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Abstract: A multi-objective linear programming problem (ITF-MOLP) is presented in this paper, in which
coefficients of both the objective functions and constraints are interval-typed triangular fuzzy numbers. An
algorithm of the ITF-MOLP is provided by introducing the cut set of interval-typed triangular fuzzy numbers
and the dominance possibility criterion. In particular, for a given level, the ITF-MOLP is converted to the
maximization of the sum of membership degrees of each objective in ITF-MOLP, whose membership degrees
are established based on the deviation from optimal solutions of individual objectives, and the constraints are
transformed to normal inequalities by utilizing the dominance possibility criterion when compared with two
interval-typed triangular fuzzy numbers. Then the equivalent linear programming model is obtained which
could be solved by Matlab toolbox. Finally several examples are provided to illuminate the proposed method
by comparing with the existing methods and sensitive analysis demonstrates the stability of the optimal
solution.
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possibility criterion
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1 Introduction

Optimization problems include objectives and constraints. Deterministic optimization problems have
been well studied, but they are limited and inadequate to exactly express the real problem [1]. In our daily life,
many complicated problems involve uncertain data in economics, social sciences, medical diagnosis, natural
sciences and many other fields. Accordingly, fuzzy optimal control and multi-objective linear programming
with fuzzy parameters have been playing an increasing role in uncertain systems [2-6].

Recently, several researchers have considered the issues of expressing the coefficients of objectives
and constraints in multi-objective linear programming. There are several well-known theories to describe
uncertainty such as fuzzy set theory, possibility theory, probability theory and other mathematical tools.
For instance, fuzzy linear programming with fuzzy coefficients are considered by many authors [7-9]. Wang
and Wang [10] have proposed a fuzzy multi-objective linear programming with fuzzy-numbered cost coeffi-
cients and transformed the problem into a multi-objective problem with parametrically interval-valued cost
coefficients by utilizing membership functions. Different algorithms [11, 12] are developed to solve multi-
objective linear programming problems based on interval-valued cost coefficients. Combining fuzziness
and randomness in an optimization problem, many models are considered such as fuzzy random chance-
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constrained programming model [13, 14] and multi-objective linear programming model with fuzzy random
coefficients [15]. Liu and Liu [14] have established an expected value model and developed a hybrid intelligent
algorithm of the fuzzy random multi-objective programming problem. Li et al. [15] have presented a genetic
algorithm using the compromise approach for solving a fuzzy random multi-objective programming problem.
However, the probability distributions of parameters may be unknown [16]. Considering uncertainties as
interval analysis, multi-objective robust optimization approaches are developed which wouldn’t involve
any probability distribution [17]. In recent years, regarding coefficients as interval numbers [18, 19], many
multi-objective programming with interval parameters [20-23] have been discussed in detail. The approach
proposed by Hajiagha et al. [21] proves to be flexible especially in ill-defined information circumstance.
Moreover, the approach has less computational complexity than the literature [23] when the number of
objective functions increases.

As pointed out by Chiang [24], Transportation problems prove to be better to express the parameters as
interval-valued fuzzy numbers instead of normal fuzzy numbers. To find solution of a linear multi-objective
transportation problem with parameters represented as interval-valued fuzzy numbers, Gupta and Kumar
[25] propose a linear ranking function method via signed distance among interval-valued fuzzy numbers and
obtain the non-dominated solution of the transformed crisp linear programming model. As a general form of
fuzzy number linear programming, Farhadinia [26] introduces a formulation of interval-valued trapezoidal
fuzzy number linear programming problems and presents its primal simplex algorithm in fuzzy sense via
signed distance ranking function.

The description of incomplete and vague information has received more and more attentions recently.
Interval-valued trapezoidal fuzzy numbers [27-29] are introduced to express the attributes and applied to solve
the actual multi-attribute group decision making problems. As the complexity of information in the real world
is increasing, interval-valued fuzzy numbers, which have many advantages in decision making and multi-
objective programming fields, still have its limits to process the vague information. In this paper, we offer
the notion of interval-typed triangular fuzzy numbers, which could be regarded as an extension of interval-
valued triangular fuzzy numbers and interval numbers respectively. Moreover, interval-typed triangular fuzzy
numbers may be not interval-valued triangular fuzzy numbers. Like traditional fuzzy sets, Interval-typed
triangular fuzzy numbers could also be exploited to extend many practical applications in reality [30].
Considering the fact that both interval-valued fuzzy numbers and interval numbers are more general and
better to express incomplete and vague information [27-29],we try to propose an effective algorithm of multi-
objective linear programming in which the coefficients of objective functions and constraints are stated as
interval-typed triangular fuzzy numbers.

The rest of this paper is organized as follows. In section 2, we review some basic definitions related to
interval-typed triangular fuzzy numbers and several useful operators. In section 3, we give multi-objective
linear programming (ITF-MOLP) on the basis of interval-typed triangular fuzzy numbers and discuss some
interesting properties. Particularly, the decomposition theorem about an interval-typed triangular fuzzy
number is presented. In section 4, we establish an algorithm of the ITF-MOLP. By introducing the cut set of
interval-typed triangular fuzzy numbers, the objective function is transformed into the maximization of the
sum of membership degrees of each objective, where the membership degree of each objective is given based
on the deviation from optimal solutions of individual objective. Utilizing the dominance possibility criterion,
the comparison between two interval-typed triangular fuzzy numbers in constraints is transformed to normal
inequalities. Accordingly, the ITF-MOLP is finally converted to a linear programming that could be solved
by existing methods. Section 5 gives some illustrated examples. Moreover, the comparisons with existing
approaches are made and the sensitive analysis concerning the optimal solution of linear programming is
also investigated. Section 6 concludes the results and points out further research.
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2 Preliminaries

Suppose that R is the set of all real numbers and R* is the set of all positive real numbers. Some basic concepts
used in this paper are given in this section.

Definition 2.1. [31] A triangular fuzzy number A is defined as a triplet (a1, a», as). The membership function
Ua(x) is defined as

X-a s
domds ifa; <x<as,

Mal) = £ if ay sx <as, )]
o, otherwise

where ai,a;,a3 € Rand a; < a, < as; its membership function p,(x) is fuzzy convex, showing that the
membership degree of element x belonging to A; a; represents the value for which p,(a,) = 1, and a, and as
are the most extreme values on the left and on the right of the fuzzy number A respectively with membership
palay) = pa(az) =0.Ifa; = a, = as, then A is reduced to a real number.

Definition 2.2. [30] Let A = (a1, a,, a3) and B = (by, b,, b3) be two triangular fuzzy numbers. Then the
operations with these fuzzy numbers are defined as follows:

(i)A+B=(ay +by,ay +by,az +b3);

(i) A-B=(a; - bs,a, - by, as - b1);

(iii) AxB = (ay - b1,a, - by,as - b3) fora; >0, b; >0withi=1,2,3;

(lV)A/B = (al/b3, az/bz, (13/b1)f0)’ a; > o, bi >0 withi= 1,2,3;

(v) AA = (Aaq, Aay, Aas) for any positive scalar A € R.

Definition 2.3. [30] Let I denote a finite index set, {A; = (a1, ai», a;3)|i € I} be a family of triangular fuzzy
numbers, and \/ and \ represent the supremum and infimum operator on the real set R respectively. Then

\/Ai =(\/ai1;\/ai2’\/ai3)’ 2

iel iel el el
NAi= (A ain, \ais \ ai). €)
iel il iel el

The level (h%, hY)-interval-valued trapezoidal fuzzy number is given as follows.
Definition 2.4. [32] A level (h%, hV)-interval-valued trapezoidal fuzzy number A, denoted by
A=Al AY) = ((ak, ab, a}, ak;nh), (@Y, ¥, oY, a; V) )

is an interval-valued fuzzy set on R with the lower trapezoidal fuzzy number A expressing by

L
L, xa Loyx<at
hL e a]{ _x_ai,
AL(x)= h-, . a; <xsas, 5)
nt. 52 ak <x<dl,
a;-aj
0, otherwise
and the upper trapezoidal fuzzy number AV expressing by
_,U
WY Sy, af <x<df,
v © ' U U
U h", aj <xs<as,
A= y @x g U ©)
h aqyr 93 SX<ag,

o, otherwise
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where ak < a5 <al <al,a¥ <a¥ <a¥ <al,0<ht <hY <1, a¥ < ak and a, < a¥. Moreover, A* C AY.

Moreover,ifas = a5, a¥ = a¥ and h! = hU = 1, then A is a normal interval-valued triangular fuzzy number.

As for the definitions of interval-valued fuzzy numbers, one could also consult the references [27-29].In this
paper, we introduce the definition of interval-typed triangular fuzzy numbers as follows.

Definition 2.5. [30] An interval-typed triangular fuzzy number is a fuzzy interval [A*, AU], where both the
lower bound AL = (a%, ak, a) and the upper bound AV = (a¥, a¥, aY) are triangular fuzzy numbers and

a5 <ady.
e U oL oL _ U L U L 4U7; ; ;
Moreover, if ai < ai, a3 = a5 and a3 < a3, then [A~, A”] is called an interval-valued triangular fuzzy

number. If AL = AU, then [AL, AU] is reduced to a triangular fuzzy number. If at = a5 = a5 and a¥ = a¥ = aY,

then [AL, AY] is reduced to an interval number. Moreover, if ak = a5 = a5 = a¥ = a¥ = aY, then [AL, AU] is
reduced to a numerical value.

Remark. An interval-valued triangular fuzzy number is a special interval-typed triangular fuzzy number,
however, an interval-typed triangular fuzzy number may be not an interval-valued triangular fuzzy number.

Definition 2.6. [30] Let [AL, AY] and [BY, BY] be two interval-typed triangular fuzzy numbers. Then the
operations with them are defined as follows:

(i) [AL, AU] + [BL, BY] = [AL + BE, AV + BU];

(ii) [AL, AY] - [BL, BY] = [AL - BY, AV - B,

(i) [AL, AVIx[BL, BY] = [\ T1, \/ T1lfor Ty = {ALxBL, ALxBY, AUxBL, AUxBY} withal > 0,a > 0, bt >
0, biU >0, fori=1,2,3, where AL = (a’{, a%, aé),AU = (a%], ag, ag),BL = (b%, b%, bé), BY = (bY, bg, b%’);

(iv) [AL, AY]/[BL, BY] = [\ T2, \ T2, for T, = {AL/BY, AL /BY, AU/BL, AY/BY} withat > 0, a > 0, bY >
0,bY >0, fori=1,2,3, where Al = (at, ak, a%), AV = (a¥, a¥, a¥), BE = (b}, b5, bY), BV = Y, bY, bY);

(v) k[AL, AV] = [KAL, kAY] for k € R*.

Definition 2.7. [30] Let {[A}, AT1}ic; be a collection of interval-typed triangular fuzzy numbers, where I
denotes a finite index set. Then

\/(4f, A7P1=1\/ At \/ A7l @)

iel iel iel
NIAL, APT= A\ A, N\ AT ®)
iel iel iel

3 ITF-MOLP problem

As is well known, in classical transportation problem we always consider minimizing the costs of trans-
porting several products. However, the complexity of the social environment in most real world problems
requires the explicit consideration of objective functions other than cost [25]. Moreover, these objectives are
frequently in conflict, measured in different scales and difficult to combine in one overall utility function. For
instance, in real transportation problem the total transportation and implementation cost, the environmental
impact and the distribution time need to be minimized respectively while the average delivery rate requires
to be maximized.

Solving fuzzy linear programming problems, whose parameters in objects and constraints are considered
as interval-valued fuzzy numbers meanwhile the decision variables are assumed to nonnegative crisp values,
has received increasingly attention in recent years [25, 26, 33]. In this section, we consider a multi-objective
linear programming problem (ITF-MOLP) whose all parameters except crisp decision variables are taken as
interval-typed triangular fuzzy numbers. The ITF-MOLP problem could be considered as an extension of
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the multi-objective linear programming [25] whose parameters are assumed to be a special normal interval-
valued triangular fuzzy numbers.
Next, we investigate an ITF-MOLP problem. An ITF-MOLP problem could be stated as follows:

n
max(min)f; = Z 71X )
j=1
~ n
max(min)f, = Z ¥2jX; (10)
j=1
~ n
max(min)fi = > Fix; 1)
j=1
s.t.
n -
Yo a;x; = b;,i=1,2,---,m
j=1
n .
S Gy = det=1,2,-- g (12
j=1
szO,j=1,2, ,n
Where x; € R denotes decision variable (j = 1, 2, - - , n) and parameters 7;, a;; and b; are all interval-

typed triangular fuzzy numbers. Denote ¥; = [Fy;y, F;,], @;j = [@ij1, @ij2), bi = [Bir, Bial, @sj = [@ej1, Prjal, de =
[d, dp], in which Fij1s Tij2, Qij1,s Aijas bi, b2, ®ij1s Prj2s dy and dy, are all triangular fuzzy numbers, | =
1,---  kyi=1,2,++,m;j=1,2,---,n; t=1,2,---,4.

From the viewpoint of linguistic model, maximizing or minimizing a certain objective fl means the max-
imization or minimization of the objective in fuzzy environment. Because of the existence of interval-typed
triangular fuzzy numbers, the ITF-MOLP problem is not well-defined. That is, the meaning of maximizing or
minimizing fl, (I=1,2,---,k)is not clear and the constraints do not define a deterministic feasible set.
Particularly, if the coefficients of multi-objective functions and constraints are interval numbers, then the
ITF-MOLP degenerates to a multi-objective linear programming with interval coefficients [21].

To deal with the maximization or minimization of the multi-objectives and compare with interval-valued
fuzzy numbers, many authors [25, 26] introduce a ranking method to compute the signed distance from
interval-valued fuzzy number to y-axis as follows. Thus the multi-objective problem would be convenient
for computation.

Lemma 3.1. [26] Let A be a normal interval-valued fuzzy number. The signed distance of
A=At AY) = ((ak, ab, ab, ak;nh), (@Y, aY, aY, al; hY)), (13)
from O(y-axis) is given as:
d(;l,O)=%[a%+a§+a§+a£+ay+a§’+a§’+a2’]. (14)
Definition 3.1. [26] Let/zl, B be two normal interval-valued fuzzy numbers. Then the ranking of normal interval-

valued trapezoidal fuzzy numbers is defined on the basis of the signed distance d, described in Lemma 3.1, as
follows

A<B ifandonlyif dA,0)s=d(B,0); (15)
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A - B if and only if d(;l, 0) = d(l:B, 0); (16)
A=B ifandonlyif d(A,0)=d(B,0); 17)

Noting that I(R) = {[a*, a®]|a, a® € R, a* < a®} denote the set of all closed interval numbers on R.
Indeed, an interval number [a®, a®] € I(R) is a special fuzzy number, whose membership degree could
be stated as follows:

1, if at < x < a®
= 18
) { 0, otherwise (18)
The center, a® of interval number [al, aR] is defined as follows:
L, R
at =2 ;a (19)

Obviously, each one of a®, a’ and a® can be determined by two other scalars in Equation (19).

Definition 3.2. Let [a®, a®], [bL, bR] € I(R). Then the operations between them are defined as follows:
(@) [a*, a®] + [b", bR] = [a* + b, a® + bR];
@i)la*, a®] - [bE, bR] = [aX - bR, a® - bL];
(iii) [aX, a®] = [bE, bR] = [min{aLbL, a bR, a®bl, a®bR}, max{a’ b, a* bR, a®b*, aRbR}]

By Definition 3.2, the following properties are easily obtained.

Proposition 3.1. Let [b, bR]| € I(R) and p be a scalar. Then the following statements hold.
(@) p - [b:, bR] = [p- bR, p - b;
.. b, pbR], ifp=0
. bL, bR _ [p s )
(Wp 107 2 { [pb*, pbt], if p < 0
Proof. Let p = [p, p]. Then the above equations hold by Definition 3.2.
The A-level (A-cut cet) of a triangular fuzzy number A = (ay, a,, as) is the interval number defined by
Ap={x € Rlua(x) 2 A} = [A], AF] (20)
where A € (0, 1]. O
Proposition 3.2. [34] Let A = (a1, a,, a3) and B = (by, by, b3) be two triangular fuzzy numbers. Then the
following statements are satisfied.

()(A+B)y=A,+By,Ac(0,1];
(i) (uA)) = uA, p e R, A € (0, 1].

Proposition3.3. Let A; = (ail, aiz, ag) be a triangular fuzzy number, u; € R*,i = 1,2,---,n. Then the
following statement holds:

<Z u,-Ai> = Z ll,'(Ai)/\, Ae (0, 1]. (21)
i=1 A

i=1
Proof. 1t is easily concluded by Proposition 3.2. O

The A-cut cet of an interval-typed triangular fuzzy number [A, AY] is defined as [(AL),, (AY),].

Definition 3.3. Let T denote an index set, [a;, b;], [c;, d;] € [(R), a; < c;,i € T. Then

\/ [[aiabi],[ci’di]} = [\/[ai:bi]’ \/[Ciadi]:|» (22)

ieT ieT ieT
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A [{a,-, bil, L, dd] - { Alas, bil, Al d,-1] , @3)

ieT ieT ieT
where \/ and )\ represent the supremum and infimum operator on the real set R respectively.

The decomposition theorem [34] of a fuzzy set, which characterizes the relationship among all the cut sets of
a fuzzy set and the given fuzzy set, has been developed as follows:

Lemma 3.2. [34] Let a map G : R — [0, 1] be a fuzzy set. Then

G="\/ AAG, (24)
A€l0,1]

where G, is the A-cut set of a fuzzy set G.
Similarly, the decomposition theorem about an interval-typed triangular fuzzy number could be obtained
as follows.

Proposition 3.4. Let [AL, AY] be an interval-typed triangular fuzzy number. Then

(A", 4%1= \/ AAzy, (25)
Aglo,1]

where Z, = [(AY);, (AY),].

Proof. Let AL = (ak, ak, a}) and AY = (a¥, d¥, a¥) be two triangular fuzzy numbers , a < a¥. By Definition
1,4a3, a3 1,0;3,0;3 754

3.3 and Lemma 3.2, we have

Al=\/ </1/\(AL),1>

A€lo,1]

Av=\/ (A A (AU)A),

A€lo0,1]

and

where (A1), and (AY), are interval numbers.

Therefore
V ArZy= V AA@ADL AN @AY,
A€0,1] Aelo,1]
=[ V @r@hp, Vv Ar@)y)
A€0,1] A€0,1]
= [AL, AY]. O

4 An algorithm of ITF-MOLP

The algorithm of ITF-MOLP given in formulas (9 — 12) is a multi-stage procedure.
STEP1. The ITF-MOLP problem is decomposed to a set of k linear programming problems based on
interval-typed triangular fuzzy numbers. Each problem optimizes one of the k objective functions associated
with constraints set. For a given objective I(I = 1, - - - , k), this problem is given as follows:

max(min)f; = Z 7iix;j (26)

j=1
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s.t.

Where 7y, a,], b;, @ (¢ and d; are all interval-typed triangular fuzzy numbers. Denote 7 By = (P15 Fijl, a,] =

[aul ,_auz] [bll, bzz] Py = [‘Ptn, <Pt}2] dt = [dn, dtz] in which ¥ r111, rl]Z’ a1, jj,s bm bzz’ Ptj1s P2 dtl
and dy, are all triangular fuzzy numbers, i=1,2,--- ,m; j=1,2,--- ,n; t=1,2,--+,4.
Then the objective function f; could be written as follows:

n n
fi = [Z Fij1Xjs Zﬁjzxﬂ (28)
-1 -1

For a given A-level, A € (0, 1], the A-cut set of the objective function fl is obtained by Propositions 3.3 and
3.4 as follows:

(fon = [Z(?ljl)/lxj’ Z(Fljz)}lxj} (29)
-1 -1

Note that (7’1]'1)]( = [(?ljl)ﬁ’ (71]1)§] and (?1}'2)/( = [(?llz)ﬁ’ (7112)55] in Equation (29) It follows from Definition
3.1 and Proposition 3.1 that

l)/\ _ |:Z(rl]1)]lx1’ Z(rljl)/\ X]:| |:Z(?U2)ffxl‘, Z(?lj2)§Xj1| (30)
j=1 j=1

If the original objective is to maximize fl, le{1,2,.--,k}, then a decision maker with pessimistic and
conservative attitude would require the maximization of the lower and center of “interval set" (fl),\. From
Definition 3.2 and Proposition 3.4, the solution of model (26) could be presented as the optimal solution of
the following bi-objective problem based on a given A-level:

max ((I;I)ﬁr (fz)g) €Y

where the lower bound of (fl) 1, denoted by (fl)ﬁ, is given as,

(Ff = w1 > _(Fyixg + w2 ()i, €2)

j=1 j=1
the center of (fl) 1, denoted by (fl)f, is given as,
. n n
(D = w1 Y (Finin + @2 Y ()i (33)
j=1 j=1
And the weight w; satisfies the conditions:
wi+w,=1,w;20,i=1,2. (34)

Remark. Note that (f;), is not a classical interval set. Thus the lower bound of (f;), considers the lower
n n n n .

bounds of interval sets both | > (7;1)5x;, Z(?m)ij} and {Z(?Uz)ﬁxj, Z(?Uz)fx]} , and the center of (f)),
j=1 j=1 j=1 j=1
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n n n n
considers the center points of interval sets | >°(Fj1)5x;, Z(?Ul)ij] and [Z(?,iz)ﬁx]-, 2(711‘2);15’(1}- More-
-1 =1 =1 =1

n n
over, parameters w; and w, represent the relative importance weight of {Z(?lﬂ)ﬁx}-, Z('fljl)fx]} and
j=1 j=1

n n
Z(?,iz)ﬁx,-, E(?,jz)ij , respectively. Particularly, an extremely conservative decision maker would select
j=1 j=1

parameters w1 = 1 and w; = 0.
If the original objective is to minimize f;, le{1,2,---,k},then the solution of model (26) could be given
as the optimal solution of the following bi-objective problem:

min (G, G ) (9)
Where
()5 = w1 Z(ﬁn)ng + W Z(ﬁjz);ij, (36)
j=1 j=1
(R = w1 Z(T’m)ij + W Z(ﬁjz)ij, (37
j=1 j=1

and both w; and w, are satisfied to Equation (34).

The comparison between fuzzy numbers can be carried out using dominance possibility criterion (DPC)
or strong dominance possibility criterion (SDPC) [35, 36]. In this paper, we adopt dominance possibility
criterion (DPC) to compare the relationship between two triangular fuzzy numbers. If both fuzzy numbers
a=(a, ap,a)and b = (b, by, b) are triangular fuzzy numbers, then

1, if ao = bo
Poss(@ »p b) = Poss(b <p &) = { z==5:—p if bo>a0,a>h (38)
o, ifbza

Poss(@ = b) means the possibility that the maximum value of & is greater than or equal to the minimum
value of b [36].
For u € (0, 1],
Poss(a =p b) = u

is equivalent to the inequalities below:

az=h
{ (1-pa+pao = (1 -pb + pbo. 69

n ~
Note that " a;;x; <p b; in (27) is well-defined. It follows that
j=1

n n n
Z EIUX]' = |:Z Zzijlxj, Z Ezijzx]} .
j=1 j=1 j=1

Let

b; = b1, b2].
. n ~ n ~ 7 7 . .
Since ) ajj1xj, Y Gij2X;j, bi1, and b;, are all triangular fuzzy numbers, for a given tolerance measure u, p €

j=1 j=1
(0, 1], the constraint

Zai]'Xj =D Bi (40)
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could be transformed into the following conditions:

Poss ( > QijpXj =p bnz) 2 U
i

n - ~ ~
Poss ( Z a1;1;a1,2 Xj jD bil;bl?) >y
j=1

(41)

n
Here, Poss ( > @ijxX; <p 12> represents the possibility of the proposition that the upper bound Z QijoX;
]_

n ~ ~
of 3 a;;x; is no larger than the upper bound b;, of b; under the dominance possibility criterion. Moreover,
j=1

n . - ~ ~
Poss < 2% AT x; <p b“;”“ ) means the possibility of the proposition that the center 2; a"”“”z x; of Z ajx;
j= j= j=1
is less than or equal to the center % of b; under the DPC. In this way, we can appropriately characterize
the linguistic term of the inequality (27).
And in the same way the constraint

Z Pyx; = d (42)
could be transformed into the following conditions:

n ~
Poss(y_ @uj1xj =p dn) = 4
U - “3)
o
Poss(; PP x; »py duddo) >
j=
Finally, by solving the problem (26) based on Equations (26 — 43) for each objective function, the range of
optimal objective functions are determined as

(o € [(fl):\L’ (fl)j\R],
where (F);F = (F3E + 2((R);° - D).

STEP2. Consider the Ith objective again. If the objective is a maximization type, its membership function
could be defined as follows:

1, if LV RS = R

i (x) = F NI (F (v )\C_(F )L L~ - -
PR MOt ip G v G < (G

(44)

In the same way, for a minimization type objective, the membership function can be given as follows:

1, if FLONR A F00)S < Rk

i, (x) = EVR_(FONEAFGNE o m ok ~ ~
P = I GOMAGOE i Gyt < G0l 1 G0N

(45)

Lemma 4.1. From Equations (44) and (45) it always holds that ji;(x) < 1.

Proof. Suppose that ji;(x) > 1. Then based on Equation (44), it follows that

- (fl(x))}( Vv (00§ - (L
Aoy > FR - (Fk

= (ODE vV RO - FE > FOR - R
= (HOL v\ > FRR

= (R00; > RF or GiOO)S > FF

= (fz(X))f > (fl);R
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This contradicts with the optimality of (fl)zR.
Based on Equation (45), it follows that

FOE = FLONE A RS o1

i 1 = -
P> 1= T e G

= (R - GOOF A F0D)5 > FR - Fxt
= (RODE A FOOS < P
= (RODE < (RL or (ROD)S < (P}
= (FO0% < (FE.
This contradicts with the optimality of (fl);L. It completes the proof. O

STEP3. For a given A-level, A € (0, 1], the problem (9 - 12) is transformed into the linear programming based
on interval-typed fuzzy numbers as follows:

max{ﬂl(x), ﬂZ(X)’ aﬂk(x)} (46)
s.t.

B =<1,1=1,2,--- ,k

n ~
z&iin =< bi,i: 1,2,---,m
=1
]n . 47)
E‘i’tjxj t dtyt= 192y"' s q
j=1
szO,j= 1,2,---,n.
STEP4. For a given A-level, A € [0, 1], the problem (46) is transformed into the form below:
k
max Z 1,(x) (48)
=1
S.t.
) <1,1=1,2,--- ,k
n ~
Zflinj =< bi,i= 1,2,---,m
j=1
S ; (49)
Zﬁotjxj t dt9t= 192"" ’q
j=1

xj20,j=1,2,---,n.

STEP5. For a given A-level and u-tolerance measure, A, u € (0, 1], the problem (48) is transformed into the
single objective programming as follows:

k
max Z 1,00 (50)

=1
s.t.

0 <1,1=1,2,--- ,k
n .
Poss(3_ a;jpxj <p bip) 2 p
j=1
N @y biy+bi,
Poss(y- 52X <p 21572) >
=1
- ] (51)
Poss(Y_ @yj1xj =p dn) 2 M
j=1

n . ~ ~ ~
1+ dp+d
Poss(zg <Pt;12‘Pr;2 Xj =D 11; 12) >
j=
Xj20,j=1,2,---,n.
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Therefore, the optimal solution of the linear programming (50 - 51) could be obtained by Matlab toolbox
through Matlab software on the computer platform.

5 Numerical examples

In this section, some numerical examples of ITF-MOLP problem are investigated.
Example1: Consider the following ITF-MOLP:
Maxfy =[(0.8,1,1.2), (2.5, 3, 3.5)]x; +[(-1.3,-1,-0.8), (1.2, 1.5, 1.7)]x,
Maxf, = [(0.3,0.5,0.7), (1.8, 2, 2.2)Ix; +[(-1.7,-1.5,-1.3), (-1.2, -1, -0.8)]x,
s.t.

[(0.8,1,1.2),(1.8,2,2.2)]x; +[(1.3,1.5,1.6),(2.8, 3, 3.3)]x, <[(3.8, 4, 4.5), (5,6, 7)]
[(0.8,1,1.5),(2.5,3,3.2)]xy +[(2.2,2.5,3),(3, 3.5, 3.8)]x, <[(10,12,13), (11,13, 13.5)]
x120,x20
The problem is decomposed to two linear programmings based on interval-typed triangular fuzzy num-
bers:
Problem 1.
Maxf; =[(0.8,1,1.2), (2.5, 3, 3.5)]x; +[(-1.3,-1,-0.8), (1.2, 1.5, 1.7)]x,
s.t.

[(0.8,1,1.2),(1.8,2,2.2)]x; +[(1.3,1.5,1.6),(2.8, 3, 3.3)]x2 < [(3.8, 4, 4.5),(5,6,7)]
[(0.8,1,1.5),(2.5,3,3.2)]x; +[(2.2,2.5,3), (3, 3.5, 3.8)]x> < [(10,12,13),(11,13,13.5)]
x120,x220

Problem 2.
Maxfz =[(0.3,0.5,0.7),(1.8,2,2.2)]x; +[(-1.7,-1.5,-1.3),(-1.2, -1, -0.8)]x>
s.t.

[(0.8,1,1.2),(1.8,2,2.2)]x; +[(1.3,1.5,1.6),(2.8,3,3.3)]x, < [(3.8, 4, 4.5), (5, 6, 7)]
[(0.8,1,1.5),(2.5,3,3.2)]x; +[(2.2,2.5,3),(3,3.5,3.8)]x; <[(10,12,13),(11, 13, 13.5)]
x120,x20

Both problems 1 and 2 are then solved based on the above method.
Consider the problem 1. This problem is further transformed into the following model:

max((F)%, (F1)S)

s.t.

(Fk = @1(0.8 + A(1 - 0.8))x1 + (-1.3 + A(-1 - (-1.3))x2]+

w7[(2.5+A(3 -2.5))x1 + (1.2 + A(1.5 - 1.2))x5]

(S = w1[3(0.8 + A(1 - 0.8) + 1.2 = A(1.2 - )x; + 3(-1.3 + A(-1 - (-1.3))-
0.8 - A(-0.8 - (-1))x2] + wo[3(2.5 +A(3 - 2.5) + 3.5 - A(3.5 - 3))x1 +
1(1.2+2(1.5-1.2) + 1.7 - A(1.7 - 1.5))x3]

Poss((1.8,2,2.2)x1 +(2.8,3,3.3)x2 <p (5,6,7)) 2 u

Poss(3[(0.8,1,1.2) + (1.8, 2,2.2)]x; + 3[(1.3,1.5,1.6) + (2.8, 3, 3.3)Ix2
<p 3(3.8,4,4.5)+(5,6,7)]) > u

Poss((2.5,3,3.2)x1 +(3,3.5,3.8)x, <p (11,13,13.5) = u
Poss(3[(0.8,1,1.5) + (2.5, 3,3.2)Ix; + 3[(2.2,2.5,3) + (3, 3.5, 3.8)|x2

<p 3[(10,12,13) +(11,13,13.5)]) = u

x120,x20

Where A, y, w; and w-, are all given, A, u € (0, 1], w; + w2 = 1, w; 20, w;, 2 0.
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By (39), the model above can be equivalently transformed into the following form:

max((f1)5, (F1)5)

s.t.

(f)r = [w1(0.8 + 0.24) + w5(2.5 + 0.5M)]x1 + [w1(~1.3 + 0.3A) + w>(1.2 + 0.3)]x2
12

(S = (w1 +3w)x1 + [Bw1(-2.1+0.14) + Lw1(2.9 + 0.11)]x,

1.8x1 +2.8x5 <5

(1—p)(1.8x1 +2.8x3) + u(2x1 +3x2) < (1 - )7 + u6

0.8;1.8)(1 + 1.3;2.8)(2 < 4.52+7

(1 _}1)[0.8;1.8)(1 + 1.3;2.8)(2] +H[¥X1 + 1.52+3X2] < (1 _y)4.52+7 +‘u4%6

2.5x1 +3x3 < 13.5

(1 - p)(2.5x1 +3x2) + u(3x1 +3.5x2) < (1 - u)13.5 + u13

o.s;z.sxl + 2.22+3X2 < 13+213.5

(1 _ H)[O.S;Z.le + 2.22+3 XZ] + }1[%)(1 + 2.5;3.5)(2] < (1 _ H) 13+213.5 +u 12;13

x120,x20

If we choose A = u = 0.7, w1 = w;, = 0.5, then the above model is stated as follows:

max((F)5, F)5)

s.t.

(F)k = 1.895x; +0.16x;

(F)§ = 2x1 +0.235x,

1.8x; +2.8x3 <5

(0.2u+1.8)x; +(0.2u+2.8)x; <7 -u

1.3x1 +2.05x, <5.75

(0.2 + 1.3)x71 + (0.2 + 2.05)x; < 5.75 - 0.75u
2.5x1 +3x,<13.5

(0.5u +2.5)x; +(0.5u +3)x < 13.5 - 0.5u
1.65x; +2.6x, <13.25

(0.35u + 1.65)x1 + (0.4 + 2.6)x3 < 13.25 - 0.75u
x120,x20

Problem 2 is further transformed into the following model:

max((F,)5, (F)5)

s.t.
()t = @10(0.3 + A(0.5 - 0.3)x1 + (-1.7 + A(=1.5 - (-1.7))xa]+
wy[(1.8+A(2-1.8))x1 +(-1.2 + A(-1 - (-1.2)))x5]
(F2)S = w1[2(0.3 + A(0.5 - 0.3) + 0.7 - A(0.7 - 0.5))x; +
F(-1.7 + A(-1.5 = (-1.7)) + (-1.3) = A(-1.3 = (-1.5)))x2] + w7 [5(1.8 + A(2 - 1.8)
+2.2-A(2.2 - 2))x1 + 3(-1.2 + A(-1 - (-1.2)) + (-0.8) = A(-0.8 — (-1)))x,]
Poss((1.8,2,2.2)x1 +(2.8,3,3.3)x2 <p (5,6,7)) 2 u
Poss(3[(0.8,1,1.2) +(1.8,2,2.2)Ix; + 3[(1.3,1.5,1.6) + (2.8, 3, 3.3)Ix2
<p 3[(3.8,4,4.5)+ (5,6, 7)) 2 u
Poss((2.5,3,3.2)x1 +(3,3.5,3.8)x, <p (11,13,13.5)) 2 u
Poss(3[(0.8,1,1.5) +(2.5, 3,3.2)Ix1 + 1[(2.2,2.5,3) + (3, 3.5, 3.8)Ix2
<p 1[(10,12,13) +(11,13,13.5)]) 2
x120,x20

—_— 619

By utilizing Matlab toolbox on computer platform, the optimal solution of problem 1 is x* = (2.7778, 0).
Therefore, (f1);L = 5.2639, (f1);¢ = 5.5556 and (f1);¥ = 5.8473. Similarly, Problem 2 can be solved and the
optimal solution is x™ = (2.7778, 0). Therefore, (f,);L = 3.3056, (f,);¢ = 3.4722 and (f,);} = 3.8054.



620 — Ch.Li DE GRUYTER

Using model (50), the problem above is transformed into the following problem:

2x1 +0.235x; - 5.2639 N 1.25x1 - 1.25x; - 3.3056
2(5.5556 - 5.2639) 2(3.4722 - 3.3056)

max p1(x) + pa(x) =
s.t.

5.2629 < 2x;, +0.235x, < 5.8473
3.3056 < 1.25x; — 1.25x, < 3.8054
1.8x1 +2.8x5 <5

1.94x, +2.94x, < 6.3

1.3x1 +2.05x, <5.75

1.44x1 +2.19x5 < 5.2250

2.5x1 +3x3 < 13.5

2.85x7 +3.35x, <13.15

1.65x1 +2.6x, <13.25

1.895x71 +2.88x, <12.7250
x120,x20

The optimal solution of the above linear programming is obtained as follows: x* = (2.7778,0). And
Ha () + pa(x) = 1.

If we adopt different A-levels of ITF-MOLP and u-tolerance measure, the optimal solutions of the given
problem are easily obtained by the algorithm proposed in this paper.

Example 2.[37] In a competitive business environment, a company produces two products I and II.
Product I is manufactured approximately 1 hour by both machines A and B. Product II is manufactured
approximately 2 hours and 1 hours by machine A and B, respectively. Subject to many factors such as machine
breakdown, waiting for material, bottleneck, the available time of machine A is approximately 4 hours and
2 hours for machine B. In addition, product I is needed to be mixed after processing on both machines A
and B. The estimated mixing time for product I is 2 hours. The available time for mixing is approximately 3
hours. The prices for product I and II are 2 and 1 dollar(s) per kilogram, respectively. The management of the
company wants to determine how much to produce for each product to maximize the total revenue.

Let x1 be the amount of product I to be produced and x, the amount of product II to be produced.

Therefore, we have the following linear programming problem:

Max Z=2xq1+1x; (52)

s.t.

T
)
—_
+

u Nou
>
N
A

u

(53)
X1,X2 2 0.

Van Hop [37] assumes that all parameters are in form of normal-symmetric-triangular fuzzy numbers with the
left and right spreads equal to 0.5. In this regards, the above parameters can be represented as the following
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(1,1)-interval-valued trapezoidal fuzzy numbers:

& =2=((1.5,2,2,2.5;1),(1.5,2,2,2.5; 1)),

& =1=(0.5,1,1,1.5;1),(0.5, 1,1, 1.5; 1)),
&11=1=(0.5,1,1,1.5;1),(0.5, 1,1, 1.5; 1)),
&1, =2=((1.5,2,2,2.5;1),(1.5,2,2,2.5; 1)),
G =1=(05,1,1,1.5;1),(0.5,1, 1, 1.5; 1)),
Gy =1=(00.5,1,1,1.5;1),(0.5, 1,1, 1.5; 1)),
G31=2=1((1.5,2,2,2.5;1),(1.5,2,2,2.5; 1)),
&3, =0=((0,0,0,0;1),(0,0,0,0; 1)),

by =4 =((3.5,4,4,4.5;1),(3.5,4, 4, 4.5;1)),

by=5- ((1.5,2,2,2.5;1),(1.5, 2,2,2.5; 1)),

by =3=1(2.5,3,3,3.5;1),(2.5,3,3,3.5; 1)).

Van Hop [37] has solved the above problem and obtained the optimal solution X7 = (x*, x§") =
(1.57,0.94). Applying the signed distance ranking function to the above problem together with introducing
the slack variables, Farhadinia [26] has given the optimal solution X = (x], x5) = (1.5, 0.5).

Let parameter w; = w, = 0.5. The levels A and u are very important parameters in the proposed models.
It is necessary to know variation in the range of the optimal solution with the change of the parameters.
Utilizing our proposed method, we obtain different optimal solutions of Example 2 with different values of
A and y, which is shown in Table 1. The candidate values of levels A and u are respectively selected in the
ranges [0.5,0.9] and [0.5, 1] based on the decision makers’ opinion. Moreover, we investigate the sensitive
analysis with different levels A and u as shown in Table 2.

Table 1: Results of the optimal solution under different levels

A u X} X5
0.9 1 1.5 0.5
0.9 0.95 1.5316 0.5453
0.8 0.9 1.5641 0.5938
0.8 0.85 1.5974 0.6458
0.7 0.8 1.6316 0.7018
0.7 0.75 1.6667 0.7619
0.6 0.7 1.7027 0.8267
0.6 0.65 1.7397 0.8966
0.5 0.6 1.7778 0.9722
0.5 0.5 1.8571 1.0476

The results shown in Tables 1 and 2 could be explained as follows. Firstly, it can be seen from Table 1 that
the optimal solution X™ = (xl, x’zk) = (1.5, 0.5) when the levels A and y are set as 0.9 and 1 respectively. The
optimal solution accords with the optimal solution given by Farhadinia [26]. Secondly, the optimal solution
values would vary under different levels of A and u, which allows decision makers’ objective attitude in the
process of solving the linear programming problem. These results could help decision makers identify desired
schemes. Finally, Table 2 tells us that for a small perturbation of the levels A and y, the variation of the optimal
solution is very small. For example, when A = 0.9 and u = 0.95, the optimal solution in Example 2is X" =
(1.5316, 0.5453). Meanwhile, the optimal solution is X~ = (1.5316,0.5452) as A = 0.9 + 10 and u =
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0.95 + 107%, and the corresponding optimal solution is X" = (1.5317, 0.5454) while A = 0.9 - 107 and
u = 0.95 - 107*. Therefore, the perturbation of the levels of A and u would not lead to unstable tendency of
the optimal solution, which shows the robustnes of the results.

Table 2: Sensitive analysis

A u X X5
0.9 0.95 1.5316 0.5453
0.9+10™* 0.95+107 1.5316 0.5452
0.9-10* 0.95-107* 1.5317 0.5454

0.7 0.8 1.6316 0.7018
0.7+10™* 0.8+10™ 1.6315 0.7016
0.7-10"* 0.8-10" 1.6316 0.7019

0.6 0.7 1.7027 0.8267
0.6+10™* 0.7+107* 1.7026 0.8266
0.6-10"* 0.7-107* 1.7028 0.8268

Note that the level of constraint violation (or satisfaction) provides one tool for comparing optimal
solutions. If we investigate the tightly of constraints of the above linear programming in optimal solutions. For
example, we select X" = (1.5,0.5), X] = (1.5316, 0.5453) and X5 = (1.5641, 0.5938) with different levels
in our proposed algorithm, take X" = (1.5, 0.5) given by Farhadinia [26] and discuss X" = (1.57,0.94)
obtained by Van Hop [37]. The results are summarized in Table 3. As pointed out by Farhadinia [26], it is shown
in Table 3 that the feasibility level of constraint violation in X" and X’ are intuitionally more controllable than
that in Van Hop’s solution X", In addition, the feasibility level of constraint violation in X] and X5 are also
better than Van Hop’s optimal solution. From the obtained results, it is clear that our proposed algorithm
could gives better solution than Farhadinia and Van Hop’s methods.

Table 3: Level of linear programming constraint violation in optimal solutions

The left-hand side of constraint The right-hand side of constraint
First constraint in X" 2,3,3,4;1)) ((3.5,4,4,4.5;1))
First constraintin X1* ((1.5838,2.6222,2.6222,3.6607; 1)) (3.5,4,4,4.5;1)
First constraint in X2* ((1.6728,2.7517,2.7517, 3.8307; 1)) (3.5,4,4,4.5;1)
First constraint in XF~ 2,3,3,4;1)) (3.5,4, 4,4.5;1)
First constraint in X% ((3.135, 4.39, 4.39, 5.645; 1)) (3.5,4,4,4.5;1)
Second constraint in X~ 1,2,2,3;1)) (1.5,2,2,2.5;1)

Second constraint in X'* ((1.0385,2.0769, 2.0769, 3.1154; 1))
Second constraint in X2* ((1.0790, 2.1579, 2.1579, 3.2369; 1))

(1.5,2,2,2.5;1)
(1.5,2,2,2.5;1)

||~ |~ |~ |~ | | |~ |~ ]| —~
R R R N Rl RN Nl R Rl Rl IR Nl IR N4

Second constraint in X (1,2,2,3;1)) (1.5,2,2,2.5;1)
Second constraint in X7 ((1.255,2.51,2.51, 3.765; 1)) (1.5,2,2,2.5;1)
Third constraintin X~ ((2.25,3,3,3.75; 1)) (2.5,3,3,3.5;1)
Third constraint in X** ((2.2974,3.0632,3.0632,3.8290; 1)) (2.5,3,3,3.5;1)
Third constraint in X** ((2.3462,3.1282,3.1282,3.9103; 1)) (2.5,3,3,3.5;1)
Third constraint in X*~ ((2.25,3,3,3.75;1)) (2.5,3,3,3.5;1)
Third constraint in X" ((2.355,3.14,3.14,3.925; 1)) (2.5,3,3,3.5;1)

where, for notation convenience, we represent <(a1,az,ag,a4;h),(a1,a2,a3,a4;h)> by

<(al, az, as, dg; h)>-
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Example 3. Consider the following linear programming:
Min 7 = Eix1 + Exo (54)

s.t.

ai1x1 +anx; = by
d1x1 +d3x2 < by (55)
X1, X2 2 0.

Where the values of parameters are given as follows,

_5; _3’ _2), (_10) _3’ _1)

B = [( ]
¢ =[(8.5,10,11),(8,10,13.5)],
a1 = [(0.75,1,1.2),(0.5, 1, 1.4)],
ar = [(0.75,1,1.1),(0.5, 1, 1.3)],
an = [(2.5,3,3.7),(2,3,4)],
a» = [(2.5,3,3.7),(2,3,4.5)],

by = [(6,7,7.5),(5.5,7,8)],

b, = [(6,7,8),(5,7,8.5)].

Utilizing our proposed method, the linear programming problem could be converted into the following
programming:

Min (2)§ A (2§ (56)

s.t.

(2)§ = [0.5w1(=7 + ) + 0.5wy(-11 + 5)] x1 + [0.5w1(19.5 + 0.54) + 0.5w>(21.5 - 1.54)]x,
2)F = [w1(-2 =D + w2 (-1 - 2)]x1 + [w1(11 - A) + w>(13.5 - 3.54)| x>

0.5x1 +0.5x, <8

(0.5+0.5u)x; +(0.5+0.5)x, < 8-

0.625x71 +0.625x, < 7.75

(0.625 +0.375u)x1 +(0.625 + 0.375u)x, < 7.75 - 0.75u (57)
2Xx1 +2x5 < 8.5

Q+wx1+Q2+wxy;<8.5-1.5u

2.25x1 +2.25x, < 8.25

(2.25 +0.75u)x1 +(2.25 + 0.75u)x;, < 8.25 - 1.25u

X1, X2 20.

Applying the signed distance ranking function together with the slack variables x5 and x,, Farhadinia
[26] transforms the above problem into the following problem:

MinZ = &1x1 + &% + 0x5 + 0x4 (58)
s.t.
7.85x1 +7.65x, + x3 =55

24.2x1 + 24.7%5 + X4 = 55.5 (59)
X1, X2, X3, X4 2 0.
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Then by Matlab software, we could obtain the optimal solutions with different parameters w;, w,, A
and p, which is shown in Table 4. With the increase of A and p, there is a decreasing trend for the optimal
solution. Particularly, when levels A = 0.9 and u = 1, the optimal solution is X" = (2.3333, 0.0000). This
approximately agrees with the optimal solution X" = (2.2934, 0.0000) obtained by Farhadinia’s signed
distance method [26]. Table 5 presents the sensitive analysis with different levels of the parameters. It is shown
that the optimal solution is stable, whose variety may be ignored with the perturbation of the levels of A and

U

Table 4: The optimal solutions with different parameters

wi w, A x] X5
1 0 0.9 1 2.3333 0.0000
1 0 0.8 0.9 2.4359 0.0000
0.7 03 0.8 0.8 2.5439 0.0000
0.7 03 0.7 0.7 2.6577 0.0000
0.6 04 0.6 0.6 27778 0.0000
0.6 0.4 0.6 0.5 2.9048 0.0000

Table 5: Sensitive analysis

w1 W A u x] X5

0.7 0.3 0.8 0.95 2.3840 0.0000
0.7 0.3 0.8+10* 0.95+10% 2.3839 0.0000
0.7 0.3 0.8-10"* 0.95-10"* 2.3841 0.0000
0.6 0.4 0.7 0.75 2.6000 0.0000
0.6 0.4 0.7+10™* 0.75-10"% 2.6001 0.0000
0.6 0.4 0.7-10"% 0.75+10™ 2.5999 0.0000

6 Conclusions

In this paper, we consider multi-objective linear programming problems on the basis of interval-typed
triangular fuzzy numbers. An algorithm of the proposed problem is established. By introducing the A-cut
set of interval-typed triangular fuzzy numbers and the dominance possibility criterion to compare with two
interval-typed fuzzy numbers, the problem is equivalently transformed into maximization of the sum of
membership degrees of each original objective when A level is given in advance. These membership degrees
are obtained based on the deviation from optimal solutions of individual objectives, and the constraints are
transformed to classical inequalities by utilizing the dominance possibility criterion. The linear programming
model could be solved by Matlab toolbox. It could be noted that the proposed algorithm for a problem
constituting k objectives turns out solving (2k + 1) linear programming problems. Three illustrated examples
are given to validate the feasibility of the proposed algorithm.

Further studies will explore generalized multi-objective linear programming based on interval-typed
fuzzy numbers, in which the coefficients of multi-objective functions and constraints may be stated as
different typed fuzzy numbers such as interval-typed trapezoidal fuzzy numbers and interval-valued fuzzy
numbers. It would be interesting to consider different tolerance measures for each constraint. Also, in order to
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more efficiently cope with optimal decision making and optimal control in uncertain systems, we will develop
the application of the proposed multi-objective linear programming models.
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