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Abstract
This paper provides a unified combinatorial framework to study orbits in certain
affine flag varieties via the associated Bruhat–Tits buildings. We first formulate, for
arbitrary affine buildings, the notion of a chimney retraction. This simultaneously
generalizes the two well-known notions of retractions in affine buildings: retractions
from chambers at infinity and retractions from alcoves. We then present a recur-
sive formula for computing the images of certain minimal galleries in the building
under chimney retractions, using purely combinatorial tools associated to the under-
lying affine Weyl group. Finally, for Bruhat–Tits buildings in the function field case,
we relate these retractions and their effect on minimal galleries to double coset
intersections in the corresponding affine flag variety.
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1 Introduction

Buildings enable the study of the groups which act on them via a combination of
algebraic, combinatorial, and geometric methods. The current work exemplifies this
combination of approaches, in the setting of affine buildings. An affine building
X of type (W, S) is a union of subcomplexes called apartments. Each apartment
is a copy of the Coxeter complex for (W, S); that is, the tessellation of Euclidean
space whose maximal simplices, called alcoves, are in bijection with the elements
of W . Simplicial maps, called retractions, from X to a fixed apartment allow us
to study structures in the entire building by considering (their image in) just one
apartment.

We begin by simultaneously generalizing the two well-known classical notions
of retractions of an affine building, by formalizing retractions from chimneys (see
Section 3). We then establish a combinatorial recursion which allows us to compute
the images of certain galleries in X under chimney retractions; a special case of this
recursion is stated as Theorem 1.1 later in this introduction. Many (but not all) affine
buildings are of algebraic origin, in the sense that they are the Bruhat–Tits building
for a reductive group G over a local field F with a discrete valuation (see [7, 37]).
In this setting, a chimney corresponds to a choice of a (spherical) standard parabolic
subgroup of G(F) and an element of the affine Weyl group W . In Theorems 1.2
and 1.3, for F a function field we relate intersections of certain double cosets in
the affine flag variety and affine Grassmannian, respectively, to families of galleries
obtained by applying the corresponding chimney retraction. The case of general par-
tial flag varieties is treated in Section 5 (see Theorem 5.14). The later sections of this
introduction are mostly dedicated to formally stating these results and giving some
examples. We provide many more examples in Section 6.

Our approach to the proof of Theorems 1.2 and 1.3 is a generalization of that
in [31], which relies on the root group structure of G(F), and the identification of
the (points of the) varieties in question with certain simplicial substructures of the
building. The various double cosets then become orbits of simplices which can be
described as pre-images under certain retractions, or equivalently as certain sets of
positively folded galleries. We note that this approach is independent of the charac-
teristic of F . This fact suggests that one should think of the Bruhat–Tits building as
a tool to simultaneously study affine Grassmannians and other (partial) affine flag
varieties in a characteristic-free setting.

Part of the motivation for this work is the following application to affine Deligne–
Lusztig varieties. Consider the case where F = k((t)) is the field of Laurent series
with k an algebraic closure of a finite field, and let G be a split connected reduc-
tive group over k. In this setting, a special case of Theorem 1.2 was combined with
Theorem 6.3.1 of [12] to relate positively folded galleries in the Bruhat–Tits building
for G(F) to affine Deligne–Lusztig varieties in the affine flag variety parameter-
ized by translations, in a manner which makes the corresponding nonemptiness and
dimension calculations tractable (see Theorem 5.8 of [28]). An analogous state-
ment relating more general affine Deligne–Lusztig varieties to positively folded
galleries can likewise be obtained by combining Theorem 1.2 with Theorem 11.3.1
of [13].
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1.1 Retractions and Gallery Combinatorics

Positively folded galleries were first introduced by Littelmann and Gaussent–
Littelmann in [14, 23] in the context of understanding highest weight representations
of complex semisimple algebraic groups. Ram then developed the machinery of pos-
itively folded alcove walks [32], which provides a slightly different approach to the
same underlying combinatorics. In this paper, we develop the more general combina-
torics of galleries which are positively folded with respect to a chimney in an arbitrary
affine building X (see Sections 2 and 3 for notation and formal definitions). All of
these positively folded galleries are the images in a single apartment A of certain
galleries in the entire building X, under the application of certain retractions X → A.

A chimney in an apartment A is a point in the boundary of A which is represented
by a region of A lying between pairs of adjacent α-hyperplanes for all positive roots
α in some sub-root system, and which “goes off to infinity” in the other root direc-
tions. In the special case that the sub-root system equals the entire root system, an
associated chimney is represented by an alcove in A, rather than a boundary point.
An example of a region representing a chimney where (W, S) is of type Ã2 is the
gray shaded strip in Fig. 1. The chimney here has associated sub-root system {±α},
with α the black (positive) root, and the other positive roots shown in gray. Chimneys

Fig. 1 The collection of all galleries of type �λ which are positively folded with respect to the chimney
represented by the gray shaded region
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were first introduced by Rousseau in [34] (although our definition is different), and
they are related to the generalized sectors for affine buildings appearing in [8, 9], for
instance.

A retraction from a chimney folds the entire building X away from the chimney
down onto A. Retractions from chimneys were, so far as we know, first described
in [13] (for certain Bruhat–Tits buildings), and the retractions from [13] were used
in [19]. Neither the existence of chimney retractions nor our methods of proof will
surprise experts. Chimney retractions specialize to both of the classical retractions of
affine buildings onto an apartment, namely the retraction centered at an alcove inside
the apartment, and the retraction centered at a chamber at infinity (see, for example,
[1]).

A gallery in A is positively folded with respect to the chimney if all its folds occur
on sides of hyperplanes facing away from the chimney. The corresponding orientation
on hyperplanes induced by a chimney generalizes the periodic orientations consid-
ered in [28, 31] (see also [16] for a general treatment of orientations). The galleries
in Fig. 1 are the smooth paths starting at the origin and ending in arrows, and all of
these galleries are positively folded with respect to the chimney represented by the
gray shaded region.

1.2 Recursive Description of Shadows

A shadow with respect to a chimney is the set of end-simplices of all positively
folded galleries of a particular (fixed) type. In Fig. 1, the shadow of the coroot lattice
element λ is the set of all end-vertices of the depicted galleries; that is, the set of
(colored) dots in which an arrow ends. Shadows were first defined in [16]. Our first
main result, Theorem 4.8, establishes a recursive formula for shadows with respect
to general chimneys in the setting of an arbitrary affine building of type (W, S); a
special case of Theorem 4.8 is stated as Theorem 1.1 below.

Let y ∈ W and write y for the corresponding alcove in a fixed apartment A of X.
We denote by Shy(λ) the shadow of λ with respect to the chimney for y, i.e., the set
of end-vertices of galleries in A of a fixed type �λ which are folded away from y. For
s ∈ S, let H be the hyperplane separating the alcoves y and ys, and let rH be the
reflection of A in H . This setup permits the following recursive description of the
shadow Shys(λ).

Theorem 1.1 Let λ be any element of the coroot lattice. For any y ∈ W and s ∈ S

such that �(ys) > �(y), we have

Shys(λ) = Shy(λ) ∪ rH (Hys ∩ Shy(λ)),

where Hys is the half-apartment which is bounded by H and contains ys.

The idea of the recursion is that rH folds across the hyperplane H all parts of
those galleries from the previous step which protrude across H , and thus folds these
galleries away from the alcove ys. For example, we used Theorem 4.8 repeatedly
to compute the shadow appearing in Fig. 2. In this figure, a hyperplane H which is
crossed as one moves from the base alcove cf along the shaded region representing
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Fig. 2 The colored-in alcoves are the shadow of the alcove x (in pink) with respect to the chimney
represented by the gray shaded region

the chimney is shown in the same color as those alcoves in the shadow which are
(first) obtained by applying the reflection rH . See Theorem 4.8 for the general version
of Theorem 1.1, and its proof. Figure 1 shows that the shadow of λ is a (proper)
subset of the intersection of the coroot lattice with the λ-Weyl polytope, a classical
result which we recover from our recursion in Corollary 4.11.

Recursions similar to Theorem 1.1 have appeared in [4, 11], by adapting an alge-
braic reduction method of Deligne and Lusztig [10] to affine flag varieties. Different
algorithms for computing certain shadows using word combinatorics can be found
in [16], and those algorithms could be generalized to the cases considered in this
work.

As we explain further after the proof of Theorem 4.8, determining the multiplici-
ties of elements of the shadow is a delicate question. This can already be seen from
Fig. 1, where the origin and the element β = β∨ of the coroot lattice have multiplic-
ity 2, since there are two distinct galleries of type �λ ending at these points, but all
other vertices in the shadow of λ have multiplicity 1. We leave the determination of
such multiplicities, and their algebraic interpretation, to future work.

1.3 Algebraic Interpretation of Shadows

Shadows of chimneys also relate sets of positively folded galleries to certain orbits in
(partial) affine flag varieties over function fields. The special cases of the affine flag
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variety and the affine Grassmannian are highlighted below in Theorems 1.2 and 1.3,
respectively, which represent the next main results in this paper. It is well-known
that the nonemptiness patterns of such double coset intersections are quite delicate,
at least in the case of the affine flag variety. Recursive formulas such as Theorem 1.1
can be used, however, to precisely determine the sets of folded galleries arising in
Theorems 1.2 and 1.3.

We now let F = k((t)), for any field k, and letG be any split, connected, reductive
group over F . Let O = k[[t]] be the ring of integers of F . Let X be the Bruhat–Tits
building for G(F), with standard apartment A. Write I for the Iwahori subgroup of
G(F). Note that I is a subgroup of G(O), and that I is the stabilizer in G(F) of
the base alcove of A. Put K = G(O), and note that K is the stabilizer in G(F) of
the origin of A. Denote by P = P(F) any standard spherical parabolic subgroup
of G(F), with Levi decomposition P = MN = M(F)N(F), where M is the Levi
component and N is its unipotent radical. Following [13], define the subgroup IP of
G(F) by

IP = (I ∩ M)N = (I ∩ M(F))N(F ).

Given an element of the affine Weyl group y ∈ W , denote by (IP )y the conjugate
yIP y−1.

The P -chimney lies between the hyperplanes Hα and Hα,1 of A for all positive
roots α in M , and is antidominant for all roots in N . The (P, y)-chimney is then the
image of the P -chimney under the action of y. For example, in Figs. 1 and 2, if M

has root system {±α}, then the shaded region represents the P -chimney. A labeled
folded alcove walk is a folded gallery in which certain simplices have been labeled
by elements of the residue field k of F (see Section 5 for precise definitions).

Theorem 1.2 For any x, y, z ∈ W , there is a bijection between the points of the
intersection

IxI ∩ (IP )yzI

and the set of labeled folded alcove walks of type �x from the base alcove to z which
are positively folded with respect to the (P, y)-chimney.

In the next statement, we write W0 for the spherical Weyl group, tλ for the trans-
lation by the element λ of the coroot lattice, and xλ ∈ W for the minimal length
representative of the coset tλW0 in W/W0. Note that any double coset KtλK has a
dominant representative.

Theorem 1.3 Let λ and μ be in the coroot lattice, with λ dominant, and let y ∈ W .
Then there is a bijection between the points of the intersection

KtλK ∩ (IP )ytμK

and the union over w ∈ W0 of the set of labeled folded alcove walks of type
−−→
wxλ from

the base alcove to an alcove containing μ which are positively folded with respect to
the (P, y)-chimney.
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In Section 5, we prove Theorem 1.2 as Theorem 5.11, and then use this to prove a
generalization of Theorems 1.2 and 1.3 in which I and K , respectively, are replaced
by parahoric subgroups of G(F) which stabilize faces of the base alcove containing
the origin (see Theorem 5.14). We also establish a general nonemptiness result for
double coset intersections in Theorem 5.16.

In some special cases, (parts of the statements of) Theorems 1.2 and 1.3 are folk-
lore or recover earlier results. For instance, if P = B, the Borel subgroup of G(F),
then Theorem 7.1 of [31] is the corresponding case of Theorem 1.2. More gener-
ally, for any w in the spherical Weyl group, Corollary 5.5 of [28] is the case of
Theorem 1.2 where the intersection under consideration is IxI ∩ UwzI . Inspired by
Peterson’s work on affine Schubert calculus [29], in joint work with Ram, the first
author proved a bijection similar to Theorem 1.2 on intersections of positive and neg-
ative Iwahori orbits in the affine flag variety [27]. Special cases of the orbit intersec-
tions appearing in Theorem 1.3 were studied in [25, Thm 2.6.11(3)-(4)], [6, Para-
graph 4.4], and [14]. In [17], the third author used similar double cosets to prove an
analog for Bruhat–Tits buildings of Kostant’s convexity theorem [22] for symmetric
spaces, which itself is a variant of a classical result of Schur [36] and Horn [20]. A
count similar to the statement of Theorem 5.14 appears in the work of Abramenko,
Parkinson, and Van Maldeghem [2], where intersections of Weyl-distance spheres in
arbitrary locally finite buildings are studied (see Remark 5.15 for further details).

Figures 1 and 2 illustrate the statements of Theorems 1.3 and 1.2, respectively, for
y = 1. If μ is the end-vertex of a gallery in Fig. 1, equivalently μ is in the shadow
of λ with respect to the P -chimney, then by Theorem 1.3 any labeling of a gallery
in this figure which ends at μ corresponds bijectively with a point in the (nonempty)
intersection KtλK ∩ IP tμK , and conversely. In Fig. 2, any labeling of a gallery with
final alcove z in this shadow corresponds to a point in the (nonempty) intersection
IxI ∩ IP zI , and conversely.

1.4 Examples and Code

We conclude this work with Section 6, which provides many examples of shadows
in rank 2. We observe some features of these shadows and illustrate how to use the
recursion from Theorem 4.8. We have written Maple code for computing shadows in
types Ã2, C̃2, and G̃2, and this code is available from the authors upon request.

2 Preliminaries

We now recall the definitions we will need and fix notation. We assume knowledge
of affine Coxeter systems and affine buildings at the level of the references [1, 21],
or [33].

In order to avoid notational complexities, we will assume for the remainder of this
work that the affine Coxeter system (W, S) is irreducible. Our results in Sections 3
and 4 can be extended to reducible affine Coxeter systems (W, S), for example where
(W, S) is of type Ã1 × Ã1 so that the associated building X can be realized as a
product of trees. We leave this extension as an exercise for the reader.
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2.1 Affine Coxeter Systems and Affine Buildings

Our approach in this section is very similar to that of [24], which provides a way to
discuss the affine Coxeter system (W, S) without assuming that (W, S) is the affine
Weyl group for any particular group G(F). We do this so that we can then discuss an
arbitrary affine building X of type (W, S).

Let (W, S) be an irreducible affine Coxeter system of rank n + 1 and let V be the
associated n-dimensional real vector space on which W acts, which we can identify
with n-dimensional Euclidean space. Write v0 for the origin of V . Then (W, S) has
associated spherical Coxeter system (W0, S0) such that W0 is the stabilizer in W of
v0 and S0 = {s1, . . . , sn} is the set of elements of S = {s0, s1, . . . , sn} which fix
v0. We typically use the letters x, y, and z for elements of W and u, v, and w for
elements of W0. For algebraic reasons to be found below, we denote the elements of
the translation subgroup of W by {tλ | λ ∈ R∨}, where R∨ is a certain lattice in
V (which is preserved by the actions of W and W0). For all λ, μ ∈ R∨, we have
tλtμ = tλ+μ = tμ+λ = tμtλ. Any element x of W can be expressed uniquely as
x = tλw where λ ∈ R∨ and w ∈ W0, and given any u ∈ W0 and λ ∈ R∨, we have
utλu−1 = tuλ. We write � : W → Z for the length function of the Coxeter system
(W, S).

Let Φ be a crystallographic root system such that (W0, S0) is the Weyl group
of Φ and R∨ ⊂ V is the associated coroot lattice. Denote the positive roots in Φ

by Φ+, and denote the positive simple roots in Φ by Δ = {α1, . . . , αn}. Given
J ⊆ {1, . . . , n}, we denote by WJ the standard (spherical) parabolic subgroup of
W0 generated by {sj | j ∈ J }. Recall that (WJ , {sj }j∈J ) is a Coxeter system. We
will write ΦJ for the sub-root system of Φ associated to WJ , with positive roots
Φ+

J = Φ+ ∩ ΦJ and basis of positive simple roots ΔJ = {αj | j ∈ J }. In partic-
ular, if J = ∅ then WJ is trivial and ΦJ = ΔJ = ∅, while if J = {1, . . . , n} then
WJ = W0, ΦJ = Φ, and ΔJ = Δ.

For each α ∈ Φ and k ∈ Z, we write Hα,k for the affine hyperplane or wall of V

given by Hα,k = {v ∈ V | 〈α, v〉 = k} where the brackets denote the standard inner
product on V . Note that Hα,k = H−α,−k for all α ∈ Φ and k ∈ Z. Write sα,k for the
(affine) reflection fixing Hα,k pointwise. Then each sα,k is an element of W , and every
reflection in W is of this form. We will sometimes put Hα = Hα,0 and sα = sα,0. We
remark that si = sαi

for 1 ≤ i ≤ n, and s0 = sα̃,1 where α̃ is the (unique) highest root
in Φ. Let H = {Hα,k | α ∈ Φ, k ∈ Z}. The group W acts on the set H as follows.
For α ∈ Φ, k ∈ Z, μ ∈ R∨, and u ∈ W0, we have tμu · Hα,k = Huα,k+〈uα,μ〉.

An alcove is the closure of a maximal connected component of V \H. Since (W, S)

is irreducible, each alcove is a simplex. We write cf for the alcove bounded by the
hyperplanes {Hα1 , . . . , Hαn, Hα̃,1}, and call cf the base alcove or the fundamental
alcove. The set of alcoves in V is in bijection with the elements of W , and for x ∈ W

we write x or xcf for the alcove x · cf . A panel is a codimension one face of an
alcove, and the supporting hyperplane of a panel p is the unique element ofH which
contains p.

Let H0 = {Hα | α ∈ Φ}, that is, H0 is the set of all hyperplanes in H which pass
through the origin. AWeyl chamber is the closure of a maximal connected component
of V \ H0. Each Weyl chamber is a simplicial cone, and we will also refer to Weyl



A Gallery Model for Affine Flag Varieties

chambers as sectors. We define the dominantWeyl chamber Cf to be the uniqueWeyl
chamber which contains the base alcove cf . Thus Cf is the set of points v ∈ V such
that 〈α, v〉 ≥ 0 for every α ∈ Φ+. We denote by Cop

f the antidominantWeyl chamber,
which is the unique chamber opposite Cf in V , consisting of all points v ∈ V such
that 〈α, v〉 ≤ 0 for all α ∈ Φ+. The set of Weyl chambers is in bijection with the
elements of W0, and for w ∈ W0 we often write Cw for the Weyl chamber w · Cf .
Thus and Cop

f = Cw0 , where is the identity element of W0 and w0 is its
longest element.

For any root α ∈ Φ, any k ∈ Z, and any w ∈ W0, we denote by αk,w the closed
half-space of V bounded by the hyperplaneHα,k that contains a subsector of theWeyl
chamber Cw. In particular, for any k ∈ Z the half-space contains a subsector of
the dominant Weyl chamber Cf , and αk,w0 contains a subsector of the antidominant
Weyl chamber Cop

f . The group W acts naturally on the set {αk,w | k ∈ Z, w ∈ W0}
via (tμu) · αk,w = (uα)k+〈uα,μ〉,uw, where μ ∈ R∨ and u ∈ W0.

Now let X be an affine building of type (W, S). We regard X as a simplicial
complex, and for any apartment A of X we may fix an identification of A with V

such that we may talk about hyperplanes, alcoves, Weyl chambers and so on in A.
We will usually refer to the closed half-spaces of A determined by hyperplanes as
half-apartments.

2.2 Galleries

This section recalls definitions concerning combinatorial galleries that will be used
in the sequel. In this section, X is any affine building of type (W, S) irreducible, and
A is any apartment of X.

We start with the following definition, which gives a special case of the combina-
torial galleries of Gaussent and Littelmann (see Definition 8 of [14]).

Definition 2.1 A (finite) combinatorial gallery is a sequence of alcoves ci and faces
pi in the affine building X

γ = (p0, c0, p1, c1, p2, . . . , pl, cl, pl+1),

where the first and last faces p0 ⊆ c0 and pl+1 ⊆ cl are simplices, and for 1 ≤ i ≤ l

the face pi is a panel of both alcoves ci−1 and ci .

We will also need the (obvious) extension of this definition to infinite galleries.

Definition 2.2 An infinite combinatorial gallery is an (infinite) sequence of alcoves
ci and faces pi in the affine building X

γ = (p0, c0, p1, c1, p2, . . . , pi, ci, pi+1, . . . ),

where the first face p0 ⊆ c0 is a simplex, and for all i ≥ 1 the face pi is a panel of
both alcoves ci−1 and ci .
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We remark that if ci−1 �= ci in either of these definitions, then there is no choice
for the panel pi . We will often omit the word “combinatorial” when referring to
galleries. All of our galleries will contain at least one alcove, and we will mostly be
restricting attention to galleries that lie in a single apartment.

A gallery γ as in Definition 2.1 has length l + 1, that is, its length is the num-
ber of alcoves counted with multiplicity. We say that such a γ is minimal if it has
minimal length among all galleries with first face p0 and last face pl+1. An infi-
nite gallery γ as in Definition 2.2 is minimal if each of its initial finite subgalleries
(p0, c0, p1, c1, p2, . . . , pi) is minimal.

Recall that each simplex in X has a type which is a subset of S.

Definition 2.3 Given a gallery γ as in Definition 2.1, the type of γ is given by the
(l + 2)-tuple

type(γ ) := (type(p0), sj1 , sj2 , . . . , sjl
, type(pl+1))

where for 1 ≤ i ≤ l the panel pi has type sji
∈ S. If p0 = c1 and pl+1 = cl then

we will usually write instead type(γ ) = (sj1 , sj2 , . . . , sjl
), so that the type of γ is a

word in S.

It will not always be necessary to record the details of a gallery’s type. In particu-
lar, for x ∈ W and a fixed minimal gallery from cf to x, we will sometimes describe
any gallery of this same type with first face cf as having type �x. Similarly, for λ ∈ R∨
and a fixed minimal gallery from the origin to λ, we will sometimes describe any
gallery of this same type with first face the origin as having type �λ.

We finally recall several general definitions concerning orientations and positively
folded galleries. See the introduction and [16] for some history concerning these
notions.

Definition 2.4 (Definition 3.1 of [16]) An orientation of the apartment A is a map
φ that assigns to every pair (c, p) consisting of an alcove c of A and a panel p of c

one of the symbols + or −. We say that an alcove c is on the positive side of p if
φ(c, p) = +.

Definition 2.5 Let γ be a combinatorial gallery as in Definition 2.1. For 1 ≤ i ≤ l,
the gallery γ is said to be folded at pi , or to have a fold at pi , if ci−1 = ci .

Combinatorial galleries include not just the alcoves ci but also the panels pi pre-
cisely in order to record the panels in which folds (may) occur. If γ is folded at pi

we may also say that γ is folded at H , where H is the hyperplane supporting pi .

Definition 2.6 (Definition 4.5 of [16]) Fix an orientation φ of A and suppose that a
combinatorial gallery γ lies in A. We say that γ is positively folded with respect to φ

if for all i such that γ is folded at pi , one has φ(ci, pi) = +.
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3 Chimneys, Retractions, Orientations, and Shadows

Throughout this section, we use the notation of Section 2. Thus X is an arbitrary
affine building of type (W, S), with (W, S) irreducible, and A is any apartment of X,
with a fixed identification of A with the vector space V . We define chimneys for
such X in Section 3.1. In Section 3.2 we formulate retractions from chimneys, and in
Section 3.3 we define the orientation induced by a chimney. Section 3.4 then defines
shadows in our setting, and relates shadows to retractions.

3.1 Chimneys

In this section we give our definition of chimneys, in Definition 3.1 and its general-
ization Definition 3.7. We discuss the relationship between our definitions and related
notions in the literature, and provide examples.

Definition 3.1 Let J be a subset of {1, . . . , n}, with corresponding root system ΦJ .
The J -chimney (in A) is the following collection of half-apartments of A:

Moreover, for any collection of integers {nβ ∈ Z | β ∈ Φ+ \Φ+
J }, the corresponding

J -sector is the subcomplex of A given by

Write SJ (0) for the J -sector defined by the all-zeros sequence, i.e., nβ = 0, ∀β ∈
Φ+ \ Φ+

J .

Before we continue with some examples of chimneys and J -sectors, we make a
couple of remarks on the origin and broader mathematical context of chimneys.

Remark 3.2 (Chimneys and bordifications) It is important to note that in our defini-
tion, a chimney is a collection of subsets of the apartmentA, so a chimney is not itself
a subset of A. The intersection of all half-apartments in a chimney is in fact most
often empty, and the union of all such half-apartments is most often A. One way to
think of the J -chimney ξJ is to see it as a direction at infinity of the affine building
X which is determined by the given filter of half-apartments. More formally, a J -
chimney for nonempty J is an alcove in the affine building for the Levi factor asso-
ciated with J . In the rank 1 case, that is, where |J | = 1, this building is a panel tree.

The J -sectors should be thought of as representatives within A of the J -chimney,
much like Weyl chambers (or sectors) in A are representatives of chambers in the
spherical building at infinity. In other words, for a fixed J the collection of all
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J -sectors can be thought of as the collection of subcomplexes of A which “point
towards” the J -chimney ξJ , which lies at infinity.

These ideas can be made precise as follows. One can show that ξJ describes a point
in the combinatorial bordification Csph(X) introduced by Caprace and Lécureux in
Section 2.1 of [9], and that J -sectors are a special case of the generalized sectors
introduced in Section 2.3 of [9]. We remark that Caprace and Lécureux are con-
sidering an arbitrary building X, and are generalizing results obtained for certain
Bruhat–Tits buildings by Guivarc’h and Rémy in [15]. Another related work is the
(unpublished) PhD thesis of Charignon [8], who defines a compactification of an
arbitrary locally finite affine building by a collection of affine buildings at infinity.

In order to keep this work self-contained and focused on the case at hand, we
decided to introduce our own definitions of chimneys and the associated sectors.
Although the work of Caprace and Lécureux [9] takes place in the setting of an
arbitrary building X, we restrict our attention to affine cases. Our algebraic appli-
cations in Section 5 are for affine buildings, and for (W, S) affine, the associated
spherical root system provides a convenient way to describe chimneys and J -sectors.
In later proofs we will mostly work with J -sectors rather than the chimney itself,
although we will need our definition of a chimney to formulate the definition of a
chimney-induced orientation (see Definition 3.24 below).

Remark 3.3 (Historical origin of chimneys) The notion of a chimney in an affine
building is not new. Chimneys (in French, cheminées) were first introduced by
Rousseau (see, for example, [34] or [35]). In these works, a chimney is defined as the
closure in the building of the union of a geodesic segment and a geodesic half-line
which have the same origin and lie in the same apartment. A formulation of chim-
neys equivalent to Rousseau’s, and which relates chimneys to compactifications of
affine buildings, appears in Section 4.2 of [8]. Our J -sectors are in fact a special case
of Rousseau’s chimneys.

We now discuss some examples of J -chimneys and J -sectors.

Example 3.4 If J = ∅ then we have ΦJ = ∅ and so the chimney ξ∅ is the collection
of all half-apartments containing subsectors of the antidominant Weyl chamber Cw0 .
The corresponding J -sectors are all of the translates of Cw0 , that is, the collection of
all sectors in A whose intersection with Cw0 contains a subsector of Cw0 . In particular,
the sector S∅(0) is equal to the antidominant Weyl chamber Cw0 . Thus the chimney ξ∅
can be identified with the chamber at infinity represented by the antidominant Weyl
chamber.

Example 3.5 If J = {1, . . . , n} then ΦJ = Φ. The J -chimney is the collection of
all half-apartments containing the base alcove cf , and the only J -sector is the base
alcove cf itself.

Example 3.6 Consider Figs. 1 and 2 of the introduction. Letting α = α1 be the black
root in these figures, the other two (gray) roots can be labeled as α2 and α1 + α2, so
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that the three depicted roots are the positive roots in type Ã2. Then if J = {1}, the
shaded region is an example of a J -sector.

Recall that the affine Weyl group W acts naturally on the collection of half-
apartments in A. We now use this action to generalize J -chimneys and J -sectors.

Definition 3.7 For any J ⊆ {1, . . . , n} and any y ∈ W , the (J, y)-chimney ξJ,y is
obtained by acting on the J -chimney on the left by y, that is,

ξJ,y := y · ξJ .

Hence, letting y = tμu with μ ∈ R∨ and u ∈ W0,

ξJ,y :=
{

(uα)k+〈uα,μ〉,u | α ∈ Φ+
J , k ≤ 0

}

∪
{

(uα)k+〈uα,μ〉,uw0 | α ∈ Φ+
J , k ≥ 1

}

∪
{

(uβ)k,uw0 | β ∈ Φ+ \ Φ+
J , k ∈ Z

}

.

Similarly we obtain a (J, y)-sector SJ,y({nβ}) := y · SJ ({nβ}) for all y = tμu ∈ W

and any set {nβ ∈ Z | β ∈ Φ+ \ Φ+
J } by

SJ,y

(

{nβ }β∈Φ+\Φ+
J

)

:=
⎛

⎜

⎝

⋂

α∈Φ+
J

(uα)〈uα,μ〉,u ∩ (uα)1+〈uα,μ〉,uw0

⎞

⎟

⎠
∩

⎛

⎜

⎝

⋂

β∈Φ+\Φ+
J

(uβ)nβ+〈uβ,μ〉,uw0

⎞

⎟

⎠
.

Write SJ,y(0) for the (J, y)-sector defined by the all-zeros sequence, i.e., nβ =
0, ∀β ∈ Φ+ \ Φ+

J .

The next two examples generalize Examples 3.4 and 3.5, respectively.

Example 3.8 If J = ∅ and w ∈ W0, then any (J, w)-sector is a translate of the
Weyl chamber wCw0 = Cww0 , and the sector S∅,w(0) = w · S∅(0) is equal to the
Weyl chamber Cww0 . Thus the (∅, w)-chimney can be identified with the chamber at
infinity represented by the Weyl chamber Cww0 , and the chambers at infinity (in the
boundary of A) are in bijection with the (∅, w)-chimneys.

Example 3.9 If J = {1, . . . , n} and y ∈ W then the only (J, y)-sector is the alcove
ycf . Thus every alcove in A is an instance of a (J, y)-sector.

3.2 Retractions from Chimneys

In this section we give our formulation of chimney retractions (see Definition 3.18).
In order to give this definition and show that chimney retractions are well-defined,
we will need several preliminary results and definitions. Throughout this section,
J ⊆ {1, . . . , n} and y ∈ W .

Lemma 3.10 Every (J, y)-sector contains at least one alcove, and if it contains more
than one alcove, it contains infinitely many.
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Proof It is enough to prove the statement for J -sectors.
Suppose first that J = ∅. Then by Example 3.4, any J -sector contains a subsector

of the antidominant Weyl chamber Cw0 , hence contains infinitely many alcoves.
Now suppose J = {1, . . . , n}. Then by Example 3.5, the only J -sector is the base

alcove cf , so the statement holds in this case.
In all other cases, the sets Φ+

J and Φ+ \ Φ+
J are both nonempty, and any J -sector

is contained in the region of A lying between Hα and Hα,1 for all α ∈ Φ+
J . The

conditions provided by the (finite) collection of roots in Φ+ \ Φ+
J then determine a

cone containing infinitely many alcoves of this region of A. Hence the assertion of
the Lemma.

Definition 3.11 Let y = tμu ∈ W , where μ ∈ R∨ and u ∈ W0. Let SJ,y({nβ}) be a
(J, y)-sector. A minimal infinite gallery

γ = (p0, c0, p1, c1, p2, . . . , pi, ci, pi+1, . . . )

is regular with respect to SJ,y({nβ}) if for all β ∈ Φ+ \ Φ+
J and every k ∈ Z

such that the half-apartment (uβ)k,uw0 is a subset of the half-apartment y · βnβ,w0 =
(uβ)nβ+〈uβ,μ〉,uw0 , there exists an index ik such that the alcove cik of γ is contained
in (uβ)k,uw0 .

The previous definition essentially means that a regular infinite gallery eventually
crosses every hyperplane that “cuts across” the (J, y)-sector, and can only be trapped
in a “strip” of the (J, y)-sector lying between two parallel hyperplanes if they are of
type uα with α ∈ Φ+

J .
For the next lemma we use the metric approach to buildings, details of which can

be found in Section 12 of [1]. Thus we view the affine building X as a CAT(0) space
equipped with the usual CAT(0) metric, which restricts to a Euclidean metric on each
apartment.

Lemma 3.12 For every pair of alcoves c and d inX, and any points x ∈ c and y ∈ d ,
there exists a minimal gallery containing the (unique) geodesic segment from x to y.
Moreover, every geodesic ray starting at x is contained in a minimal infinite gallery.

Proof The statement about pairs of alcoves is taken from [26, Lemma 3.1]. To see
the statement about infinite geodesic rays argue as follows. Each geodesic ray is
contained in an apartment. By the first part of the current lemma each finite length
initial piece is contained in a minimal gallery. Local finiteness of the Coxeter complex
then implies that we may choose these initial pieces in a consistent way such that the
resulting infinite gallery covering the geodesic ray is minimal.

Corollary 3.13 Every (J, y)-sector that is not a single alcove contains a regular
minimal infinite gallery.
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Proof A (J, y)-sector is by definition an intersection of half-apartments, hence
(J, y)-sectors are convex, meaning that any two alcoves in a (J, y)-sector can be
connected by a minimal gallery which lies in that sector. Now by Lemma 3.10, a
(J, y)-sector which is not a single alcove contains infinitely many alcoves. By the
proof of Lemma 3.10 and the specific shape of the (J, y)-sector described there, a
(J, y)-sector which is not a single alcove contains a regular geodesic ray starting at
a point x contained in the interior of an alcove c. This ray is, by Lemma 3.12, con-
tained in a minimal infinite gallery γ beginning at c. Moreover γ is regular since the
geodesic was regular. By convexity of the intersection of half-apartments, γ must be
contained in the (J, y)-sector.

We will use the following result of [8], which holds for arbitrary affine buildings
(in fact for arbitrary buildings). Recall that any building has a complete apartment
system.

Lemma 3.14 (Corollary 4.3.2 in [8]) For every alcove c in the affine building X and
any minimal infinite gallery γ in X, there exists an apartment A′ in the complete
apartment system of X that contains both c and an infinite subgallery of γ .

The next result will be crucial for our definition of a chimney retraction.

Proposition 3.15 Let J ⊆ {1, . . . , n} and let y ∈ W . Then for every alcove c in X

there exists a collection of integers {nβ ∈ Z | β ∈ Φ+ \ Φ+
J } and an apartment

Ac,(J,y) in the complete apartment system of X such that Ac,(J,y) contains both c and
the (J, y)-sector SJ,y({nβ}).

Proof In the case that the unique (J, y)-sector is the alcove ycf this follows directly
from the buildings axioms. In all other cases the set Φ+ \ Φ+

J is nonempty, and
so SJ,y(0) contains by Corollary 3.13 a regular minimal infinite gallery γ . Then
Lemma 3.14 yields an apartment A′ which contains both c and an infinite subgallery
of γ . Put Ac,(J,y) = A′. By the regularity of γ and the fact that apartments intersect
in convex sets, one obtains that the intersection of Ac,(J,y) with the apartment A does
contain a (J, y)-sector SJ,y({nβ}) for a collection of integers nβ large enough.

Proposition 3.15 is the natural generalization of the axiomatic fact that any pair of
alcoves is contained in a common apartment, and at the same time a natural gener-
alization of the statement of part (1) of the Theorem in [5, Section 8] to chimneys.
Corollary 3.16 below is a direct consequence of the aforementioned proposition.

Corollary 3.16 For any J ⊆ {1, . . . , n}, any y ∈ W , and any (J, y)-chimney,
the building X is (as a set) the union of all apartments containing a (J, y)-sector
representing this chimney.

We now combine Proposition 3.15 with Lemma 3.10 to obtain the following.
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Corollary 3.17 For any choice of an apartmentAc,(J,y) as in the statement of Propo-
sition 3.15, the intersection A ∩ Ac,(J,y) contains at least one alcove. Hence there is
a unique isomorphism Ac,(J,y) → A which fixes Ac,(J,y) ∩ A pointwise.

Proposition 3.15 and Corollary 3.17 are the reasons why chimney retractions as
formulated in the next definition are well-defined. We note that we are using an
apartment Ac,(J,y) in the complete apartment system on X to define this retraction.

Definition 3.18 Let X be an affine building and A an apartment of X. Let J ⊆
{1, . . . , n} and let y ∈ W . For any alcove c of X, let rJ,y(c) be the image of c

under the unique isomorphism that maps an apartment Ac,(J,y) as in the statement of
Proposition 3.15 onto A while fixing Ac,(J,y) ∩ A pointwise. The resulting induced
simplicial map

rJ,y : X → A

is the (J, y)-chimney retraction or the retraction from the (J, y)-chimney.

A chimney retraction or a retraction from a chimney is a (J, y)-chimney retraction
for some J ⊆ {1, . . . , n} and some y ∈ W . If is the trivial element of W , we
may write , and call rJ the retraction from the J -chimney.

Remark 3.19 If J = ∅ and y = w ∈ W0, so that the (J, w)-chimney can be
identified with a chamber at infinity (see Example 3.8), then the retraction from
the (J, w)-chimney is the retraction onto A centered at this chamber at infinity.
If J = {1, . . . , n}, so that the unique (J, y)-sector is the alcove ycf (see Exam-
ple 3.9), then the retraction from the (J, y)-chimney is the retraction onto A centered
at the alcove ycf . Thus in these cases the chimney retraction specializes to the two
well-known retractions of affine buildings onto an apartment.

Remark 3.20 For arbitrary J , our formulation of the retraction rJ,y is a generalization
and formalization of the retraction ρP,w which is described in Section 11.2 of [13],
and also considered in Section 6 of [19]. We explain this further at Remark 5.4.

Remark 3.21 A slightly different approach to chimney retractions, which was
explained to us by Jean Lécureux, would be to use Proposition 2.30 of [9], or similar
results from [8]. Since the definitions and results of [9] hold for arbitrary buildings
X, chimney retractions could then be defined for non-affine buildings as well (see
also Remark 3.2).

The next corollary is an immediate consequence of our formulation of chim-
ney retractions, and generalizes the corresponding result for retractions centered at
chambers at infinity. See the second paragraph after Exercise 11.65 of [1].
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Corollary 3.22 Let X be an affine building and A an apartment of X. Let J ⊆
{1, . . . , n} and let y ∈ W . Then for any alcove c of X, there is an alcove d in some
(J, y)-sector ofA such that the image of the alcove c under the retraction rJ,y : X →
A is equal to the image of c under the retraction onto A centered at d .

The following generalizes Corollary 3.22, and extends to all chimney retractions
the corresponding result for retractions centered at chambers at infinity (see Exer-
cise 11.67 of [1]). As explained further at Remark 5.4, this result also generalizes
Lemma 6.4 of [19].

Corollary 3.23 Let X be an affine building and A an apartment of X. Let J ⊆
{1, . . . , n} and let y ∈ W . Then for any bounded subsetB ofX, there is an alcove d in
some (J, y)-sector of A such that the image of B under the retraction rJ,y : X → A

is equal to the image of B under the retraction onto A centered at d .

Proof If J = {1, . . . , n} then the unique (J, y)-sector is the alcove y = ycf , so
taking d = y we are done. Now assume that J � {1, . . . , n} and fix a (J, y)-sector
in A. Then by Corollary 3.13, this (J, y)-sector contains a regular infinite gallery
γ = (p0, c0, p1, . . . , pi, ci, pi+1, . . . ). By similar arguments to those used to prove
Proposition 3.15, since B is bounded, for all i large enough (depending on B) the
restriction to B of rJ,y : X → A is equal to the restriction to B of the retraction onto
A centered at ci . This completes the proof.

3.3 Chimney-Induced Orientations and Positively Folded Galleries

In this section we define the natural orientation induced by a (J, y)-chimney, and
hence say what it means for a combinatorial gallery to be positively folded with
respect to a given chimney. The general definitions of an orientation and a positively
folded gallery are stated in Section 2.2.

The key definition for this section is as follows. Recall from Definition 3.7 that a
(J, y)-chimney is a collection of half-apartments in A.

Definition 3.24 Let J ⊆ {1, . . . , n} and let y ∈ W . Let c be an alcove of A, let p

be a panel of c, and let H be the hyperplane supporting p. The orientation induced
by the (J, y)-chimney, denoted φJ,y , is defined by φJ,y(c, p) = + if and only if the
half-apartment determined by H which contains c is not an element of the (J, y)-
chimney.

Thus an alcove c is on the positive side of p with respect to the orientation φJ,y if,
roughly speaking, c is on the side of p which faces away from the (J, y)-chimney.
We say that a gallery in A is positively folded with respect to the (J, y)-chimney if it
is positively folded with respect to the orientation φJ,y (see Definition 2.6). Thus a
gallery is positively folded with respect to a given chimney if, roughly speaking, it is
always folded away from this chimney.
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The next result is immediate from Definition 3.24.

Lemma 3.25 Let φ = φJ,y be the orientation induced by the (J, y)-chimney and let
H be a hyperplane of A. If p and p′ are panels of H , and c and c′ are alcoves of A

containing p and p′, respectively, then φ(c, p) = φ(c′, p′) if and only if c and c′ are
on the same side of H in A.

We now use Lemma 3.25 to make the following definition for chimney orienta-
tions (for an arbitrary orientation, it does not make sense to talk about the positive or
negative side of a hyperplane).

Definition 3.26 Let φ = φJ,y be the orientation induced by the (J, y)-chimney. Let
H be a hyperplane of A, let p be a panel in H and let c be an alcove containing p.
Then c is on the positive side of H (with respect to φ) if φ(c, p) = +, and c is on
the negative side of H (with respect to φ) if φ(c, p) = −.

Remark 3.27 The orientation induced by a chimney generalizes several notions of
orientation that already appeared in the literature.

If J = ∅ then using Example 3.4, one can check that the orientation induced by the
J -chimney is the same as the periodic orientation on hyperplanes considered in [31].
More generally, for w ∈ W0, the orientation induced by the (J, w)-chimney is the
same as the periodic orientation on hyperplanes induced by the labeling at infinity
φ∂

w as in Definition 3.7 of [28] (see also Definitions 3.10 and 3.13 of [16]); such an
orientation is often called an orientation at infinity in [28]. In particular, the opposite
standard orientation at infinity in [28] is that induced by the ∅-chimney, and this
orientation is what is used for the main constructions in [28].

If J = {1, . . . , n} and y ∈ W then the orientation induced by the (J, y)-chimney
is opposite to the alcove orientation towards ycf from Definition 3.6 of [16]. More
precisely, recall from Example 3.5 that y = ycf is the unique (J, y)-sector, and
write φy for the alcove orientation towards ycf . Then φJ,y(c, p) = + if and only if
φy(c, p) = −.

We now discuss braid-invariance of orientations. This will be used in Section 3.4
below.

Definition 3.28 ([16, Definition 5.2]) An orientation φ of A is braid-invariant if
for any braid-equivalent reduced words (sj1 , . . . , sjl

) and (s′
j1

, . . . , s′
jl
) in S and any

x ∈ W , there is a combinatorial gallery of type (type(p0), sj1 , . . . , sjl
, type(pl+1))

with final alcove x which is positively folded with respect to φ if and only if there is
a combinatorial gallery of type (type(p0), s

′
j1

, . . . , s′
jl
, type(pl+1)) with final alcove

x which is positively folded with respect to φ.

It is proved in Proposition 4.33 of [28] (see also Proposition 5.3 of [16]) that
for J = ∅ and any w ∈ W0, the orientation induced by the (J, w)-chimney is
braid-invariant. (Example 3.4 and Remark 3.27 explain the relationship between
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this language and the terminology used in [28] and [16].) We now establish braid-
invariance for arbitrary chimneys. We will describe in Remarks 4.9 and 5.12 how our
main results give two other approaches to the proof of the following.

Proposition 3.29 Chimney-induced orientations are braid-invariant.

Proof Let φ = φJ,y be a chimney-induced orientation. As in the proofs of
[28, Proposition 4.33] and [16, Proposition 5.3], it suffices to consider reduced words
(s, t, s, . . . ) and (t, s, t, . . . ) of length m, where s, t ∈ S are such that st has order
m = mst < ∞, and galleries of these types with first alcove cf . All panels of such
galleries are panels of types s or t which contain the origin, and all alcoves of such
galleries are of the form vcf where v ∈ 〈s, t〉. It is then straightforward to verify
that the orientation induced by the (J, y)-chimney is “locally” the same as the ori-
entation induced by the (∅, w)-chimney, for some w ∈ W0 (depending on s, t , J ,
and y). To be precise, one can check that there is a w ∈ W0 such that for every
pair (c, p) where c = vcf with v ∈ 〈s, t〉, and p is a panel of c of type s or t ,
we have φ(c, p) = φ∅,w(c, p). The result then follows from [28, Proposition 4.33]
or [16, Proposition 5.3].

In the rest of the paper we will only consider orientations φ = φJ,y which are
induced by some (J, y)-chimney.

3.4 Shadows

In this section we recall and slightly generalize the notion of a shadow which was
first introduced in [16]. A special case of Definition 3.30 below, namely that where
σ = τ = cf , is the notion of a regular shadow as introduced in [16, Definition 6.3].
Proposition 3.29 implies that shadows are well-defined and independent of the choice
of minimal gallery γ in the following definition.

Definition 3.30 Let J ⊆ {1, . . . , n} and y ∈ W . Let x ∈ W and let σ and τ be
faces of the fundamental alcove cf which contain the origin. Fix a minimal gallery
γ with first face σ and last face xτ . The shadow of xτ starting at σ with respect
to the (J, y)-orientation, denoted ShJ,y(xτ, σ ), is the set of final simplices of all
galleries of type(γ ) which have first face σ and are positively folded with respect to
the (J, y)-chimney.

We sometimes say that a shadow is taken with respect to the (J, y)-chimney
instead of with respect to the (chimney-induced) (J, y)-orientation.

Notation 3.31 We simplify terminology and notation for the most commonly used
cases.

If J = {1, . . . , n}, then the (J, y)-chimney is just the alcove y = ycf . In this case,
we will denote the shadow by Shy(xτ, σ ).
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If both σ and τ are equal to the fundamental alcove cf , so that xτ = xcf = x,
the shadow of x with respect to the (J, y)-chimney is defined to be the shadow of
x starting at cf with respect to the (J, y)-orientation. That is, ShJ,y(x) is the set of
final alcoves of galleries of type �x which have first face and first alcove cf and which
are positively folded with respect to the (J, y)-chimney. We denote this shadow by
ShJ,y(x). If in addition J = {1, . . . , n}, we denote this shadow by Shy(x).

If σ and τ are both the origin, then λ := xτ is an element of the coroot lattice.
In this case, the shadow of λ with respect to the (J, y)-chimney is the set of final
vertices of galleries of type �λwhich have first face the origin and which are positively
folded with respect to the (J, y)-chimney. We denote this shadow by ShJ,y(λ). If in
addition J = {1, . . . , n}, we denote this shadow by Shy(λ).

Examples of shadows are given in Figs. 1 and 2 of the introduction, and in
Section 6.

The next result gives an interpretation of shadows in terms of retractions. We write
r : X → A for the retraction onto A centered at the base alcove cf . Recall from
Definition 3.18 that rJ,y : X → A denotes the retraction (onto A) from the (J, y)-
chimney.

Proposition 3.32 Let J ⊆ {1, . . . , n} and let y ∈ W .
Let x ∈ W and let σ and τ be faces of the fundamental alcove cf which contain

the origin. Let Wσ be the subgroup of W0 which fixes σ . Then the shadow of xτ with
respect to the (J, y)-orientation starting at σ is the set of simplices given by

ShJ,y(xτ, σ ) = rJ,y ◦ r−1(Wσ · xτ).

In particular, the shadow of x = xcf with respect to the (J, y)-chimney is the set of
alcoves given by

ShJ,y(x) = rJ,y ◦ r−1(x).
For λ ∈ R∨, the shadow of λ with respect to the (J, y)-chimney is the set of

elements of R∨ given by

ShJ,y(λ) = rJ,y ◦ r−1(W0 · λ).

Proof Fix a minimal gallery γ with first face σ and last face xτ . By definition the
shadow ShJ,y(xτ, σ ) is then the collection of end-simplices of all galleries of type(γ )

and first face σ .
As described in Section 4.3 of [16], the affine Weyl group W acts naturally on the

set of combinatorial galleries in A. This action is type-preserving and also preserves
minimality of galleries. Thus the stabilizer Wσ of the first face σ inside W permutes
the set of all minimal galleries of type(γ ) in A which have first face σ , and Wσ · xτ

is the collection of all end-simplices of minimal galleries in A which start in σ and
are of type(γ ). Hence by definition of the retraction r , the set r−1(Wσ · xτ) is the
collection of all end-simplices of minimal galleries in X which start in σ and are of
type(γ ).

We prove first that the image of every such minimal gallery under rJ,y is positively
folded with respect to the (J, y)-chimney, and has type(γ ). The proof is exactly the
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same as the proof of Lemma 2.9 in [17], where one replaces the sector Cop
f by a

(J, y)-sector. The main argument then makes use of Proposition 3.15 and Corollary
3.22.

It then remains to show that every gallery in A of type(γ ) which starts at σ and
is positively folded with respect to the (J, y)-chimney is an image of a minimal one
under the retraction rJ,y . This is the analog of Proposition 3.3 in [17] for chimney
retractions. The proof of this proposition also carries over to the chimney case if we
prove the analog of [17, Lemma 2.4]. This is done in Lemma 3.33 below.

The next lemma completes the last step in the proof of Proposition 3.32. Note
that in the following statement, the (J, y)-sectors are each contained in our fixed
apartment A, but that once any apartmentAi contains some (J, y)-sector, we can also
define the retraction onto Ai from the (J, y)-chimney.

Lemma 3.33 Let J ⊆ {1, . . . , n} and y ∈ W . Let A1, A2, . . . , Ak be a collection
of apartments in X such that each Ai contains some (J, y)-sector. Denote by ri the
retraction onto Ai from the (J, y)-chimney. Then

r1 ◦ r2 ◦ · · · ◦ rk = r1.

Proof For all i the retraction ri maps, by definition, any apartment containing a
(J, y)-sector isomorphically onto Ai . Corollary 3.16 implies that X is the union of
such apartments. Define ρ := r1 ◦ · · · ◦ rk . Then on the one hand each apartment
that contains a (J, y)-sector is isomorphically mapped onto A1 by ρ. On the other
hand ρ is (Weyl-)distance nonincreasing. These two properties, which also hold for
r1, uniquely characterize this retraction. Therefore r1 = ρ.

4 A Recursive Description of Shadows

The main result in this section is Theorem 4.8, which gives a recursive descrip-
tion of shadows. A special case of this theorem was stated as Theorem 1.1 in the
introduction. The examples in Section 6 illustrate how to apply our recursion.

We continue all notation from Section 3. Let H be a hyperplane in A. For y ∈
W , we denote by Hy the (closed) half-apartment of A which is bounded by H and
contains the alcove y = ycf . In particular, is the closed half-apartment of A

which is bounded by H and contains the base alcove . For example, in
Fig. 3, is the half-apartment to the left of H . We write rH for the reflection of A

in H , and note that rH is type-preserving.
We now define two operators on galleries, eL

H and f L
H . We will use these together

with Lemma 4.7 to prove Theorem 4.8. Some parts of the following definitions are
illustrated by Fig. 3.

Definition 4.1 Fix a hyperplane H of A, and let γ = (p0, c0, p1, c1,

p2, . . . , pl, cl, pl+1) be a combinatorial gallery in A.
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Fig. 3 A gallery γ with H -protrusions and an H -indentation. See Example 4.2 for further details

(i) For 0 ≤ j < k ≤ l + 1, call L = [j, k] ⊂ N an H-protrusion (of γ ) if
pj , pk ⊂ H and for all j ≤ i < k (note that pi ⊂ H may occur for
some j < i < k). Given an H-protrusion L = [j, k], the associated subgallery
of γ is

γL := (pj , cj , pj+1, . . . , pk−1, ck−1, pk).

Similarly, if pj ⊂ H and for all i ≥ j , then L = [j, ∞) is an
H-protrusion, and we define γL to be the subgallery

γL := (pj , cj , pj+1, . . . , pl, cl, pl+1).

(ii) Call L = L1 � L2 � · · · � Lr ⊂ N an H -outcrop (of γ ) if each Li is
an H -protrusion. If L contains every possible H -protrusion, then L is the
(unique) maximal H -outcrop. If [j, ∞) is an H -protrusion, where j ≤ l is the
largest index such that pj ⊂ H , and L contains every possible H -protrusion
except for [j, ∞), then we call L the (unique) near-maximal H -outcrop. We
take the maximal or near-maximal H -outcrop to be L = ∅ if there are no
H -protrusions.

(iii) For 1 ≤ j < k ≤ l + 1, call L = [j, k] ⊂ N an H -indentation if pj , pk ⊂ H

and for all j ≤ i < k; note that if j is the smallest index such that
pj ⊂ H then the interval [0, j ] is by definition not an H -indentation.

(iv) Call L = L1�L2�· · ·�Lr where each Li is an H -indentation an H -ingrowth.
If L contains every possible H -indentation, then L is the (unique) maximal
H -ingrowth. We take the maximal H -ingrowth to be L = ∅ if there are no
H -indentations.

Note that every gallery has a maximal outcrop, but that a near-maximal outcrop
does not exist if the final simplex of γ is contained in .

Example 4.2 Figure 3 shows an example of a gallery γ =
(p0, c1, . . . , p29, c29, p30), where p0 = v0 is the origin and c0 = cf . This gallery is
illustrated with a black line. The red hyperplane H contains the panels p5, p13, p18,
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and p26 of γ . The intervals [5, 13], [18, 26], [18, 30], [26, ∞], and [18, ∞) are the
H -protrusions, the maximal H -outcrop is [5, 13] � [18, ∞), and the near-maximal
H -outcrop is [5, 13] � [18, 26]. The H -indentation [13, 18] is equal to the maximal
H -ingrowth.

We will now define the first of the two operators in question.

Definition 4.3 Let H and γ be as in Definition 4.1. Fix an H -protrusion L = [j, k].
If L = ∅, define eL

H (γ ) = γ . Otherwise, define eL
H to be the operator which folds

the subgallery γL onto the half-apartment , that is,

eL
H (γ ) = (p0, c0, . . . , cj−1, pj , rH (cj ), . . . , rH (ck−1), pk, . . . , cl, pl+1).

Similarly, if L = [j, ∞), define eL
H by

eL
H (γ ) = (p0, c0, p1, . . . , cj−1, pj , rH (cj ), . . . , rH (pl), rH (cl), rH (pl+1)).

For an H -outcrop L = L1 � L2 � . . . � Lr , we define eL
H = e

L1
H ◦ e

L2
H ◦ · · · ◦ e

Lr

H .

Note that since the intervals Li are disjoint, the operators e
Li

H pairwise commute.

The second operator, f L
H , is the inverse of eL

H , that is, the operator that unfolds a
gallery across H .

Definition 4.4 Let H and γ be as in Definition 4.1. For L = [j, k] an H -indentation,
define

f L
H (γ ) = (p0, c0, . . . , cj−1, pj , rH (cj ), . . . , rH (ck−1), pk, . . . , cl, pl+1).

Similarly, if pj ⊂ H with j ≥ 1 and for all i ≥ j , then L = [j, ∞) is an
H -indentation, and we define

f L
H (γ ) = (p0, c0, . . . , cj−1, pj , rH (cj ), . . . , rH (pl), rH (cl), rH (pl+1)).

Let now L = L1 � L2 � . . . � Lr be an H -ingrowth. As with the eL
H operators, we

define f L
H (γ ) = γ if L = ∅ and otherwise we define f L

H = f
L1
H ◦ f

L2
H ◦ · · · ◦ f

Lr

H .

Note that by definition f L
H preserves the initial simplex of γ .

Remark 4.5 The operators eL
H and f L

H are inspired by the root operators defined
in [14], and this motivates our notation. However, we allow folds in hyperplanes
orthogonal to non-simple root directions, and eL

H and f L
H may reflect more than one

subgallery of γ (in the case that L is an H -outcrop or H -ingrowth).

Remark 4.6 Given a gallery γ , the galleries eL
H (γ ) and f L

H (γ ) have the same type as
γ . This is because both eL

H and f L
H fix the initial simplex of γ , and the reflection rH

is type-preserving.

The next lemma, concerning the effect of certain eL
H and f L

H on orientations, is
the key technical result for the proof of Theorem 4.8. Recall from Section 3 that
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for J = {1, . . . , n} and y ∈ W , the unique (J, y)-sector is the alcove y = ycf ,
and a gallery γ is positively folded with respect to the (J, y)-chimney if and only
if for every panel p at which γ is folded, the hyperplane supporting p separates the
(identical) alcoves of γ which occur before and after this fold from y.

Lemma 4.7 Let J = {1, . . . , n}, y ∈ W , and s ∈ S, and let H be the unique
hyperplane separating the alcoves ycf and yscf . Assume that �(ys) > �(y).

(1) If a gallery γ is positively folded with respect to the (J, y)-chimney, then for the
maximal or near-maximal H -outcrop L, the gallery eL

H (γ ) is positively folded
with respect to the (J, ys)-chimney.

(2) If a gallery γ is positively folded with respect to the (J, ys)-chimney, then for
the maximal H -ingrowth L, the gallery f L

H (γ ) is positively folded with respect
to the (J, y)-chimney.

Proof We will prove (1); the proof of (2) is similar. Since �(ys) > �(y), we observe
that . Let γ = (p0, c0, p1, c1, p2, . . . , pl, cl, pl+1) and let L be the
maximal H -outcrop. Then

eL
H (γ ) = (q0, d0, q1, d1, q2, . . . , ql, dl, ql+1),

where qi =
{

pi if pi ⊂ Hy

rH (pi) if pi ⊂ Hys
and di =

{

ci if ci ⊂ Hy

rH (ci) if ci ⊂ Hys .

Suppose that eL
H (γ ) has a fold at its panel qi , so that di−1 = di . We wish to show

that the hyperplane supporting the panel qi separates di−1 = di from the alcove yscf .

Case 1: Suppose ci−1 �= ci , that is, γ is not folded at pi . Then eL
H acts as the

identity on one of the alcoves ci−1 and ci and as rH on the other. Assume
first that di−1 = ci−1 and di = rH (ci). Then since ci−1 ⊂ Hy and
ci ⊂ Hys , we have pi ⊂ H and qi = pi . Since di = di−1 = ci−1 ⊂
Hy , this implies that H is the hyperplane supporting qi , and that H

separates the alcoves di and yscf , as required. The proof when di = ci

and di−1 = rH (ci−1) is similar.
Case 2: Suppose ci−1 = ci , that is, the gallery γ has a fold at pi . Let Hi be the

hyperplane supporting pi . Since γ is positively folded with respect to
the (J, y)-chimney, we know that Hi separates the alcoves ci and ycf .
We consider two subcases.

Case 2(a): The alcove ci−1 = ci is in Hys . Then as L is the maximal H -outcrop,
we have di−1 = di = rH (ci) and qi = rH (pi). Since the hyperplane
Hi separates the alcoves ci and ycf , the hyperplane rH (Hi) separates
the alcoves rH (ci) and rH (ycf ). Hence the hyperplane supporting qi

separates the alcoves di and yscf , as required.
Case 2(b): The alcove ci−1 = ci is in Hy . Then di−1 = di = ci and qi = pi . Since

Hi separates the alcoves ci and ycf , it follows that di �⊂ H
y
i . Therefore

Hi �= H , and so Hi does not separate the alcoves yscf and ycf (since
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H is the unique hyperplane to do so). Hence yscf ⊂ H
y
i . Thus Hi , the

hyperplane supporting qi , separates the alcoves di and yscf .

This completes the proof of (1) for L the maximal H -outcrop. Now let j ≤ l be
the largest index such that pj ⊂ H and assume that [j, ∞) is an H -protrusion, so
that if L′ = L \ [j, ∞) then L′ is the near-maximal H -outcrop. Continuing notation
from above, we have that

eL′
H (γ ) = (q0, d0, q1, d1, q2, . . . , dj−1, pj , cj , . . . , cl, pl+1).

That is, the gallery eL′
H (γ ) is the same as eL

H (γ ) except that we do not apply the
reflection rH to the tail γ[j,∞) = (pj , cj , . . . , cl, pl+1).

We have already proved that eL
H (γ ) is positively folded with respect to the (J, ys)-

chimney. Hence the initial subgallery

(q0, d0, q1, d1, q2, . . . , dj−1, pj )

of eL′
H (γ ) is positively folded with respect to the (J, ys)-chimney. Next, consider

the consecutive alcoves dj−1 and cj . Since pj is the last panel of γ to lie in H

and [j, ∞) is an H -protrusion, we have that cj ⊂ Hys . As L is the maximal H -
outcrop, if cj−1 ⊂ Hys then dj−1 = rH (cj−1) ⊂ Hy . Also if cj−1 ⊂ Hy then
dj−1 = cj−1 ⊂ Hy . Hence dj−1 �= cj and so the gallery eL′

H (γ ) is not folded at pj .
Since pj is the last panel of γ to be contained in H , any folds in the tail γ[j,∞) are
in hyperplanes H ′ �= H . Now as the alcoves yscf and ycf are not separated by any
hyperplanes except for H , it follows that γ[j,∞) is positively folded with respect to
the (J, ys)-chimney. We conclude that eL′

H (γ ) is positively folded with respect to the
(J, ys)-chimney, as required.

Note that in item (1) of Lemma 4.7 the gallery eL
H (γ ) is positively folded with

respect to both the maximal and near-maximal outcrop in case both are defined.
We are now ready to prove the main result of this section. Although Theo-

rem 4.8 below is stated only for shadows with respect to (J, y)-chimneys where
J = {1, . . . , n} (see Notation 3.31), by combining Corollary 3.23 and Proposi-
tion 3.32 with Theorem 4.8 we obtain a recursive description of shadows for all
chimneys, as the sets r−1(Wσ · xτ), r−1(x), and r−1(W0 · λ) appearing in Proposi-
tion 3.32 are all bounded. The key point in the proof of Theorem 4.8 is that galleries
which are positively folded with respect to the (J, y)-chimney may not be positively
folded with respect to the (J, ys)-chimney, and so some careful manipulation of
galleries is needed in order to calculate the shadow correctly.

Theorem 4.8 Let x ∈ W and let σ and τ be faces of the fundamental alcove cf

which contain the origin. Let y ∈ W and s ∈ S. If �(ys) > �(y), then

Shys(xτ, σ ) = Shy(xτ, σ ) ∪ rH (Hys ∩ Shy(xτ, σ )),

where H is the unique hyperplane separating the alcoves yscf and ycf .

Proof As in the proof of Lemma 4.7, the hypothesis �(ys) > �(y) implies that
. Fix a minimal gallery γx with first face σ and last face xτ . We will
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use Γ +
y (γx, ζ ) to denote the set of all galleries of the same type as γx which end

at the simplex ζ and are positively folded with respect to the (J, y)-chimney, where
J = {1, . . . , n}.

Suppose first that we have ζ ∈ Shy(xτ, σ ). Then by definition of the shadow,
there is a gallery γ ∈ Γ +

y (γx, ζ ). Let L be the maximal H -outcrop of γ if ζ ∈ Hy

and the near-maximal H -outcrop of γ if ζ ∈ Hys (if ζ ∈ H , then either choice will
be valid). Then by Lemma 4.7(1), the gallery eL

H (γ ) is positively folded with respect
to the (J, ys)-chimney. For L both maximal and near-maximal, by choice of L the
final simplex of eL

H (γ ) is ζ . Hence eL
H (γ ) ∈ Γ +

ys (γx, ζ ), and so ζ ∈ Shys(xτ, σ ).
Now suppose we have η ∈ rH (Hys ∩ Shy(xτ, σ )). Then there exists γ ∈

Γ +
y (γx, ζ ), where ζ = rH (η), equivalently η = rH (ζ ), and ζ ∈ Hys . Since the

first simplex of γ is σ ⊂ cf (by definition of the shadow), it follows that there is
at least one panel of γ contained in H . So letting γ have final simplex pn+1 = ζ ,
the maximal H -outcrop L includes the index n + 1. Thus eL

H (γ ) has final simplex
rH (ζ ) = η. By Lemma 4.7(1), we have that eL

H (γ ) is positively folded with respect
to the (J, ys)-chimney. So eL

H (γ ) ∈ Γ +
ys (γx, η). Hence η ∈ Shys(xτ, σ ).

For the other inclusion, let ζ be in Shys(xτ, σ ) but not in Shy(xτ, σ ). Then there
exists a gallery γ from σ to ζ that is positively folded with respect to the (J, ys)-
chimney, but is not positively folded with respect to the (J, y)-chimney. Let L be the
maximal H -ingrowth of γ . By Lemma 4.7(2), the gallery f L

H (γ ) is positively folded
with respect to the (J, y)-chimney. If f L

H (γ ) ends in ζ , then we contradict the fact
that ζ /∈ Shy(xτ, σ ). So f L

H (γ ) ends in rH (ζ ), implying that ζ ∈ Hy , and hence
rH (ζ ) ∈ Hys ∩ Shy(xτ, σ ). Thus ζ ∈ rH (Hys ∩ Shys(xτ, σ )), which completes the
proof.

Remark 4.9 We observe that the proof of Theorem 4.8 shows that for any choice
of minimal gallery γx from cf to x, and for every alcove z in the shadow Shys(x),
there exists a gallery in Γ +

y (γx, z). In particular, given two different braid-equivalent
reduced words for x, we have distinct minimal galleries γx and γ ′

x with types given
by these reduced words. Thus, for any z ∈ W such that z ∈ Shys(x), we obtain
galleries in both Γ +

y (γx, z) and Γ +
y (γ ′

x, z). This gives us another proof that the ori-
entation induced by the (J, y)-chimney for J = {1, . . . , n} is braid-invariant. Then
by applying Corollary 3.23, we obtain another proof of braid-invariance for general
chimneys (see Proposition 3.29).

Remark 4.10 The proof of Theorem 4.8 calculates the shadow using sets of positively
folded galleries of the form Γ +

y (γx, ζ ). It is reasonable to ask whether one can deter-
mine the number of distinct galleries in �+

y (γx, ζ ), that is, whether one can calculate
a “shadow with multiplicities”. Determining such multiplicities is a delicate problem,
essentially because the operators eL

H and f L
H used in the proof of Theorem 4.8 may

reflect all or only some of the portions of a gallery lying on the appropriate side of H .

As a corollary of Theorem 4.8, we obtain the following restriction on where the
shadow of a coroot lattice element λ can lie. In the case that X is the Bruhat–Tits
building for G(F) with standard apartment A, and the retraction onto A centered at
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y has the same effect on r−1(W0 · λ) as the retraction from the chamber at infinity
corresponding to the negative unipotent subgroupU− ofG(F), Corollary 4.11 recov-
ers a well-known containment found in Bruhat–Tits [6]. The convex hull Conv in the
following statement is the metric convex hull in the apartment A.

Corollary 4.11 Let λ ∈ R∨ and y ∈ W . Then

Shy(λ) ⊆ Conv(W0 · λ).

That is, for J = {1, . . . , n} and y ∈ W , the shadow of λ with respect to the (J, y)-
chimney is contained in the λ-Weyl polytope.

Proof The proof is by induction on �(y). If �(y) = 0, that is, , then Shy(λ)

equals the orbit W0 · λ by Proposition 3.32, and we are done. Now let si1 . . . sik be
a reduced word for y. To simplify notation, let y′ = si1 . . . sik−1 and s = sik , and let
H be the hyperplane separating the alcoves y′cf and y′scf = ycf . By Theorem 4.8
and inductive assumption, it suffices to show that the set rH (Hy′s ∩Conv(W0 · λ)) is
contained in Conv(W0 · λ). If the intersection Hy′s ∩ Conv(W0 · λ) is empty there is
nothing to show, so we assume that there is some μ ∈ Hy′s ∩ Conv(W0 · λ).

As the reflection rH fixes the hyperplane H , by considering convex hulls it is now
enough to show that for each μ ∈ Hy′s ∩ (W0 · λ), we have rH (μ) ∈ Conv(W0 · λ).
Moreover, by applying an appropriate element of W0, it suffices to take μ = λ ∈
Hy′s . That is, we are in the situation that the hyperplane H separates the origin from
λ, and we wish to show that rH (λ) lies in Conv(W0 · λ).

Now H = Hβ,i for some root β (not necessarily simple) and some index i, where
without loss of generality i > 0. More precisely, letting kλ = 〈β, λ〉 we have with-
out loss of generality that 0 < i < kλ, since the origin lies in Hβ = Hβ,0, the
coroot lattice point λ lies in the hyperplane Hβ,kλ , and H = Hβ,i separates the origin
from λ. The reflection sβ in the hyperplane Hβ takes λ to another extremal vertex
of Conv(W0 · λ), namely the vertex sβ(λ) = λ − kλβ

∨. The image of λ under the
reflection sβ,i in Hβ,i then lies on the line interval connecting λ and sβ(λ), since
sβ,i(λ) = λ − (kλ − i)β∨ and 0 < i < kλ. This line interval is contained in
Conv(W0 · λ) and we have rH = sβ,i , so rH (λ) is contained in Conv(W0 · λ) as
required.

In the following lemma we prove a more general version of the assertion of Corol-
lary 4.11. As we will not use it in its full generality we will not formally introduce
some of the notions used in the proof, but refer the reader to [16] instead.

Lemma 4.12 Let λ ∈ R∨ and let φ be any orientation (not just one induced by
a chimney). Then Shφ(λ) ⊆ Conv(W0 · λ). That is, the shadow of a coroot lattice
element λ with respect to any orientation is contained in the λ-Weyl polytope.

Proof The shadow with respect to the trivial positive orientation contains (by defini-
tion) the end-vertices of all folded galleries of a fixed type. One can show that these
end-vertices are just those elements ν of the coroot lattice whose dominant image ν+
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under the W0-action is smaller than λ+, i.e., all ν such that ν+ ≤ λ+ in dominance
order. This follows from the fact that Bruhat order on group elements (corresponding
to all the end-alcoves of folded galleries of a fixed type) restricts to dominance order
on vertices. But the condition ν+ ≤ λ+ in dominance order is the same as taking
the convex hull of W0 · λ as shown in, for instance, Lemma 3.5 of [18]. Any vertex
shadow is a subset of the trivial positive shadow and hence a subset of the λ-Weyl
polytope.

5 Positively Folded Galleries and Double Cosets

In this section we establish the connection between the previous combinatorial results
on folded galleries, and double coset intersections inside the underlying algebraic
groups in the function field case. We first record some additional definitions and
notation in Section 5.1, then in Section 5.2 adapt the key concepts from Section 3 to
this setting. Section 5.3 proves the main result of this section, Theorem 5.14, which
generalizes Theorems 1.2 and 1.3 of the introduction. This theorem establishes a
bijection between the points of certain double coset intersections in partial affine
flag varieties, and certain sets of positively folded galleries which have been further
“decorated” by elements of the residue field. We then prove a nonemptiness statement
in Theorem 5.16, and finally apply Theorems 5.14 and 5.16 to the case of the affine
Grassmannian in Corollary 5.18

5.1 Conventions

We continue all terminology and notation from Section 2, and include here some
further items needed to state and prove the theorems in this section. We are not
redefining anything from the Coxeter-theoretic setup used in Section 2, but rather
providing additional algebraic interpretations for many of these notions.

Let k be any field (not necessarily finite), let F = k((t)), and let G be a split,
connected, reductive group over F . Let O = k[[t]] be the ring of integers of F .
Choose a split maximal torus T of G and a Borel subgroup B = T U , where U is
the unipotent radical. Denote the underlying root system by Φ, and further assume
that Φ is irreducible. Throughout the remainder of the paper, we denote by Φ+ those
(spherical) roots which are positive with respect to the opposite Borel subgroup B−.
We will discuss this convention further below.

Let W0 be the (finite or spherical) Weyl group of T in G; that is, W0 = NG(T )/T .
For λ ∈ X∗(T ), write tλ for the element in T (F ) that is the image of t under the
homomorphism λ : Gm → T . Let Δ = {αi}ni=1 be a basis of simple roots in X∗(T ),
chosen such that each αi ∈ Φ+ is positive with respect to B−. We denote by α∨ =
2α/〈α, α〉 the coroot associated to α ∈ Φ with respect to the pairing 〈 , 〉 : X∗(T ) ×
X∗(T ) → Z. Let R∨ = ⊕n

i=1Zα∨
i ⊂ X∗(T ) be the coroot lattice. Let W = R∨

�W0

be the affine Weyl group, and ˜W = X∗(T )�W0 be the extended affine Weyl group.
We view W0 and W as acting on the vector space V = R

n, which we can identify
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with X∗(T ) ⊗Z R. By abuse of notation, we use the same symbol for an element of
W0 or W and a lift of this element to G(F).

Let X be the Bruhat–Tits building for G(F). Then X is a (thick) affine building of
type (W, S). Our choice of split maximal torus T determines the standard apartment
A of X. Under the identification A = X∗(T )⊗ZR = V , the interior of any alcove
in A can be described as the set of all points v ∈ V satisfying the strict inequalities
kα < 〈α, v〉 < kα + 1, where α runs through Φ+ and kα ∈ Z is some fixed integer
(depending upon the alcove and α). Recall that the dominant Weyl chamber Cf is
the set of points v ∈ V such that 〈α, v〉 ≥ 0 for all α ∈ Φ+. We note that our
convention of Φ+ being the (spherical) roots which are positive with respect to B−
in fact ensures that the elements of Φ which lie in the half-apartment of A which is
bounded by the hyperplane Hα̃ and contains the dominant Weyl chamber are exactly
the positive roots Φ+.

As in [13], we choose the Iwahori subgroup I of G(F) to be the inverse image of
the opposite Borel subgroup B−(k) under the projection map G(O) → G(k). This
convention ensures that for all λ in the coroot lattice, the element tλ acts on A by
translation by λ (rather than by −λ, had we chosen I to be the preimage of B). The
base alcove cf of A is the (unique) alcove of X whose stabilizer in G(F) is equal
to I .

Given any α ∈ Φ and k ∈ Z, we write Uα,k for the subgroup of G(F) which
fixes pointwise the half-apartment of A which is bounded by the hyperplane Hα,k

and contains the points v ∈ A such that 〈α, v〉 ≥ k. (Thus if α ∈ Φ+ then Uα,k fixes
the half-apartment defined in Section 2.1, while if α ∈ Φ− then Uα,k fixes the
half-apartment αk,w0 .) The pair (α, k) corresponds to a unique affine root β and vice
versa, so we sometimes denote the subgroup Uα,k by Uβ , and the reflection in the
hyperplane Hβ := Hα,k by sβ ∈ W . Recall that W acts on the set of affine roots.
Given x ∈ W and an affine root β, we write x(β) for the image of β under x. We
also write α0 for the affine root such that Uα0 = U−α̃,−1, so that Uα0 fixes the half-
apartment consisting of the points v ∈ A such that 〈−α̃, v〉 ≥ −1, or equivalently
〈̃α, v〉 ≤ 1. In particular, Uα0 fixes the base alcove and thus Uα0 is a subgroup of I .
We write s0 for the affine reflection sα̃,1.

5.2 P-Chimneys and the Associated Retractions

Let P = P(F) be a standard spherical parabolic subgroup of G(F), meaning a
subgroup of G(F) which contains the fixed Borel subgroup B = B(F). Then P

has Levi decomposition P = MN , where M is the Levi component and N is its
unipotent radical, with both M and N groups over F . Define ΔM ⊆ Δ to be the set
of positive simple roots αj such that the subgroup Uαj

is contained in M . Recall that
in our conventions, each αj is positive with respect to the opposite Borel subgroup
B−; however, note that for any α ∈ Φ, the subgroup Uα is contained in M if and only
if U−α is contained in M . Let ΦM ⊆ Φ be the sub-root system generated by ΔM

and define Φ+
M = Φ+ ∩ ΦM . Then Φ+

M consists of the elements α ∈ Φ which are
positive with respect to B− and are such that Uα is contained in M . We remark that
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putting α′ = −α, this is equivalent to α′ ∈ Φ being positive with respect to B = B+
and Uα′ being contained in M .

Now let J ⊆ {1, . . . , n} be such that ΔM = {αj | j ∈ J }. Then
P = PJ =

⊔

w∈WJ

BwB,

where WJ is the standard parabolic subgroup of W0 generated by {sj | j ∈ J }.
Finally, the subgroup IP of G(F) is defined to be

IP := (I ∩ M)N = (I ∩ M(F))N(F ).

Note that since I is a subgroup of G(O), the intersection I ∩M will be a subgroup of
G(O) as well, while N is defined over F . Also, the spherical subgroups Uα,0 which
are contained in N will be all those of the form U−α where α ∈ Φ \ ΦM is positive
with respect to B−. In other words, as one would expect, those subgroups which are
contained in N will be all those of the form Uα′ where α′ ∈ Φ \ ΦM is positive with
respect to B. We denote by R(IP ) the set of all affine roots β such that the subgroup
Uβ is contained in IP . Note that β ∈ R(IP ) if and only if −β /∈ R(IP ).

The following Bruhat decomposition result is established in [13] in the case F =
Fq((t)), where Fq is an algebraic closure of the finite field Fq , but the proof given
there extends immediately to our setting F = k((t)). Recall that we denote the
extended affine Weyl group of G(F) by ˜W .

Lemma 5.1 (Lemma 11.2.1 of [13]) Let P = P(F) be a standard spherical
parabolic subgroup of G(F). Then

G(F) =
⊔

z∈ ˜W

IP zI .

We will need the following corollary in our proofs in Section 5.3.

Corollary 5.2 Let P = P(F) be a standard spherical parabolic subgroup of G(F).
If z �= z′ are distinct elements of the affine Weyl group W , then the double cosets
IP zI and IP z′I are disjoint.

Proof This holds since W is a subgroup of ˜W .

We now adapt our main definitions from Section 3 to this setting.

Definition 5.3 Fix a standard spherical parabolic subgroup P = PJ and let y ∈ W .
The P -chimney, denoted ξP , is the J -chimney ξJ in the standard apartment from
Definition 3.1. For any collection {nβ ∈ Z | β ∈ Φ+ \ Φ+

M}, the corresponding P -
sector is SP ({nβ}) = SJ ({nβ}). Write SP (0) for the P -sector defined by the all-zeros
sequence, i.e., nβ = 0 for all β ∈ Φ+\Φ+

M . The (P, y)-chimney is the (J, y)-chimney
ξP,y = ξJ,y from Definition 3.7; that is, ξP,y = y · ξP . For any collection {nβ ∈ Z |
β ∈ Φ+ \ Φ+

M}, the (P, y)-sector SP,y({nβ}) is the (J, y)-sector SJ,y({nβ}).
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The (P, y)-chimney retraction is the retraction rP,y = rJ,y from Definition 3.18.
We may put rP = rJ for the P -chimney retraction. The orientation induced by the
(P, y)-chimney, denoted φP,y , is the orientation φJ,y from Definition 3.24, and a
gallery is positively folded with respect to the (P, y)-chimney if it is positively folded
with respect to the orientation φP,y . If , put φP,y = φP .

Let x ∈ W and let σ and τ be faces of the fundamental alcove cf which contain the
origin. The shadow of xτ starting at σ with respect to the (P, y)-orientation, denoted
ShP,y(xτ, σ ), is the shadow ShJ,y(xτ, σ ) from Definition 3.30. For λ ∈ R∨, the
shadow of λ with respect to the (P, y)-orientation, denoted ShP,y(λ), is the shadow
ShJ,y(λ) from Notation 3.31.

Remark 5.4 The retraction rP,y generalizes the retraction ρP,w described in Section
11.2 of [13] in the case that F = Fq((t)), where Fq is an algebraic closure of the
finite field Fq . For P = MN , it is stated in [13] that the retraction has
the same effect as retracting from any alcove which lies between Hα and Hα,1 for all
α ∈ Φ+

M and is “sufficiently antidominant” for all roots inN . We have formalized this
idea using P -sectors. The subgroup IP of G(F) is defined exactly as above in [13].

The retraction ρP from [13] was also considered by Haines, Kapovich, and Mill-
son in Section 6.3 of [19], where this retraction is denoted ρIP ,A. Here, for ΔM the
M-dominant Weyl chamber, they composed ρP : X → A with a further retrac-
tion A → ΔM to obtain a retraction of the building X onto ΔM . Our P -sectors are
essentially the same as the sets of alcoves satisfying (a) and (b) in the statement of
Lemma 6.4 of [19], and Lemma 6.4 of [19] is thus essentially the case rJ,y = ρP of
Corollary 3.23 above (although our proof is different, since in Section 3 we are in the
setting of an arbitrary affine building).

Example 5.5 Two one-dimensional examples for chimney-induced orientations are
provided in Fig. 4, where the root system Φ = {±α1} is of type A1. If P = B,
equivalently J = ∅, then α1 ∈ Φ+ \ Φ+

M and the chimney-induced orientation is
the periodic orientation on the α1-hyperplanes depicted on the left. The P -chimney
can then be identified with the point at infinity at the left-hand (antidominant) end of
the apartment shown. If P = G(F), equivalently J = {1}, then α1 ∈ Φ+

M , and the
orientation induced by the P -chimney is as shown on the right, so that the positive
side of each panel in an α1-hyperplane faces away from the base alcove cf ; in this
case, the alcove cf is the unique P -sector.

More generally, we have the following examples of P -chimneys and the corre-
sponding subgroups IP .

Fig. 4 Chimney-induced orientations in type Ã1. For details see Example 5.5
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Example 5.6 If P = B = B(F) = T (F )U(F ), then ΦM = ∅ and we have M =
T (F ) and N = U(F), so IP = IB = T (O)U(F ). As explained in Example 3.4, the
chimney ξB = ξ∅ can be identified with the chamber at infinity represented by the
antidominant Weyl chamber.

Example 5.7 If P = G(F) then ΦM = Φ and IP = I . The P -chimney is the
collection of all half-apartments containing the base alcove cf , and the only P -sector
is the base alcove cf itself.

We mention that Section 11.2 of [13] includes, in effect, an argument that IP

stabilizes the P -chimney. In general, IP will be a proper subgroup of the stabilizer
in G(F) of the P -chimney. For example, the stabilizer of the B-chimney is B(F) =
T (F )U(F ), while IB = T (O)U(F ).

5.3 Double Cosets

In this section, we establish several bijections between cosets in flag varieties and
folded galleries, leading up to our main result, Theorem 5.14. Our proofs here rely
on and substantially generalize the cases that were treated in [31] and [28]. We con-
sider double cosets in the affine flag variety in Proposition 5.10 and Theorem 5.11,
then use these results to prove Theorem 5.14. We next relate nonemptiness of double
coset intersections to shadows, in Theorem 5.16, and finally establish Corollary 5.18,
which applies the results of this section to the affine Grassmannian.

Throughout this section, P = P(F) is a fixed standard spherical parabolic
subgroup of G(F), y ∈ W , and φ = φP,y is the orientation induced by the (P, y)-
chimney. We now extend the definitions of a labeled folded alcove walk from [31]
and [28] to all orientations induced by chimneys.

Definition 5.8 Let γ = (p0, c0, p1, . . . , cl, p�+1) be a combinatorial gallery in the
standard apartmentA. For 1 ≤ i ≤ �writeHi for the hyperplane supporting the panel
pi . We say that γ crosses pi from the negative side to the positive side (with respect
to φ) if the alcove ci−1 is on the negative side of Hi with respect to φ, while the
alcove ci �= ci−1 is on the positive side of Hi with respect to φ (see Definitions 3.24
and 3.26). The definition of γ crossing pi from the positive side to the negative side
is similar.

Recall our definition of the type of a gallery (Definition 2.3).

Definition 5.9 Let x ∈ W and fix a reduced word for x. A labeled folded alcove walk
of type �x which is positively folded with respect to the (P, y)-chimney is a gallery

γ = (p0, c0, p1, . . . , cl, p�+1)

with first face p0 = c0 and last face p�+1 = cl of type �x which is positively
folded with respect to the (P, y)-chimney, together with the following labelings of
the panels p1, . . . , pl :
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(1) if γ crosses pi from the negative side to the positive side, then the panel pi is
labeled by an element of k;

(2) if γ crosses pi from the positive side to the negative side, then the panel pi is
labeled by 0; and

(3) if γ has a (positive) fold at pi , then the panel pi is labeled by an element of k×.

The type of a labeled folded alcove walk is the type of the underlying (unlabeled)
positively folded gallery.

We note that the previous two definitions are combinatorial in nature. Our proofs
will rely upon the relationships between these combinatorial data and the groups and
group elements we now define. Recall that Uα,k denotes the subgroup of G(F) which
fixes pointwise the half-apartment of A which is bounded by the hyperplane Hα,k

and contains the points v ∈ A such that 〈α, v〉 ≥ k. Given α ∈ Φ and k ∈ Z, we now
define the quotient

Uα,k = Uα,k/Uα,k+1.

For β the unique affine root corresponding to (α, k), we write Uβ = Uα,k . For any β,
the group Uβ is naturally isomorphic to the additive group (k, +). Moreover, Uβ is
naturally isomorphic to a subgroup of G(F); we shall use this isomorphism without
comment henceforth. For example, since Uα0 fixes the base alcove, we view Uα0 as
a subgroup of I . Note that throughout the literature, the distinct groups Uβ and Uβ

are both frequently called root (sub)groups of G(F). To avoid confusion, we do not
repeat this terminology here, and instead use these two separate notations.

We write uβ(c) for an element of Uβ , where c ∈ k, so that c �→ uβ(c) is an
isomorphism from the additive group (k, +) onto Uβ . Finally, for any affine root β

and any c ∈ k×, we define

nβ(c) = uβ(c)u−β(−c−1)uβ(c) and hβ(c) = nβ(c)nβ(1)−1. (5.3.1)

For further properties of the elements nβ(c) and hβ(c), we refer the reader to [31,
Section 3] and the references therein.

In order to prove Proposition 5.10 below, we will make use of three important
relations in G(F). We will see in the proof of Proposition 5.10 that these relations
allow us to rewrite a point in IxI as a point in (IP )yzI for certain z ∈ W . The fact
that these relations exist follows from [3], for instance.

(1) For all affine roots β, all b ∈ I , and all c ∈ k, there exists a unique b′ ∈ I and
a unique c̃ ∈ k such that

buβ(c)sβ = uβ(c̃)sβb′. (5.3.2)

(2) For all affine roots β, β ′ and all c ∈ k,

sβuβ ′(c)sβ = usβ(β ′)(±c), (5.3.3)

where the sign for ±c is uniquely determined by the pair β, β ′.
(3) For all affine roots β and all c ∈ k×,

uβ(c)sβ = u−β(c−1)uβ(−c)hβ(c). (Main Folding Law) (5.3.4)
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We now use the above relations to connect certain double cosets inG(F) to labeled
folded alcove walks which are positively folded with respect to a P -chimney. The
structure of the induction and resulting cases in the proof of Proposition 5.1 below
are modeled upon similar results in [27, 31].

Proposition 5.10 Let P = MN be a standard spherical parabolic subgroup of
G(F). Then:

(1) For all x ∈ W , every point of IxI is a point of IP zI for some z ∈ W .
(2) For all x, z ∈ W , the points of IxI ∩ IP zI are in bijection with the set of

labeled folded alcove walks of type �x from cf to z which are positively folded
with respect to the P -chimney.

Proof The proof is by induction on the length of x. We begin by considering the
case �(x) = 1. In this case, x = sj for some j ∈ {0, 1, . . . , n}. Recall that for
j ∈ {1, . . . , n}, the spherical root αj ∈ Δ is a positive simple root with respect to
B−, while α0 is the affine root such that Uα0 = U−α̃,−1. Note also that the subgroup
Uαj

is contained in I for all j ∈ {0, 1, . . . , n}. If j ∈ {1, . . . , n}, this follows from
αj being positive with respect to B− and I being the preimage of B−(k). For j = 0
recall that by definitionUα0 fixes the half-apartment bounded byHα̃,1 which contains
cf , hence is contained in I . Similarly, for all j ∈ {0, 1, . . . , n}, we have that Uαj

is a
subgroup of I .

Now by Theorem 6.15 in [33], for example, we can write the points of IxI = Isj I

as
Isj I = {

uαj
(c)sj I | c ∈ k

}

. (5.3.5)

Observe also that there is a unique minimal gallery γsj = (p0, c0, p1, c1, p2) of
type �sj with first face p0 = c0 = cf . This gallery γsj has final face c1 = p2 = sj cf ,
and the supporting hyperplane of its panel p1 is Hαj ,0 if j ∈ {1, . . . , n} and Hα̃,1 if
j = 0.

We first suppose that j ∈ {1, . . . , n} and that Uαj
is contained in M . Equivalently,

the positive simple root αj lies in Φ+
M . In this case, the minimal gallery γsj crosses

p1 ⊂ Hαj ,0 from the negative to the positive side. Thus there is no positive fold
possible at p1, and so all positively folded galleries of type �sj with first face cf are
in fact equal to γsj . Hence all such galleries have final alcove sjcf . It follows that
for z �= sj , there are no labeled folded alcove walks of type �sj from cf to z which
are positively folded with respect to the P -chimney. If z = sj , then by labeling p1
by any element of k, we obtain a labeled folded alcove walk of type �x = �sj from cf

to z = sjcf , and each such labeling of p1 corresponds to a distinct labeled folded
alcove walk.

We then observe that uαj
(c) ∈ I ∩ M for any c ∈ k, so uαj

(c) ∈ IP and thus
uαj

(c)sj I ∈ IP sj I . Combining this with (5.3.5) we obtain that every point of Isj I

is a point of IP sj I , which establishes (1) in this case. Using Corollary 5.2, it follows
that for all z �= sj , the intersection Isj I ∩ IP zI is empty. For z = sj , the map
taking the element c ∈ k which labels the panel p1 of γsj to uαj

(c)sj I induces a
bijection between the set of labeled folded alcove walks of type �x = �sj from cf to
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z = sj cf which are positively folded with respect to the P -chimney, and the points
of Isj I ∩ IP sj I . This completes the proof of (2) in this case.

Next we suppose that j ∈ {1, . . . , n} and that Uαj
is not contained in M (hence

U−αj
will be contained in N). In other words, αj ∈ Φ+ \ Φ+

M . In this case, the
gallery γsj crosses p1 ⊂ Hαj ,0 from the positive to the negative side. We thus have
two possible positively folded galleries of type �x = �sj with first face cf : one equal to
γsj , and the other obtained by folding γsj in the panel p1, so as to have final face cf .
Thus for , there are no labeled folded alcove walks of type �sj from cf to
z which are positively folded with respect to the P -chimney. If z = sj then the panel
p1 can only be labeled by 0, while if then the panel p1 can be labeled by any
element of k×.

Now consider the point uαj
(c)sj I of Isj I . If c = 0, then uαj

(c) is trivial so
obviously uαj

(c)sj I ∈ IP sj I . However, if c �= 0, then uαj
(c) ∈ I but uαj

(c) /∈ IP .
By the Main Folding Law (Eq. (5.3.4)), for all c �= 0

uαj
(c)sj = u−αj

(c−1)uαj
(−c)hαj

(c).

Since αj /∈ R(IP ), we have −αj ∈ R(IP ), and so u−αj
(c−1) ∈ IP . Then

since uαj
(−c) and hαj

(c) are both elements of I , we obtain that uαj
(c)sj I =

for all c �= 0. We have now proved (1) in this
case. We also see, using Corollary 5.2, that for all , the intersection
Isj I ∩ IP zI is empty.

For (2), the previous paragraph shows that the unique point of Isj I ∩ IP sj I is
uαj

(0)sj I = sj I . Letting z = sj , we map the (unique) labeled folded alcove walk
of type �x = �sj from cf to z = sjcf with panel p1 labeled by 0 to the (unique)
point uαj

(0)sj I of Isj I ∩ IP sj I . Now suppose c �= 0. Then for , the map
which takes the label c ∈ k× of the panel p1 in the gallery from cf to cf obtained
by folding γsj in Hαj ,0 to the coset uαj

(c)sj I induces a bijection between the set of
labeled folded alcove walks of type �x = �sj from cf to z = cf which are positively
folded with respect to the P -chimney, and the points of .
This completes the proof of (2) in this case.

Finally, we consider j = 0; that is, uα0(c)s0I ∈ Is0I . In this case, γs0 crosses
p1 ⊂ Hα̃,1 from the negative to the positive side, and uα0(c) ∈ I ∩ IP for all c ∈ k.
The remainder of the proofs of (1) and (2) in this case are then similar to the first case
above, in which j ∈ {1, . . . , n} and αj ∈ Φ+

M . We have now established the base
case of our induction.

For the inductive step, let (sj1 , sj2 , . . . , sjl
) be a reduced word for x, and let sj ∈ S

be such that �(xsj ) > �(x). Using Theorem 6.15 and then Lemma 7.4 of [33], we
consider the element uj1(c1)sj1 . . . ujl

(cl)sjl
uαj

(c)sj of Ixsj I, where ci, c ∈ k, and
we have put uji

(c) for uαji
(c). Noting that uj1(c1)sj1 . . . ujl

(cl)sjl
is a point of IxI ,

we have by the inductive hypothesis for (1) that there exist ũ ∈ IP , z ∈ W , and
b ∈ I such that

[

uj1(c1)sj1 . . . ujl
(cl)sjl

]

uαj
(c)sj = [

ũzb
]

uαj
(c)sj . (5.3.6)
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Now by Eq. (5.3.2) there exist unique b′ ∈ I and c̃ ∈ k such that buαj
(c)sj =

uαj
(c̃)sj b

′, and so

ũzbuαj
(c)sj = ũzuαj

(c̃)sj b
′.

We now finish the proof of (1) by considering two cases.

Case 1: The affine root z(αj ) is in R(IP ).
In this case, we observe that we have the equality

ũzuαj
(c̃)sj b

′ = ũzuαj
(c̃)z−1zsj b

′,
and then by Eq. (5.3.3), we have

ũzuαj
(c̃)z−1zsj b

′ = ũuz(αj )(±c̃)zsj b
′.

Since z(αj ) ∈ R(IP ),

ũuz(αj )(±c̃)zsj b
′ ∈ IP zsj I . (5.3.7)

Combining this with Eq. (5.3.6) we obtain that for any ci, c ∈ k,

uj1(c1)sj1 . . . ujl
(cl)sjl

uαj
(c)sj ∈ IP zsj I . (5.3.8)

This proves (1) in this case.
Case 2: The affine root z(αj ) is not in R(IP ).

We will consider two subcases.
Case 2(a): z(αj ) /∈ R(IP ) and c̃ �= 0.

By the Main Folding Law (Eq. (5.3.4)), we have

ũzuαj
(c̃)sj b

′ = ũzu−αj
(c̃−1)uαj

(−c̃)hαj
(c̃)b′

= ũzu−αj
(c̃−1)b′′

where b′′ = uαj
(−c̃)hαj

(c̃)b′ ∈ I . By Eq. (5.3.3), we have

ũzu−αj
(c̃−1)b′′ = ũzu−αj

(c̃−1)z−1zb′′

= ũuz(−αj )(±c̃−1)zb′′.

Since uz(−αj )(±c̃−1) ∈ IP ,

ũuz(−αj )(±c̃−1)zb′′ ∈ IP zI . (5.3.9)

Using Eq. (5.3.6) we get that

uj1(c1)sj1 . . . ujl
(cl)sjl

uαj
(c)sj ∈ IP zI . (5.3.10)

This proves (1) in this case.
Case 2(b): z(αj ) /∈ R(IP ) and c̃ = 0.

We observe that uαj
(0) = u−αj

(0), and so we have

ũzuαj
(0)z−1zsj b

′ = ũzu−αj
(0)z−1zsj b

′

= ũuz(−αj )(0)zsj b
′.

Since uz(−αj ) ∈ IP ,

ũuz(−αj )(0)zsj b
′ ∈ IP zsj I . (5.3.11)
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Using Eq. (5.3.6) we get that

uj1(c1)sj1 . . . ujl
(cl)sjl

uαj
(c)sj ∈ IP zsj I . (5.3.12)

This proves (1) in this case, and so completes the proof of the inductive step for (1).
In order to complete the proof of (2), we first observe that by combining

Eqs. (5.3.6), (5.3.7), (5.3.9), and (5.3.11), we have that whenever �(xsj ) > �(x),
every point of Ixsj I is contained in either IP zI or IP zsj I for some z ∈ W such that
IxI ∩ IP zI is nonempty. Hence by Corollary 5.2, the only double coset intersections
Ixsj I ∩ IP z′I which are nonempty are those where z′ ∈ {z, zsj } and IxI ∩ IP zI is
nonempty.

Now suppose there exists a labeled folded alcove walk of type−→
xsj from cf to some

alcove z′cf which is positively folded with respect to the P -chimney. As �(xsj ) >

�(x), we may assume that the last panel of this alcove walk is of type sj . Since there
may be either a fold or a crossing at this last panel, by truncation we obtain a labeled
folded alcove walk of type �x from cf to either z′cf or z′sjcf , respectively, which is
positively folded with respect to the P -chimney. If IxI ∩ IP z′I (respectively, IxI ∩
IP z′sj I ) is empty, this contradicts the inductive assumption for (2). It follows that
all labeled folded alcove walks of type −→

xsj with first alcove cf which are positively
folded with respect to the P -chimney have final alcove either zcf or zsjcf , where
z ∈ W is such that IxI ∩ IP zI is nonempty.

Therefore to complete the proof of (2), we just need to consider the points of
Ixsj I ∩ IP z′I where z′ ∈ {z, zsj } and IxI ∩ IP zI is nonempty. By the inductive
hypothesis for (2), each point of IxI ∩ IP zI corresponds to a labeled folded alcove
walk of type �x from cf to z which is positively folded with respect to the P -chimney.
Since �(xsj ) > �(x), a gallery of type −→

xsj starting at cf can be obtained from a
gallery of type �x from cf to z by adding either a crossing or a fold at the panel of z
supported by Hz(αj ).

We will use the same cases as above to complete the proof.

Case 1: The affine root z(αj ) is in R(IP ).
A gallery of type−→

xsj from cf to zsjcf can be obtained from a gallery
of type �x from cf to z by adding a crossing from zcf to zsjcf . In this
case, crossing Hz(αj ) from zcf to zsjcf goes from the negative to the
positive side. Thus the panel of Hz(αj ) at which this crossing occurs
can be labeled by any element of k. Now use the element ±c̃ ∈ k
from Eq. (5.3.7) as this label. By the inductive hypothesis for (2), this
induces a bijection between the set of labeled folded alcove walks of
type −→

xsj from cf to zsjcf which are positively folded with respect to
the P -chimney, and the points of Ixsj I ∩ IP zsj I .

Case 2: The affine root z(αj ) is not in R(IP ).
In this case, a gallery crossing the hyperplane Hz(αj ) from zcf to

zsjcf goes from the positive to the negative side. Hence a gallery γ of
type−→

xsj with initial subgallery of type �x going from cf to zcf can either
be positively folded in Hz(αj ) or cross Hz(αj ). Folding in Hz(αj ) implies
that γ ends at zcf and the panel of Hz(αj ) at which this fold occurs
can be labeled by any element of k×. If γ has a crossing at Hz(αj ) it
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will end at zsjcf , with the panel of Hz(αj ) at which this crossing occurs
labeled by 0. We will see that the subcases below correspond to these
two possibilities, respectively.

Case 2(a): z(αj ) /∈ R(IP ) and c̃ �= 0.
Here, we can use the element ±c̃−1 ∈ k× from Eq. (5.3.9) to label

the panel of Hz(αj ) at which a gallery ending at zcf (as described in
the first possibility above) has a positive fold. By the inductive hypoth-
esis for (2), this induces a bijection between the set of labeled folded
alcove walks of type −→

xsj from cf to zcf which are positively folded
with respect to the P -chimney, and the points of Ixsj I ∩ IP zI .

Case 2(b): z(αj ) /∈ R(IP ) and c̃ = 0.
Now we use 0 to label the panel of Hz(αj ) between zcf and zsj cf , as

in the second possibility described above. By Eq. (5.3.11) and the induc-
tive hypothesis for (2), this induces a bijection between the set of labeled
folded alcove walks of type −→

xsj from cf to zsjcf which are positively
folded with respect to the P -chimney, and the points of Ixsj I ∩ Izsj I .

This completes the proof of Proposition 5.10.

The next result extends Proposition 5.10(2) to (P, y)-chimneys.

Theorem 5.11 Let x, y, z ∈ W and let P be a standard spherical parabolic
subgroup of G(F). Then there is a bijection between the points of the intersection

IxI ∩ (IP )yzI

and the set of labeled folded alcove walks of type �x from cf to z which are positively
folded with respect to the (P, y)-chimney.

Proof Suppose uβ(c) ∈ (IP )y for some affine root β and c ∈ k. This means that
y−1uβ(c)y ∈ IP . By Eq. (5.3.3), y−1uβ(c)y = uy−1(β)(±c). Therefore, the result
follows from Proposition 5.10(2) after transforming the orientation via the left action
of y as described in [16, Definition 3.4].

Remark 5.12 We note that Theorem 5.11 does not depend on a choice of minimal
word for x. Given two different reduced words for x, we can form minimal galleries
of distinct types �x and �x′ corresponding to these words. For any z ∈ W such that
there exists a (P, y)-positively folded gallery of type �x from cf to z, we know by
Theorem 5.11 that the intersection IxI ∩ (IP )yzI is nonempty. The theorem further
implies that if IxI ∩ (IP )yzI is nonempty, there exists a (P, y)-positively folded
gallery of type �x′ from cf to z, since �x′ corresponds to another reduced expression
for x. Thus, we have yet another proof of the braid-invariance of (P, y)-chimney
orientations (compare Proposition 3.29 and Remark 4.9).

We now use Theorem 5.11 to prove Theorems 5.14, the main result of this section.
Here, for any face σ of cf which contains the origin v0, we denote by K(σ) the
parahoric subgroup ofG(F)which is the stabilizer inG(F) of σ . (To avoid confusion
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with the spherical parabolic subgroup P , we are using the letter K for parahorics.)
Thus in particular, K = K(v0) and I = K(cf ). We write Wσ for the stabilizer of σ

in W0.

Definition 5.13 Let σ and τ be faces of cf which contain the origin. Then x ∈ W is:

(1) left-Wσ -reduced if �(wx) ≥ �(x) for all w ∈ Wσ ;
(2) right-Wτ -reduced if �(xv) ≥ �(x) for all v ∈ Wτ ; and
(3) (Wσ , Wτ )-reduced if x is left-Wσ -reduced and right-Wτ -reduced, i.e., �(wx) ≥

�(x) for all w ∈ Wσ and �(xv) ≥ �(x) for all v ∈ Wτ .

Theorem 5.14 Let P be a standard spherical parabolic subgroup of G(F). For any
faces σ and τ of cf which contain the origin and any x, y, z ∈ W such that x is
(Wσ , Wτ )-reduced, there is a bijection between the points of the intersection

K(σ)xK(τ) ∩ (IP )yzK(τ)

and the union over w ∈ Wσ of the set of labeled folded alcove walks of type −→
wx from

cf to z which are positively folded with respect to the (P, y)-chimney.

Note that the hypothesis that x is (Wσ , Wτ )-reduced does not lead to a loss of
generality, since we can always find a representative of the double coset K(σ)xK(τ)

that is of this form. This hypothesis is included only so that we can more easily
describe the type of labeled walks required. The proof of this theorem uses techniques
inspired by the proof of the equivalence of Theorems G and C in [30].

Proof We first consider the case in which τ = cf , so that K(τ) = I . Recall
that K(σ) = �w∈Wσ IwI . Since x is left-Wσ -reduced, for any w ∈ Wσ we have
(IwI)xI = IwxI . This implies that

K(σ)xI =
⊔

w∈Wσ

(IwI)xI =
⊔

w∈Wσ

IwxI .

Thus, by Theorem 5.11, the points of K(σ)xI ∩ (IP )yzI are in bijection with the
(disjoint) union over w ∈ Wσ of the set of labeled folded alcove walks of type −→

wx

from cf to z which are positively folded with respect to the (P, y)-chimney. This
completes the proof in the case that τ = cf .

Now suppose σ = cf and let τ be any face of cf which contains the origin. We
may assume without loss of generality that τ �= cf . Fix a minimal gallery γ in the
standard apartment A from cf to xτ . The points of IxK(τ) are then in bijection with
the set of minimal galleries in the building X which are of the same type as γ .

Denote by γ ′ the gallery in A which is obtained from γ by removing its final
simplex xτ . We claim that there is a bijection between the set of minimal galleries
in X of the same type as γ and the set of minimal galleries in X of the same type
as γ ′. To see this, note that the set of alcoves in A which contain the face τ of cf is
given by {vcf | v ∈ Wτ }. Hence the set of alcoves in A which contain the face xτ

of x = xcf is given by {xvcf | v ∈ Wτ }. Since x is right-Wτ -reduced and γ is a
minimal gallery from cf to xτ , it follows that γ must have final alcove x, and so the
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truncated gallery γ ′ is a minimal gallery from cf to x. A similar truncation process
establishes the claimed bijection between sets of minimal galleries in X.

Since the points of IxI are in bijection with the set of minimal galleries inX which
are of the same type as γ ′, we now have a bijection between the points of IxK(τ)

and those of IxI . By Theorem 5.11, the points of the intersection IxI ∩ (IP )yzI

are in bijection with the set of labeled folded alcove walks of type �x from cf to
z which are positively folded with respect to the (P, y)-chimney. Projecting points
of (IP )yzI back to the flag variety G/K(τ) gives us points in (IP )yzK(τ). Thus,
points in IxK(τ) ∩ (IP )yzK(τ) are also in bijection with the set of labeled folded
alcove walks of type �x from cf to z which are positively folded with respect to the
(P, y)-chimney. This completes the proof in the case that σ = cf .

Finally, let σ and τ be any faces of cf which contain the origin. As before, we
observe that since x is left-Wσ -reduced,

K(σ)xK(τ) =
⊔

w∈Wσ

(IwI)xK(τ) =
⊔

w∈Wσ

IwxK(τ).

Also, since x is right-Wτ -reduced, the points of K(σ)xK(τ) ∩ (IP )yzK(τ) are
in bijection with the points of K(σ)xI ∩ (IP )yzI . Thus in general, the points of
K(σ)xK(τ) ∩ (IP )yzK(τ) are in bijection with the union over w ∈ Wσ of the set of
labeled folded alcove walks of type −→

wx from cf to z which are positively folded with
respect to the (P, y)-chimney.

Remark 5.15 In [2], Abramenko, Parkinson, and Van Maldeghem study and count
the number of points in intersections of spheres (for the Weyl-distance) in certain
buildings. While we assume for all of Section 5 that the building in question is a
Bruhat–Tits building, and is thus of affine type, Abramenko, Parkinson, and Van
Maldeghem study buildings of arbitrary type, but assume in addition that they are
locally finite and regular. There is, however, some similarity to our results. Theorem
4.7 in [2] for example may be translated into a statement about the cardinality of the
double coset intersections appearing in the statement of Theorem 5.14.

The next result determines nonemptiness of the double coset intersections appear-
ing in Theorem 5.14.

Theorem 5.16 Let P be a standard spherical parabolic subgroup of G(F). For any
faces σ and τ of cf which contain the origin and any x, y, z ∈ W such that x is
(Wσ , Wτ )-reduced, the intersection

K(σ)xK(τ) ∩ (IP )yzK(τ)

is nonempty if and only if there exists a gallery of type (type(σ ), �x, type(τ )) from σ

to zτ which is positively folded with respect to the (P, y)-chimney. Equivalently,

K(σ)xK(τ) ∩ (IP )yzK(τ) �= ∅
if and only if the simplex zτ lies in the shadow ShP,y(xτ, σ ).
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As with Theorem 5.14, the hypothesis on x here does not lead to any loss of
generality.

Proof Suppose first that K(σ)xK(τ) ∩ (IP )yzK(τ) �= ∅. Then by Theorem 5.14,
for some w ∈ Wσ there is a labeled folded alcove walk γ of type −→

wx from cf to
z which is positively folded with respect to the (P, y)-chimney. We now use γ to
construct a gallery γ ′′ of type (type(σ ), �x, type(τ )) from σ to zτ which is positively
folded with respect to the (P, y)-chimney. Since x is Wσ -reduced, we may choose a
reduced word (si1 , . . . , sir ) for wx such that si1 . . . sit = w and sit+1 . . . sir = x, and
assume that γ is of type this word. Letting γ = (p0, c0, p1, c1, . . . , pr , cr , cr+1),
so that p0 = c0 = cf and cr = pr+1 = z, we may thus assume that the panel pj

of γ has type sij for 1 ≤ j ≤ r . This means that the first t panels p1, . . . , pt of γ

must each contain σ , and so the alcove ct of γ lies in the star of σ in A. Therefore
ct = w′cf for some w′ ∈ Wσ .

Now define γ ′ to be the subgallery of γ which starts at ct and continues in the
same way as γ to z. Then γ ′ is a gallery of type �x from w′ to z. Finally let γ ′′ be the
gallery obtained from γ ′ by changing its first simplex to σ and its final simplex to
zτ . Then by our choice of word for wx and x being right-Wτ -reduced, the gallery γ ′′
from σ to zτ is of type (type(σ ), �x, type(τ )). All folds in γ ′′ are folds of the original
gallery γ , and so γ ′′ is a gallery of the desired type which is positively folded with
respect to the (P, y)-chimney.

Conversely, suppose we have a gallery γ ′′ of type (type(σ ), �x, type(τ )) from σ

to zτ which is positively folded with respect to the (P, y)-chimney. Let w be the
first alcove of γ ′′ and note that w contains σ . Since x is left-Wσ -reduced, the second
alcove of γ ′′ cannot contain σ . Similarly, the final alcove of γ ′′ contains zτ , and
since x is right-Wτ -reduced, the final alcove of γ ′′ must be z. Now define γ to be
the gallery obtained from γ ′′ by replacing its initial simplex σ by a minimal gallery
from cf to w, and replacing its final simplex zτ by z. Then γ is a gallery of type −→

wx

from cf to z, for a suitable choice of reduced word for wx. By construction the initial
subgallery of γ from cf to w is minimal hence has no folds, while any folds in the
portion of γ from w to z are also folds of γ ′′, thus γ is positively folded with respect
to the (P, y)-chimney.

We can then obtain a labeled folded alcove walk of type −→
wx from cf to z which

is positively folded with respect to the (P, y)-chimney by choosing a labeling each
of the panels of γ according to the scheme given by Definition 5.9. Any such
labeled folded alcove walk corresponds to a point of the intersection K(σ)xK(τ) ∩
(IP )yzK(τ) by Theorem 5.14. Therefore, this intersection is nonempty.

Remark 5.17 In light of the above results, it is tempting to try to formulate a bijec-
tion directly between the points of the intersection K(σ)xK(τ) ∩ (IP )yzK(τ) and
suitably labeled galleries of type (type(σ ), �x, type(τ )) from σ to zτ which are pos-
itively folded with respect to the (P, y)-chimney. However, the following example
shows that this is not always a useful compression.

In type Ã2, let τ = cf , so that K(τ) = I , and let σ = v0, so that K(σ) = K . Let
x = s0 ∈ S be the reflection in the (affine) hyperplane Hα̃,1 which bounds cf . Then

K(σ)xK(τ) = Ks0I =
⊔

w∈W0

Iws0I .
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In particular, the cells Is0I , Is1s0I , and Is2s0I are mutually disjoint. Now let P = B

and , so that the (P, y)-chimney is the B-chimney, and let z = s0. We claim
that each of these three cells has nonempty intersection with (IP )yzI = IP s0I .

By Theorem 5.11, the intersections of Is0I , Is1s0I , and Is2s0I with IP s0I

are nonempty if and only if there exist labeled folded alcove walks from cf to
s0cf of types −→

s0 ,
−→
s1s0, and

−→
s2s0, respectively. Consider the galleries (cf , p0, s0cf ),

(cf , p1, cf , p0, s0cf ), and (cf , p2, cf , p0, s0cf ) from cf to s0cf , where for sim-
plicity we have omitted the first face cf and last face s0cf of each gallery, and for
i ∈ {0, 1, 2} we abuse notation and write pi for the panel of cf of type si . These
galleries have types −→

s0 ,
−→
s1s0, and

−→
s2s0, respectively, and are positively folded with

respect to the B-chimney. Thus any labeling of their panels corresponds to a point in
the intersection of Is0I , Is1s0I , and Is2s0I with IP s0I , respectively. This proves the
claim.

Hence if we wished to instead enumerate points in Ks0I ∩ IP s0I by labeling just
a gallery of the form (v0, cf , p0, s0cf ), that is, a gallery of type the unique minimal
gallery from σ = v0 to s0cf , then we would need the label at σ = v0 to capture all
three of the above distinct types, and their labels. This does not provide any advantage
over the union over w ∈ W0 described in Theorems 5.14.

We conclude this section by applying the results above to K = G(O), the stabi-
lizer of the origin in G(F). In the following, for λ ∈ R∨ we write star(λ) for the star
of λ in the standard apartment A, that is, the union of the set of alcoves of A which
contain the vertex λ. Recall that for any λ ∈ R∨, there is a unique alcove xλcf in
star(λ) which is at minimal distance from the base alcove cf . Equivalently, xλ ∈ W

is the unique minimal length representative of the coset tλW0 in W/W0.

Corollary 5.18 Let λ, μ ∈ R∨, let P be a standard spherical parabolic subgroup of
G(F), and let y ∈ W . Assume λ is dominant and let xλcf be the alcove in star(λ)

closest to cf . Then there is a bijection between the points of the intersection

KtλK ∩ (IP )ytμK

and the union over w ∈ W0 of the set of labeled folded alcove walks of type −−→
wxλ

from cf to some alcove in star(μ) which are positively folded with respect to the
(P, y)-chimney. Moreover,

KtλK ∩ (IP )ytμK �= ∅
if and only if the vertex μ lies in the shadow ShP,y(λ).

Note that, as in Theorems 5.14 and 5.16, the assumption on λ here does not lead
to any loss of generality. The proof below will show why we do not need to specify
the final alcove within star(μ) of the alcove walks that we consider.

Proof Since λ is dominant, the element xλ ∈ W is (W0, W0)-reduced, and a minimal
gallery from the origin v0 to λ of type �λ has first alcove cf and final alcove xλcf .
Now xλ = tλv for some v ∈ W0, so KtλK = KtλvK = KxλK . Similarly, for any
alcove zcf in star(μ), we have (IP )ytμK = (IP )yzK . We now apply Theorems 5.14
and 5.16.
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6 Examples in Rank Two

In this final section, we explore, rather informally, some examples of shadows in
affine Coxeter groups of types Ã2 and C̃2. These examples will also illustrate our
main recursive result, Theorem 4.8. We did not observe any fundamentally new
behavior in type G̃2 and so omit this case.

Throughout this section A is a copy of the Coxeter complex of the given affine
type, and R∨ is the corresponding coroot lattice, seen as a subset of the vertices
of A. Recall from Corollary 4.11 that the shadow of a coroot lattice element λ is
always contained in the λ-Weyl polytope. In case the shadow is taken with respect to
a chamber at infinity, then by the convexity theorem [17], the shadow of λ is equal to
the intersection ofR∨ with the λ-Weyl polytope. However we will see that for general
chimney-induced orientations, shadows may be non-convex, with both “notches” and
“holes”. We will also observe that some of what is contained in the shadow can be
described using “strings” in root directions.

We will explain one example in detail in Section 6.1, then sketch several further
examples.

6.1 Shadows of Vertices in Type Ã2

Let us first have a closer look at the picture on the left in Fig. 5, which is the same as
Fig. 1 of the introduction.

With α1 = α = α∨ and α2 = β = β∨ as given in the figure, let λ = 2α + 2β ∈ R∨
and define J = {1}, so that WJ = 〈sα〉. We determine the shadow of λ

with respect to the J -chimney, using the minimal gallery γλ from the origin to λ. A
J -sector representing the J -chimney is shown as the gray shaded region in Fig. 5.

Fig. 5 Shadows of the coroot lattice element λ (on the left) and the alcove x (on the right), with respect to
the chimney represented by the gray shaded region
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By definition the elements of ShJ (λ) are exactly the end-vertices of all positively
folded galleries of the same type as γλ. We have drawn all those galleries on the left
of Fig. 5.

We now explain the recursive algorithm given by Theorem 4.8.
The algorithm: For a given coroot lattice element λwe obtain fromCorollary 3.23

that ShJ (λ) = Shy(λ) for some alcove y “deep enough” inside a J -sector. One can
then compute Shy(λ) as follows:

(1) Choose a minimal gallery γy from cf to y and denote by Hy =
(H1, H2, . . . , H�(y)) the sequence of hyperplanes crossed by this gallery (in the
order in which they appear).

(2) As the end-vertices of all galleries in �0 := W0 · γλ (the blue dots in Fig. 5) are
in the shadow (each of these is trivially positively folded), put

Sh0y(λ) := W0 · λ ⊂ Shy(λ).

That is, Sh0y(λ) is the set of end-vertices of galleries in �0.
(3) For i = 1, . . . , �(y) proceed as follows: Let �i be the set of galleries obtained

from �i−1 by introducing (additional) positive folds along the hyperplane Hi in
the above sequenceHy , as in the proof of Theorem 4.8. Define Shi

y(λ) to be the

set of end-vertices of galleries in �i . Finally we obtain Shy(λ) = Sh�(y)
y (λ).

In the last (repeated) step of the recursive construction, the reflection rHi
will take

end-vertices on the far side of Hi (i.e., vertices that used to be separated from cf by
Hi) to end-vertices on the near side (i.e., on the same side of Hi as cf ). Note that a
vertex μ ∈ R∨ is on the far side of Hξ,−k , with k a non-negative integer, if and only
if 〈μ, ξ〉 < −k. This procedure (potentially) adds new elements to the shadow.

We now describe this recursive procedure in more detail for the case shown on the
left of Fig. 5. Put s0 := sα+β,1. We can choose y to be of the form (sβsαs0)

Ncf for a
suitably large N = N(λ). We compute the shadow ShJ (λ) = Shy(λ) as follows.

In Step (1), the collection Hy is an initial subsequence of the sequence of
hyperplanes

HJ := (Hβ,0, Hα+β,0, Hβ,−1, Hα+β,−1, . . . , Hβ,−k, Hα+β,−k, . . . ).

Step (2) yields �0 := W0 · γλ and

Sh0y(λ) := W0 · λ = {±2α, ±2β, ±2α + 2β} ⊂ Shy(λ).

By the recursive procedure in Step (3) we have to consider the successive hyper-
planes in the sequence HJ . The first two such hyperplanes are Hβ,0 and Hα+β,0.
Applying the corresponding reflections to vertices in W0 · λ that are on the far side
of these hyperplanes gives us elements once again in W0 · λ. Therefore adding folds
along these two hyperplanes does not add vertices to the shadow. Hence Γ2 = Γ1 =
Γ0 and Sh2y(λ) = Sh1y(λ) = Sh0y(λ).

The next hyperplane is H3 := Hβ,−1. Of the elements of W0 · λ, only 2α, −2β,
and −2α − 2β are on the far side of H3. Reflect the tails of the (blue) minimal
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galleries which have these end-vertices along H3 and add the resulting positively
folded galleries to Γ2 to obtain Γ3. These new galleries end at 2α+β, β, and−2α+β,
respectively. Hence Sh3y(λ) = Sh2y(λ) ∪ {2α + β, β, −2α + β}.

Continuing in this manner we successively consider end-vertices which lie on the
far side of the hyperplanes in the sequence HJ above, and the algorithm terminates
when there are no such vertices remaining.

The shadow consists of all of the coroot lattice points in the λ-Weyl polytope
except for ±(α + 2β) and is hence a strict subset of the intersection of R∨ with the
λ-Weyl polytope. These missing vertices on opposite sides of the λ-Weyl polytope
are an example of what we call “notches”.

6.2 Shadows of Alcoves in Type Ã2

We now consider the shadow of an alcove as on the right-hand side of Fig. 5 (which
is the same as Fig. 2 of the introduction). Let x ∈ W correspond to the (pink) alcove
x at the bottom of the figure and let γx : cf � x be the (blue) minimal gallery. A
J -sector is shaded in gray.

The shadow ShJ (x) can again be obtained by the algorithm described in
Section 6.1, using the same “deep enough” alcove y and sequence of successively
crossed hyperplanesHJ . However the sets Shi

y(x) now consist of end-alcoves of cer-

tain positively folded galleries. In particular, the “starting set” Sh0y(x) is the set of
end-alcoves of all minimal galleries of type γx with first alcove cf , and as γx is the
unique such gallery, we have Sh0y(x) = {x}. We have used the same color for a hyper-
plane Hi in the sequence HJ and the alcoves in ShJ (x) which are (first) obtained by
applying the reflection rHi

.
Note that the shadow ShJ (x) is not a convex set. More precisely, the shadow of x

is not the intersection of some collection of alcoves with some convex polytope in A.
The elements z ∈ W such that z is in the shadow of x are, however, always subsets
of the Bruhat interval between x and . See [16] for the connection between shadows
and Bruhat order.

We also draw attention to the following pattern: for any given root direction, say
ξ , for which a ξ -hyperplane appears in the sequenceHJ , there is a first and last index
of a ξ -hyperplane that appears in HJ before the algorithm terminates, and all of the
indices in between also appear. For example, Hβ,0 ∈ HJ and Hβ,−3 ∈ HJ , and all β-
hyperplanes of indices strictly between 0 and −3 are inHJ as well. Folding γx along
this collection of hyperplanes yields a “string” of alcoves in the shadow, with these
alcoves differing from each other just by translating tβ . There is similarly a “string”
of alcoves in the direction of the root α+β. These alcoves can in fact only be obtained
by reflecting x in (α + β)-hyperplanes, so it is essential to consider non-simple root
directions when computing the shadow.

6.3 Vertex Shadows with Respect to J -Chimneys in Type C̃2

Have a look at the left-hand side of Fig. 6. In this example, we depict ShJ (λ) with
respect to the J -chimney corresponding to the short simple coroot α∨. The same
recursive procedure as described in Section 6.1 can be used to compute this shadow.
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Fig. 6 Vertex shadows in type C̃2 with respect to the chimneys for a short coroot (on the left) and a long
coroot (on the right)

We observe that ShJ,y(λ) consists of all the coroot lattice points in the λ-Weyl
polytope except for k(α∨ + β∨) with k ∈ {±1 ± 3}. That is the set of end-vertices
of the galleries depicted. In this case, in addition to “notches” on opposite sides of
the polytope the shadow also has “holes”, consisting of a line of spaced-out coroot
lattice points cutting through the polytope. The number of distinct colored-in circles
appearing at a coroot lattice point is equal to the multiplicity of this vertex in the
shadow.

On the right-hand side of Fig. 6, we depict the shadow of the same λ with respect
to the J -chimney for the long simple coroot β∨. In this case there are “notches” but
no “holes”, as the shadow consists of all of the coroot lattice points in the λ-Weyl
polytope except for ±(4α∨ + 2β∨). As on the right of Fig. 5, we have not drawn
all of the positively folded galleries, but instead illustrate the recursion using color.

Fig. 7 Vertex shadow with respect to a shifted chimney for a short coroot
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The examples in Fig. 6 can be seen to contain “strings” of shadow elements, in both
simple and non-simple root directions.

6.4 Vertex Shadowwith Respect to a Shifted Chimney in Type C̃2

We conclude this examples section by considering the shadow of the same vertex
λ = 4α∨ + 3β∨ with respect to the chimney that lies between the α-hyperplanes of
index 1 and 2, as shown in Fig. 7.

To find the shadow in this case, we may initially cross the same sequence of hyper-
planes as for the J -chimney lying between Hα,0 and Hα,1, as on the left of Fig. 6.
Thus we initially obtain the same collection of vertices in the shadow as before. We
then cross Hα,1 to reach an alcove which lies deep in the shaded region depicted
in Fig. 7. At this last step, we obtain new folded galleries, by reflecting in Hα,1.
These additional galleries (and their predecessors) are drawn in Fig. 7. Therefore the
shadow in this case contains more vertices than before. And in fact, the shadow now
equals the intersection of R∨ with the λ-Weyl polytope (shown with multiplicity).
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Norm. Sup. (4) 39(6), 871–920 (2006)
16. Graeber, M., Schwer, P.: Shadows in Coxeter groups. Ann. Comb. 24(1), 119–147 (2020)
17. Hitzelberger, P.: Kostant convexity for affine buildings. Forum Math. 22(5), 959–971 (2010)
18. Hitzelberger, P.: Generalized affine buildings. Doctoral thesis. arXiv:0902.1107 e-prints (2009)
19. Haines, T.J., Kapovich, M., Millson, J.J.: Ideal triangles in Euclidean buildings and branching to Levi

subgroups. J. Algebra 361, 41–78 (2012)
20. Horn, A.: Doubly stochastic matrices and the diagonal of a rotation matrix. Am. J. Math. 76, 620–630

(1954)
21. Humphreys, J.E.: Introduction to Lie algebras and representation theory, vol. 9. Springer, New York

(1972). Graduate Texts in Mathematics
22. Kostant, B.: On convexity, the Weyl group and the Iwasawa decomposition. Ann. Sci. É,cole Norm.
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27. Milićević, E., Ram, A.: The Geometric Peterson isomorphism: moduli of curves and alcove walks.

preprint in preparation. (2022)
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