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Abstract— This paper presents a new general method for
computing the different specific power system small sig-
nal stability conditions. The conditions include the points
of minimum and maximum damping of oscillations, saddle
node and Hopf bifurcations, and load flow feasibility bound-
aries. All these characteristic points are located by optimiz-
ing an eigenvalue objective function along the rays specified
in the space of system parameters. The set of constraints
consists of the load flow equations, and requirements applied
to the dynamic state matrix eigenvalues and eigenvectors.
Solutions of the optimization problem correspond to specific
points of interest mentioned above. So, the proposed gen-
eral method gives a cornprehensive characterization of the
power system small signal stability properties. The specific
point obtained depends upon the initial guess of variables
and numerical methods used to solve the constrained op-
timization problem. The technique is tested by analyzing
the small signal stability properties for well-known example
systems.

I. INTRODUCTION

Modern power grids are becoming more and more
stressed with the load demands increasing rapidly. The
voltage collapses which occurred recently have again drawn
much attention to the issue of stability security margins in
power systems [1]. The small signal stability margins are
highly dependent upon such system factors as load flow
feasibility boundaries, minimum and maximum damping
conditions, saddle node and Hopf bifurcations, etc. Un-
fortunately, it is very difficult to say in advance which of
these factors will make a decisive contribution to instabil-
ity. Despite the progress achieved recently, the existing
approaches deal with these factors independently - see [2],
[3] for example, and additional attempts are needed to get
a more comprehensive view on small-signal stability prob-
lem.

To study the power system small signal stability prob-
lem, an appropriate model for the machine and load dy-
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namics is required. For example, the models given in [4] -
[11] can be used. They include generator and excitation
system differential equations, stator and network algebraic
equations. These equations build up the set of differential-
algebraic equations (1)

¢, = F(z1,22,y,7) »
0 = G(z1,22,9,7) (1)

In the equation (1), z1 is the vector of state (differential)
variables, 2o is the vector of algebraic variables, y is the
vector of specified system parameters, and 7 is a param-
eter chosen for bifurcation analysis. In many cases y is a
function of 7.

In the small signal stability analysis, the set (1) is then
linearized at an equilibrium point to get the system Jaco-
bian and state matrix. The structure of the system Ja-
cobian J is shown in Fig. 1 (which follows the structure
given in [12]), where Ji; stands for the load flow Jaco-
bian, J11 = 6F/8.1}1, J12 = 6F/8£L‘2, J21 = 8G/01’1 and
Jog = G /Bz4 are different parts of J corresponding to dif-
ferential and algebraic variables. In Fig. 1, Qg stands
for the reactive power at generator buses, Py is the active
power at the swing bus, § is the vector of machine rotor
angles, w is the vector of machine speeds, & is the vector of
the state variables except § and w (such as £, Y, Et4, Vk,
and Rp; load bus voltages Vj,qq and angles 0,44 should be
considered as dynamic state variables in cases where load
dynamics is considered [12]), ¢4 and i; are vectors of d-axis
and g-axis currents; Vgen and Vieqq stand for generator and
load bus voltages; 8 is the swing bus voltage angle, and
6 denotes voltage angles at all buses except the swing bus.
The prefix A means a small increment in corresponding
variables.

The problem addressed here is that these different small
signal stability conditions correspond to different physi-
cal phenomena and mathematical descriptions [13]. Saddle
node bifurcations happen where the state matrix

J=Ji1 = Jiad i Jot

becomes singular and, for example, a static (aperiodic)
type of voltage collapse or angle instability may be observed
as a result. Hopf bifurcations occur when the system state
matrix J has a pair of conjugate ecigenvalues passing the
imaginary axis while the other eigenvalues have negative
real parts, and the unstable oscillatory behavior may be
seen. Singularity induced bifurcations are caused by sin-
gularity of the algebraic submatrix Jag - see Fig. 1, and

0885-8950,/98,/810.00 © 1997 IEEE
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Fig. 1. Structure of the system Jacobian.
they result in fast collapse type of instability [14]. The load
flow feasibility boundary corresponds to a surface where the
load flow Jacobian matrix Ji; is singular, and it restricts
a region in the space of power system parameters where
load flow solutions exist. Under certain modeling simplifi-
cations, this boundary coincides with the saddle node bi-
furcation conditions [15], [16], but in general case it should
be taken into account separately.

To locate the saddle node and Hopf bifurcations along a
given ray in the space of y, the following equation can be

employed [2], [3], [17], [18]:

flyp+rAy) = 0 (2)

J @,y + AP +wl” = 0 (3)
JHa,yo + AP =0l = 0 (4)
L-1 = 0 (5)

o= 0 (6)

where w is the imaginary part of a system eigenvalue; I’
and !" are real and imaginary parts of the corresponding
left eigenvector [; I} + jli is the i — th element of the left
eigenvector l; yo + TAy specifies a ray in the space of y;
J stands for the state matrix obtained from the linearized
model given in Fig. 1 provided that the algebraic subma-
trix Joo is nonsingular.

In the above set, (2) is the load flow equation and condi-
tions (3)-(6) provide an eigenvalue with zero real part and
the corresponding left eigenvector.

Solutions of the system (2)-(6) correspond to either sad-
dle node (w = 0) or Hopf (w # 0) bifurcations. Neverthe-
less the extreme load flow feasibility conditions (if they do
not coincide with the saddle node bifurcations) can not be
located by means of this system. Actually, if the load flow
feasibility boundary is met on the ray yo -+ 7Ay but there
is no an eigenvalue with zero real part, the system (2)-(6)
becomes inconsistent and has no a solution.

Therefore, if the system (2)-(6) is used, it is necessary
to analyze the load flow feasibility conditions additionally.
The corresponding procedures are well known - see [2], [19],
[20] for instance. The general idea behind these procedures

7

Fig. 2. Different solutions of the problem (10)-(15):
1,2 - minimum and maximum damping
3 - saddle (w = 0) or Hopf (w # 0) bifurcations
4 - load flow feasibility boundary -

is 1llustrated by the following system:

i

f(z,y0 + TAy) (7)
']Itf (z,90 + TAy)l (8)
Li—-1 = 0 (9)

where [ is the left eigenvector corresponding to a zero eigen-
value of the load flow Jacobian matrix J;y. The system
(7)-(9) gives the load flow feasibility boundary points along
the ray yo + 7Ay by a similar way as the system (2)-(6)
generates saddle node and Hopf bifurcation points.

By subsequent solution of both the problems (2)-(6) and
(7)-(9) the general issue may be resolved, but a challenging
task is to find a procedure which can generate all small-
signal characteristic points by itself.

I1I. GENERAL METHOD

To locate the saddie node and Hopf bifurcations as well
as the load flow feasibility boundary points within one pro-
cedure, the following constraint optimization problem is
proposed

o? = maz/min (10)
subject to -
fle,yo+7Ay) = 0 (11)
JHz,yo + TAN —od' +wl”" = 0 (12)
JHz, o+ TAY —al” —wl' = 0 (13)
L-1 = 0 (14)
W = 0 (15)

where « is the real part of an eigenvalue of interest.

The problem may have a number of solutions, and all of
them presents different aspects of the small-signal stability
problem as shown in Fig. 2.

The minimum and maximum damping points 1 and 2
correspond to zero derivative da/dr. The constraint set
(11)-(15) gives all unknown variables at these points. The
minimum and maximum damping, determined for all oscil-
latory modes of interest, provides an essential information
about damping variations caused by a directed change of
power system parameters.



The saddle node or Hopf bifurcations 3 correspond to
a = 0. They indicate the small-signal stability limits along
the specified loading trajectory yo+7Ay. Besides revealing
the type of instability (aperiodic for w = 0 or oscillatory
for w # 0), the constraint set (11)-(15) gives the frequency
of critical oscillatory mode. The left eigenvector | = I' + ;1"
(together with the right eigenvector r = r’/+ jr’ which can
be easily computed in its turn) determine such essential
factors as sensitivity of a with respect to y, the mode,
shape, participation factors, observability and excitability
of the critical oscillatory mode [21] —[23].

The load flow feasibility boundary points 4 reflect the
maximal power transfer capabilities of the power system.
Those conditions play a decisive role when the system is
stable everywhere on the ray yo + 7Ay up to the load flow
feasibility boundary. The optimization procedure stops at
these points as the constraint (11) can not be satisfied any-
more.

A strict proof of the optimality conditions in the load
flow feasibility points requires a complicated mathematical
analysis, and we will not give this proof in the paper. Some
initial ideas of this proof are briefly reported in the sequel.

Consider the trajectory of z(7), 7 — oo satisfying (11).
At the load flow feasibility point, parameter T can not be
increased anymore beyond its limit value 7. Nevertheless,
the trajectory z(7) can be smoothly continued by further
decreasing 7 see [24], for example. Suppose that the func-
tion afz(r)] is monotonous and continuous in vicinity of
T«, 8ay, along the trajectory z(7), the increment do is pos-
itive. As the increment dr changes its sign at the point 7,
this means that the derivative do/dT changes its sign at
7. Thus the enough optimality conditions {the constant
sign of the second derivative of the objective function with
respect to 7) are met at the point 7 [33].

The problem (10)-(15) takes into account only one eigen-
value each time. The procedure must be repeated for all
eigenvalues of interest. The choice of eigenvalues depends
upon the concrete task to be solved. The eigenvalue sensi-
tivity, observability , excitability and controllability factors
[21], [22] can help to determine the eigenvalues of interest,
and trace them during optimization. For example, the in-
terarea oscillatory modes can be identified and then ana-
lyzed using (10)-(15).

The result of optimization depends on the initial guesses
for all variables in (10)-(15). To get all characteristic points
for a selected eigenvalue, different initial points may be
computed for different values of 7. At each point, the load
flow conditions, state matrix eigenvalues and eigenvectors
can be obtained, and then a particular eigenvalue selected
to start the optimization procedure. More effective ap-
proaches for finding all characteristic points require addi-
tional development. At the moment we are analyzing the
possibility to use the Genetic Algorithms for this purpose.

I1I. TESTING AND VALIDATION OF THE METHOD

Our purpose here is to demonstrate whether the pro-
posed method is able to locate all these characteristic
points depending on the initial guesses of 7, z, o, w, I/
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Fig. 3. The single-machine infinite-bus power system model

and . The results will be then validated by comparing
some of them with the results obtained in other papers,
and by transient simulations conducted at the characteris-
tic points.

The single machine infinite bus power system model [25]
presented in Fig. 3, and 3 machine 9 bus power system [26]
shown in Fig. 12 will be studied here. Similar models were
studied in [4] -[6], [17], [26] —[30].

The standard Gauss -Newton procedure from M atlab
was used here for optimization [31].

A. Single Machine Infinite Bus Power System Model

The model consists of four differential equations, which
cover both generator and load dynamics [25].
The mathematical model of the system is the following:

b = w (16)
Mw = —dnw+ Py+
+EmymVsin(d — 6 — Om) +
+E2 Y sinfm, (17)
Kgob = —KZ2,V? =KV +

+ELyyVeos(8 +6p) +
+EmymVeos(§ — dm + 0m) —
—(yhcosbo + Ym coslm)V? —

—Qo— Q1 (18)
ksV = KpwK2,V? + (KpwKg — KquEpo)V +

A/ K2, + K2y [—EqysVeos(é + 0o — h) —

—EnymVeos(8 — 8 + 0 — h) +

+(yheos(fg — k) + ymcos(fy, — h))V?] —

~Kquw(Po + P1) + Kpw(Qo + Q1) (19)

where ky = TKgyKp, and h = tan™'(Kguw/Kpw). Pa-
rameters of the system are the following [25]: Kp., = 0.4,
Kpy = 03, Kgu = —0.03, K¢y = —2.8, Kguo = 2.1,
T = 8.5, Py = 0.6, @y = 1.3; P; and @ are taken zero
at the initial operating point.

Network and generator values are: yo = 20.0, go = —5.0,
Ey = 1.0, C = 12,0, ), = 8.0, 6 = —12.0, By = 2.5,
Um = 5.0, 8, = =5.0, Ep, = 1.0, P, = 1.0, M = 0.3,

dm = 0.05.
All parameters are given in per unit except for angles,
which are in degrees. The active and reactive loads are
featured by the following equations:
Py = Po+ P+ Kpw6 + Kpo(V +TV)
Qi = Qo+ Qi+ Kb+ KqV + Kgu2V?

(20)
(21)
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Fig. 5. Subcritical (I) and supercritical (IT) bifurcations

The system (16)-(19) depends on four state variables d,
dm, w, V. Their values at the initial load flow point are
the following: 6 = 2.75, 8,, = 11.37, w = 0, and V = 1.79.
Note that the initial point is not a physical solution as the
voltage V' is too high as @ is zero.

The results of numerical simulations are presented in in
Fig. 4-11.

The dependence of the real part & = Re) of critical
eigenvalue A upon @) is shown in Fig. 4. It is seen that
there are both subcritical (point I) and supercritical (point
II) Hopf bifurcations along the chosen loading direction.
Fig. 5 presents the root locus for the critical eigenvalue con-
jugate. The subcritical (point I} and supercritical (point
IT) Hopf bifurcation points are digplayed. Both these char-
acteristic points were successfully located by the proposed
method, (10 -15).

Fig. 6. shows the load flow feasibility and bifurcation
boundaries on the plane of the load parameters P; and Q.
The boundaries were obtained by the proposed optimiza-
tion method when the loading direction was changed by
subsequent rotation of Ay in the plane P; and Q1. Exactly
the same curves were computed in [17] by separate solution
of the problems (2)-(6) and (7)-(9). To verify the results,
transient simulations were performed at several points in
the plane P; - Q1. Point A with P, = 0 and @; = 10.88

. Feasibilty Boundary

o
T

Reactive Load Power Qf, p.u.

-5p e Hop boundary -+

—10p"

20 H H i i ;
~20 =15 -10 -5 o 5 10 15 20
Active Load Power P1, p.u.

Fig. 6. The feasibility and Hopf bifurcation boundaries
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Fig. 7. Phase portrait at point A near subcritical bifurcation

was placed within the load flow feasibility region close to
subcritical bifurcation boundary. Then a small disturbance
was applied. The corresponding phase portrait is shown in
Fig. 7. In a complete correspondence with the theoretical
expectations, the system has experienced sustained oscilla-
tions.

Those oscillations can be viewed in Fig. 8 where the load
bus voltage against time is presented.

Point B with P; = 0 and @1 = 11.4 was placed within
the load flow feasibility region close to the supercritical bi-
furcation boundary. (Note that, in the vicinity of points A
and B, the Hopf bifurcation boundary as shown in Fig. 6
actually consists of internal subcritical and external super-
critical boundaries located very closely). All eigenvalues
at point B have small negative real parts. The phase por-
trait for a small disturbance applied at point B is given in
Fig. 9. The system undergoes decreasing oscillations. The
corresponding voltage behavior is shown in Fig. 10.

The next point was taken close to the point B but outside
the load flow feasibility boundary. The system experiences
voltage collapse as illustrated by Fig. 11.

By solving the optimization problem, the system small
signal stability boundaries were obtained.

The minimum and maximum damping conditions on the
plane P - Q1 were studied as well. Table 1 presents the
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TABLE 1
MINIMUM AND MAXIMUM DAMPING CURVES
FOR THE SINGLE-MACHINE INFINITE-BUS SYSTEM

min-damping max-damping

Py Q1 P Q1
-2.5709 | -7.9124 | -4.5537 | -0.9679
-0.8391 | -3.1315 | -4.6069 | -1.2344
0.0111 0.2113 -4.7900 | -2.1326
0.0000 0.3836 -4.9317 | -2.8473
-0.0165 0.3152 -5.0219 | -3.2612
-0.107 1.0240 -5.1184 | -3.7187
-0.1131 0.7142 -5.2218 | -4.2286
-0.1640 0.7717 -5.3329 | -4.8017

~
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Fig. 9. Phase portrait at point B near supercritical bifurcation
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Fig. 10. Load bus voltage transients near supercritical bifurcation

curves of minimum and maximum damping for different
eigenvalues.

B. Three-Machine Nine-Bus Power System Model

The power system model is composed of 3 machines and
9 buses [26] as shown in Fig. 12. Stability studies for a
similar system can be found in [4], [30]. The machines of
the system are modeled by using the classical model for
machine 1 and two-axis model for machines 2 and 3 - see
equations (22) —(27).

Tjiwy = Tmi— E1lg — Diwy (22)

51 = wp (23)

T(;OiE.(Ii'i = —Ey— (2gi — x;‘)lqi (24)

Thilly = Erpi— B + (vai — v}) L (25)
Wi = Tmi — Diw; — Ly By

- inE(I]i - E;iojdi - Ef;iofqi (26)

& = wi (27)

= 2,3

Unlike [4] and [30], in our tests we neglected the excitation
system dynamics, so our state variables were the following:
d,w, By, and Ey. Algebraic variables were 4, Iy, 0, and V;
bifurcation parameters were Pz and Q4. . The notations,
parameter values and description of the system (22) —(27)
can be found in [26].
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Unlike the used single machine infinite bus model, which
includes an induction motor load, this 3 machine 9 bus
model considers constant load models only. In the general
case of small signal stability analysis, the load dynamics
should be definitely taken into consideration, but neverthe-
less some stability aspects can be studied with the constant
load model [32]. ;

In the preliminary examination, the loads Py and Qg
at buses 5, 6 and 8 were increased in proportion with the
load size. The increase of load was followed by the cor-
regponding increase of generation in proportion with the
generator size. The total increment in load was equal to
the total increment in generation. The loading was re-
peated till the point where load flow did not converge. At
each step, eigenvalues of the state matrix were computed to
reveal the bifurcation points and minimum and maximum
damping conditions.

The system eigenvalue behavior along the chosen loading
direction is shown in Fig. 13.

There are several points of interest which can be clearly
seen in Fig. 13. They include the maximum damping,
minimum damping, bifurcation points and points close to

TABLE 2
L.OAD POWERS AT SOME CHARACTERISTIC
SMALL SIGNAL STABILITY POINTS

1st minimum 2nd minimum
Bus damping point damping point Bifurcation point
Pig Qia Pia Qi Py Qia
1 0 0 0 Q 0 0
2 0 o] 0 0 0 0
3 0 0 0 0 0 0
4 0.0000 -0.0000 0.0000 -0.0000 0.0000 -0.0000
5 -0.8125 -0.3250 -0.5000 -0.2000 -0.5781 -0.2313
6 -0.56850 -0.1950 -0.3600 ~-0.1200 -0.4163 -0.1388
7 0.0000 -0.0000 0.0000 -0.0000 0.0000 -0.0000
8 -0.6500 -0.2275 -0.4000 -0.1400 -0.4625 -0.1619
9 0.0000 0.0000 0.0000 0.0000 0.0000 -0.0000

the load flow feasibility boundary. Some of the obtained
characteristic points are summarized in Table 2.

In the examination of the proposed method based on the
optimization problem (10) —(15), the method has been ap-
plied to locate these points of interest. The results showed
that the constrained optimization procedure converged to-
ward all the points of interests depending the initial guess
of variables. The initial guesses were chosen using the routh
estimates of the characteristic points obtained in prelimi-
nary examination.

IV. CoONCLUSION

A new method which computes the minimum and maxi-
mal damping, saddle node and Hopf bifurcations and load
flow feasibility boundary points as part of a common pro-
cedure has been developed in the paper. The method has
been tested and validated by numerical simulations, com-
parison with the previous results obtained for the used test
systems, and by transient simulations conducted at the
characteristic points. Further work is required to develop
techniques for obtaining the initial guesses of variables, fast
and reliable solving the constrained optimization problem,
and handling of large power systems. Various practical
applications of the new method await for further develop-
ments as well.
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