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A General Multi-Level Evaluation Process
for Hybrid MADM With Uncertainty

Jian-Bo Yang and Pratyush Sen

Abstract— Based on an evidential reasoning framework, a
general multi-level evaluation process is developed in this paper
for dealing with a multiple attribute decision making (MADM)
problem with both quantitative and qualitative attributes. In
this new process, a qualitative attribute may be evaluated by
uncertain subjective judgments through multiple levels of factors
and each of the judgments may be assigned by single or multiple
experts in any rational way within the evidential reasoning
framework. The qualitative attributes can then be quantified by
means of general evaluation analysis and evidential reasoning. A
few evaluation analysis models and the corresponding evidential
reasoning algorithms are explored for parallel combination and
hierarchical propagation of factor evaluations. With all the qual-
itative attributes being quantified by this rational process, the
MADM problem represented by an extended decision matrix is
then transformed into an ordinary decision matrix, which can be
dealt with using a traditional MADM method. This new general
evaluation process and the hybrid decision making procedure are
demonstrated using a multiple attribute motor cycle evaluation
problem with uncertainty.

I. INTRODUCTION

ULTIPLE attribute decision making problems with

both quantitative and qualitative attributes and with
uncertainty are common in engineering practice [4], [5], [8],
[9], [10], [13], [18], which may simply be called hybrid
MADM problems in this paper. To solve a hybrid MADM
problem, the first step is to evaluate and quantify the state of a
qualitative attribute at each alternative design. To do so, a few
evaluation grades may be defined, to which the state of the
attribute at each alternative design may be evaluated [9], [24].
It has been realized that multiple factor analysis and reason-
ing with uncertain subjective judgments are essential for eval-
uation and quantification of qualitative attributes [10], [20],
[24], [28]. The evidential reasoning approach was therefore ex-
plored in [24], based upon an evaluation analysis model [21],
[28] and the evidence combination rule of the Dempster-Shafer
(simply D-S) theory [2], [12]. This approach is different from
other MADM approaches using other uncertainty models in
that it can deal with incomplete uncertain decision knowledge
in a more rational way through multiple factor analysis and
evidential reasoning [24]. Such ability for handling incomplete
representation of uncertainty will be enhanced in a new process
developed in this paper. In the approach reported in [24],
it is assumed that factors are directly associated with the
evaluations of a qualitative attribute and that each of the
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factors can be directly evaluated using subjective judgments
with the uncertainty being only assigned to two adjacent single
evaluation grades simultaneously. In [26], this approach was
extended to facilitate hierarchical factor analysis with the
factors being of a two-level structure and with uncertainty
being assigned to any single evaluation grades.

However, even the two-level factor structure may not always
be sufficient to perform preference analysis in more general
decision situations as a lower-level factor may still denote too
abstract a concept and it may then be evaluated through more
detailed sub-factors associated with it. Similarly, upper-level
factors may be further aggregated into more abstract factors
which may be more suitable for evaluation. Consequently, the
set of factors associated with the evaluations of an attribute
may constitute a hierarchy. Factors at the top level of the
hierarchy are the most abstract ones and are directly connected
with the attribute. Their states are determined by more detailed
factors in lower levels. Only factors at the bottom level of the
hierarchy can be evaluated directly by a single or multiple
experts. Based on this view of evaluations by hierarchical
aggregation of information [14], [29], this paper is intended
to develop a general multi-level evaluation process. In the
process, a few hierarchical evaluation analysis models and
evidential reasoning algorithms are explored, so that quali-
tative attributes in a hybrid MADM problem can be evaluated
and quantified by means of hierarchical factor analysis and
evidential reasoning. As a result, the hybrid MADM problem
can be transformed into an ordinary MADM problem and may
then be solved using a traditiona]l MADM method.

In the development of the new process, it has been realized
that uncertainty may be assigned not only to any single
evaluation grades but also to their rational combinations. This
new process is so elaborately developed that it can handle any
such rational uncertain subjective judgments given by single
or multiple experts within the evidential reasoning framework.
This enhanced ability for treating incomplete uncertainty prob-
ably makes this new process significantly different from other
MADM methods using other uncertainty models. In addition,
a methodology for the rational transformation of the implied
uncertainty contained in uncertain subjective judgments into
basic probability assignments required in the D-S theory is
put forward.

In section II, a hierarchical analysis for a hybrid MADM
problem with uncertainty is presented. A basic evaluation anal-
ysis model and a basic factor combination algorithm are then
explored. Section III concentrates on the development of the
general evaluation process, in which a few hierarchical evalu-
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TABLE 1
AN EXTENDED DECISION MATRIX
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ation analysis models and the corresponding evidential reason-
ing algorithms are developed. A hierarchical evaluation anal-
ysis for a comprehensive multiple attribute motor cycle eval-
uation problem is then presented to illustrate the new process.

I1. BASIC EVALUATION ANALYSIS MODEL AND ALGORITHM

A. Hierarchical Analysis for Hybrid MADM With Uncertainty

A hybrid MADM problem may be expressed by an extended
decision matrix, as shown in Table I, where y,.; is a numerical
value of a quantitative attribute y; at an alternative design
ar(r = 1,...,R;k = 1,...,k;) and SJ, are subjective
judgments for evaluation of the state of a qualitative attribute
yp at a (r = 1,...,R;k = ky + 1,...,k; + k3). The
problem is to rank these designs a, (r = 1,..., R) or select
the best compromise design from them with both quantitative
and qualitative attributes being simultaneously satisfied to the
extent possible.

To deal with such a hybrid decision making problem, a
qualitative attribute y; needs to be measured at first. The
following set of evaluation grades may thus be defined for
evaluation of y;,

H={H1"'Hn"‘HN} ¢))

where H, is called an evaluation grade for y; and N is
the number of the evaluation grades in H. H,, represents a
grade to which the state of y;, may be evaluated. H; and Hy
are set to be the worst and the best grades respectively, and
H,, 1 is supposed to be preferred to H,. It should be noted
that different qualitative attributes may have different sets of
evaluation grades.

H, may then be quantified using certain scale. Suppose
p(Hy) represents the scale of H,. Then, if p(H,) is set to
be a real number in the closed interval [—1 1] which may
be referred to as the preference degree space, the evaluation
grade set is quantified by

p{H} = [p(H1) - p(Hy)---p(Hn)]" @)

where p(H,) (n = 1,...,N) satisfy the following basic
conditions [24]

p(H1) = -1, p(Hy) =1, and p(Hpy1) > p(Hy)

n=1,...,N-1 3)

Furthermore p(H,)(n = 2,..., N — 1) should be so assigned
that the additional consistency condition, defined by (8) in
next subsection, can be satisfied.
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stopping power. braking stability

Fig. 1. Evaluation hierarchy for operation.

The state of a qualitative attribute y, at a design a,,
denoted by S(yi(a,)), may be evaluated using the defined
grades and quantified using the so-called preference degree,
which is the function of p(H,)(n = 1,...,N) and is
denoted by p(yx(a,)) € [-1 1]. If p(yx(ar)) is obtained
for every qualitative attribute at each alternative design
in a hybrid MADM problem, then the extended decision
matrix representing the problem can be transformed into
an ordinary decision matrix which may then be dealt with
using some appropriate MADM method.

A simple way of obtaining p(yx(a.)) is to evaluate
S(yk(a,)) to one of the evaluation grades, say H,. Then,
p(yx(a,)) is assigned to be p(H,), i.e. p(yx(ar)) = p(Hy).
This way is acceptable if the expert is able to evaluate
an attribute synthetically and deterministically. Generally
speaking, however, that is not the case. First of all, an attribute
may represent an aggregated technical or economical concept
so that it is comparable with other attributes. Such an attribute
may only be evaluated through a set of detailed factors,
which are associated with the evaluations of the attribute
and which may constitute a hierarchical structure. In addition
to this, the expert may not always be one hundred percent
sure that the state of a factor at an alternative design is
exactly confirmed to one of the evaluation grades. Thus, one
or more single evaluation grades or even their combinations
may simultaneously be confirmed with total confidence of
anything up to one hundred percent.

In a problem of ranking four types of motor cycle [10], for
example, both quantitative and qualitative attributes need to be
taken into account and the attribute operation may be defined
as one of the qualitative attributes. To evaluate the operation of
a motor cycle, the following set of distinct evaluation grades
is defined

H = {poor(H,) indifferent(Hs)
excellent(Hs)}

average(Hs3) good(Hy)
C))

Because operation is an abstract technical concept and is
not easy to evaluate directly, it is decomposed into three
detailed concepts, handling, transmission and brakes, which
may be referred to as factors. If a detailed concept is still too
abstract to evaluate directly, it may be further decomposed into
more detailed concepts. For instance, the concept of brakes
is measured by stopping power, braking stability, and feel at
control, which can probably be directly evaluated by an expert
and may therefore be referred to as basic factors.

Generally speaking, a qualitative attribute may be evaluated
through multiple factors which may constitute a hierarchical
structure. For instance, the hierarchy for evaluation of the
operation of a motor cycle can be built as in Fig. 1.
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TABLE I
'UNCERTAIN SUBJECTIVE JUDGMENTS FOR EVALUATING BRAKES OF “YAMAHA”
oy evaluation grades
degrees (B) poor | indifferent | average | good | excellens
siopping power 0.3 0.6
factors | braking swability 1.0
feel at control 0.5 0.5

If the stopping power, braking stability and feel at control of
a motor cycle are all good, its brakes are good. Furthermore, its
operation is regarded to be good if its handling, transmission
and brakes are all good. However, the evaluations provided by
an expert or multiple experts for basic factors may not always
be so deterministic or consistent. To evaluate the operation of
“Yamaha” (an alternative motor cycle), for example, an expert
may only be able to state that he is
i) 30 percent sure that its stopping power is average and 60
percent sure that it is good,

ii) absolutely sure that its braking stability is good, and

iii) 50 percent sure that the its feel at control is good and 50
percent sure that it is excellent.

In the statements, the percentage values of 30, 50, 60
and 100 (absolutely sure) may be referred to as the degrees
of confidence associated with the stopping power, braking
stability and feel at control of “Yamaha” being evaluated to
average, good and excellent. The confidence degrees repre-
sent uncertainty in the evaluations. These statements may be
expressed using a table, such as Table II.

Such uncertain and diverse subjective judgments are often
provided for evaluation of other basic factors. The problem
is then to synthesize such judgments so as to evaluate and
quantify the operation of “Yamaha” in a rational manner. In
this way, other qualitative attributes may be evaluated and
quantified as well. Based on such rational quantification of
qualitative attributes, further decision analysis may then be
performed so that the motor cycles can be ranked. The rest
of the paper is therefore devoted to developing a general
evaluation process for dealing with such a hybrid decision
making problem by means of hierarchical factor analysis,
evidential reasoning and alternative ranking.

B. Basic Evaluation Analysis Model

An evaluation analysis model is used to represent a frame-
work in which multiple factor analysis and reasoning with
uncertain decision knowledge can be performed for evaluation
and quantification of a qualitative attribute [24], [28].

A basic evaluation analysis model may be constructed as
shown in Fig. 2, in which only a single level of basic factors
are involved. However, this model is a basic element in a
framework for constructing more general evaluation analysis
models for hierarchical factor analysis.

In Fig. 2, ej, denotes a basic factor such as stopping power,
which can be directly evaluated for a given design. The set of
basic factors for evaluation of y;, is defined by

By ={e} el - ep*)

(&)
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Fig. 2. A basic evaluation analysis model.

mg; = m(Hy Jel(a)) expresses a basic probability assign-
ment to which a factor e, supports a hypothesis that the
state of an attribute y; at a design a is confirmed to H,.
my; can be generated from the given confidence degree and
the normalized relative weight of e}. m} = m(Hn/Ex(a))
represents an overall probability assignment to which the
state of ¥, at a is confirmed to H, by the whole factor set
Ex. m} is obtained by combining all my; (j = 1,...,Lg;
n=1,...,N).

Suppose [(f;(ar) denotes a confidence degree associated
with the state of a basic factor ei at design a, being evaluated
to H,. Then, an uncertain subjective judgment for evaluation
of the state of e} (a,), such as statements i), ii) or iii) above,
may be expressed by the following expectation

S(ei(ar)) = {(ﬂ,’jj(ar),H,,),n =1,...,N;

N
and Y Bg;(ar) < 1}

n=1

)

which indicates that the state of €] at a design a, is evaluated
to H,, with a confidence degree of ﬂzj(ar) forn=1,...,N.
In (6), we assume that the state of a basic factor ei at a,
may be evaluated to any single evaluation grade defined in H
instead of to two adjacent grades [24]. More general uncertain
subjective judgments can be handled as well, as discussed in
section III-C of this paper.

S(el(a,)) may then be quantified using its preference
degree, defined as the following expected scale [24]

N
prii = p(el(ar)) = > Brjlar)p(Hy) Q)
n=1

Thus, the scales p(H,,) (n = 1,..., N) must be defined so that
in addition to the basic conditions defined by (3) the following

consistency condition can be satisfied as well, that is, for two
designs a, and ap [24]

5(el(ay)) is preferred to S(el(ax))

if and only if prx; > Phk;j ®)

Suppose Ax = [AL--- M- AL*]T and .’\?c represents the
normalized relative weight of the factor e, in evaluation of
yr where 0 < A} < 1, as discussed in sub-section II-D. ij
may then be calculated by

mg;(a) = ’\i;ﬂl:lj(a)

®
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Eq. (9) means that the fact that the state of ei is absolutely
evaluated to an evaluation grade H, only supports to the
extent of A} the hypothesis that the state of yj is confirmed
to H,,. From (6), it is obvious that 22;1 my; < 1. Suppose
mp; is the basic probability assignment to H, which is the
remaining belief unassigned after commitment of belief to all
Hu(n =1,...,N), that is, mfl = 1— 31 mp,. A basic
probability assignment matrix M (yx/E) for evaluation of
yk(a) through Ej(a) may then be formulated by

M(yr/Ex)
mllcl mpy mkNl mkHl {ei(a)}
= | mi; mp; my;  miy | {ei(a)}
L
mlchk mir, mkNLk mkHLk {ex*(a)}
(10$)

Suppose ¥ is a subset of H, that is ¥ C H, and m} is an
overall probability assignment to which the state of y;, at a, is
confirmed to ¥ by the factor set Ey, or mf = m(¥/Ey(a,)).
If my forall ¥ C H are generated from M (yx/E}), then the
state of y; at a, may be expressed by the following expectation
[24]

S(yk(a,)) = {(m(¥/Ex(a,)), V), for all ® C H} (11)

The preference degree of yi(a,), i-e. p(yx(a,)), is used to
quantify S(yx(a)) and may thus be defined as the following
expected scale

Pri = p(yi(ar)) = Y m(¥/Eg(a,))p(¥)

WCH

(12)

where p(¥) is the scale of ¥ and is defined as the average
of p(H,) for all H, C ¥ [24]. A qualitative attribute
quantified by (12) possesses the basic property of its marginal
utilities being monotonous. In other words, for two designs,
ar and ap, S(yi(ar)) is preferred to S(yk(as)) if and only
if prr > prk- Such quantification can thus form a rational
basis for further decision analysis. In the next-section, a basic
evidential reasoning algorithm is developed for generating m}
from M (yx/E}).

C. Basic Evidential Reasoning Algorithm

Suppose all the evaluation grades in H are defined as
distinct grades. In other words, the absolute confirmation can
only be given to one subset in H at a time and the total
confidence degree of the simultaneous confirmations of ¥ for
all ¥ C H must be one or smaller than one. Suppose the
evaluation grades in H cover all possible grades which may
be used for evaluation of yi. Then, the evidence combination
rule of the Dempster-Shafer theory may be applied to combine
my; (n = 1,...,N); j=1,...,Lg).

Suppose ¥, A and B are any subsets of H (ie. ¥,A4,B C
H), 0 is an empty set, and m(A/e}) and m(B/ej,) are basic
probability assignments to A and B confirmed by et and €],
respectively, where e}, and e}, € Ej. Given m(A/e}) and
m(B/ej) for all A,B C H, the combination rule is used to
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calculate the combined probability assignment m(¥ /(e e1)),
which is defined by [2][12]

m(0/(ek,el)) =0 (13)
P (A/eiym(B/el)
m(¥/(el,el)) = i ke =l
b Ar;\p 1-K
forany ¥ C H other than §  (14)
K=Y mA/e;)m(Ble}) (15

ANB=0

Since the direct use of the combination rule results in
exponential increase in computational complexity, a new
operational combination algorithm is explored to obtain
m(¥/Ex(a)) from M(yx/E3) defined by (10). This new algo-
rithm is an extension of the two algorithms presented in [24].

The “intersection tableau” [2], [24] with values of probabil-
ity assignments along the rows and columns, respectively, is
adopted to develop the new algorithm for factor combination.
Define a factor subset ey, (;(a) and a combined probability
assignment my ;(a) as follows

er,i(a) = {ek(a) - €i(a)},1 < i < Ly;
my, (@) = m(¥ /e i)(a))

where m(¥ /ey, (;(a)) is a combined probability assignment
to ¥ confirmed by ey, ;){a).

To combine er,(2)(a) = {ei(a)ei(a)}, an intersection
tableau is constructed as in Table III. From the combination
rule defined by (13) to (15), we have

(16)

{Hn}: m’}k(z) = K, (2)(mpymis + m21m£{2 + mkHlmZZ)v
n=1,...,N
{H} mﬁ@) = Klk(z)mkHlmkHz
~-1

N N '
Kne) = [1=Y D mim},

r=1 j=1
JET
Obviously m‘II;(z) = 0 for any other ¥ C H.

Since m¥, ;) = mfy,n = 1,...,N, and mﬁ(l) = mi,
we can combine ey, (i4+1) = {et-:- e}c“} in a similar way and
obtain the following recursive algorithm

H
{Ha} i mY i1 = KnGe) (T, MR i1 + M7, Mkt
+mp miia), n=1,...,N(17-1)

{H}: mf’{k(i+1) = Klk(i+1)mﬁ(i)mkﬁ,i+1 (17-2)
-1
N N ‘
Kpsn = |1= D D Mh oM (17-3)
=1 7=1
JET

i=1,...,Lg—1

(17) is called the basic factor combination algorithm. Obvi-
ously, my .,y = 0 for any ¥ C H other than ¥ = Hn(n =
1,...,N) and H.
It can be proved from the combination procedure that
My, (1, is the overall probability assignment to W(CH)
k
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TABLE III
INTERSECTION TABLEAU 1

[
[4
v (Hy) (mh) (Hy) (md) (Hy) () (H) (mfh)
Hy) (md) | (Hy) (mhimis) (D) (mlmiy) (@) (mimls)  (Hy) (mémbh)
] (H,} (md) | (D) (mPimih) [Ha) (mfimis) (D) (mimb)  (Hy) (miymiy)
{Hy) (m) | (D) (mimid) (@) (mfimiy) (Hy) (mfimly)  (Hy) (mfomfh)
{HY (mfy) | (H)) (mbimb) {H,} (mfim®) {Hy) (mfim2)

confirmed by Ej(a) and m}l’k(Lk) = 0 for any ¥ C H other
than ¥ = H, (n=1,...,N) and H, or

my = m(H,/E) = m}‘k(Lk),n =1,...,N,

and mfl = m(H/Ey) =mjL 1., (18)

m(U/Eg) = m}IL(Lk) =0forany ¥ C H
but ¥ # Hp(n=1,...,N) and H (19)

Consequently, (11) and (12) can be simplified by

S(wr(ar) = {(mfy(puys H)im= 1o, N3 (mfl g, H) |

(20)
N

prt: = P(yi(ar)) = Z mY, ()P(Hn) + mﬁ(Lk)P(H) 21
n=1

where p(H) = Zle p(H.)/N.

D. Assignment of Normalized Weights

The normalized weights A; of the factors are used to
transform the given confidence degrees for evaluation of
the single factors into the basic probability assignments (or
supports), as shown in (9). Whether or not the transformation
is rational is essential for further decision analysis. In [24],
it was suggested that A\; may be obtained from the uniform
relative weights of the factors.

Suppose (] expresses the relative weight of the factor ef; in
evaluation of yj, and (;, is defined as a uniform weight vector
as follows

Ly
G=[G- -y d=10<d <1 @)

i=1
Cr can be readily obtained using any well-known weight
assignment method, such as the eigenvector method [14].
Let e be the most important factor in Ej, called the key
factor, that is, ¢f = max;{¢},...,¢},...,¢*}. Normalize
(r as follows

G=¢/l j=1,...,L 23)

(H) (mfimfy)

If for the key factor the following relation is true

m(Hy/el) = axPu, (el),0 < ax <1 24)
then, A.(j = 1,..., Ly) may be obtained by
M=al j=1,..., L 25)

oy may be referred to as a coefficient representing the degree
of significance of the role of the most importance factor in the
evaluation of the attribute yy.

The remaining problems include addressing how and why
oy, is determined. Let us take as an example the evaluation of
the brakes of Yamaha, as shown in Table II. Let us assume
that stopping power is the key factor among the three factors,
stopping power, braking stability and feel at control. If it is
evaluated that the stopping power of Yamaha is absolutely
good, is it certain that the brakes of Yamaha are good?

If the answer is yes, oy should be set to 1 as suggested
by (24). This actually means that stopping power dominates
the other two factors. In other words, the other two factors
are only utilized when the support from stopping power is
uncertain. However, this is generally not the case as the
other factors would normally have some role in the evaluation
of yx, no matter what the support from the most important
factor. That is, oy, should not be set to 1. Especially, if two
or more factors are evaluated to be equally important and
significant and if each such factor is absolutely evaluated to a
different evaluation grade, then a conflict appears regarding the
evaluation grade that the relevant attribute should be evaluated
to. In order to resolve such a conflict, some compromise would
be necessary. However, ax=1 means that there is no room left
to accommodate any compromise.

Assigning a value smaller than 1 to o provides opportuni-
ties for resolving the conflict. Furthermore, such an assignment
also ensures that less important factors can have a bearing
on evaluation of the attribute in any case. The question then
naturally arises as to what values of v would be appropriate.
The common sense answer is that the brakes of Yamaha are
“certainly” good if all of its associated factors, stopping power,
braking stability and feel at control, instead of just one of them,
are evaluated to be absolutely good. This is generally the case.
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Generally, if H; is an evaluation grade to which all factors
are absolutely evaluated, from (9), (23) and (25) we obtain

J

m2j=ak% forn=10j=1,...,L (26)
k

mp; =0foralln#15 j=1,...,Lg @7

From the algorithm (17), we can obtain by combining these
L, factors

d

and any other subsets in H are not confirmed at all. If the
word “certainly” used in the above common sense structure
means exactly one hundred percent, then m(H/Ex(a)) = 0
as well. From (28), this means that a; = 1 as (/¢ < 1
forall j # I, (3/¢} = 1 for j = I and Ly is a finite
integer. This results in a conflict between common sense and
the combination rule defined by (13) to (15). To resolve the
conflict, it seems necessary to set m(H/FEy(a)) < & where §
is a sufficiently small non-negative real number, or

Ly CJ
H(l—akg—’;) <6, §>0

j=1 k

Ly j
m(H;/Ex(a)) # 0;m(H/Ex(a)) = H (1 — ag Ck) (28)

j=1

29

In (29), “certainly” used in our common sense structure is
modified into “almost certainly” which is explicitly defined by
(1 — &) x 100 percent. Psychologically, a smaller value of §
is always preferred to a large value. Computationally, 6 may
be taken so that 1.0 x 1076 < § < 1.0 x 10~2 as “above 99
percent sure” may already mean “almost certain”.

oy, may therefore be assigned by satisfying (29), where 6 is
assigned by the decision maker. It should be noted that 6 must
not be changed for evaluation of different attributes so that the
transformation of the given confidence degrees into the basic
probability assignments is consistent for all the attributes.

III. A GENERAL EVALUATION PROCESS FOR HYBRID MADM

A. Two-Level Evaluation Analysis Model and Algorithm

An evaluation model with two-levels of factors for evalu-
ation of y; is shown in Fig. 3, where fi;(¢ = 1,...,¢;) are
called composite factors (such as brakes) which are directly

associated with the evaluations of the states of yx(a) and
denoted by

Fi(a) = {fu(a)--- fs(a) - f1c, (@)}

where f1;(i = 1,...,c1) are evaluated through a set of basic
factors, Ex(a), defined by

Ei(o) = {ek(a) -l (a) -+ ef*(a) }

In Fig. 3, m; ; = my;(H, /ei(a)) denotes a basic proba-
bility assignment to which e}, (a) supports a hypothesis that the
state of fy; at a is confirmed to H,,, and m¥, = my;(¥/E(a))

(30)

Gn
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—— Attribute level
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— Composite factor level

— Evaluation grade level

e Basic factor level

Fig. 3. A hierarchical evaluation analysis model with two levels of factors.

expresses an overall probability assignment to which the state
of fii(a) is confirmed to ¥(C H) by the basic factor set
Ex(a). If fi; in Fig. 3 is treated as y; in Fig. 2, we can
obtain m;(¥/Ex(a)) from my;(H,/el(a)) using the basic
factor combination algorithm (17) with mq;(¥/Ex(a)) = 0
for ¥ # H and H,(n =1,...,N). Then, the state of f;; can
be evaluated and quantified through E) by

8(fii(a)) = {(m1:;(¥/Ex(a)), ©),
for ¥ = Ho(n=1,...,N) and H} (32)

N
p(f1i(a) = Y mii(Hn/Ex(a))p(Hn)
n=1
+ my(H/Ex(a))p(H) (33)
All the other composite factors in F} can be evaluated in the
same way.

Suppose my = mi(¥/Fi(a)) expresses a probability
assignment to which the state of an attribute y;, at a design a
is confirmed to a subset ¥ (¥ C H) through the composite
factor set Fi(a). The state of y, can then be evaluated and
quantified through F; by

S(un(@)) = {(me(¥/Fy(a)), V), for all ¥ C H} (34)
p(e(@) = 3 ma(W/Fi(a))p(¥) (35)

YCH

The remaining problem is how to obtain m (¥ /Fi(a)) for
al ¥ C H,based on m}; (n = 1,...,N;i = 1,...,c1).
Let my(Hp/ f1:(a)) be an intermediate probability assignment
to which a single composite factor f1;(a) ports a hypothesis
that the state of yx(a) is confirmed to H,, simply m},; =
my(Hn/f1i(a)). Then, mi(¥/Fi(a)) can be obtained by
combining m}; ; (n = 1,...,N; i = 1,...,¢1) while my ;
may be obtained from m7; as follows.

Suppose the normalized relative weight of a composite
factor fy; in evaluation of yy is given by Aii,i = 1,...,¢c1.
Then m7 ;; may be calculated in the same way as in (9)

N
n 1, n — . H _1_ n
Mg 1 = Agmi;,n=1,...,N; and My 1; = 1 E mp 1;
n=1

(36)
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An intermediate probability assignment matrix for evalua-
tion of y(a) through F; (a) can then be formulated as follows.

M(y/Fy) ’
mi,u mZ,u m}c‘{u mkH,u {fur(a)}
= mllc,lz' LOSTEEREE m}c\fli mllc{,h' {f1i(a)}
mi,lcl Mg e, m}cv,lcl mkH,1c1 {fie:(a)}
3D
Let mIk(z) = mk(Hn/(fu fh’)),n = 1,...,N, arid

m.,,e @ = Mk(H/(f1-+- f1i)). Following the same procedure
as in the case of deducing the basic factor combination
algorithm, we can obtain the following composite factor
combination algorithm

{Hn} : m}, i1y = Knrn) (M7, mE 1641)

H H
+ M7 (yMEAG+1) T T ()R 141))

n=1,...,N (38-1)
{H} :mf 41y = K geymf omil g (38-2)
-1
Kh(z+1) =11- Z Z MMy | ©83)
=1 j=1
e
‘i=1,...,01 -1

From (38) it is obvious that mI,c G+1) = 0forany V C H

other than ¥ = H,(n = 1,...,N) and H. So
m: = mk(H'n/Fl) = m}'k(cl)’n = 15" 7N7
and mil =my(H/F)=mfl,, (39
mi(¥/F1) = m};(cl) =0 forany ¥ C H
but ¥ # H,(n=1,...,N)and H (40)

Consequently, (34) and (35) can be simplified by

S(yr(ar)) = {(m}”k(q), Hy),n=1,...,N; (mﬁ(cl), H)}
1)

pri = p(yr(ar)) = Z mIk(cl)P(H )+ mz,,(c,)l’(H) 42)
n=1
B. Multi-Level Multi-Person Evaluation
Analysis Models and Algorithms

In last-section, only a single level of composite factors is
considered. Fig. 4 shows a more general hierarchical evalua-
tion analysis model with L levels of composite factors.

In Fig. 4, a composite factor at a single level (such as fi,
at level [) is associated with factors at a level immediately
below (such as fi41n,h = 1,...,c41, at level (I + 1)). Let
us assume that the relative importance of the factors at the
lower level can be compared for evaluation of the composite
factor. The problem is then how to evaluate and quantify the
state of the composite factor through the factors at the lower
level. A set of composite factors at level [ is defined by

Fi(a) = {fula) - figla) -+ fie,(@)},1=1,---,L (43)

IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS, VOL. 24, NO. 10, OCTOBER 1994

R
(s

Auribute level

Evaluation grade level

——— Composite factor level
(level 1)

——— Composite factor level
(level )

Evaluation grade level

— Composite factor levet
(level 1+1)

= Composite factor level
(level L)

——— Evatuation gradc level

——— Basic factor level

""" \6’/ ~®

Fig. 4. 'A hierarchical evaluation analysis model with multiple levels of
factors.

Let m}! = muy(¥/Fi41(a)) be an overall probability
assignment to which the state of the gth composite factor
fig at level [ at a design a is confirmed to ¥ by the set of
factors Fi41(a) at level (I 4 1). Then, the state of fi4 at a is
evaluated and quantified by

5(fig(a)) = {(mug(¥/Fis1(a)), V), for all ¥ C H}(44)
p(fig(a)) = Y mig(¥/Fii1(a))p(¥) (45)

YCH

Suppose my, , = mug(H,/fi+1,n(a)) is an intermediate
probability assignment to which a single factor fi4+1 4(a) at
level (I + 1) supports a hypothesis that the state of f (a)
is evaluated to H,. As m,, is an overall probability
assignment to which the state of the Ath factor fiyqx(a) is
evaluated to H,, we may then calculate mf, ,, as follows

= Al+1’h (46)

n n _
mlg,h mH,l,h,h- 1,...,Cl+1

where A:fl’h is a normalized weight representing the relative
importance of the role the factor fi1; s at level (I + 1) plays
for evaluation of fi, at level I.

Then, the following intermediate probability assignment
matrix M (fi/Fi+1) for evaluation of fi,(a) at level ! through
the set of factors Fj4;(a) at level ({ + 1) can be constructed
as (see (47) at top of next page)
where mfl =1~ Y0 mp h=1,...,cp1

Let m7 oy = mug(Hn/(frr1,1- fz+1 h)) n=1,...,N
and mfg(h) = mug(H/(fi+1,1 - fi+1,n)). Then the h1erar—
chical factor propagation algorithm can be obtained as

{Hn}mi, (hr1) = Kaiy ) (M, ()M 01
H
+ M, oy Mig s + M1y ()M 1)
n=1,---,N (48-1)

H
{HYmp, 1) = Ky ()™, 0y Mig 1 (48-2)

N N -1
K, 1) = [1 - Z Zng(h)m{g,h+1:|

=1 j=1
J#T
h=1,...

sei41 — 1 (48-3)
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M(fig/Fit1)
1 L. n
mlg,l mlg,l
1 n
= | Mign Mg,k
1 n
Mig,eri Mig,ci41
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Miga mfé 1 {fir1,1(a)}
"ni’;,h mg,h {fiyr,n(a)} “n
m{\g’,cm mg,ct+1 {fl+1vcl+1(a)}

R@)
(ply, @ V)

Atrribute level

——— Evaluation grade level

—— Composite factor level
(Layer 1)

——— Compositc factor level
(Layer L)

——— Basic factor level

~—— Evaluation grade level

Expert level

Fig. 5. A hierarchical multi-person evaluation analysis model with multiple
levels of factors.

= H
Thus, m}'lg(%l)(n = 1,...,N) and-mhg(cw) are non-zero
overall probability assignments to which the state of fi; at a
is confirmed to H,(n = 1,...,N) and H by the set of the
factors Fiy1(a), that is

n

miy = mug(Hn/Fi41(a)) = m7, (1)
n=1,...,N;
mfl = mig(H/Fua(@) =mil . (49)
mig(V/Fi+i(a)) =0 for any ¥ C H
: but ¥ # H,n=1,...,N and H
(50)

So, (44) and (45) can be simplified by
S(-flg(a)) = {(ng(c‘+1)’Hn)’ n=1... ) N;

(mgg(clﬂ)’ H)}
N
p(fig(a)) = Z m}l,g(c,+1)P(Hn) :
n=1

+ i ey P(H)

In the same way, the states of the other factors at level [ at
a can be evaluated and quantified through the set of factors
at the level immediately below, i.e. Fi1;(a). Eventually, the
state of y;, at a can be evaluated and quantified through the
set of factors at level 1, i.e. Fi(a).

So far, we assume that the states of basic factors are
evaluated by a single expert. It is possible that multiple experts
may be involved for the evaluations, who may have different
views about the evaluations. Fig. 5 shows a multi-level &
multi-person evaluation analysis model.

In Fig. 5, T experts are involved in the direct evaluation of
the basic factors for yx(a) where the same factor hierarchy is

(5D

(52)

adopted by all experts. It should be noted that if a decision
maker wishes to ignore factors at a level, he can simply assign
weights of zero to these factors.

The model described in Fig. 5 is different from that de-
scribed in Fig. 4 only in that an expert level is added in Fig.
5. If in Fig. 5 the expert level is treated as a basic factor level
and the basic factor level as a composite factor level, then the
different evaluations of a basic factor given by multiple experts
can be combined using the basic factor combination algorithm.
In Fig. 5, my; , represents the probability assignment to which
the tth expert’s evaluation supports a hypothesis that the state
of a basic factor ei at a design a is confirmed to H,,, and m’,;j
denotes an overall probability assignment (or a confidence
degree) to which the state of ej is evaluated to H, by the
T experts while mj; can be obtained by combining my;,
(t=1,...,T;n=1,...,N) using the algorithm (17).

Finally, it should be noted that given the uncertain subjective
judgments for evaluation of the basic factors it is possible
that different decision makers may obtain different preference
degrees of an attribute y; at an alternative as they may pro-
vide different normalized weights ). However, this concerns
group decision making rather than the multi-person evaluation
analysis discussed above. Although the latter may be regarded
as part of the former in some decision situations, the latter
doesn’t necessarily mean the former. For instance, different
scenarios for the evaluation of basic factors may be given
by multiple experts. Based on these scenarios, an individual
decision maker may then make decision analysis using his
judgments over the relative importance of these scenarios as
well as the factors.

C. General Evidential Reasoning Algorithms

The evidential reasoning algorithms presented in previous
sub-sections are developed based on the assumption that
the states of the basic factors are only evaluated to single
evaluation grades, as suggested by (6). This assumption can be
satisfied in most cases. In some evaluation processes, however,
especially when muitiple experts are involved, it is quite
possible that the states of some basic factors occasionally need
to be evaluated to the combinations of the single evaluation
grades, such as {H1H,} and {H3H,Hs}. Fortunately, the
combination rule of the D-S theory possesses the ability to
handle such uncertainty even though any combination of the
single grades may be confirmed. In fact, it is this very ability
that makes the D-S theory different from other tools for
handling uncertainty.

A general evidential reasoning algorithm is to be developed
in this sub-section though it looks more complicated than
those presented by (17), (38) and (48). In the development of
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s 1
my o omy omy myy my" "t mi mfy 1 {ek(@)}
M(y/Bx) = | mi; my  my my} W I {d@} (55)
mip, MR, L, ML Min, Mk, Mip, {ekk(“)}
this general algorithm, it has been assumed that only rational st
combinations (or subsets of H) may be confirmed. A rational + Z Z (mIk (’y)mk,'y+1 + mIk(—y)mk 'y+l)
subset of H is defined by j=li=t+1
1<s<t<N (57-1)
Hs,t={Hs H3+1 e Ht_l Ht}, 1_<_SStSN N N N N i al
(53) Kng+n = [1 =200 > Y mEymiim
In other words, a rational subset is composed of mutually i=1 j=i h=j+11=h
adjacent single evaluation grades. Thus, the sample space Rl -1
H and any single grade defined in H are rational subsets. + mIk(’Y)mk ~/+1)
Altogether, there are N(N + 1)/2 rational subsets in H. y=1,-, Ly —1 (57-2)

" In the definition given by (4), for example, {poor, indiffer-
ent, average } and {good, excellent} are two rational subsets
while {poor, indifferent, good } is not regarded as a rational
subset in this paper. Although the combination rule of the D-
S theory is capable of handling uncertainty assigned to any
subsets, only uncertainty assigned to the rational subsets is
taken into account in the following algorithm.

Suppose ,6 (ar) denotes the confidence degree to which

the state of a bauc factor e’ 3 at a design a,. is evaluated to H, ;.
Similar to (6), an uncertain subjective judgment for evaluation
of the state of e (a,) may more generally be expressed as

S(eh(ar)) = {(BLf (ar), Hoyr), for all Hyy H} (54)

Using (9), we can generate the basic probability assignment
matrix as follows, where m{. is the remaining probability
assignment after commitment of belief to all other rational
subsets (see (55) above)

Note that m,lc’.N = mk and the intersection of two rational
subsets is still a ratlonal subset. Similar to (16), a combined
probability assignment m;;fh) may be defined by
m(Hs,t/eIk ('y)(a')) (56)
where ey, (y)(a) is defined by (16). Following a procedure
similar to that for obtaining (17), we can obtain the following
general recursive factor combination algorithm where my, ™
and m{ ,; are denoted by mp'\ and m7, ), respectively,
forn=1,...,N

s,t
my; =
L ()

{Haey :mile, )

_ s,t s,t
= Kp,(v+1) (mlk(‘y)mk,'y+1
s—1 N
+ DD (MY M M M g)
j=1i=t
N

st 8,1 EX) s,t
+ Z (ML (a1 T M () 1)
i=t+1

withm}ivﬂ) =0forany U C Hbut ¥ # H,: (1 <s <
t<N).It may be noted that (17) is only a special case of (57)
whenmk =0foralll1<s<t<Nands>1ift=N.

Noting that (38) and (48) are similar to (17), we can also
generate the general recursive composite factor combination
algorithm for (38) and the general hierarchical factor propaga-
tion algonthm for (48), which have the same structure as (57).

As mI (L)’ obtained by (57), is the overall probablhty
assignment to H,, confirmed by Ei(a) and mIk(L =0
for any ¥ C H other than ¥ = H,; 1 < s <t < N, then
(11) and (12) can be expressed by

S(ve(ar) = { (3!, Ho) 1S s SES N (58)

N N
Prk = Z Zm;;t(Lk)p(Hs,t)

s=1t=s

where p(H, ;) = i, p(H;)/(t — 5+ 1). Egs. (34) and (35)
as well as (44) and (45) can be expressed in the same way
as (58) and (59).

(59)

D. A General Evaluation Process for Hybrid
MADM with Uncertainty

Based upon the evaluation analysis models and the factor
combination and propagation algorithms developed in the
previous subsections, the state of a qualitative attribute at each
alternative in Table I can be transformed into the preference
degree space. The numerical values of a quantitative attribute
at each alternative in Table I may also be transformed into the
preference degree space as follows [24]

2(yrk — ™)

Pri = p(y" ) max min 1’
e Yk
k=1,---,k;;r=1,..., R, for all benefit attributes
(60)
2(yE™ — yrk)
Prk = p(yrk) = y;cnax — y;c“i“ -1,
k=1,---,k;;r=1,---, R, for all cost attributes

(61)
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TABLE IV
THE EVALUATION MATRIX
preference
degrees POV POR) | POR) POty
a P Pk, Pk Pk,
a2 Pn Pk, Pk P2k,
ag Pr1 PR, PRe 11 Prec vk,

M

Y aX — max {ylk .. yRk}; y;c“i" = min {ym s yRk} (62)

The transformed form of the attribute y, is denoted by
P(yx), which may be called a marginal preference function
of y, and is a monotonously nondecreasing function. In other
words, a; is preferred to a; with respect to y, if and only if
pik > pjk. The original extended decision matrix defined by
Table 1 is thus transformed into the following evaluation matrix
(Table 1V), which is an ordinary decision matrix and in which
the states of all attributes, either quantitative or qualitative, are
represented in the preference degree space.

Based on Table IV, the alternative designs can then be
ranked using an appropriatt MADM method. One of the
simplest methods, for example, may be the linear additive
utility function method (or the simple weighting method) [4],
[6]. [9], [11]. However, this method assumes linearity of mar-
ginal utilities, independence of preferences and direct linear
compensation among attributes. These three assumptions may
not always be acceptable to the decision maker. The TOPSIS
method [4], [9] overcomes some of these demerits although
it still requires the direct compensation among attributes.
The CODASID method [24], [25] has been developed by
integrating the favorable features of the TOPSIS method and
the ELECTRE method [9]. CODASID only assumes indirect
and limited compensation which does not take place until each
alternative design has been compared with the others with re-
spect to every single attribute. Each of these methods can pro-
duce a utility value for every alternative design. The designs
are then ranked based on the magnitude of the utility values.

As aresult of the above discussion, we are now in a position
to formulate a general evaluation process for hybrid multiple
attribute decision making with uncertainty. Although the fol-
lowing process is based on the assumption that all basic factors
are evaluated to single evaluation grades, more general uncer-
tainty can also be handled by replacing the listed algorithms
with the general algorithms developed in last subsection. The
process may be summarized as the following steps.

Step I: Define a hybrid MADM problem using an
extended decision matrix as in Table I, where a qualitative
attribute may be evaluated using uncertain subjective
judgments through multiple factors which may constitute
a hierarchical structure.

Step 2: Transform the numerical values of a quantitative
attribute at each alternative design into the preference degree
space using (60) or (61).

Step 3: Evaluate and quantify the state of a qualitative
attribute y;. at each alternative design a,.. Let £k = k; + 1 and
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r =1

Step 4: Construct a hierarchical evaluation analysis model
for evaluation of yj, where uncertain subjective judgments
for evaluation of basic factors are given by single or multiple
experts and the number of the levels of composite factors is
also determined. Let [ = L.

Step5: If L > 0, let ¢ = 1 and then go to step 7. If
L = 0, there is no composite factors. Calculate the basic
probability assignments for evaluation of y(a,) through basic
factors Ex(a,) from the given confidence degrees by using
the formula (9), resulting in the basic probability assignment
matrix M (yx(ar)/Ex(ar)) defined by (10).

Step 6: Combine the basic probability assignments con-
tained in M(yx(a,)/Ex(a,)) using the basic factor combi-
nation algorithm described by (17). prr = p(yr(a.)) is then
calculated using the formula (21). Go to step 13.

Step 7: Calculate the basic probability assignments for
evaluation of fi,(a,) through basic factors Ex(a,) from the
given confidence degrees by using the formula (9), resulting in
the basic probability assignment matrix M(fig(a-)/Ex(a.))
similar to (10).

Step 8: Combine the basic probability assignments con-
tained in M(fig(ar)/Er(a,)) using the basic factor combi-
nation algorithm described by (17), generating the overall
probability assignments for evaluation of fiz(ar). Let g =
g+1LIfg<c,gotostep7.If g > ¢, let!l={—1and
g = 1 and go to step 9.

Step9: If Il = 0, go to step 11. Otherwise, calculate
the intermediate probability assignments for evaluation of
fig(ar) at level ! through factors Fiyi(a,) at level (I +
1) by using the formula (46), resulting in the intermediate
probability assignment matrix M (fis(a,)/Fi+1(ar)) defined
by (47).

Step 10: Combine the intermediate probability assign-
ments contained in M (fi4(ar)/1+1(ar)) using the hierarchical
factor propagation algorithm described by (48), generating the
overall probability assignments for evaluation of fi4(a,). Let
g=g+1IMfg<c,gotostep9. Hg>c,letli=101-1
and g = 1 and then go to step 9.

Step 11: Calculate the intermediate probability assign-
ments for evaluation of yx(a,) through factors Fi;i(a,) at
level (I + 1) by using the formula (36), resulting in the inter-
mediate probability assignment matrix M (yx(a.)/Fiy1(a.))
defined by (37).

Step 12: Combine the intermediate probability assign-
ments contained in M(yx(ar)/Fi+1(ar)) using the composite
factor combination algorithm described by (38), generating
the overall probability assignments for evaluation of yi(a,).
ork = p(yr(ar)) is then calculated using the formula (42).

Step 13: Letr =r+1.Ifr <R, let | = L and then go to
step 5. If r > Rand k < k; + kg, letk=k+1and r =1 and
then go to step 4. If r > R and k > k; + k2, go to step 14.

Step 14:  Construct the evaluation matrix as shown
in Table IV.

Step 15: Based on Table 1V, rank the alternative designs
using an appropriate traditional MADM approach such as the
CODASID method, the TOPSIS method, or perhaps the simple
weighting method.
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IV. HIERARCHICAL ANALYSIS
FOR A HYBRID MADM PROBLEM

A. Problem Description

A customer intends to buy a motor cycle. There are four
types of motor cycle available for selection, and these are
“Kawasaki,” “Yamaha,” “Honda” and “BMW”. The technical
and economical performance attributes of the four types of
motor cycle are also available {10]. These are represented by
either numerical values with appropriate units or subjective
judgments with uncertainty.

The customer takes into account seven of the performance
attributes, including both qualitative and quantitative ones.
These seven attributes are described in Table V. The numerical
values of the quantitative attributes and the uncertain subjec-
tive judgments for evaluation of the qualitative attributes are
discussed in [10]. .

The uncertain subjective judgments listed in Table V are
represented in a compact form. They can also be expressed
using tables such as Table II or statements such as statements
i>, ii> and iii> listed in subsection ILA. In [24], a simplified
version of a similar problem is discussed without considering
a hierarchical structure.

To quantify the qualitative attributes, a possible approach
could be based on the simple weighting technique, which
has often been used by practitioners due to its simplicity. In
such a method, there might be two procedures to deal with
the hierarchical subjective evaluations. Firstly, basic factors
such as responsiveness, fuel economy, quietness, vibration and
starting could be used as measures to replace a qualitative
attribute such as engine. The overall weight of a basic factor
could be obtained from top to bottom. For instance, sup-
pose the weight of engine is ws and the relative weight of
responsiveness among the five basic factors associated with
engine is (3. Then, the overall weight of responsiveness could
be calculated by ws x (3. The subjective judgments about
the state of each alternative on every basic factor can be
quantified using (7). Thus, the extended decision matrix could
be transformed into a traditional decision matrix where the
three qualitative attributes are replaced by the nineteen basic
factors.

Secondly, each subjective judgment for the evaluation of an
alternative on a basic factor can be quantified using (7). Then,
the obtained numerical values for the basic factors associated
with an upper level factor (or an attribute) could be weighted
and summed up to generate a numerical value for evaluation
of the upper level factor. In this way, each qualitative attribute
could be measured by a numerical value obtained from bottom
upwards. The extended decision matrix is thus transformed
into a traditional decision matrix where the three qualitative
attributes become quantitative ones.

As the two procedures discussed above are based upon the
simple weighting technique, however, they inherently suffer
from the same disadvantages as mentioned in subsection IIL.D.
It is therefore advisable to be cautious in adopting such
procedures for the quantification. This section is intended to
illustrate how to use the new general evaluation process to deal
with this hybrid decision making problem with uncertainty by
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means of hierarchical factor analysis, evidential reasoning and
alternative ranking.

B. Preference Weight Assignment

As Table V shows that no single motor cycle type dominates
or is dominated by the other types, the customer needs to pro-
vide his preference information about the relative importance
of the seven attributes. He uses a ten-point scale to estimate
the relative importance. The weights of the seven attributes
are estimated to be as follows

W = [0 @2 3 g 5 D6 D7] =[95777747
W is then normalized by
7
W=W/> in
n=1

= [0.1957 0.1087 0.1522 0.1522 0.1522 0.1522 0.087|T

To implement the hierarchical evaluation process, the nor-
malized relative weights of factors at a single level for
evaluation of an upper level factor or attribute are also
required. The eigenvector method [9], [14] is used to generate
the relative weights. In this example, 6 is chosen to be 0.03 as
“over 97 percent sure” is regarded to be equivalent to “almost
certain”. All priority coefficients can thus be set to be 0.9, that
is, a5 = ag = ag1 = a2 = ags = ay = 0.9. The relative
weights of the factors are thus given by

¢s = [0.222 0.333 0.111 0.111 0.222]T,
Xs = as5(s/¢2 =[0.6 0.9 0.3 0.3 0.6]7
s = [0.5 0.167 0.333]7,
Xe = (/¢ = [0.9 0.301 0.599]7
Ce1 = [0.333 0.111 0.333 0.222]T,
de1 = ag161/C = [0.9 0.3 0.9 0.6]7
Ce2 = [0.5 0.5,
X6z = 62(62/¢d2[0.9 0.9]7
Ce3 = [0.5 0.25 0.25],
Aes = 3e3/Cas = [0.9 0.45 0.45]7
¢7 = [0.375 0.25 0.125 0.125 0.125]7,
A = arlr/¢F =[0.9 0.6 0.3 0.3 0.3]7

C. Hierarchical Evaluation Analysis
in Table V. Three basic factor sets Es, Eg and E; for
evaluation of ys,ye and y; are defined by
Ey = {eéegegegeg} = {responsiveness, fuel economy
quietness, vibration, starting}
Es = {E11E12E13} = {eéeée%eéegegegegeg}
= {steering, bumpy bends, maneuverability, top speed
stability, clutch operation, gearbox operation, stopping
power braking, stability, feel at control}
E; = {e%e%e?ef,e?}

= {quality of finish, seat comfort, headlight, mirrors, horn}
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TABLE V
AN EXTENTED DECISION MATRIX OF FOUR TYPES OF MoTOR CYCLE
units or factors types of motor cycle (alternatives)
types definition
of of composite basic Kawasaki | Yamaha | Honda BMW
attributes attributes factors factors @y (ay) (as) (a4)
price (y7) pounds 5499 5199 6199 | 8220
. [ displacement (yp) pos 1052 1188 998 %7
quantitative Tange 0'a) miles 175 160 170 200
wop speed () mph 160 1:)53 160 145
responsiveness G03) .
Py EO8) | Fos | GO0 | 100
fuel economy 1(0.5)
o AQ0) | 10.0) é 09 | Eao
. quictness 700.5) )
engine (y5) €D 109 | 400 | Fo3) | EA0
vibration s G (0.5)
eh GO | 100 | o3 | PAO
starting A(0.6)
€5 610 | g3 | 600 | 400
“fé";g E©9 | ¢ao | A0.0) | A0S
bumpy bends A0 [ G G(©03) | P(0.5)
handling (f 1) €?) G(0.5) D1 E©1) | 105
11 T
“‘"‘e‘(’;’?)‘b""y AQ0) | EQ9) | 110) | P(1LO)
top s"z"g‘)“"“i‘y EQ0) | 6o | 6ao gggﬁ;
qualitative | operation (7g) °‘“‘°“(es ) sion | 408 | Ga.0) | E085) /"((%?)
transmission (f 12) - -
gearbox tion | A(0.5) 1(0.5)
e G035 | 403 | Ea® | POO)
stopping power A(03)
il 610 | Gioe | 608 | EG0
bkes (1) | PRRE I [ G0 1 6a0) | Go | £00
feel at control G0.5) G (0.5)
) PO | po3) | G0 | E@3)
quality of finish P(0.5) G@©5)
e 105 | €O | EQO | pqs)
seat comfort G(0.5)
oh G(I.Q) 505 | 60O | EQ0
general (y7) “";::3‘?‘ G0 | AQLO) | EQLO) g((g_g))
‘mirrors A05) | COS)
eh Gos) | E@s) | EA0 | GO
hom G(05)
oh AQ0) | 60 | Fo3 | EQO

(The evaluation grades for qualitative attributes are defined as P (B) — poor, I (B) — indif ferent, A(B) —

average , G (B) — good and E (B) — excellent where P represents confidence degree [10])

where Ei1(a), E12(a) and E;3(a) are defined by

Ei1(a) = {eéegegeé},Em(a) = {egeg},Em(a) = {egegeg}

The factors E1;(a), E12(a) and Ey3(a) in Eg are aggregated

into the three mutually comparable factors handling (fi1),
transmission ( f12) and brakes ( f13), which are closely associ-
ated with evaluation of the attribute operation. The composite

factor set Fj(a) is thus defined by

Fi(a) = {fu(a)fi2(a) fi3(a)}

= {handling, transmission, brakes}
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In reference [10], the same set of evaluation grades was used
for evaluation of the three qualitative attributes, as defined by
(4). In (4), five distinct evaluation grades are involved. The
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¥(a) Attribute level

r=1,..,4

Evaluation grade level

Composite factor level

Evaluation grade level

Basic factor level

Fig. 6. The general evaluation analysis for the motor cycle evaluation problem.

TABLE VI TABLE VIII
PROBABILITY ASSIGNMENTS FOR f11(a1) PROBABILITY ASSIGNMENTS FOR fi3(ai1)
i . - aluation grade:
basic probability evaluation grades basic probability evaluation grades
assignments (BxA) | P 1®) AP G@) E® assignments (BAé) [ P(®) 1@ A® G® EP)
ed 0.81 el 0.9
e? 0.15 0.15 factors ed 0.225 | 0.225
factors
el 0.9 el | 045
" .
< 06 as‘s‘;:r::‘t’:b'l"(y | 0053 | 0000 | 0000 | 0855 | 0.027
t ili my3(a,
total probability 1 o 400 | 0,000 | 0455 | 0.000 | 0.496
assignments m}, (a,)
TABLE IX
TABLE VI PROBABILITY ASSIGNMENTS FOR Yo (@1)
PROBABILITY ASSIGNMENTS FOR fi2(ai) evaluation grades
probability
. s evaluation grade .
basic probability v s assignments (m%:@)x\) | P@® | I®) | A®) | G® | E®
assignments (3a4) | P®) | /B | A® | ¢® | E® fu@) 041 | 0.008 | 0446
. 65 0.72 factors £ 12(ay) 0.232 | 0.056
factors
o o | o fusay) | 0.032 0512 | 0.016
oy total probability
tal b 0.007 | 0.000 [ 042 | 0.143 | 0.333
total probability 1 ¢ 000 | 0.000 | 0772 | 0.186 | 0.000 assignments m3(a,)
assignments m7,(a,)
preference degree p¢ 0.383

general hierarchical analysis model for evaluation of the three
qualitative attributes may then be depicted as in Fig.6.

The customer estimates the following scales
H,(n =1,...,N), that is

p{H} = [p(H1) - p(Hs)]T = [-1 - 0.400.41)7

p(Hn)(n = 1,...,5) assigned above satisfy the basic condi-
tions defined by (3) and also the consistency test defined by (8).

Each of the preference degrees, prx = p(yx(ar)), (k =
5,6,7;r =1,...,4), is obtained following the steps listed in
subsection IIL.D. The basic probability assignments are gen-
erated from the confidence degrees given in Table V and the

for

normalized weights listed in subsection IV.B. The calculation
procedure for generating the preference degree for evaluation
and quantification of the operation (yg) of “Kawasaki”(a1) is
demonstrated by Tables VI to IX. The completed hierarchical
evaluation analysis model for evaluating the operation of
“Kawasaki” is shown in Fig. 7.

D. Alternative Ranking

The states of the three qualitative attributes yx{k = 5,6,7)
at each of the four types of motor cycle a.(r = 1,...,4) are
therefore evaluated and quantified by their preference degrees.
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Fig. 7. The completed hierarchical evaluation analysis model for evaluating the operation of Kawasaki.

TABLE X
THE EVALUATION MATRIX

ference

p':e;:es pod | 200 | po9 | p0d | oo | p00 [ pon
- 0139 | 0.353 | 0250 | 1000 | 0.117 | 0383 | -0353
o | 1000 | 1000 | -1.000 | 0.333 | 0237 | 0397 | 0403
- 0338 | -0.891 | -0.500 | 1.000 | 0097 | 0.028 | 0940
= ~1.000 | -1.000 | 1.000 | -1.000 | 0.692 | 0352 | 0811

The quantification may be regarded as the transformation of
the subjective judgments with uncertainty into the preference
degree space defined by [-1 1]. The four quantitative attributes
yr(k =1,...,4) are incommensurate and are also transformed
into the preference degree space using (60) for y;,ys and yq4
and (61) for ;. Table X shows the evaluation matrix obtained
by evaluation and quantification of the qualitative attributes
and by transformation of the quantitative attributes.

Based on Table X, the candidate motor cycles are then
ranked using a MADM method. Using the CODASID method,
we can obtain the following utility values for the four alter-
natives as follows

[u!(a1)ut (a2)u (a3)u'(aq)]T = [0.7570.9400.7310.000]7

The preference order of the four types of motor cycle is
therefore given by

az > a1 > a3 > Q4

Hence, “Yamaha” is evaluated to be the best compromise
choice in this instance by the customer based on Table V as

it is the cheapest, its operation the best and its displacement
the largest.

Implementing the TOPSIS method results in the following
utility values

[u?(a1) u*(a2) u?(as) u?(aq)]”

= [0.56320.56340.5281 0.4259]7

Thus, “Yamaha” is still ranked to be the best although in this
case the utility value of “Kawasaki” is nearly the same as that
of “Yamaha” and direct compensation is assumed.

The simple weighting method is also used to generate the
following utility values

[u3(a1) v*(az2) v®(as)u® (aq))”

= [0.56320.558 0.4589 0.3827]7

where the attribute values in Table X are normalized so that
the best value of an attribute is transformed to 1 and the worst
to 0. In this case, “Kawasaki” is evaluated to be slightly better
than “Yamaha”. However, the difference between the utility
values of “Kawasaki” and *“Yamaha” is negligible. This means
that the weighting method does not differentiate between the
two alternatives significantly. Moreover, the three assumptions
associated with the method are made implicitly.

V. CONCLUDING REMARKS

The general evaluation process developed in this paper is
capable of dealing with a hybrid multiple attribute decision
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making problem with uncertainty, in which a qualitative at-
tribute may be evaluated using uncertain subjective judgments
given by single or multiple experts through detailed factors
possibly with a multi-level structure.

This process is basically composed of two main steps
for information transformation, aggregation and synthesis. In
the first step, a framework is explored for evaluating and
quantifying the qualitative attributes of the problem by means
of hierarchical factor analysis and evidential reasoning. The
new evaluation analysis models and the factor combination
and propagation algorithms developed within the framework
have extended the evidential reasoning approach of [24] and
can be used to handle any rational uncertain subjective data
within the evidential reasoning framework. The second main
step consists of applying a traditional MADM method to rank
alternative designs or to select the best compromise design
with both quantitative and qualitative attributes being simulta-
neously considered. The hierarchical evaluation analysis for
the multiple attribute motor c¢ycle evaluation problem has
demonstrated the application of the new process.

It may be noted, however, that the exact values of the
confidence degrees are given in the uncertain judgments for
evaluation of the qualitative attributes. To acquire such un-
certain decision knowledge, however, considerable expertise
in the problem domain is required and certain techniques for
assigning subjective probability need to be used as well {10].
In some decision situations, uncertainty may be associated
with the quantitative data as well as the qualitative judgments.
Furthermore, a hybrid decision problem with uncertainty may
not be adequately represented by a well-structured extended
decision matrix. For instance, feasible alternative designs may
be implicitly represented by nonlinear (often non-convex and
maybe discrete) multiple objective optimization problems [3],
(15}, [16], [17], [22], 23], [27], or by non-mathematical
models using such devices as knowledge-based systems [7],
[17], [19], [20]. More effort is therefore required in future
research to apply this new process to deal with such decision
problems with uncertainty.
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