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Abstract. We demonstrate theory and computations for finite-energy line defect
solutions in an improvement of Ericksen-Leslie liquid crystal theory. Planar director fields
are considered in two and three space dimensions, and we demonstrate straight as well as
loop disclination solutions. The possibility of static balance of forces in the presence of
a disclination and in the absence of flow and body forces is discussed. The work exploits
an implicit conceptual connection between the Weingarten-Volterra characterization of
possible jumps in certain potential fields and the Stokes-Helmholtz resolution of vector
fields. The theoretical basis of our work is compared and contrasted with the theory
of Volterra disclinations in elasticity. Physical reasoning precluding a gauge-invariant
structure for the model is also presented.

1. Introduction. While liquid crystal theory, especially that of nematics, is by now
a well-established branch of condensed matter physics [KLO03], there is one aspect in
which the classical theory may be considered deficient. Disclination line defects are an
integral part of the physics of liquid crystals; however, there does not exist a classical
theory, whether Oseen-Frank for statics or Ericksen-Leslie in dynamics (which naturally
subsumes the static theory), that predicts bounded energy in a finite body containing
a j:%—strength disclination line. It is perhaps for this reason that it is commonplace
amongst workers in liquid crystal theory to associate a line defect only with a singularity;
e.g. the ‘escape’ solution for a +1 strength line defect [CK72] is often not referred to as
a defect solution.

Director fields with infinite energy are practically problematic from the point of view
of finding solutions; e.g. in statics, energy cannot be minimized in a class of functions
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where all competing fields with defects have undefined (infinite) energies. Practical
difficulties remain in dynamics, more so if the goal is to specify dynamics of defect lines.
While for the purpose of static Oseen-Frank theory involving a few defects one overcomes
such problems by excluding from analysis a core region of small volume along the defect
line where one assumes the theory does not hold and ascribing a finite energy to it
from some unspecified-in-theory nonlinear effects, for situations where large numbers of
defects may be involved, such an approach is untenable. To quote Ericksen [Eri91]: “I am
interested in seeing the development of a mathematically sound theory of defects which
might be at rest, or moving....serious difficulties are encountered with some observed
kinds of disclinations (line defects). According to the aforementioned theories [Oseen-
Frank, Ericksen-Leslie], these more violent singularities cause energy integrals, etc., to
diverge. In dealing with rather specific situations, workers have patched up the theory
by excluding a tube of small radius, assigning a finite ‘core energy’ to it. I just do not
believe that one can use such ideas as a basis for developing satisfactory mathematical
theory, particularly for moving defects. Such phenomena are of interest for both nematic
and cholesteric liquid crystals. In the latter, they are associated with the interesting
‘blue phases’....”

In [ADI2] a theory for the dynamics of non-singular line defects has been proposed
as an extension of Ericksen-Leslie [Les92] theory. In a sense, it is inspired by the goal
of exploring the deeper connections between the classical theory of defects, originating
in elasticity theory from the works of Weingarten and Volterra, and the theory of liquid
crystals, as begun in the work of Kléman [KIé73]. The model works with augmented
kinematics involving the director field and an incompatible director distortion field as
a replacement for the director gradient field. The main point of departure is that the
director distortion is not curl-free in general. The curl of the field has the kinematic
meaning of an areal density of lines carrying a vectorial attribute and is referred to as
the director incompatibility field.

For the 1-constant Oseen-Frank energy approximation, it was shown in [AD12] that
the developed formalism can indeed predict the outside-core, energy density distribution
of Frank’s planar director distributions for line defects with strength given by all integer
multiples of % Moreover, all such distributions have finite energy in the whole body
(including core). The core is represented by precisely the region where the director
incompatibility field is non-vanishing. However, it was not shown in that work how to
extract a physically realistic continuous director field resembling Frank’s planar defect
fields on the whole body, and neither was it shown what form the director distortion
tensor might take within the theory to represent planar distortion fields of disclination
line defects. In this paper we achieve that goal.

The modeling of bounded energy line defects in statics started with the pioneering work
of [CKT2] within classical Oseen-Frank theory; an interesting perspective on bounded-
energy line defects is provided in [Set85]. The same question served as motivation for the
development of the variable degree of orientation extension of classical Ericksen-Leslie
theory in [Eri91]. Within the De-Gennes @ tensor formalism it has been pursued in
the pioneering work of Schopohl and Sluckin [SS8T], followed by [SKH95], [KVicv99],
[BZ07], [MZ10], to provide a representative sample. In the dynamic case, representative

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



A FUNDAMENTAL IMPROVEMENT TO ERICKSEN-LESLIE KINEMATICS 437

studies are those of [HKGLGCCO§| and [YEMWO09] within the @-tensor approach and
[BS05.,BS12] and [LLOOILWOOQ] within the Ericksen-Leslie approach; in particular, [BS12]
provides a noteworthy balanced perspective on the philosophy of modeling liquid crystal
defects by the Q-tensor approach or the director-field-singularity approach. In [LLO0,
LWO00] non-singular line-defect solutions appear due to relaxation of the unit-magnitude
constraint on the director field. In contrast, in our work the demonstrated finite energy
defect solutions satisfy the strict unit-vector constraint on the director field.

The defect solutions we develop here are finite energy analogs of classically accepted
‘energy-minimizing’ (infinite total energy) singular solutions of Oseen-Zocher-Frank the-
ory. As is customary in the liquid crystal literature when discussing statics of defects
solutions, we (almost) ignore balance of forces. What we are able to show in this regard
(Section ) is that static balance of linear momentum is satisfied outside the core(s) of
disclination(s) in the absence of a body force within our model (assuming an incom-
pressible fluid). Moreover, when there is a single disclination in the body, the natural
boundary conditions for static force and moment balance representing no applied forces
and couples on the boundary imply that the resultant force on any surface enveloping
the disclination core vanishes. Within the core, we discuss possibilities afforded by the
[AD12] theory in satisfying balance of linear momentum without external body forces or
flow.

We consider this work to be primarily a characterization of the kinematic augmenta-
tion of the Ericksen-Leslie theory achieved by the [ADI2] model, since results are not
presented regarding the connection of the presented solutions to (quasi)equilibria (cf.
[CP8I]) of the latter.

This paper is organized as follows: in Section Bl we provide notation. Section [ de-
scribes the analytical basis of our work; Section @] describes the finite-element based
numerical scheme employed to compute non-singular defect solutions and the results. In
Section [Bl we discuss static balance of forces for the developed solutions, and Section
ends with some concluding remarks. Two appendices provide explicit solutions that are
necessary for discussing our results.

“.”

2. Notation. A “” represents the inner product of two vectors, while represents

the trace inner product of two second-order tensors, A : B = A;; B;;.
In rectangular Cartesian coordinates and corresponding bases and components, for a
vector field A and a scalar field 6 we write

divA=A;,,
(curl A); = eijrAx,j,
(grad); =6,.
For a second-order tensor field A, we define
(curlA),,. = emjrAir,;-

The following list describes some of the mathematical symbols we use in this paper:
n: director
E: director distortion tensor
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E?: director distortion vector

3: director incompatibility tensor

B?: director incompatibility vector

K: defect strength

: normal vector

: Cauchy stress tensor

: couple stress tensor

: free energy per unit mass
pressure
angle of the director field

: layer field

AL : incompatible part of A

grad z: compatible part of A

¥ OV S > HNY

3. Theory. We consider the static (i.e. director and positional inertia-less) governing
equations of the framework introduced in [AD12] and demonstrate that there exist finite-
energy states in the model that are solutions corresponding to line defects with planar
director distributions within the Oseen-Frank constitutive assumption.

3.1. Governing equations. Static Balance of Angular Momentum is given by the state-
ment

Aij 5 — eijrTjr = 0.
Ericksen’s identity for the theory (i.e. a necessary condition for frame-indifference of the
energy function) is the statement
o o o
eijk | —nj+ —F;, — E.,—— ) =0.
igk <8?’ll J + 8Eir I " 8ETj
Static Balance of Linear Momentum is the statement
Tij; = 0.

For a free-energy density of the form ¢ (n, E), the constitutive statements for the
stress and couple stress tensors for the theory [ADT2] read as

oY
Aij =  EirsTy aTSj,
oY
Tij = —pdij — Erigr—s
J J aET]

where p is the pressure arising from the constraint of incompressibility. Using these
statements along with the Ericksen identity in angular momentum balance with some
manipulations yields the fundamental governing partial differential equation of our work:

€irs nsa_w - (Erj - nr,j) a,l/} +77z7~ < aw > = 0 (1)
2J

anT 8Esj 8Esj

Note the interesting fact that when E,; = n, ;, i.e. there is no director incompatibility
and hence no defects, we have the classical statement of angular momentum balance
in statics [Ste04]. Inasmuch, this term in our theory may be interpreted as giving one
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explicit form to Ericksen’s “internal body moments” [Eri91], g/, arising from the presence
of defects in the body.
We record the statement of balance of linear momentum,

oY B
_p,z - (EmaTm> J - Oa (2)

to be used later in Section

For the sake of this paper, we consider an ansatz consisting of director distributions
parametrizable by a single angle field § on the body and director distortion fields of the
form

E = %@@E@, (3)

where EY is a vector field with possibly non-vanishing curl. When there are no line
defects, we require E? = gradf so that E = gradn.
Let the core region for a given EY field on the body be the set of points on which

B = curl E? £ 0

and

B = curl(E — gradn) # 0.
We refer to an EY field as containing an isolated line defect if its 3? field is non-zero
only in a cylindrical region that forms a closed loop or extends from one boundary of the
body to another.

The goal now is to construct pairs of (E,n) fields

(1) that satisfy (d);

(2) that produce Frank’s isolated line defect-like energy density fields outside the
core region while producing bounded energy in finite bodies (including the core
region) when no moments are applied on the boundary of the body;

(3) that produce Frank’s wedge disclination-like director distributions except the
core and possibly another region of ‘small’, but non-zero, volume in the body;

(4) for which the line integral of E? along any closed contour surrounding the core
of an isolated line defect of strength K evaluates to 27 K.

A generic result of our paper is as follows: Up to particular boundary conditions for
specific problems, pairs of fields (E, n) that satisfy the above four requirements for the
1-constant Oseen-Frank energy given by () can be generated from @), @), @), (@3,
and ([I8). In the following section we provide the rationale behind such a result.

3.2. Construction of bounded energy distortion and director solutions. We work with
a rectangular Cartesian coordinate system with unit vectors e;,i = 1,2,3. 6 represents
the angle of the director measured counter-clockwise from the x;-axis in the x1 — x5 plane
(looking down the z3-axis). Thus

n = cosfe; + sinfes. (4)

For the sake of illustrating the essentials of our approach, we work with the 1-constant
Oseen-Frank energy density approximation

1 1 1
U (n,E) = ShE: E = SnE;Bij = 5F;E;."Ef (5)
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and o0 5
n
= KBy = k—~FEY.
aE,; T M ae T ©)
Noting that
on, , o
Epj—nej = 55 (Ej —6,)
and (B)-(@), @) reduces to
ons
. —E = 0.
CirsMyr [ 20 ]} ‘ 0

J
. . . . 2 .
Considering () and realizing that eimnr%ﬁﬁj = 0, static angular momentum balance

reduces to 5
n
eirsnra—;Efﬁj = Oa

which is satisfied if and only if
divE® = 0. (7)
To fulfill the fourth requirement on the field E?, let us now consider a distribution of
B? := curlEY in a right-cylinder parallel to x5 such that

/ B - es dzidry = 27K, (8)
A

where A is the set of points representing the cross-section of the core cylinder. Thus, in
addition to (6l), we require

curlE® = 3°. (9)
Finally, to impose the fact that we seek non-trivial solutions for an unloaded body, we
impose vanishing moments on the boundary of the body which, under the current ansatz,
are satisfied if

E’. v=0 (10)

on the boundary of the body with normal field v.

It is straightforward to see that for a specified field 3% on a simply-connected domain,
[@-(@)-([0) have a unique solution. In [AD12], these equations are solved explicitly for
a radially symmetric 3% distribution (see Appendix [B)), and the outside-core result is
shown to be exactly the same as the gradient of the Frank angle field for straight wedge
disclinations. In the general case (i.e. not necessarily radially-symmetric 3% field, but
still localized in core cylinder distributions), we would now like to extract the outside-
core result into a gradient of a continuous everywhere scalar angle field 8 which will serve
to define the n field of the pair (E,n) describing an isolated defect. Of course, in the
process we would like to have E? still be the solution to (@)-(@)-(0) and E° = gradé
when 87 = 0.

To perform this extraction, suppose for a moment it is possible to construct a square-
integrable vector field A such that

curl X = —3° (11)

on the body, where the 37 field is identical to the one occurring in (@). Then a Stokes-
Helmholtz resolution of the field A can be written as

A=Al +gradz
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layer

core

FiG. 1. Schematic of cross-section of a 3-d body showing layer and
core geometry.

with
curl Ay = curl A = —3° (12)
div AJ_ =0
and
Al -v =0 on boundary of body,
and because of the uniqueness of solutions to (@)-(@)-(Q), E? = —X,.

Suppose further now that the field A is non-vanishing only on a layer-like region of
NON-2€T0 volum that may be visualized as a terminating fattened 2-d surface which,
moreover, contains as a proper subset the core cylinder on which 3% has support (Figure
.

Then, as an immediate consequence we have that
—gradz =X, = —E’ outside the layer.

Thus, if we were to now declare the potential z as the required angle-field 6, we would
have completed the needed extraction.
In practice (Section M), we implement the above idea by defining

E° = gradf — X\ (13)
and requiring this combination to satisfy (@)-(@)-(I0) so that
gradf — X =—X| (14)

is enforced by uniqueness implying grad € = grad z. When accompanied by the require-
ment that A = 0 if 3% = 0, the strategy ensures that E = gradn in the absence of

1Cf. [DeWT3]; DeWit considers a distributional layer field in the context of disclinations in solids
related to defects in positional order.
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defects in the body. We note the important fact that the Stokes-Helmholtz decomposi-
tion of an Lo vector field implies that grad z is square-integrable and therefore grad
cannot have a non-square-integrable singularity in the body. The set of definitions (Bl
and ([I3) constitutes a primary result of this paper.

So, the only question that remains is whether such a layer-field A satisfying (II]) can in
fact be constructed. As we show in Section [ it suffices to consider the layer region as in
Figure[I], prescribe an appropriate constant vector field (representative of an interpolation
of the required jump in the value of 6, i.e. 27K, in the direction transverse to the layer)
for the values of A outside the core in it, and taper this interpolated jump to zero over
the width of the core. Outside the layer, A is assigned to vanish. Since A represents
a transverse ‘gradient’ in the layer whereas in the core this transverse variation has a
gradient in an in-plane direction, it cannot have vanishing curl in the core. Thus we
represent a non-singular, but localized, core of a line defect.

We now ask the question of the region where 3 is non-vanishing corresponding to an
isolated wedge disclination. The existence of a differentiable extracted 6 field (which can
be arranged as can be seen from the construction in Appendix [Al) implies that the 3 field
corresponding to an isolated defect would be non-vanishing at most in the layer, since
grad® = E° outside the layer and

0’n on
aT;G,kEf + 89T

Our use of a layer field may be interpreted as a regularized analog of the possible
terminating discontinuity in the displacement field over a ‘cut’ surface in the Weingarten-
Volterra (WV) process of elastic dislocation theory, adapted to a much simpler situation
than elasticity; thus, the construction shows direct links between the Stokes-Helmholtz
(SH) resolution of a vector field (in this instance, the layer field) and the Weingarten-
Volterra process, in particular, how the ‘curl’ part of SH encodes, through a smooth field,

Eojr=

EY). (15)

topological content that can only be represented by a nasty singularity in the gradient
of a discontinuous potential field in the WV process. Also, how the ‘gradient’ part of
SH of an appropriately designed vector field (the layer field) can represent most of the
characteristics of the discontinuous potential field of the WV process away from the
discontinuity.

3.3. Does topological defect density determine the director distribution? The construc-
tion above lays bare an interesting fact. Note that E? is uniquely determined by the
defect density field 3 (and balance of moments) but grad#, and hence the predicted
director distribution, is defined by the compatible part gradz of A. An alternative way
of seeing this is to substitute

E? = grad — X, — grad z

into ([7)-(@)-(I0) (this idea is not restricted to the 1-constant energy in any way). Thus,
while the energy density distribution, and therefore the couple stress, can be correctly
predicted purely from the knowledge of the defect distribution (in this static setting),
uniquely predicting the director distribution requires additional physical input in the
presence of defects. In particular, the layer-like A field consistent with a specified isolated
defect density field orients the non-singular director distribution of the defect, as is shown
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in Sectiondl To draw an association with classical potential theory, specifying the surface
of discontinuity of a scalar potential field whose gradient is required to match, except
on the discontinuity surface, a prescribed, smooth, irrotational vector field on a doubly-
connected region containing a toroidal or through-hole eliminates the vast non-uniqueness
associated with such definition of a potential otherwise. The argument also reveals why
the classical theory with only the director field as a degree of freedom is necessarily
limited in the context of modeling defects.

It is also interesting to observe that this situation is entirely analogous to the exten-
sion that was required for making a prediction of permanent deformation [AchOI] in the
elastic theory of continuously distributed dislocations [Kro81], [Wil67]. Comparing and
contrasting with prevalent notions in gauge theories, # and the total displacement field
of plasticity theory are not inconsequential fields to be gauge-transformed away even
when they have no energetic cost through the Lagrangian in the presence of gauge fields
(A, in this context), but direct physical observables that participate in understanding
energy dissipation, shape changes, and optical response of the body. Hence, their evolu-
tion requires additional physical specification beyond the topological defect density field.
Gauge theoretic perspectives on the modeling of nematic defects may be found in [Sar82]
and [KBS85].

3.4. Relationship with disclinations in elasticity theory. Our construction of the A
field draws direct motivation from a standard question of potential theory related to
understanding the allowable jumps of a scalar potential across a 2-d surface in a multiply-
connected domain described by a through-hole in a 3-d body. For example, consider
Figure [l with the layer shrunk to zero thickness and also the consequent core to a line
of puncture through the plane of the paper; the core-line represents the through-hole.
The 2-d surface is such that a cut along it renders simply-connected the body with the
hole. Additionally, the gradient of the potential field is required to match a prescribed
irrotational vector field on the simply-connected domain obtained through the cut.

We note here that the question above is much simpler in its details than the question
posed by Weingarten and Volterra related to understanding the jumps of a displacement
(vector) field when its symmetrized gradient is required to match a prescribed symmetric
tensor field which satisfies the St.-Venant compatibility condition of linear elasticity
theory in the simply-connected domain resulting from a planar cut of the multiply-
connected domain with the hole. Indeed, in this latter case, a key construction is a skew-
symmetric tensor field (infinitesimal rotation) from the prescribed symmetric tensor field,
whose jump across the cut-surfaces (that serve as parts of the boundary of the simply-
connected domain) relates directly to the disclinations of linear elasticity theory. It should
be clear, then, that in the liquid crystal theory context, even if one chose to discuss the
issue of allowable jumps in the director field context rather than the angle parametrization
field, there is no natural way a relevant symmetric tensor field arises from the director
gradient whose unique@ infinitesimal rotation field in a simply-connected domain may
then be used to define the notion of an isolated singular disclination in liquid crystal
theory. Given that the Oseen-Frank and Ericksen-Leslie theories are geometrically exact,

2Up to a spatially uniform skew-symmetric tensor field.
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the situation is not very different if a link is attempted between liquid crystal disclinations
and the singular defects that characterize the jumps in finite rotation associated with an
elastic strain field that satisfies the finite strain compatibility conditions in a multiply-
connected domain. Again, the issue crucially hinges on the question being posed in
terms of the basic tensor field being a positive-definite symmetric second order tensor
field (the Right-Cauchy-Green tensor field), and there does not seem to be any natural
way in which the director gradient may be considered to generate such a field. Such an
observation is consistent with that made in [KF08] (Sec. L.E.1, p. 67): “This explains
the interest in reconsidering the continuous theory of defects, although new concepts
have to emerge. The case of mesomorphic phases requires an extension of the theory
of continuous defects for solids to situations where there is locally only one physical
direction (the director), i.e. no local trihedron of directions, as in the uniaxial nematic
N, the SmA, and the columnar D cases.” We believe that our work provides the natural
extension of the theory of continuous defects in solids to the mesomorphic phases named
above.

As a further example of such differences, we note, as mentioned in [KF08] Sec. ITA
(p. 69, Remark), that the Volterra process is properly defined only for magnitude of
rotation angles less than w. However, as far as wedge disclinations in liquid crystals are
concerned, the +% and —&—% strength defects are entirely different entities; as shown in
Section @] our theory is able to predict such differences.

4. Computation of bounded energy distortion and director solutions. We
demonstrate and evaluate the ideas presented in Section through explicit construc-
tions for different kinds of defects. First, we present results for straight wedge and twist
disclinations and compare our results with Frank’s planar model [EFra58]. Then we take
the next step forward and simulate twist disclination loops.

4.1. Straight disclinations. We refer to disclinations with core cylinder along a straight
line, as opposed to a general curve or a closed loop, as straight disclinations. A straight
wedge disclination is one for which the defect line is along the axis of rotation of the
director field. In the case of a twist disclination, the line is perpendicular to the axis of
rotation.

4.1.1. Wedge disclinations. Although it is uncommon to find an isolated wedge discli-
nation in nature due to its considerable energy cost, it is nevertheless a canonical problem
for theoretical tools, and we study such a 2-dimensional line defect [KLO03].

Consider 6 as a function of the coordinates 7 and x5 so that the director field would
be planar. According to (), (II)) and Stokes’ theorem,

/5§dA = —/Curl)\ -e3dA = —]{A -dr = 21K. (16)

This criterion indicates that the line integral of the vector field A over any closed curve
bounding the core is non-vanishing. Inspired by the Weingarten-Volterra process in
elastic dislocation theory and adapting it to the simpler situation at hand as indicated in
Sections B.213.4] we define A as a vector field with support on a thin layer that originates
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from the defect core and extends all the way to the boundary:

2K { To >0
e; for

A= R
2’/“1 |{E1| <r,

(17)
A =0 otherwise.

Here, r; defines the spatial width of the layer. The derivative of A with respect to x»
is zero everywhere, except at the layer boundary at x5 = 0. Consequently, 3% will be a
singular wall-like distribution of finite extent supported on this layer boundary. However,
for reasons indicated in Section B.2] the total energy of the disclination so defined would
still necessarily be finite.

In agreement with Figure [[l we now endow this singular wall with a finite WidthE
Thus, the following definition for the layer field is used:

—2nK 0
=2nK ZTo >
— 2r 2
ALi=90  ooa, lza| < 70 lz1| <71, (18)

2r1 219 2l =17

A1 =0 otherwise,

Ao =0 everywhere.

Figure @ shows the norm of A and the resulting 3% field from it, where both fields have
been normalized by K:
< 1 ~ 1
A=A 0= _—p3°%
K p Kﬁ
Note that, as mentioned in Section [£.2] the 3 field may not be as localized as 3% since
B = curl(E),
Bij = ejriik
on;
= ejkl( aezEl)
8 671
62 n; 3nz
= ejkz(me,k(a,l —A)+ WEl,k)v

and noting that ejklEf:k = Bf and e 0,0, =0,

i, (19)
One can easily see that while the second term is locahzed inside the defect core, the first
term is not necessarily zero inside the layer. However, since 6 ;, decays sharply from the
defect core, the effect of this term vanishes rapidly away from the core. Figure Bl shows
this deviation from being a perfectly localized field.

Equations (), (Id]), and ([8) yield the director field from Poisson’s equation

div (grad @) = div A. (20)

82
Bij = —ejul(Fo 692 0 xN) +

30f course, ideally one would seek such a width as an outcome of the full dynamical model. As a first
step, we show here that isolated disclinations of specified strength with finite-size cores can be solutions
to balance of moments in our model.
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F1G. 2. Normalized X field, resulting from (I8)), and the correspond-
ing 3 field.

As a close reference point for the numerically computed approximate director solu-
tions that are generated subsequently, the closed-form solution of (Z0) in an infinite
domain is derived in Appendix [A] corresponding to smooth approximating sequences to
the discontinuous layer fields, i.e. ([7)-(I8]), we consider.

In order to compare our energy and director field results with those available in the
literature (e.g. [KLO03]), we will consider line wedge disclinations in an infinite space. To
compare the results with Frank’s planar model, we consider the following equation with
Neumann boundary condition:

divgradd = divA onV
(9rad® —X) -v=grad¢-v on I,
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where [ is the exterior boundary of the finite domain V' and ¢ is the angle of the director

field with the z; axis in Frank’s solution [Fra58]:

qS:Ktan_l(

T2

Z1

)t

(21)

with ¢ a constant. For the purpose of evaluating the boundary condition for the domains
involved, it suffices to consider grad ¢ to be given by

2 (—z2e1 + z1€9)
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(to the neglect of a surface Dirac distribution related to the discontinuity in Frank’s
solution (2II)). Moreover, one must assign the value of 6 at one point in the domain for
uniqueness of solutions. Note that this assignment is tantamount to fixing ¢ in Frank’s
solution. We choose to assign a value 6, at one point on the right-hand-side boundary
of the layer/strip on which A has support.

Now, using this Neumann boundary condition, the weak form of (20)) for use in the
Galerkin finite element method is

08 ; ;)av — [ 66¢ v,dS = 0. (23)
/i J

Here 66 is a continuous test function for #. Bilinear, 4-node, quadrilateral elements are
used for our simulations. Needless to say, the resulting 6 will be a continuous field, and
we show converged results for the director field with mesh refinement in Figure

Figure @ shows the result of solving (23] for 6, plotted as director fields using (),
for different disclination strengths. In all of these examples, 6y = 7, except in Figure
These director fields are completely analogous to those from Frank’s solution (2T]),
outside the layer.

However, inside the strip, the continuous 6 field has to compensate the jump between
the two sides of the layer. As a result, one can see that inside the layer, directors rotate
sharply from one side to the other but at no extra energy cost in the layer beyond what
is involved in the standard interpretation of the energy due to Frank’s solution, i.e. the
energy arising from considering the director gradient field to be (22). This is due to
compensation by the A field, more precisely, by the grad z part of the A field. Moreover,
the topological content of the standard interpretation, i.e. ([22)), of the singular gradient
of Frank’s solution (ZI) is preserved in the E? field and approximately in the gradient
of continuous 6 field (up to the layer). Within this setting, even in the case of an integer
defect, although there is no apparent discontinuity between the directors on the left and
right sides of the layer, there exists a 27 transition within the layer. In order to have
a better understanding of this compensation, we take a closer look at the case K = %
Figure [0l shows the rotation of the director field inside the layer. Note that the rotation
of the director field inside the layer is opposite in sense to its rotation outside the field.

Next, we compare the energy density field of our theory to the corresponding one of
Frank’s model. Using (@), the energy term for Frank’s planar model will be

Kk K2
272

Yr(n, E) =

(using the standard interpretation of the gradient). Evidently, the total energy in a finite
body for such an energy density field will not be finite. However, the energy density of
the defects we model is non-singular in most cases and definitely integrable in all cases,
so that the total energy will be finite. The energy density of our model can be calculated
from the following expression:

¥, B) = 5400 = A) (05— N

)
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Fic. 4. Computed director fields with wedge disclination at the cen-
ter for different disclination strengths. Parts (c) and (d) have the

same disclination strength but different prescribed values 6g.
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Fic. 5. A closer look at the computed director field for K = % The
colored strip depicts the layer field, A. If one makes a clockwise
circuit around the defect core, the rotation of the directors will be
clockwise, outside the layer, while it is anti-clockwise inside.

Figure [6] shows energy contours normalized with respect to K and &, outside the defect

core:
~ 1 1 1

¢F2m¢F:W Q/JZRKQw

In this figure, we have also compared the decay of the energy density as it moves away
from the defect core. According to ¥, such decay must follow a T% trend. The results
from our setting shows good agreement with the analytical results outside the core while
being non-singular inside; see Figure [Gl

Note that not only is the energy density in our model non-singular at the center, but
Figure shows that the energy density profile drops dramatically at the center of
the defect core. Later, in Figure |[14(b)| we will show that the energy level at this point
converges to zero. However, this is not a general rule. In fact the energy density profile
inside the core depends on the distribution of the layer field, X, and consequently 3°.
For instance, if we cut off the layer field at the center of the defect core instead of letting
it decay linearly, i.e. using ([T) for the layer field definition, the energy density will be
as in Figure[ll Figure reveals the fact that although such sharp cutoff in the layer
field will cause unsymmetric energy density distribution inside the defect core, the energy
density will still be radially symmetric outside the core.

We also note that even though in this case we have a singular wall-like distribution of
B? at the core edge that can potentially cause singularities in the energy density at the
sharp corners defining the layer, the total energy for a fixed width of layer will always
converge as long as r; > 0; i.e. the layer has finite width. This is borne out in our
computations where the total energy corresponding to Figure [7] appears to converge, as
shown in Figure 8

4.1.2. Straight twist disclination. Twist disclinations have the axis of rotation of the
director field perpendicular to the defect line. They are sometimes called perpendicular
disclinations.

From the mathematical point of view, we use the same definition for the planar director
field as in equation ({@). While the n field lies in the xz; — x2 (horizontal) plane, 6 is
assumed to be a function of z; and z3 and it is constant along the xo direction. The
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FiG. 6. (a) Normalized energy density contour outside the defect
core and (b) the decay of energy density when zo = 0.

definition of the layer field undergoes similar, appropriate changes. We define A as in
(@), but now in the ez direction instead of e; (for direction of A and the width of the
layer), as shown in Figure We perform a 3-d finite element computation in this case.
The computed energy density concentration is shown in Figure The distribution of
the energy and its decay on the vertical plane are exactly the same as shown in Figure
for the straight wedge disclinations, which is consistent with expectation. Figures
and respectively, show the computed and analytical director fields.

4.2. Tuwist disclination loops. Disclination loops are more commonly found in nature
than curves terminating at boundaries [HR06]. In this section we will simulate a twist
disinclination loop using our framework.

The director field will be planar, but now the 6 field will be a function of x1,zs and
x3. The A field for a planar twist disclination loop is taken to be a constant field in
a bounded layer, as can be seen in Figure The bounding cylinder of the layer over
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Fi1G. 7. (a) Normalized energy density contour when A sharply ends
at the center, (b) the corresponding energy density profile in cases
z2 = 0 (blue, solid line) and z1 = 0 (red, dashed line).

which the constant field decays to zero then forms the disclination loop. Clearly, the
closed loop can be of any shape, but restricted to be planar in this exercise.

In particular, we have chosen a square-shaped and a circular loop in the horizontal
plane. B and the 3% field for the rectangular loop are shown in Figure [[1l Just like the
2-dimensional wedge disclination case, the 3¢ field is non-zero only at the defect core,
which appears as a square loop, and 3 is non-zero inside the loop, where the layer field
is non-zero.

The director field is a planar vector field with twist axis along the x3 direction. As
shown in Figure[I2] in any given plane x3 = constant the effect of the loop decays rapidly
with distance from the loop. Figure[I2also clarifies the way in which the director vectors
make a twist as one moves through a circuit enclosing the core. Note that the director
vectors corresponding to the lower part of the A field have the opposite direction of the
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Fic. 8. Convergence of the normalized total energy corresponding to
the energy density shown in Figure[[] with the increase of the number
of elements used in a fixed domain.

ones on the top, since that is a half-integer disclination loop (K = %) and as a result

the director field makes a m-radian twist. We emphasize that while this twist deficit is
observable in the (continuous) director field only on circuits that are ‘closed up to the
thickness of the core’, integrating E? on an exactly closed circuit encircling an arm of
the disclination loop core would yield a m-radian twist by design.

Figure shows the energy plots of the two disclination loops from different points
of view. Figures [13(a)| and [13(b)| are the energy density contours at z3 = 0 on the
x1 — x2 plane for the square-shaped and circular loop, respectively. Note that the energy
density of the rectangular loop has significantly higher magnitude at the corners, this
being a consequence of the high curvature in the director field at the corners of the loop.
Similarly to what we saw in Figure these contour plots show a drop in magnitude
inside the core. This plot also shows smoothness of the energy density, even in the vicinity
of the defect core. In order to better understand the pattern of the energy density on
this plane, Figures and show the logarithmic scale of the plot. A closer look
at these two plots reveals that even for the rectangular defect core the energy density
adopts a radially symmetric patter away from the core. The observable deviation from

this circular texture on the boundary is due to the zero Neumann boundary condition
that we have used for these two examples. Figures and show the logarithmic
plot of the energy density on the x; — z3 plane.

4.3. Convergence of numerical results. One of the main advantages of our model is
the possibility of attaining non-singular results in energy density. In this section we
have verified this claim by refining the mesh in our numerical model to demonstrate
convergence even inside the defect core. Figure [[4lshows this convergence for the straight
wedge disclination. Since the results for different disclination strengths are similar, we
have normalized our energy plots with respect to K.

The energy density results for our model and Frank’s analytical model are the same
outside the core. Figure shows a relative error of less than 1% everywhere for the
energy density, and less than 0.6% for the director field (outside the layer) for the half-
integer defect. Results for all other disclination strengths show the same error distribu-
tion.
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F1G. 9. Straight twist disclination: (a) 3D plot of the layer field, A,
(b) a 3D plot of different layers of the normalized energy density
to illustrate the energy density distribution in the body, (c) is the
computed director field, while (d) is the analytical one.

Finally, Figure [Lf] shows the convergence of the energy density in the square-shaped
twist loop model. In this figure, the energy density profile of the loop with two different
element sizes has been compared on the z; axis, i.e. on the line x5 = 0,x3 = 0.

5. Balance of forces. Assuming a single disclination in the body (loop or a core
cylinder terminating at the boundaries of the body), static balance of linear momentum
@) is satisfied in the region of the body excluding the core. This is so since the stress
tensor is given by

Tij = _p61J — KJEZ@E]Q
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Fic. 10. An example of A field for a square-shaped twist disclination
loop. The field vanishes in the white region.

Energy

260

0.5

-0.5

-4

Fic. 11. (a) Normalized 3¢ for the twist disclination loop and (b)
logarithmic contour plot of normalized |3|. The white area in part
(b) represents zero for |3|.

and (7)) and (@) imply, along with the core-support of 3%, that

00y _ ooy _ Vi
(B E}),; = (ESE}),: = P

and one chooses the indeterminate constraint pressure field in the excluded-core region
of the body as

p=—v
to satisfy ([2). On the external boundary of the body, recognizing ([I0) one chooses

p = 0. Thus, the resultant force on the surface of the core cylinder (or any other surface
enveloping it) must vanish.
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Fic. 12. Computed director fields of twist disclination loops for K = %

An interesting possibility is afforded by the model [AD12] in satisfying static balance
of linear momentum everywhere. Note that within the core curlE? does not vanish so
that it is not a priori clear that (E? Ef) ;j can be expressed as the gradient of a scalar field.
However, the vanishing of the curl of the field (gradE?)E? along with the conditions
(@8) within the core region may be imposed as a design constraint on the 3% field.
Were solutions to this system for 37 to exist, one could proceed to set up the field A as
before with the caveat that now the field curlA within the core is not subject to the mild
constraint (§) but instead to the pointwise constraint defined by our calculated 3? field.
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Alternatively, the theory also allows the ansatz
>, On
E = — do® — A® 24
2_ gga @ lora ) @)

and choosing this affords four more degrees of field degrees of freedom to satisfy static
balance of linear momentum without body forces simultaneously with satisfying balance
of angular momentum, presumably even without necessarily requiring the constraint of
incompressibility. Moreover, the solutions generated in this paper would seem to suggest
that these extra degrees of freedom could be invoked only in the core cylinder, thus con-
ferring an automatic multiple spatial length scale feature to the theory. Of course, with
static balance of linear momentum satisfied everywhere (including cores), the resultant
force of the Ericksen stress tensor (and hence the energy-momentum tensor of the classi-
cal nematic theory [Esh80LICEF02]) on the bounding surface enveloping any segment of a
core has to vanish without the requirement of any externally applied body forces or the
onset of flow, while the [AD12] dissipative dynamical theory provides a driving force for
disclination motion not related to the Ericksen stress or its resultant. This possibility has
the potential of reconciling several different points of view and clarifying an often con-
fusing debate in the liquid crystal literature (cf. [Esh80LKr693\[Eri95]) revolving around
the physically meaningful question of modeling the experimentally observed motion of
disclination curves in the presence of negligible or no flow.

6. Concluding remarks. We have demonstrated the possibility of representing non-
singular isolated disclination fields within a dynamic theory [AD12] of liquid crystalline
media designed to account for disclination and dislocation defects. The solutions satisfy
balance of moments everywhere in the body, including the core. Balance of forces is sat-
isfied outside the cores, and it appears possible, by going beyond the ansatz () assumed
in this work, to satisfy force balance everywhere in the body. The fields constructed here
may be considered to be equilibria for the theory when the defect lines are considered to
be externally pinned (i.e. the defect velocity field, a constitutive quantity, is assumed to
vanish).

Our primary goal has been to demonstrate distinguished pairs of director and (incom-
patible) director distortion fields (n, E) satisfying () and (@) that generate classically
familiar director and energy density fields of disclinations (but not exactly the same
ones). In doing so, we use an intermediary ‘layer’ field which, thankfully, is not required
in the subsequent dynamics of the [AD12] model once the director and the director dis-
tortion fields have been constructed. However, a fact that gives us pause is that the
director incompatibility tensor fields 3 of these isolated disclinations appear to contain
some signature of the layer field used to construct them even outside the region that one
would typically like to associate with the core of the disclination, and whether this is
physically realistic or not remains to be seen. Also, the director fields that we construct
have a rapid variation in the layer (without a corresponding energy cost), and the phys-
ical realism of such a distribution should also be testable in the modeling of situations
involving interaction of the director field with flow. Of course, the analysis presented in
Section provides the logic to construct a director and director incompatibility field
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without the layer-related features discussed above. To wit, considering the example of
the axial wedge disclination of Section 1] in an infinite domain, we define

As = grad zs + Ef

where
div(grad z,) = div A

and A is the distribution obtained in (I7) by letting r; — 0. This results in z, being
exactly Frank’s solution (ZI). Additionally, we let EY be the solution to

divE? = 0
curl B = ¢

T

(with natural decay requirements at large distances) where 3¢ is a radially symmetric core
function described in Appendix [Bl with associated solution for E?. This formula shows
that outside the core, EY matches the standard interpretation (22)) of the gradient of
Frank’s solution (ZI)). Setting EY := gradf — A, and requiring it to satisfy the governing
equations of our model, i.e. (@) and (@), a (discontinuous) solution is certainly 6 = z;,
with discontinuity supported on the half-plane defined by r; — 0 in the definition (I7) of
X. These results imply that outside the core and away from the half-plane 1 = 0, x5 > 0,
E? matches grad 0. Assuming the validity of (I5) on the half-plane and noting that the
grad® and E° fields are parallel to e; on it, it may be concluded that 3 is non-vanishing
only inside the core. With EY defined as in this paragraph, we note that even though
grad® is not a locally integrable field, this is exactly compensated by gradzs so that
the energy density is formed from the field EY alone. In this connection, we note the
interesting fact that the classical defect theory works with a director-‘gradient’ field for
forces, moments and energetics that is not strictly a generalized derivative of what it
states as the director field (even outside the core)H Thus, it would seem that considering
the energy formed from a director distortion field distinct from the director gradient in
the presence of line defects (as we do) is probably a reasonable logical device even for
discussing the classical theory.

This paper has not made any statements about whether the chosen isolated defect-
like director and director distortion fields can actually occur as equilibria of the over-
all dynamical model [ADI12] for suitable constitutive assumptions for defect velocities
(e.g. a linear kinetic assumption on disclination velocity as a function of its theoretical
driving force). Based on our experience with related work on Field Dislocation Me-
chanics [Achl0], [AT11], [AMZ10], we believe this should be possible with the use of
non-convexity in OZF energy (ossibly due to a limit on director elasticity), the system

4The analog of Weingarten’s construction to be utilized here makes it entirely clear why this must be
so: there, one begins with an irrotational field in a doubly-connected 3-d domain with a through-hole,
and what may be associated as the ‘closest’ potential field generating the irrotational field is not defined
on the same domain but rather on a simply-connected domain obtained through a single cut of the
doubly-connected domain that renders the latter simply-connected. Unfortunately, however, these are
not procedures that lend themselves to practical nonlinear theory, especially of the type interpretable
by the intelligence level of electronic computers that are essential to probe the complex dynamics of the
theories we have in mind.
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(as opposed to scalar) nature of the defect evolution equations, as well as from appro-
priate boundary conditions. In the presence of flow, there are, of course, other natural
means to induce line defects.

There are many natural further steps to explore: solving for more-than-planar fields of
isolated defects, defect solutions for the full 4-constant Oseen-Frank energy, solutions for
disclinations coupled to dislocations in smectics and columnar phases and on to dynamics
with and without flow (without flow and even without director inertia, the model has
dynamics due to defect evolution). While each of these problems is significant in its
own right, we take some satisfaction in the fact that all of these questions can at least
be posed unambiguously within our modeling framework. Finally, an important future
task is to make contact with the fine topological work of Kleman and Friedel [KF08] and
Kamien and co-workers [CAK09|.

Appendices.

Appendix A. An explicit solution for #. An analytic solution for the director
field corresponding to A source fields in (20) in an infinite domain is developed to serve
as motivation for some of our claims in Section The source fields are layer-like but

do not have compact support on bounded domains. Consider a § sequence [Han06]:
n

5n(x) = ﬁe—(nw) )

so that [*_6,(x) = erf(z) = 1, for any n. Also, consider an H sequence, which converges
to the Heaviside step function

Hy(z) =

DN | =

(tan™'(nz) +1).
Now, one can define X as
(@) = 20 K6y, (21) Hy(x2)e7.

Note that, for any given n,

j{)\n.dr = 27TK/ On(z1)dzy = 27 K.
+
Ty

In order to solve (20)), one can use Green’s function method for an infinite 2-D domain,
where the Green function is

1
G(z,z') = Py In(|z — =']).
Now, the expression for 6,, in terms of the Green function will be

0, = | Gz, z')div X, (z')dV.
V/
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Integrating by part and considering the fact that the A, field has only the e; component,
we get

0, = / Gz, 2" )\, (z') - vdS —/ i/G(a:,w'))\n(zc’)dV
ov’ v 5371

1 =
=—— [ BTN ()dV
27T v |w’ — w‘

/ / - ———27kd,, () Hp () dayda.

x' —x*

As a result,

/ / T — 1) LZT o~ )? (tan = (nah) + 1) dahde,. (25)
x

&' — 2|’

Note that in case of n — oo,

oo = 2 / / LT (o) H(ah)deda,

X1 ’
= — 5 AT,
2 oo @3 + (w2 — 7p)?

K — by |
= —tan~! (—x2 x2>
2 T

L
z5=0

As a result, 6,, will converge to
6 = K tan <@> +ec, (26)

which is exactly Frank’s solution for planar director fields for straight disclinations for
the 1-constant energy.

Appendix B. Solution for E?. We provide the following solution from [AD12] for
completeness. Consider 3¢ given by

ryes,r < T. 1
Bilorn) = { VST = a4 ot (27)

with the stipulation that

2K = /277/ )dr rdp = K = / ) rdr, (28)

where K is the strength of the disclination and r. is a core radius. Then following Section
5.2 in [AchO1], we have the solution

2
—g
r2’

Forr <r.: EY = _—Iz/ p(s)s ds, E% = I—;/ p(s)s ds.
0 ™ Jo (29)

Forr>r.: Ef =K EY =K=.
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It can be checked that this solution indeed satisfies the governing equations for E? for
any p satisfying the given conditions. For the choice

2K (1 1
0,7 >r¢

the inside-core solution evaluates to

—z9 (2K r2 0 T (2K r2
F <re: Ee = — [ — — — FY = — | — -
orrs=r rl 7"2 ( e |:T 2T6:|> B 2 7’2 y T 27’6 s

while the outside-core distribution remains unchanged.
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Fia. 13. Energy plot of the twist disclination for square-shaped and
circular loops: (a) and (b) are the contours of the normalized energy
density, where z3 = 0; (c) and (d) show the decay of the same
contours in a logarithmic scale. Also, (e) and (f) are the logarithmic
contour plots of the energy density in 1 — 3 plane, where 2 = 0.
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F1G. 14. (a) Normalized energy density contour of wedge disclination
including the defect core and (b) the decay of energy density when
xo = 0 for different element sizes L.

B 05 .
5.5
0.8 9 0.4 5
. 8 0.3
0.6 45
0.4 7 0.2
1
0.2 6 0.1
35
S0 5 Ao . !
_ 5
02 4 0.1
25
04 3 -02
2
06 2 -03
15
-0 1 —04
1
-1

-08 -06 -04 -02 0 02 04 06 08 1 '30.5 -04 -03 -02 -01 0 01 02 03 04 05
x

1 x

(a) (b)

Fic. 15. Comparison of the computed results from the model with
Frank’s model: (a) Relative error of energy for wedge disclination.
(b) Relative error of director field for wedge disclination.
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10

120 4 i

==1=0.02
w04 — w01

F1G. 16. Normalized energy density profile of the twist disclination
for the rectangular loop in Figure [13(a){ when z2 = 0. The element
sizes are L = 0.02 (red, dashed line) and L = 0.01 (blue, solid line).
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