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A Free Boundary Problem
for Quasi-Linear Elliptic Equations (*).

HANS WILHELM ALT - LUIS A. CAFFARELLI - AVNER FRIEDMAN

0. — Introduction.

Consider the problem of minimizing the funectional

(0.1) J () = f (F(Vul?) + 2Igse)ds (2> 0)
o

in the class of functions « satisfying # = «° on a part 8 of 002, u°>0. Here 0
is a domain in R and F(t) is a convex function of ¢ for ¢ > 0, F(0) = 0,
F'(0) > 0. The special case F(f) =t was studied by Alt and Caffarelli [1]
who proved Lipschitz continuity and nondegeneracy of a minimum w.
They also studied the free boundary I'= ¢{u > 0} N £ and proved the
analyticity of I" if n = 2; further, if #>3, 2° € I" and [" satisfies the « flat-
ness condition » at x°, then [ is analytic in a neighborhood of a°.

The results of [1] were used by Alt, Caffarelli and Friedman [2-4] in their
study of jet flows of inviscid, irrotational and incompressible fluid.

In this paper we shall extend all the results of [1] to the functional (0.1).
In particular we establish Lipschitz continuity and nondegeneracy of a
minimum, and analyticity of the free boundary (if n>3, the flatness condi-
tion is assumed, as before).

The results of this paper extend with obvious changes to the more general

(*) This work is partially supported by Deutsche Forschungsgemeinschaft,
SFB 72 and by National Science Foundation Grants 7406375 A01 and MCS 791 5171.

Pervenuto alla Redazione il 29 Settembre 1982 ed in forma definitiva il 2 Mag-
gio 1983.
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functional

(0.2) J(u) :f[F(w, [Vu(z)]?) 4+ 22(2) Isoy@)] do
&

where A(z) > 0, 1 C%(Q).
In a future publication we shall apply the results of this paper to the
study of jets and cavities of compressible fluids.

1. — The minimization problem; basic properties.
Let F(t) be a funetion in 0210, co), satisfying:

F(0)=10, G<F'({t)<C,,
11 .
(1) O<F”(t)<i (s, Co positive constants) .
1--¢
Let £ be a domain in R=, not necessarily bounded. For any A > 0, consider
the functional

J(v) = f (F(Vol) + 22T (n0y) do
2

over the class of admissible functions
K = {ve L ,(2),Voe L*Q) and v = »° on 8}

where § is a given gsubset of 02 and «° is a given function. We agsume that
locally 22 is a Lipschitz graph, that § is measurable with H»(8)> 0,
and that

0

>0, wel  (2), VueIl*Q).
Set

f(p) = F(|pl).

From (1.1) we find that f(p) is convex; moreover,

.y Of(D) g2 .
(1.2) Blél< apiapj§i§o<ﬂ €] for all &€ R»,
consequently
Blpl*<fs(p) P,
1.3
o Uit ol

for some small constant §> 0, where f,= V,f.
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Consider the problem: find # such that

1.4) J(u) = mind(»v), uekK.

veEK
This means that we have to deal with the differential operator
Fv = V-(f,(Vv))

THEOREM 1.1. If J(#°) << oo then there exists a solution to problem (1.4).

Proor. The proof is the same as in[1], Theorem 1.3. Let {u,} be a
minimizing sequence. Then, by (1.3),

J|Vuk|3<%J(uk).

2

It follows that u, — 4° are bounded in L*£ N By) for any large K.
Therefore there is a # € K such that, for a subsequence,

Vu,— Vu  weakly in L2 (Q),

Uy —> U a.e. in 0.

The pointwise convergence implies

fI{u>o}<lim inf J‘I{uk>0} ,
k—>o0

Q0 Bg 2nBp

and since f is convex we have (see, for instance [6; pp. 232-3])

Jtwu) <tim i [1(vu);
2nBg QnBg
thus
J(u)<lim inf J(uy) .

k00

DEFINITION 1.2. % € K i3 called a local minimum of J if, for some ¢, > 0,
J(u) <J(v) for any ve K with

IV(e — )| ey + [ Tio>03— Lm0y 22y < €0 -
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LeMmA 1.3. If u is a local minimum then u is L-subsolution, that is,

(1.5) fVL‘-f,,(Vu)<0 for all £ e 0(RQ), 0.
o

Proor. For any £> 0,

0<3 (Jw— &) — Tw) <

o=

f(f(Vu — &V0) — f(Vu))

< f VZ-,(Va — eVE),
2

since by convexity

(1.6) @) —flo<(p— 9)-1.(p) -

Now take ¢ — 0.

LeMmA 1.4. If w is a local ZF-solution in By, that is, w € H-2(Bz) and
(1.7) f VEf(Vo) = 0 for all £ e O2(Ba),

and if w>u on OBg, then w>u in By. If w = w on 0By then w is uniquely
determined.

Proor. Taking { = (u— w)* in (1.5), (1.7) and comparing, we get, using

the convexity (1.2) of f:

03 [(£,(V) — 1,(Va)) -V (e — )+

Br

= f (Fo(Var) — 1,(Va0)) - V(Vee — V)

Brn{u>w}

>ﬂf|V(u—- w)*[%;
Bg

hence #— w<0. If w, is another solution of (1.7) then the above proof
gives w, — w<0. Similarly w— w,<0, so that w = w,:

LEMMA 1.5. If % is a local minimum then

(1.8) O<u<sup «°.
2
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ProOF. Setting M — sup #°, we have, for small ¢ > 0,

0 <= (J(u + & min (M — u, 0)) — J(x))

1
B
% f (Ve + &V min (M — w, 0)) — f(Va)

Q

< |V min (M — u, 0)-f,(Vu + eV min (M — %, 0)), Dby (1.6).

Q

Taking ¢ — 0 we get
0<fv min (M — u, 0)-f,(Vu)
2

=— [ vesrvw<—p [ [Vup

{u> M} {u> M}

- ﬂfw min (M — u, 0)|2
2

by (1.3), which yields # <M a.e. in Q.
Similarly, to prove that # >0 we begin with (¢ positive and small)

0< (J(u — & min (%, 0)) — J(u))

o [ =

= }8 f(f(V(u — & min (u, 0))) — f(Vu))

Q

<—fv min (u, 0)-7,(V(% — & min (u, 0))).
0

Taking ¢ — 0 we get

0> f V min (s, 0)-f,(Va)
Q

= fvu~f,,(Vu)>ﬁ f IVul2=ﬂflein(%0)|2’
Q2

{u<0} {u<0}

from which we deduce that %> 0.
In §2 it will be shown that, for any local minimum u, the set {u > 0}
is open. Let us use this fact already in the next statements of this section.
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Lemma 1.6. If w s a local minimum then u is ZL-solution in {u > 0}.
The proof is the same as that of Lemma 1.3, taking { any function in
0 ({u > 0}).

LEMMA 1.7. If G is an open set, u € HY*(G) and Lu = 0 in G, then ue C*+*
for any 0 << 1.

Proor. We can take G to be a ball. The equation #u = 0 has the form
0
0o (VU)) =0 [8,= =~

Applying ¢, and setting w, = 0,4 we get, formally,

aj(a,-j(vu') a;wk) == 0

where

(1.9) 45(D) = 1 (P)

is uniformly elliptic matrix. Thus the Nash-de Giorgi estimate should give
a C* estimate on ¢,u for some o € (0, 1).

In order to derive the C“ estimate rigorously, we approximate » on oG
by smooth functions 4, (in the L? trace norm). By {6; Theorem 14.8] there
exists a unique solution wu,, of

Py =0 in &,

Uy = %, 0N G

with %, € 0?**(@). The formal argument given above can be applied to u,,.
It gives

@
[
as well as

[um]1K+ « < c

where K is any compact subset of & (C is independent of m). Since u, and
the minimizer of

fF([Vv[Z) , 0=, on o6
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coincide by Lemma 1.4, it follows that for some constants C, o]

[IVnlz < O F(1Vual?) <O
] (4]

Thus, for a subsequence,

U, — %  weakly in HL2(G),
%, —> 4 in L*0@) (in the trace sense).
It follows, again by Lemma 1.4, that # = % and thus e C*t*(K). Then

the coefficients a;;(Vu) are Holder continuous so that by elliptic estimates w;
is of class O' 7,

DerinTION 1.8. We define funetions y, @ by

= — — 2FI 2_F 2
[1.10) {w(p) pf,—f(p) =2[pF'(|p|*) — F(|p|*),

D(s) = 2sF'(s) — F(s),

so that @(|p[?) = p(p).
TaEOREM 1.9. If u is a local minimum then
lim f(@([Vu]z)—— By =0

&0

B{u>e}

for any neHY*(Q; R"), where v is the outward normal.

The proof of this very weak formulation of the free boundary condition
ig similar to the proof of Theorem 2.5 in {1].

2. — Regularity and nondegeneracy.

We setb

1
f’v—m'—) ’Ud,u.

A A

Since we shall use this notation mostly when either A4 is a ball B,(a°)
= {lx— x“l < r} and gy = L~ or A is a sphere 2B,(2°) and y = H"!, we often
omit in the notation the measure du.
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LeMMA 2.1. Any local minimum u is in C*(82), for any 0 < a<<1.

Proor. Let B,c £ and let v be the solution of

fVC'fp(V”) =0 for all e CY(B,),
(2.1) B,
v— ue Hy*B,);

its existence follows by minimization. Then

(2.2) f (F(Vat) + 2T q)) < f (F(V0) + 2 Luner)
B, B,
_ f (F(Vo) + )
B,

since »> 0 in B,, by the maximum principle. By convexity (1.2),

T(Va) > f(Vo) + fo(V0) - V(u — v) + B|Viu— v)}2.

Integrating this relation and using (2.1) with { = # — », we find, after com-
paring with (2.2), that

(2.3) flv(u"”)|2<0 lzI(u=0}'
B,

B,

We can now use the method of Morrey [11; Th. 5.3.6] in order to deduce
the assertion of the lemma.
In the sequel we denote positive constants depending only on § and n
by C or e.
Set
E,={u>0, E,={u=0}.

By Lemma 2.1, E, is open and F, is closed in £.
Set
d(z) = dist (z, E,) .
LEMMA 2.2. Suppose w,€ 2, d(w,) < } dist (v,, 002). Then
w(wy) < CAd(x,)

where C is a constant depending only on f, n.



A FREE BOUNDARY PROBLEM FOR QUASI-LINEAR ELLIPTIC EQUATIONS 9

Proor. We assume that

(2.4) w(wy) > Md(x,)
and derive an upper bound on M. By scaling (i.e., by considering
™ ! 1 !
WUa') = - ulwo+ rl@'— @), 7= dlay))
we may assume that d(x,) = 1. Since Pu =0 in B,(x,), by Harnack’s in-

equality [6; p. 189] and (2.4) we have

(2.5) inf u>cul(e,)>eM .
Bal;(@'o)

Let y be a point in éB,(z,) N E,. We define a function v by (2.1) with B,
replaced by By(y). Then v>u in By(y) and (cf. (2.3))
(2.6) f]V(u——v)l2<CJ‘Z2I{u=o}.
By(v) B.(v)

Recalling (2.5) we have
v>eM  in By(z,) N By(y)
and then, by Harnack’s inequality [6; p. 189],
(2.7) v>C* in By(y), C¥*=cM.
We take for simplicity y = 0 and introduce the function

w(w) = C*(exp (— ple)?) — exp (— y)) .
We compute

(2.8)  PLw(x) = V-f,(Vw(x)) = V-f,,(— 2uxC* exp (— ,u|w|2))

= fpm(— 2uwC* exp (— y|w|2))(4/,¢2w,-:vj— 2ud,;) C* exp (— ulo)?) .
Hence
ZLw(x) >0 if 1< |v]<<1 and u sufficiently large.
Thus
w is an Z-subsolution in B\ B;,

w=0 on 0B,,
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and, by (2.7),
w<C*<v on 0B,.

Since Fv << Xw, the proof of the maximum principle gives
o(z)> O*(exp (— plo?) — exp (— p))>eC*(1— [z])  in B\B;.

Recalling (2.7) we then have,

(2.9) o(z)>eM(1— |[¢]) in B,.

Take two disjoint balls By(y,) (i = 1, 2) in B(y). Let & vary on 0B,(y)
and denote by 7,(£) the largest segment with endpoints &, #,(£), going from &
into y,, such that 7,(£) ¢ By(y,) and w(n(&)) =0 (n(&) = & if u(§) > 0).
Denote by 8, the union of all the segments [, (&), and let § = 8, U §,.

Ag in [1; Lemma 1.3] we get, using (2.9),

_ ; — ol
OMISKSf’V(u v)|<|8] {!IV(u v)l} ;

so that
M28|<C)|V(u— v)[2<0f2‘~’l{u:0}

) B, (v)

where (2.6) was used. Since 8> {u = 0} N B,(y), we deduce that M2<CA?
and the assertion of the lemma follows.

THEOREM 2.3. u € 0%(Q); moreover, for any domain D cc Q containing
a free boundary point the Lipschitz coefficient of u in D is estimated by CA
where C depends on n, 8, D and Q only.

Proor. Suppose d(x) < } dist (z, ¢Q). By Lemma 2.2 applied to

f(x') = d_(lm‘) u(w + d(z)z')

we have
d#i{x'y<CA in B,.

By elliptic estimates (e.g. Lemma 1.7) we then get

IVa(0)| < CA,
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that is, |Vu(z)|<OA. Thus, for any domain D cc 2, |Vu(x)| is bounded in
DN E_ N N where N is a small neighborhood of the free boundary. Since
further u € 02+* in E7, it follows that »e C*(Q).

To prove the second part of the theorem, consider any domains
Dcc D' cc 2, D containing free boundary points. We shall prove that

(2.10) [Vu(r)| < CA
for all xe D N E,_ with C depending only on n, g, D, D’ and £.

Let r,= % dist (D', 002) x € D'. We argue as in [1; Theorem 4.3]. Since
D' is connected and not contained in E,, we find a sequence of points
Loy -ory & in D' (k depending only on D’ and £2) with

@, €B, pl@,_;) for j=1,...,k,

such that z,= 2, B, (#;) is contained in K, for j=0,..., k—1, and such
that B, (z;) is not contained in E,. By Lemma 2.2,

u(@,) < Chr,y .

Sinece « is a #-solution in each B, (#;), j =0,...,k— 1, we have, by
Harnack’s inequality [6; p. 189],

w(;11) > ()
Inductively we then obtain

w(x) = u(x,) < CAry  for all xe D’.

Now let ve DN E,. If d(z)>r, = 1 dist (D, ¢D’'), then
C
Va(r)| <—supu<<CA
" o

by the uniform estimate on % in D’. On the other hand, if d(x) <<, then
[Vu(z)|< CA by Lemma 2.2. This completes the proof of the theorem.
As a consequence of Theorem 2.1 we shall prove:

Levma 2.4. For any domain D cC £2 there exists a constant C (depending
only on n, 8, D and £2) such that for any absolute (local) minimum w and for
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any (small) ball B,c D

(2.11) if %fu> Cl then w>0 in B,.

OB,

Proor. If B, contains a free boundary point then [Vu|<CA in B,, by
the proof of Theorem 2.3, with C depending on », 8, D and £ only. Since «
vanighes at some point of B, we conclude that

u<Cir in B,

r?

which contradicts (2.11) if € in (2.11) is large enough.
We next state a nondegeneracy lemma.

LeEMMA 2.5. For any p>1 and for any 0 <<x <1 there exists a con-
stant ¢, such that for any global (local) minimum and for any (small) ball B, c 2
1 1/p R
(2.12) if ;(][u”) <6, then v =10 in B,,.
B,

Proor. Take for simplicity # = 1; otherwise we work with a scaled
function. Set

£ Sup u .

1
'\/; By

By the L* estimate of [6; p. 184],

e<o(fw)”

1

Consider the function

{ O,e(exp [~ pjr|’]— exp[— px*])  in B \B,
V= .
0 in B,,

By (2.8), Lv<0 in B B, if y is small enough; that is, v is a super-
solution. We choose C; such that

v =+%e>u4 on B, ..
Then min (4, v) is an admissible function and therefore

J () <J(min (%, v)) ,
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which gives

J 09 + 2Ty = [ (7 min (0,00 + 3Tt 120)
By, By\By
or

90 + L) = [ (15 i (0, ) - 7))
By/z By/x\By,
<fV(min (, ) — ) -f,(V min (%, v))
Bya\By
=— fV max (4 — v, 0)-f,(Vv)

(By/5 \By) n{u>v}

< f Wi (Vo)

OB,

where we have used the fact that v is a supersolution. Since also

%\< Ce on 0B,
oy
we find that
(2.13) f(f(Vu) + 12I{u>o)) < C’efu .

B, 9B,
On the other hand we can estimate the last integral by (cf. [1])

¢ ¢
2G+1) Jovar+ wreen) <3 (5 +1) [oom + 22c0)

x %

Taking ¢/ sufficiently small we then obtain

f(lVW + 2Iysg) = 0,
By

that is % = 0 in B,.

REMARK 2.6. Lemma 2.5 remains true if B, is not contained in £ provided
%= 01in B, N 0. Lemma 2.4 also remains true if B, is not contained in £
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provided B ,c 2, 4 = 0 on B, N 2R, and B,N 0L is smooth, that is any
point of 0B,/B,,(0£2) can be connected with the center of B, by a tube with
thickness of order ¢r and length of order ). Then the statement (2.11) is
replaced by:

%“ f #>C(e, %) A which implies > 0 in B,,,
8B, \ B,(62)

for any given ¢ > 0, » < 1; Theorem 2.3 is also valid in B, N Q.

COROLLARY 2.7. For any domain D cc Q there exist positive constants ¢, C
such that if B,(x) is a ball in D N {u > 0} touching o{u > 0}, then

er <ul{x)<COr.

THEOREM 2.8. For any D cc Q there exists a constant ¢, 0 << ¢ << 1, such
that for any absolute (local) minimum w and for any (small) ball B,c D with
center in the free boundary,

£o(B, N {u > 0})

(2.14) 6< 5

<1l—¢;

¢ depends on D, but not on A.

Proor. By Lemma 2.5 there exists y € B, with #(y) > cAr. Using Lip-
schitz continuity we get
cA

u>§’r

0Byr(v)

if » is small enough. Hence

0Byr(¥)

which implies, by Lemma 2.4, that 4 > 0 in B, (y). This gives the lower
estimate in (2.14).
Next, let » be as in (2.1). Then, by (2.3),

(2.15) lsz{u>0}>c |V(w— v)|2>%f[u— v)2,
B,

r T

where Poincaré’s inequality was used. 1f ye B, (»small) then, by Harnack’s
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inequality and Lemma 2.5,

1/2
w(y)>c( fu”) >clr.

B./s

By Lipschitz continuity of # we also have

w(y) < Chur .
Therefore
(v— u)(y) >cir

if » is small enough. Substituting this into the right-hand side of (2.15)
we find that

(4] c
fI(u=o>>W flu— oP> gt = orn

B, By
and the upper estimate in (2.14) follows.

REMARK 2.9. Theorem 2.8 implies that £(d{u > 0}) = 0.

3. — The measure A = Zu and the function g¢.
In Theorem 1.9 we proved that the free boundary condition
O(|Vul?) = 22

is satisfied in a very weak sense. Since ®(0) =0 and (by (1.2)) @' >¢>0
there is a unique value A* > 0 with

(3.1) D(I*2) = 2.

Hence the free boundary condition can be written as

[Vu| = 2*,
or
ou _,
(3.2) — (V) = — 2 = F'(|Vul’) = @,
it

(3.3) Q = 2 F'(A%2)
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We shall prove (3.3) in the sense that
V-f,(Vu) = QH£0{u > 0} in Q,

where, of course, we need the fact that the free boundary o{u > 0} is (n — 1)-
dimensional. This we will show first.
By Lemma 1.2,
Vi (Vu) = A

where A is a positive Radon measure supported on the free boundary
I'=od{u>0nNnQ.

In the sequel we shall not indicate the explicit dependence of constants
upon A.

THEOREM 3.1. For any D cc Q there exist positive constants ¢, C such
that for any ball B,Cc D with center in the free boundary

(3.4) ernt <fd/1 < Ot
B,

ProoF. Let ¢ e 02°(Q), {>0. Then

f tdA = f VE-f,(Va) .
n 0

Approximating I, from below by suitable test functions { we get, using the
Lipschitz continuity u, that for almost all r,

f A = f vfo(Vu) dH» < Crot .

B, 0B,

To establish the left-hand side of (3.4) we may normalize by taking r = 1.
Set
Po=V-(aVr) (ale) = F'(|Vu@)])) .

This is a linear selfadjoint uniformly elliptic operator. Denote its Green’s
function in B, with pole # by G,. By [6; p. 184], if

Pv=1f in By,
v=0 on 0B,
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then
. n
(3.5) (V|2 <Clfloxsy i p> 3

Representing v in terms of Green’s function we deduce that (3.5) for all f
means

11
3.6) su ng<0 (~+—=1).
( meBlll), q P

Now let @€ B\B,. Then ZG,= 0 in B, and, by (3.6), G, is bounded in
L%B,). Hence, by elliptic estimates [6; p. 184]

G(y)<C if yeB,, e B\B;,
and by the symmetry of Green’s funetion
G,(x)<C it yeG,, ve B\B;.
Similarly
G,x)<C if zeD,, yeD,, dist (D, D;)>6,

(3.7
D,V D,c B,, dist (D,, 0B;)> 6

where ¢ is a constant depending on J but not on D, D,.
Now let w be the solution of

-~

Pfw=0 in B,

w=% on oB,.

By nondegeneracy, for any 0 < x< 1 there exists a point y e B, with
u(y) > ex. By Lipschitz continuity,

%>0 in By,,(y)
with e(x) sufficiently small; hence also d4 = 0 in B,,\(y). Since

Pw—u)y=4, w=0 on 0B,
we can write

(3.8) (0 — w)(y) = f G, dA = f G,dA < 0(%) f s
By 1

B1\Bc(n)(1l) B

where we have used (3.7) with § = d(x).
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By the maximum principle w> «; therefore, by nondegeneracy (for p > 1)
1/p 1/p
wr) > wur)] >c (¢>0).
By2 Bys

Using Harnack’s inequality [6; p. 184], if p<an/(n—2), we get

w(y) > c( f wp)w> ¢.

B,
Also, since % vanishes at the center of B,, by Lipschitz continuity,
u(y) < Cx.
Choosing » small enough we get

[

w(y) — u(y)>c— C:v>2 ;

and recalling (3.8) we obtain
fd/l> c.
B,

The next theorem follows easily from Theorem 3.1, precisely as in [1].

THEOREM 3.2 (Representation theorem). Let u be a local minimum. Then:
(1) H~(D N 8{u > 0}) < oo for every D cc 2.

(2) There is a Borel measure g, such that

PLu = ¢, H~1L0{u > 0} ,
that is, for every { € 03 ()

— [venvw= | tqgaE
0

2 0d{u>0}

(3) For any D cc Q there ewist positive constants ¢, C such that for
every ball B.(x) c D with z € 0{u > 0},

6<q,(®)<C, er*<H"YB,(x)No{u>0})<Cr~1,
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From (1) it follows [B; 4.5.11] that the set A = {u > 0} has a finite
perimenter locally in £, that is, u, = — VI, is a Borel measure. We de-
note by 0,44 the reduced boundary of A, <.e., the set of points v e 2 for
which the normal »,(x) of A at # exists and |y, (2)] = 1; see [5] [7].

We shall deal with blow up sequences

1
Um() = Q— UL, -+ Qmw) y w(@,) =0, Tm—> X €2 .

Since |Vu|<C, for a subsequence,

(3.9) Uy —> Uy uniformly in Cf,, for all « << 1,
(3.10) Vi, — Vu, weakly star in I, ,

We also have:

(3.11)  0{w.> 0} — 0{u,> 0} locally in the Hausdorff distance,
(3.12) I{u,,.>0} — I{u°>0} in Llloc y
(3.13) Vu, — Va, a.e.

The proof of (3.11) follows from (3.9) and the nondegeneracy. The same
arguments show that if x,, € 0{u,, > 0} then =z, € 2{u, > 0}.
To prove (3.12) let x e o{u,> 0} N 2. Then there exists a sequence
Ym € 0{t4,, > 0} such that y,, —> z. By nondegeneracy (Lemma 2.5 with p = 2)
1 , )2

;( f’ll/m >cC.

0By (Ym)
Hence

1( JE 8)"
- ) >e.
7

3B,(x)

Since u, is clearly also in (%1, the proof of Theorem 2.8 applies to u,.
Consequently
ﬁ"(a{uo> 0}) = 0 .

Combining this fact with (3.11), the assertion (3.12) follows.
By elliptic estimates

Vb, — Vi, uniformly in compact subsets of {u,> 0}
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and

(3.14) V1.(Vie) = 0 in {u,> 0} .
Thus in order to prove (3.13) it remains to show that
(3.15) Vi,,—Vu, a.e. on {u,= 0}.

In the set {u,= 0} a.a. points z, have density 1; denote the set of such
points by 8. We claim that if x,€ 8§ then

(3.16) uo(, + @) = o(|]) .

Indeed, if u,(y) > yr for some y € B,(x,), y > 0 and a sequence » — 0, then
(by the Lipschitz continuity of wu,)

w>Lr  in B(y)

pe]

for some small ¢ > 0. This means that {u, > 0} has positive density at w,,
contradicting «, € 8.
From (3.16) we deduce that, for any ¢ > 0,

%ﬂ<s in B,(x,) for small r,

provided m is large enough, say m>m,(e, r). By nondegeneracy it then fol-
lows that u#,= 0 in B,,(x,) and, consequently, #,= 0 in a neighborhood
of ,. Thus the set § is open. Furthermore, the above argument shows that
Uy = U, ID any compact subset of 8, if m is large enough. This completes
the proof of (3.15).

In order to identify the function ¢, in Theorem 3.2, we need the following
two important statements about the minimum.

LevmwmaA 3.3. If w(z,) =0, &, —>x,€ 2, then any blow up limit w, with
respect to B, (%) is absolute minimum for J in any ball.

Proor. Let

U () = Z)l—u(a:m + on)

and suppose that (3.9), (3.10) hold. Then also (3.11)-(3.13) are satisfied.
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Set D = Bg(0) and take any v, v — u, € Hy*(D), n€ C3(D), 0<n<1. Let

V= 0 + (1 — ) (U — %)

Since v,,= #%,, on ¢D,

(3.17) f (F(Vatw) + 2T gm0 < [ (1(V0m) + 1L m0)

D D

Since |Vu,|<C, Vu,, — Vu, a.e.,

ff(Vum) -»ff(Vu.,) as m —> oo.
D D

Similarly
f(Vom) — |{(Vo) .
jieen=}

Noting also that
I{”m>0}<'[{0>0} + I{n<1} ’

we obtain from (3.17)

f(f(Vuo) + 22L,s0) < | (f(Ve) + 221ws0) + ()

D D

where y(n) = Z2fI{n<1}. Choosing a sequence of #’s with y(n)— 0, the as-
D

sertion follows.

Next we prove an estimate for |[Vu| at the free boundary from above
(see [1; Remark 6.4]), which will also be used in Section 4, where we prove
the corresponding Holder estimate.

LEMMA 3.4. Let u be a local minimum and let A* be defined by (3.1). If
@y € {u > 0} then

lim sup |Vu(z)| = A*
(3.18) m—>ac,,,u(m)£0| ( )I

Proor. Denote the left-hand side of (3.18) by . Then there exists
a sequence 2, such that

w(zy) >0, |[Vulz)| —vy.

Denote by ¥, the nearest point to z, on 9{w > 0} and set o= |¢x— ¥l
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Consider a blow up sequence about B, (y;) with limit u,, such that

x— Yx
Ok

- — 6.

Then u, is #-subsolution in R* and ZLu,= 0 in {4,> 0}. By Lemma 3.3
the blow-up limit u, is an absolute minimum, hence B,(— ¢,) is contained
in {y,> 0} by (3.12). Moreover %,(0) = 0 and

[Vu,|<y in {u,> 0},

[Vato(— €0)] = ¥

which implies that y > 0.
Choose a unit vector ¢ such that

[Vatg(— ¢,)| = — Vau(— €a) ¢
and consider the function ou,/de. We have (see the proof of Lemma 1.7)

where %, is a uniformly divergence-form elliptic operator. Also

ou,
i1o 629> y  in By(—e,),
(3.19) QUo(— 6a) _
oe =7

Applying the maximum principle we conclude from (3.19) that

Oy (@)
Oe

=—y or uy(x) = — yx-€ 4 ¢ for w € By(— e,) .

Since u%,(0) = 0 and %, > 0 in B,(— e,), the constant ¢ is equal to zero and
¢ =¢,. Thus
(@) = — yx, for e By(— e,).

By continuation the same argument shows that

(3.20) Uo(x) = — yx,  whenever x,<0.
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We next claim that
(3.21) %= "0 in some strip {0 < x,<<e}.
Indeed, suppose this is not true, and define

. Oug(x’,

s = limsup OUe('y @) .

onf0, uola, ) >0 OFn
Py

By Lipschitz continuity of u, %, is uniformly Lipschitz continuous and thus
§ < oo, Suppose s> 0 and let

0
é-;i:(yk,hk)»s, he } 0.

Consider a blow up sequence with respect to B, (i, 0) with limit u,,. Arguing
as before we conclude that

U2’y ) = sz, for all ,> 0.

But we also have (by (3.20))
Uoo(&'y 4,) = — yx, for all z, < 0.

Thus, w4y is @ minimum (Lemma 3.3), and any point (#', 0) is a free boundary
point. It follows that the set {u,= 0} has density zero at any point
(«'y 0), a contradiction to Theorem 2.8,

We have thus proved that s = 0 and, consequently, u,(z', x,) = o(z,)
if @, | 0. Hence, for any ¢ > 0,

1 1/2
- ]C uy) <e
r

B(z,)

for any @, = (%o, ho), r = hy, with h, small enough. It follows, by non-
degeneracy, that u#,= 0 in some strip {0 < #, < &}, which contradicts the
assumption that (3.21) was not satisfied.
Having proved (3.20), (3.21) we can now apply Theorem 1.9 to deduce
that, on the free boundary {w,= 0}, |Vu,| coincides with A*, i.c., y = 4*.
In the next statement we use the following notation (see [5; 3.1.21]).
For any set E and x, € E we define the (topological) tangent plane of E
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at o, by

Tan (B, #,) = {v; v = lim 9,0, 7, > 0, 2, + v, € B, v, — 0} .
0

THEOREM 3.5 (Identification of g,). Let @, € Oq{t> 0} and suppose that

gxn=1(H"1L5{u > 0}, x,) <1.
Then Tan (6{u > 0}, x)) = {w; x-v,(x,) = 0}. If, in addition,

lg, — @, (%) |dH™ 1= o(r*') as r—0
B, (2,) n8{n>0}

then, q,(%,) = @ and, as x — 0,
(3.22) w(@o -+ @) = A* max {— 2-v,(%), 0} + of|z]) ,

where A%, Q) are defined as in (3.1) and (3.2).

Proor. Take for simplicity v, (@,) = ¢,. Let u, be a blow up sequence
with respect to balls B, (%), with blow up limit «,. Then I, ., converges
in L, to I, . (by (3.12)) and to I, . since,

loc

f II{u>0}_ I{u:(v—r.,)-v.,(a:n)>0}l =o(r") asr—0,
B.(x)

if v,(@,) is the normal to {u >0} at x,. It follows that #,= 0 in {®,>0}
and %,> 0 a.e. in {x, << 0}.

In order to show that #,> 0 in {w,<< 0}, we proceed as in [1; p. 121]
to deduce that

H(3{4,>0} N D) -0 if m —>oo,
for any D cc {#z,<< 0}. We then conclude that for any ¢ e C5°(D)

(3.28) — [£,(Vao) Ve = [1,(Va,) Ve = [ (@)gu(a0+ eu@)dH" (@) >0
D D

0{ty >0}

where (3.13) was used. Thus %, is a solution of Fu,= 0 and it is there-
fore smooth in {z, < 0} (Lemma 1.7). The maximum principle now implies
that #,> 0 in {x,<< 0}.
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Now let
{{x) = min(2 (1 - la;—"'), 1) N(@yy oeny Xpmq)

where 7 € C7(B)), >0 (B, is an (n— 1)-dimensional ball with radius r).
Proceeding as in [1; p. 121] and using also (3.13), we get

m—roo

(3.24) ffp(Vuo)'VC = —lim }f,(Vu,)-V{
A

= lim Cqu(@e + ona)dH 1 = qu(wo)fn dH*

m—>oo
a{un>0} R

Notice that, unlike in (3.23), the test functions here are not supported just
in {®,<< 0}. From (3.24) we deduce the boundary conditions

(3.25) 1o(Vty) - €, = ¢, (x) on {x,= 0},
in the sense that

— f £,(Vat) - VE = q,(,) f ¢, 0)dH  Vie CY(B,) .
),

B,o{x,>0}

Since Pu,= 0 in {,< 0}, by boundary regularity for elliptic equations
(see proof of Lemma 1.7) it follows that u, satisfies (3.25) in the classical gsense.

Since furthermore %, is an absolute minimum (Lemma 3.3) we deduce
from Theorem 1.9 that

(3.26) % ——2* on o{z, <0},
or q,(@,) =@.

‘We have to show that 4, is a half plane solution with slope A*. To prove
this we use Lemma 3.4, which tells us that

0 < upla)<— A*w, if 2, <0,
and Pu,= 0 in {u,< 0}, where

Pw = fmj(Vuo)ai,w .
Therefore, the function

(@) = — Mo, — wo(@)
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is nonnegative in {x,< 0} and %v = 0. Hence, if v is positive at some point
in {x,<< 0}, it must be positive everywhere in {w, < 0}, by the maximum
principle, and, further,

ov

5, <0 on o{w, <0},

that is, ou,/ov > — A*, which contradicts (3.26). Consequently » = 0 in
{x, < 0}, that i,
— A*x, for #,<0,
(@) = { 0 for 2,>0.
Since finally the blow up sequence was arbitrary whereas the limit is
unique, the assertion (3.22) follows.
Since the conelusion of Theorem 3.5 holds for H™ ' a.a. @, € 0,0q{0 > 0}
we obtain:

THEOREM 3.6. For H*' a.a. @ in C,u{u > 0}

q»u,(m) = Q *

REMARK 3.7. From the positive density property (Theorem 2.8 and
[5; 4.5.6 (3)] it follows that H ({u > 0}\Cq{# > 0}) = 0. Hence

(3.27) q,=€@ H*!ae. on ¢{u>0}.

4. — Estimates on |Vu/|.

For the regularity theory of the free boundary we need the following
strengthened version of Lemma 3.4.

THEOREM 4.1. Let w be a local minimum. For any D cc Q there exist
positive constants C, « << 1 depending only on f, 2 and D such that, for any
ball B.(x) c D which intersects the free boundary,

(4.1) sup |Vu(z)|<i* + Cr*
B,(x)

Proor. We have
a,-,-(Vu) a“u = 0 in {% > 0}

where the uniformly positive and bounded matrix a,; is defined as in (1.9).
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Therefore, by [6; pp. 270-271], the function v = |Vu|® satisfies
(4.2) Mo = 3,(exp (pv)a;;(V#)9,0)>0 in {u > 0}
where y is some positive constant. For any ¢ > 0, the function
Ue= (IVar— (A%)2—¢)*

is M-subsolution in {# > 0} and, by Lemma 3.4, it vanishes in a neighborhood
of the free boundary. We extend U. by 0 into {u = 0} and set

he(r) = sup U,
B,

for any r, where the origin is taken to be a free boundary point. Then
he(r) — U, is M-supersolution in the entire ball B, and
he(r)— U:>0 in B,
= he(r) in B,= B,n {u = 0}.

By [6; p. 193] with 1 <p < n/(n — 2),

inf [he(r) — Uela)]= or—'?||he— Ukl zo(p,) > che(r) ,

Byys
since £7(B,)>crm by the positive density property (Theorem 2.8). Taking
e —> 0 we get

inf [hy(r) — Ugl=ehy(r) (0 <<e<<1)
Brln

or
sup U, <(1 — e)hy(r).

B,fs
Thus

r
hq (§)< (1 — ¢) hy(r),

from which we deduce that hy(x)< Cs* for some C >0, 0 < x << 1, and (4.1)
follows.

REmArx 4.2, If, in Theorem 4.1, B,(x) C Bg(x) c D then
(4.3) sup |Va|<u 1 0(1)“.
B, R

Indeed, this follows by applying Theorem 4.1 to d(x') = (1/R)u(x + Ra').



28 HANS WILHELM ALT - LUIS A. CAFFARELLI - AVNER FRIEDMAN

THEOREM 4.3. Let n = 2 and assume that w is any local minimum and that
DccQ. Then for any small ball B,c D with center in the free boundary,

c

(4.4) (1*2— [Vul2)+<w .

B,n{u>0}

Proor. For any (e C(2), (>0, e >0, the function
v = % — min (%, &) = max (u— &, 0)
is admissible, so that J(u)<dJ(v), or

(4.5) [ 2= [0y~ f(vuy =1.
{0<u<ec}

We have

(Vo) — #(Va) =ff,,(Vu + V(0 — ) - V(o — u) dt

0

1 ¢
= 1,(Va) V(v — ) —}—fdth(v— W) fpo(Vtt + sV(0 — ) V(o — u)ds .
4] 0

On the set {u > ¢} we have v — u = — &, hence
1 1
fdth(v— ) fon( Vit + 8V(0 — #)) V(v — u) ds < Cs? f vele.
{u>el} 0 ¢ {u>sL}

On the set {u<el} we have v = 0 and thus

fldth(v — w)fon(Vt + sV(v — u)) ds = f fdthuf,,,,((l— 8)Vu) Vuds.

{uel} 0 0 {uel} O ¢

Next

1
0 = — §(0) = f(Vau) — f £,((1 — ) V) - (Var) dt
1}

1 f
= {(Vas) — ,(Vat) - Vo + f at f Vait,((1— 8) V) (— Vau) ds.
0 0
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Combining these facts we find that

I< | (Vu)-Vu— f(Va) + Cet [ vk + [170) Vo — w).
(e}

{u<el} {u>el}

In the last integral the integrand vanishes on the set {u = 0}. Since also
v—u =0 on ¢{u> 0} and V-f,(Vu) = 0 on {«> 0}, this integral vanishes.
(for a rigorous proof approximate v — « by — min (& — 6, &f) for § > 0.)
We thus obtain from (4.5) and (3.1), (1.10),

(4.6) [ eom< | o(vap) +ce [ Ve

{0<u<el} {0<u=lel} {u>gl}

This is true for any n>2.
Now we specialize to n = 2, and take B, C B, C By with center x, in the
free boundary. Thus #<Cr in B,. Choosing ¢ = Cr and

log (o/|o — )

f B\ B,,
toy =] loglen TSR
1 for xeB,,
we get
‘o 2 2 __07'2
(@(2%2) — D(|Vul ))+<f(@< Valt) = S + e
B, n{u>0} Be

Using Remark 4.2 and the estimate ¢e< @' < C (¢, C positive) we find that

. oV (o}* C
“<0(ﬁ) ('R) + g @i

Choosing R = ¢!, o = »° with ¢>1, (2 + «/2)e > 2, we get (4.4).

P2
B,n{u>0}

1 f(z*z_qw

COROLLARY 4.4. Let n = 2 and let w be a local minimum. Then every blow
up limit of w at x, € 0{u > 0} N Q is a half plane solution with slope A* in some
neighborhood of the origin.

PrOOF. — From Theorems 4.1, 4.3 we see that, for any blow up Limit u,,
with respect to balls B, (%),

[Vate) = 2*  in {u,> 0} .

Now let us use the fact that v = |Vu,|* is an Ab-subsolution (see (4.2)),
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which implies (if y is large enough in (4.2)) that
Mo > e| D22

for some small positive constant ¢. Since v = A*? we conclude that u, is
linear in each connected component of {u, > 0}, therefore

Uo(@) = qo MAX (— 2%, &) - ¢, Max (2-vy, $;)

for some unit vector », and some numbers ¢; > 0, 0 <8, << o0, k = 0, 1. Since
the origin is a free boundary point, we may assume that s,—= 0.

Since {u,= 0} has positive density at the origin (by Lemma 3.3 and
Theorem 2.8) we must have s; > 0. By Theorem 1.9 we also have g, = A*.

5. — Flat free boundary points.

DerINiTION 5.1. Let 0 <o,, o_<1 and v > 0. We say that « belongs
to class F(o,, 0_; 7) in Bo= B,(0) if u is a local minimum in B,(0) with
0 € ¢{u > 0}, and

(5.1) u{z) =0 for z,>0,0,
[5.2) w(x) >— A @, + o_p) for x,<—o0_p,
(5.3) V| <A1 + 1) in B,.

If the origin is replaced by x, and the direction of flatness e, is replaced by
a unit vector », then we say that « belongs to the class F(o,, o_; 7) in By(x,)
in direction ».

THREOREM 5.1. There exists a positive constant C = C(n) such that, for any
small ¢ >0, if w€ F(o,1; 0) in B, then ue F(20, Co;0) in B,,.

Thus flatness from above implies flatness from below.
In proving the theorem we shall need:

LeMmA 5.2. If B is a ball in {u = 0} fouching o{u > 0} at z,, then

. u(x)
64 B0 SUP St G, B)

= A*.
Proor. Denote the left-hand side by [ and let y,— o, u(y:) >0,
d, = dist (y, B),
%(Yr)

a, —1.
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By nondegeneracy !> 0. Consider a blow up sequence «, with respect to
B, (@) where ; is a point on ¢B with |x, — yx| = dy.
For a subsequence,
Tp— Yr
dy

—>e, U —> Up
We claim that
(5.5) Up(x) = I max (— x-¢,0) .

Indeed, we have
§u0=0 in {4//0>0}
where

Pw = T oo Viho) 0550

PiD;

is a uniformly elliptic operator. Thus
f(u‘,(m) + lx-e) =0 for e {u,> 0}

and by construction u,(x) + lz-e<0 when z-¢<<0, and uy(z) + lz-¢e =0
for # = — e. The maximum principle yields that (5.5) holds for x near — ¢,
and then by analytic continuation, the same argument shows that (5.5)
holds if x-¢<< 0. If x-¢>0 then u,(x) =0 by construction, so that again
(5.5) holds.

Since u, is an absolute minimum by Lemma 3.3, we deduce from (5.5)
and Theorem 1.9 that [ = A*.

Proor oF THEOREM 5.1. By homogeneity we may assume that o =1,
A¥*=1. Let

_ 9yl® 1
1
=0 for ly[ > g,

and choose $>0 maximal such that
BN {u>0}cD=D,= {weB,;»,<o— sy(z')}
where x = (z', x,). Thus there exists a point
2€ BN oD N o{u> 0} .

Also, s<o since 0 € o{u > 0}.
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We will prove an estimate for (&) from below for points &€ 0B,
&, <<~ 1. For that consider the solution v of

Lo=V-(f(V)) =0 in D\B(),
=20 on DN B,,
v=(1-+o)(c—2,) on oD\B,,

o ——(1—no)w,  on 2B(&),

where B(§) = B, (§) and x is a large positive constant to be chosen later.
Such a function exists by minimization, and by elliptic estimates up to the
boundary (see proof of Lemma 1.7) » is smooth in DN\ B(&) (possibly not
at the corners).

We claim that

(5.6) (@) >v(w,) for some z, € B(¢)

provided x is a sufficiently large constant. Indeed, otherwise we have u<wv
on 2B(&); also w<von 8D by (5.3) (with v = ¢). Therefore u <von 3(D\B(£)).
Then by the maximum principle (Lemma 1.4) also #<v on E\B(.f). It fol-
lows from Lemma 5.2 that

(@)

. <li TR
(8.7 1<lim sup G 5D

<0_,v(=) .
On the other hand we have an estimate
(5.8) 0_,v(2)<(4 4 Co) — exo
with constants C, ¢ independent of » and ¢. Before we show this, let us
finish the proof of the theorem. Choosing x» large enough we see that (5.8)

contradicts (5.7), consequently (5.6) is true.
Using this and (5.3) we find that for any x € B,(§)

w(a) > () — 5 (1 + 0)>0(a) — - (1 + o)

3
Co>-—r—Co>0

> X 3
LT 10

if ¢ is small enough. Thus %>0 in By(£) and, consequently, Lu= 10 in By(£).
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Set
w(x) = (1 + o)(o — #,) — w(®) .

Then w>0 in B,(&) (by (8.3)) and

(@) <— @, — 0(wg) + O6<Co .
Since
0=— Lu—= f,,m,(V“) dw  In By(£),

we get by Harnack’s inequality,

w(é) < Ow(w,) < Oo,

or
wé)>—&— Co  (§€0By, &, <—3).

We now integrate along vertical lines and, using (5.3), obtain
w(é + o) >u(§) — (1 + o)az>— (& + «) — Co

which implies the asserted flatness from below, i.e., 4 € F(20, Co; o) in B;.

To complete the proof we have to establish (5.8), where the first term
on the right comes from elliptic estimates and the values of » on 0D, and
the second term from the maximum principle due to the values of » on 0B(§).
More precisely, we will estimate v from above by a Z-supersolution
v, — x0v,, Where

Pw = a;0uw,  @y(T) = fpipj(vv(m)) ’
and with v,, v, defined as follows. First

v, =22 (1— exp(— mdy)) in D,

251

where
dy(®) = — T+ 6 — 377(""7’) y

and with positive constants u,, y, depending on o. Then

1<|Vdi|<1 + Co, |V2dy|<Co,
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hence
Lo, = p1 06X (— paty) 3.3(0:;8, — p 0., 0,4d,)
<1 €XP (— p1d,)(Co — cuy) <0
if
= C,0, O, large enough.
For xe€ D
(5.9) 9:1(0) > P1di(@) (1 — Cpy) > (1 + 20) dy(2)

if yy=1 4 C,0, C, large enough, and (¢ small)
(1 + 20)dy(z)>v(x) for x e d(D\B(&)) .
Since &v = 0 the maximum principle yields
(5.10) v.>v in DN\B(&).
At the point 2z we compute
[Vou(2)] = 91|V <1 + Co .

We define v, depending on & by
v2=f—f (exp (uady) — 1) in DN\B(§)
2

with constants y,, u,. Here DcDp is a domain with smooth boundary
containing

D\B,({(',0); ' € B~ |o'| = 1}) ,
and d, is a function in C?(D\B(&)) satisfying
dy=0 on oD,

d;=1 on ¢B(¢),

[Vdy|>¢>0 in D\B(E).
Then
§”2 = Y ©XP (Uads) @;5(04;dy + 1150:0,0;dy)

> 72 0XP (ady)(— C + ous) > 0
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if u, is large enough. Then choose y, such that

v,=1 on 0B(&).
At the point 2
[Vo,(2)| = y:|Vda(2) | >0 >0 .
Thus the function

W ==V — %0,
is a Z-supersolution in D\ B(&) with (see (5.10))
w=mv>v on oD,
and for z e 2B() (by (5.9))

w(®) > dy(@) — %0 >— (1 — %0) @, = v(®)

35

Therefore w>v on a(ﬁ\B(E)) and the maximum principle yields w>v in

D\B(#); in particular,
0_,0(2) <o_,w(2) = |V (2)| — #o|Vve(2)|

<1 + Co) — xa,

which is the estimate (5.8) we had to prove.

We shall denote points in R by (y, h) with y € R*1, and balls in B

by B,, or B,(y).

LeMMA 5.3 (Non-homogeneous blow up). Let w, € F(ow, 05 t;) in B, with

o, —> 0, 1,072 0. Set, for y<cB;,

7 (y) = sup {k; (0x¥, or0sh) € 0{u > 0}},

Iv ) = inf{h§ (0xY, Ororh) € 0{u, > 0}} .
Then, for a subsequence,

fly) =lim sup fi(2) = lim inf fz(2)  for all y € B;.
2>y 2>V
k—>o00 k—>oc0

Further, {7 —1, fn —>1 uniformly, {(0) =0 and f is continuous.

The proof which is based on Theorem 5.1 is ideuntical with the proof

of [1; Lemma 7.3].
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LEMMA 5.4. f is subharmonic.

Proor. For simplicity we take g, = 1, A*= 1. If the assertion is not
true then there is a ball B.(y,) cc B; and a harmonic function g in a neigh-
borhood of this ball such that

g>1 on 8B(y) and f(gs)> g(ys) -

We proceed as in [1], setting

Z=By)xB, Zp)={yheZ;kzZ oy},
Zo(p) = {(y, M eZ; h = ‘P(y)} ’

and letting da(Z+(arkg)) be a test funetion which converges (as 6 — 0)
to the characteristic function of Z+(g.g) (say, ds(4)(@) = min {(1/9) dist-
(2, Br[4), 1})

We have, by Theorems 3.2 and 3.6,

— [1.(Vw) Vay(ZH0ug) = | Qdy(ZH(oug) aH.
Q

Breafux>0}

Taking o — 0 (and assuming that Z°(o,g) N 0{u,> 0} has H"' measure
zero; otherwise we replace g by g -+ ¢ for some suitable small ¢), we get

Fo(Vat) v dH» = QdH™.

8(Z¥(6,0)) 0 {uy> 0} ZT(00) 0 Brealtny> 0}

Using the fact that f,(Vau:) = 2F'(|Vu,|?) Va, and (3.3), (5.3), we see that
the integrand on the left-hand side is bounded by @(1 4+ Cr;). Hence

(5.11)  H™(Z*(0:9) N Srea{tte> 0}) <(1 + ) HY(Z°(0rg) N {1 > 0}).

The set
By = {uz> 0} U Z(gx9)

hag finite perimeter in the cylinder Z, with

(5.12)  H"YZ N 8,0q ) <H™(Z+019) O Byoqftts > 0})
+ H™Y(Z%0rg) N {u,= 0}) .
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By the excess area estimate of [1; p. 136]
HYZ N 0,09 Br) > H™(Z%0:9)) + co}

for k large enough. Substituting this into (5.12) and using (5.11), we get
a contradiction to the relation 7,= o(s}) which was agsumed in Lemma 5.3.

The following lemma will be needed later on in proving further regular-
ity of the function f(y).

LevMMA 5.5, Let w be a function satisfying:
Aw =0 in B = B, N {h <0},

w(y, 0) = gy) in the sense that w(y, h) as a function of y converges to g
in L' as h 10,

g is subharmonic and continuous in B;, g(0) = 0,
w(0, k) < Ok},
w>— O,

Then

1/2

1
(6.13) f po f gly)dH < 0,
8B,

0

where Cy is a constant dpending only on C.

Notice that the integrand is nonnegative, since g is subharmonic and
g(0) = 0.

Proor. Denote by G, , the Green function for A in B with singularity
at (y', k). Then

0 0
Clh’|>W(0, by =— g(ﬁ/) g} G(w',h')(yy 0) d?/ - w a—v G(u',h’)dfln_1 .

8B; n{h=0} B n{h<0)

Here it is assumed that w has L* boundary values on 9B N {h < 0} (other-
wise replace B; by B,_, with a suitable small positive ¢). The function
! ! a 1
&y, b)) =— 5‘; G(v',h') dH"
8B, o {h<0}

is harmonic in B;, with boundary values 1 on 9By N {k' < 0}, and 0 on
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0By N {h'= 0}. Hence
20, )< O] .
It follows that

A
(5.14) — |9 5 Gomly, O ay <.

B,

Since the Poisson kernel in (5.14) depends only on y|, say,

0
% Go,n)(y, 0) = %(M)

this estimate can be written as

1

[ foon-or<
0 oB

’
r

where the average of g over BB; is nonnegative, since ¢ is subharmonie with
g(0) = 0. One easily computes that

pw(7)
']

= o((r* 4 W22 — (k292 4 1)-/2)
Ae(rm—1)

as k'[N 0, where ¢ is a constant depending only on n. Thus we obtain

1

Jr (foam)arse,
0

oB,

which implies (5.13).
LEMMA 5.6. There exists a positive constant C such that, for any y EB;/Q,
1
(5.15) f ?,—2( ff—-f(y))<0.
0 8B (v)

Here f is the function appearing in Lemma 5.4. Lemma 5.6 is analogous
to Liemma 7.6 in [1]. Once this lemma is proved we shall be able to proceed
as in[1] to establish regularity of the free boundary.

Proor. For simplicity we take g,= 1, A*= 1. For large k the u, are
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of class F(8ay, 80x; 71) in By(y, opfy (y)). Therefore it suffices to prove the
lemma for y = 0.
Set

_ (Y, h) + R

(5.16) wi(y, h) o~

Since the free boundary of w, lies in the strip |#,/<co, and since
|Vaee| <1 + Cryy 7<%, we have and w,<Cin BT . The flatness assumption
also implies that w,>— C in B;. Thus

LeMMA B5.7. For a subsequence,

limw,=w exisls everywhere in BT,

k—>c0

the convergence is uniform in compact subseis of By , and w satisfies:

(5.18) a“-a”’w = 0 ’in Bl_
where
Wi; = [pp(— A*€s) = F'(A*%)8,; -+ 2F"(A**) A*20:0 0

(8.19) w(0, h) <0,
(5.20) w(y, 0) = f(y)
in the sense that lhlﬁ w(y, h) = f(y),
(5.21) w|<C.

Observe that the proof of Lemma 5.5 extends (by affine transformation)

to the linear elliptic operator in (5.18). Hence, once Lemma 5.7 is proved,
Lemma 5.5 can be applied to the function f, so that (5.15) follows.

Proor or LEMMA 5.7. The u, satisfy
V'f,,(V’wk) = O 111 B1 N {h< —_ O'k}’ .
Writing this equation in non-divergence form, it is clear that

(5.22) LWy = [, (V) O, = 0
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if B << — ¢;. From the flatness assumptions on the #; and Lemma 1.7 we
conclude that, for a subsequence,

in (% in compaect subsets of B . Recalling (5.17) we conclude that also
w;, — w in C? in compact subsets of B, , and w satisfies (5.18). Clearly (5.21)
is algo wvalid.

Since.

0 . 1/0 [Vue| — 1 7
(5.23) —biWk__a(gﬁuk+l)<T<a

and w,(0, 0) = 0, we have for h<0,

10:(0, h)<]h|.z_:->0.

Thus w(0, h) <0, and (5.19) is proved. It remains to establish (5.20).
We first show that, for any small é > 0 and any large constant K

(5.24)  wi(y, hoy) —f(y) uniformlyforyeB; ,, — K<h<—1.
By Lemma 5.3 it suffices to prove

(5.25) wi (Y, hoy) — 1 (y) = 0.
From (5.23) we obtain

(8.26)  wyly, hay) — fi () <wyly, o i ) — i () + (fi () — h) 7)oy,
= (fzj(y) — b)) lo,<(1 + K)1ifo,—0 .

In order to show (5.25) from below we take any sequence ¥, e Bl'_ 9
— K <h,<—1, and consider u, in By, (), where z; is the free boundary point

@, = (Y» 13 (¥3))
and R any large constant. We know that

u, eF(gk, 1;7,) in Bg,(#),
if

2 1 4 4

8= = sup (fi(y)— fi(ys),

veBjg (V)
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where 8, —>0 by Lemma 5.3. It follows from the flatness theorem (Theo-
rem 5.1) that

u, € F(20,, Co; 7,) in B(Rlz)ak(wk) )
if

0 = max (8;, 72) .
Hence for any h with |h| < R/2

that is,

(2 hoy €, h R
Wi+ hoyen) — iy = BT TR o g g,
k

which together with (5.26) proves (5.25).
For any &> 0 choose a C*® function g, such that

(5.27) f—2<ge<f—e on B,
and let u. be the solution of (see (5.18))

goug = aija,ijus: 1 in BI,

(5.28) Ue = G on oBi_s;N {h =0},
e = inf w on ¢Bi_sN {h <0}
By

with § as in (5.24).
By (5.24) and (5.27),

(5.29) w,>u, on JB_,N {h<— Ko;})

for any large constant K (independent of 4,¢), provided k is sufficiently
large (depending on g, K).

The function w, is a bounded function (uniformly with respect to k)
satisfying a uniformly elliptic equation (uniformly also with respect to k)
in B N {h<— ox}. By elliptic estimates (see the proof of Lemma 1.7) we
deduce that

C
k
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where C is a congtant independent of k, K. Consequently
Lyhe = (fpmj(vuk) - fam:,(_ en)) Oigthe +- 1

c . -
>1-— % [l e s 0 in Bi_,N{h<— Koy}

if K is large enough (depending on ¢ and ¢). Thus ZL,u.> % w,. Recal-
ling (5.29) and applying the maximum principle, we get wu.<w; in
Bi_,N {h<— Ko,} if k is large enough. It follows that w(y,h)>u(y, h)
in B,_, and, consequently,

lim w(y, k) > ge(y) > 1(y) — 2e .
h{0

Similarly by working with a solution of

Lolie= —1 in BT,

Ue = e on BTN {h =0} (f -+ e<fe<f+ 2¢),
#e=supw on 0BT N {h <0},
By

we obtain %w(y, h)<f(y) 4+ 2¢. Since ¢ is arbitrary. (5.20) follows.

6. — Smoothness of the free houndary.

Using Theorem 5.1 and Lemma 5.6 we can now proceed precisely as
in[1] and establish that f is « better than» Lipschitz continuous (Lem-
ma 7.8 of [1]) and that the flatness condition implies better flatness in a
smaller ball (Lemmas 7.9, 7.10). Using also Theorem 4.1 we obtain as in
[1; Theorem 8.1]:

THROREM 6.1. Suppose u is a local minimum and D cc Q. Then there
exist positive constants «, B, g, To, C such that if

(6.1) ueFo,1; co) in Bo(x,) D in direction v
with 6<0,, 0<T,0"?, then
B, (@) N o{u>0} is a O™ surface,

more precisely, a graph in direction v of a C“* function, and, for any ,,
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on this surface,
-3

| @ — @,

(@) — v(w,)| < Co p

We refer to (6.1) as the flatness condition.
From the first part of the proof of Theorem 3.5 we see that if
%y € Ot > 0} then

ue Fop,1; oo) In By(w) in direction v, ()

with ¢,— 0 for ¢ —0. Hence, applying Theorem 6.1 we obtain:

THEOREM 6.2. Let u be a local minimum. Then Opq{u > 0} is a CV* surface
locally in Q, and the remainder of 3{u > 0} has H™' measure zero.

For n =2, any blow up sequence w, with respect to balls B, (x,)
(z, € 0{u > 0}) has a subsequence which is convergent to a linear function
A* max {— @+, 0}, at least in a neighborhood of the origin, by Corollary 4.4.
Using (3.11), (3.12) we see that

w € F(ox, 1; 0o) in B, () in direction v,

with o, — 0 as & — co. Hence Theorem 6.1 can be applied. We get:

THEOREM 6.3. Let n = 2 and let u be o local minimum. Then o{u > 0}
is a C%* curve locally in Q.

Higher regularity follow from [8-10]; in particular, if F(¢) is analytic
(C*) then

for n>3, O{u> 0} is locally analytic (C);
(6.2)
for n =2, o{u>0} is locally analytic (C).

REMARK 6.4. All the results of this paper extend with minor changes
to the case where A is a funection A(x), bounded, uniformly positive and
Hoélder continuous. In the definition of flatness we require that

osc A x)<A*0) T

where A*(x) is defined by (3.1) with A = A(z). If A and F are in C** then
Beeafu > 0} (for n>3) and 3{u >0} (for n = 2) belong to C***; if } and F
are analytic (C*) then (6.2) holds,
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Finally, all the results extend to the funetional (0.2) provided F(z,1t)

is smooth enough.
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