,

1 fo =u+e. (37)

We want to compare the results given by the strategy presented
in Section V-A and those obtained with [28] and [34]. We
first need to verify that the required conditions are satisfied.
Assumption 1 holds with* V(z) = 1% + 1(z2 — 331)%,
ay(s) = 0.045s%, @y (s) = 5.455s%, a(s) = 2s, v(s) =
5.25915% 4 3.5797s* —0.00326265> +4.608652 for s > 0. We
have obtained* W (e) = 1.627'e? with o(s) = 0.9s for s > 0
which is directly computed to ensure (16). Assumption 2 holds
as f and ! o W are locally Lipschitz and are equal to zero
at the origin. As a consequence, the conditions of Theorems 2,
4 and 6 are verified (as W is continuously differentiable). We
can therefore apply the three corresponding event-triggering
policies. It has to be noted that we cannot apply the technique
in [34] as the conditions (7) and (9) in [34] are not satisfied.

3Assumption 1 generalizes Assumption 2.1 in [34]. Equation (6) in [34]
corresponds to the first inequality in (23) and (7)-(9) in [34] ensure the second
inequality in (23) holds; noting that & o a;l(s) > as for s > 0 is used in
the proof of Theorem 3.3 in [34] instead of (9) in [34], which guarantees that
the corresponding function ae=1 in (15) is locally Lipschitz.

4SOSTools ([25]) was used to compute «, v and W .
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We therefore consider the results in Section V-E. We take the
same scalar field 0 for the strategies of Sections V-A and V-E,
namely (s) = o o a(s) = 1.8s for s > 0.

We consider 100 initial conditions for the z-system, which
are uniformly distributed on the circle centered at the origin
and of radius 10. We compare the average inter-transmission
times generated by each event-triggering condition for a simu-
lation time of 100 seconds in Table I and for the time it takes
for V() to become less than 0.01V (z(0, 0)), which we denote
T*, in Table II. We see that the strategy in Section V-A can
lead to less transmissions and that playing with 7(0,0) allows
to trade performance (i.e. time 7™ in this case) for the number
of transmissions.

It has to be emphasized that the results obtained in this
section depend on the considered Lyapunov function V' and on
the parameters of the event-triggering mechanisms. Moreover,
each of the presented event-triggering techniques ensures a
different asymptotic stability property. That is the reason why
we cannot assess whether one method is better than another
in general. Nevertheless, we have seen that the proposed
technique in Section V-A exhibits great potential for real-time
scheduling, since its parameters can be designed according to
the available resources. For instance, functions ¢ in (18) with
slow increasing slopes could be chosen in case of overload in
the network or in the processor executing the controller for
example.

B. van der Pol oscillator

We consider the forced van der Pol oscillator: &1 = zo,
#g = (1—22)xg—x1+u, where z = (21, 72) € R? is the state
and v is the control input. The controller u = —z5—(1—2%)z2
is designed to exponentially stabilize the origin of the system.
We envision the scenario where a network is used to close
the feedback loop. As in Section VI-A, we consider the error
induced on the control input e = 4 — u, we thus obtain the
system below

i‘l = X2, .I"g = —x1 — T2+ €. (38)
We either use the event-triggering policy of Section V-B
or the one’ in [28]. We first need to verify that the re-
quired conditions are satisfied. For the technique in Section
V-B, Assumption 3 is ensured with® V(z) = 1.38152% +
1.434925z5 + 3.6869z123 + 1.928z%z3 + 4.7197x%23 +
0.8343217% —|—4.O54:171:cg —1.9823z122 + 2.2712:03 + 3.4733:17%,
ay(s) = 0.58% ay(s) = 10(s> + s%), W(e) = e,
aw(s) = aw(s) = s Llze) = |2} — 2|, H(z) =
| — a3 — 2239 + 22123 + 221 + 222|, G(w,e) = 8.001 and
o(s) = 0.001s for s > 0. In that way, the conditions of
Theorem 3 are verified. We have heuristically selected ¢ small,
¢ = 0.001, and we take different values for ¢ in order to study
its impact on the amount of transmissions.

SWe do not compare the results with those given by the event-triggering
technique in Section V-E, because different Lyapunov functions will be
designed to verify Assumptions 1 and 3, adding to this the flexibility of the
triggering condition in Section V-E in terms of the choice of the dynamics of
n and its initial condition render fair comparisons difficult.

6S0OSTools ([25]) was used to compute V., W, L, G, o, v, « .

9
[28] Section V-B
c=1 c=10 ¢ =1000
0.0350  0.0622  0.0727 0.0847
TABLE III

AVERAGE INTER-TRANSMISSION TIME FOR 50 INITIAL CONDITIONS FOR
A SIMULATION TIME OF 58.

To verify Assumption 1, we choose not to use the same
Lyapunov function as above because it would typically lead
to conservative estimates of o and « in (15), which would
give rise to many transmissions. Instead, we take V' to be
V(x) = 0.00586792% + 0.0040791z129 + 0.00636842% for
the strategy in [28] which ensures Assumption 1 with a(s) =
0.5s, v(s) = 0.01s? for s > 0. The function W in (17) is
different from the one used in Assumption 3: W (e) = 2.222¢>
for o(s) = 0.9s for s > 0. In that way, the conditions of
Theorem 4 are verified.

The obtained average inter-transmissions times for each
strategies are summarized in Table III, where 50 initial condi-
tions for the z-system have been taken uniformly on the circle
of the center the origin and of radius 10. We notice that the
policy in Section V-B may allow to reduce the usage of the
network by adjusting the parameter ¢. It has to be noted that
we could not compare these results with the time-triggered
setup of [19] as we were not able to show that the required
conditions hold.

VII. CONCLUSION

We have investigated the event-triggered stabilization of
nonlinear systems using the hybrid formalism of [8]. This
approach allows to capture in a unified manner many event-
triggering conditions available in the literature [13], [16], [20],
[28], [34]. Moreover, two new policies have been presented
which both make use of additional variables. They have
been shown to potentially reduce the amount of transmissions
compared to [28], [34] on two physical examples. All the
studied strategies are guaranteed to ensure the existence of
a uniform minimum amount of time between any two jumps.

The envisioned setup requires the continuous evaluation of
the triggering condition. In practice, the triggering mechanism
is typically implemented on a digital platform, hence the
transmission criterion is only periodically evaluated, leading
to a periodic event-triggered control paradigm, see, e.g., [1],
[10]. The results of this paper can be combined with those in
[22] to derive triggering strategies which take into account the
hardware sampling. On the other hand, throughout the paper,
we have focused on the so-called one packet transmission
problem as all the states are sent together in a single packet.
This generally implies the collocation of all sensors and, for
multiple-input control systems, collocation of all actuators as
well. The extension of this work to distributed event-triggered
control would be an interesting direction to follow. Preliminary
results are presented in [24].
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Section V-A [28] Section V-E
7(0,0) = V(@(0,0))  1(0,0) = max V() n(0,0) = 10°
x| <10
0.5472 0.5645 0.6199 0.5030 0.4750
TABLE I

AVERAGE INTER-TRANSMISSION TIME FOR A SIMULATION TIME OF 100s.

Section V-A [28] Section V-E
70,0 = V(x(0,0)  7(0,0)= max V(x) (0,0 = 10"
T|S
T 1.7563 1.9805 2.0103 1.8549 1.0572
Number of transmissions 32.02 19.87 7.68 34.32 12.37
TABLE II
AVERAGE VALUES OF T AND OF THE NUMBER OF TRANSMISSIONS.
VIII. APPENDIX We proceed b contradiction and  suppose that
. li V(zthf(@) =W (z+hf(z))  Since T and
Proof of Lemma 3. We only consider the case where O =0 = h < 0.8 7> 0
. 7; — 0 as 1 — oo,
is non-empty, closed and unbounded. The proof follows
similar lines when ( is non-empty and compact. Let limp, 0 V(”hf(m))zw(”hf(m))
Yo s inf  V(z) which is well-defined on Rx. — lim, Viet+rif(2))-W(zt7if(x))
|z| a>s,2€0 = i—00 o
Indeed, the set {x € O : |z|4 > s} is non-empty and closed = lim; e (V(Z”if(””))*w(m*“f(m))
. Ti
for any s > 0 (as A is a compact gubset of the. unbounded V@) W) _ V()W) @n
set O), furthermore V' is non-negative and continuous. The Ti Ti
function v is positive definite, non-decreasing and grows = lim; 0 M
unbounded as s — oo in view of the assumptions on V. + lim, V(ztrif(z))=V(xi)
1—r 00

Furthermore, for any = € O, ¢(|z|.4) < V(x). The function ¢
is a priori neither continuous nor strictly increasing, however
we can always construct a1 € Koo such that aq(s) < ¢(s)

for any s > 0. Let x : s sup  V(x). Like above,
lz]a<s,2€0
this function is well-defined on R>(, non-decreasing, grows

unbounded and such that V(x) < x(|z|a) for any z € O.
We need to ensure that y is continuous at 0 in order to
be able to upper-bound it by a class-Ko, function ag. Let
e > 0, there exists 6 > 0 such that |z — y| < ¢ implies

[V(z) — V(y)| < e by continuity of V . Let n € [0,4],
x(n) = sup V(z) = V(y) for some y € O with
|z|a<n, z€O

lyla < m, as V is continuous and the set {x € O : |z|4 < n}
is compact. Because .4 is closed, there exists z € A
such that |y — z| = |yla < n < 4. By continuity of V,
V(y) — V(z) = V(y) — 0 < e. Hence x(n) < e for any
n € [0,0] which proves the continuity of x at 0. As a
consequence, we can always construct as € K, which
upper-bounds . O

Proof of Lemma 4. Let x € C N D with f(x) € Teo(x).
According to the definition of the tangent cone (see Definition
1), there exist sequences {z;}icz-, and {7 }icz., with z; €
C and 7; > 0 for any 7 € Z>¢ and z; — x, 7; — 0 as i — oo,
such that f(x) = lim; o (2; — x)/7;. On the other hand,

(VV(x), f(z)) = (VW (), f(2))

= limy, o LethI@)—V(®) W (athf(@))+W(z)
(39)
which simplifies to, as V(z) = W (x) since x € C N D,
(VV(z), f(x)) —( ()f())
— limy, o Lleth @) Wlethi(@) (40)

- W(w-l—ﬂf?ﬂﬂ))—w(%)

Ti

— 11m1_>

where x;, i € Z>( are defined above. Since V' is continuously
differentiable, it is locally Lipschitz. Consequently, there exists
L > 0 such that

iy o [VEATIENVED) | o gy plrmectnd (@]
=l LSS+ f(2)
= 0

(42)
since f(x) = lim;oo(x; — 2)/7;. By applying the same
arguments on lim; .o W(etrif (Tf))_w(“), we derive from
(41) that

(VV(z), f(x))

— (VW (@), f(2)) = lim_o LW,

(43)

Since x; € C for any i € Z>o, V(z;) > W(z;). Hence
0 < limj oo L) "
< limp Yetlen wesniey &Y

which contradicts limj,_ V(ZJrhf(z));W(IJrhf(z)) < 0.
Hence (VV(x), f(x)) > (VW (x), f(x)) in view of (40)
which concludes the proof. 0

We need the lemma below in the proof of Theorem 1.

Lemma 5: Let ¢ be a solution to (2), it holds that
26(t,5) € {F(6(t, )} N Te(@(t, ) for all j € Zso and
almost all t € IV, where IV = {t : (t,7) € dom ¢}. O
Proof. The proof follows the same lines as the proof of the
necessity of (a) in Lemma 5.26 in [8], which we recall. Since ¢
is a solution to (2) and C'is closed, ¢(t, j) € C forall j € Z>g
and t € I7. Furthermore <L¢(t,;) exists and belongs to
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{F(¢(t,7))} for all j € Z>o and almost all ¢ € I7 according
to (6.1) in [8] (note that system (2) satisfies Assumption 6.5
in [8]). Hence for any j € Z>o and almost all ¢ € 17, for
any sequence {t;}iez., with ¢; > 0, t; — 0 as ¢ — oo, and
t+t € I, Lo(t,j) = lim oo (Ot + ti, ) — &(t,5))/t.
By definition of the tangent cone (see Definition 1), as
é(t + ti,j) € C for any i € Zwg (as t +t; € 1Y),
lim; o0 (0t + ti,7) — 0(t, 7))/t € To(o(t,7)). Hence, we
have proved that £ ¢(t, j) € {F(¢(t,5))} N Tc(o(t,])) for
all j € Z>o and almost all ¢ € I7. O

Proof of Theorem 1. Let ¢ be a solution to (2), (¢,5) € dom ¢
and 0 =ty <t; < ... <t =t satisfy

domo N ([0,4] x {0,...,5}) = U
i€{0,...,5}

[ti, tia] x {3}

(45)
For each i € {0,...,7} and almost all s € [t;, t;+1], ¢(s,7) €
C and L¢(s,i) € {F(¢(s,i))} N Te(d(s,)) (according to

Lemma 5). Hence, (11) implies that, for each i € {0,...,j}
and for almost all s € [t;,t;11],
Ro(@(s,0); 4 0(s,1)) < —ar(R(¢(s,i))).  (46)

As a consequence, since R is locally Lipschitz, it holds that
(see p. 99 in [30]),

B R(6(s,1) < R(6(s,0); f5(s,1).  (47)

In view of (46) and (47), for each i € {0,...,;j} and for
almost all s € [t;, ti41],

LR(G(s,i) < —ar(R(d(s,i))). (48)

We derive that the set A is uniformly globally stable by
following the same lines as in the proof of Theorem 3.18 in
[8]. To prove uniform global pre-attractivity, we follow similar
arguments as in the proof of Proposition 3.27 in [8]. For this
purpose, we show that the last condition of Proposition 3.27
in [8] is verified. Let » > 0 and ¢ be a solution to (2) with
|$(0,0)| 4 < r. Take (t,j) € dom¢ with ¢t + j > T for some
T > 0. If there exists t' + j° < ¢+ j such that ¢(t', ') € A,
#(t,7) € A since the set A = R71(0) is strongly forward
pre-invariant (see Definition 2). Then the solution has reached
the attractor A. If it is not the case, then t > 7(r)(j — 1), i.e.
% +1 > 4, where 7(r) comes from Definition 3 according
to item (iv) of Theorem 1. Therefore ¢ + 5 > T implies
t+ % +1 > T. We deduce that ¢ > ~,(T) — N, with
7r(s) = (1+ 5)""'s for s > 0 which is of class Koo and
N, =(1+ T(lr))’l. We can thus invoked the same arguments
as for the proof of Proposition 3.27 in [8] to conclude that 4
is UGpAS. When A is compact, the fact that it is UGpAS
for system (2) prevents the existence of finite escape times.
Hence, the conditions at the end of Theorem 1 allow us to
apply Proposition 6.10 in [8] to conclude that any maximal
solution is complete. O

Proof of Proposition 1. Let A > 0 and ¢ be a solution to
(2) with [¢(0,0)|4 < A. Since items (i)-(iii) of Theorem
1 hold, R(¢(t,5)) < A for any (t,j) € dom¢ with
A = ar(A). Suppose there exist 0 < t; < ¢ such that
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(t1,0), (t1,1) € dom¢ and (t2, 1), (t2,2) € dom ¢; otherwise
the solution never jumps or jumps only once and the desired
result trivially holds. Suppose also that ¢(t,1) ¢ A for all
t € [t1,t2]; otherwise the solution enters in the attractor .4
and remains in it for all future times as this set is strongly
forward pre-invariant for system (2) (see Definition 2) since
it is closed and uniformly globally stable in view of the proof
of Theorem 1. Hence ¢(t,1) € S(A) for all t € [t1,t].
We also have that ¢(t;,0) belongs to RZ'(A) and to D
(by definition of #1), however it does not belong to A as
otherwise ¢(t1,1) € A by strong forward pre-invariance
of A. In other words, ¢(t1,0) € S(A) N D. Consider the
function v from item (ii) of Proposition 1 which is defined

on an open set containing S(A). Since ¢(t1,0) € S(A)N D
and ¢(t1,1) € S(A), ¥(¢(t1,1)) < a according to item
(ii-a) of Proposition 1. By continuity of ¢ — ¢(¢,1) on
[t1,t2) and of ¥ on S(A), we deduce that the next jump
instant cannot occur before ¥ (¢(t,1)) becomes equal to
b in view of item (ii-b) of Proposition 1. For almost all
t € [ti,ta], Lp(d(t,1)) < AMw(4(t, 1)) in view of item
(ii-c) of Proposition 1 and p.99-100 in [30]. Therefore, the
next jump cannot occur before 6, the solution to 6 = A(6)
with 6(0) = a, becomes equal to b, in view of the standard
comparison principle. We denote by 7(A) this time which is
strictly positive (note that a, b, A\ may depend on A and thus
on A). Hence we have proved that to —¢1 > 7(A). We deduce
that the solutions to (2) have a uniform semiglobal dwell-time
outside A by induction. Assume now that A compact and that
item (i) of Proposition 1 holds with S(A) = RZ*(A). Let
A >0 and ¢ be a solution to (2) with |$(0,0)| < A. Since A
is compact, there exists A > 0 such that |#(0,0)|4 < A. Tt
then suffices to follow similar lines as above to conclude that
the solutions to (2) have a uniform semiglobal dwell-time in
this case. O

Proof of Proposition 2. Let E ¢ = max{0,R(q) — ¢}
which is well-defined on C U D UG(D) C C'U D UG(D).
This function is non-negative, locally Lipschitz on an
open set containing C' (thus continuous) and is equal to
zero only on A. Moreover, R(q) tends to oo as |g|z
tends to co. Indeed, |¢| ; — oo implies that [g[4 — oo
since [q| 7 < |gla (as A C A). We then use the left
hand-side of item (i) of Theorem 1. Hence there exist
Qq,09 € ICOOAsuchAthat d/l\(quz) < R(q) < OAéQ(lqu)
for any ¢ € CU D UG(D) in view of Lemma 3. Let
q € C and F(q) € Tga(q). Consider the case where
R(q) —e > 0, iie. ¢ € C\RZ'(¢), then T5(q) = Tc(q)
and thus F(q) € Tc(gq). As a consequence, we use item
(ii) of Theorem 1 (which is assumed to hold) to derivg that
R°(q; F(q)) < —ar(R(q)) = —ar(R(q)+¢) < —ar(R(q)).
If R(q)—e <0, then R°(¢; F(q)) = 0. Consider now the case
where R(g) — e = 0 and note that T5(q) = Tc(q) U Tg-1 ().

P
If F(g) € Te(g), we deduce that R°(q;F(q)) =
max{<VR(Q)7F(Q)>7O} < max{_O‘R(R(q))vo} < 0
(using Lemma 1). If F(q) € TRzl(E), we apply Lemma
4 with V(z) = e and W(z) = R(q) to derive
(VR(q), F(q)) < (Ve,F(q)) = 0. Hence, when R(q)—e =0
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and F(q) € Tgla). R*(¢:F(g)) < 0 = -a(R(q)
(as ¢ € A in this case and R is equal to zero on
A). We have shown  that R(¢;F(q)) < —a(R(q)
for any ¢ € C with F(q) € Ts(q). Let ¢ € D,

R(G(0) = max{R(G(q)) - ¢,0} < max{R(g) - &,0}
in view of item (iii) of Theorem 1. Hence R(G(q)) < R(q).
Finally, in view of item (ii) of Proposition 2, we apply the
same arguments as in the proof of Theorem 1 to conclude that
A is UGpAS. Noting that G(D) ¢ G(D) c CuUD c CUD,
we follow the same lines as those in the proof of Theorem
1 to ensure that A is UGAS. The last part of Proposition 2
is obtained by using the function R (instead of R), the fact
that R°(q; F(q)) < —agr(e) when ¢ € C, R(q) > ¢ and
F(q) € Tc(q) and by following similar arguments as in the
proof of Theorem 1. O

Proof of Theorem 2. We consider the locally Lipschitz
Lyapunov function, for all g € R4,

R(q) = (49)

Item (i) of Theorem 1 holds with A = {0} by us-
ing (14), Lemma 2 and noting that > 0 on C U
D U G(D). Let ¢ € C and F(q) € Tc(q). When
R(q) = V(z) > max{W(e),n}, we derive from (16)
and Lemma 1 that R°(q; F(q)) = (VV(x), f(z,e)) <

max{V (z), W(e),n}.

—(I —0) oalV(z)) = —( — o) o a(R(q)). Similarly,
when R(q) = n > max{V(z),W(e)}, R°(¢;F(q)) =
—0(n) = —6(R(q)). When R(q) = n = V(z) >

W(e), R(g; F(q)) = max{(VV (z), f(z,€)) , Vi, ~3())}
according to Lemma 1 which is less than or equal to
—min{(I — o) o a(R(q)),(R(q))}. Consider the case where
R(q) = W(e) = max{n,V(x)}, ie. ¢ € C N D. We write
C = CLUCy where C; = {q¢ : V(z) > W(e)} and

= {q : n > W(e)}. When ¢ € C;\Cs, necessarily
F(q) € Te,(q) and we again apply Lemma 1 to obtain
R(q; Fq)) = max{(VV(x), f(z,e)), (VW (e),g(x,€))}.
Since (VV (z), f(z,e)) < —(I—0)oa(V(q)) = —(T—0)o
a(R(q)) for any ¢ € C1, by applying Lemma 4, we derive
that B (q; F(q)) = (VV (x), f(z,)) < —(I—0) o a(R(q)).
A similar conclusion holds when ¢ € C>\Cy. Suppose now
that ¢ € C1, N Cy N D. Since F(q) € Tc(q), F(q) belongs
to Tc, (q) or to T, (q). Take F(q) € Te, (g) without loss of
generality. We obtain that R°(q; F(q)) < —(I— o) o a(R(q))
by invoking the same arguments as above. Consequently, item
(ii) of Theorem 2 holds with g = min{(I — o) o «v, 6}. Let
qe D,

R(G(q) = Wi(e)} < R(q)

so that item (iii) of Theorem 1 holds. We now show that item
(iv) of Theorem 1 is satisfied using Proposition 1. Let A > 0
and A := @r(A). We work on the set RZ'(A) which is
compact and strongly forward pre-invariant (see Definition 2)
as items (i)-(iii) of Theorem 1 hold. The inter-jump time is
the time it takes for W(e) to grow from 0 to max{V (z),n}.
We look for a lower bound on this time. For any ¢ € RZ'(A),
W (e) < Mle| and oy, oW (e) < M]e] for some M > 0 as W
is continuously differentiable and Assumption 2 holds. Hence,

max{V(x),0, (50)
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the inter-jump time is lower bounded by the time it takes for
Mle| to grow from 0 to max{|z|,n}. For any ¢ € R"7\ A,

we define 1(q) = oty when [e| < ML max{|a|, 7}
and 1(q) = M ! otherwise. We note that v is mdeed locally

Lipschitz on an open set containing S(A) = RZ'(A)\A. Let
¢ € S(A)N D and G(q) € S(A). It holds that G(q) =
(,0,W(e)), hence ¥(G(q)) = 0: item (ii-a) of Proposition
1 holds with @ = 0. In view of the above discussions,
item (ii-b) of Proposition 1 is satisfied with b = M ~—L. For
almost all ¢ € S(A), (V|z|, f(z,e)) < Li(|lz] + le]) <
Ly (max{|z|,n}+]e|) for some L1 > 0 in view of Assumption
2 and (Vn, —0(n)) < L4n < Ly max{|x|,n} for some Ly > 0
as 0 is locally Lipschitz. Thus, for almost all ¢ € S(A),
max{(V|z|, f(z,e)),(Vn,=0(n))} < N(max{[z],n} + |e])
for some N > 0. Consequently, for almost all ¢ € S(A),
(Vo(q), F(q)) < lg(x, €)|max{\zl\nzy{r‘f;f‘\%max{\z\ mitle \)
(51)

since |g(z,e)| < La(|z| + |e]) < Lz(max{|z|,n} + |e|) for

some L3 > 0 according to Assumption 2, <V1/}( ), F(q)) <
L (max{[z], n}+\6|)max{ﬁ\ In};er\el(maX{\r\ ) +lel) —
max{|z|,n
Lg max{|z| n}?+ Ls|e| max{|x| n}+Nle| max{|x|,n}+Nle|*
max{[z],}2

L3+ (L3+N)Y(q)+N1(q)?. Hence item (ii-c) of Proposition
1 holds with A(s) = L3+ (L3 + N)s+ Ns? for any s > 0. By
applying Proposition 1, item (iv) of Theorem 1 is verified and
we derive that A is UGpAS. We note that .4 is compact and
that G(D) C CUD. Let g € C\D, if ¢ belongs to the interior
of C, Te(q) = R=*n<t1 and F(q) € Te(q). Otherwise g is
such that n = 0, in this case Tc(g) = R™*™ x R>q and
F(q) = (f(z,e),9(x,e),0) € Tc(q). According to Theorem
1, Ais UGAS. 0

Proof of Theorem 3. We consider the locally Lipschitz
function, for all ¢ € R"q,

R(q) = V(z)+nW(e)?,

which satisfies item (i) of Theorem 1 with ER( ) =1av(s) +
caw(s)? and ap(s) = min{ay (5), cay (5)?} for s > 0 us-
ing Assumption 3 and the fact that n € [¢,¢] on CUDUG(D).
For almost all ¢ € C, (VR(q), F(q)) = (VV(2), f(z,e)) +

n{(VW(e)?, g(z,€)) + (—2nL(z,e) — n* — G(z,e))W(e)2.
From Assumption 3 and in view of (23)-(24) in [30], for all
qeC,

R°(g;

(52)
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+2nH ()W (e).
Therefore, for all ¢ € C,

R (q;F(q)) < —olz]) — o(le]) — H?*(x) — n°W(e)?
+2nH ()W (e).
Using the fact that 2nW (e)H (z) < n°W(e) + H?(x), we

obtain R°(g; F(q)) < —o(|z]) — elle]) < —p(|(x,e)]) for
some class-KC function p. Consequently, item (ii) of Theorem
1 is satisfied with ar = po@y'. Let ¢ € D, R(G(q)) =
V(z) < R(q): item (iii) of Theorem 1 is ensured. We apply
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Proposition 1 to show that the solutions to (25), (26) have a
uniform semiglobal dwell-time. Let A > 0 and define ¢(q) =
% which is well-defined on an open set containing RZ*(A)
(since n € [¢,¢) on CUDUG(D)). Let ¢ € RZ*(A) N D,
¥(G(q)) = & ' item (ii-a) of Proposition 1 holds with a =
¢ 1. In view of the definition of the jump set in (26), for
any ¢ € RZH(A), ¢(q) < ¢! implies ¢ € C\D: item (ii-
b) of Proposition 1 holds with b = ¢~!. Noting that v is
continuously differentiable on RZ*(A), let ¢ € RZ*(A)

Vn,—2nL(z,e)—n*—G(x,e)

(Vi(g) Flg)y = - Tn2rbloonGea),
Since ¢ € RZ*(A), RZ*(A) is compact and L, G are contin-
uous, there exists M > 0 such that max{L(x,¢e),G(z,e)} <
M, thus

(53)

(Vib(q), Flq)) < ZAMZEM (54)
and item (ii-c) of Proposition 1 holds with
As) = 2Ms + 1 + Ms? for any s > 0. Proposition

1 guarantees that the solutions to (25), (26) have a
uniform semiglobal dwell-time (since A is compact).
Noting that A is compact, G(D) C C U D, we only
need to prove that F(q) € Tc(q) for any ¢ € C\D
to conclude the proof using Theorem 1. Let ¢ € C\D,
when 7 € (c,©) the result holds as Tg(q) = Rretnetd
Suppose = ¢ Tc(q) = R"=T" x (—o00,0]. Since
F(q) = (f(z,e),g(z,e), —2nL(z,e) — 772 — G(z,¢)) and L
and G are non-negative, F'(¢) € Tc(q). As a consequence, A
is UGAS in view of Theorem 1. (]

Proof of Theorem 5. We consider the following locally
Lipschitz function R(q) := Ri(x) + Rz(e) for all ¢ € R™4,
where
Ri(z) = max{V(z)—a~'(2p),0},
Ry(e) = max{y(le]) —p,0}.
We note that R only becomes equal to zero on the compact
set A = {(z,e) : V(z) < a"(2p) and (le]) < p}, is
continuous and tends to oo only as |¢|4 — oo. Hence item
(i) of Theorem 1 holds by applying Lemma 3. Let ¢ € C.
When V(z) —a~1(2p) > 0, it holds that, in view of (15) and
Lemma 1,

Ri(z; f(z,€))

(55)

(VV (@), f(z,e)) < —a(V(2)) +(le])
—a(V(2)) +p,

IA

(56)
since on the set C' we have R(q) = Ri(x), we derive that

Ri(z; f(z,e)) < —a(Bi(z)+a '(2p) +p
—a(R(q) +a71(20)) + p.

We note that 3a(R(g) + p = ia(R(q) +
ta o a7l(2p) < a(R(g) + a1(2p)) since a is
strictly increasing as a class-Ko function. Therefore
R;(: f(x,e)) < —5a(R(q)) — p+p = —5a(R(q)). In view
of Lemma 1 and above, when V (z) — a~1(2p) < 0, we have
that RS (z; f(z,€)) < 0 = —2a(R(q)) as ¢ € A and R is
equal to zero on A . We now consider Ry still for ¢ € C.
Note that we cannot have y(|e]) — p > 0 as ¢ € C. When

~v(le]) — p < 0, R3(e; g(x,e)) = 0. Consider the case where

(57)
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v(le]) = p =0, i.e. ¢ € CN D and assume F(q) € Tc(q).
According to Lemma 4, 0 = (Vp, F(q)) > (V~(le]), g(x, €)),
hence RS(e;g(z,e)) = max{0, (Vy(le]),g(z,e))} < 0. We
have proved that item (ii) of Theorem 1 is verified with
ap = ta. Let ¢ € D, R(G(q)) = Ri(z) + 0 < R(q): item
(iii) of Theorem 1 holds. We now prove that the solutions
to (31), (32) have a uniform semiglobal dwell-time. Define
¥(q) = v(le]) for ¢ € R™, which is locally Lipschitz on
an open set containing R_'(A) as desired. Let A > 0 and
q € RZY(A) N D, ¢¥(G(g)) = 0: item (ii-a) of Proposition
1 holds with @ = 0. Let ¢ € RZ'(A), 9(q) < p implies
that ¢ € C\D: item (ii-b) of Proposition 1 is verified with
b = p. Since the function 1) is continuously differentiable,
there exists M > 0 such that for almost all ¢ € RZ*(A),
(Vv(le]), g(z,e)) < M. Hence item (ii-c) of Proposition 1
is verified with \(s) = M for s > 0. We deduce that the
solutions to (31), (32) have a uniform semiglobal dwell-time
by applying Proposition 1 (as .4 is compact). According
to Theorem 1, A is UGpAS. Note that A4 is compact and
G(D) € CUD. Let ¢ € C\D, ie ~(le]) < p, then
F(q) € Tc(q) = R"=*"<. Consequently, .A is UGAS in view
of Theorem 1. O

Proof of Theorem 6. We consider R(q) = max{n,V(z)}
which is locally Lipschitz on R"«. Item (i) of Theorem 1 holds
with @r(s) = max{s,ay(s)} and ap(s) = Fmin{s/2,
ay(s/2)} for s > 0. Let ¢ € C and F(q) € Tc(g). When
n > V(x), R°(¢; F(q)) = —0(n) according to Lemma
1. Hence R°(q;F(q)) = —4(R(q)). When n = V(x),
R2(q; F(q)) = max{{VV(x), f(z,e)),—=6(n)} according
to Lemma 1. We apply Lemma 4 with V(z) = 7 and
W(z) = V(z) to derive that (VV(x), f(z,e)) < —d(n),
therefore R°(q; F(q)) = —d(n) = —0(R(q)). Consequently,
item (ii) of Theorem 1 is verified with agp = 6. Let ¢ € D,
R(G(q)) = V(z) < R(q): item (iii) of Theorem 1 holds.
From the fact that § < o o «, the next jump instant cannot
occur before W(e) grows from 0 to o o a(V (x)), which
corresponds to the event-triggering condition studied in
Section V-C. We know from Theorem 4 that this time is
lower bounded by a uniform semiglobal constant as long we
are not in A := {q : (x,e) = 0}, since Assumptions 1-2
are verified. On the other hand, if a solution lies in A with
1 # 0, no jump will occur as V(x) will never become equal
to 7. As a consequence, the solutions to (35), (36) have a
uniform semiglobal dwell-time outside the origin, and hence
outside A. We conclude the proof by applying Theorem 1. [J
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