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Abstract—Distributed power network is the major trend 
of future smart grid, which contains multiple non-cooperative 
utility companies who have incentives to maximize their own 
profits. The energy price competition forms an n-person game 
among utility companies where one’s price strategy will affect 
the payoffs of others. More interestingly, the use of dynamic 
energy pricing schemes incentivizes homeowners to consume 
electricity more prudently in order to minimize their electric 
bill. In this paper, two models of price determination are 
introduced for utility companies under different assumptions. 
In the first model, a Nash equilibrium solution is presented 
and the uniqueness of Nash equilibrium point is proved. The 
second model accounts for more sophisticated factors such as 
the cost of energy generation and the homeowner’s reaction to 
the change of energy usage as a factor of energy price. 
Although it is no longer possible to prove the uniqueness of 
Nash equilibrium for the second model, we present a practical 
solution in which no utility company can increase its expected 
profit by adjusting the price function. Experimental results 
show the effectiveness of our two models both in reliability of 
solution and in runtime. 

I. INTRODUCTION 

The current smart grid technology is undergoing a 
transformation from a centralized, producer-controlled 
network to one that is less centralized and more consumer-
interactive [1][2]. This will lead to a change of the 
industry’s entire business model and its relationship with all 
stakeholders, involving and affecting utilities, regulators, 
energy service providers, technology and automation 
vendors and all consumers of electric power [1]. With the 
introduction of decentralized electrical network architecture, 
the usual practice of power network on matching supply to 
real-time demand will be increasingly challenging [3]. It is 
generally agreed that the amount of generation, 
transmission and distribution capacities that utility 
companies need to provision depends on peak demand 
rather than the average [4]. Consequently, the huge 
difference between energy consumption levels at peak 

usage time and off-peak hours has resulted in not only cost 
inefficiencies and potential brownouts and blackouts, but 
also environmental pollution due to over provisioning of the 
Power Grid and the resulting energy waste [5]. For example, 
the US national load factor is about 55%, and only 10% of 
generation plants and 25% of distribution facilities are used 
less than 400 hours per year, i.e., 5% of the time [1].  

The introduction of dynamic energy pricing gives a 
popular solution on shaping the demand to reduce the peak 
and smoothen the variation [1]-[4]. Dynamic pricing is an 
incentive-based scheme, which means both utility 
companies and energy users have an incentive to maximize 
their own profits or minimize their own costs.  By dynamic 
changing of energy prices, it will be possible for customers 
to shift their energy consumption from peak-energy-use 
hours to off-peak times, thus lower their monthly electricity 
bills [5][6]. Proper shaping of customer’s demands makes it 
possible for utility companies to reduce their capital 
expenditure by not having to add new power plants to the 
Grid in order to meet the customers’ peak-hour demands. 
Dynamic energy pricing is therefore an economical scheme 
that will benefit both the energy consumers and the utility 
companies. 

Although dynamic pricing is well researched, several 
problems still exist for the scheme to become practical.  
First of all, most of previous papers have focused on either 
profit maximization for utility companies [4] or cost 
minimization for customers [5][8]. However each of the 
utility companies and customers tend to make its decision 
based on the reaction of the other side. In addition, almost 
all the existing models are based on a centralized 
monopolistic electrical grid, where a single utility company 
supplies all the power demands of electricity consumers in 
a local area. But as a decentralized smart grid is the major 
trend of future electrical power network architecture [1], 
competition between different utility companies will be 
increasingly widespread. Although an oligopolistic energy 
market was introduced in [17], it is only possible for utility 
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companies to optimize part of their profits from 
homeowners whose “threshold price” are higher than the 
offered price, and the profit from wining the price 
competition is claimed to be “unpredictable” and thus 
ignored in the optimization process. Failing to take into 
account the interactions among different utility companies, 
this model turned out to be oversimplified.  

Due to the above reasons, a more accurate and 
practical model is needed to solve the profit maximization 
problem in an oligopolistic energy market. Based on the 
studies in [18], game theory has been expected to constitute 
a key analytical tool in the design of the future smart grid. 
Game theory is a formal analytical as well as conceptual 
framework with a set of mathematical tools enabling the 
study of complex interactions among independent rational 
players [18]. In a real-life price competition, utility 
companies can be considered as the rational players and 
tend to analyze their competitors’ decisions and give their 
corresponding responses accordingly. In addition, it is also 
necessary for the utility companies to recursively adjust 
their price functions and finally reach a “Nash equilibrium” 
[12].  

Considering these factors, two models of dynamic 
pricing are presented in this paper to solve the profit 
maximization problem for utility companies under an 
oligopolistic energy market. For both models, we assume 
that each energy consumer has the ability to freely select 
any of the existing utility companies without any additional 
cost, and it is the energy price function that determines the 
probability he/she selects a certain company. Based on this 
assumption, we propose game theoretic solutions for 
determining the hourly price of the electric energy in each 
utility company to maximize its total expected profit. In the 
first model, a Nash equilibrium solution is presented and 
the uniqueness of Nash equilibrium point is proved. The 
second model considers more sophisticated factors such as 
the cost of energy generation and the homeowner’s reaction 
on the change of energy usage as a factor of energy price. 
Although it is no longer possible to prove the uniqueness of 
Nash equilibrium, we still present a practical solution to 
profit maximization problem in which no utility company 
can increase its expected profit by adjusting the price 
function.  

The remainder of this paper is organized as follows. In 
the next two sections, we present our two models as well as 
the corresponding solutions for profit maximization of 
utility companies in oligopolistic market. Section IV reports 
the simulation results and the paper is concluded in Section 
V. 

II. MODEL I:  IGNORING ENERGY GENERATION COST  

 In this paper, a slotted time model is assumed for all 
models, i.e., all system cost parameters and constraints as 
well as scheduling decisions are provided for discrete time 
intervals of constant length. The scheduling epoch is thus 
divided into a fixed number of equal-sized time slots (in the 
experiment, a day is divided into 24 time slots, each with 
duration of 1 hour). A unified electricity bill is used 
throughout the paper. 

We define Price function, P[c][t], as the price of one 
unit of energy (kWh) for each utility company c at time slot 
t. The price is decided by the utility company and pre-
announced to homeowners. In addition, for every 
homeowner h, con[c][h][t] is the total energy consumption 
at time t if he chooses company c. It can be easily observed 
that the equation below calculates the total energy cost for a 
certain homeowner: _ℎ[ ][ℎ] = [ ][ ] ∙ [ ][ℎ][ ] 

As stated above, our ultimate goal is to solve profit 
maximization problem for each utility company in 
oligopolistic market. But in the classical economics 
problems, between sellers and buyers, economists always 
give suggestions to the sellers based on the reaction of the 
buyers or vice versa because although the government 
would like to maximize the total social welfare, we still 
need to consider sellers and buyers as non-cooperative and 
always making decisions based on their own best solution 
[12]. This is also the case for energy users and utility 
companies, which means utility companies need to analyze 
homeowner’s reactions based on a given price function. 

It has been proved in [17] that both Cournot Model 
and Bertrand Model fail in the future architecture of smart 
grid. First of all, demand response is a key element of the 
smart grid technologies, which means the usual practice of 
power networks is matching supply to demand instead of 
matching demand to supply. For this reason, the Cournot 
Model, which is based on competition on the amount of 
output each industry will produce, is not applicable. On the 
other hand, the Bertrand Competition Model, which 
assumes consumers always choose the product with the 
lowest price, also turns out to be oversimplified, because 
the introduction of dynamic prices makes it hard for the 
consumers to determine which utility company really offers 
a better price, and also the customers may never be totally 
free to switch from one energy supply to another [12]. 
Hence authors in [17] used a modification of the Bertrand 
Competition Model which is based on the threshold cost of 



each energy consumer. But it may be unrealistic to assume 
that homeowners will randomly choose one utility company 
among those who offer a lower price than their threshold 
cost with an equal probability.  

According to the fact that electricity is a product with 
almost zero elasticity [12], in this paper, a modified 
economical demand function is used to determine the 
probability that each homeowner h will choose a certain 
utility company c (prob[c][h]) [ ][ℎ] = _ [ ][ ]_ [ ][ ] + ∑ _ [ ][ ] 
which reveals that even considering the information 
asymmetry, energy consumers will still have a preference to 
choose the company who offers a cheaper price.  

To start, we consider each utility company has no cost 
function, i.e., the expected profit from a certain homeowner 
(profit[c][h]) can be calculated as follows: [ ][ℎ] = _ℎ[ ][ℎ] ∙ _ [ ][ ]_ [ ][ ] + ∑ _ [ ][ ] 

Notice that cost_h[c][h], which is an affine function of  
price function P[c][t], is the only variable in the above 
equation given the price information of all other companies. 
If we use a single variable x to represent cost_h[c][h] and 
use a constant value A to represent the cost summation of 
all other companies, the previous function can be written as: ( ) = 1 + ∙  

It can be easily proved that this is a unimodal function, 
which means each utility company can adjust its own price 
function (say x = x0 is the optimal solution) to maximize the 
profit. But we can also observe from the equation that the 
optimal price function of each company is determined by 
the constant A, which is a function of prices of other 
companies. On the other hand, the price decision made by 
each company will in turn affect the prices of its 
competitors. Thus a non-cooperative game is formed.  

To study the Nash equilibrium solution of the non-
cooperative game, we first analyze the second derivative of 
f(x), which is: ( ) = ∙(1 + ∙ ) ∙ [2 ∙ − ( + 2)(1 + ∙ )] 

It can be determined from the above equation that 
there exists an inflection point, say x = x1, where f" (x1) = 0. 
f(x) is a strictly concave function in the area where x ≤ x1. 
Several experiments have been made and we observed that 
x1 ≈ 4x0 under different values of A. This means during the 
profit maximization process, x can rarely go beyond x1. 
Considering the certain issue, a new function g(x) is built 
with the following properties: 

1. g(x) = ax2 + bx + c, where a, b, c are given 
constant values and a < 0 

2. g(x1) = f(x1) 
3. g′(x1) = f′ (x1) 
 And then we modify f(x) to a new function k(x) as 

follows: ( ) = ( )		( ≤ )( )	( > )  

Property 1: k(x) is a strictly concave function. 
Proof: k(x) can be determined as continuous and 

differentiable due to the second and the third properties of 
g(x). f(x) is a strictly concave function in the area where x ≤ 
x1, so k′(x) is strictly monotonically decreasing in this area. 
In addition, g(x) is a well-known strictly concave quadratic 
function, so k′(x) is also strictly monotonically decreasing 
in the area x > x1. We can therefore determine k′(x) as 
strictly monotonically decreasing in the whole interval of 
definition and thus strictly concave. 

Considering the fact that x1 is already far from the 
price optimization area, this kind of modification will not 
influence the effectiveness of the final solution.   

The profit maximization problem for utility companies 
can be defined as follows:  

	 	 		 _ [ ] = ( _ℎ[ ][ℎ]) 			 . .						 [ ][ ] > 0,				∀ , 																	 [ ][ ] ≤ _ ,				∀ ,  
As companies are considered as non-cooperative 

among each other, we are interested in the existence and 
uniqueness of Nash equilibrium points. 

Property 2: Utility companies have a unique Nash 
equilibrium point in the profit maximization problem. 

Proof: Note that k(x) has been proved to be strictly 
concave, while cost_h[c][h] is an affine function of  price 
function P[c][t]. We can determine that k(cost_h[c][h]) is 
also strictly concave as a function of P[c][t], and so is  its 
summation function to h. Therefore, the profit 
maximization problem is a strictly concave n-person game. 
In this case, the existence and uniqueness of Nash 
equilibrium are directly resulted from the first and third 
theorem in [16].  

Another observation is that as we consider no energy 
generation cost, the objective functions for different utility 
companies are totally symmetric.   

Property 3: At the Nash equilibrium point, each utility 
company has exactly the same price function. 

Proof: Assume the price function of two utility 
companies, namely c1 and c2, are different in a Nash 



equilibrium point (say P[c1][t] ≠ P[c2][t]). As the objective 
functions of these two companies are totally the same, 
another Nash equilibrium point should exist if they 
exchange their price functions, which contradicts the 
uniqueness of Nash equilibrium in property 2.  

The third property makes the problem much easier to 
solve, as we can simply assume the price function of all 
utility companies are the same after the first derivative of 
the objective function. The detailed algorithm is presented 
as follows: 

Algorithm 1: Unique Nash equilibrium point determination. 

For any one of utility company c: 

For each time slot t, set: 			∂ _ [ ]∂ [ ][ ] | [ ][ ] [ ][ ]	 	 	 = 0 

Solve the linear equation set to get P[c][t] for each t. 

For all utility companies j≠c, set price function P[j][t] = P[c][t] 
for each t. 

 

III. MODEL II: CONSDERING  ENERGY GENERATION COST  

Model I is far from complete, as utility companies 
should also take into consideration the cost of electricity 
generated by different sources, which is the cost of 
generating electricity at the point of connection to a load or 
electricity grid [1]. As the trend of the future power 
networks is towards distributed smart grid, the capital, 
maintenance and distance cost will differ significantly 
based on the electricity generation type (e.g., steam-power 
station or solar-energy-power station) as well as weather, 
area and seasons. In this model, we use P_e[c][t] to denote 
the energy cost function for each utility company at a 
certain time slot t. The energy generation cost for 
homeowner h (denoted by cost_e[c][h]) can be calculated 
as: _ [ ][ℎ] = _ [ ][ ] ∙ [ ][ℎ][ ] 

As has been stated in several previous papers like [11] 
and [17], the introduction of dynamic pricing is to regulate 
homeowner’s energy usage at peak demand hours and thus 
achieve a global energy saving. Considering that 
homeowners will always have an incentive to move their 
tasks from high-price hours to low-price times. We 
therefore set a negative correlation between energy price 
and energy usage during a certain amount of time by using 
P_expect[h] to represent the expected energy price for 
every homeowner. The homeowner’s energy cost can be 
reformulated as: 

_ℎ[ ][ℎ] = [ ][ ] ∙ [ ][ℎ][ ] ∙ [2 ∙ 1 + [ ][ ]_ [ℎ]∙ [ ][ ]_ [ ] ∙ (1 − ) + ] 
where  is a constant value between 0 and 1 which reflects 
the inelastic energy consumption of each homeowner. And 
consequently the profit maximization problem is modified 
as: 

	 	 _ [ ] 	= ( _ℎ[ ][ℎ] − _ [ ][ℎ]) ∙ _ [ ][ ]_ [ ][ ] + ∑ _ [ ][ ]  			 . .		 [ ][ ] > 0,				∀ , 													 [ ][ ] ≤ 	_ ,				∀ ,  
Once these more sophisticated factors are taken into 

consideration, the properties of the first model may no 
longer exist. However, based on game theoretic method, 
this problem can be solved by iterative local maximization 
of each utility company. And finally we can still achieve a 
Nash equilibrium point under a given initial condition (i.e., 
the initial price function of utility companies). Notice that a 
constant value d is needed to determine the endpoint. More 
precisely, the optimization process stopped when no utility 
companies can achieve a profit increase higher than d. 
Obviously, the value of d makes a tradeoff between 
accuracy of the solution and run-time. The detailed 
algorithm is presented as follows: 

Algorithm 2: Iterative solution of the above n-person game. 

Initialize P[c][t] for every c and t. 

While (max_profit_increase > d) 

For each utility company c: 

  Calculate current profit_total[c]. 

For each time slot t, set: 																			∂ _ [ ]∂ [ ][ ] = 0 

Solve the equation set to get P[c][t] for each t under the 
given price functions of other companies. 

Calculate optimized profit_total[c]. 

Calculate the max_profit_increase among all companies. 

P[c][t] for every c and t is determined after the above process. 

 

IV. SIMULATION RESULTS 

To demonstrate the effectiveness of the proposed 
solutions, cases corresponding to the aforesaid pricing 
models are examined. 

In these simulations, the duration of a time slot is set to 
one hour. For this reason, power consumption of the tasks is 
determined with a granularity of one hour. The proposed 



algorithms have been implemented using Matlab and tested 
for random cases. For both models, the energy consumption 
at each time slot is fixed for every homeowner, and each 
homeowner has a probability to choose certain utility 
company based on the offered price functions. 

For model I, we calculated the unique Nash 
equilibrium point for an oligopolistic energy market 
containing 5 utility companies serving 100 homeowners. In 
order to show the effectiveness of the result, we assume an 
initial price function is given to all companies and they 
applied the calculated result one after another. Table I and 
Table II show the comparison between different utility 
companies under a high initial price and a low initial price, 
respectively.  

Table I. Profit Comparison of model I under a high initial 
Price 

Number of utility 
companies that 

applied the 
calculated price 

Profit of a 
company which 

applied 
calculated price 

Profit of a 
company which 

did not apply 
calculated price 

0 - 47.0 

1 53.9 33.1 

2 41.5 25.6 

3 33.8 20.9 

4 28.6 17.7 

5 24.7 - 

Table II. Profit Comparison of model I under a low initial 
Price 

Number of utility 
companies that 

applied the 
calculated price 

Profit of a 
company which 

applied 
calculated price 

Profit of a 
company which 

did not apply 
calculated price 

0 - 11.8 

1 14.2 13.0 

2 15.9 14.5 

3 18.0 16.5 

4 20.8 19.1 

5 24.7 - 

The above tables verify that regardless of how high or 
low the initial price is set to, utility companies will always 
have incentives to adjust the price function and thus 
maximize their own profits. Their final price strategy turned 
out to be the same as the calculated result, which has been 
proved to be the unique Nash equilibrium solution. Note 
that the Nash equilibrium point does not guarantee the 
globally optimal solution. This can also be observed from 
the first table where the profit of each utility company is 
higher if all of them choose to retain a high energy price. 

But this kind of cooperation can easily be broken since each 
company can achieve a profit increase by lowering its price. 
The result also explains why energy consumers can benefit 
from the price competition. 

For model II, we assume different energy generation 
costs for utility companies and use the iterative Algorithm 2 
to solve the profit maximization problem for each company. 
Table III is the comparison between the initial profit and 
final profit.  

Table III. Profit Comparison of Model II for Different Utility 
Companies 

Company Initial Profit Final Profit 

1 42.1485 27.4585 

2 40.6060 24.9549 

3 42.9249 28.6499 

4 41.0160 26.0111 

5 41.1806 26.0680 

Figure 1 shows the change of price function for utility 
companies. We assume the energy price is initially set to be 
high, but it is finally brought down due to competition. 
Companies turn out to have different final price functions 
due to different energy generation cost.  

 

Figure 1. Initial and final price functions for each utility 
companies 

Figure 2 illustrates the change of profit for utility 
companies as a factor of simulation steps. It can be 
observed that each company achieves a profit increase 
when it is running the local optimization step, while suffers 
from a profit decrease when other companies are running 
their own optimization. The curves turn out to be stable in 
the end, which means each company can no longer pursue 
profit increase by adjusting its price function. In other 
words, a Nash equilibrium solution is achieved.   



 

Figure 2. Profit change steps for each utility companies 

Runtime of the proposed heuristic for all the 5 utility 
companies is about 1 second and 10 minutes for the first 
and second model respectively both on a machine with a 
dual core processor with frequency of 2.80 GHz. This run 
time makes it feasible to utilize our models real-time. 

V. CONCLUSION 

Two models were presented to tackle the profit 
maximization problem of non-cooperative utility companies 
in oligopolistic market. The models are under different 
assumptions including its problem formulation, proof of 
properties and optimal solution. In each model, utility 
companies are considered as non-cooperative, i.e., always 
making decisions based on their own best solution. A 
probability-based calculation is utilized based on consumers’ 
reaction to price functions from different companies. The 
models were implemented and tested with some arbitrary 
test schemes. The results confirm that our designed 
algorithms lead to Nash equilibrium solutions for both 
problems, which means that all utility companies achieve 
their local optimal price functions. The real-time simulation 
strengthened the reliability of our proposed solution on 
price function with an acceptable runtime. 
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