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A PURTHFR QERALI/ATION OF THE KAKUTANI "IXED POINT
THEOREM, WITH APPLICATICN TO NASH EQUILIBERIUM POINTO

ti
Kakutaai's Fized Point Theorem [ 3 states that im Fusclidean
n-gpace a closed point to (non-void) comvex set map of a convex campact
set 1mto iteelf has a fixed point. Kaiutani showed that this ixplied
the minimax theorem for finite gmse. The object of this note is to
poimt cut that Kalutani's thoorem may bde exteaded to comvex l'moar
topologica). spaces, and implies the minimax theorem for oontinmuous graes

vith contimuous peyoff as well as the existence of liash equilibrium points. IE
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l. The t
Definition: Let X be a Hausdorff linear topological space, and
let SC X. A point to (msm~woid) convex set mapping

ia sald to bo glosed 1f the graph, !L&Js (X, o(x)), 18 closed in X x X
In terms of directed systems (or nets) (1] this may be stated as either

of the implications®:
(a) x>z, ysf.O(xs )y Y > T = yeo(x) .

(® x >x, ye0(x.), ya cluster potnt of f,s§=a ¥ £6(x)

With this definition of a closed mapping wve are able to extend a re-
ult of Boknenbdlust and Karlin [2] to convex Hausdorff linear topological
Spaces; indeed we use the exact analogue of their proof. (A linear topo-
103.10111 space X is said to be c nvex if there exists a bese of convex

1 It is obvious that (b) => (a). To see (a) = (b) we must resort to
redirected or "sub-directed” systems. Let y be a cluster point of { y‘)‘ =
T >, yto(x, ). Then Lot UL be the dirested set of neighborhoods

of y, directed by U; < Uy # UC U,. Set
Q= {(S.ml 73“’}. (1,01) <(S2,02) =68, < §2. U, <Up.

4A' is a directed set, eince if RAY ys’f,ueasoz 51, 2 ama
further a 5 > Soaygem’f\tlg since y is a cluster point. Now if we set
s,m = Tgfor (5,M¢ &', clearly I ,; 7 Settins s, 0 "%y
1f (5,M € O ylelds ;‘s’m?lclurly, and by (a) y € o(x).




neighborhoods of the zerv elament (0) vhich define the topology of X;

ve shall alwvays take a neighborhood in such a space to bde one of the

oomvex meighborhoods, and to be symmetric: Va=-V | 6] ).

Theorem: Givem a closed point t» convex set mapping ¢: S =» O

of a comvex ocampact subset S of a convex Ha wdorff linear topological

space 1into iteelf there exists a fixed poimt x : ¢(x).

(It is seen that this theorem duplicates the Tychomoff extensiom of

Brouver's theorem for Kakutani's theorem, and includes this in tho same

fashion that Kakutani's includes Brouwer's.)

Proof: J.et V be a given closed neighborhood of 0. CTince 5 1s

compact there exists a V-iense set ;xl, vo vy X f = T M0, éxl,

s L

=

Y
V).
= (x1 +

Let 5. be the convex mull of Xy, ..., x,( and let

Qv(x) = (Mx) + V) N Sy

Now &_ 1is of course a point to convex set mapping' which in particular

\

takes SV - ﬁv Moreover ov is a olosed mapping. For, 1if

T ov(x) is never void since there exists an x, ¢ o(x) + V vhenoce
xit(o(x) +V) NSy = °V(x)‘
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'b-’" ystev(xs ), and ¥, => y then
’S -‘.‘-(o(!g) "n"\st

Hence there exist :}.N’(’S) and Vbt.' such that 4 -x;_= * vsi.sv. Simce

5.£8(x)C S and eince S 1s compact, {lsj’hlnclmtor point & iIa S. &
belongs to o(x) lmoxé-bxmounolood-mhg. Since 'i‘-ys-ls
and y > 3, §_v$j“thwv-y-zuuc1umpo1nt. v belongs to V
lhuv%f:.v-uvueloud. Thus y =8 ¢ v &(x) « V. On the other hand

¥ ¢Sy lhl:'y,aiﬁvfls)(: Sy» Y, => y and S, 1s closed. Thus we have
7 (0(x) + V) N\ 5, = o (x).

Hence by the Kakutami fixed point theorem for Fuclidean spaces
(since the relative topology om Sv is Euclidean), we have X, £S5y,

Ty « Oy(xy) -
Nov the closed neighborhoods of O form a matural directed set under

isv2avC W,

o0 that i:v} is a directed system. Hemce we have a cluster point x of
5"7‘ . Usiag the process indicated im the footmote of page 2, we form

A = E(V,U); x,<U, Ululdﬂ:orhoodorxf

vhich is a directed set, and set




"-193

x(V,U) = Xy for (v, ) = o',

8c that

l b 4 > x

( ) (V,U) O

and

(2) forwvo there exist Uandngoa(V, v, .

Then we have z(V,U) such that

VRO R ML R R LR

from x ¢ o(xv) + V, so that '(V,U’) 2> by (2). 3But them x* ¥(x) sincs
® 18 closed, and the theorem is proved. !

§ 2. Nash Equilibrium Points

Coasider an n-person game played over n campact Hausdorf! pure strategy

spaces A, ..., An' in vhich the payoff to player 1 is

Mi(x“ 100y %)1

a real valued, continuous fumction over .y x Ap s ... = An' wcocording to
Nash [ 4] , a set of mixed strategies (f, ..., fg)(vhich ve interpret
here as regular mesasures such that fi(fxi) = 1) 18 an eocuilidrimm point of

the geme if, for each i,

Joard [ oarz ... [aar

18 the maximum of all similar express!ons in which r‘i’ 1s replaced by an

, When ¢ 1s a point-to-point mapping (Tychomoff's case) the approximation

of ¢ by a finite-dimensional point-to-convex set mapping ov seems simpler
and more direct than the usual approximati n by a finite-
dimensional point-to-point mapping which involves linear interpolation.

The technique is due to Bolmenblust and Karlin.
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arbitrary strategy fi‘ By means of the preceding theorem we shall show
that equilibrium points exist; we treat for cunvenlemce the cage n = 2,
the extension to the gemeral case being obvious.

Let the players be I and II, the payoff to I be M(x,y), to II be H(x,y),.
both continuous on the compact Hausdorff space AI x AII‘ Let SI and SII be
the sets of mixed strategies for I and II. These are subsets of the spaces
of functicnals on the Banach spaces of contimuous functions c(AI) ’ C(An) s
on A, and A, and are «™ compact. Since the «~ topology is con-
vex, that is, the space t:(.xI)‘r (under the <™ topology) 1s a cenvex Hausdorff
linear topological space, we may apply Theorem 1 to mappings on SI or SII or
Indeed to Sy x Sy < C(Ap) x ClAy)” .

Set

B(f,8) = J / mar(x)ag(y)

F(f,8) = ) J nar(x)da(y)

vhich are, respectively, ths expectations of T and IT 1f T uses f, IT uses

8. Ve seek a pair (£°, &°) such that

E(2°, &°) = o B(f, &°)

P(2°, &°) = sup F(£°, §@).
8

\

For every f , sot!

g (r) = a?(fvs) - lﬁ? F(f,8'))
and for every g set 8

7 (o) = £(x(2,8) = oup E(f',6)).

1 "% (...)" moans "the set of g sush that ..."
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Both 7Z(g) and ﬁ(r) are ovidently convex, and are easily seen to bo
acm-void amd <”closed, hence the mapping

(t,8) = (7 (&), £(2)

is a poiat to comvex set mapping of SI‘ SII —& SIH sn. Moreover it 1is
easily seen that the mapping is closed since £ and F are continuous functions
8 Syx Spy- Henoe by the fixed point theorem there exists a pair (£°, ¢°)
such that

¢°,8) e (Z (69, 4(t9)

E(fovso) - '?P E(f;so)

7(£°,8°) = sup F(£°,g).
g

Thus equilibrimm points exist. An obvious consequence is the existence
of such points in the gmme in vhich only a comvex <™ closed subset of S, may
be played. Another obvious consequence is the minimax theorem for the two
pereon tero smm comtinuous game, vherein N = = M, for then

F(f,8) = -/ ) mar(z)ag(y),
F(£°6°) = - 1af [ [ wmar°(x)aa(y),
&
£(£°,8°) = eup S [ war(z)ae(y),
so that

S wat’(x)aaty) > [/ me(2)a8’(y) > [/ mar(z)ae(y)

vhense the minimax relatiom follows, and £ and g° sppear as optimal
strategies [ 5]
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