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A functional calcojus for Rockland operators
on nilpotent Lie groups
by
ANDRZEF HULANICK! {(Wroctaw)

Abstract. Let G be a homogenous Lie group and It Lbe a positive Rockland operator.
Let

Lf = [ AdE(A)f
4]
be the spectral resolution of Lon [2(G). Tt is shown that if me.‘/’(R*i, then if

T = } m{A)dE ()],

0
then T, is of the form T,,f =f*M, where Me.%(G).
Let G be a nilpotent Lie group and let Lbe a hypoelliptic, positive, left-
invariant differential operator on G which satisfies a subelliptic estimate:
For every left-invariant differential operator @ on G there exist an integer ¢ (8)
and a constant C such that

(0.1) ”,6“”1.2((;) éCH(l+L}““"uHL2(G) for ueDom(IZ®) and, consequently,
Jor an integer S and a constamt C sup Ju(x) < ClJ(L+ L u||
xel

Jor ue Dom(L5).

L3(G)

Let E(4) be the spectral resolution of a positive self-adjoint extension of
L, which in fact is unique and equal to the closure of L, and let

02 Tf = ] eHdEGY, feBG),
0

be the semi-group of operators on I?(G) generated by —L.
Following the program of E. M. Stein formulated in [10] we investigate
operators

oL

(03) T,f = [ m(DdE,
0

where m is a bounded function R*, on other spaces of functions on G under
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suitable conditions on m. For instance, a Marcinkiewicz-Myhlin type
theorem has been proved by B. M. Stein and the author in the case when L
is the sublaplacian on a stratified nilpotent Lie group, ¢f. [2].

Also in [2] G. B. Folland and E. M. Stein proved that for positive
Rockland operators (see definition below) on graded nilpotent groups which
by [3] are hypoelliptic and satisfy (0.1) the semi-group (0.2) is of the form

(04 T'f =fx¢, where peZ(G).

The aim of this paper is to show that for a positive hypoelliptic Lwhich
satisfies (0.1) and the semi-group (0.2) is of the form (0.4), me % (R*) implies
that the operator (03) is of the form

(0.5) T.f =f*M, where MeY(G).

As a matter of fact, we get an evaluation of the number of derivatives
and moments for m which guarantee that M has a given number of
derivatives and moments, i

The main method used in the paper is a C* functional caleulus for I?
functions on a group of polynomial growth which decay at infinity as (1+
~+|x|)7* for a fixed but rather large «, as in the previous papers (e.g. [4], [6],
[2]) a C* functional calculus for exponentially decaying functions has been
used.

Some corollaries follow.

If the semi-group satisfies (0.4), then ¢, depend holomorphically on 1, ie.
R*zt— e (G) extends to a holomorphic map {z: Rez:>0}sz
—+ . e ¥ (G), which suggests that for Rockland operators the functions ¢,
should be real analytic, as they are if the group is R

Using present functional calculus one can obtain the following
Marcinkiewicz—Myhlin multiplier theorem in the same way as it has been
done for the sublaplacian in [2]

If L is a positive Rockland operator, there exists a number k such that if

supl¥mP(A)| < for j=0,1,...,k,

then T, (as defined by (0.3)) is of weak-type (1, 1) and thus bounded on every
PG, 1<p<om.

We should perhaps also mention that in analogy with [{] and [6]
Riesz—-Bochner and other summability methods for the expansions in eigen-
functions of Rockland operators are available.

1. Preliminaries. A simply connected nilpotent Lie group G is called
graded if its (left-invariant) Lie algebra g is endowed with a vector space
decomposition

(L g=dY V

icm°®
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such that [V, V] < V.. Then g admits a family {4,},., of dilations which
are automorphisms of g:

v, £ 0} sX=rl"X i XeV,.

we define ¢

if a=min{j:
Putting
d,exp X =expd, X

we obtain a family of automorphisms — dilations — of G.

Let Q be the positive number (the homogeneous dimension of G) defined
by

@, x)dx=r"2[fix)dx, fel(G)

There exists a continuous fanction
Gax —|x|eR*
such that |x} = 0 iff x = e, |x|
[0, x] =rlx|.
Let G be an arbitrary locally compact group and let U be a fixed

symmetric compact neighbourhood of e. If G is a graded mlpotent Lie group
we let

=Ix"1, for a constant ¥, |xy| < p{Ix}+|y)) and

U={xeG: |x| <1}
We define a subadditive function
T{x)

The following lemma is used in [2].
Lemma 1.1. If G is a graded nilpotent group there exist positive constants
a, b, e, C such that

(1.2)

= min {n: xeU"}.

ct{(x*< M < Cr(xy  for ¥ =1

Remark. It has been proved by Joe Jenkins [7] that a, b can be taken
as equal to 1 if and only if G is stratified, i.e. if the smallest Lie subalgebra of
g containnig ¥V is equal to g¢.

We write

w(x) = 1+1(x).

Then for every o 2 0 we have

(1.3) wix) 21, W) =wETY,  wixy) S W)W
and also

14 w* (xy} € C, (W (%) +w* ().
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Let M(G) be the Banach *-algebra of Borel measures on G and let
M, = {ue M(G): [ w* ([ (x) =l < ).
In virtue of (1.3) M, is a Banach *-algebra. We write

L= {fel(G): [If(x)Iw (x)dx =i, <o}

L, is, of course, a Banach *-subalgebra of M,.
A locally compact group is called of polynomial growth, if for every
compact subset U the Haar measure [U" of U" satisfies

(1.5) [U" =0 asn-w.

By Lemma 1.1, if G is a graded nilpotent group, then G is of polynomial
growth and (1.5) holds for an R such that

[aQ] < R < [pQ]+1.
Also,
(1.6) if G is of polynomial growth, then w~®~? is integrable.

It has been proved by T. Pytlik [9] that if G is of polynomial growth,
then L,, « > O, is a symmetric Banach *-algebra. This implies that for every
commutative Banach *-subalgebra A of L, every multiplicative linear func-
tional on 4 is bounded on the C*-algebra generated by the operators

P(G)sE—CxfelX(G), fed.
Let G be a nilpotent Lie group and let X, ..., X, be a basis of its Lie

algebra g. If G is graded, we assume that this basis is selected according to
(1.1). For a multi-index (iy, ..., i, = [ we write

i i,
X=X X
Let [f| =iy +...+i,.
For a nilpotent, simply connected group G, if

Ly =2 X
o, —E;C;f(exp(xl i+ x, X))

with x =exp(x; X, +...+x,X,) and
FRY a2\ a \n
() -m) ()
we have

1 d 2y
(17) Xfg= ¥ ﬂJ(X)(;j;)f(x),

YisHi
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ap(exp(e Xq+ ... +x, X,)) being polynomials in Xy, ..., X, Consequently,
(1.8) la;(x)| € CGw(x)Y, N=N()

(cf. e.g. [2].

For a function u we define

llagr = { 3§ 1X7 AP wxp= dx).
|i1<k

The following lemma is an immediate consequence of (1.6), (1.7), (1.8}
and the ordinary Sobolev lemma.

LemMa 1.2, For every 1<p, g< oo and e,k there exist o'\ k" and a
constant ¢ such that

([tllapp < ¢ Hlller -
We define &, ,,(G) as the space of functions f for which ||f]lg,.,p is finite

and
y(G) = Q ya,k.p(G)'

In virtue of Lemma 1.2, &(G) does not depend on p, 1< p< co.
We also note

(1.9 If ueM, and e, 1(G), then frpueF,, 1 (G):

By a Rockland operator on a graded Lie group G (cf. [2]) we mean a
differential left-invariant operator Lon G which is homogeneous with respect
to the dilations and for every irreducible unitary representation 7 of G the
operator 7, is injective on the space of C* vectors. It has been proved by B.
Helffer and J. Nourrigat [3] that such operaters are hypoelliptic. Moreovet,
if Lis positive, it satisfies (0.1).

Let Lbe a positive Rockland operator. As we have mentioned before, G.
B. Folland and E. M. Stein proved in [2] that the semi-group gemerated by
—Lis of the form (0.4). Moreover, if Lis homogeneous of degree D, then

o (x)=t"% ¢, (5, px)
and consequently,
{0 15 an approximate identity in &,,,(G).

Finally we note that if Lsatisfies (0.1), then for every d and k there 1s 4
positive number s(d, k) such that

- (L.10) 00+ L X7 a2, € CIL+LY 0l g

for all 1] < d.

2. Functional calculos. Let B be a Banach *-algebra. We say that a
function F operates on an element /in B if the Gelfand transform of f with
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respect to the smallest commutative Banach subalgebm A containing f
is real and there exists a g in A such that Fof =g We then write

g=F-f.
For fin B let

Suppose that .
le(nf s = Oy as {n] > o0

and let |f () <a Then for every FeC¥[~a, a] with %> i+1 and F(0)
=0, F operates on f and
(1)  F:f =} F(ne(nf), whence [iF:fllz<C/IF
neZ
cf. e.g. [8] for the details.
In the present paper functional calculus is used in the following way.
Suppose for some o > 0 and alt r > 0 ¢, = ¢ €L, and, moreover, ¢,
=¢,x¢ and B ||f «p,~ @il 55, = 0 for f in £(G).
Let B be the smallest closed Banach *-subalgebra of L, containing all
@, t > 0. Then B is a commutative, semi imple, symmetric Banach *-algebra
and the Gelfand space of B can be iden..fied with R* in such a way that

@,(4) = e~ . Moreover, there is a spectral measure on I2(G) such that for M
in B

R ,u)

FoM = g NI AE (S,

where M is the Geifand transform of M. Then, clearly, if a function F
operates on M B, then

f*F M= [ F(M(D)dEWNDS.
0
TuzoreM 2.1. Suppose G is of polynomial growth, ler U and R be defined
as in (0.5). Suppose ¢* = @eL, NI}(G) with a > f+R/2+1, then
le(pll, = O(nPP = X244 a5 n o o0,

Proof. First we note the following fact:
If o> p and gel, with supp g = G\ U, then

(22 llglle, < #7*lgll, -
In fact,

lglicy = § lglw! = § lglw*wl==< gl P~=.
G\t el *

©
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Since L, is a Banach algebra, e(¢) = y & L, and also y s I*(G). Moreover, for
nz0 we have

)= e+ —
where e is the unit element in M(G) — the delta measure at the unit element
of G.

Now we fix n and replacing ¢ by —¢, if necessary, we assume that
n>0.

Let
(23) f = l/l 107127 g = 1// IG\U"Z'
Hence, since « > 1, by (2.2), we have
(24) le+¥—e+11l,16) = gl 1,6, < llglle, ™2 < IWile, n™ 2.

For a measure p in M(G) let

A0 = sup {1 * Ell 20,7 18l 2, = 1.
Consequently, since :

*j
ey = Z (W’)
and ¢ = @* by the spectral theorem, (e+t//) =1, whence, by (24} we have
3) e+ < 1+ [l n™2
We write
(2.6) lle+ ¥y = [lile+5) +9)* e,

<3 Tl egx cx(ef)" g

m=0 4§

where the inper summation extends over all sequences a =(as, ..., d,),
b={by,..., b, of zeros and ones such that a, + ... +aq,=m, by +... +h,
= n--m.

Now we fix two such sequences a4 and b and we estimate

QN e+ xg" et f) 1 g"
S [ (e sy %ot f ) sl lg™ () - o™ (s ds, - . ds,

ST ks Prsy ool sy 07 500 - lg™ ) s, ..ds,,
q=0 (g

where for a measure p and M < G we write us(M) = p(Ms) and
Qg) = {(51, -, speCGx ... X G: max T(sff) =g}.
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For & (s, ..., 8,) in £2(q) we have

nn by
(28) e+t si e w(ef) 5 o
{ T et sl S s, a0,
< 4 9=t
lIsy - sullary <1 +ng)* it a=0.

But, by (2.3),
supp(e-+1" 5) * S A
sy ys . U, Ut e U,
On the other hand, if £€I?(G) and supp & = U™, then

= | 1w <+ mP UM 2y,
Um

cxlef )

{2l

Consequently, by (2.3),

b N [ B
e+ /13 o slet /) s e fsl sl

TE YT

< (L+m+ngf Ae+f) TR g 2|1
S (WL, 1™ AW 2y, (L0 4 nglf T2

LAG)

and so, by (2.8), for a constant C depending on G and ¢ only
e+f ) st s e (etf Y5l < CL+gf T2 Qb m N0t RDTL,
On the other hand, since
Q= U sy -
bj=1
by (2.2), we have

[ lg"™ Gl

Xqr

b; -
s e U\ U1,

g™ (sl dsy ... ds,
0, f b=0and q>1,
g%l, if b=0and ¢g=1,
(n=mlgllyser  lglle, (g =172 if b Q.
Thus, since o > S+R/2-+1, for b5 0 we have

[ S e sy le /1 sllagg la™ s 1™ (5, d .. ds,

< CIW G QAR () 3 (14 M2 (g = 1)
q=1

< c/,wﬁz;&;l n3[ﬂ+Rl2)+2,

] ©
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where €' is independent of n, a and b.
Hence, by (2.6),

(G

e+ l/,)*n”M” < ORI Y (;)“g”n~m—1_

m=1

But, by (2.2),

gl 1y < I, n 3%
whence

ALY < C' BRI 2 12 v (P —2n-m
e+ )iy, < C'n il mgd(m)uwn,_,,n )

<C” '13(ﬁ+RJ2J+4(1+ Hw”Lan—l)n’
which completes the proof of Theorem 2.1,

CoroLiary 2.2. Suppose @ = ¢*eL, "I(G) = Ly, M) <a, o> f+R2+
+1, FeCk(—~a, a) with k > 3(B+R/2+2) and F(0) = 0, then F operates on ¢
in L and there exisis a measure | in My such that

Fo=0p*pu
¢) and
(e+ ) —e = «[e+(e+)+ ...+ (e+¥)*" '],

Proof. We write y = e(

Of course,

(i)™

where ov=
j=o G+

Y=q@=*v, ——eM, = M.

Hence, if

t, = o+ [e+ (e+y)+ ...+ (e+y)* 1],

by Theorem 2.1,
llag, < ORI,

whence, by assumption on F and (2.1), we obtain the result with

pe=y Fnp,
neZ

The following corollary is an immediate consequence of Corollary 2.2
and (1.8).

CoroLLARY 2.3, If ¢ = @*e, 1(G)er2 G) with (@) < a, o > f+R/2
+1 and FeC¥{—~a, a) with k > 3(f+R/2+2) and F(0) =0, then F operates
on @ in Ly and F-peFp,, and the map

C*[—a, a]3F = F- ¥y, is continuous.
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On a nilpotent Lie group G (or more generally a Lie group of
polynomial growth) let Lbe a hypoelliptic, left invariant differential operator
which satisfies (0.1). Moreover, let the semi-group 7" defined by (0.2) satisfy
(04).

For a function meC*(R¥) we write

7l = sup {(1+ 2| mP(A)f: j =0, ..., k, LeR"}

and by &, . (R*) we denote the space of functions m for which [|mll,, is
finite.
Let, finally, T,, be the operator defined by (0.3} for a bounded function m
on R™ and let § and s(d, k) be the numbers of (0.1) and (1.10),
Then the following theorem holds.
TueoreMm 24. Given foand d. If k 2 3(B+R/2+2) and k' 2 24-3(f+R/2+
+2)(s(2d, §)+8), rhen me, (RT) implies thar T,f =f*M, where
MeS’,,“( )V and ||M|lg 41 < Climllw, where C is independent of m in
S (RT
Flrst we prove
Lemma 2.5. Let

29) K(x) = | e g (x0dr.
o]

Then for every « 20

(2.10) JIK (x) w*(x) dx < o0
and, if 1 2s(2d, S)+8,
(2.11) K*eS,,, foral az0

Proof. It is easy to verify (cf. eg. [5], Lemma 5.1) that if a function
@: R* - R* satisfies

Pls+0 < Clos)+ o),

e+ < el o),

sup {¢ (¢):

(212
te(0, 1]} < o0
then for constants ¢’ and k
Pl < C 1L+
To verify (2.10) we note that by (1.3) and (1.4) the function
@0 = ol, w
satisfies (2.12), Hence
o w0
JIK@Iw (ddx < f e o, w*>dt < C [ e (L+4fdt < oo
0 [}

and (2.10) follows.

icm°®
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To prove (2.11) we note first that by (2.9), in virtue of (0.2) and (0.4)
(I1+LyuxK=u for wueCP{G).
From this it follows that
(2.13) X' K¥eI}(G) for |[<d and
In fact, by (0.1) and (1.10), since w+ X' K*!

1> s(d, S).
= X7 (ux K¥Y,

[Cu*, XTK*| = [us XTK* e)| < C|l(1+L)5(u *XIK*!)”LZ(GJ
< O+ LI e KM, < C 9%l 2, -
In particular, K**¢I2(G) and so
(2.14) XK*ers(G) for I»s(d,S)+5
We have to show that
(2.15)
[IXTK¥ () w*(x)dx <o for Izs(2d, $+S and [l <d.

Let f be a fixed function in CZ{(G) such that f(x)=f{(x"1) >0 and

J/ w3 (x)dx = 1. Let
W' (x) = w1 f (x).
Then, by (1.3),
w'(x) = wh(x) f w0 () dy = wH(x),
w (x) S wh(x) [ w* () () dy = Cw*(x).
Also for Xeg,
Q17 1Xw' G = w'x XF | < wh(x) [ w* (XS (D dy = Cew™ ().

Now we proceed by induction on |I|. For |I| =0 (2.15) is simply (2.10).
Suppose X' = X, X' with |J| < d. We may also assume that o is so big that

(2.16)

[w 2 (x)dx < x.
We have
GXTEH, Wy = XK w2, wiy
< <(XI K*I)Z, W4u>1/l (J‘ W—Za(x)dx)llzl

But, by (2.16) and (2.17),
<(XIK*1 4m>\ (X’K*' W = <X'K*l {XIXJ'K*I Jw'S

CKXTEX, X; (X K¥w))| + (X K™, XK X, wh)|

S CX, X R X KH '+ Cy, I XT K™, | X K* ')

< CYX;XTRM, X KM wi+ CCx (| XK, [ XTK*|w ).
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Since 1+ [J] < 24, by (2.14), both X, X’ K*! and X’ K*' belong to L' (G) and,
by inductive hypothesis, |[X” K*{w** belongs to, L (G). Thus (2.15) follows
and the proof of Lemma 2.5 is complete,

Proof of Theorem 2.4. Let

m{E~ -1y for 0

Fo= % 0 for —m

It is clear that F can be extended to a function in C*[~m, n) if and
only if

meCHR*Y) and Ali_{gg(l-i—l)”"’m”’:O for j=0,..,k.

By Lemma 2.5, if 1> s(2d, S)+8S, then K¥'e%,,,(G) for all x > 0, and, by
Corollary 2.3, if k > 3(8+R/2+2), then F operates on K* and
M=F-K¥e%,,,(G).

In other words, if k' 2 2+3(B+R/2+2)(s(2d, $)+S), then me P, .. (RY)
implies that Me %, ,(G). But an easy calculation shows that

M@) =F(1+27) =m(),

which completes the proof.
Another application of the functional calculus is the following
THEOREM 2.6, Suppose on a Lie group of polynomial growih

Tf=fx¢, ¢ =q¢res(G)
is a semi-group of operators strongly continuous on I2(G). Then rhe mappiny
R 31— g,e #(G)
extends to a holomorphic map
{z: Rez > 0} 2z > ¢, e #(G).

Proof. For a fixed § we let 4 to be the commutative *-subalgebra of L,

generated by ¢,, t > 0. As we know, the Gelfand space of A is R" and $,())
=tk

~ For a fixed number a > 0 we let
C,={zeC: Re z > 4},
Let k> 3(f+R/2+2) and let
m=[kfa]+1.
For.z'in C, we select a function F e C¥[~r, n] in such a way that

F (x)=x™ for 0<x<1

icm
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and the map

(2.18)

C,3z2—F.eC*[—m, ] is continuous.

Since @y,,e#(G), by Corollary 2.3, F.r01m€55,.(G) for all | and,
moreover, by (2.18), the map

(2.19) C,az2—F, "P1m€Fpuy = Ly s continuous.
We put
@-=F O,
and we see that
@A) =e7

which shows that ¢, does not depend on the selection of # and the map z
— @, is an extension of t > o, > a.
By (2.19), for every C* curve y in C, we have

[0.dze5,,,(G) = I,
7

and for every 120
| 6. (Lydz =0,
P

which shows that C,22—¢,e5,,,(G) is bolomorphic. Since a, I, B are
arbitrary, the proof is complete.

whence o, dz=0
?
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An example of a continum of pairwise non-isomorphic spaces
~of C*-functions

by

MICHAEL TIDTEN (Wuppertal, FRG)

Abstract. There is given a family (K,) of compact sets K, in the Euclidean plane with ¢
ranging in a real interval such that the Whitney spaces #(K,) are pairwise non-isomorphic. A
successful distinction of the topological structures which is sufficient for this result is managed
by a certain topological property involving an increasing memotone function on R, . After
Zaharyuta had presented a continuum of pairwise non-isomorphic spaces of analytic functions
the open question for an analogous example in the frame of C™-functions is clarified by a
positive answer,

In papers [2], [3], {8] and [9], e.g, linear topological invariants or
special properties of locally convex spaces were used to distinguish the
topological structures of (F)-spaces. Zaharyuta presented in his paper [9] a
continuum of pairwise non-isomorphic spaces of analytic functions, ie. a
family {G.} of domains G, such that v ranges in [0, 1], e.g., and O(G,) is not
isomorphic to ¢(G,) for different a, r. The existence of such a continuum of
spaces of C™-functions, however, is an open problem till now.

This paper gives an affirmative answer to this question by presenting a
family {K,| te[a, b]} of compact séts K, in R*> which describes a continuum
of this kind consisting of Whitney spaces &(K.). The method applied in the
paper is different from Zaharyuta’s one and — due to an idea of D. Vogt —
makes use of certain properties of (F)-spaces called (DN,) here (cf. [1], [6]).

The sets K, are given by the graphs of monotonically increasing (real)
analytic functions @, on R, such that the family {®,} is monotone in 7. The
parameter T plays an essential role only in the boundary behaviour of @,
near the point 0. Larger values of r cause extremely faster convergence of
®.(x) to 0 with x —0+-. All the X, have not the extension property, i.c. there
exists no extension operatoer from &(K,) to &(R?) (see [4], Beispiel 2). This is
a necessary consequence if the K, shall have interior points. Since if K < R"
has at least one interior point and has the extension property, then & (K) is
isomorphic to the space s of rapidly decreasing functions (see [7], Satz 4.1).

DerinmioN 1 (cf. [6]). Let ¢: R, — R, be a monotonically increasing
function. An (F)-space E is said to have the properry (DN,) if the following
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