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[1] This paper presents a new, generalized two-phase debris flow model that includes
many essential physical phenomena. The model employs the Mohr-Coulomb plasticity for
the solid stress, and the fluid stress is modeled as a solid-volume-fraction-gradient-enhanced
non-Newtonian viscous stress. The generalized interfacial momentum transfer includes
viscous drag, buoyancy, and virtual mass. A new, generalized drag force is proposed that
covers both solid-like and fluid-like contributions, and can be applied to drag ranging from
linear to quadratic. Strong coupling between the solid- and the fluid-momentum transfer
leads to simultaneous deformation, mixing, and separation of the phases. Inclusion of the
non-Newtonian viscous stresses is important in several aspects. The evolution, advection,
and diffusion of the solid-volume fraction plays an important role. The model, which
includes three innovative, fundamentally new, and dominant physical aspects (enhanced
viscous stress, virtual mass, generalized drag) constitutes the most generalized two-phase
flow model to date, and can reproduce results from most previous simple models that
consider single- and two-phase avalanches and debris flows as special cases. Numerical
results indicate that the model can adequately describe the complex dynamics of subaerial
two-phase debris flows, particle-laden and dispersive flows, sediment transport, and
submarine debris flows and associated phenomena.
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1. Introduction

[2] Debris flows are extremely destructive and dangerous
natural hazards. There is a significant need for reliable
methods for predicting the dynamics, runout distances, and
inundation areas of such events. Debris flows are multi-
phase, gravity-driven flows consisting of randomly dispersed
interacting phases [O’Brien et al., 1993; Hutter et al., 1996;
Iverson, 1997; Iverson and Denlinger, 2001; Pudasaini
et al., 2005; Takahashi, 2007; Hutter and Schneider, 2010a,
2010b]. They consist of a broad distribution of grain sizes
mixed with fluid. The rheology and flow behavior can
vary and depend on the sediment composition and per-
centage of solid and fluid phases. Significant research in the
past few decades has focused on single-phase, dry granular
avalanches [Savage and Hutter, 1989; Hungr, 1995; Hutter
et al., 1996; Gray et al., 1999; Pudasaini and Hutter, 2003;
Zahibo et al., 2010], single-phase debris flows [Bagnold,
1954; Chen, 1988; O’Brien et al., 1993; Takahashi, 2007;
Pudasaini, 2011], flows composed of solid-fluid mixtures
[Iverson, 1997; Iverson and Denlinger, 2001; Pudasaini
et al., 2005], two-layer flows [Fernandez-Nieto et al., 2008],

and two-fluid debris flows [Pitman and Le, 2005]. However, a
comprehensive theory accounting for all the interactions
between the solid particles and the fluid is still out of reach.
[3] Two-phase granular-fluid mixture flows are charac-

terized primarily by the relative motion and interaction
between the solid and fluid phases. Although Iverson and
Denlinger [2001] and Pudasaini et al. [2005] utilized
equations that allow basal pore fluid pressure to evolve and
include viscous effects, their mixture models are only quasi
two-phase or virtually single-phase because they neglect
differences between the fluid and solid velocities. Thus, drag
force cannot be generated. A key and ad-hoc assumption in
Iverson [1997], Iverson and Denlinger [2001], Pudasaini
et al. [2005] and Fernandez-Nieto et al. [2008] is that the
total stress (T) can be divided into solid and fluid con-
stituents by introducing a factor Lf such that the partial solid
and fluid stresses are given by (1 � Lf)T and LfT, respec-
tively. In these models, Lf (ratio between the basal pore
fluid pressure and the total basal normal stress, i.e., the pore
pressure ratio [see Hungr, 1995]) is treated phenomeno-
logically as an internal variable. Also, in these models,
volume fraction of the solid is not a dynamical field variable
[Hutter and Schneider, 2010a, 2010b].
[4] As observed in natural debris flows, the solid and fluid

phase velocities may deviate substantially from each other,
essentially affecting flow mechanics. Depending on the flow
configuration and the material involved, several additional
physical mechanics are introduced as mentioned below.
Drag is one of the very basic and important mechanisms of
two-phase flow as it incorporates coupling between the
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phases. In terms of modeling the relative motion between the
solid and the fluid phases and the associated drag, Pitman
and Le [2005] proposed a two-fluid debris flow model in
which both the solid and fluid phases are considered as
‘fluids’. The Pitman and Le [2005] model was subsequently
modified by Pelanti et al. [2008], but both models neglect
viscous stresses, another important physical aspect of two-
phase flows. In Pitman and Le [2005] model, the drag force
depends on the terminal velocity of a freely falling solid
particle through a less dense fluid, and there is no direct
effect of fluid viscosity on drag. For the fluid phase, the
Pitman and Le [2005] model and its variants [Pelanti et al.,
2008; Pailha and Pouliquen, 2009] retain only a fluid-
pressure gradient and neglect the viscous effects of the fluid
phase. However, the fluid phase in natural debris flows can
deviate substantially from an ideal fluid (pure water, for
example, but with negligible viscosity) depending on the
constituents forming the fluid phase, which can include silt,
clay, and fine particles. In many natural debris flows, vis-
cosity can range from 0.001 to 10 Pas or higher [Takahashi,
1991, 2007; Iverson, 1997]. A small change in the fluid
viscosity may lead to substantial change in the dynamics of
the debris motion.
[5] Debris-flow dynamics depend on many different fac-

tors, including flow properties, topography, and initial and
boundary conditions. Although fluid pressure [Iverson,
1997; Iverson and Denlinger, 2001; Pitman and Le, 2005;
Pudasaini et al., 2005], viscous effects [Iverson, 1997;
Iverson and Denlinger, 2001; Pudasaini et al., 2005] and
simple drag between the two phases [Pitman and Le, 2005]
have been included in various models, three important
physical aspects often observed in the natural debris flows
are not yet included in any models. (i) One phase (e.g., solid)
may accelerate relative to another phase (e.g., fluid), thus
inducing virtual mass. Relative acceleration between the
phases is always present [Ishii, 1975; Ishii and Zuber, 1979;
Drew, 1983; Drew and Lahey, 1987; Kytoma, 1991; Ishii
and Hibiki, 2006; Kolev, 2007]. Hence, dynamic modeling
and numerical simulation should include virtual mass
effects. (ii) The amount and gradient of the solid particles
considerably influences flow, which can enhance or dimin-
ish viscous effects. If the solid-concentration gradient is
positive in the flow direction, then the viscous shear-stress
will be enhanced by the increased number of solid particles
in the downstream direction. Thus, fluid shear stress is
enhanced (or suppressed) by the gradient of the volumetric
concentration of the solid particles [Ishii, 1975; Drew, 1983;
Ishii and Hibiki, 2006], and this effect should be included in
dynamic models. (iii) Depending on the amount of grains
and flow situation, I propose that drag should combine the
solid- and fluid-like contributions in a linear (laminar-type,
at low velocity) and quadratic (turbulent-type; e.g., Voellmy
drag; at high velocity) manner. Here, a Richardson and Zaki
[1954] relationship between sedimentation velocity and the
terminal velocity of an isolated particle falling in a fluid, and
the Kozeny-Carman packing of spheres are combined to
develop a new generalized drag coefficient that can be
applied to a wide range of problems from the simple linear
drag to quadratic drag. There are two distinct contributions in
the proposed drag force; one fluid-like, and the other solid-
like, having different degrees of importance (sections 2.2.1,
6.2, and Appendix A). A generalized drag coefficient, modeled

by a linear combination of these two limiting contribu-
tions, is presented in this paper. Existing models are limited
either to solid-like or to fluid-like drag contribution to flow
resistance.
[6] The mathematical structure of equations can also be an

important aspect of granular- and debris-flow modeling
[Pudasaini et al., 2005; Pelanti et al., 2008]. Dynamical-
model equations should be constructed in a standard, and
preferably conservative, form. Such a form facilitates
numerical integration of model equations even when shocks
are formed as has been observed in natural and laboratory
flows of debris and granular materials on inclined slopes
[Pudasaini et al., 2005, 2007; Pudasaini and Kröner, 2008;
Pudasaini, 2011]. However, the final form of model equa-
tions depends largely on how one formulates a model and on
how mathematical operators are applied. Here, I start with
rigorously structured basic conservation equations, and
maintain their structure to the final model expressions. This
makes the new model unique, and the most generalized,
two-phase mixture mass flow model that exists. Both three-
dimensional and depth-averaged, two-dimensional two-
phase model equations are presented.
[7] Starting from Ishii [1975], Ishii and Zuber [1979] and

Drew [1983], I use phase-averaged mass and momentum
balance equations for the solid and fluid components; adopt
Mohr-Coulomb plasticity for the solid phase; use a non-
Newtonian rheology for the fluid phase; utilize a solid-
volume-fraction-gradient-enhanced viscous stress; include
virtual mass force due to relative accelerations between the
solid and fluid constituents; and introduce a generalized drag
coefficient based on Richardson and Zaki [1954] and Kozeny-
Carman [see, e.g., Kozeny, 1927; Carman, 1937, 1956;
Kytoma, 1991; Ouriemi et al., 2009; Pailha and Pouliquen,
2009]. I derive a set of well-structured, hyperbolic-parabolic
model equations in conservative form [Pudasaini and Hutter,
2003, 2007]. The model equations reveal strong coupling
between solid and fluid momentum transfer, both through
interfacial momentum transfer and the solid-concentration-
gradient-enhanced viscous fluid stresses. Furthermore, the
virtual-mass forces couple the momentum equations of the two
components, which would be only weakly coupled (by the
volume fraction of solid) in the absence of drag forces. The
model presented unifies the three pioneering theories in geo-
physical mass flows, the dry granular avalanche model of
Savage and Hutter [1989], the debris-flow model of Iverson
[1997] and Iverson and Denlinger [2001], and the two-fluid
debris-flow model of Pitman and Le [2005], and result in a
new, generalized two-phase debris-flow model. The general-
ized model reduces to three special cases which are compared
with the three (classical) avalanche and debris-flow models
noted above. The similarities and differences between the
reduced model and the relatively simple classical models are
discussed in detail.
[8] To develop insight into the basic features of the

complex governing equations, the new model is applied to
simple, one-dimensional debris flows down an inclined
channel. The influence of the generalized drag, buoyancy,
virtual mass, Newtonian viscous stress and the enhanced
non-Newtonian viscous stress on the overall dynamics of a
two-phase debris flow is analyzed in detail. Furthermore, the
influence of the initial distribution of the solid volume
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fraction on the evolution of the solid and fluid constituents,
and on the fluid (or the solid) volume fraction is investigated.
The simulation results demonstrate fundamentally new fea-
tures of the proposed model as compared to the classical
mixture [Iverson and Denlinger, 2001; Pudasaini et al.,
2005] and two-fluid [Pitman and Le, 2005] models. The
results highlight the basic physics associated with the con-
tributions of the viscous stresses (both Newtonian and non-
Newtonian), virtual mass, generalized drag, and buoyancy,
and thus imply the applicabilities of the new model to a wide
range of two-phase geophysical mass flows.

2. Model Derivation

[9] The two phases are characterized by distinct material
properties: the fluid phase is characterized by its density rf,
viscosity hf, and isotropic stress distribution; the solid phase
is characterized by its density rs, internal and basal friction
angles f and d, and anisotropic stress distribution, K (lateral
earth pressure coefficient). These characterizations and the
presence of relative motion between phases lead to two
different mass and momentum balance equations for the
solid and the fluid phases, respectively. Let us = (us, vs, ws),
uf = (uf, vf, wf) and as, af (= 1 � as) denote the velocities,
and volume fractions for the solid and the fluid constituents,
denoted by the suffix s and f, respectively. Following Ishii
[1975], Ishii and Zuber [1979], and Drew [1983], I con-
sider the phase-averaged balance equations for mass and
momentum conservations, and make the following assump-
tions: surface tension is negligible; interfacial solid and fluid
pressures are identical to the fluid pressure; the solid and
fluid components are incompressible; and no phase change
occurs.

2.1. Balance Equations for Mass and Momentum

[10] The mass balance equations for the solid and fluid
constituents are:

∂as

∂t
þr � asusð Þ ¼ 0; ð1aÞ

∂af

∂t
þr � af uf

� � ¼ 0: ð1bÞ

The momentum equations for the solid and the fluid phases
are written in conservative form as

∂
∂t

asrsusð Þ þ r � asrsus � usð Þ ¼ asrsf �r � asTs þ pras þMs;

ð2aÞ
∂
∂t

af rf uf
� �

þr � af rf uf � uf
� �

¼ af rf f � afrpþr � af t f þMf ;

ð2bÞ

where f is the body force density, �Ts is the negative
Cauchy stress tensor (here, for the solid), t f is the extra
stress for fluid (Tf = �pI + t f ; Tf is the Cauchy stress tensor
for fluid), M is the interfacial force density (Ms + Mf = 0),
pras accounts for the buoyant force, and p is the fluid
pressure (Appendix B). To quote fromDrew [1983, pp. 273]:
“The reason for this terminology is, of course, that the
buoyant force on an object is due to the distribution of the

pressure of the surrounding fluid on its boundary.” It is
important to note that in (2) the solid and fluid stresses are
accompanied by the respective solid and fluid volume frac-
tions, as and af, and that Ts and t f are not coupled. Fur-
thermore, as and af appear inside the differential operators,
and the inertial and stress terms are in conservative form.
With regard to the basic structure of the momentum equa-
tions, these are the fundamental differences between the basic
mixture momentum equations used by Iverson [1997] and
Iverson and Denlinger [2001], and the phase-averaged
equations used by Anderson and Jackson [1967] and Pitman
and Le [2005]. My approach here also differs from that pre-
sented by Pelanti et al. [2008], who re-wrote the inertial part
of the Pitman and Le [2005] model in conservative form
(structure). However, as shown in Drew [1983] and revealed
by (2), the rigorous averaging process produces fundamen-
tally different terms on the right-hand sides of the momentum
equations as compared to Pelanti et al. [2008]. These distinct
features of the field equations, and the way I develop and
implement the generalized drag, virtual mass, and the
solid-volume-fraction-gradient-enhanced non-Newtonian fluid
viscous stress, ultimately lead to new model equations in well-
structured conservative form.

2.2. Constitutive Equations

[11] Constitutive equations are required for the interfacial
force density Ms, the solid stress tensor Ts, and the fluid
viscous stress tensor t f. Major challenges lie in modeling
these terms.
2.2.1. Interfacial Force Density
[12] In the generalized interfacial momentum transfer,

Ms, I include the force associated with viscous drag, MD,
on the particulate phase, and the force due to the relative
acceleration of the solids with respect to the fluid (virtual
mass, MVM):

Ms ¼ MD þMVM ¼ CDG uf � us
� �juf � usj þ CVMG

d

dt
uf � us
� �

;

ð3Þ

where, CDG is the generalized drag coefficient and CVMG

is the generalized virtual mass coefficient.
[13] Generalized drag force. The viscous drag, MD, can

be written as MD = asFD/Bd, where FD is the drag force
(Bd is the particle volume), which in classical form reads
[Ishii and Zuber, 1979]: FD ¼ 1

2CDGrf uf � us
� �juf � usjAd,

where Ad is the projected area of the particle. Then, by using
the steady state, one-dimensional momentum equations, the
magnitudes of FD and MD are obtained [Ishii, 1975; Kolev,
2007]: FD = Bdaf (rs � rf)g, MD = asaf (rs � rf)g. This
reveals the most basic features of the drag force:MD = 0 if in
the limit the solid or fluid volume fraction vanishes (as = 0
or af = 0), and if the particles are neutrally buoyant (i.e., rs�
rf = 0) [Bagnold, 1954; Pudasaini, 2011].
[14] The generalized drag coefficient, CDG can be written

as:

CDG ¼ MD

���uf � us
��2 ¼ asaf rs � rf

� �
g=
��uf � us

��2: ð4Þ

The mass balances in (1) imply that the total mixture is
divergence free, r � (asus + af uf) = 0. Thus, the net volume
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flux must vanish, asus + af uf = 0 [Pitman and Le, 2005].
The relative phase velocity |uf � us| can be rearranged in
terms of the solid and the fluid constituent velocities to get:

uf � us
�� �� ¼ 1

as
juf j; ð5aÞ

uf � us
�� �� ¼ 1

af
jusj: ð5bÞ

Consider a parameter P ∈ 0; 1ð Þ which eventually com-
bines the solid-like and fluid-like drag contributions to flow
resistance in two-phase debris flows (section 6.2 and
Appendix A). Multiply (5a) by P and (5b) by 1� Pð Þ and
add to obtain their linear combination, which when squared
leads to a unique expression:

juf � usj2 ¼ P 1

as
uf
�� ��þ 1� Pð Þ 1

af
jusj

� 	2
: ð6Þ

Until this point, only the fluid dynamical equations are used.
Now, I approach some experimental results to model |us|
and |uf |.
[15] Consider one-dimensional vertical flows. As in

Richardson and Zaki [1954] and Pitman and Le [2005],

usj j ¼ Us ¼ aM
f UT ; ð7Þ

where Us is the sedimentation velocity of a dispersion of
particles in a fluid, and UT is the terminal velocity of an
isolated particle falling in the fluid. The parameterM =M(Rep)
depends weakly on the particle Reynolds number Rep, and
varies from 4.65 to 2.4 [Pitman and Le, 2005]. Equation (7) is
mainly applicable for dilute flows where the inter-particle dis-
tance is much larger than the particle size.
[16] Next, consider fluid flow through a relatively dense

packing of solid grains, similar to the flow of fluid through
the porous medium. Typical fluid velocity under such con-
ditions is represented by:

uf
�� �� ≈ K ¼ rf g

k
hf

¼ rf g
hf

ack d
2 ¼ rf gd2

hf

a3
f

180a2
s

¼ g
180

af

as


 �3

asRepUT ; ð8Þ

where, K is hydraulic conductivity, k is permeability, ack is
the Kozeny-Carman packing of spheres, d is particle diam-
eter, hf is fluid viscosity, g = rf /rs is the density ratio, Rep ¼
rf dUT=hf is the particle Reynolds number [see, e.g., Pailha

and Pouliquen, 2009], and assume that UT ¼ ffiffiffiffiffiffiffiffiffiffiffi
gd=g

p
, which

is an approximation for particle falling through a non-dense
fluid medium. Combining (4), (6), (7) and (8) I obtain a new
generalized drag coefficient:

CDG ¼
asaf rs � rf

� �
g

UT PF Rep
� �þ 1� Pð ÞG Rep

� � �� �| ; ð9Þ

where F ¼ g af =as

� �3
Rep=180 and G ¼ a

M Repð Þ�1

f . F
depends linearly on the particle Reynolds number, density
ratio and the cube power of the ratio between fluid and solid
volume fractions. However, G only depends weakly on the

fluid volume fraction and the particle Reynolds number.
Furthermore, | = 1 or 2 should be selected according to
whether simple linear (laminar-type, at low velocity) or
quadratic (turbulent-type; e.g., Voellmy drag; at high veloc-
ity) drag coefficients are considered. The parameter P can
play a crucial role to fit the data and the model calibration.
[17] It is important to mention that in practical applica-

tions, the value of CDG is usually set to some numerical
value that optimizes the fit between observations and
numerical simulations (where CDG = 0.022 is used) [see,
e.g., Zwinger et al., 2003]. However, here I propose that
this drag coefficient be expressed explicitly in terms of
essential physical parameters, for example, the volume
fractions of the solid and fluid, the solid and fluid densities,
terminal velocity of solid particles, particle diameter, and
fluid viscosity. F represents fluid flow through a solid
skeleton (e.g., granular-rich debris flows) [see, Takahashi,
2007], whereas G represents solid particles moving through
fluid (e.g., particle-laden flows). F and Gmay have different
degrees of importance depending on the nature of the flow.
Therefore, the generalized drag coefficient is modeled by a
linear combination of these contributions. There are two
limiting cases: P ¼ 0 is more suitable when solid particles
are moving through a fluid. In contrast, P ¼ 1 is more suit-
able for flows of fluids through dense packings of grains
[Kytoma, 1991; Pitman and Le, 2005; Ouriemi et al., 2009;
Pailha and Pouliquen, 2009]. The proposed generalized drag
coefficient offers the opportunity to simulate a wide spectrum
of flows. By setting P ¼ 0 and | = 1, one recovers the drag
coefficient of Pitman and Le [2005], and P ¼ 1 and | = 1
corresponds to the drag coefficient in Pailha and Pouliquen
[2009]. See the Appendix A for detailed discussion on the
drag.
[18] Virtual mass. The proposed drag force includes the

interaction between fluid and solids in uniform flow fields
under nonaccelerating conditions. In reality, the solid parti-
cles may accelerate relative to the fluid. In this situation, part
of the ambient fluid is also accelerated. This induces an
additional force contribution in the flow, which is called the
added mass force or virtual mass force. A simple way of
realizing virtual mass force is by considering the change in
kinetic energy of the fluid surrounding an accelerating par-
ticle. The virtual mass coefficient depends on the volume
fraction of the solid. Following Ishii [1975], Ishii and Zuber
[1979], Drew [1983] and Drew and Lahey [1987], the
coefficients of the generalized virtual mass (CV M G), and the
virtual mass (CVM) are defined as

CVMG ¼ asrf CVM asð Þ; CVM asð Þ ¼ 0:5 1þ 2asð Þ=af : ð10Þ

[19] For small values of as, CVM ≈ 0.5 [Maxey and Riley,
1993]. For unsteady, inviscid flow Rivero et al. [1991] also
showed CVM ≈ 0.5. For practical purposes, CVM can also be
assumed constant, or at least independent of flow depth. The
convective derivative d(uf � us)/dt, which is required for
virtual mass, can be written in many different ways. Here,
I use the simple expression as suggested by Lyczkowski et al.
[1978]:

d

dt
uf � us
� � ¼ duf

dt
� dus

dt
¼ ∂uf

∂t
þ uf � ruf


 �
� ∂us

∂t
þ us � rus


 �
:

ð11Þ
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These expressions will be united with the inertial part of (2).
Special attention should be paid as these expressions do not
include the volume fraction of the solid inside the derivatives.
All previous geophysical mass flow models [Iverson and
Denlinger, 2001; Pitman and Le, 2005; Pudasaini et al.,
2005; Pelanti et al., 2008] neglect virtual mass effect.
2.2.2. Stresses
[20] Solid stresses. Following prior considerations

[Savage and Hutter, 1989; Gray et al., 1999; Pudasaini and
Hutter, 2003, 2007], solid stresses are assumed to satisfy the
Mohr-Coulomb plasticity criterion. The Cauchy stress
components are expressed in terms of the normal pressure
(stress) and an earth-pressure coefficient:

Sj j ¼ N tanf; Txx ¼ KxTzz; Tyy ¼ KyTzz; ð12Þ
where S is the shear stress, N is the normal pressure on any
plane element, and K is the earth-pressure coefficient. See
Appendix B for alternative solid stress closures.
[21] Fluid extra stresses. Following Ishii [1975], Drew

[1983], and Ishii and Hibiki [2006], the phase-averaged
viscous-fluid stresses are modeled using a non-Newtonian
fluid rheology:

t f ¼ hf ruf þ ruf
� �th i

� hf
A af

� �
af

� rasð Þ uf � us
� �þ uf � us

� � rasð Þ� �
: ð13Þ

Here, A af

� �
is called the mobility of the fluid at the inter-

face. As as → 0, A ≈ 1, implying perfect mobility (means
fluid moves without the disturbance of solid particles).
Imagine the situation in which the solid particles are moving
faster than the fluid. If the solid-concentration gradient is
zero (uniform distribution of solid particles), then the fluid
viscous-stress does not experience any additional disturbance.
If the concentration gradient is positive, then the viscous shear-
stress will be enhanced by the presence of an increasing
number of solid particles in the downstream direction. In
contrast, a negative solid-concentration gradient means that
the number of particles is decreasing in the downstream
direction, thus reducing the fluid viscous stress. This is intui-
tively clear as far as the debris flows, particle laden flows, and
dispersive particle flows are concerned. To my knowledge,
such a potentially important effect of the solid-concentration
gradient on the viscous stress of the fluid has not yet been
modeled, explored experimentally or simulated in the context
of the geophysical mass flows. Therefore,Acan be treated as a
phenomenological parameter. In previous mixture models
[Iverson and Denlinger, 2001; Pudasaini et al., 2005] con-
centration gradients are neglected, and the relative motion of
solids with respect to the fluid is also neglected. In prior
models, the fluid effect is incorporated as an internal variable
for the basal fluid pressure. Existing two-fluid models [Pitman
and Le, 2005; Pelanti et al., 2008; Pailha and Pouliquen,
2009] neglect the fluid shear stress t f, and only hydrostatic
fluid pressure is retained (in Pailha and Pouliquen [2009]
pressure is modified to include a granular dilatational effect).
It is important to realize that in (13) the fluid shear stress is
enhanced (or reduced) by the gradient of the solids concen-

tration. Note that, hf ruf þ ruf
� �th i

is the Newtonian viscous

stress, and hf
A afð Þ
af

rasð Þ uf � us
� �þ uf � us

� � rasð Þ� �
is a

Non-Newtonian viscous stress that depends on the solid-
volume-fraction gradient ras, which enhances the apparent
viscous stress, t f.

3. A Three-Dimensional Two-Phase
Debris-Flow Model

[22] Collecting the mass and momentum balance equa-
tions, the interfacial momentum transfer, and the solid and
fluid stress expressions from (1)–(3), (9)–(13), the three-
dimensional two-phase debris flow model can be written as:

∂as

∂t
þr � asusð Þ ¼ 0; ð14aÞ

∂af

∂t
þr � af uf

� � ¼ 0; ð14bÞ

∂
∂t

asrsusð Þ þ r � asrsus � usð Þ ¼ asrsf �r � asTs þ pras þMs;

ð14cÞ

∂
∂t

af rf uf
� �

þr � af rf uf � uf
� �

¼ af rf f � afrpþr � af t f þMf ;

ð14dÞ

where,

Ms ¼
asaf rs � rf

� �
g

UT PF Rep
� �þ 1� Pð ÞG Rep

� � �� �| uf � us
� �juf � usj|�1

þ 1

2
asrf

1þ 2as

af


 �
∂uf
∂t

þ uf � ruf


 �
� ∂us

∂t
þ us � rus


 �� 	
;

ð14eÞ

Sj j ¼ N tanf; Txx ¼ KxTzz; Tyy ¼ KyTzz; ð14f Þ

t f ¼ hf ruf þ ruf
� �th i

� hf
A af

� �
af

� rasð Þ uf � us
� �þ uf � us

� � rasð Þ� �
; ð14gÞ

and Mf = �Ms. There is strong coupling between the solid
and the fluid momentum transfer both through the interfacial
momentum transfer M, which includes the viscous drag and
the virtual mass force, and the enhanced non-Newtonian
viscous fluids stresses. In (14), there are 8 equations and
8 unknowns (us, vs, ws; uf , vf , wf ; as, p). The system is
closed and can be solved numerically.

4. A Reduced Two-Dimensional Two-Phase
Debris Flow Model

[23] Three-dimensional model (equations 14) typically are
unmanageable or demand huge computational efforts when
applied to natural-scale geophysical mass flows, which can
involve masses as large as 106 to 1013 m3 [Legros, 2002;
Crosta et al., 2004; Strom and Korup, 2006; Pudasaini and
Hutter, 2007; Sosio et al., 2008]. One way to make the
problem more tractable is to assume that flows are long (or
wide) relative to their depth, and to use depth-averaging in
the z direction. Thus, I develop a set of depth-averaged
equations for the flowing mass and momentum transfer for
the solid and fluid components. This involves a sequence of
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processes that rigorously transform the three-dimensional
equations into a relatively simple set of equations.

4.1. Scaling Analysis

[24] The scaling analysis is performed with the equations:

(x, y, z, F, t) = Lx̂; Lŷ;Hẑ;HF̂ ;
ffiffiffiffiffiffiffiffi
L=g

p
t̂

� �
, (u, v, w) =ffiffiffiffiffiffi

gL
p

û; v̂; ɛŵð Þ , (Txx, Tyy, Tzz) = rsgH T̂ xx; T̂ yy; T̂ zz

� �
, (Txy,

Txz, Tyz) = rsgHm T̂ xy; T̂ xz; T̂ yz

� �
; p ¼ rf gHp̂ [Iverson, 1997;

Pitman and Le, 2005; Pudasaini and Hutter, 2007], where L
andH are the typical extent and depth of debris flow, ɛ =H/L
is the aspect ratio, F is a scalar function, and m = tan d is the
basal friction coefficient. The scaling for solid stresses is
introduced in accordance with Coulomb rheology (normal
and shear stresses are scaled with rsgH and mrsgH). For
notational brevity, the hats are dropped from the respective
terms and it is realized that all the field variables are non-
dimensional. Using the defined scaling equations, (14c)–(14d)
can be written in non-dimensional form. With some alge-
braic manipulations, the virtual mass terms can be combined
with the inertial terms. Then, solid-phase x, y and z
momentum equations (14c), respectively, yield (where, T = Ts

is solid stress tensor, C ¼ CVM is virtual mass coefficient, ~C ¼
as=af

� �C is volume fraction ratio weighted virtual mass
coefficient)

1þ gCð Þ ∂
∂t

asusð Þ þ ∂
∂x

asu
2
s

� �þ ∂
∂y

asusvsð Þ þ ∂
∂z

asuswsð Þ
� 	

� g~C ∂
∂t

af uf
� �þ ∂

∂x
af u

2
f

� �
þ ∂
∂y

af uf vf
� �þ ∂

∂z
af uf wf

� �� 	

¼ asg
x � ɛ

∂
∂x

asTxxð Þ þ ɛm
∂
∂y

asTxy
� �þ m

∂
∂z

asTxzð Þ
� �

þ ɛgp
∂as

∂x

þ asaf 1� gð Þ
ɛ UT PF Rep

� �þ 1� Pð ÞG Rep
� � �� �| uf � us

� �juf � usj |�1;

ð15Þ

1þ gCð Þ ∂
∂t

asvsð Þ þ ∂
∂x

asusvsð Þ þ ∂
∂y

asv
2
s

� �þ ∂
∂z

asvswsð Þ
� 	

� g~C ∂
∂t

af vf
� �þ ∂

∂x
af uf vf
� �þ ∂

∂y
af v

2
f

� �
þ ∂
∂z

af vf wf

� �� 	

¼ asg
y � ɛm

∂
∂x

asTyx
� �þ ɛ

∂
∂y

asTyy
� �þ m

∂
∂z

asTyz
� �� �

þ ɛgp
∂as

∂y

þ asaf 1� gð Þ
ɛ UT PF Rep

� �þ 1� Pð ÞG Rep
� � �� �| vf � vs

� �juf � usj |�1;

ð16Þ

ɛ 1þ gCð Þ ∂
∂t

aswsð Þ þ ∂
∂x

asuswsð Þ þ ∂
∂y

asvswsð Þ þ ∂
∂z

asw
2
s

� �� 	

� ɛg~C ∂
∂t

af wf

� �þ ∂
∂x

af uf wf

� �þ ∂
∂y

af vf wf

� �þ ∂
∂z

af w
2
f

� �� 	

¼ asg
z � ɛm

∂
∂x

asTzxð Þ þ ɛm
∂
∂y

asTzy
� �þ ∂

∂z
asTzzð Þ

� �
þ gp

∂as

∂z

þ asaf 1� gð Þ
ɛ |�1ð Þ=|UT PF Rep

� �þ 1� Pð ÞG Rep
� � �� �| wf � ws

� �juf � usj |�1:

ð17Þ
Here, gx, gy, gz are the (non-dimensional) components of
gravitational acceleration. Here, I focus on the mechanics of
two-phase flows across a locally inclined Cartesian-type

topography [Pitman and Le, 2005] in which the detailed basal
topographic effects can be included in the gradients of the
basal topography in x and y-directions, respectively [Fischer et
al., 2012].
[25] Similarly, the non-dimensionalized fluid momentum

equations (14d), take the form

1þ ~C� � ∂
∂t

af uf
� �þ ∂

∂x
af u

2
f

� �
þ ∂
∂y

af uf vf
� �þ ∂

∂z
af uf wf

� �� 	

� C ∂
∂t

asusð Þ þ ∂
∂x

asu
2
s

� �þ ∂
∂y

asusvsð Þ þ ∂
∂z

asuswsð Þ
� 	

¼ af g
x þ ɛ � af

∂p
∂x

þ 2
∂
∂x

1

NR

∂uf
∂x


 �
þ ∂
∂y

1

NR

∂uf
∂y

þ ∂vf
∂x


 �
 ��"

þ ∂
∂z

1

ɛ2NR

∂uf
∂z

þ 1

NR

∂wf

∂x


 ��
þ 2

∂
∂x

1

NRA

∂as

∂x
us � uf
� �
 �(

þ ∂
∂y

1

NRA

∂as

∂x
vs � vf
� �þ ∂as

∂y
us � uf
� �
 � !

þ ∂
∂z

1

ɛ2NRA

∂as

∂z
us � uf
� �þ 1

NRA

∂as

∂x
ws � wf

� � !)#

� 1

g
asaf 1� gð Þ

ɛ UT PF Rep
� �þ 1� Pð ÞG Rep

� � �� �| uf � us
� �juf � usj|�1;

ð18Þ

1þ ~C� � ∂
∂t

af vf
� �þ ∂

∂x
af uf vf
� �þ ∂

∂y
af v

2
f

� �
þ ∂
∂z

af vf wf

� �� 	

� C ∂
∂t

asvsð Þ þ ∂
∂x

asusvsð Þ þ ∂
∂y

asv
2
s

� �þ ∂
∂z

asvswsð Þ
� 	

¼ af g
y þ ɛ �af

∂p
∂y

þ ∂
∂x

1

NR

∂vf
∂x

þ ∂uf
∂y


 �
 �
þ 2

∂
∂y

1

NR

∂vf
∂y


 ���

þ ∂
∂z

1

NR

∂wf

∂y
þ 1

ɛ2NR

∂vf
∂z


 ��
þ ∂

∂x
1

NRA

∂as

∂x
vs � vf
� �

�

þ ∂as

∂y
us � uf
� ���þ 2

∂
∂y

1

NRA

∂as

∂y
vs � vf
� �
 �

þ ∂
∂z

1

NRA

∂as

∂y
ws � wf

� �þ 1

ɛ2NRA

∂as

∂z
vs � vf
� �
 ��	

� 1

g
asaf 1� gð Þ

ɛ UT PF Rep
� �þ 1� Pð ÞG Rep

� � �� �| vf � vs
� �juf � usj |�1;

ð19Þ

ɛ 1þ ~C� � ∂
∂t

af wf

� �þ ∂
∂x

af uf wf

� �þ ∂
∂y

af vf wf

� �þ ∂
∂z

af w
2
f

� �� 	

� ɛC ∂
∂t

aswsð Þ þ ∂
∂x

asuswsð Þ þ ∂
∂y

asvswsð Þ þ ∂
∂z

asw
2
s

� �� 	

¼ af g
z � af

∂p
∂z

þ ɛ2
∂
∂x

1

NR

∂wf

∂x


 �
þ ∂
∂y

1

NR

∂wf

∂y


 ��

þ ∂
∂x

1

NRA

∂as

∂x
ws � wf

� �
 �
þ ∂
∂y

1

NRA

∂as

∂y
ws � wf

� �
 �	

þ ∂
∂x

1

NR

∂uf
∂z


 �
þ ∂
∂y

1

NR

∂vf
∂z


 �
þ 2

∂
∂z

1

NR

∂wf

∂z


 �� ��

þ ∂
∂x

1

NRA

∂as

∂z
us � uf
� �
 �

þ ∂
∂y

1

NRA

∂as

∂z
vs � vf
� �
 ��

þ 2
∂
∂z

1

NRA

∂as

∂z
ws � wf

� �
 ��	
� 1

g

� asaf 1� gð Þ
ɛ |�1ð Þ=| UT PF Rep

� �þ 1� Pð ÞG Rep
� � �� �| wf � ws

� �juf � usj|�1;

ð20Þ
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where NR ¼ ffiffiffiffiffiffi
gL

p
rf H=af hf and NRA ¼ ffiffiffiffiffiffi

gL
p

rf H=Ahf are
quasi-Reynolds numbers. The expressions NR and NRA are
associated with the Newtonian and non-Newtonian viscous
stresses, respectively, and NRA is called the mobility Rey-
nolds number. In the special case in which A ¼ af , these
quasi-Reynolds numbers coincide. In Iverson and Denlinger
[2001] and Pudasaini et al. [2005], NRA did not appear. Also,
previously in those models only r, the debris bulk density,
rather than rf appeared in NR. Here, these quasi-Reynolds
numbers are manifestations of the dynamics of the fluid
component, in contrast to the mixture models in which NR is
related to the dynamics of bulk debris. The above discussion
also implies that there are fundamental differences
between the model derived here and the models of Iverson
and Denlinger [2001] and Pudasaini et al. [2005]. Note
that, as in Pitman and Le [2005], the different scalings
with respect to the solid and fluid densities have produced
phase-interaction terms (drag) differing by a factor 1/g.
[26] One of the important aspects of the shallow-flow

approximation is to analyze the flow dynamical effect on
(fluid) pressure. By neglecting terms of O(ɛ) or higher in
(20), one obtains

af
∂p
∂z

¼ af g
z þ 1

NR

∂
∂x

∂uf
∂z


 �
þ ∂
∂y

∂vf
∂z


 �
þ 2

∂
∂z

∂wf

∂z


 �� ��

þ 1

NRA

∂
∂x

∂as

∂z
us � uf
� �
 �

þ ∂
∂y

∂as

∂z
vs � vf
� �
 ��

þ 2
∂
∂z

∂as

∂z
ws � wf

� �
 ��	

� 1

g
asaf 1� gð Þ

ɛ |�1ð Þ=| UT PF Rep
� �þ 1� Pð ÞG Rep

� � �� �|
� wf � ws

� �juf � usj|�1: ð21Þ

The terms associated with 1/NR can be re-written as
∂
∂z

∂uf
∂x þ ∂vf

∂y þ ∂wf

∂z

� �
þ ∂2wf

∂z2 . If the debris is moving as a bulk

flow without phase-interaction [Iverson, 1997; Iverson and
Denlinger, 2001; Pudasaini et al., 2005], then due to the
divergence-free vector field the expression in the bracket
would vanish. If we assume ∂wf /∂z ≈ 0 (compatible with
the shallow-flow assumption) then the entire expression
vanishes. Hence, since the terms associated with 1=NRA and
drag do not appear in those bulk mixture models, the fluid
pressure is simply hydrostatic. In the model presented here,
fluid pressure is not simply hydrostatic, because only the
total debris mixture is divergence free, and not the separate
components. For simplicity, here I assume that the terms
associated with w can be neglected. Then the pressure
expression (21) becomes:

∂p
∂z

¼ gz þ 1

af

1

NR

∂
∂x

∂uf
∂z


 �
þ ∂
∂y

∂vf
∂z


 �� ��

þ 1

NRA

∂
∂x

∂as

∂z
us � uf
� �
 �

þ ∂
∂y

∂as

∂z
vs � vf
� �
 �� �	

: ð22Þ

[27] In general, fluid pressure is not hydrostatic in a two-
phase flow. A relation similar to (21) is also derived by
Pailha and Pouliquen [2009], in which a fluid pressure
gradient is dependent on drag. If dilation is neglected, as is
done here by assuming w � 0, the drag effect vanishes and

fluid pressure is hydrostatic in Pailha and Pouliquen [2009].
A non-hydrostatic pressure, such as (22), is incorporated into
a debris flow and avalanche model for the first time, which
here includes both the dynamics of fluid motion and solid-
concentration gradient. For simplicity, following Iverson
and Denlinger [2001], Pitman and Le [2005], Pudasaini
et al. [2005], Fernandez-Nieto et al. [2008], and Pelanti
et al. [2008], only hydrostatic fluid pressure is considered,
∂p/∂z = gz, which is justified when NR and NRA are much
larger than the numerical values of the gradients of veloci-
ties and solid volume fractions associated with these terms
in (22). Starting with a sufficiently small apparent fluid
velocity and a linear Darcy drag, George and Iverson
[2011] developed a model for a non-hydrostatic pore fluid
pressure in a bulk debris mixture that evolves in time as a
function of basal pore pressure. However, as mentioned by
these authors, such a drag “may oversimplify the effects of
complex phase-interaction forces in debris flow”.
[28] By neglecting the terms of O(ɛ), and assuming weak

dependence of as with z, (17) yields

∂
∂z

asTzzð Þ ¼ asg
z þ gp

∂as

∂z
¼ asg

z � gas
∂p
∂z

þ g as
∂p
∂z

þ p
∂as

∂z

� 	

≈ 1� gð Þas
∂p
∂z

þ ga2
s

∂
∂z

p

as


 �� 	
: ð23Þ

Because as < 1, as
2 ≪ 1, and because g < 1, gas

2 ≈ 0. In a
fully saturated debris flow, as ≈ 0.6 [Pailha and Pouliquen,
2009]. In a more fluid-rich debris flow the solids concen-
tration may be stratified. Near the base, as may be below
0.6, and at the free-surface, as may vanish. For dilute flows,
I assume as ≈ 0.3 to be a good approximation of the mean
solids concentration. Considering typical solid and fluid
densities, g ≈ 0.3 for natural debris flows. As a result, gas

2 is
about an order of magnitude less than (1 � g)as. This sug-
gests terms in gas

2 can be disregarded, in which case (23)
reduces to

∂
∂z

asTzzð Þ ≈ 1� gð Þas
∂p
∂z

: ð24Þ

Equation (23) also shows that if fluid pressure and the solid
volume fraction vary linearly with depth, this also leads to
(24) which is a buoyancy-reduced normal stress acting on
the solids. Note that, equations similar to (23)–(24) can also
be derived for x and y directions.

4.2. Boundary Conditions

[29] As for single-phase [Savage and Hutter, 1989] or
mixture flows [Iverson and Denlinger, 2001; Pudasaini et al.,
2005], or two-fluid flows [Pitman and Le, 2005; Fernandez-
Nieto et al., 2008], I assume that the solid-fluid mixture, and
the solid- and fluid-phase constituents separately satisfy the
kinematic free-surface and the bottom boundary conditions.
The top surface is traction-free, and Coulomb sliding (for
solid) and no-slip (for fluid) conditions are satisfied at the
flow base [Iverson and Denlinger, 2001; Pudasaini et al.,
2005; Pudasaini and Hutter, 2007].

4.3. Depth Averaging

[30] For a given function f = f(t, x, y, z), the depth-averaging
is denoted by �f ¼ �f t; x; yð Þ and is defined as �f ¼ 1

h

R s
b fdz ,
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where h = s � b is the debris flow depth (in the direction
normal to the substrate surface), b = b(t, x, y) and s = s(t, x, y)
are the basal- and the free-surface of the flow. Depth averaging
poses great challenges in developing shallow flow equations,
particularly for multiphase flows. Following Savage and
Hutter [1989], I assume that the average of a product is
approximated by the product of the averages, i.e., for two
given functions f and g,

fg ≈ f �g: ð25Þ

[31] This is called the ‘factorization of the mean’. Then, it
follows that the mean of the reciprocal is the reciprocal of
the mean:Z s

b

f

g
dz ¼

Z s

b
fg�1dz ¼ hfg�1 ¼ hf g�1 ¼ hf �gð Þ�1 ¼ hf=�g:

ð26Þ

This resulted simply from the well excepted classical
assumption of the factorization of the mean. This is so
because, 1 ¼ gg�1 ¼ gg�1 which implies g�1 ¼ �gð Þ�1.
However, these approximations are subject to error [Iverson
and Denlinger, 2001; Pitman and Le, 2005; Pudasaini et al.,
2005; Pudasaini and Hutter, 2007]. Although (26) is a
straightforward and simple consequence of (25) it will have
great contributions in depth averaging the expressions
associated with the drag force, virtual mass force, quasi
Reynolds numbers, etc. This was not realized before.
4.3.1. Basal and Depth Averaged Pressure Terms
[32] From (14f), (17), and (24) (with ∂p/∂z = gz) the depth-

averaged fluid and solid pressures are:

pbf ¼ �gzh; �p ¼ � 1

2
gzh ¼ 1

2
pbf ;

asTzzjb ¼ pbs ¼ 1� gð Þaspbf ; as n � Tnð Þjb ¼ pbs ;

asTxx ¼ � 1

2
Kx 1� gð Þ�asg

zh; asTyy ¼ � 1

2
Ky 1� gð Þ�asg

zh:

ð27Þ

In these equations, pbf and pbs are the effective fluid and solid
pressures at the basal surface.
4.3.2. Depth Averaged Mass Balance Equations
[33] Adding (14a) and (14b) implies that the mixture

is divergence-free, r � asus þ af uf
� � ¼ 0. Therefore,

asus þ af uf
� �

behaves as the mixture velocity. Applying
the Leibniz rule to this equation [see Pudasaini and Hutter,
2007] and employing the kinematic boundary conditions for
the mixture, one obtains:

Z s

b

∂
∂x

asus þ af uf
� �þ ∂

∂y
asvs þ af vf
� �þ ∂

∂z
asws þ af wf

� �� 	
dz

¼ ∂
∂x

h asus þ af uf
� �h i

þ ∂
∂y

h asvs þ af vf
� �h i

� asus þ af uf
� � ∂z

∂x
þ asvs þ af vf
� � ∂z

∂y
� asws þ af wf

� �� 	s
b

¼ ∂
∂x

h asus þ af uf
� �� �þ ∂

∂y
h asvs þ af vf
� �� �þ ∂h

∂t
: ð28Þ

Assuming that the mean can be factorized the depth-
averaged mixture mass balance is obtained

∂h
∂t

þ ∂
∂x

h as us þ af uf
� �� �þ ∂

∂y
h as vs þ af vf
� �� � ¼ 0: ð29Þ

From (14a) and the kinematic boundary conditions, the
depth-averaged solid-phase mass balance takes the form

∂
∂t

h�asð Þ þ ∂
∂x

hasus½ � þ ∂
∂y

has vs½ � ¼ 0: ð30Þ

Analogously, from (14b), the depth-averaged fluid-phase
mass balance yields:

∂
∂t

h�af

� �þ ∂
∂x

haf uf
� �þ ∂

∂y
haf vf
� � ¼ 0: ð31Þ

4.3.3. Depth Averaged Momentum Balance Equations
[34] Solid-phase. To obtain the averaged momentum bal-

ance equations for the solid phase, consider the x-direction
solid momentum equation (15). By depth-averaging the
inertial part of the equation and applying the kinematic
boundary conditions together with the Leibniz rule of inte-
gration we obtainZ s

b
1þ gCð Þ ∂

∂t
asusð Þ þ ∂

∂x
asu

2
s

� �þ ∂
∂y

asusvsð Þ þ ∂
∂z

asuswsð Þ
� 	

dz

¼ h 1þ gCð Þ ∂
∂t

asusð Þ þ ∂
∂x

asu2s
� �þ ∂

∂y
asusvsð Þ þ ∂

∂z
asuswsð Þ

� 	

¼ 1þ g�C� � Z s

b

∂
∂t

asusð Þ þ ∂
∂x

asu
2
s

� �þ ∂
∂y

asusvsð Þ þ ∂
∂z

asuswsð Þ
� 	

dz

¼ 1þ g�C� � ∂
∂t

hasusð Þ þ ∂
∂x

hasu2s

� �
þ ∂
∂y

hasusvsð Þ
� 	�

� asus
∂z
∂t

þ us
∂z
∂x

þ vs
∂z
∂y

� ws


 �� 	s
b

�

¼ 1þ g�C� � ∂
∂t

hasusð Þ þ ∂
∂x

hasu
2
s

� �þ ∂
∂y

hasusvsð Þ
� 	

; ð32Þ

where �C asð Þ ¼ C �asð Þ . In (32) factorization of the mean is
applied repeatedly. Here, it is shown for the factor 1þ gCð Þ:

1þ gCð Þ ¼ 1þ gC ¼ 1þ 1

2
g

1þ 2as

af


 �
¼ 1þ 1

2
g

1þ 2as

af


 �

¼ 1þ 1

2
g

1þ 2as

1� asð Þ
� 	

¼ 1þ gC asð Þ: ð33Þ

[35] Now, consider the solid stress terms and apply the
dynamic boundary conditions to obtain:

�
Z s

b
ɛ
∂
∂x

asTxxð Þ þ ɛm
∂
∂y

asTxy
� �þ m

∂
∂z

asTxzð Þ
� �

dz

¼ �ɛ
∂
∂x

h asTxx
� �� �� ɛm

∂
∂y

h asTxy
� �� �

þ ɛasTxx
∂z
∂x

þ ɛmasTxy
∂z
∂y

� masTxz

� 	s
b

¼ � ɛ
∂
∂x

h asTxx
� �� �þ ɛm

∂
∂y

h asTxy
� �� �þ as n � Tnð Þjb

�

� us
usj j tan d þ ɛ

∂b
∂x


 ��
: ð34Þ
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Following Savage and Hutter [1989], Gray et al. [1999],
and Pudasaini and Hutter [2007] the shear stress Txy is
negligible because ɛm is of O(ɛ1+n), 0 < n < 1. This is a
consequence of the Coulomb rheology. This term, however,
was retained in Iverson and Denlinger [2001] and Pitman
and Le [2005]. Depth averaging of the term ɛgp∂as/∂x in
(15) associated with the buoyancy force, with the remark at
the end of section 4.1, becomes:

�ɛg
Z s

b
as

∂p
∂x

dz ¼ ɛg
Z s

b
as

∂
∂x

gz s� zð Þ½ �dz ¼ ɛg�asg
zh

∂h
∂x

þ ∂b
∂x

� 	

¼ ɛg�as
∂
∂x

gzh2=2
� �þ gzh

∂b
∂x

� 	
: ð35Þ

[36] By applying the shallow-flow assumption to
approximate the velocities by their means, depth-averaged
expression for drag (last term in the right-hand side of (15))
yields:

Z s

b

asaf 1� gð Þ
ɛ UT PF Rep

� �þ 1� Pð ÞG Rep
� � �� �| uf � us

� �juf � usj|�1dz

¼ �as�af 1� gð Þ
ɛUT P �F Rep

� �þ 1� Pð Þ�G Rep
� � �� �| �uf � �us

� �
�uf � �us

|�1h;
����

ð36Þ

where �F as;af

� � ¼ F �as; �af

� �
and �G af

� � ¼ G �af

� �
. In gen-

eral, P can be written as P ¼ P �as;r�asð Þ. The gravity term
(asg

x) in (15) is depth-averaged, which simply becomes
�asgxh. Combining equations (32), (34)–(36) and �asgxh con-
stitutes the x-component of the depth-averaged solid
momentum equation. An analogous expression is derived for
the y-component of the depth-averaged solid momentum
equation.
[37] Fluid-phase. Depth averaging of the fluid momen-

tum equations is more involved and poses substantial
difficulties compared to averaging of the solid momentum
equations, owing to the viscous forces, the enhanced fluid-
stress tensor, and the depth distribution of the solid vol-
ume fraction. Here, the expression for the depth-averaged
x-direction fluid momentum equation is derived. The
inertial, gravity, and the drag terms can be depth-averaged
exactly as for the solid-phase depth-averaged equation.
Following Pudasaini et al. [2005], the pressure and
Newtonian viscous terms associated with NR are depth-
averaged to yield:

ɛ ��af
∂
∂x

h�pð Þ þ pbf
∂b
∂x

� 	
þ h

NR
2
∂2�uf
∂x2

þ ∂2�vf
∂y∂x

þ ∂2�uf
∂y2

� c�uf
ɛ2h2

� 	� �
þ O ɛ1þn� �

; ð37Þ

where c is a shape factor (e.g., parabolic-type) that
includes vertical shearing of fluid velocity (c = 3 in
Iverson and Denlinger [2001] and Pudasaini et al.
[2005]). For strictly shallow flows c ≡ 0 because depth-
variation of uf and vf are neglected. Depth-averaging the
non-Newtonian viscous term reduces the 6th term on the
right-hand side of (18) to:

2ɛ
NRA

Z s

b

∂
∂x

∂as

∂x
uf � us
� �
 �

dz

¼ 2ɛ
NRA

∂
∂x

h
∂as

∂x
uf � us
� �
 �

� ∂as

∂x
uf � us
� � ∂z

∂x

� 	s
b

� �

¼ 2ɛ
NRA

∂
∂x

h
∂�as

∂x
�uf � �us
� �
 �

� ∂�as

∂x
�uf � �us
� � ∂h

∂x

� 	

¼ 2ɛ
NRA

h
∂
∂x

∂�as

∂x
�uf � �us
� �
 �� 	

: ð38Þ

[38] As in the derivation of (37), I assume that ∂as/∂x|s
and ∂as/∂x|b are approximated by ∂�as=∂x and that
∂as=∂x ≈ ∂�as=∂x. From the shallow water hypothesis, the
basal and free surface velocity components (us, vs) and
(uf, vf) are approximated by their means. Hence, the 7th
term on the right-hand side of (18) becomes:

ɛ
NRA

Z s

b

∂
∂y

∂as

∂x
vf � vs
� �þ ∂as

∂y
uf � us
� �
 �

dz

¼ ɛ
NRA

h
∂
∂y

∂�as

∂x
�vf � �vs
� �þ ∂�as

∂y
�uf � �us
� �
 �� �� 	

: ð39Þ

Because I assume that the expression associated with w is
negligible, the 8th term on the right-hand side of (18)
becomes

ɛ
ɛ2NRA

Z s

b

∂
∂z

∂as

∂z
uf � us
� �
 �

dz ¼ ɛ
ɛ2NRA

∂as

∂z
uf � us
� �� 	s

b

¼ ɛ
ɛ2NRA

�uf � �us
� � ∂as

∂z

� 	s
b

¼ � ɛh
NRA

x �uf � �us
� �

�as

ɛ2h2

� 	
: ð40Þ

In (40) the shape factor x takes into account different dis-
tributions of solids volume fraction, as, (parabolic or linear)
with depth. For a uniform distribution of aswith depth, x ≡ 0.
The negative sign indicates that the concentration gradient
decreases with increasing depth direction, as has been
observed [see Takahashi, 2007]. Collecting (38)–(40), one
obtains the depth-averaged solid-volume-fraction-gradient
induced non-Newtonian viscous contribution. Combining
(37)–(40) and expressions similar to (32) and (36) for
inertial and drag terms, and gravity (�af gxh) yields the depth-
averaged x-direction fluid momentum equation. The depth-
averaged y-direction fluid momentum equation can be
derived analogously. In the following equations, the over
bars are dropped for brevity.

5. The Model Equations

[39] The depth-averaged model equations are written in
standard and well structured conservative form. The mass
balance equations for the mixture as a whole, and for the
solid and fluid phases are, respectively:

∂h
∂t

þ ∂
∂x

h asus þ af uf
� �� �þ ∂

∂y
h asvs þ af vf
� �� � ¼ 0; ð41aÞ

∂
∂t

ashð Þ þ ∂
∂x

ashusð Þ þ ∂
∂y

ashvsð Þ ¼ 0; ð41bÞ

∂
∂t

af h
� �þ ∂

∂x
af huf
� �þ ∂

∂y
af hvf
� � ¼ 0: ð41cÞ
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Similarly, collecting the terms from (27) and (32)–(36) and
(37)–(40) yields the depth-averaged momentum conserva-
tion equations for the solid and the fluid phases,

∂
∂t

ash us � gC uf � us
� �� �� �þ ∂

∂x
ash u2s � gC u2f � u2s

� �
�

þ bx
h

2

�	
þ ∂
∂y

ash usvs � gC uf vf � usvs
� �� �� � ¼ hSxs ; ð42aÞ

∂
∂t

ash vs � gC vf � vs
� �� �� �þ ∂

∂x
ash usvs � gC uf vf � usvs

� �� �� �
þ ∂
∂y

ash v2s � gC v2f � v2s

� �
þ by

h

2


 �� 	
¼ hSys ; ð42bÞ

∂
∂t

af h uf þ as

af
C uf � us
� �
 �� 	

þ ∂
∂x

af h u2f þ
as

af
C u2f � u2s

� �
 �� 	

þ ∂
∂y

af h uf vf þ as

af
C uf vf � usvs
� �
 �� 	

¼ hSxf ; ð42cÞ

∂
∂t

af h vf þ as

af
C vf � vs
� �
 �� 	

þ ∂
∂x

af h uf vf þ as

af
C uf vf � usvs
� �
 �� 	

þ ∂
∂y

af h v2f þ
as

af
C v2f � v2s

� �
 �� 	
¼ hSyf ; ð42dÞ

in which bx = ɛKxpbs, by = ɛKypbs, pbf = � gz, pbs = (1 � g)
pbf. Here, pbf and pbs are the effective fluid and solid pres-
sures at the base. In (42), the source terms are

Sxs ¼ as gx � us
usj j tan dpbs � ɛpbs

∂b
∂x

� 	
� ɛasgpbf

∂h
∂x

þ ∂b
∂x

� 	

þ CDG uf � us
� �

uf � us
�� ��|�1

; ð43Þ

Sys ¼ as gy � vs
usj j tan dpbs � ɛpbs

∂b
∂y

� 	
� ɛasgpbf

∂h
∂y

þ ∂b
∂y

� 	

þ CDG vf � vs
� �

uf � us
�� ��|�1

; ð44Þ

Sxf ¼ af gx � ɛ
1

h

∂
∂x

h2

2
pbf


 �
þ pbf

∂b
∂x

� 1

af NR

��

� 2
∂2uf
∂x2

þ ∂2vf
∂y∂x

þ ∂2uf
∂y2

� cuf
ɛ2h2

� �
þ 1

af NRA

� 2
∂
∂x

∂as

∂x
uf � us
� �
 �

þ ∂
∂y

∂as

∂x
vf � vs
� �þ ∂as

∂y
uf � us
� �
 �� �

� xas uf � us
� �

ɛ2af NRAh
2

		
� 1

g
CDG uf � us

� �
uf � us
�� ��|�1

; ð45Þ

Syf ¼ af gy � ɛ
1

h

∂
∂y

h2

2
pbf


 �
þ pbf

∂b
∂y

��

� 1

af NR
2
∂2vf
∂y2

þ ∂2uf
∂x∂y

þ ∂2vf
∂x2

� cvf
ɛ2h2

� �
þ 1

af NRA

� 2
∂
∂y

∂as

∂y
vf � vs
� �
 �

þ ∂
∂x

∂as

∂y
uf � us
� �þ ∂as

∂x
vf � vs
� �
 �� �

� xas vf � vs
� �

ɛ2af NRAh
2

		
� 1

g
CDG vf � vs

� �
uf � us
�� ��|�1

; ð46Þ

where,

CDG ¼ asaf 1� gð Þ
ɛUT PF Rep

� �þ 1� Pð ÞG Rep
� � �� �| ;

F ¼ g
180

af

as


 �3

Rep; G ¼ a
M Repð Þ�1

f ;

g ¼ rf
rs

; C ¼ 1

2

1þ 2as

af


 �
; Rep ¼

rf dUT

hf
;

NR ¼
ffiffiffiffiffiffi
gL

p
Hrf

af hf
; NRA ¼

ffiffiffiffiffiffi
gL

p
Hrf

Ahf
: ð47Þ

Simple linear (laminar-type, at low velocity) or quadratic
(turbulent-type, at high velocity) drag is associated with
| = 1 or 2, respectively. The virtual mass effect (C) is present
in all inertial terms (terms on the left hand side of (42)). For
simplicity, C is assumed to be a constant; hence C ¼ 0:5 is
applied. Given the material parameters listed in (47) and the
basal topography, b = b(x, y), equations (41)–(46) allow the
debris flow depth h, volume fraction of the fluid af, and
the depth-averaged velocity components for solid us and vs
and for fluid uf and vf parallel to the basal surface to be
computed as functions of space and time, once appropriate
initial and (numerical) boundary conditions are prescribed.

6. Discussion on the Important Features
of the New Model Equations

[40] The final model equations (41)–(46) are written as
well structured hyperbolic-parabolic partial differential
equations in conservative form. There are several important
features of the new model equations. Here, the most impor-
tant physical aspects and their consequences and applicabil-
ity are discussed. These model equations are also compared
with other existing model equations in the literature
(Appendix C).

6.1. Inertial Terms

[41] There are four important aspects in the inertial and
pressure terms shown in (42). (i) The terms associated with
b in the solid momentum equations (42a)–(42b) account for
the buoyancy-reduced lateral pressures. The solid load is
reduced by the buoyancy force as modeled by the factor
(1 � g). As the density ratio between solid and fluid
approaches unity, the solid normal load vanishes, and hence,
the hydraulic pressure gradient due to solids disappears. In
this limiting case, the flow is neutrally buoyant [Bagnold,
1954] and the left-hand sides of (42a)–(42b) are purely
inertial. (ii) Only the solid momentum equations (42a)–(42b)
include the density ratio g. (iii) The presence of the virtual
mass terms (through C) is remarkable. It provides a strong
coupling between the solid (us, vs) and fluid (uf, vf) velocity
components. The coupling occurs not only between the
stream-wise (us and uf) and cross-stream velocity compo-
nents (vs and vf) but there are cross couplings between
(us, vs) and (uf, vf). However, if the relative acceleration of
the solids with respect to the fluid is negligible, then all
terms associated with C vanish (Appendix C1). Thus, the
velocity coupling induced in the streamwise and cross-
streamwise directions by the virtual mass is an important
feature of the new model equations. Even if all source terms
are neglected (i.e., Sx ¼ 0 , Sy ¼ 0 ), velocity coupling
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remains effective through the virtual mass terms. The solid
volume fraction (as) always appears as a multiple of C .
(iv) If the solid and fluid components are interlocked (that
is, the relative velocity between phases is negligible) then
all the terms due to virtual mass vanish, and equations (42)
reduce to two equations, representing the stream-wise, and
cross-stream bulk momentum (Appendices C1 and C2).

6.2. Source Terms

[42] The source terms for the solid momentum equations
(43)–(44) have multiple contributions to force: (1) gravity,
Coulomb friction and the topographic slope gradients. These
terms (the first square bracket) appear in model for single-
phase (granular) and mixture flows even if g = 0 (i.e., the
fluid contribution is neglected). If a flow is neutrally buoyant
(this can happen in highly viscous natural debris flows [see,
e.g., McArdell et al., 2007]), the contributions due to
Coulomb friction, and the basal-surface gradient vanish
because the basal surface does not experience any solid load,
and the solid shear stress vanishes. Under these conditions of
hydrodynamic support of the particles by the fluid, the
debris mass is fully fluidized (or lubricated) and moves very
economically promoting long travel distances. (2) The terms
associated with the second square brackets are due to the
buoyancy force that include free-surface and basal-surface
gradients. (3) The generalized drag terms (CDG) associated
with uniform flows are described by the last terms, and play
an important role in the dynamics of two-phase debris flows
as they strongly couple stream-wise solid and fluid veloci-
ties. These drag coefficients explicitly incorporate many
essential physical parameters. The generalized drag is mod-
eled by a linear combination of F and G . The behavior
depends on the interpolation parameter P between the con-
tribution of fluid flow through a densely packed solid Fð Þ
(Kozeny-Carman packing) and the contribution of particles
moving through a fluid Gð Þ . For values of P greater than
zero, the generalized drag achieves minimum values (for as

close to zero), and increases as as increases. Large values of
P correspond to fluid flow through the solid, which induces
more drag in the flow. Therefore, CDG serves as a general-
ized drag coefficient for two-phase, viscous debris flows and
dispersive, particle-laden flows, and offers ability to simu-
late a wide spectrum of geophysical mass flows (including
flows of lahar, mudflow, mud-flood and hyper-concentrated
flows). In four special situations, CDG vanishes: when the
relative velocity between solids and fluid is negligible, when
the flow is neutrally buoyant or when either solid (pure fluid
flow) or fluid volume fraction vanishes (dry grain flow).
[43] The source terms for the fluid-momentum equations

(45)–(46) also have multiple contributions to force. The
first three terms in (45) emerge from the gravity load applied
to the fluid phase (first term), the fluid pressure at the bed
(second term) and the topographic slope (third term). The
fourth group of terms associated with NR emerges from the
viscous force contribution of the fluid phase. The fifth group
of terms associated with NRA occurs because, viscous shear
stress is enhanced by the solid-volume-fraction gradient.
These are non-Newtonian viscous contributions. When gra-
dients of the solid volume fraction, and/or the relative
motions between the solid and fluid phases are not negligible,
these terms play important role. In typical situations, the
terms associated with NR may be neglected, e.g., when NR

is sufficiently larger than the velocity diffusion contribu-
tions (terms associated with NR). Even when terms with NR

are negligible, terms associated with NRA may still be
important, because they depend on the complex structure of
the terms associated withNRA. In fact, it depends on the second
gradients of the solid volume fraction, and the first gradients
of the relative motions between the phases. In many flow
situations, these gradients can be large enough to control the
effect of the factor 1=NRA. For example, when a natural-dam
failure or landslide-induced debris flow begins, mixing
between solid and fluid phases starts. In this situation, the
diffusion coefficient (see, section 6.5) associated with NRA
can become very large. When bank failure delivers solid
material to a relatively low-solid-concentration stream, the
solid volume fraction gradient and the relative motion
between the solid and the fluid is large. Another typical
situation is a submarine debris release or subaerial debris
plunging into a river, or a mountain lake or a hydropower
dam [see, e.g., Crosta et al., 2004; Strom and Korup, 2006].
In these complex flows, concentration gradients of solids
change rapidly. Furthermore, the second gradient of as and
its product with the relative velocity can be even larger. Yet,
in another situation, when topographic gradients change
rapidly, concentration gradients of the solid can develop or
diffuse depending on positive or negative curvatures of
topography. This means that depending on the flow situa-
tion, and boundary conditions, the terms associated with
NRA may play a significant role in the debris flow dynamics.
Existing debris-flow and particle-laden geophysical mass
flow models do not include these effects. The last terms in
(45) and (46) are due to the drag force induced by the rel-
ative velocities between the solid and fluid phases.

6.3. Viscous Terms

[44] In situations when grains are dispersed in a fluid and
the grain-grain friction is negligible, the earth pressure coef-
ficient K = 1 (effectively d ≡ 0, f = 0,F ≡ 0), and inclusion of
the viscous stresses is important because the grain shear
stress terms�as us= u sj Þtan dpbsjð ,�as vs= u sj Þtandpbsjð can be
neglected. This leads to gravity-driven buoyant grain flows
that are resisted by viscous and drag forces, and the relative
acceleration between solid and fluid components (virtual
mass). Due to buoyancy, the basal solid stress, pbs is written
in terms of the fluid pressure, pbf. For neutrally buoyant par-
ticles, the density ratio g = 1, and basal solid weight (pbs)
vanishes. Consequently, Coulomb friction disappears, lateral
solid pressure gradients vanish (because b = 0), the drag
coefficient is zero, CDG = 0, and that the basal slope effect
on the solid phase also vanishes. The only remaining solid
forces (asg

x in (43) and asg
y in (44)) are due to gravity, and

the force associated with buoyancy (the second square
brackets in (43) and 44)). However, for the fluid phase, the
viscous and gravity forces are effective in addition to the
force induced by the gradient of the solid volume fraction
(ras), the fluid pressure gradient at the base, and the fluid
pressure exerted on the topography (see, (45) and (46)). In
this situation, the importance of as as a field variable
becomes clear. The appearance of ɛ in (45) and (46) indicates
the following. The fluid viscous terms, associated with both
NR and NRA, are as important as the basal (slope) gradient
terms (ɛaspbs∂b/∂x) and (ɛaspbs∂b/∂y), the pressure gradient
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terms ∂(asbxh
2/2)/∂x and ∂(asbyh

2/2)/∂y in solid momentum
equations (42a)–(42b), (43), and (44), and ɛaf ∂(pbfh

2/2)/∂x,
ɛaf ∂(pbfh

2/2)/∂y in the fluid momentum equations (42c)–
(42d), (45), and (46). The importance of these terms have
long been recognized [Savage and Hutter, 1989; Pudasaini
and Hutter, 2003, 2007; Pitman and Le, 2005]. Therefore,
the viscous terms must also be included in the fluid
momentum equations. Since the viscosity hf is in the
denominator of NR and NRA , the influence of the terms asso-
ciated with ɛ in the fluid momentum equations increases as the
magnitude of uf � us increases.

6.4. Drag Coefficients

[45] The appearance of ɛ | in the denominator of the drag
force coefficient indicates that the drag terms can be of
utmost importance as compared to other force terms. Here, ɛ
appeared this way, because the derivation of CDG was based
on the vertical terminal velocity [Richardson and Zaki,
1954; Pitman and Le, 2005]. In shallow flows, bed parallel
velocities are typically much higher than vertical velocities.
This suggests that the vertical velocity, and thus UT, is scaled
with ɛ

ffiffiffiffiffiffi
gL

p
. This automatically produces the factor 1/ɛ | in

the bed parallel drag coefficients (47) and factor 1/ɛ |�1 in
the vertical drag coefficients in (17) and (20). Importantly,
this introduced drag effects in the fluid pressure and the
pressure deviates from hydrostatic in (21). However, in
Pitman and Le [2005], ɛ appears only in the numerator of
the z component of drag. This is so because they scale UT

with a surface-parallel velocity scaling.

6.5. Diffusion of Solid Volume Fraction

[46] From (45), the expression associated with NRA (except
xas uf � us
� �

=ɛ2af NRAh
2) can be written as:

h
∂
∂x

2

NRA
uf � us
� � ∂as

∂x

� �
þ ∂
∂y

1

NRA
vf � vs
� � ∂as

∂x

� ��

þ ∂
∂y

1

NRA
uf � us
� � ∂as

∂y

� �	
; ð48Þ

where the terms of the form uf � us
� �

=NRA play the role of a
velocity-dependent dynamic diffusion coefficient for the
solid volume fraction as. This means that the intensity of
diffusion of as depends on the magnitude of the relative
velocity of solid with respect to the fluid. If uf � us = 0 and
vf � vs = 0 there is no diffusion of as. Previous models did
not consider evolving solid concentration as presented here.
However, based on a “definition of the depth-averaged
granular dilation rate” for a bulk debris mixture, George and
Iverson [2011] introduced a simple evolution equation for
depth-averaged conservation of granular phase as a linear
function of the dilation-rate and the depth-averaged solid
volume fraction, but inversely proportional to the debris
flow depth. Also note that the diffusion of as is inversely
proportional to NRA. Furthermore, the advection of as is
included in the inertial terms in (42) as a field variable, and
as also appears in the mass balance equations (41). As in
Pudasaini et al. [2005], expressions similar to (48) can be
written for the terms associated with NR in (45)–(46).
However, here I do not consider changes in as owing to
erosion or deposition.

7. Simulations of Two-Phase Debris Flows
in an Inclined Channel

[47] The conservative structure of the model equations (41)–
(42) facilitates numerical integration even when shocks are
formed in the field variables [Pudasaini et al., 2005;
Pudasaini and Kröner, 2008]. Model equations are applied
for channel flows and are solved in conservative variables
W ¼ hs; hf ;ms;mf

� �t
, where hs = ash and hf = af h are the

solid and the fluid contributions to the flow heights, and
ms = ashus, mf = af huf are the solid and fluid momentum
fluxes, respectively. High-resolution, shock-capturing Total
Variation Diminishing Non-Oscillatory Central (TVD-NOC)
scheme is implemented to solve the model equations
numerically [Nessyahu and Tadmor, 1990; Tai et al., 2002;
Pudasaini et al., 2005; Pudasaini and Hutter, 2007;
Pudasaini and Domnik, 2009] (Appendix D).
[48] Simulation set-up and focus. Model equations are

integrated for a simple flow configuration in which a debris
flow is released from a triangular dam and moves down an
inclined one-dimensional channel (slope angle z = 45�,
Figure 1). The initial triangular mass is divided into two
parts: an upper triangle (UT), and a lower triangle (LT),
which have either the same or different solid volume frac-
tion. The idea of using different initial solid volume fractions
in the front and the back of the debris body is motivated by
field observations that the phases can be spatially non-
uniformly distributed (see, e.g., Sano [2011]). Initially, some
parts of the mixture material may be fully saturated, whereas
the other parts may be partially saturated. In addition, the
material within each triangular zone is uniformly mixed.
Internal and basal friction angles of the solid-phase are
f = 35� and d = 15�, respectively. Other parameter values
are: rf = 1, 100 kgm�3, rs = 2, 500 kgm�3, NR = 150, 000,
NRA ¼ 30, Rep = 1, UT ¼ 1;P ¼ 0:5; | ¼ 1;c ¼ 3; x ¼ 5,
respectively. The values chosen for Rep, UT ;P; | are
assumed to be typical for laminar debris flows, whereas
other parameter values are similar to those measured in the
field or used in literature, including Takahashi [1991, 2007],

Figure 1. Geometry and initial setting for the two-phase
debris flow simulation. Initially, the upper triangle (UT)
and the lower triangle (LT) are filled with uniform mixture
of solid and fluid either equal or with different initial solid
volume fraction (as). The channel is inclined at an angle
z = 45�. Physical parameters are explained in the beginning
of section 7.
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Iverson and Denlinger [2001], Pudasaini et al. [2005], and
George and Iverson [2011]. Below, I investigate the spatial
and temporal evolution of the solid (solid lines) and fluid
(dashed lines) phases, and the fluid volume fraction as the
two-phase debris flow moves down the slope. The influence
of the initial solid-volume fraction on flow evolution is
analyzed. The emphasis of the simulations is to analyze the
overall dynamics of the two-phase debris-flow in detail with
respect to the influence of the generalized drag, buoyancy,
virtual mass, Newtonian viscous stress, and enhanced non-
Newtonian viscous stress.

7.1. Evolution of Solid and Fluid Phases, and Influence
of Initial Volume Fraction

[49] Simulation results reveal strong influence of the ini-
tial distribution of solid volume fraction in the evolution of
solid and fluid phases, and the debris dynamics as a whole.
Initially, the upper and lower triangles are homogeneously
and uniformly filled (50% solid, 50% fluid; Figure 2). After
debris collapse the fluid rapidly spreads to both the leading
and trailing edges of the debris. As a result, both the leading

and trailing edges of the debris flow are dominated by fluid,
whereas the central part is dominated by solids. With time,
both phases are continuously elongated, and the flow shape
changes. This occurs because the entire mass was initially
uniformly mixed, and as soon as the mass collapses, the fluid
can slide easily and faster in the downslope direction than
can the solid grains. This results from the higher frontal
resistance for the solid grains as compared to the fluid,
which can move relatively easily. Consequently, the main
part of the debris body loses some fluid so that it becomes
dominated by solids. However, the tail is dominated by
fluid. Since the central part of the flowing mass is dominated
by solids, it increases resistance to fluid motion in two ways.
First, due to the positive slope of the trailing edge of the
initial mass, some fluid moves easily to the rear of the flow.
Second, due to the induced higher solid volume fraction in
the central part of the debris, the drag is increased. Hence,
some fluid movement through the mass of debris is
hindered.
[50] Another important aspect of the two-phase debris-

flow simulation is the time evolution of the fluid volume

Figure 2. Spatial and temporal evolution of a two-phase debris flow as the mixture moves down an
inclined channel as shown in the inset for t = 0. Initially, the upper and lower triangles are homogeneously
and uniformly filled (50% solid, 50% fluid). (top) The evolution of the solid and the fluid phases, repre-
sented by the solid and the dashed lines, respectively. After debris collapse, the fluid rapidly moves in the
front- and slowly in the back-ward directions leading to bulging of the fluid in both sides of the debris. It is
observed that the front and tail are dominated by the fluid component. (bottom) The non-linear evolution
of fluid volume fraction during the debris motion.
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fraction (Figure 2, bottom). Initially the solid and fluid vol-
ume fractions are 0.5. Following debris collapse, there
evolves a strong, non-linear dynamics of the fluid volume
fraction (af), and at all the times the front and tail are dom-
inated by the fluid. As the debris mass collapses and moves
downslope, af increases in the leading and trailing edges
whereas it attains minimum value somewhere in the central
part of the debris mass. This behavior is also reflected by the
evolution of the solid and fluid phases in Figure 2 (top).
[51] In a second simulation, the initial mass is divided into

uniform mixtures of 48% solids (upper triangle) and 75%
solids (lower triangle) (Figure 3). In this simulation, both the
front and central body of the flow are dominated by solids.
This behavior results because the fluid can not easily escape
from or pass through the more densely packed solids in the
front. As with the simulation of a fully uniform initial dis-
tribution of solids (Figure 2), the tail remains dominated by
fluid. This is a commonly observed phenomena in granular-
rich debris flows, in which the front is solids-rich, and the

main body is followed by a fluid-rich tail [Iverson, 1997;
Iverson and Denlinger, 2001; Pudasaini et al., 2005]. Both
the solid and fluid phases are continuously elongated in
time. However, the relative difference between the solid and
fluid fractions that contribute to flow depth decrease in time,
indicating more mixing as a flow proceeds downslope.
Furthermore, Figure 3 (bottom) explains the intrinsic
dynamics of the debris mixture in terms of the fluid volume
fraction. It is important to note that, right after the mass
collapse, the jump in the initial fluid volume fraction is
immediately transformed into a strong non-linearity. The
fluid volume fraction decreases from the front to the middle
portion of the flow, becomes minimum somewhere in the
middle-right, and then increases non-linearly in the tail side
of the flow.
[52] In a third simulation, the initial mass is divided into a

more fluid-rich mass leading a more solids-rich mass. In this
simulation, the mass is partitioned into uniform mixtures of
68% solids (upper triangle) and 32% solids (lower triangle)

Figure 3. The upper and lower triangles are initially filled with uniform mixtures with 48% solid (UT)
and 75% solid (LT), respectively, as shown in the inset (for t = 0) and also indicated by the step function.
(top) The spatial and temporal evolution of the solid and fluid phases, represented by the solid and dashed
lines, respectively. It is observed that both the front and central body of the flow are dominated by solids.
Both the solid and fluid phases are continuously elongated in time by changing their shapes. The relative
difference between the solid and fluid fractions that contribute to flow depth decreases in time, indicating
more and more mixing as debris moves downslope. (bottom) The evolution of the fluid volume fraction,
af, during the debris flow. Right after the mass collapse, the jump in the initial profile of af is immediately
transformed into a strong non-linearity.
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(Figure 4). In this simulation, the dynamics between the
solid and fluid evolution is the opposite of that shown in the
prior simulation (Figure 3). From the beginning, the flow
front and much of the central body is dominated by fluid
behavior. Since the initial amount of fluid in the lower tri-
angle is much greater than the volume of solids, such
behavior is explained because the solid grains are dispersed
and the mixture is diluted, and thus fluid easily flows
downslope. In contrast, the rear of the mass is initially
dominated by solids. Whereas the fluid in the front of the
mass moves easily downslope, the fluid in the rear of the
mass passes slowly through the solid matrix. The debris
mass continuously elongates and its shape changes in time,
characterizing the gradual mixing between the phases in the
central part of the flowing debris and phase separation in
the front and tail. As before, Figure 4 (bottom) explains the
complex non-linear dynamics of the debris mixture in terms
of the fluid volume fraction, af. However, the dynamical
behavior of af here is quite different than in Figures 2 and 3.
In the present simulation, af is maximum in the front of the

flow, it attains the minimum value somewhere in the back
side of the central body, and then increases in the tail.
[53] Fluid related longer travel distance discussed above is

also observed in other debris flow simulations [Pitman and
Le, 2005; Pudasaini et al., 2005]. This reflects the higher
strength of the debris material with higher amount of solid
and other induced dynamical effects, such as the drag and
friction. If the fluid volume fraction of the initial mass is
much higher (particularly in the lower part, as in a fully
saturated lower part of a mountain flank as compared to a
partially saturated upper part of the same mountain flank)
than the solids volume, then debris evolution shows that
almost half of the frontal part is dominated by the fluid while
the back side is dominated by the solid. In all simulations,
the solid front and tail are tapered, whereas the fluid front
and tail are parabolic, which is typical of granular and vis-
cous deformation [Pudasaini et al., 2005; Pudasaini and
Hutter, 2007]. Therefore, there is a strong influence of the
initial volume fractions leading to different deformation and
different flow-margin geometries.

Figure 4. The upper and lower triangles are initially filled with uniform mixture with 68% solid (UT)
and 32% solid (LT), respectively, as shown in the inset (for t = 0) and also indicated by the step function.
(top) The spatial and temporal evolution of the solid and fluid phases, represented by the solid and dashed
lines, respectively. The flow front and much of the central body is dominated by fluid behavior. The
relative difference between the solid and fluid contributions is decreasing in time. The debris mass con-
tinuously elongates and its shape changes in time, characterizing the gradual mixing between the phases
in the central part of the flowing debris and phase separation in the front and tail. (bottom) The complex
non-linear dynamics of the debris mixture in terms of evolving fluid volume fraction, af.
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7.2. Generalized Drag

[54] Drag is one of the most basic and important aspects of
two-phase debris-flow, because it influences the relative
motion between the solid and fluid phases. Increasing the
value of the drag coefficient CDG produces less relative
motion (and separation) between the phases, slows down the
motion, and hinders the front, because the flow front with

higher drag intensity is behind the front with less drag
intensity (Figure 5). Therefore, proper modeling of drag is
required in order to adequately simulate two-phase debris
flows.

7.3. Buoyancy

[55] Buoyancy is an important aspect of two-phase debris
flow, because it enhances flow mobility by reducing the

Figure 5. The generalized drag strongly influences the flow dynamics of the solid and fluid phases
(represented by the solid and the dashed lines, respectively) and the entire body as a whole in two-phase
debris flow. The inset shows the initial mass at t = 0. (middle) Drag factor 1 (normal drag), (top, bottom)
have drag factors 0.1 and 100, respectively. For the drag factor 10, the simulation curves for solid and fluid
are very close to each other (not shown here). Higher drag intensity (running from top to bottom) produces
less relative motion (and separation between the phases), slows down the motion, and hinders the front.
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frictional resistance in the mixture. Buoyancy is present
as long as there is fluid in the mixture. It reduces the solid
normal stress, solid lateral normal stresses, and the basal
shear stress (thus, frictional resistance) by a factor (1 � g).
The effect is substantial when the density ratio (g) is large
(e.g., in the natural debris flow). If the flow is neutrally
buoyant, i.e., g = 1, [e.g., Bagnold, 1954] the debris mass is
fluidized and moves longer travel distances (Figure 6).
Compared to a buoyant flow (Figure 6, top) the neutrally
buoyant flow (Figure 6, bottom) shows completely different
behavior. For the latter case, the solid and fluid phases
move together, the debris bulk mass is fluidized, the front
moves substantially farther, the tail lags behind, and the
overall flow height is also reduced.

7.4. Virtual Mass

[56] Whereas drag force includes the phase-interaction in
a uniform flow field, if the solid particles also accelerate
relative to the fluid, part of the ambient fluid is accelerated,
which induces a virtual mass force (thus, the solid particle
induced kinetic energy of the fluid phase). Due to the virtual
mass force, for present flow configuration, solid particles

bring along more fluid mass with them and the fluid is
pumped to the front. By focusing on the flow front, one
observes that fluid flow is followed by the main debris
surge (Figure 7). The solid mass loses some inertia, so it is
pushed back by the fluid. The front led by a fluid flood
(‘muddy water’) is an observable phenomena in some nat-
ural debris flows [McArdell et al., 2007]. Previous debris
flow models did not include the virtual mass effect.

7.5. Newtonian Viscous Stress

[57] Fluid viscosity, which can vary depending on flow
composition, can substantially affect flow dynamics. To
investigate this, initial upper and lower triangles of the
static mass are uniformly filled with the debris consisting of
48% solids (upper triangle), and 75% solids (lower triangle),
respectively. An inviscid fluid flow is characterized by
hf ≈ 0, or equivalently NR → ∞ in our case for the fluid-
phase. A typical viscous fluid in debris-flow can be repre-
sented by NR = 150, 000 [see Pudasaini et al., 2005]. For
the present flow configuration, a typical choice of parameters
g = 9.81 ms�2, L = 350 m, H = 2 m, rf = 1, 100 kgm�3, and
af = 0.5 suggests that the fluid-phase viscosity (hf) is about

Figure 6. The buoyancy enhances the flow mobility. (top) Density ratio g = 1,100/2,500 (normally
buoyant) and (bottom) density ratio g = 1,100/1,100 (neutrally buoyant) flow. The inset shows the initial
mass at t = 0. Solid and fluid phases are represented by the solid and the dashed lines, respectively. As com-
pared with the normally buoyant flow, the neutrally buoyant flow shows completely different behavior. For
the latter case, the solid and fluid move together, the debris bulk mass is fluidized, the front moves substan-
tially farther, the tail lags behind, the flow is smoother, and the overall flow height is also reduced.
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2 Pas. Comparing a flow with inviscid fluid to one with vis-
cous fluid shows that viscous stress controls the propagation
of the flow front and determines how the debris mass elon-
gates and deforms (Figure 8). The amount of fluid in the tail
of a flow is substantially higher without a viscous stress
compared to a flow experiencing viscous stress. Even with a
small amount of fluid in the mixture, the viscous stress effect
is important as it substantially reduces the deformation.
Therefore, the effect of viscous resistance should be taken
into account in debris flow simulation. Previous models do
not systematically include the effect of viscous stress (or fluid
viscosity) in two-phase debris flow dynamics.

7.6. Enhanced Non-Newtonian Viscous Stress

[58] The enhanced non-Newtonian viscous contribution to
shear stress can play a significant role in appropriately con-
trolling the two-phase debris flow dynamics. For the present
configuration (in the central and the frontal part of the debris
flow), (uf � us) > 0 and ∂as/∂x > 0 (the way the solid volume
fraction gradient evolves) (see Figure 2), and thus the viscous
stress is down-played. Between Figures 9 (top) and 9 (bot-
tom), there are large differences, mainly in fluid deformation,
which is enhanced substantially. Figure 9 (bottom) shows
that, right after the debris collapse, a large amount of fluid is
pumped to the front from the middle part of the debris, and
that the central part is largely dried-out. Such typical behav-
ior may be observed in dilute debris flows where the front is
largely dominated by the fluid and the tail also exhibits
dominant fluid mass. Such an important physical mechanism
is not yet included in classical debris flow model. Further-
more, Figures 8 and 9 reveal that the total viscous effect
can substantially alter the deformation process in two-phase
debris flows.
[59] Simulation results obtained for one-dimensional

inclined channel flows demonstrate the differences between
previously proposed Coulomb mixture and two-fluid models
[Iverson and Denlinger, 2001; Pudasaini et al., 2005;

Pitman and Le, 2005; Pelanti et al., 2008], and a new
general, two-phase debris-flow model (41)–(42). The differ-
ences; as discussed in section 6, Appendices A–D, and dis-
played in above figures and associated texts; are substantial
and are highlighted with respect to important physical aspects
included in the new model, namely, the generalized drag,
buoyancy, virtual mass, classical viscous stress and enhanced
non-Newtonian viscous stress. Also investigated were the
effects of the initial distribution of the solid volume fraction on
the evolution of solid and fluid constituents, and the evolution
of the fluid volume fraction.

8. Summary

[60] In this paper, a new, general two-phase debris-flow
model was developed, which includes many essential phys-
ical phenomena observable in debris flows. Mohr-Coulomb
plasticity is used to close the solid stress. The fluid stress is
modeled as a non-Newtonian viscous stress that is enhanced
(or downplayed) by the solid-volume-fraction gradient.
The model includes virtual mass induced by relative accel-
erations between the solid and fluid phases. A generalized
interfacial momentum transfer includes viscous drag, buoy-
ancy and virtual mass forces. The Richardson and Zaki
[1954] terminal velocity of a solid particle and a Kozeny-
Carman expression for fluid flow through densely packed
grains are combined to develop a new generalized drag force
that covers both solid-like and fluid-like drag contributions,
and allows linear and quadratic drag contributions to flow
resistance. This drag force is expressed explicitly in terms
of the volume fractions and densities of the solid and fluid,
the terminal velocity of solid particles, particle diameter,
fluid viscosity, and the particle Reynolds number. There are
strong couplings between solid and fluid momentum transfer
both through the interfacial momentum transfer and the
solid-concentration-gradient-enhanced viscous fluid stres-
ses. The model includes both advection and diffusion of the

Figure 7. The virtual mass force (C) can substantially change the dynamics of two-phase debris flow.
Solid and fluid phases are represented by the solid and the dashed lines, respectively. The thin red lines
(C ¼ 0) are without the virtual mass and the thick blue lines (C ¼ 0:5) are with the virtual mass (t = 7 s).
Other simulation parameters are as in Figure 2. With the virtual mass force, the solid particles bring more
fluid mass with them, fluid is pumped to the front, the front is led by fluid flood followed by the main debris
surge. The solid mass loses some inertia, so it is pushed back.
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solid-volume fraction. The proposed model unifies existing
avalanche and debris flow theories including the single-
phase avalanche model of Savage and Hutter [1989], the
debris-mixture model of Iverson and Denlinger [2001] and
Pudasaini et al. [2005], and the two-fluid debris-flow model
of Pitman and Le [2005].
[61] Simulation results are presented for two-phase debris

flows down an inclined channel. They demonstrate the
importance of properly modeling the parameters and physical
aspects of new, two-phase debris-flowmodel. The magnitude
of the generalized drag force determines whether the flow
phases remain mixed or separated, and whether the flow
contracts or expands. Buoyancy enhances flow mobility. The
virtual mass force alters flow dynamics by increasing
the kinetic energy of the fluid. Newtonian viscous stress

substantially reduces flow deformation, whereas non-New-
tonian viscous stress may move a large amount of fluid from
the middle part of a debris flow toward the flow front. The
initial volume fraction distribution of solids strongly influ-
ences overall flow dynamics. Gradual mixing during the
debris flow is observed. Strong non-linear dynamics of the
fluid volume fraction demonstrates typical dynamics of
the two-phase debris flow as there is a strong coupling
between the solid and fluid phases. These findings are con-
sistent with observable phenomena in natural debris flows.
The simulation results indicate the potential applicability of
the full model equations to adequately describe the complex
dynamics of debris flows, avalanches, particle-laden, and
dispersive flows. Finally, proper modeling of two-phase
debris-flow dynamics should include the five dominant

Figure 8. Initially the upper and lower triangles are uniformly filled with the debris material consisting of
the solid components 48% in UT, and 75% in LT, respectively, as shown in the inset for t = 0. In total, the
amount of fluid in the mixture is small, and that in the lower triangle, it is very small. Solid and fluid
phases are represented by the solid and the dashed lines, respectively. (top) Without Newtonian viscous
stress (NR → ∞, hf ≈ 0). (bottom) With Newtonian viscous stress (NR = 150, 000, hf ≈ 2 Pas). The front
and the rear positions, the elongation of the debris body and their deformations are different in top and
bottom. This figure (bottom) (realistic) shows that the classical Newtonian viscous stress can be essential
in appropriately controlling the deformation and propagation of the two-phase viscous debris flow. The
amount of the fluid in the tail is substantially higher without the viscous stress (top) as compared to the
same with the viscous stress (bottom). Even for the small amount of fluid in the mixture, the viscous stress
effect is important as it substantially reduces the deformation.
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physical mechanisms presented and discussed in this paper,
namely, drag, buoyancy, virtual mass, Newtonian viscous
stress and enhanced non-Newtonian viscous stress. These
mechanisms can substantially control and change the debris
flow dynamics.

Appendix A: Functionality of Generalized Drag

[62] Drag increases with increasing values of the solid
volume fraction (as) and the parameter P , combining the
solid- and fluid-like drags. Figure A1 shows the typical
behavior of generalized drag coefficient (Bd/as)CDG as a
function of the solid volume fraction (as), where Bd ¼ 4

3pr
3

and r = d/2. Figure A1 (left) is for as in the domain [0.0,
0.75] and the Figure A1 (right) is its zoom-in in the narrow
domain [0.0, 0.4], respectively. The value, P ¼ 0:0 corre-
sponds to the drag coefficient of Pitman and Le [2005]
which varies weakly with as. For P ¼ 0:0 , the drag

coefficient is almost 0.02 even for vanishing as, and the
value of the drag coefficient increases very slowly as as

increases. Even when as = 0.6, the drag coefficient is below
0.2. Value of P between 0.0 and 1.0 combines the fluid-like
and solid-like flows in the mixture. Interestingly, for values
of P greater than zero, the generalized drag takes minimum
values close to zero (for as close to zero) and the drag
coefficient increases steadily with increasing values of as.
Larger values of P correspond to more fluid flow through
the solid and thus induces more drag in the flow. This means
that large values of P corresponds to more solid in the flow.
However, note that for P ¼ 1, which corresponds to the drag
used [e.g., Pailha and Pouliquen, 2009] for the fluid flow
through the solid, the drag coefficient becomes exceptionally
large. The physically meaningful value of P should emerge
as constrained by some experimental or field investigation
and comparison between the simulation of the model equa-
tion and the experimental or the field data. From simulation

Figure 9. Solid volume fraction gradient enhanced non-classical non-Newtonian viscous stress can sub-
stantially change the dynamics of the two-phase viscous debris flows. Solid and fluid phases are repre-
sented by the solid and the dashed lines, respectively. The inset shows the initial mass at t = 0. (top)
Without the enhanced viscous stress (NRA→∞). (bottom) With the enhanced non-Newtonian viscous stress
(NRA ¼ 30). This figure (bottom) shows that, right after the debris collapse, a large amount of fluid is
pumped to the front from the middle part of the debris, and that the central part is largely dried-out. This
is so, because for the present flow configuration, the viscous stress is downplayed in the central and frontal
part of the debris body.
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point of view, a single free parameter P can be utilized to
model any required value of drag and fit the simulation
with experiments. Further advantage of the generalized
drag coefficient (9) is that different P values can be used
to appropriately define the drags in different parts (flow
regimes) of the same flowing body. It is observed in the
debris flows and other particle-laden flows that some part
of the body may behave as solid or granular-rich (e.g., the
debris front) and some part of the body is fluid-rich (e.g.,
the debris tail) [see, e.g., Iverson, 1997; Pudasaini et al.,
2005; Takahashi, 2007]. Therefore, the new model may
serve as a flexible and suitable drag model for complex,
two-phase mass flows. A natural and possible choice to
construct P is by defining it as an increasing function of as.
Moreover, it is interesting to observe that all graphs intersect
at about as = 0.15 with the drag being 0.02, a typical value
used in the dynamic simulation of mass flows [Zwinger et al.,
2003].

Appendix B: Sign Convention and Solid Stresses

[63] With the definition of the total Cauchy stress
for the solid constituent (negative in compression), i.e.,
Ts ¼ �pIþ ts, where ts is the solid extra stress ten-
sor, the solid stress terms�asrpþr � asts inDrew [1983]
reduce to pras þr � asTs . Similarly, the fluid stress terms
�afrpþr � af t f in Drew reduce to praf þr � afTf .
Summing up the solid and fluid stress terms, one obtains
prasþr�asTsð Þþ prf þr�afTf

� �¼r� asTsþafTf

� �þ
pr 1ð Þ ¼r � asTs þ afTf

� �
, which is the (divergence of the)

sum of the total solid and the fluid Cauchy stresses. However,
here following Savage and Hutter [1989] and Gray et al.
[1999] for convenience, the negative Cauchy stress tensor
for the solid is used, i.e., �Ts (thus, compressive stresses are

positive). With Ts ¼ pIþ ts (which indicates compressive
stresses are positive in ts ), the solid stress terms
(pras þr � asTs ) in Drew [1983] become pras �r �
asTs, as seen in (2a).
[64] Solid stress Ts can be handled in different ways,

including the following. Note that here Ts is the Cauchy
stress tensor. In previous sections, following classical nota-
tions in avalanche dynamics [Savage and Hutter, 1989;
Gray et al., 1999; Pudasaini and Hutter, 2003], for conve-
nience, negative Cauchy stress tensor for solid, i.e., �Ts is
used (so for the solid the compressive stresses are positive).
(i) One way is not to split Ts into pressure and the deviatoric
part but treat it as a rate-independent Mohr-Coulomb plastic
material. So, following Drew [1983] and others [Savage and
Hutter, 1989; Iverson and Denlinger, 2001; Pudasaini and
Hutter, 2003, 2007; Pitman and Le, 2005; Pudasaini et al.,
2005], do not distinguish between pressure and the extra
stress but deal with r � asTs. (ii) Splitting the total stress
into the pressure and the extra stress, Ts ¼ �pIþ ts . Usu-
ally, in a particle laden flow, if solid phase does not behave
as a viscous material, the situation can be simplified by
setting ts ¼ 0 (only pressure is important). In this situation,
p = pf + pc, where pf is the fluid stress, pc is the pressure in
the particles due to contacts. For relatively low concentration
of solid (below the packing concentration of solid particles),
pc = 0. Therefore, the effective stress is simply the fluid
stress, p = pf [Drew, 1983]. (iii) If the particulate phase
also behaves as a viscous material, then Ts ¼ �pIþ ts,
ts ≠ 0; ts ¼ 2hsDs , where Ds ¼ 1

2 rus þ rusð Þt� �
is the

rate of deformation tensor for solid and hs is the associated
viscosity. This corresponds to Ishii [1975] with A ¼ 0 in t f

(see, (13)). However, a big concern here is how to model hs.
This could be done by using the Jop et al. [2006] model with
hs ¼ hs Dsj j; pð Þ= Dsj j which is pressure- and rate-dependent.

Figure A1. Generalized drag coefficient as a function of the solid volume fraction, as, see (9). (left) For as

in the domain [0.0, 0.75]; (right) zoom-in in the narrow domain of as in [0.0, 0.4]. The parameters chosen
are: |= 1, UT ¼ 1:5ms�1, rs = 2700 kgm�3, rf = 1200 kgm�3, d = 1/50 m, g = 9.81 ms�2, and Rep = 1. Drag
increases with increasing values of as and P, first slowly, then rapidly.
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While developing a depth-averaged model, Jop et al. rheol-
ogy is difficult to handle, because the shear viscosity is
highly non-linear. This could be replaced by ts ¼ mspIþKshfDs , where ms = tan d; Ks is a constant [Pailha and
Pouliquen, 2009]. This is a pressure and rate-dependent
equation, but linearly. So, for developing a depth-averaged
model, if the solid phase behaves as a viscous (or visco-
plastic) material then either this or similar model can be used
[Domnik and Pudasaini, 2012]. For each of stress descrip-
tions (i), (ii) and (iii), or other, one can develop different
flow models. This, however, depends on the flow situations
and the interest in developing a particular type of model.

Appendix C: Reduction to Previous Models

[65] As special cases of the new general debris flow model
presented here, one can recover other relatively simple models
available in the literature for debris flows and avalanches.

C1. Two-Fluid Model of Pitman and Le [2005]

[66] When both types of viscous terms (NR and NRA ) are
neglected, diffusion of the solid volume fraction is not
considered explicitly, virtual mass force is not present
(C ¼ 0), the flow of fluid through solid-like or grain-rich
debris flows is neglected (P ¼ 0), and only the linear drag
force is utilized, (41)–(47) reduce to equations similar to
Pitman and Le [2005] model. The reduced model equations
are written here in conservative form and read:

∂
∂t

ashus½ � þ ∂
∂x

ash u2s þ bx
h

2


 �� 	
þ ∂
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ashusvs½ � ¼ hSxs ; ðC1aÞ
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∂
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∂
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∂x
af huf vf
� �þ ∂

∂y
af hv

2
f

h i
¼ hSyf ; ðC1dÞ

where the source terms are as follows:

Sxs ¼ as gx � us
usj j tan dpbs � ɛpbs

∂b
∂x

� 	

� ɛasgpbf
∂h
∂x

þ ∂b
∂x

� 	
þ CDG uf � us

� �
; ðC2Þ

Sys ¼ as gy � vs
usj j tan dpbs � ɛpbs

∂b
∂y

� 	

� ɛasgpbf
∂h
∂y

þ ∂b
∂y

� 	
þ CDG vf � vs

� �
; ðC3Þ

Sxf ¼ af gx � ɛ
1

h

∂
∂x

h2

2
pbf


 �
þ pbf

∂b
∂x

� �� 	

� 1

g
CDG uf � us

� �
; ðC4Þ

Syf ¼ af gy � ɛ
1

h

∂
∂y

h2

2
pbf


 �
þ pbf

∂b
∂y

� �� 	

� 1

g
CDG vf � vs

� �
: ðC5Þ

[67] Pressures and other parameters involved in these
equations are:

bx ¼ ɛKxpbs ; by ¼ ɛKypbs ; pbf ¼ �gz; pbs ¼ 1� gð Þpbf ;

CDG ¼ asaf 1� gð Þ
ɛUTa

M Repð Þ�1

f

; g ¼ rf
rs

;Rep ¼
rf d UT

hf
: ðC6Þ

In (C1)–(C5), solid-fluid interaction is only through the drag
terms. But in the general model (41)–(47), it is through the
drag (CDG), the virtual mass force Cð Þ, and the solid-volume-
fraction gradient enhanced viscous terms (associated with
NRA ). Equations similar to (C1)–(C5) were first derived by
Pitman and Le [2005]. The following are the main differ-
ences between these reduced equations and the equations in
Pitman and Le: (a) These equations are in conservative form.
(b) The exponent (1 � M) is different. (c) The Coulomb
rheology and usual scaling suggested neglection of the shear
stress term Txy [see, e.g., Savage and Hutter, 1989; Gray
et al., 1999; Pudasaini and Hutter, 2007]. (d) The drag
appeared to be scaled by the factor 1/ɛ (sections 4 and 5).
This suggests that drag can be significant and dominate other
terms. However, following Savage and Hutter [1989], Gray
et al. [1999], Pitman and Le [2005], Pudasaini et al.
[2005], etc., terms of different orders in ɛ are retained to
include different physical and dynamical effects such as
gravity, friction, basal pressure, buoyancy, fluid pressure, etc.
Depending on the flow situation, locally (or even globally) one
mechanism may dominate over another. Nevertheless, if the
relative phase velocity is small [Iverson and Denlinger, 2001;
Pudasaini et al., 2005; Fernandez-Nieto et al., 2008], density
ratio is close to unity [Bagnold, 1954; Pudasaini, 2011], and
either solid or the fluid volume fraction is negligible, then
drag is not the dominant mechanism (or it vanishes) for the
interfacial momentum transfer. (e) Here, the generalized drag
coefficient is developed and implemented. ( f ) Basal slope
effects did not appear in fluid momentum equations in Pitman
and Le [2005] model, which are included in the above model
via afpbf(∂b/∂x) and afpbf(∂b/∂y).
[68] Further differences are also seen in: (i) The pressure

induced due to the topographic gradients, �ɛaspbs∂b/∂x,�ɛaspbs∂b/∂y in solid momentum equations (C2)–(C3): In
Pitman and Le [2005], these terms are respectively multi-
plied by the earth pressure coefficients Kx and Ky. However,
traditionally these terms are free of Kx and Ky [Savage and
Hutter, 1989; Gray et al., 1999; Pudasaini and Hutter,
2003, 2007; Pudasaini et al., 2005]. Kx and Ky should be
associated with the hydraulic pressures, bx and by as in
(C1a)–(C1b). This difference emerges from the fact that,
here for the solid phase dynamic bottom boundary, the
Coulomb sliding law is applied (balance between the nega-
tive shear traction and the product of the overburden pres-
sure and the basal friction coefficient). This does not include
earth pressure coefficient [Pudasaini and Hutter, 2007].
However, Pitman and Le [2005] applied boundary condi-
tions separately and term-wise to each terms of three basal
traction vectors. This produced two basal shear related terms
(axy, in their notation) and extra multiples Kx and Ky in
topographic gradients. Since typically Kx and Ky vary from
0.5 (for active deformation) to 5 (for passive deformation),
inclusion of these coefficients substantially alter the flow
dynamics [Pudasaini and Hutter, 2007; Pudasaini and
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Kroener, 2008]. (ii) The shear stresses (associated with axy

in Pitman and Le [2005]) are due to the different way of
implementing the bottom boundary conditions and also due
to the same scaling for all stress components. However, in
granular flows, normal and shear stresses are scaled differ-
ently (shear stress is a friction coefficient multiple of the
normal stress) as required by the Coulomb sliding law
[Savage and Hutter, 1989; Pudasaini and Hutter, 2007]. (iii)
The topographic gradients induced fluid component normal
loads (�ɛaf pbf∂b/∂x, �ɛaf pbf∂b/∂y in (C4)–(C5) do not
appear in Pitman and Le [2005] model. This is due to the
fact that the basic momentum equations in (2) are funda-
mentally different as compared to the same in Pitman and
Le. The appearance of these terms in the present model is
intuitively clear, and structurally and dynamically important
as analogous terms (�ɛaspbs∂b/∂x, �ɛaspbs∂b/∂y) appear in
the solid source terms, the third terms in the right hand side
of (C2)–(C3).
[69] I began to derive the new model with the phase-aver-

aged equations of Ishii [1975], Ishii and Zuber [1979], and
Drew [1983] that are different from those in Anderson and
Jackson [1967] and Pitman and Le [2005]. In Pitman and
Le model, the fluid volume fraction (af) is present only in the
drag term. Because, in their basic equations, af appeared to
be a factor in the fluid momentum equation. In the present
approach, af is internally (with respect to differential opera-
tors) included in all terms of the fluid momentum equations
(14d). Similarly, the momentum equations for the solid (14c)
also include the corresponding solid volume fraction (as)
internally in all terms. These fundamentally different basic
field equations and the modeling procedures led to different
sets of final model equations. In the present derivation, all
these resulted in a well structured conservative form for the
mass and momentum balances. This discussion implies that
the reduced equations (C1)–(C6) are substantial and impor-
tant advancements to the Pitman and Le [2005] model.

C2. Mixture Model of Iverson and Denlinger [2001]
and Pudasaini et al. [2005]

[70] Next, assume that the difference between the solid
and fluid velocity is negligible. So, by setting uf = us = u and
vf = vs = v [Iverson, 1997; Iverson and Denlinger, 2001;
Pudasaini et al., 2005], the new model equations (41)–(47)
reduce heavily. Addition of the solid and fluid mass bal-
ances (41b) and (41c) results in a single-phase mixture mass
balance, in which the effect of the solid or fluid volume
fraction disappears:

∂h
∂t

þ ∂
∂x

huð Þ þ ∂
∂y

hvð Þ ¼ 0; ðC7Þ

where u and v are the x- and y-velocity components of the
bulk (debris mixture).
[71] Similarly, adding the solid and fluid momentum bal-

ances (C1a), (C1c) and (C1b), (C1d) results in two momentum
equations for the bulk in the x and y directions, respectively:

∂
∂t

hu½ � þ ∂
∂x

hu2 þ asbx
h2

2

� 	
þ ∂

∂y
huv½ � ¼ hSx;

∂
∂t

hv½ � þ ∂
∂x

huv½ � þ ∂
∂y

hv2 þ asby
h2

2

� 	
¼ hSy:

ðC8Þ

The source, pressures and other physical parameters involved
in these equations are:

Sx ¼ Sxs þ Sxf ; Sy ¼ Sys þ Syf ; ðC9Þ

Sxs ¼ as gx � u

uj j tan dpbs � ɛpbs
∂b
∂x

� 	

� ɛasgpbf
∂h
∂x

þ ∂b
∂x

� 	
; ðC10Þ

Sys ¼ as gy � v

uj j tan dpbs � ɛpbs
∂b
∂y

� 	

� ɛasgpbf
∂h
∂y

þ ∂b
∂y

� 	
; ðC11Þ

Sxf ¼ af

"
gx � ɛ

"
1

h

∂
∂x

h2

2
pbf


 �
þ pbf

∂b
∂x

� 1

af NR

� 2
∂2u
∂x2

þ ∂2v
∂y∂x

þ ∂2u
∂y2

� cu
ɛ2h2

� �##
; ðC12Þ

Syf ¼ af

"
gy � ɛ

"
1

h

∂
∂y

h2

2
pbf


 �
þ pbf

∂b
∂y

� 1

af NR

� 2
∂2v
∂y2

þ ∂2u
∂x∂y

þ ∂2v
∂x2

� cv
ɛ2h2

� �##
; ðC13Þ

bx ¼ ɛKxpbs ; by ¼ ɛKypbs ; pbf ¼ �gz; pbs ¼ 1� gð Þpbf ;
g ¼ rf =rs;NR ¼

ffiffiffiffiffi
gL

p
Hrf =af hf : ðC14Þ

However, as is no more a field variable in these drastically
reduced equations. Either as can be treated as a parameter
[Pudasaini et al., 2005] or if it is assumed to be an internal
variable, an extra evolution equation is required [Iverson and
Denlinger, 2001].
[72] The reduced equations (C7)–(C14) are important

extensions of the classical mixture model of Iverson and
Denlinger [2001] and Pudasaini et al. [2005] with several
advancements. (a) Here (1 � g) includes the buoyancy force
contribution, which was not present in previous models.
(b) These equations include different physical properties of
the solid and fluid constituents in the mixture, including, the
solid and fluid volume fractions as and af, viscosity of the
fluid (hf), and the density ratio between the true solid and
fluid densities (g). (c) Although equations (C7)–(C14) are
similar in form to the model equations of Pudasaini et al.
[2005], there are some different physical mechanisms here.
The differences are clearly seen in the terms associated with
bx, by, pbs, NR, etc. Perhaps, the most important contribu-
tions in the above equations as compared with the classical
models are the contributions of buoyancy which is present in
all the solid source terms in (C10)–(C11) other than the
gravity terms. Longitudinal pressure gradients associated
with bx and by take the buoyancy reduced normal loads.
Except for the gravity terms, the solid momentum equations
are dynamically enhanced by the buoyancy reduced normal
load (second and third terms) or the buoyancy induced
terms (fourth and fifth terms) on the right hand side of
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(C10)–(C11). These new contributions are mechanically
important as they clearly enhance the flow mobility.
Because, in the debris mixture, the solid load is not only
accounted by its volume fraction as as it appears in the
solid loads; Coulomb force, topographic gradients and the
longitudinal pressure gradients; but the contributions of
all these terms (except for the gravity load) in momentum
equations must also be consistent and accompanied with
buoyancy or the buoyancy reduced normal load. This is
so, because, buoyancy has to play its role to reduce the
normal load of the solid component in the mixture. (d)
Another essential point to note is the definition of the
term NR, which is here defined in terms of the fluid
density rf, which in Iverson and Denlinger [2001] and
Pudasaini et al. [2005] was defined in terms of the
debris bulk density r. (e) The buoyancy induced extra
terms, the second square brackets on the right hand side
of (C10) and (C11) are entirely new as compared to the
model of Pudasaini et al. [2005].
[73] There are some fundamentally different solid and fluid

stress mechanisms between the reduced equations (C8)–
(C14) and the classical Iverson and Denlinger [2001] and
Pudasaini et al. [2005] models. (i) Consider the fluid related
contribution. Mathematically, af here corresponds to Lf in
the classical models, but with different meaning. Lf is the
ratio between the fluid pressure and the total normal load at
the bed. However, af in the new model is exactly the fluid
volume fraction in the mixture. For simple flows af can be
treated as a parameter [Pudasaini et al., 2005]. Assuming the
dominant role of the fluid volume fraction distribution in the
dynamics of debris flow it is important to incorporate an
evolution equation for the fluid volume fraction into the
system of balance equations (C7)–(C13). Considering the
mathematical analogy between af and Lf, a simple approach
can be used to close af in connection with the momentum
equations. One possibility is, following Iverson and
Denlinger [2001] and arguing that basal fluid volume frac-
tion advects only passively along the flow directions and that
it also diffuses simultaneously in the flow depth direction, af

is described by an advection-diffusion equation ∂ab
f =∂t þ

u∂ab
f =∂xþ v∂ab

f =∂y ¼ D ∂2af =∂z2
� �

b
, where b stands for bed

and D is the fluid volume fraction diffusivity in the mixture.
Depending on the flow situations, a full advection-diffusion
equation can be considered to close as or af. Furthermore, as

may have the largest value (close to unity) in the head and
decrease in the tail side of the flow. In contrasting situation,
however, if the amount of fluid is much higher compared to
the solid, then as may diffuse in the downstream and the
cross streamflow directions. So, one should choose an
appropriate advection-diffusion equation (or any other clo-
sure) either to close as or af. (ii) Next, the stress reduction
mechanism is discussed. In Iverson and Denlinger [2001]
and Pudasaini et al. [2005] solid stress is expressed in
terms of the effective stress: as the fluid stress increases the
solid stress at the bed decreases as described by the factor
(1 � Lf) in all the solid source terms (gravity, Coulomb
friction, and topographic gradients) and the longitudinal and
lateral pressure gradients represented by bx and by, respec-
tively [Pudasaini et al., 2005]. As the fluid pressure at the
bed increases (1 � Lf) decreases and that all the solid source

terms and the pressure are reduced by this factor, which is
mathematically analogous toas in reduced model (C7)–(C14),
as both occur exactly in the same places in corresponding
terms in both model equations. However, mechanically they
are different: (1 � Lf) is the normalized effective (solid) nor-
mal load, whereas, as is the solid volume fraction.
[74] Mechanically, there are two new contributions in

(C7)–(C14): (a) The buoyancy reduced (solid) normal loads.
These are present in the lateral pressures associated with bx,
and by (in (C8)), Coulomb friction (second terms on the
right-hand sides of (C10)–(C11)) and the topographic gra-
dients (third terms on the right hand side of (C10)–(C11)).
(b) The last two terms associated with g in (C10)–(C11)
emerge due the buoyancy in the mixture. Buoyancy was
not included in Iverson and Denlinger [2001] and Pudasaini
et al. [2005] models. The present model reveals that even in
situation when the fluid velocities could be approximated by
the solid velocities, the buoyancy force is present. This is
achieved by using the phase averaged model equations of
Ishii [1975] and Drew [1983].
[75] The classical mixture theory approach [Iverson, 1997;

Iverson and Denlinger, 2001; Pudasaini et al., 2005;
Fernandez-Nieto et al., 2008] requires ad-hoc decomposition
of the basal overburden pressure, gravity, and the friction,
and the hydraulic pressure gradient into its ‘solid contribu-
tion’ (1 � Lf) and ‘fluid contribution’ Lf, respectively. This
division is the weakness of their formulation, because it is ad-
hoc [Hutter and Schneider, 2010a, 2010b]. Indeed, it is
dynamically necessary: because without this assumption the
model equations could not be closed. The separation
parameter Lf enters as a new field variable, for which a
phenomenological closure must be postulated. Nevertheless,
computational results performed for debris flows show
strong influence of the fluid pressure via Lf and are well
supported by experimental data [Iverson, 1997; Iverson and
Denlinger, 2001; Pudasaini et al., 2005]. The advantage of
the present method is that the distribution of these force
terms into the solid (as) and the fluid (af) parts are done
fundamentally, and that solid- and fluid-phase stresses
emerge independently. The volume fractions of solid and
fluid are distributed consistently and automatically to all
force terms and components. Furthermore, note that no
solid and fluid volume fraction appear in the model equa-
tions in Iverson and Denlinger [2001] and Pudasaini et al.
[2005], except at NR, which was originated by manually
multiplying viscous term by the fluid volume fraction
[Iverson, 1997].
[76] The reduced system (C7)–(C14) recovers Iverson and

Denlinger [2001] and Pudasaini et al. [2005] models under
three conditions: (a) realizing (1 � Lf) by as, (b) by setting
g = 0, and (c) replacing rf by r in NR. However, g = 0 does
not formally mean that rf = 0 in their model; g = 0 only
indicates that the buoyancy force is neglected. The above
discussion makes it clear that, the reduced equations are
important extensions of Iverson and Denlinger [2001] and
Pudasaini et al. [2005] models.

C3. Granular Flow and Avalanche Model

[77] Setting as = 1 and g = 0 in (C7)–(C14) (implying that
fluid phase is absent), one obtains the reduced model for dry
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granular flows or avalanches [Savage and Hutter, 1989;
Gray et al., 1999; Pudasaini and Hutter, 2003]:

∂h
∂t

þ ∂
∂x

huð Þ þ ∂
∂y

hvð Þ ¼ 0; ðC15Þ

∂
∂t

hu½ � þ ∂
∂x

hu2 þ bx
h2

2

� 	
þ ∂

∂y
huv½ � ¼ hSx;

∂
∂t

hv½ � þ ∂
∂x

huv½ � þ ∂
∂y

hv2 þ by
h2

2

� 	
¼ hSy; ðC16Þ

where, the source, pressures and other parameters involved
in these reduced equations are:

Sx ¼ gx � u

uj j tan dpbs � ɛpbs
∂b
∂x

� 	
; Sy ¼ gy � v

uj j tan dpbs � ɛpbs
∂b
∂y

� 	
;

bx ¼ ɛKxpbs ; by ¼ ɛKypbs ; pbs ¼ �gz:

ðC17Þ

By setting af = 1 (means no solid phase), the reduced mix-
ture model (C7)–(C14) can also describe the flow of viscous
fluid.
[78] The above discussions can be summarized as fol-

lowing. Equations (41)–(46) and the parameter definitions
(47) show that these general two-phase debris flow model
equations can reproduce, or almost degenerate to the previ-
ously often considered and one of the most successful ava-
lanche and debris flow models: single phase avalanche
models [Savage and Hutter, 1989; Gray et al., 1999;
Pudasaini and Hutter, 2003], quasi-two phase debris mix-
ture models [Iverson, 1997; Iverson and Denlinger, 2001;
Pudasaini et al., 2005], and two-fluid debris flow model
[Pitman and Le, 2005]. Furthermore, the present model
equations include several new and important physical
aspects of two-phase debris flows and other dispersive and
particle-laden flows.

Appendix D: Model Structure and Eigenvalues

[79] The general two-phase debris flowmodel equations (41)–
(42) are integrated for a simple flow configuration in which the
debris material is released from a triangular dam and slides down
an inclined one-dimensional channel. These equations can be
written in equivalent form by introducing a vector of conservative

state variablesW ¼ hs; hf ;ms;mf

� �t
, where hs = ash, hf = af h

are the solid and fluid contributions to the debris flow height
(hs + hf = h); and ms = ashus, mf = afhuf, are the solid and
fluid component momentum fluxes, respectively (also, see,
Pelanti et al. [2008]). The solid and fluid-phase velocities, and
the solid and fluid volume fractions can be expressed as
us = ms/hs and uf = mf /hf; as = hs/h, af = hf /h, so, as/af =
hs/hf. Equations (41)–(46) can then be written in a matrix
form

∂T Wð Þ
∂t

þ ∂F Wð Þ
∂x

¼ S Wð Þ; ðD1Þ

where T = T(W) is the vector of the virtual mass induced
generalized conservative variables, F = F(W) is the vector of
transport fluxes, and S = S(W) represents the source vector.
They are equivalently given by:

where, h and mfs = (mf /hf � ms/hs) are used for the nota-
tional convenience in the source vector and bs = ɛKpbs,
bf = ɛpbf. If C→0, then T → W.
[80] In principle, the eigenvalues of A ¼ ∂F=∂W can be

obtained by applying the general procedure of solving the
fourth order polynomial equation. However, it is mathe-
matically challenging to obtain the exact roots of a fourth
order polynomial equations in which the coefficients are
very complicated and lengthy algebraic expressions. This is
mainly due to the virtual mass coefficient C. Another diffi-
culty is associated with the relative velocity between the
solid and the fluid phases [Pitman and Le, 2005; Pelanti
et al., 2008]. General analytical solution for the eigenva-
lues of A will be deferred to future works. However, to
proceed further, in this paper, C is disregarded in obtaining
the wave speed, but otherwise (D2) is considered including
the effect of C. Furthermore, to obtain some simple but semi-
analytical representations of the solid and fluid wave speeds,
two limiting cases are analyzed. (i) situation in which the
solid velocity is much larger than the fluid velocity (us ≫ uf),
and (ii) the situation in which the fluid velocity is much
larger than the solid velocity (uf ≫ us). It is further ratio-
nalized that when the solid velocity is dominating, then the
fluid deformation is negligible. This is an idealization of a
dilute flow of particles in a relatively still background fluid.

T ¼

hs
hf

ms � gC mf
hs
hf

� ms


 �

mf þ C mf
hs
hf

� ms


 �

0
BBBBBB@

1
CCCCCCA
; F ¼

ms

mf

m2
s

hs
� gC m2

f

hs
h2f

� m2
s

hs

 !
þ 1

2
bshs hs þ hf

� �
m2

f

hf
þ C m2

f

hs
h2f

� m2
s

hs

 !
þ 1

2
bf hf hf þ hs

� �

0
BBBBBBBB@

1
CCCCCCCCA
;

S ¼

0
0

hs gx � us
usj j tan dpbs

� 	
� ɛgpbf hs

∂h
∂x

þ CDGhmfs

hf gx � ɛ
1

2
pbf

h2

hf

∂
∂x

hs
h


 �
� h

hf NR
2
∂2

∂x2
mf

hf


 �
� cmf

ɛ2hf h2


 �
þ h

hf NRA
2
∂
∂x

∂
∂x

hs
h


 �
mfs


 �
 �
� xhsmfs

ɛ2NRAhf h
2

� �� 	

� 1

g
CDGhmfs

0
BBBBBBBBBB@

1
CCCCCCCCCCA
;

ðD2Þ
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This effectively means that the terms related to the fluid
pressure gradient (bf) can be disregarded. This rational is
also applied for the fluid, i.e., when the fluid velocity dom-
inates, then the solid deformation is negligible. In this situ-
ation, the term associated with the solid pressure gradient
(bs) is negligible. This is a limiting case in which the fluid
passes through a relatively dense packing of solid. Then, F
(equivalently A) is velocity- and pressure-wise decoupled
into solid (first and third components) and fluid (second and
fourth components).
[81] First, consider (us ≫ uf). So, the degenerated solid

eigenstructure reads:

jjAs � lsIjj ¼
�ls 1

�m2
s

h2s
þ 1

2
bs 2hs þ hf
� � 2ms

hs
� ls

0
@

1
A

¼ 0: ðD3Þ

This leads to the representative eigenvalues for the solid-

phase: ls 1;3ð Þ ¼ ms=hs �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bs hs þ 0:5hf
� �q

. It is important to

observe that ls take the form of the usual eigenvalues of
single-phase granular flows for which hf = 0 [Pudasaini and
Hutter, 2007]. Therefore, here the solid-phase wave-celerity,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bs hs þ 0:5hf
� �q

, is enhanced by one-half of the fluid

(contribution to the debris) height (hf /2) as compared to the
wave-celerity of the single-phase granular flow (i.e.,

ffiffiffiffiffiffiffiffiffi
bshs

p
).

Similarly, the representative eigenvalues for the fluid-phase

can be obtained: lf 2;4ð Þ ¼ mf =hf �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bf hf þ 0:5hs
� �q

.

Again, importantly, lf takes the form of the usual
eigenvalues of single-phase shallow-water flows for
which hs = 0 [Pudasaini and Hutter, 2007]. So, here the

fluid-phase wave-celerity,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bf hf þ 0:5hs
� �q

, is enhanced

by one-half of the solid height (hs/2) as compared to the
wave-celerity of the single-phase shallow-water flow (i.e.,ffiffiffiffiffiffiffiffiffi
bf hf

p
). Therefore, l1,2,3,4 = {ls(1,3), lf (2,4)}, is the rep-

resentative set of eigenvalues of the model equations
(D1)–(D2). With this, one can proceed to the numerical
integration of the model equations. As long as
g ≠ 1, as ≠ 0, as ≠ 1 and h ≠ 0, the reduced system is
strictly hyperbolic, because all ls and lf are real and
distinct. Although ls and lf are not complete expressions
for the eigenvalues (the complete expressions should
probably include the cross coupling of bs and bf, and the
phase velocities) they contain the basic parameters and
variables of the system; namely, ms, hs, bs; mf, hf, bf

and also cross-coupling between hs and hf. Such explicit and
analytical expressions for ls and lf are new.
[82] Finally, it is important to note that for F in (D2), or for

the full system (41)–(42), more complete eigenstructure
(even without C) is too complicated to be determined if the
equations are to be well-posed in all flow regimes. For some
flow regimes, depending on the physical parameter values
and the flow dynamics, e.g., relative phase velocity, the
equations may generate complex eigenvalues and thus lose
the hyperbolicity. Furthermore, if the associated Jacobian is
degenerated, the system loses the strict-hyperbolicity. More
analysis and discussions on the eigenstructure, including the
lose and gain of hyperbolicity in the multilayer flows, can be

found in Audusse [2005], Pitman and Le [2005], Bouchut
and Morales [2008], Fernandez-Nieto et al. [2008], Pelanti
et al. [2008], Castro et al. [2010], and Castro-Diaz et al.
[2011].

Notation

Ad projected area of a particle.
A mobility of fluid at interface.
Bd particle volume.
b basal-surface of flow.

CDG generalized drag coefficient.
CV M virtual mass coefficient.

CV M G generalized virtual mass coefficient.
C = CVM, virtual mass coefficient.
~C = (as/af)C.
D fluid volume fraction diffusivity in debris

mixture.
Ds rate of deformation tensor for solid.
d particle diameter.

FD drag force.
FD magnitude of FD.
F a scalar function.
f body force density.
f stands for fluid-phase.
f a scalar function.

F fluid-like contribution in generalized drag, CDG.
G solid-like contribution in generalized drag, CDG.
g gravity constant.
g a scalar function.

gx, gy, gz components of gravitational acceleration.
H typical height of debris flow.
h = hs + hf, debris flow height.
hf = afh, fluid contribution to flow height.
hs = ash, solid contribution to flow height.
I identity matrix.
| exponent for linear or quadratic drag.

K, Kx, Ky earth pressure coefficients.
K hydraulic conductivity.
Ks a constant.
L typical extent of debris flow.
M interfacial force density/interfacial momentum

transfer.
MD force associated with viscous drag.
Mf interfacial momentum transfer for fluid.
Ms interfacial momentum transfer for solid.

MV M force associated with virtual mass.
M a parameter depending on Reynolds number.

MD magnitude of MD.
mf = afhuf, fluid momentum flux.
ms = a shus, solid momentum flux.
N normal pressure.
NR =

ffiffiffiffiffiffi
gL

p
rf H/af h f, quasi-Reynolds number.

NRA =
ffiffiffiffiffiffi
gL

p
rfH/Ahf, quasi-Reynolds number/mobility

number.
n unit normal vector.
P parameter combining solid-like and fluid-like

drag contributions.
p fluid pressure.

pbf, pbs effective fluid, solid pressure at base.
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Rep = rf dUT/hf, particle Reynolds number.
r = d/2, particle radius.
S shear stress.
S source terms.
s stands for solid-phase.
s free-surface of flow.
T total stress.
Tf fluid stress.
Ts solid stress.
T solid stress components.
t time.
t transpose operator.

Us particle sedimentation velocity.
UT terminal velocity of a particle.
uf = (uf, vf, wf), fluid velocity.
us = (us, vs, ws), solid velocity.
u x velocity of bulk debris.
v y velocity of bulk debris.

W = (hs, hf, ms, mf)
t, vector of conservative variables.

x, y, z coordinate lines/flow directions.
af volume fraction for fluid.
as volume fraction for solid.
ack Kozeny-Carman packing of spheres.

bf, bs lateral hydraulic pressure parameters for fluid,
solid.

bx, by lateral hydraulic pressure parameters.
g = rf / rs, density ratio.
d internal friction angle.
ɛ = H/L, aspect ratio.
z channel slope angle.
hs solid viscosity.
hf fluid viscosity.
k permeability.
Lf ratio between basal pore fluid pressure and total

normal stress.
lf, ls eigenvalue for fluid-, solid-phase.

m = tan d, basal friction coefficient.
n a parameter.
x vertical distribution of as.
r debris bulk density.
rf fluid phase density.
rs solid phase density.
t f extra stress for fluid.
ts extra stress for solid.
f basal friction angle.
c vertical shearing of fluid velocity.
�* depth-averaged value of *.
r gradient operator.
⊗ tensor product.
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