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A generalized, computationally tractable fluid model for capturing the effects of neutral particles in
plasmas is derived. The model derivation begins with Boltzmann equations for singly charged ions,
electrons, and a single neutral species. Electron-impact ionization, radiative recombination, and
resonant charge exchange reactions are included. Moments of the reaction collision terms are
detailed. Moments of the Boltzmann equations for electron, ion, and neutral species are combined
to yield a two-component plasma-neutral fluid model. Separate density, momentum, and energy
equations, each including reaction transfer terms, are produced for the plasma and neutral
equations. The required closures for the plasma-neutral model are discussed. © 2012 American
Institute of Physics. [http://dx.doi.org/10.1063/1.4736975]

I. INTRODUCTION

A plasma-neutral model is developed in which, essen-
tially, a single-fluid magnetohydrodynamic (MHD) plasma
reacts and interacts with a gasdynamic neutral fluid. The
model accounts for electron-impact ionization, radiative
recombination, and resonant charge exchange (CX)
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The plasma-neutral model is derived from the ion, electron,
and neutral species Boltzmann equations using the same basic
approach as Braginskii,' except that a neutral species is
included, species conversion (due to ionization, recombina-
tion, and CX) is allowed, and related effects on mass, momen-
tum, and energy equations are captured. Single ionization and
overall charge neutrality are assumed, and electron mass is
neglected. Only one type of atom, along with its associated
ion, is considered. The model allows separate densities, tem-
peratures, and velocities for the plasma and neutral fluids. An
optically thin plasma is assumed, so that radiation energy due
to atomic physics effects, such as de-excitation energy associ-
ated with radiative recombination, is lost from the system. To
simplify the model, excited states are not tracked. Instead, an
effective ionization potential, ¢,,,, is assumed. This potential
includes the electron binding energy plus the excitation energy
that is expended (on average) for each ionization event.
Background information and motivation for this research
is presented in Sec. II. The model derivation is given in
Sec. I1I. The derivation is split into four subsections. Moments
of the collision operators are presented in Sec. III A. Mass,
momentum, and energy equations are derived for ion, electron,
and neutral fluids in Sec. III B. These equations are reduced to
a two-component plasma-neutral model in Sec. III C. Finally,
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in Sec. IIID, the closures required for the plasma-neutral
model are discussed. Although some specific closure options
are presented, general closure remains a topic of future
research. In Sec. IV, conclusions are drawn.

Il. BACKGROUND AND MOTIVATION

In a seminal 1965 paper, Braginskii' derives plasma
fluid equations by taking moments of ion and electron Boltz-
mann equations and closes the model by using the Chapman-
Enskog successive-approximation method to determine the
local distribution function. Braginskii’s 1965 paper includes
a “multicomponent plasma” model; his model treats the
plasma and neutral as a combined fluid and does not allow
for reactions between species and associated species conver-
sion. For a strongly collisional plasma-neutral mixture, the
combined-fluid approach of Braginskii is convenient.

Several models have been developed to simulate the inter-
action of the solar wind with the local interstellar medium, as
discussed in the review by Zank.? Pauls er al.* describe a non-
linear two-component hydrogen ion-neutral model that meticu-
lously accounts for CX between hydrogen ions and neutrals,
but no other reactions are included. An electron species is not
evolved, and electromagnetic fields are neglected. Closure is
handled by assuming Maxwellian fluids. Baranov and
Malama® present a steady state model that uses a Monte Carlo
approach for handling collision integrals. Recently, a linear
two-component plasma-neutral model, but without reactions
and associated species conversion, is presented by Zaqarashvili
et al.? for astrophysical plasma applications.

A variety of simulation tools have been developed to
understand and predict behavior of edge plasmas in toka-
maks and other fusion-grade plasmas. Two leading exam-
ples are UEDGE®® and B2.”'° These codes are based on a
fluid description and are often coupled to Monte Carlo neu-
tral transport codes such as DEGAS 2'' and EIRENE.'?
Also, to determine turbulent transport, these 2D codes are
sometimes coupled to 3D fluid codes. For example, UEDGE
has been coupled to the turbulent transport code, BOUT."
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Furthermore, these codes have been developed to treat im-
purity effects. Izzo et al.'*'> have developed an extension
of the 3D NIMROD code called NIMRAD to model massive
injection of impurity gas, which is used to quench tokamak
disruptions. 0D and 1D models have been developed by
You'® to model refueling physics in tokamak-like devices.

A model proposed by Helander ef al.,'” again aimed at
magnetic fusion applications, uses a fluid moment approach
similar to Braginskii to derive a combined-fluid ion-neutral
model. (The electron fluid is not included in the analysis by
Helander et al. In an implementation of this model, an elec-
tron fluid equation would be either solved separately or
included with the ion fluid.) The neutral and ion distribution
functions are assumed to be strongly coupled via CX, and a
detailed description of the related closures is given.

The development of models for partially ionized gas has
primarily focused on specific problems like tokamak edge
physics or the interaction of the solar wind with the helio-
pause. A model suitable for capturing the primary fluid
effects of ionization, recombination, and charge exchange in
a variety of plasma science problems is not described in liter-
ature. Such a model is the objective of the research presented
here.

lll. PLASMA-NEUTRAL MODEL DERIVATION

This derivation is split into four parts: in Sec. III A, the
required integrals of the collision operators are detailed; in
Sec. III B, the three-component electron-ion-neutral model is
described; in Sec. IIIC, the three-component model is
reduced to the two-component plasma-neutral model; finally,
in Sec. IIID, closure of the plasma-neutral model is
discussed.

The Boltzmann equation for species « is
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where the subscript of the collision operators, C5 %",
refers to the species affected by the term, and the superscript
refers to the scattering or reacting collision type. The scatter-
ing collisions are elastic. The reactions can be thought of as
inelastic collisions (except for resonant CX, in which case
the initial and final quantum states are degenerate). All of the
relevant collisions may be summarized as
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where contributions are to ion, electron, and neutral (i, e, and
n) species due to scattering collisions—ion-ion, ion-electron,
ion-neutral, electron-electron, electron-neutral, and neutral-
neutral (i, ie, in, ee, en, nn)—and reacting collisions—ioniza-
tion, recombination, and CX (ion, rec, cx). The plasma-neutral
model is derived from Eq. (2) using the same basic approach
as Braginskii,! except that a neutral species is included, spe-
cies conversion (due to ionization, recombination, and CX) is
allowed, and related effects on mass, momentum, and energy
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equations are captured assuming reacting Maxwellian popula-
tions. As discussed in Sec. III D, closure of the model is
achieved by adopting the results of earlier work"'® that
applied the Chapman-Enskog successive-approximation
approach to determine local ion, electron, and neutral distribu-
tion functions.

A. Moments of collision operators

For the purposes of this derivation, specific forms of the
scattering collision operators are not needed. The electron-
impact ionization, radiative recombination, and resonant CX
collision operators are

C = —fnjfe(fmnvm/dv, @)
cyr=cpr :fnjfgamvrezdv, (5)

Cr = —J%Jﬁamvmzdv, (6)

C = —ﬁjﬁmmvrddv, 7)
cree="ep, Jﬁarecvreldv + % f,-J FoGrecvradv,  (8)
Co* = f”J OexVrelfidV — f,-J GexVrelfndV, 9)

and

C;‘ = ﬂﬁj O-cxvrelfndv - ﬂfnJ\ chvrelﬁ'dv~ (10)
m m

n n

Here, v, is the relative speed of the colliding particles. The
ionization and recombination cross-sections are assumed to
be functions of only the random component of the electron
particle velocity. As discussed by Ripken and Fahr,'’ the
form of the resonant CX collision operator is attributable to
the fact that the initial and final quantum mechanical states
have identical energy. The CX cross section is assumed to be
a function of a representative collision velocity as discussed
below.

A Maxwellian form for f, is assumed—f, = n,

(nv%a)ﬁ/ 2e~(v=v’/M. where n, is the species number den-
sity, v is the velocity, and v,, is the species bulk velocity. The
species thermal velocity is vy, = \/2kT,/m,, where T, is the
species temperature and k is the Boltzmann constant. The
random velocity is defined as w = v — v,.

0™, 1%, and 2™ moments of the reaction collision opera-
tors are derived next. A summary of results is provided fol-
lowing the moment derivations.

As noted in Sec. II, Pauls et al.? describe these moments
for resonant CX but not for electron-impact ionization and
radiative recombination. In the model proposed by Helander
et al.,'”” moments of the ionization and recombination colli-
sion operators are shown without supporting details.
Moments of the CX operator are not necessary in the
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combined-fluid formulation of Helander et al. The
UEDGE®® and B2%'° codes can rely on Monte Carlo calcu-
lations to include the effects of reaction collisions or use
fluid models for flows parallel to the magnetic field to
account for momentum and energy exchange due to ioniza-
tion, recombination, and CX (though, for CX, only the direct
transfer of momentum between ion and neutral fluids, as dis-
cussed below, is included).

1. 0" moments—( Cscat-react. gy
o

Scattering has no 0 moment effect.
For the 0™ moment effect of ionization on the neutral
species, the required integral of Eq. (4) is

JCﬁf”dV = —J fn(v’)J Fo(¥)Gion(Vret)Vrerdvay' . (11)

Consider the inner integral over electron particle velocity
space. The Maxwellian electron distribution is a function of
the random velocity, w = v — v,. The relative velocity is
Vyer = |V — V/|. Assuming that the electron thermal speed is
high compared to the relative fluid flow speed, |v, — v, |, and
the neutral thermal speed, the relative velocity in the ionizing
collisions is v, = w, where w = |w|. The inner integral is
then

Jﬁ(ﬂawﬂvmﬂWdeﬁfjﬁﬁWUwAMOWdWI=”JGwMQ%
(12)

where (-) refers to the statistical average over velocity space,
and (g;,,V.) is the ionization rate parameter with units of vol-
ume per time. As discussed in Sec. IIID, (o;,,v.) is parame-
terized in terms of T,. The entire integral is now

JCL"”dV ~ FZ’" = —Jﬁz(v’)m(amvg)civ' = —n,n, (GipnVe),
(13)

where the notation, l"’f“"", is introduced for source rates due
to a given reaction collision (react.) affecting species o.
Using a similar procedure, the ionization contribution to the
ion species is found to be [ Ci"dv ~ " = —I"". The ioni-
zation contribution to the electron species is identical,
fCé"”dV e Fi,"” = 1";‘”’. Only F;:”” will be used to refer to
ionization source rates for the ion, neutral, and electron spe-
cies. Appropriate substitutions will be made based on
r‘l()(}n — _r‘il()}’l — r*;on.

For recombination, again assuming high electron ther-
mal speed compared to the relative bulk fluid flow speed,
[v. — v;|, and the ion thermal speed,

checdv ~ r;~gc = —l’line<o-l‘ecve>' (14)

The quantity {(o,..v,) is the recombination rate parameter. As
discussed in Sec. IMID, (6, V) is parameterized in terms
of T,. The 0™ moment recombination contribution to the
electron and neutral species are [ C,“dv ~ I')* = T'/* and
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[ Crecdv ~ T¢¢ = —T'“. Substitutions will be made, so that
only I'/*“ will be used to refer to recombination source rates.

It is intuitively obvious that CX does not result in a net
change of total electron, ion, or neutral populations. How-
ever, understanding the details of the CX collision term is
important for higher moments and so the 0™ moment is
examined now. Following Paul et al.,3 C¢*, given by Eq. (9),
can be accurately approximated as

Ci* & oea(Vinify = Vi), (15)

where v} = vr,\/4/7 + x2. Here, x = |V — V,|/vry. After an
additional approximation (resulting in a total worst-case
error on the order of a few percent), the 0™ moment integra-
tion of the first term of Eq. (15) yields

Jo-(fxv?nifndv ~ ch(vcx)ninnvm'a (16)

where a representative speed for the CX interaction, V., is
defined as

4 4
er = \/nv%i +;v%‘n + Vizn’ (17)

where v2 = |v; — V,1|2. Note that o, is evaluated at V. The
steps required to arrive at Egs. (15) and (16) are detailed in
the dissertation by Meier,20 which also discusses formulas
for the dependence of o, on velocity for hydrogenic species.
It is useful to define the quantity

ch = ch(vcx)ninn ch~ (18)

Now it is clear that [C&fdv~T“—-T“=0 and
fC;de ~ m;/m,(I'" —T'") =0.

2. 1° moments—|m,vCZeat-react. gy

For scattering collisions affecting species «, 1 moments
are [ m,vCy“dv. Splitting the particle velocity into bulk
and random components, v = v, + W,

Jmava‘“"dv = mavaJ C"dv + mxij“;C“"dV. (19)

The first term on the right is zero. The second term is the
frictional force,

Ry = mJ WCdy. (20)

Approximations of frictional forces between ions and elec-
trons are presented by Braginskii.' Frictional forces between
charged species (ions and electrons) and the neutral species
are presented in the three-component and two-component
models of Secs. III B and III C, but in the closures discussed
in Sec. III D, these terms are assumed to be negligible.

The effect of ionization on the ion species is found by
taking the 1* moment of Eq. (5),
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Jmiva""dV = Jm,-vf,l (V)J Fo(V)GionVrerdv'dv. (21)

Using the earlier result of Eq. (12) for the inner integral and
splitting the neutral particle velocity into bulk and random
components, v =V, + W,

Jm,-vc;i""dv ~ mv, ", (22)

(Note that the integral of the odd function that arises in the
preceding integral, and in several following integrals, van-
ishes.) Similarly, the 1* moment contributions of ionization
to the electron and neutral species are meVCi,""dv
~ m,v, T, and [ m,vC"dv ~ —m,v,T"".

1* moment contributions of recombination to the ion,
electron, and neutral species are fnzﬂCf“’dv ~ —mvile,
[ mevCieedv &= —mv, I, and [ mvCreedv ~ (mpv;
+mev ).

For CX, the 1° moment contribution to the ion species
is

ijvCl‘-""dv ~ m,-a(,xjv(n,-v;‘fn — nvif;)dv
= MOy (nian Vifudv + nijwvi*f,,dv

- I’l"V[J vifidv — nnJ wv,ﬁﬁdv)

=m;(v, — v;)) [
+ Mmooy <n,—JWV?fndV — nnjwv;‘f,-dv> . (23)

The final two terms in the last line of Eq. (23) represent the
frictional transfer of momentum, Rf = m;o.n; fwv;‘fndv
and R = mia.n, [ wvifidv. As found by Pauls et al? (and
detailed by Meier®”), appropriate approximations for these
frictional forces are

2 4 5 2 o , e
RIC; ~ _miJCX(V(‘X)ninnViann |:4 (; v+ Vin) + ZVTn:|

(24)

and

4 91 -2
R ~ m,—a(.X(V(.X)n,-n,,v,-,,v%i [4 <— v%n + v?n) + Zv%i] )
T

(25)

Thus, the 1** moment CX contribution to the ion species is

(26)

ijvaxdv ~ mi(vy, — vi) I + R — R

The neutral species CX contribution has the same magnitude,

but the opposite sign, [m,vC&dv = — [mvCidv =~ m;
(vi — V)T + R — R

The 1* moment terms involving reaction rates (I",")

times velocities represent the direct transfer of momentum

due to bulk fluid effects. The terms R{" and R represent the
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“frictional” drag forces due to charge exchange and are anal-
ogous to the frictional drag force acting on electrons and rep-
resented by 7j in the generalized Ohm’s law (see Secs. III C
and III D). Such frictional terms do not arise for ionization
and recombination because, for those reactions, the electron
thermal speed is assumed to be much faster than the relative
particle motion.

3. 2" moments—|[ } m,v?Cgeat-react. gy

For scattering collisions between species o and f3, 2"
moments are [ $m,v*C5“ dv. Splitting the particle velocity
into bulk and random components, v = v, + W,

1 . : 1 :
Jimavzci“”‘dv = myvy - R + EmaJWZC‘;"”‘dV, (27)

where the first term, involving the frictional force (already
discussed), represents conversion of kinetic to thermal
energy, i.e., frictional heating. The second term,

NS

Qicat = maJ W2 Cx;('at.dv7 (28)

is called “heat generation” by Braginskii (c¢f. discussion on
p. 232 of Braginskii'). Because 03 is more accurately
described as an inter-species exchange of energy, this term
will be referred to as “heat exchange.” The approach of Bra-
ginskii' may be followed for the terms in Eq. (27) corre-
sponding to ion-electron scattering. Equation (27) also
describes charged-neutral (i.e., ion-neutral and electron-neu-
tral) scattering collisions. Ion-electron and charged-neutral
2"! moment terms are presented in the three-component
model of Sec. IIIB. The ion-electron terms cancel in the
reduction of the three-component model to the two-
component model of Sec. IIIC. As discussed in Sec. III D,
the charged-neutral terms can often (but certainly not
always) be neglected.

The 2™ moment of Cio", after again using Eq. (12) for
the integral over electron velocity space, is

1 . 1 1
Jimiszﬁ""dVzm’n@<°—"0’7v€> <§vﬁjfndv+§Jw2fndv> . (29)
The first term on the right is related to the 0™ moment. The
second term is easily evaluated in spherical coordinates.
Inserting the Maxwellian form for f,, the integral is

3
szf,,dv = Ennv%n, (30)
Eq. (29) is now
1 A ; Tion 3
Jim[vzqondv ~ Z:—n# (m,,v,zl + zm,,v%”> . 3D

Using the definition of vr,, the two terms on the right can be
identified as transfer of kinetic energy and internal energy.
Defining Q," = " 3kT,, the equation for the 2" moment
of Ci"" can be expressed as
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1 2 ~ion mi ion 1 2 ion
—my-Cdv = — | I —m,v, + 0" |. (32)
2 m, 2
Similarly,
1 2 ~ion me ion 1 2 ion ion
—m v C"dv =~ — | " —m,v; + QO — T ipns (33)
2 e mn 1 2 n n 1

where the effective ionization energy is extracted, and

1 - 1 ,
Jim,,szjf"dV ~— (F;"” Em,,vfl + Q;"”) . (34)

The 2™ moment of C}* is

1 o o 1 e
Jim,-v2C}"‘dv ~— (F;j‘ im,-vl»2 + Qﬁ“) ; (35)

where Q7 = I 3kT;. The 2"* moment of C*° is

1 1
J’EmevzczudV = — 5 mMen; <V£2,erarecvreldv

+ szﬂal'e(rvl'eldv) . (36)

Here, the usual high electron thermal speed assumption is
made. The product g,..v,; is assumed to be independent of
ion velocity and is extracted from the inner integral of Eq.
(6). The inner integral yields the ion density, n;, which is

2 2

1 1
22
=I"—m(v; —vi)+v, R —v; Ry +—0a.m;

2 2

The last term in Eq. (40) represents transfers of random
thermal  energy, Q5 = %amm,- fwz nvif,dv  and
< =Lg.m; [wn,vifidv. As found by Pauls et al.’ (and

detailed by Meier®®), appropriate approximations of these
thermal energy transfers are

_ 3, [4, o4
Q:,),( ~ O-cx(vcx)mininn Z V%n \/; v%‘i + % v%n + vizn (41)

and

. 3 4 64
05 = 0ex(Ver)mininy, 7 v%i \/; Vi o+ on vi 4+ (42)

Equation (39) can now be written

ni*

1 : ! < . . .
Jim,‘VZC;XdV ~ F‘XEmi (V2 =) 4V, RS —v; R+ 0% — QO

(43)
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seen in Eq. (36). The first term on the right side of Eq. (36)
represents transfer of kinetic energy; the integral over elec-
tron velocity space gives n.(g,..v.) just as seen for the o®
moment in Eq. (14). The second term, representing conver-
sion of electron thermal energy, involves the integral
[f.0,ecw?dv. Whereas the 0™ moment integral [f,a,..wdv
results in 7, (G,ec Ve ), Where (G,..v,) is parameterized in terms
of T,, a convenient parameterization for the integral
f .G reew’dv in Eq. (36) is not immediately available because
an additional factor of w? is entangled in the integral. For
further discussion, see Sec. IIID. Defining Q) =1 /2m,n;
[fo0recwdv,

1 : el :
Jimevzc’e“dv =— (r;;’c 5 Meve + Q;“). 37)

The 2™! moment of C"¢ is

1 . e
mensz;“dv ~ I (

1 . or
5 fm,-v? + mgvg) + 0“4+ 0.

2 2
(38)

The 2" moment contribution of CX to the ion species is

1 . 1
JEminCEXdV R~ Em,-acxjvz(vi*niﬁz — Vingfi)dv, (39)

which after expanding the velocities into fluid and random
velocities, is

1 ’ 1 1 1
J—m,-VZCf“‘dv R MOy (Enivijv}‘ﬁ,dv — —n,,vl-sz,’;fidv 4+ niv, - Jwv;‘f,,dv — NyVi - Jwv:f,»dv + Esz(n,»vff,, — nnvzﬁ)dv)

sz (nvify — nyvifi)av. (40)

The 2™ moment of C** is

1 . L "
Jimnsz;‘dv ~ I"”Em,-(v,-z —v?) —v,-R¥

iR - 05+ O (44)

ni

4. Summary of reaction collision operator integrals

Summarizing for the oM moment,

JCZde ~ rﬁon’ JC;OndV ~ r§0n7 JC:';mdv ~ _l—éon
J C?ee(dv ~ _l—*;;e(r’ che(dv ~ _1";;(’,1," J\C:leldv ~ r*;;e(r (45)
Jc?‘dv ~ T - T =, Jc,ffdv ~ T — T = 0.

Summarizing for the 1*" moment,
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mevCdv = —mev, I, Jm;ijf“dV ~

Summarizing for the 2" moment,

1 .
Emesz’:"dV

1 .
Em,-szj”"dV ~ (
1 2 ~ion

> MV Clldv ~

1 o
zmisz;“dv =

1 .
Emnsz;,“dV ~ I

1 " L1
—mp?Cdv ~ F”E

3 (vz—v

m;(v: — v?

1 N N
Emnv2c;3dv R TS m

B. Three-component electron-ion-neutral model

The next step toward the two-component plasma-neutral
equations is to compose the three-fluid electron-ion-neutral
model, which is a generalization of the two-fluid plasma
model*"** to include reacting neutrals. Using the expressions
for moments of the reaction collision operators summarized
in Sec. Il A and taking moments of Eq. (2) (closely follow-
ing the approach of Braginskii'), the following continuity,
momentum, and energy equations are derived for the ion,
electron, and neutral species.

1. Continuity

on; , )
MLV (mvi) = T — e, (48)
ot
on, - o
LV (neve) = T 7 (49)
ot
on, ” -
M LN (gvy) = T7EC — Ton, (50)
ot
2. Momentum
0
Y (minivi) + 'V - (minviv; + IP;)
= qini(E +v; x B) + R¥ + R" + T""m,v,,
—I"myv; + IT'“mi(v, — vi) + RS, — R, (51)

mvCdv ~ m;(v, — vi) I'“ + RS — R“‘Jmn Crdv ~ mj(v;

1 o e 1
Emgsz’e“dV - (Fn Emevz
_(rvec mv +QI€L

1
(2m,v —+ = mp
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mevCyY"dv = m,v, ", Jmivq""dv ~ miv, ", JmnVij”dV ~ —m, v, "

—mviIC, Jmnij;‘“’dv R (mpvi +meve ) (46)

)F(A R(X R(X

m

ion ion ion
F 7m”vn + Q ) - ri q’)iana
ion _ mnv + Qll)}’t)

— <F§D" Emn"% + Q;'qon> ,

+ Q) :
)
?)

)V R

(47)

+ Q;‘(’C + Qi;e("

Vi- R;{: + Q: - Qm7

) Vi RE = v RGO — O

%(mgngvg) + V- (meneveve + Pf)

= —g.n.(E+v, xB)

ion
+I"mev, —

_ R;:e 4 Rgn

T meve, (52)

%(mnnnvn) + V- (mnnnvnvn + Pn)

_R::n _ Rin +

+F""’m,' (V,’

rec ion
e (mivi + meve) — '™ my,v,

_ Vn) R& + R

mn ni’

(53)

where ¢; and ¢, are the ion and electron charge magnitudes,
respectively, and RfF is the usual scattering collisional trans-
fer of momentum to the ion species presented by Braginskii'
as Ry,. Rf" is a similar scattering collisional momentum
transfer to the ion species, but for ion-neutral collisions. RY"
is a similar momentum transfer for electron-neutral colli-
sions. The species pressure tensor, IP,, can be decomposed
as P, = p,I + I, where p, is the scalar pressure and IT, is
the stress tensor.

3. Energy
08,'
3+V (&vi+vi-Pi+h;)
=V;" ( an + Ru Rm) + Qle + Q””
+ﬂ l—von 7mnv + an> Frec *m,V _ Q;‘ec
mn
L
+r"‘§m (v —V; ) +v,- Ril —V;- R”“i’Q va (54)
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O, ie
E—k V- (Ve +V,-P.+h,)=v, (—g.nE—RS+
Fre( 1 2 rec
— L5 meve = o,
0Oey,

ot

<1"10I‘l mnv + an>

where &, = myn,v2/2 + p,/(y — 1) is the total fluid energy
density, and Q¥ and Q are the usual scattering collisional
heat exchange presented by Braginskiil as Q; and Q.
respectively. Q§ n and Qi”n represent the same type of heat
exchange due to ion- neutral and electron-neutral collisions,
respectively. The species heat fluxes are represented by h,.
Maxwell’s equations couple the fluid dynamics to the elec-
tric and magnetic field evolution. The heat fluxes (h,) and
the stress tensors (I1,) must be specified to close the model.
This closure is often accomplished by using a Chapman-
Enskog-like determination of the local distribution functions.
These terms are further addressed in Sec. III D.

To compare to the well-known two-fluid transport
equations presented by Braginskii,' it is useful to identify
temperature evolution equations for this three-component
ion-electron-neutral model. Beginning with the fluid energy
evolution equations above, kinetic energy evolution is

Rii‘l) + Qle Q?l’l

. , e 1 1
+ v (Snvn + \ Pn + hn) = —Vu- (Rin + Rin) + an + Qfln + r;,g( (2 mlv += mgv
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(Flon _mnv + an) _ ri'on(]bion

(55)

rec rec
nst) 0 0

1 "
+ T~ m(v} —v2) +v; - RS — v, - RE 4+ Q% — 09 (56)

n?

2

subtracted to find pressure evolution. For each species, ki-
netic energy evolution is found by taking the scalar product
of the fluid velocity with the momentum equation. The spe-
cies continuity equations are used to simplify the results.
(This procedure is outlined by Braginskii' and is described
in some detail by Meier.?®) Next, temperature evolution is
isolated. For the ion species, for example, the ion continuity
equation is used to find the relationship

1 8p, 1
—tor Y (y—l”’“)
kl’ll' 8Tl kT, ion rec
y-](al‘+V1.VTl>+’y—1(ri Fn ) (57)

Similar relationships for electron and neutral temperature
evolution are easily found. The resulting temperature evolu-
tion equations are

k i 8Tl Ti ion rec ie in ion cx i
yfl (az ~-VTi> +pV V== Vg T VY (T = T) 4 0 4+ Q) 4+ (T 4+ T )m?(vifv,,)z
m;
+ WTIQZ’” O + Ry - (v — Vi) + 05y — Oy (58)
k e 8Tg kTe ion rec ie en
e VT, ) 4PV Ve ==V q, — I, : Vv, — — (0" — ) + Qi 4 O°
y—1\ ot -1
+ l—ion [@ (V —vy )2 _ d) :| an _ Qie(‘ (59)
i 2 e n ion
knﬂ aTﬂ kT rec ion in en
(az 'VT”)+an~vn=—V~qn—Hn:VVn — (O =T + 0+ 0;
T rrer (7‘} 4 %VZ + 7‘)3 MeVy - Vo — MV, - Vi) 4 Qlec 4 Qre(‘ _ Qton
T vy = ) R (%= ) + O — O (60)

C. Two-component plasma-neutral model

To reach a two-component model, the electron and ion
fluids are treated as a single fluid. The MHD approximations
are made, such that n =n;, = n,, m, — 0, and v =v,. It is
further assumed that ¢ = ¢; = ¢g. and m; = m,,. Current den-
sity, j = gn(v; — v,), is introduced.

1. Continuity

Along with the neutral continuity equation, only a single
plasma continuity equation is needed.

0 ; o
5n+v ( ) r‘;()n _ r‘:le(,’ (61)

Downloaded 23 Sep 2012 to 128.95.104.109. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions



072508-8 E. T. Meier and U. Shumlak

on,
ot

+ V- (nyv,) = [ — Tim, (62)

2. Momentum

The ion and electron momentum equations are summed
to yield the plasma momentum equation.

0
£y (minv) +V - (minvv + pl + 1)

=jxB+ Rf” + R+ Fi”"miv,l — I mv

+I“m;(v, —v) + R{T — RS, (63)
0
g(minnvn) + v : (minnvnvn +an + Hn)
= 7R§" —R 17 mv — Ff”"miv,, +T%m;(v—v,)
+R{—R. (64)

To arrive at Eq. (63) for plasma momentum evolution, the
relationship'**-*

minvy + P = Z (mynv, vy + Py)

a=i,e

is used. The total scalar plasma pressure is p = p; + p., and
the total plasma stress tensor is IT = I1; 4 I1,. Assuming the
same density and temperature for ions and electrons, for
magnetized or unmagnetized plasma, the components of the
electron stress tensor, I1,, are all much smaller than the cor-
responding components in the ion stress tensor, II;, essen-
tially because of the much larger momentum carried by
ions." Components of TI, are smaller than the corresponding

components of I1; by a factor of \/m;/m, or greate r. The

factor \/m;/m, is approximately 43 for protons and is larger
for species with higher atomic numbers, so the approxima-
tion IT ~ I, is appropriate.

3. Generalized Ohm’s law

The generalized Ohm’s law is found from the electron
momentum equation after letting m, — 0, and using
V. = V; — j/qn, where j is defined in terms of B via the low-
frequency Ampere’s law.

1 A
E+vxB=—(jxB-V-P, —R‘+R").
qn

Applying Faraday’s law, this can be written as
OB

1 .
T _Vx |yxB-—(jxB-V P, —R*+R")|. (65
ot qn

4. Energy

Again adding the electron and ion equations and letting
me - O,

0 ,
5f+v-(sv+v-(pﬂ+n)+h) —j E+v-R" v, R"
in en ion 1 2 ion r'e('l 2
+ Qi + Qe + Fi Emivn - d)iun + Qn - Fn 'im,'V

— QI — QI 4 T 5m,(vi —v) 4 v, R —v.RY

l

+ X CX ( 6 6)

in ni’
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%8: + V- (&nVn + Va - (pa] +10,)) + hy,)
= Vi (R'"+R{") + 0 + 0" + ¢ %miVZ
OO T I = O T (v V)
VR =V Ry + 0 — O (67)

To arrive at Eq. (66) for plasma fluid energy evolution, R -
(v —v,) has cancelled with Q% + 0 as discussed by Bra-
ginskii.' The relationship'-****

sv+v-P+h:Z(sava—&—va-Pa—&—ha)

oa=i,e

is used in adding the ion and electron flux terms. Here, ¢
=(pi+p.)/(y—1)+pv*/2 and h=h;+h, —yp.j/
[ne(y — 1)]. (The electron stress tensor is neglected in
defining h.)

Alternative formulations of the energy equations may be
desired. For example, Meier?® derives equations for plasma
and neutral species pressure evolution.

D. Closure of plasma-neutral model

In general, when taking moments of Boltzmann equa-
tions to generate fluid moment equations, each moment pro-
duces terms that depend on the next higher moment of the
distribution function. The fluid moment procedure must be
“closed” by using a limited set of fluid equations to approxi-
mately determine each species distribution function. For the
three-component electron-ion-neutral and two-component
plasma-neutral models derived above, the moment procedure
is truncated after the second moment. Closure is established
by applying the Chapman-Enskog approach as discussed in
detail by Braginskii.' The species distribution functions are
expanded as f;, = f0 + £ + f2 + - - -, where 0 is Maxwellian
and the additional terms represent higher-order perturba-
tions. Typically, only the first-order perturbations (f)') are
retained. Braginskii' describes the closure of his plasma
models under the assumption that the lowest-order terms in
the ion and electron Boltzmann equations are the scattering
collision terms and the magnetic terms. The same assump-
tion is adopted for the closures suggested here for the
plasma-neutral model. Other researchers have assumed dif-
ferent orderings. For example, Helander er al.'” assume that
CX collision terms are dominant in the neutral species Boltz-
mann equation. As discussed by Meier,”® a generalization
that allows scattering, CX, ionization, and recombination
reactions to share the dominant role is an objective of future
research.

The higher-order terms generated by the moment proce-
dure are the heat fluxes (h,) and stress tensors (II,). Once
the distribution functions have been approximated, these
terms can be quantified. The presence of non-Maxwellian
perturbations to the distribution functions also has implica-
tions for moments of the collision operators. For example,
Braginskii' discusses and quantifies the thermal gradient
force that contributes to the ion-electron frictional force, R;e,
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and associated heat exchange terms, Q¥ and Q, which
appear in the three-component ion-electron-neutral model of
Sec. III B. (Note that the ion-electron frictional force and
heat exchange terms cancel when the two-component
plasma-neutral model is formulated.) Purely Maxwellian
reacting distribution functions (i.e., fy =f°) are assumed
when taking moments of reaction collision operators. Thus,
the non-Maxwellian effects due to thermal gradients in the
CX friction terms R}, and R}, and associated thermal energy
exchange terms are neglected in the present derivation.
Specific closures for each equation of the plasma-neutral
model of Sec. III C are now discussed. The reaction-related
terms, i.e., 77", R, and Q/¢“", do not technically fall
into the “closure” category—non-Maxwellian effects are not
included in those terms. However, discussion of their quanti-
fication is included below and relevant references are
supplied.

1. Closure of continuity equations

To compute T and T, the ionization and recombina-
tion rate parameters arising in Egs. (13) and (14) must be
specified. For hydrogenic atoms, an approximation for the
ionization rate parameter in terms of electron temperature
(which may be assumed, e.g., to be equal to the ion tempera-
ture) is supplied by McWhirter.”> As discussed by Meier,°
(Gionve) for the first 28 elements can be determined with the
fitting formula and associated data given by Voronov.”® An
approximation for the radiative recombination rate parameter
in terms of electron temperature is presented by
McWhirter.”> Goldston?” provides a useful discussion of
these rate parameters.

2. Closure of momentum equations

In Sec. IIT A, the resonant CX-related terms are defined,
but the functional dependence of ¢, (V) on V., is not speci-
fied. An appropriate form for the hydrogenic CX cross-
section, based on CX data from Barnett,?® is Oexy = 1.09
x10718 —7.15 x lO’zoln(Vm.) m?. This formula matches the
Barnett data to within 10% for relative ion-neutral particle
speeds between 4.8 x 10° m/s and 1.4 x 10° m/s (.e.,
between 0.12eV and 10keV for hydrogen).

The stress tensors Il and II, may be replaced with
standard formulas. For example, assuming isotropic unmag-
netized plasma viscosity and neglecting compressibility
effects, TT = —¢[Vv+ (Vv)'], where ¢ is the isotropic
dynamic viscosity coefficient given by Braginskii." Simi-
larly, the neutral fluid stress tensor may be approximated as
0, = —&,[Vv, + (Vv,)']. The neutral dynamic viscosity
coefficient may be calculated using a rigid elastic sphere
model as presented in Chapman and Cowling.'®

In many cases, the terms R” and R are negligible.
Goldston?” shows that neutral-charged particle collisions are
unimportant compared to Coulomb collisions for plasmas
that are “even a few percent ionized.” If the model is applied
to a problem in which interesting physics occurs in regions
of very low ionization, these terms should be addressed
and included. Schunk and Nagy® propose treating neutral-
charged particle interactions as Maxwell molecule collisions.

Phys. Plasmas 19, 072508 (2012)

See also the related astrophysical work of Leake ef al.,*® in
which the plasma-neutral model of Sec. III C is employed to
simulate the weakly ionized solar chromosphere.

3. Closure of generalized Ohm’s law

The electron-neutral scattering term R{" should be
treated appropriately, as discussed in Sec. III D 3 on the mo-
mentum equation closures. The terms j x B/(en) (the Hall
term) and V -P,/(en) (the diamagnetic term) may be
retained if electron fluid effects are of interest. Several sour-
ces' 12 provide detailed discussion of the range of validity
for these assumptions. A particularly important requirement
is that length scales of interest should be much larger than
the ion gyroradius.

The frictional drag term, —R¥/(en) is generally aniso-
tropic with drag forces perpendicular to the magnetic field
being a factor of two stronger than those parallel to the field.
Braginskii' provides details for computing this drag term
with anisotropic resistivity (e.g., 7 - j, where 7 is a tensor re-
sistivity) or with isotropic resistivity (e.g., nj, where 7 is a
scalar resistivity). In some cases, it may be appropriate to
include anomalous effects in resistivity, e.g., Chodura resis-
tivity; see the dissertation by Meier.?

4. Closure of energy equations

Several reaction-related terms in the energy equations
are as yet unspecified. The resonant CX-related terms in the
energy equations are defined in Sec. III A. The resonant CX
cross-section, .(V,), can be specified as discussed in the
preceding discussion regarding closure of momentum equa-
tions. Formulas for Q" and Q/* are defined in composing
Egs. (32) and (35), respectively. As discussed with regard to
Eq. (36), the conversion of electron thermal energy is defined
as 0 = 1/2men; [ fo6,.cw*dv. Parameterization of this in-
tegral in terms of T, seems feasible, but Q’“ can be
neglected if electron thermal energy loss in radiative recom-
bination is not expected to play an important role in the
energy balance. (Note that in formulating Eq. (66), the elec-
tron kinetic energy transfer due to recombination is dropped
in the m, — O limit. Because Q¢ involves thermal energy,
however, it should be evaluated prior to applying the
m, — 0 limit.)

The terms containing factors of R” and R are
neglected here for the same reasons that these charged-
neutral friction forces are neglected in the momentum equa-
tions. The charged-neutral particle scattering terms, Q! and

e, are dropped for the same reasons. The stress tensors, 11
and I1,, can be approximated as discussed for the momen-
tum equations.

Under the assumption that scattering collisions domi-
nate the species Boltzmann equations, heat flux closures
can be taken from prior work, specifically Braginskii'
(for the plasma heat flux), and Chapman and Cowling'®
(for the neutral heat flux). The plasma-neutral heat fluxes
are

VPed

h = —[xbb + «, (I — bb)] - VT — nge(y — 1)

(68)
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and

h, = —1,VT,. (69)

In the plasma heat flux, h, the K| and x, account for the
effects of ion and electron thermal conductivity parallel and
perpendicular, respectively, to the magnetic field direction,
which is given by the unit vector b = B/|B|. The part of the
plasma heat flux proportional to the electron pressure, p,,
accounts for the convection of electron thermal energy. In
the neutral heat flux, h,, «, is the thermal conductivity. The
conductivities x| and k, are given by Braginskii." The neu-
tral heat flux is derived by Chapman and Cowling18 using a
rigid elastic sphere model.

If the CX collision frequency is higher than the neutral-
neutral scattering frequency, it can be desirable to adopt a
different closure for neutral heat flux. The form of the neutral
thermal conductivity under the assumption of strong scatter-
ing is

n, T,

Kn,hs X ) (70)
Vps

where v, is the neutral-neutral scattering frequency, defined
as vy, = Cnd®n,, where C is the mean neutral velocity
defined by (C)* = 8kT,/(nm,), and d is the diameter of a
hard sphere representing the relevant atom. An alternative
form is

n, Ty

Kncx—hs X ) (7 l)
Vex—hs

where V. _js = Ver + Vps. The CX frequency is defined as
Ve = Cno,,, where n is the plasma number density and o,
is the CX cross section. While this approximation is ad hoc,
it approximates the perpendicular thermal transport intui-
tively expected in regions where CX competes with scatter-
ing to determine the neutral mean free path, such as, for
example, the edge of a magnetically confined plasma. As dis-
cussed by Meier,20 when CX dominates scattering, the con-
ductivity given by Eq. (71) closely resembles the heat flux
derived by Helander et al."’

IV. CONCLUSIONS

The derivation of Sec. III offers an extension of the deri-
vations by Braginskii' of two-fluid and single-fluid plasma
models to include a reacting neutral species. In Sec. III B, a
reacting and interacting three-component electron-ion-neu-
tral model is derived from Boltzmann equations with elastic
scattering collisions and three inelastic reacting collisions:
resonant charge exchange, electron-impact ionization, and
radiative recombination. Moments of the reaction collision
terms are described in detail. The three-component model is
then reduced to a two-component plasma-neutral model in
Sec. III C. Suggested closures are discussed for the plasma-
neutral model in Sec. III D.

In future work, the plasma-neutral model could be
extended to a general multi-fluid plasma model: multiple
plasma and neutral species could be accommodated; multiply

Phys. Plasmas 19, 072508 (2012)

charged ions could be allowed; excited states could be
tracked; radiation effects could be included; as discussed in
Sec. III D, the successive approximation technique employed
to determine the local distribution functions could be general-
ized to more accurately close the plasma-neutral model;
charged-neutral elastic collisions could be included, and
should be included in problems where the ionization fraction
is low; and additional reactions could be included such as
non-resonant charge exchange, three-body recombination,
polarization ionization, etc. With so many possibilities, future
model development efforts should target the extensions that
are most important and useful for the anticipated applications.

ACKNOWLEDGMENTS

This work has been performed under the auspices of the
U.S. Department of Energy by the University of Washington
under Contract DE-FC02-05ER54811 and by Lawrence Liv-
ermore National Laboratory under Contract DE-ACS52-
07NA27344.

'S. 1. Braginskii, in Rev. Plasma Phys., edited by M. A. Leontovitch (Con-
sultants Bureau, New York, NY, 1965), Vol. 1, pp. 205-311.
°G. P. Zank, Space Sci. Rev. 89, 413 (1993).
‘H. L. Pauls, G. P. Zank, and L. L. Williams, J. Geophys. Res. 100, 21595,
doi:10.1029/95JA02023 (1995).
“V. B. Baranov and Y. G. Malama, J. Geophys. Res. 98, 15157,
doi:10.1029/93JA01171 (1993).
ST. V. Zaqarashvili, M. L. Khodachenko, and H. O. Rucker, Astron. Astro-
phys. 529, A82 (2011).
°T. D. Rognlien, J. L. Milovich, M. E. Rensink, and G. D. Porter, J. Nucl.
Mater. 196, 347 (1992).
"T. D. Rognlien, D. D. Ryutov, N. Mattor, and G. D. Porter, Phys. Plasmas
6, 1851 (1999).
8T. D. Rognlien and M. E. Rensink, Fusion Eng. Design 60, 497 (2002).
°R. Schneider, D. Reiter, H. P. Zehrfeld, B. Braams, M. Baelmans, J. Gei-
ger, H. Kastelewicz, J. Neuhauser, and R. Wunderlich, J. Nucl. Mater.
196, 810 (1992).
10R. Schneider, X. Bonnin, K. Borrass, D. P. Coster, H. Kastelewicz, D. Reiter,
V. A. Rozhansky, and B. J. Braams, Contrib. Plasma Phys. 46, 3 (2006).
"D, Stotler and C. Karney, Contrib. Plasma Phys. 34, 392 (1994).
2p, Reiter, The EIRENE Code, Version Jan. 92, User Manual (www .eire-
ne.de) KFS Jiilich report JUEL-2599, March 1992.
13X, Q. Xu, R. H. Cohen, T. D. Rognlien, and J. R. Myra, Phys. Plasmas 7,
1951 (2000).
4V. A. Izzo, D. G. Whyte, R. S. Granetz, P. B. Parks, E. M. Hollmann,
L. L. Lao, and J. C. Wesley, Phys. Plasmas 15, 056109 (2008).
Sy, A. 1zzo, P. B. Parks, and L. L. Lao, Plasma Phys. Contrib. Fusion 51,
105004 (2009).
19S. You, “Computational and experimental studies of tokamak refuelling,”
Ph.D. dissertation (Imperial College, 2002).
7p, Helander, S. I. Krasheninnikov, and P. J. Catto, Phys. Plasmas 1, 3174
(1994).
'8S. Chapman and T. G. Cowling, The Mathematical Theory of Non-
Uniform Gases, 3rd ed. (Cambridge, 1970).
'H. W. Ripken and H. J. Fahr, Astron. Astrophys. 122, 181 (1983).
20E. T. Meier, “Modeling plasmas with strong anisotropy, neutral fluid
effects, and open boundaries,” Ph.D. dissertation (University of Washing-
ton, 2011).
21y, Shumlak and J. Loverich, J. Comput. Phys. 187, 620 (2003).
22U. Shumlak, R. Lilly, N. Reddell, E. Sousa, and B. Srinivasan, Comput.
Phys. Commun. 182, 1767 (2011).
23], A. Bittencourt, Fundamentals of Plasma Physics (Permagon,
1986).
2*M. Goosens, An Introduction to Plasma Astrophysics and Magnetohydro-
dynamics (Kluwer, 2003).
2R. W. P. McWhirter, in Plasma Diagnostic Techniques, edited by R. H.
Huddlestone and S. L. Leonard (Academic, New York, 1965).
%6G. S. Voronov, At. Data Nucl. Data Tables 65, 1 (1997).

Downloaded 23 Sep 2012 to 128.95.104.109. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions


http://dx.doi.org/10.1023/A:1005155601277
http://dx.doi.org/10.1029/95JA02023
http://dx.doi.org/10.1029/93JA01171
http://dx.doi.org/10.1051/0004-6361/201016326
http://dx.doi.org/10.1051/0004-6361/201016326
http://dx.doi.org/10.1016/S0022-3115(06)80058-9
http://dx.doi.org/10.1016/S0022-3115(06)80058-9
http://dx.doi.org/10.1063/1.873488
http://dx.doi.org/10.1016/S0920-3796(02)00005-4
http://dx.doi.org/10.1016/S0022-3115(06)80147-9
http://dx.doi.org/10.1002/ctpp.200610001
http://dx.doi.org/10.1002/ctpp.2150340246
www.eirene.de
www.eirene.de
http://dx.doi.org/10.1063/1.874044
http://dx.doi.org/10.1063/1.2841526
http://dx.doi.org/10.1088/0741-3335/51/10/105004
http://dx.doi.org/10.1063/1.870470
http://dx.doi.org/10.1016/S0021-9991(03)00151-7
http://dx.doi.org/10.1016/j.cpc.2010.12.048
http://dx.doi.org/10.1016/j.cpc.2010.12.048
http://dx.doi.org/10.1006/adnd.1997.0732

072508-11 E. T. Meier and U. Shumlak Phys. Plasmas 19, 072508 (2012)

?7R. J. Goldston and P. H. Rutherford, Introduction to Plasma Physics (IOP, 303, E. Leake, M. G. Linton, and V. S. Lukin, Bull. Am. Astron. Soc. Vol.

1995). 45, AAS Meeting # 220, 124.04.

28C. F. Barnett, Atomic Data for Fusion (Oak Ridge National Laboratory, 3IN. Krall and A. Trivelpiece, Principles of Plasma Physics (McGraw-Hill,
1990), Vol. 1. 1973).

2R. W. Schunk and R. W. Nagy, lonospheres (Cambridge, 2000). 32J. P. Freidberg, Rev. Mod. Phys. 54, 801 (1982).

Downloaded 23 Sep 2012 to 128.95.104.109. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions


http://dx.doi.org/10.1103/RevModPhys.54.801

