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1. Introduction. In the present note let f{z) be a measurable function
satisfying the conditions ;

@D A+ =£0, [ At = 0 and [ Pde = 1.

In [2] M. Kac noticed that if f(z) is a function of Lip @ or of bounded varia-
tion, then it is seen that

: 1 ° —u2/2
(1.2) Ilvlarg = Tom) € du,

[t > a ) <ol

k=1

where {7} is a sequence of integers such that

(1- 3) lim nlc+l/nk = 4
koo
and {a,} is any sequence of real numbers satisfying the following conditions
N
(1.4) Ay =>ai—> + oo and Jmax [aki = o(Ay), as N— + oo,
k=1

Also in [4] G. Morgenthaler proved that if f{#) is bounded and {a} satisfies
(1. 4), then there exists a sequence {f{(#n,¢)} independent of {a,} and (1.2) holds.
On the other hand P.Erdos [2] showed that if f{(¢) = cos 2 7t + cos 4 =,

then we have
1 1 w/2|cosmx| .
== f dx f e dy.
*\/ ™ 0 —co

From above facts we see that if (1.2) holds, the properties of #;,,/n, and
the smoothness of f(¢) become subjects of considerations (cf.[3]). The purpose of
this note is to prove the following

[t Ay 2A@ = Do) <a

Ilm

THEOREM. Let {m} and {a.} satisfy (1.3) and (1.4) respectively and
for some & > 0,

s [[ - S = (o) as n—> + oo,
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where S,(t) denotes the n-th partial sum of the Fourier series of f(t). Then
we have, for any measurable set E, E C [0, 1], of positive measure,

= 7o |

From the above theorem it is seen that under the conditions (1.3) and

1 N
{t N t e E, AN §akf(7lkt) <(l)}

i L
vom |E]

(1.5), >_ at = + oo implies the almost everywhere divergence of the series

Z ak.f(nkt)'
On the other hand in [1] S. Izumi proved that under the conditions (1. 5) and
the Hadamard’s gap condition 7;.,/n. > q > 1, > ai < o implies the almost

m2
everywhere convergence of the sequence lim Y a; f(nt).
m—)mk=1
2. Proof of the theorem. By (1.3) and (1.4) we can take a sequence
of positive integers {g;} such that

(2- 1) nkﬂ/nk g 4 gk for k = 1; 2, 3, ...... 5 *)
and

@.1) max |q%a;| = o(Ay) and gw —> + oo, as N— + oo,
We put

(2.2) f(£) ~>_c, cos 2wlt

=1

and, for k=1, 2,...... s

2.2) 9t)~>_c cos 2xlt and R, '——-%Zc?.

1> i>k

LEMMA. 1. We have

1 1 vy 2
lim {K;§akgk(nkt)} dt =0.

N->e Jg

PROOF. We have, by Parseval’s relation for & > j,
1/2

=(5x¢)

I>qx

(+xa)

1>

fo 1 g(mt)gnst)de

1
=|72th

I>a

where

*) The condition (2.1) need not hold for small 2, but without loss of generality we may
assume that (2.1) holds for all %.
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g

CL"I, if n,-lnkl,
d, =
0, if otherwise.
By (2.1), (2.2°), (1.5) and the definition of d, we have
(txa) s(+ =) =o(52 -
é(- c> = (*“,:), as (B — j) > + oo,
>0k l 2 124k—3 ! (k '—J)[ J
Hence we have, by above relations

f { Zakgk(nkt)} dt = a5 [Zam f Gidt +2 > aay f gk(nkt)g,(n,t)dt}

1si<k=N

= Zaquk-i- O( A% > awa;R)’ = )m)

N k=1 1Si<ksSN

N-1 1 Ner
] Az Z:a}ch,c + O( Az Z 1+e ZR},{ata,H)

k=1 i=1

= TR, + o[ (=B,

i=1 N

Since R,,— 0 as i — + oo, by (1.4) we can prove the lemma.
LEMMA 2. We have
(2.3) max | @S, (mt)| = o(Ay)
1sksN

and

1 1 N 2
(2.3) j; I—E—gaﬁ.&‘u(nkt) — 1| dt =0(l1), as N— + oo.
PROOF. By (2.1), it follows that

1rsl}cax |@pSe(mit)| < rr;caX | @] Z le| = max Zlak[qll' o(Ax),
=1

as N— + oo,

Further we have, by (1.4) and (2.2),

1 N
A;’v kzﬂakqu(nkt) - 1
1 2 1 ¥ o2
< 2 @R, i 2o di> cos 2amlt Y cicyl.
¥ k=1 Ay k=1 I=1 i-j=t

i+j=l
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By (2.1) if k==, then for any [, /(1 <1 <2q, and 1 <71 < 2q),

1
f cos 2 wnlt cos 2 mml'tdt = 0,

0

and

1 N
j-zN-Za,Equ -0, as N— + oo,
k=1

Hence for the proof of (2.3'), it is sufficient to show that

Iy = - ZaéZ(

2
J> = o(1), as N— + oo,

—f=1
t+§=l

On the other hand, by (2.1°) and (1.4), we have

2
IN=O< maxa"—g">=o(1), as N— + oo,
1=ks=v - A%

By Lemma 2, we know that if we put

2.4) EN={t;

1 & e ’
— 2 awS; () — 1 <1},
then we have
2.4) lim |Ey| = 1.
N-doo

For the proof of the theorem it is sufficient, by Lemma 1 and the theorem
of Glivenko, for any fixed A and any interval I, to show that

Dy(\, 1) = IIII fexp{ Zakqu(n,Lt)}dt-» e -Az‘, as N— + oo,

2
By (2.3), (2.4), (2.4') and the fact that expz = (1 + ) exp(—%— + 0(|2 [3)),

as |z|— 0, we have, as N— + oo,

e 17\akSq/¢(”kt)> (_ A 9 Q2 >
®y(A, I) = 7] j;nENl;[(l + exp| — 5 4% kz;a,cqu(nkt) dt

By Lemma 2, (2.4), and the fact that |¢” — 1| < |z]|e"!, we have

-/;nzyﬁ<1 + _’ML‘iIfiQ) {exp(— 27;;\’ kz:a}iSﬁk(nkt)> - exp(— %)}dt

1

dt — 0, as N — + oco.

. M S e A?
= fexp(M*)} | — méak&k(nkt) + 5

INExN
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Hence for the proof of the theorem it is sufficient to show that

(2.5) 1 1](1 +i)”~a—"jM—)dt—> 1, as N— + oo.

|I| INEy 1 N

LEMMA 3. We have, for all N,
[T (1 +-2edulnd )rdt =M
0 1

Ay
PROOF. We have

ax
Nay ¢
fl f[(l + ikakqu(nkt) ) 2 — ﬁ(l + klz=] ! + Xzaka(nkt) >
o i Ay 1 2 A% 2 Ay
M
” Nai) ¢l
— i=1 A2
= IJ(I + 5 AL )+ Vu(t,\) < eV + Tz, ).
Wy(t,\) is the sum of terms of the following form
(2.6) (constant) X [ cos 2 mnili,
is1
where
(2.6") 1Sk <k <.... <k<Nand 1< <2q.

(2.6) can be expressed as the sum of the following terms
2.7 (constant) X cos 2 7(zels &= ...... == mgly).

On the other hand by (2.1) and (2.6"), we have

il = s = e =l 2 (1 =2 2 )
> 7 (1 — —%-)z /3 > 0.
="k 1—1/4 /=™

Hence we have
1
f W(t, N)dt = 0.
0

This completes the proof.

By Lemma 3, and (2.4°) we have
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(2.8)

([ 2500

ﬁ (1+ ——i’““’jt("kt) >rdt]”2—>0

as N— + oo,

< lEzcv‘lm[j:

LEMMA 4. We have
lim f 11(1 + ’7‘“”3"*(”"’) ) = |1].

N-»co

PROOF. 1 we put JI(1+ ﬂ”&j%_(@l)z 1+ 6t M), then 6a(t, N)
1 N

consists of the terms

(2. 9) H {MCOS 2 Wnlcjljt} — H( 1INy, C; )ZCOS 271'(72';
=t Ax j=iN 2 Ay
* o Emly)

where D denotes the summation over all possible combinations of = and

1Sk <k < ... <k=Nand 1=/; < g,

In the same way as that of Lemma 3, we have

§=1 —

- 2
e ds = M,y Loy = oo gl g-é—nk,.

(2.10)

Using (2.9), (2.10) and the fact that for @« > 0 and any interval I,

<2,

f cos aidt
I a

fH{( Xa’ﬂjcj )COS 2 Tnk,ljt} t<Il _lm_./nkl_
I AN

jel

If we put

) 11(1 + __”‘“ksck@'kt) Ve = 111 + Qaln, 1),

then we have, by (2.1) and (2.1") for N > N,,
Aa,c

0,0, D S (S 10T (1 + 5 2gal) 4 5 Bnal

§=1 l=ml

1/2 Ny k-1 1/2 1/2
< max [2 Aaqi”| Ziﬂ(l N ZIXqus [ >+ 2(7;16;131 | )

TisksEy N ko2 Mk 5<
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H/\

2
rag®| Z n = 0(1), as N— + oo,

Jskgzv N P

This completes the proof.

By (2.5), (2.8) and Lemma 4, we can prove the theorem.
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