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Abstract—This paper presents a general approach for the sta- content of temporal signatures [11], [12]. These schemes are
bility analysis of the time-domain finite-element method (TDFEM)  very useful for analyzing electromagnetic problems in which
for electromagnetic simulations. Derived from the discrete system o glectrical size of the finite elements varies by several orders

analysis, the approach determines the stability by analyzing the . . . -
root-locus map of a characteristic equation and evaluating the of magnitude over the computational domain. In the condition-

spectral radius of the finite element system matrix. The approach ally stable schemes, although the time step is constrained by a
is applicable to the TDFEM simulation involving dispersive stability criterion, these solvers usually yield better accuracy

media and to various temporal discretization schemes such as the[12]. In addition, the TDFEM schemes can be constructed such
central difference, forward difference, backward difference, and -+ only the mass matrix is required to be solved at each time

Newmark methods. It is shown that the stability of the TDFEM . . .
is determined by the material property and by t}r/1e temporal and step [15], [16], [18], [19]. This feature permits the formulation

spatial discretization schemes. The proposed approach is applied Of @ purely explicit scheme, which eliminates a matrix solution
to a variety of TDFEM schemes, which include: 1) time-domain at each time step [18], [19]. It also reduces the complexity

finite-element mode_ling of dispersive medig; 2) time-domain finite of constructing preconditioners for the finite element (FE)
element-boundary integral method; 3) higher order TDFEM; gy stam matrix when iterative solvers are utilized to solve the
and 4) orthogonal TDFEM. Numerical results demonstrate the . - . .
validity of the proposed approach for stability analysis. matrix 9quat|on. The stability of both the cond|t|0n§1lly gnq
unconditionally stable schemes has been addressed in a limited

number of papers [11], [12]

In this paper, a general approach based on the discrete
system analysis is developed for investigating the stability
I. INTRODUCTION behavior of the TDFEMs for electromagnetic simulations in-

N recent years, considerable attention has been devoY@lying dispersive media. It is shown that by tracing the roots
to time-domain numerical methods to simulate ele@f @ characteristic equation in the complexplane and by

tromagnetic transients. The best known technique is tR¥aluating the spectral radius of the TDFEM matrix system,
finite-difference time-domain (FDTD) method [1], and itdhe stability condition can be determined. It is also shown
stability has been investigated extensively [2]-[6]. Progreliat the proposed stability analysis is applicable to various
has also been made in the development of time-domain temporal discretization schemes such as the central differ-
nite-element methods (TDFEMSs) [7]. The TDFEM approaché&$1C€ forwgrd dlfferencg, backward (_jlfference, _and Newmark
developed so far can be grouped into two classes. One clas§¥th0d. This approach is further applied to a variety of recently
approaches directly solves Maxwell's equations, and operafi&yeloped TDFEMSs, which include 1) time-domain finite-el-
in a leap-frog fashion similar to the FDTD method. ThesgMent modeling of dispersive media [20], 2) the time-domain
approaches are conditionally stable, and their stability ciRite-element boundary-integral (FE-BI) method [21], [22],
be analyzed by following the same lines of thought as in th higher order time-domain finite-element method [22], and
FDTD [8], [9]. Another class of TDFEM approaches tackle8) the.orthogonal time-domain .f|n|te-falgment method [19].
the second-order vector wave equation, or the curl-curl eqiddmerical results demonstrate its validity.

tion, obtained by eliminating one of the field variables from

Maxwell's equations [10]-[18]. These solvers can be formu- Il. STABILITY ANALYSIS

lated to be unconditionally stable [10]-[13] or conditionally The stability analysis is an important issue in the numerical

stable [14]-{18]. In the unconditionally stable schemes, th@|ution of initial-value problems. It has been studied exten-

time step is not constrained by a stability criterion. However, gi\/e|y in the past for a Variety of engineering prob|ems [23],

is limited by the accuracy requirement and also by the spectfah]. Here, we consider it for the TDFEM simulation of electro-
magnetic problems.
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fields on the surface bounding the volume of interest, and usitigan A,,.., which indicates that the maximum eigenvalue

Galerkin’s method, we obtain a weak-form solution At?p(T~18S), wherep(-) represents the spectral radius(of,
o should be smaller thah,,.. As a consequence, we deduce the
to€o0; (Ni, - () x E(r, 1)) following stability criterion:
+1, YV X N, V x E(r, 1)) =0 (2) S
whereN;(r) denotes the vector basis function. Expanding the At < /o(T-1S) ©)

electric field as o o
Clearly, the above criterion implies that the stability of TDFEMs

al is determined by the spatial discretization, temporal discretiza-
E(r,t) = z_:luj<t)Nj<r) (3) tion, as well as the material propoerty. Take the nondispersive
= medium, in whiche,.(z) = 1, as an example. It can be shown
with N denoting the total number of expansion functions, arttlat for A greater than 4, the roots of (8) will go beyond the
substituting (3) into (2), we obtain an ordinary differentialinit circle. Therefore, we conclude th&t,.. = 4. Hence, in a

equation nondispersive medium, the stability condition can be written as
T @ t )] +Su=0 4 A< (10)
ﬁ[e’r‘( )*’U,( )]+ U = ( ) L= p(T_ls)
in which which agrees with that deduced in [16], [18]. It should be noted

that in a dispersive medium,,., is At dependent since.(z)

is At dependent. Hence, to determine the maximally allowed
time step, we can start from an initial guess/f, find A .,
gﬁify whether (9) is satisfied, modifx¢ correspondingly, and

Tij =poeo(Ni, N;)
Sij = NV x N;, V x N;). (5)

Here, for simplicity, the medium is assumed to be homogeneo hi q i th X lue :
throughout the computational domain. For the inhomogeneo n .rfgpdeatt |shprgce ure until t ? ﬁptlmum v?u dgﬁx '?
case, the spatial variation of the permittivity can be taken infgentified. For the determination of the spectral radius of ma-

—1 . . .
account in matrice¥ andS, and the following approach for the I T _S’ any numerical techniques de5|_gned for large sparse
stability analysis remains valid. generalized eigenvalue problems are suitable for use. The re-

Applying the central difference discretization scheme to (4 ntly developed implicitly restarted Arnoldi method [26], [27]

and performing the transform [25], we obtain iS a good choice due to its reliability and its efficiency in both
’ CPU time and memory requirement.

(z — 1)%e.(2)Tu(z) + At?280(z) = 0 (6) Although, the stability analysis derived above is based on the
. . central difference scheme in time, it is also applicable to the
which can be expressed as an eigenvalue problem backward difference [15], forward difference, Newmark method

[12], [13], three-point recurrence scheme [11] (which is a subset
of the Newmark method), etc. For instance, if the backward dif-
where the value of-(z — 1)2z71¢,.(z) corresponds to the ference is used to discretize (4), (6) will become

eigenvalue of matrixA¢t>T—!S. Denoting this eigenvalue as 9 . 2 2ans

obviously A satisfies the following equation (2 = 1)%er(2)Tu(2) + At72Su(2) = 0 (11)

—(z = 1)%227 e (2)u(z) = AT 'Sa(2) @)

(z—=1)%(2) + Az =0 ®) which yields the characteristic equation

LY 2 _
which is termed a characteristic equation here, since it carries (z = 1)%(2) + 227 = 0. (12)

the characteristic infqrmation of the stability criterion. Cle_arlym free space, the roots of (12) can be easily found as

the lower bound of\ is zero due to the property of matrices

T and$S. The upper bound of, denoted as\,..x, indicates P vV —4A (13)
a relation between the maximum time step and the spatial 2(14 M)

discretization, which has to be satisfied to ensure stability. If ) R —
Amax Can reach inifinity, the scheme is unconditionally stabl hose_ mgglrutgdehm/ 1 +| A Tlhesebroots neVﬁr 90 beyolnd
as the time step is irrelevant to the spatial discretization and & fi unit circle in the complex plane because the eigenvalue
be chosen arbitrarily; otherwise, the scheme is conditional Is always nonnegative. Hence, the stability of the backward
stable. To determing.... we can trace the roots of the charac ifference scheme is unconditionally guaranteed, which agrees

teristic equation in the complexplane. With\ increasing from with that deduced n [15]. ) ) )

zero to infinity, the roots of the characteristic equation chan eIf the forward difference is used to discretize (4), (12)
correspondingly. These roots are nothing but the poles of geomes

linear system being investigated, which can pe seen .clearly (z = 1)%6.(2) + A = 0. (14)
from (7). Hence, when the roots leave the unit circle in the

complexz plane [25], the instability occurs. The value bfat Evidently, in the free space and dynamic case, the roots of the
this point yields the upper bound,,... To ensure stability, all above equation are always outside the unit circle. Hence, the
eigenvalues of the matrix systefxt>T 'S should be smaller forward difference will result in the definite instability as stated
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in [15]. If the Newmark method is used to discretize (4) with 4

~ = 0.5, we obtain

} B ,| Re[z]

T[e,(t) % u(t)]" T + AL Su" ! T
= 2T[e,.(t) % u(t)]” — [(1 — 28)At*S]u" /
— Te, () xu(®)]"~" = BALZSu" 1. (15) !

After performing theZ transform on (15), we have
(z—1)2€,(2)Tu(2)+ At [B22 +(1-20) 2+ []Su(z) =0 (16) \
which yields the characteristic equation

(z = 1% (2) + A [B2+ (1 -2B)z+ B8] =0.  (17)

In free space, the roots of (17) can be evaluated as Fig. 1. Root-locus map of a lossy medium.

2 - \1-28) % /(1 —48)\2 — 4) (18)
z = .
2(14+ AB) whereT, R, andS denote matrices whose elements are given

Obviously, whens > 0.25, the magnitude of these roots isIOy
locked at one. Hence, the Newmark method witk 0.25 and

~ = 0.5 is unconditionally stable, which agrees with that de- Tij =poeo(Ni, Nj)

duced in [11]-[13] although, here we used a much simpler ap- Sij =uy (V x N;, V x N;)

proach to arrive at the conclusion. Besides its simplicity, this R;; =poo(N;, N;). (20)
approach is general and applicable to the stability analysis in-

volving any kind ofe,(z). In the case that the central difference scheme is used, the per-

As shown in (6), (11), and (16), for dispersive medigz) mittivity ,(z) can be derived as
is involved, which changes the stability behavior of TDFEM
schemes. The introduction of an absorbing boundary condition
in the TDFEM procedures may also have an impact on the sta-
bility. In addition, the use of different kinds of vector basis
functions changes the property of the maffix'S, and hence, Substitutinge, (z) into (8), we have
the stability of the entire numerical scheme. These issues are
addressed in detail in Sections IlI-VI. Throughout these sec- [1 L+ oAtz + 1] (s— 1?2 = A 22)
tions, the temporal discretization scheme is assumed to be cen- 2¢0 2z — 1 ’
tral difference, although the proposed approach also applies to

oAtz +1
20 z— 1

er(2) =1+ (21)

the other discretization schemes. Without loss of generality, assumilagMeg1 =1, we can draw
a root-locus map on the complexplane as shown in Fig. 1.
[Il. TDFEM M ODELING OF DISPERSIVEMEDIA When A = 0, there are two roots in (22): one is located at

= 1/3, and the other at = 1. As )X increases, the two roots

For any time-domain based numerical method to accurat%'}/ _ e .
ove along the real axis in opposite directions until they en-

perform wide-band eIectromggnet]c S|mylat|pn§, one has t.o Ié‘dunter each other at = 1//3. After overlapping, the roots
corporate the effect of medium dispersion in its formulation, . . .
Sele'ztd one follows the upper circle in the complexlane, and

Over the past decade, several approaches have been prop e other traces the lower one until they encounter for the second
for the FDTD method [28]-[31]. Little work has been reportegI . y .
ime atz = —1/+/3. Next, with the continual increase &f the

on the dispersion modeling in the TDFEM. Recently, & generr%)ots split again. One goes toward the negative infinity, and the

formulation has been developed for the TDFEM modeling o . . . .
i X . . . Pther goes toward zero. It is evident that the instability occurs
electromagnetic fields in a general dispersive medium [20]. In

Sections IlI-A—C, we take the lossy medium, plasma, and t%E‘actly atz = —1, where the first root leaves the unit circle.

Debye medium as examples to analyze the stability of TDFEcaIiL\JllzltLé?j c;fg\ at thl_s Eog:;'se'?:‘mlgﬁd sagggg’ t‘ﬁg'ﬁ:‘stc;;"ge is
procedures in dispersive media. max y ' y

exactly produced at = —1, A,.x €can be obtained immedi-
ately by replacing: in (8) with —1. Fig. 1 also shows that in
a lossy medium, the wave is attenuated, since the radius of the
circle is less than one. However, the stability threshold is intact
8mpared to the case of free space, although we expect that the
ssy medium delays the occurrence of instability if the stability
criterion is not satisfied.

d2u d To demonstrate the validity of the above stability analysis,
T3 +R+Su=0 (19)  the problem of scattering from an empty box of dimension

A. Lossy Medium

For a lossy medium characterized by conductivity as-
suming vanished tangential electric or magnetic fields on t
truncating outer boundary, the finite-element discretization wi
yield the following ordinary differential equation
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x 10 . | . . | . . it is found that the spectral radius is equal to 10".
Hence, from (10), it is determined that the time step should
| satisfy At < 0.23 ns to guarantee stability. As analyzed, this
—— dt=0.22 s, lossy constraint on the time step should be valid for both lossy and
- - dt=0.22 ns, lossless {1 lossless cases. These conclusions are validated by numerical
simulations. Fig. 2 shows thg component of the magnetic
field calculated by using two different time steps. It is evident
that when the time step is chosen to be 0.22 ns, the numerical
simulation can be kept stable. When the time step is increased
to 0.24 ns, instability occurs, which agrees very well with our

1 theoretical prediction. Also, we observe that the introduction
of loss does delay the time at which the instability happens.

5 C B. Plasma
| For plasma that is characterized by plasma frequengcy
_8 : s ‘ s s : . x and damping frequency., discarding the contribution from
0 1 2 8 ‘.‘“me (35)5 6 7 8 _? sources, the finite-element discretization yields the following
@ x10 ordinary differential equation:
a
10° d?
5 : : : T Yy SutZyp =0 (24)
dt?
4_ _
whereT, S, andZ are square matrices given by
3r |
2+ Tij =poeo(N;, Nj)
.| Sij =n, (V x N;, V x Nj) + pocows (N;, N;)
€ _ 2
% 0 e | Zij = — pocow,ve(Ni, Nj) (25)
T4l andy is a vector whose elements can be evaluated from
2r | 1 bi(t) = e tat) % ui(t) (26)
-3F —— dt=0.24 ns, lossless . . . .
- - dt=0.24 ns, lossy in which @(¢) stands for a unit step function.
-4 1 Inthe case that the central difference is used to discretize (24),
_5 s w ' e-(z) can be readily derived as
0 0.5 1 1.5 2
Time (s) x 107 2 2 2 3 A
AtPwiz 05w At (2 4 e Ve3Y)
(b) &(z) =1+ (27)

. . N . (=12 (z—evA)(z—1)2
Fig. 2. Scattering from an empty box filled with lossless or lossy medium.

H i = 0.22ns. ()H i = T . . .
33;4 ;;S?enerated by using.t = 0.22 ns. (0)H, generated by usingit By substitutinge,(z) into (8), and tracing the roots in the

complexz plane, the allowed maximum eigenvaldg.., and
1.0x 0.5x 0.75 n¥ (a dielectric volume with, = 1, = 1) is thereby also the constraint on the time step, can be identified.

considered. The box is illuminated by a Neumann pulse The example considered here is a metallic sphere coated with
plasma. The metallic sphere has aradius of 0.8 m and the coating

EinC(n t) = E {g[t —to—c k- (r—rg))7 2 has a thickness of 0.2 m. This coated sphere is illuminated by an
) x polarized incident Neumann pulse, defineddy: z, E = x,
oxp d L= to— ¢k (r—ro)]? (23) fo = 165ns,xo = —123m, and7 = 33.3 ns. The com-
P 72 putational region is discretized into 1956 tetrahedra, yielding

2704 unknowns. The plasma frequengy and damping fre-
with the pulse parameters defined ks —%x, E=12, ty = quencyv,. are chosen to be 50 Mrad/s. An eigenvalue anal-
156 ns,rg = 0.5%40.554+0.3752 m, andi = 31.5 ns. The box ysis reveals that the spectral radius of maffix'S is equal
is filled by the lossy medium characterized by= 0.04 s/m. to 3.11x 10?°. Substituting (27) into (8), we find .y to be
The computational domain is discretized into 40 tetrahedislightly less than 4. Hence, from (9) we deduce the stability con-
resulting in 83 unknowns. It is truncated by the Dirichlet typdition At < 0.113 ns. Fig. 3 shows the calculated electric field
of boundary condition enforced at the outer boundary. Thar = 0.1y — 1.18z m usingA¢ = 0.093 ns andA¢ = 0.12 ns,
zeroth-order Whitney edge elements are utilized to describe tiespectively. It is evident that the numerical result agrees very
unknown fields. By an eigenvalue analysis of matix 'S, well with the theoretical stability analysis.
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310 [ . . 4 X 10 ‘ ‘ . |
2| |,
|
t -
1
.‘ 0
0 1
t
E-1H | ’g —2': |
> s |
w2y 1w g ]
I
| i ~— dt=0.18 ns
_3p | . Cooa=
31 — dt=0.093 ns 6L dt=0.145 ns |
: ---dt=0.12 ns !
4K | !
: _g}! ]
-5h ]
|
6 : : : ) -10 : ‘ : .
° 1 2 ° 4 > ° 1 ? Time (s) ° ¢ _75
Time (s) X107 X 10

Fig. 4. Scattering from a metallic sphere coated with a Debye mediurs (

Fig. 3. Scattering from a metallic sphere coated with plagma = v. = 40 e = 1.0.andr = 0.15 ns.

50 Mrad/s).

C. Debye Medium at r = 0.1y-1.182 m. The first-order absorbing boundary

. . . . condition is placed at the dielectric interface to truncate the
For a Debye medium that is characterized by relaxation . . )
. . . . L computational domain. As can be seen clearly from Fig. 4, the
time 7, relative dielectric constant, at dc ande,, at infinite

. ; : .~ numerical simulation is stable At = 0.145 ns. However, when
frequency, the TDFEM solution yields the following ordinary . . :
) . - At goes up beyond 0.17 ns, the numerical simulation becomes
differential equation:

unstable, which agrees well with the theoretical prediction.

d?u du
T TR t8utZv=0 (28) IV. TIME-DOMAIN FE-BI METHOD
in which matricesT, R, S, andZ are given by The hybrid FE-BI method (see [32] and references therein),

is a powerful numerical technique for solving open-region elec-

Tij =Ho€ocoo(Ni, Nj) tromagnetic scattering problems. Although this approach has

Sij =y (V x N;, V x Nj) been thoroughly studied within the context of frequency do-
— 7 2pgeo(es — €00 ) (N, N) main solvers, its timg-domain version is developed or_1|y very
Ri; = poeo(es — €00 )(N;, N;) recently [21], [22]. This method employs the bound_ary mtegral_
_3 representation to accurately truncate the computational domain
Zij =" poco(es — €00 ) (N3 N) (29)  and the multilevel plane-wave time-domain algorithm to effi-
and vector) can be evaluated from piently gyaluate the boundary integrals (Bls). Here, we discuss
its stability.
Pi(t) = e‘t/Tﬂ(t)*ui(t). (30) The time-domain FE-BI discretization of an open-region

electromagnetic problem renders the following ordinary differ-

By discretizing (28) in the time domain using the central differg g equation:

ence and performing the transform, we obtain the permittivity
as seen in (31) at the bottom of the page. d?u du B

Assuming:, = 4.0,e., = 1.0,andr = 0.15 ns, we simulated TW + QE +Sutw=0 (32)
the same metallic sphere described in the preceding sectio%9

o re

except that now the plasma coating is replaced by a layer of the
Debye med|um._By a St.a.bl|lty analysis, the_ allgwed maximum T,; =poe(N;,N;)
eigenvalue\ . is identified as 8.93, resulting in a maximum g - ‘1(V « Ni,V x N;)
time step 0.169 ns. Obviously, compared to free space, the t _“ﬁl A “ J
Debye medium allows for a larger time step for the TDFEM Qij =c¢™ (A x Ni, 7 X Nj)s,
numerical simulation. Fig. 4 shows the calculated electric field w; =(N;, U)g, . (33)

0.5(22 = 1)(z — e™2Y7T) — Atr ' 2(z — e=2Y7T) 4 0.5A82 7 22(2 + e~ A7)

(z = 1)2(z — e=A/T)e (31)

€ (2) = €00 + AtT_l(eS — €c0) X
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x 10 TABLE |
SPECTRAL RADIUS AND MAXIMUM TIME STEP GENERATED BY THE
FIRST-KIND, SECOND-KIND, AND IMPEDANCE BOUNDARY CONDITIONS

EXACT

— dt=0.09ns,1st-BC ] Boundary Condition | 1st-kind | 2nd-kind | impedance
- - dt=0.09ns,2nd-BC

- - - dt=0.09ns,3rd-BC 1 p(T718) 3.11x10% | 3.21x10% | 3.21x10%
1 Atmax 0.113 ns 0.112 ns 0.112 ns

TABLE I
7 SPECTRAL RADIUS AND MAXIMUM TIME STEP FOR THEZEROTH-, FIRST-,
AND SECOND-ORDER VECTOR ELEMENTS

J Order Oth 1st 2nd
p(T-1S) | 7.1x10" | 3.04x10% | 8.75x10%
Atmax (nS) 0.23 0.115 0.068

0 0.5 1 1.5
Time (s) x10°°

@ equivalentto the introduction of loss. Consequently, the stability
of the time-domain FE-BI procedure should not be affected
16 according to the analysis in Section IlI-A, except that the
6 ' ‘ ‘ instability can be delayed to occur when the stability criterion
is not satisfied.
4r ! 1 For the purpose of validation, we consider the problem
: of scattering from a conducting sphere. The problem is set
2t ‘ {1 up similarly to that for the stability analysis in plasma and
L Debye medium, except that now the sphere is not coated. For
0 RLE | comparison, the time-domain FE-BI solution is also formulated
S ro using the first- and second-kind boundary conditions, for which
I | we evaluate only the tangential electric or magnetic field at
‘ the truncating outer boundary. Table | gives the spectral radius
— dt=0.12ns.1st-BC | of the matrix T~1S as well as the resulting maximum time
- - dt=0.12ns,2nd-BC step. The spectral radius of matriR—'S generated by the
- - dt=0.12ns 3rd-BC first-kind boundary condition is slightly different from that
-1 1 generated by the other two boundary conditions. This is due
to the explicit enforcement of the boundary condition on the
-8 02 04 06 08 1 1o tangential electric field, and hence, the reduction of unknowns.
Time (s) «10¢  Fig. 5 shows the calculated component of the electric field
(b) observed at point = 0.1y-1.18z m. Obviously, when the
time step is 0.09 ns, any of these three boundary conditions
can produce stable results. However, when the time step is
increased to 0.12 ns, none of these three boundary conditions

In (33), U is formulated as an impedance boundary conditidrdn make the simulation stable. This agrees with the theoretical

4}

Fig. 5. Scattering from a conducting sphere.fa)calculated by using\t =
0.09 ns. (b)E, calculated by using\t = 0.12 ns.

[22] analysis shown in Table I. Besides, it can be observed that
using the impedance boundary condition, instability does occur
A x [u 'V x E(r, t)] at a later time compared to the case using the second-kind

telix i x E(r, )] =U reS, (34) boundary condition. _
We should note that the hybrid FE-BI schemes based on

which is evaluated using Bls. The introduction@fyields an the first- and second-kind boundary conditions suffer from the
efficient scheme to hybridize finite elements with boundary irproblem of interior resonances, as discussed in detail in [21]
tegrals. This scheme not only preserves the sparsity of the &fd [22]. This problem is caused by the improper formulation
system matrix but also generates solutions devoid of spuriaefsthe boundary integral equations. Although, it can also lead
modes. These spurious modes are likely to be supported bytal-instability in the time-domain solution, the nature of the
ternative global boundary condition implementations such psoblem is fundamentally different from the one dealt with in
those based on evaluating only the tangential electric or tangémis paper. In the example discussed in this section, the incident
tial magnetic field at the truncating outer boundary [33]. spectrum does not include any interior resonance frequency.

Clearly, the contribution olU in (32) is equivalent to the Hence, the hybrid FE-BI schemes based on the first- and
excitation source, which should be discarded in the stabilisecond-kind boundary conditions can also yield accurate and
analysis. The introduction of the first temporal derivative istable solutions.
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3x 10
2.5r
27 ]
! — dt=0.22 ns
155 --- EXACT
' -— dt=0.24 ns
—_ r
1S
< 05f
>
T
0
-0.5F
1tk
-1.5F
_2 1 L I 1 L L 1 L
0 1 2 3 4 5 6 7 8 9
Time (s) X107~
()
5 5
15510 : : : : : : : 10219 : : : :
I
1F |
]
I
0.5F i —— dt=0.06 ns
5l — EXACT
! - - dt=0.08 ns
= 0 - !
£ c |
< < |
~ |
T o05f ™ |
— dt=0.10 ns |
- -- EXACT 0 i
-1 K --- dt=0.12 ns 1 1
| |
| |
-1.5r, |
| |
[
% 1 2 8 4 5 6 7 8 9 SH— it —
Time (s) = 0 0.5 1 1.5 2 2.5
x 10 Time (s) x 10~

@ (b)

Fig. 6. Scattering from an empty box. (&), generated by using the zeroth-order basis functionsH(ppenerated by using the first-order basis functions. (c)
H, generated by using the second-order basis functions.

V. HIGHER ORDER TDFEM steps. It can be seen that the property of the FE system matrix
deteriorates rapidly when the higher order basis functions are
In our recently developed higher order TDFEM schemes [22]sed, resulting in a smaller time step to ensure stability. Fig. 6
higher order basis functions are utilized to accurately model tbows the calculategicomponent of the magnetic field at point
unknown fields. It is shown that the efficiency and accuracy can= 0.35% + 0.41y + 0.1z m generated by using the zeroth-,
be enhanced greatly by the use of higher order basis functiofist-, and second-order basis functions, respectively. Evidently,
However, the stability of the resulting TDFEM is affected bethe numerical results agree very well with the theoretical sta-
cause the property of matri¥—'S is changed. Hence, a the-bility analysis.
oretical analysis of stability is important for the correct use of Considering the decreased time step, one is likely to question
higher order basis functions. the efficiency of higher order schemes. To clarify this point,
We consider the scattering from an empty box as depictedvie reconsider the above problem by discretizing the box
Section llI-A. This box is subdivided into 40 tetrahedra, whicinto 40 second-order tetrahedra, 118 first-order tetrahedra,
results in 83 unknowns using the zeroth-order elements, 3&6d 672 zeroth-order tetrahedra, respectively, so that the three
unknowns using the first-order elements, and 969 unknowdiscretizations yield a similar number of unknowns. We then
using the second-order elements. From an eigenvalue analysédculate the maximally allowed time step and find that they
the spectral radius of matrff—'S is calculated, and the re-are about the same, as can be seen in Table Ill. Considering
sults are given in Table Il together with the maximum timés higher order accuracy, the higher order TDFEM scheme is
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TABLE I
NO. OF UNKNOWNS AND MAXIMUM TIME STEP FOR THEZEROTH-, FIRST-,
AND SECOND-ORDER VECTORELEMENTS

1

Order 0th 1st | 2nd
Unknowns | 923 | 972 | 969
Atpax (ns) | 0.067 | 0.09 | 0.068 0.
E
>
more efficient than the lower-order schemes, as numerica™
demonstrated in [22].
-0.

VI. ORTHOGONAL TDFEM

Due to its ability to handle unstructured meshes and its c
pacity to impose continuity conditions across material inte
faces, the TDFEM is a powerful numerical method for analyzing
electromagnetic problems involving complex geometries and
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inhomogeneous media. However, the TDFEM does not enj5§"7' Scattering from an empty box simulated using the orthogonal TDFEM.

widespread popularity when compared to the FDTD method.
One of the major reasons is that most of the present TDFEMs
require a matrix equation to be solved at each time step. This
problem can be eliminated by constructing a set of orthogonalf1;
vector basis functions that yield a diagonal mass matrix [18].
Recently, a set of three-dimensional (3-D) orthogonal vector[Z]
basis functions has been developed for the TDFEM solution of
vector wave equations [19]. Here, the stability of the resulting [3]
TDFEM solution is analyzed. We consider the problem of scat-
tering from an empty box as analyzed in Section Ill-A. The 4
box is illuminated by a&-polarized Neumann pulse defined by

to = 51.99 ns andr = 10.5 ns. The computational domain is
discretized into 40 tetrahedra, resulting in 300 unknowns. Thel®
eigenvalue analysis of matrik—'S shows that its spectral ra-

dius is equal to 2.9% 10?°. Thus, it is found from (9) that the  [6]
time step should be less than 0.12 ns to guarantee stability.

Fig. 7 gives thez component of the electric field at = 7]
0.83x 4 0.42y + 0.56z m generated by the orthogonal TDFEM
usingAt¢ = 0.11 ns andAt = 0.13 ns, respectively. It is clear 8]
that the numerical experiments are in agreement with the pro-
posed stability analysis. o

9
VII. CONCLUSION [10]

In this paper, a general approach was developed for the
stability analysis of time-domain finite-element numerical[11]
schemes for electromagnetic simulations. This approach toqul
the dispersion of material into consideration, and was not
constrained by the temporal discretization scheme. It was
shown that by identifyingh,,.. from the root-locus map of [13]
a characteristic equation and by obtaining the spectral radius
of the finite-element matrix system, the stability condition [14]
can be determined. The successful application to a variety of
recently developed TDFEMs, which include (1) time-domain(ss;
finite-element modeling of dispersive media, (2) time-domain
finite element-boundary integral method, (3) higher 0rder16]
TDFEM, and (4) orthogonal TDFEM, validates the proposeo[
approach for stability analysis.
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