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Abstract

Suppose s and t are coprime natural numbers. A theorem of Olsson says that the t-core of an
s-core partition is again an s-core. We generalise this theorem, showing that the s-weight of the
t-core of a partition A is at most the s-weight of A. Then we consider the set Cs; of partitions for
which equality holds, which we call [s:t]-cores; this set has interesting structure, and we expect
that it will be the subject of future study. We show that the set of [s:t]-cores is a union of finitely
many orbits for an action of a Coxeter group of type A;_1 X A;_; on the set of partitions. We also
consider the problem of constructing an [s:t]-core with specified s-core and ¢-core.
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1 Introduction

In this paper we study the combinatorics of integer partitions. If s is a natural number, an s-core
(often referred to in the literature as an s-core partition) is a partition with no rim hooks of length s.
The s-core of an arbitrary partition A is obtained by repeatedly removing rim s-hooks from A, and the
s-weight of A is the number of rim hooks removed. The set of all s-cores, which we denote C;, has
geometric structure related to type A alcove geometry, and has applications in representation theory
and number theory.

Now suppose t is another natural number which is prime to s. A recent trend in partition
combinatorics has been to compare s-cores and f-cores. Anderson [A] enumerated (s, f)-cores, i.e.
partitions which are both s- and t-cores, and Fishel and Vazirani [FV] explored the connection between
(s,t)-cores and the associated alcove geometry. Several authors [K, OS, V, F] have studied the
properties of the largest (s, t)-core, which is denoted «; ;. The present author explored another avenue
in [F], considering the t-core of an arbitrary s-core; by a theorem of Olsson, the t-core of an s-core is
again an s-core, so we have a natural map from s-cores to (s, t)-cores. Exploiting natural actions of the
Coxeter group W; of type A._1 on C; reveals interesting symmetry in this map.

In the present paper we generalise Olsson’s theorem, showing that replacing any partition with
its t-core does not increase its s-weight. We define an [s:t]-core to be a partition for which equality
holds in this statement, and explore the family Cs. of [s:t]-cores, which plays a kind of dual role to
the family of (s, t)-cores. We show that Cs; is a union of orbits for a certain action of W X W;, with
each orbit containing a unique (s, t)-core. We then consider the problem of constructing a partition
with a given s-core o and a given t-core 7; we show that if the ¢t-core of o coincides with the s-core
of 7, then there is a unique [s:t]-core with s-core ¢ and t-core 7, and we give a simple method for
constructing this partition. This leads to an alternative characterisation of an [s:t]-core as a partition
which is uniquely determined by its size, its s-core and its t-core. Finally we consider the orbit of
W, X Wy containing «s ¢, showing that this is naturally in bijection with C;s X C;.

In the next section we recall basic definitions and simple results, largely to fix conventions and
notation. In Section 3 we define the group W, and study its actions on integers and partitions; some
of this material has not appeared in this form before. In Sections 4 to 6 we prove our main results.
We finish with some brief comments in Section 7.

2 Basic definitions

2.1 Conventions and notation

In this section we set out some basic conventions that we use throughout the paper. As usual, N
denotes the set of positive integers, and Ny the set of non-negative integers. We shall often consider
the set Z/sZ, where s € N, and we use the formal convention that

Z./s7 ={a+sZ| a€Z},

where as usual
a+sZ ={a+sb| beZ}

for an integer 2. We adopt the standard convention that (a2 +sZ) + b = (a + ) + sZ for any a,b € Z, but
we adopt an unusual convention for multiplication, namely that

(a+sZ)b = (ab) + sZ.

If X is a set, a Z/sZ-tuple of elements of X is simply a function i — x; from Z/sZ to X, and we
may write such a tuple in the form (x; | i € Z/sZ). A multiset of elements of X is a subset of X with
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possibly repeated elements (i.e. a function from X to Ny). We write a multiset by writing the elements
(with multiplicity) surrounded by square brackets. Given a Z/sZ-tuple (x; | i € Z/sZ), we denote the
associated multiset [x; | i € Z/sZ].

2.2 Partitions

In this paper, a partition is an infinite weakly decreasing sequence A = (11, A2, ...) of non-negative
integers with finite sum; we write || for this sum. When writing partitions, we omit zeroes and group
together equal parts with a superscript, so the partition (4,3,3,1,1,0,0,...) is written as (4, 32,12).
The partition (0,0, ...) is denoted &, and the set of all partitions is denoted P.

The Young diagram of a partition A is the set of all pairs (i, j) € N? for which j < A;; we often identify
A with its Young diagram, so for example we may write A C u to mean that A; < y; for all i. The rim
of A is the set of all (7, j) € A such that (i+1,j+1) ¢ A. We draw the Young diagram as an array of
boxes in the plane; for example, the Young diagram of (4, 3?, 12) (with the elements of the rim marked
X) is as follows:

X[ %]
X
x| %

BRI

2.3 Cores

Suppose A is a partition and s € N. A rim s-hook of A is a subset of the rim of A of size exactly s
which is connected (i.e. comprises consecutive elements of the rim) and which is removable in the
sense that it can be removed to leave the Young diagram of a partition. For example, in the example
A = (4,3%,1?) above, the set {(2,3),(3,3), (3,2)} is a rim 3-hook.

The s-core of A is the partition obtained from A by repeatedly removing rim s-hooks until none
remain. For example, the 3-core of the partition A = (4,32,12) above is (4,2). It is well known (and
follows from Lemma 2.2 below) that the s-core of A is independent of the choice of rim hook removed
at each stage. The s-weight of A is the number of rim s-hooks removed to reach the s-core of A, i.e.
%(I/\I —|corsAl). We write corsA for the s-core of A, and wtsA for the s-weight. Note that these definitions
remain valid in the case s = 1, although this case is seldom considered in the literature. In this case,
we have corjA = @ for any A, and hence wt; A = |A].

We say that A is an s-core if corsA = A (or equivalently if wt;A = 0), and we write C; for the set of all
s-cores. This set has been studied at length; it enjoys a rich geometric structure, and has applications
in representation theory and number theory.

A trend in recent years has been to compare s-cores and t-cores, where s and ¢ are distinct positive
integers. We define an (s, f)-core to be a partition which is both an s-core and a t-core. It is known
that there are finitely many (s, t)-cores if and only if s and t are coprime; in this case, the number of

st t) [A, Theorems 1 & 3].

(s, t)-cores is precisely i( )

2.4 Beta-sets

A useful way to understand partitions, and in particular s-cores, is via beta-sets. Given a partition
A and an integer r, we define the beta-set B} to be the infinite set of integers

B} ={Aj—i+r|ieN}.

We shall mostly consider the beta-set 82, which we denote simply B".
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Note that 87 is bounded above and its complement in Z is bounded below. Conversely, if we are
given a subset 8 of Z which is bounded above and whose complement is bounded below, then we
have B = B} for some (uniquely defined) partition A and integer r: we let 7 be the number of positive
integers in 8 minus the number of non-positive integers not in 8; then, writing the elements of 8 as
b1 > by > ... and setting A; = b; + i —r for each i, we have a partition A, and 8 = B

Later we will need the following simple lemma.

Lemma 2.1. Suppose A and u are partitions and r € Z. If B} C B!, then A = p.

Proof. Choose N sufficiently large that Ay = uy = 0. Then B} and B! both contain all integers less
than or equal to r —N. Moreover, 8} contains exactly N — 1 elements greater than r — N, namely
AM—=1+7,...,AN-1 — (N —1) +r, and similarly 8" contains exactly N —1 elements greater than r — N.
Since B} C BI', we get B} = B!, and hence A = p. O

The main advantage of beta-sets is the easy identification and classification of s-cores. The
following lemma is due to James, and is the main motivation for introducing beta-sets.

Lemma 2.2. Suppose A is a partition, r € Z and s € N. Then A is an s-core if and only if there is no
b € B} such thatb—s ¢ B); moreover, the beta-set 8" can be obtained from B} by repeatedly
replacing integers b with b —s as far as possible.

Example. Take A = (4,3%,12). Then 8" = {3,1,0,-3,-4,-6,-7,...}. Taking s = 5, we see that there
are two integers a € B such that a—s ¢ B, namely 3 and 0. Replacing 3 with —2 or 0 with -5
corresponds to removing a rim 5-hook from A, and making both of these replacements yields the set
{1,-2,-3,—-4, ...}, which is the beta-set of the partition (2) = corsA.

A very helpful way to visualise a beta-set of a partition is via James’s abacus. Take an abacus with
s infinite vertical runners, numbered 0, ...,s — 1 from left to right, and mark positions on the runners
labelled by the integers, such that position x is immediately below position x —s for all x, and position
x is immediately to the right of position x — 1 whenever s { x. For example, when s = 3 the positions
are marked as follows.

Now given a partition A and an integer r, place a bead on the abacus at position x for each x € B,
The resulting configuration is called an abacus display for A. Lemma 2.2 can now be stated as follows:
A is an s-core if and only if every bead in an abacus display for A has a bead immediately above it; if
A is not an s-core, an abacus display for the s-core of A can be obtained by sliding the beads up their
runners as far as possible.

Example. Taking A = (4,3?,1%) and s = 5 as in the previous example, we obtain the following abacus
displays for A and corsA. (Note that we typically omit the labels of runners and positions when
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drawing abacus displays.)

Lemma 2.2 implies the following two results.

Corollary 2.3. Suppose A is a partition, r € Z and s € N. Then wt;A equals the number of pairs
(x,]) € Zx N such thatx € B} # x—Is.

Corollary 2.4. Supposer,s € N and A € P. Then corsA = cors(corsA). In particular, if A is an s-core
then A is an rs-core.

2.5 s-sets

Now we define the s-set of a partition A; this is a set of s integers which provides a useful encoding
of the s-core of A.

Suppose A is an s-core. Given i € Z/sZ, we define I';A to be the smallest integer in i which is not
in B*. Then by Lemma 2.2 we have

B 'ni={TiA—ks| ke N}.

Following [F], we refer to the set {I';A | i € Z/sZ} as the s-set of A; this set consists of s integers which
are pairwise incongruent modulo s, and which sum to %s(s —1). Conversely, any set of s integers
with these properties is the s-set of some s-core. In terms of the abacus, the s-set consists of those
unoccupied positions x such that x — s is occupied, in the abacus display for A with r = 0.

Now suppose A is an arbitrary partition. We define I';A = I';(corsA) for each 7, and refer to the s-set
of A meaning the s-set of cor;A.

2.6 Quotients and the abacus

Next we define the s-quotient of a partition A. Given j € Z/sZ, write j = i + sZ for some integer i,
and consider the set 8! N j. By subtracting i from each of the integers in this set and dividing by s,
we obtain a set of integers which is bounded above and whose complement in Z is bounded below.
This set is therefore a beta-set of some partition, which we denote A(). It is very easy to see that
this partition is independent of the choice of i. We define the s-quotient quo,A to be the Z/sZ-tuple
(AD) | j € Z/sZ.).

Example. Suppose s =3 and A = (5, 42 32, 12). Then
B8'=14,2,1,-1,-3,-5,-6,-8,-9,...},

SO
B 'N(1+37)=1{4,1,-5,-8,-11,...}.

Subtracting 1 from each element and dividing by 3, we obtain the set {1,0,-2,-3,—4,...}. This is the
beta-set 8(112), so we have A1*3%) = (12). In a similar way we find that AG?) = @ and A?+3%) = (22).
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The s-quotient of a partition can easily be visualised on the abacus. Taking the abacus display for
A with s runners and with » = 0, examine runner i in isolation; this can be regarded as a 1-runner

abacus display for a partition, and this partition is A(*%), In other words, A;HSZ) equals the number
of unoccupied positions above the /th lowest bead on runner i.

Example. Taking A = (5, 42,3,2,1%) and s = 3 as in the previous example, we obtain the following
abacus display, from which we can see that the 3-quotient of A is as given above.

Note that a partition A is determined by its s-core and s-quotient. To see this, let 0 = cor;A, and
for each j € Z/sZ consider the set 8° N j. By Lemma 2.2 we have

B'Nj={Tjo—is |ieN}.
Soif weletv = y(f), then
B'Nj=(Tjo+vs—is |ieN}.

Applying this for all j, we see that 8" (and hence A) is determined by o and quo,A. Moreover, we can
see that for any s-core o and any Z/sZ-tuple v = (v | j € Z/sZ) of partitions, there is a partition with
s-core ¢ and s-quotient v.

Quotients of partitions will prove useful below. Two important properties are given in the
following lemma.

Lemma 2.5. Suppose A € P and r,s € N.

1. wtA =Y, jez/sz wt, A0 in particular, A is an rs-core if and only if each component of quo,A is
an r-core.

2. For each j € Z/sZ, we have (cor,sA)D = cor, (AD).

Proof. Both statements follow from Lemma 2.2: removing a rim rs-hook from A corresponds to
reducing some element of 8" by rs; this in turn corresponds to reducing an element of the beta-set of
one component of quo A by r. m]

3 The affine symmetric group

In this section we assume s > 2. Let W; denote the Coxeter group of type As_1; this has generators
w; for i € 7Z/sZ, and relations

wl2 =1 for each i,
WiW; = W;jw; ifj#iil,
WiW;W; = Wjw;w; ifj =i+1#i-1.
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Now suppose t is another positive integer which is prime to s, and set sot = 1(s — 1)(t — 1). We define
the level t action of W, on Z by

n+t (ne(i—1)t—sot)
win =<{n—t (n€it—sot) for each i € Z/sZ.
n (otherwise)

(Recall from Section 2 our convention: if i = a + sZ, then it means at +sZ.)

This action is faithful for every t; in fact, the image of the level 1 action is often taken as a concrete
definition of W;.

It is easy to see that if B is a subset of Z which is bounded above and whose complement in Z is
bounded below, then the same is true of w38 for any w € W,; moreover, the number of non-negative
elements minus the number of negative non-elements is the same in 8 and w8B. Hence we have an
action of W on P, given by

B = w; B,

We refer to this action as the level t action of Ws on P, and we refer to an orbit under this action as a
level t orbit.

Remark. The level 1 action of W; on P is well known, and was first addressed by Lascoux [L]. In [F],
the author introduced the level ¢ action of W, on Z and on the set of s-cores (which is a union of orbits
for the action on P), but with a slight difference from the definition above, in that the terms —sot do
not appear in the definition in [F]. This makes little practical difference, since the two versions of
the action are equivalent to each other via a diagram automorphism of W,;. However, we prefer the
version above in this paper; although slightly more complicated to define, it turns out to be more
helpful, as we shall see in Proposition 6.5. It also respects conjugation of partitions, in the sense that
(w;d) = w_i(A") for any i and any A, where A’ denotes the conjugate (i.e. transpose) partition.

Example. Take s = 2, t = 3, so that sot = 1. Let A = (4, 1), which has beta-set B =1{3,-1,-3,-4,...}.
To calculate w4271, we add 3 to every odd element of this beta-set and subtract 3 from every even
element; we obtain {6,2,0, -2, -4, —6,-7,-8,...} = 874321 5o wio7A = (7,4,3,2,1). In a similar
way, we calculate wyzA = (1%). Note that wy4o7/ is obtained by adding four rim 3-hooks to A, while
wozA is obtained by removing a rim 3-hook. In general, the effect of w; acting on a partition A at level
t can be described in terms of simultaneously adding and removing rim t-hooks; we leave the reader
to work out the details.

We now give some invariants of the level ¢ action of W;. In Proposition 3.3 we shall use these to
give an explicit criterion for when two partitions lie in the same level ¢ orbit.

Lemma 3.1. Suppose A € P and w € W5, and define wA using the level t action. Then:
1. cor(wA) = coriA;
2. quo,(wA) is the same as quo A with the components re-ordered;
3. wis(wAd) = wtsA;
4. cors(wA) = w(corsA).

Proof. Since the relations occurring in all four parts are transitive, we may assume w = w; fori € Z/sZ.
Write j = it — sot.
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1. We obtain 8% from 8% by adding ¢ to every element of 8" N (j — t) and subtracting ¢ from every
element of B N j. But we may as well ignore those pairs of integers b, b — t which both lie in
B* and for which b € j. Since all but finitely many elements b € 8" satisfy b—t,b+t € 8%, this
means that we can get from 8" to 8% in a finite sequence of moves, where each move is either
increasing an element by t or decreasing an element by ¢. In other words, we can get from A to
w;A by adding and removing finitely many t-hooks. So A and w;A have the same t-core.

2. Forany | € Z/sZ\{j, j - t}, we have BY* NIl = B* N1, so that (w; 1)) = A?. On the other hand,
we have

BUAN(j—t)={b—t| be B nj
BUrNj={b+t| be B 'N(j-1)},
which gives (w;A)0™ = A0) and (w;A)) = AU,
3. This follows from (2) and Lemma 2.5(1) (taking r = 1 in that lemma).
4. From the definition of the s-quotient, the largest element of 8 N1 is sAgl) +TIA —s. Taking [ = j

and applying w;, the largest element of 8@ N (j—t) is S/\(lj) +TjA —s—t, and this must equal

s(wi)\)gj g ['j_¢(w;A) —s. From the proof of part (2) we have (w;A)U= = A0), and we deduce that
[j—¢(w;iA) =T'jA —t. Similarly I'j(w;A) = I';_tA +t, and obviously I'j(w;A) = TjA for I # j, j—t.

In particular, the s-set of w;A is determined by the s-set of A. Since A and corsA have the same
s-set, so do w;A and wj(corsA). By (3) wi(corsA) is an s-core, and since there is a unique s-core
with a given s-set, we therefore have w;(corsA) = cors(w;A). O

Next we give a criterion for determining when two partitions lie in the same level ¢ orbit; to do
this, we shall need to cite a result from [F] which gives a condition for two s-cores to lie in the same
level t orbit. (Note that although a slightly different level t action is used in that paper, it differs from
our action only by an automorphism of W;, and so the orbits for the two actions are the same.)

Proposition 3.2 [F, Proposition 4.1 & Corollary 4.5]. Suppose A and i are s-cores, and that the multisets
[TiA+tZ | i€ Z/sZ], [Tiu+tZ| i€ Z/sZ]
are equal. Then coriA = coryy, and A and u lie in the same level t orbit.

For our more general result, we make a definition which combines the s-quotient of a partition
with its s-set modulo ¢.

Suppose A € P, with s-set {I';A | i € Z/sZ} and s-quotient (AD |i e Z/sZ). We define the t-weighted
s-quotient of A to be the multiset

QA = [(TiA+1tZ,AY) |i e Z/sZ]
of elements of Z/tZ X P.
Example. Take s =4 and A = (10,8,7,5,2, 14). Then we have

IyzA =0,  TipazA =9, [2447A =2, ['3442zA = =5,
/\(42) — (2)/ /\(1+4Z) — (1)/ /\(2+4Z) — (2)’ /\(3+4Z) — (1)

So the 7-weighted 4-quotient of A is
[(7Z,(2)),2+7Z,(1)),2+7Z,(2)), 2+ 7Z, (1))].
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Proposition 3.3. Suppose A, 1 € P, and s and t are coprime positive integers. Then A and u lie in the
same level t orbit of W; if and only if they have the same t-weighted s-quotient.

Proof. For the ‘only if” part, we may assume that u = w;A fori € Z/sZ, and we write j = it —sot. From
the proof of Lemma 3.1 we have

AD - (I=j-1) FiA-t  (I=j-1t
y(l) = /\(]_t) (Z = ]) ]_—‘l‘l,l = Fj—t/\ +t (Z = ])
AD (otherwise), riA (otherwise).

So A and u have the same t-weighted s-quotient.

For the ‘if” part, assume that A and p have the same t-weighted s-quotient. Since corsA and A
have the same s-set (by definition) and the s-quotient of corsA has all components equal to @, we see
that corsA and corsu also have the same t-weighted s-quotient. So by Proposition 3.2 corsA and corsu
have the same t-core &, and lie in the same level t orbit as &; that is, there are w,x € W, such that
wcorsA = & = xcorsu. By Lemma 3.1(4) we have corg(wA) = & = corg(xu), so by replacing A and u with
wA and xu (and using the ‘only if” part above), we may assume that A and p both have s-core &, with
& being an (s, t)-core. So we have I'i!A = T';u = I';€ for every i. Now given any r € Z/tZ, let

X, ={i€Z/sZ|Ti&er}.
Then the fact that A and u have the same t-weighted s-quotient simply means that the multisets
N9 1ieX,] and  [u? |ieX,]

are equal for each r.

Now since £ is an (s, t)-core, it follows from the proof of [F, Proposition 4.1] that the I';£ lying in a
given congruence class modulo ¢ form an arithmetic progression with common difference t. So given
r, there are a € Z/sZ and m € Ny such that

X,=a+ta+2t,...,a+mt

and there is an integer c such that
Fop€ =c+ bt

forb =1,...,m. Now given any 1 < b < m, leti € Z/sZ be such that it —sot = a+bt. Then (from
the first paragraph of this proof) the effect of applying w; to A is to fix all the I';A, and to interchange
A@+HO=1D and 2@+ fixing all other parts of the s-quotient of A. So by applying elements of W, we
can re-order A, ... 1@+ arbitrarily without affecting the s-set of A or the rest of quo,A. By doing
this for every r, we can apply elements of W; to transform A into p. O

4 Generalised cores

Equipped with our definitions and basic results concerning the action of W;, we now come to our
main object of study.
4.1 Olsson’s theorem

We begin by stating a theorem of Olsson which is the starting point for the work in this paper;
this says that the t-core of an s-core is again an s-core, but we phrase this slightly differently.
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Theorem 4.1 [O, Theorem 11. Suppose s, t are coprime positive integers and A € P. Then
wtA=0 = wts(cor;A) = 0.
Now we can give our first main result, which is a generalisation of Theorem 4.1.
Theorem 4.2. Suppose s, t are coprime positive integers and A € . Then
wits(corid) < wigA.

Proof. We proceed by induction on wt;A, with the case where A is a t-core being trivial. Assuming
A is not a t-core, we can find b € 8" such that b —t ¢ B}. We define a new partition v by replacing a
witha—t foreverya € B such thata—t ¢ 8" and a = b (mod s). Then coryv = cor;A and wty < wiA,
so by induction it suffices to show that wt;v < wtsA.

We use Corollary 2.3 to compare wt;A and wtsv. Call a pair (x,]) € Z XN a weight pair for A if
xe B px—Is. Ifx £ b,b—t (mod s), then clearly (x, ]) is a weight pair for A if and only if it is a weight
pair for v. Now suppose x = b (mod s), and consider the two pairs (x,/) and (x —t,[). By considering
the sixteen possibilities for the set BN {x, x—Is, x—t, x—Is—t}, we can check that among the two pairs
(x,1) and (x—t,1), there are at least as many weight pairs for A as there are for v; hence wt;v < wt;A. O

With any inequality, it is natural to consider the situation where equality occurs. Hence we make
the following definition.

Definition. Suppose s, t are positive integers. A partition A is an [s:t]-core if
wis(cor;A) = wisA.
We write C,; for the set of [s:t]-cores.

Trivially Cs; includes all t-cores, and it follows from Theorem 4.1 that C,; contains all s-cores.
However, in general Cs;; will include partitions which are neither s- nor t-cores; for example, (4, 1) is
a [2:3]-core.

Note that in the above definition we do not assume that s and t are coprime. However, for the rest
of this paper we do make this assumption. Given this, it is easy to determine whether a partition is
an [s:t]-core from its beta-set.

Proposition 4.3. Suppose A € P, r € Z and s, t are coprime positive integers. Then A is an [s:t]-core if
and only if there do not exist integers d, e, f such that:

e 4 =¢(mod s);
o 4= f(modt);
e de+f-deB);
¢ f¢B.

Proof. Since B is just a translation of 8", we may assume r = 0. Say that (d, ¢, f) is a bad triple for A
if d, e, f satisfy the conditions in the proposition. First we suppose (4, ¢, f) is bad, and show that A is
not a t-core. Trivially, we must have either d > f or e+ f —d > e, either way, we find that there are
x,y € Z such that x > y, x = y (mod t) and x € 8} 3 y. So by Lemma 2.2 A is not an (x — y)-core, and
hence by Corollary 2.4 A is not a t-core.

So (since every t-core is an [s:t]-core) the proposition is true for A a t-core. Now we assume A is
not a t-core, and choose b € B such that b—t ¢ B. As in the proof of Theorem 4.2, we define a new
partition v by replacing a with a — t for every a € 8" such thata—t ¢ 8" and a = b (mod s). Now by
induction it suffices to show that either:
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o wit;v = wtsA, and there is a bad triple for v if and only if there is a bad triple for A; or
e wt,v < wtsA, and there is a bad triple for A.

Suppose first that there is no a = b (mod s) for which a ¢ 8! 5 a—t. Then we have v = w;A, where
i € Z/sZ is such that it — sot = b+sZ, and w; is the corresponding generator of W; acting at level t. So
by Lemma 3.1(3) we have wtsv = wtsA; and (4, ¢, f) is a bad triple for A if and only if (w;d, wie, w;f) is
a bad triple for v.

Next suppose there is an a = b (mod t) for which a ¢ B 5 a—t. Then (b,a,b—1) is a bad triple
for A, and it remains to show that wt;v < wt;A. As in the proof of Theorem 4.2, we consider weight

pairs (x, /). Taking x = max{a, b} and [ = @, we find that exactly one of (x,[) and (x —¢,1) is a weight
pair for A, while neither of them is a weight pair for v. Using the rest of the argument in the proof of
Theorem 4.2, we have wtyv < wtsA. O

Corollary 4.4. If s, t are coprime positive integers, then Cst = Ct.
Proof. The condition in Proposition 4.3 is symmetric in s and . O

This last result (which is very surprising given the definition of Cs.) suggests that the set Cs; is
worth studying. Our intuition is that Cs;, rather than Cs U Cy, is the “correct” counterpart to Cs N C;
(just as one studies the sum of two subspaces of a vector space rather than their union).

We now go on to examine the structure of Cs;; with respect to the level t action of W;.

4.2 Affine symmetric group actions on Cs;

We continue to assume that s and t are coprime. Recall that the group W acts at level t on #;
symmetrically, W; acts at level s on . These actions commute (since the actions on Z commute), and
so we have an action of Wy X W; on P.

Our first result is that Cs.; is a union of orbits for the level t action of W.

Proposition 4.5. Suppose s and t are coprime positive integers. Given A € P and w € W;, define wA
using the level t action. If A € Cs, then wA € Cq.

Proof. Using Lemma 3.1(1,3) and the fact that A € C,t, we have
wis(cori(wA)) = wig(corsAd) = wisA = wig(wA). O

Interchanging s and t and appealing to Corollary 4.4, we see that Cs; is also a union of orbits for
the level s action of W;. Hence Cs; is a union of orbits for the action of Wy X W;.

Now we consider these orbits in more detail. We begin by considering just the level t action of
WSq

Proposition 4.6. Suppose A € P, and let O be the orbit containing A under the level t action of W;.
Then the following are equivalent.

1. Ais an [s:t]-core.
2. O contains a t-core.

3. O contains cor;A.



12 Matthew Fayers

Proof. Since every t-core is an [s:t]-core, Proposition 4.5 shows that if O contains a f-core, then A is an
[s:t]-core. So (2) implies (1). Trivially (3) implies (2), so it remains to show that (1) implies (3).

So suppose A is an [s:t]-core. We can assume that A is not a t-core, so there is b € 8" such that
b—t ¢ B From the proof of Proposition 4.3, there is no a = b (mod s) for whicha -t € B 3 a, and
if we take i € Z/sZ such that it —sot = b+ sZ, then the partition v = w;A satisfies coryv = cor;A and
wtyy < whA. By Lemma 3.1 v is also an [s:t]-core, and by induction the orbit containing v contains
coryv. O

Now we can introduce a connection between [s:t]-cores and (s, t)-cores.

Corollary 4.7. Let O be an orbit of W, x W; consisting of [s:t]-cores. Then O contains exactly one
(s, t)-core.

Proof. Let A be a partition in O. Then by Proposition 4.6 cor;A € O, and by the same result with s and
t interchanged, v := cors(cor;A) lies in O. By Theorem 4.1 v is an (s, t)-core.
Now suppose that there is another (s, f)-core in O. We can write this as xwv, with w € Wy and
x € W;. By Lemma 3.1(3) we have
wtwv = wtxwy = 0,

SO
WV = COrywy = CoryV = v,

using Lemma 3.1(1). Similarly xv = v, and so xwv = xv = v. O

Remarks.

1. From Proposition 4.6 and Corollary 4.7 we see that two [s:t]-cores A and u lie in the same orbit
of Ws X Wy if and only if cors(coriA) = corg(cory)p. But it does not seem to be easy to tell when
two arbitrary partitions lie in the same orbit; we would like an analogue of Proposition 3.3, but
the author has so far been unable to find one.

2. Corollary 4.7 shows that the number of orbits of W, X W; consisting of [s:t]-cores equals the

number of (s, t)-cores; by Anderson’s theorem [A, Theorems 1 & 3] this is exactly ﬁ(s : t).

4.3 Further properties of [s:t]-cores
Now we give two more properties of [s:t]-cores which will be useful later.
Lemma 4.8. Suppose A is an [s:t]-core. Then:
1. A is an st-core;
2. cors(corA) = cory(corgA).
Proof.
1. If Aisnotan st-core, let v be a partition obtained by removing an st-hook. Then (from Lemma 2.2)

we can obtain v from A either by successively removing s t-hooks, or by successively removing
t s-hooks. Hence we see that

COIyV = COriA, wtsv = wigAd — ¢t

So
wis(corid) = wig(corv) < wigy < wigA,

so A is not an [s:t]-core.
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2. By Theorem 4.1 both cors(cor;A) and cors(corsA) are (s, t)-cores, and from Proposition 4.6 they
both lie in the same orbit as A under the action of Ws x W;. So the result follows from Corollary 4.7.
O

Note that the properties in Lemma 4.8 do not characterise [s:t]-cores; for example, the rectangular
partition (s') satisfies both properties, but if s, f > 1 it is not an [s:t]-core.

5 The sum of an s-core and a t-core

Next we consider the possibility of constructing an [s:t]-core with specified s-core and t-core. We
continue to assume that s and t are coprime.

5.1 Partitions with a given s-core and ¢-core

It is a simple exercise using the Chinese Remainder Theorem to show that given an s-core 0 and a
t-core 7, there are infinitely many partitions A with corsA = 0 and cor;A = 7. But if we insist that A be
an [s:t]-core, then by Lemma 4.8(2) we need cor;o = corst. In this case, we have the following result.

Proposition 5.1. Suppose 0 € C; and t € C;, and that cor;o = corst. Then there is a unique [s:t]-core
A such that corsA = 0 and cor;A = 1. Moreover, |A| = |o| +|t| —|corsT|, and A is the unique smallest
partition with s-core ¢ and t-core 7.

Proof. In this proof we use Lemma 3.1 without comment. Let & = cor;o, and consider the action of
Ws x Wi on P. By Proposition 4.6 we can find w € W, and x € W; such that wé = 0 and x& = 7, and we
let A = wt. Then A is an [s:t]-core, since it lies in the same orbit as 7. Moreover, cor;A = cor;t = 7, and

corsA = cors(wxé) = cors(xwé) = cors(xo) = corso = 0.
Furthermore,

|A] = |corsA| + swis A
= |o| + swts(wT)
= |o| + swtsT

= |o| + |t| = |cors|.

Now suppose p is a partition other than A with s-core o and t-core 7, and let w, x be as above.
Then we have cory(w™!u) = coryu = 7, but w™y # wA = 7. So [w™y| > |7|. Hence

wtsu = wts(w_ly) = witsT;

T N
S S

so  is not an [s:t]-core. Furthermore, we see that wt;u > wtsA, so |u| > ||, and hence |A] is the unique
smallest partition with s-core ¢ and t-core 7. m|

We write 0 H 7 for the partition A given by Proposition 5.1.

Remark. We have shown that o H 7 is the smallest partition with s-core o and ¢-core 7 in terms of size;
it is reasonable to ask whether o H 7 is smallest in the sense that c H7 C p for any partition y with
s-core ¢ and t-core 7. In fact, this is false: taking (s,t) = (2,3), we have (2,1) B (2) = (2,1%); but the
partition (8,3) 2 (2,13) also has 2-core (2, 1) and 3-core (2).
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Now we derive a corollary which yields another characterisation of [s:t]-cores.

Corollary 5.2. Suppose s and t are coprime positive integers not both equal to 1 and A is a partition of
n. Then A is an [s:t]-core if and only if there is no other partition of n with the same s-core and t-core
as A.

Proof. Suppose A is an [s:t]-core, and let 0 = corsA and 7 = cor;A. Then A = ¢ H 1, since by Proposi-
tion 5.1 this is the unique [s:t]-core with s-core ¢ and t-core 7. So by the last part of Proposition 5.1, A
is the unique partition of its size with s-core ¢ and t-core 7.

Conversely, suppose A is not an [s:t]-core. Then by Proposition 4.3 we can find integers d, e, f such
thatd = e (mod s),d = f (mod t) and d, e + f — d are elements of 8" while ¢, f are not.

First assume d, ¢, f and e + f —d are distinct. Define a new partition u by

Bt =B\ {d,e+ f—d}Ule, f).

Then by Lemma 2.2 u can obtained from A by removing a |d — e|-hook and adding a |d — e|-hook. So
|ul = |Al, and p has the same s-core as A, since s divides d —e. Alternatively, u can be obtained from A
by removing a |[d — f|-hook and adding a |d — f|-hook, so p also has the same t-core as A. So A is not
the unique partition of n with s-core ¢ and t-core 7.

Now assume d, e, f and e + f —d are not distinct. Then these integers are congruent modulo st, and
hence by Lemma 2.2 A is not an st-core. Since st > 1 by assumption, it is easy to find another partition
u of n with the same st-core as A, and by Corollary 2.4 1 has the same s-core and t-core as A. O

5.2 ConstructingcH

Suppose o is an s-core and 7 is a t-core, with cor;o = corst. In this section we give a method for
constructing the partition o H . Of course, this can be done as in the proof of Proposition 5.1: find
w € W; such that o = wcor;o, and then compute wt. But this is a laborious process; we present here a
much quicker method using weighted quotients.

Recall the s-set {I';A | i € Z/sZ} and the s-quotient (AD |ieZ/sZ)ofa partition A.

Lemma 5.3. Suppose j,k € Z/sZ and 7 is a t-core with T'jt = Tt (mod t). Then t¥) = 7.

Proof. Without loss of generality suppose I'y7 > I';7. The elements of 8° N j are the integers S(Tl(.j = i)+
[j7, fori > 1, and similarly for 8* Nk. If 70 £ 7R then by Lemma 2.1 g ¢ BTU), so there is some i

such that Tgk) —i ¢ 8. This means that s(rgk) —i)+TjT ¢ B7; on the other hand, (Tl(k) —1)s+I7 € B, s0
by Lemma 2.2 Tisnotan (I'yt —I';7)-core, and hence by Corollary 2.4 Tisnot a t-core. Contradiction. O

Now recall the t-weighted s-quotient [(I';A + tZ, ADY |ieZ/sZ] of A.

Proposition 5.4. Suppose ¢ is an s-core and 7 is a t-core and that cor;o = corst. Then there is a unique
partition with s-core 0 and with the same t-weighted s-quotient as 7.

Proof. Let & = cor;o. Then by Lemma 5.3 and Proposition 4.6 & has the same t-weighted s-quotient
as o, i.e. there is a bijection ¢ : Z/sZ — Z/sZ such that T;o = T's(;¢ (mod ¢) for each i. Since & = corst,
it is therefore possible to construct a partition A as stated: we just take the partition A with s-core o,
and with A® = 7(¢®) for each i.

By Lemma 5.3 we have () = 7® whenever ['jt = Tyt (mod t),i.e. whenever L1090 = Tp190 (mod ),
so we have no choice in the construction of A, and A is unique. |

Proposition 5.5. Suppose o is an s-core and 7 is a t-core, with cor;o = cor,T, and let A be the partition
with s-core 0 and with the same t-weighted s-quotient as t. Then A = o Hr.
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Proof. By Proposition 3.3, A and 7 lie in the same level t orbit of W;. Hence by Proposition 4.6 A is an
[s:t]-core and coriA = 7. Since corsA = o by construction, we have A = o H1. O

Example. Take s = 3,t =5, 0 = (7,5, 42,32,22,1%2) and 7 = (5,24 1%). Then corso = corzt = (2). We
have
T3z, T14327, T24327) = (0,4, -1), (709, 71430 2430y = ((13), (1), (1)),

so that the 5-weighted 3-quotient of 7 is
[(5Z, (1)), (4+5Z, (1)), (4 +5Z, (1))].

On the other hand,
(T'3z0,T14320,T24320) = (9,4, -10);

so if A has 3-core o (and hence has s-set {9, 4, —10}), then the only way A can have the same 5-weighted
3-quotient as 7 is if (AP, A\(1+32) A@+32)y = ((1),(1),(1%)). This gives A = (10,62,4,3%,22,1!1). The
3-runner abacus displays of g, T and A are as follows.

o T A

For further illustration, we take the same example with s and t interchanged. The 3-weighted 5-
quotient of ¢ is
(32, (1)), (3Z, (1%)), (2 +3Z, ©), (3Z, (1%)), (2 + 3Z, ).
On the other hand,
(U527, T14527T, 24527, [34527, Ta4527) = (5,-9,2,3,9);
so we must take (A%, A\(0+52) (2+57) \(3+57) A(+52)y = (g, (12), 2, (1%),(1%)), again yielding A =
(10,6%,4,32,22,11). The 5-runner abacus displays are as follows.

o T A
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6 The x-orbit

In this section we examine one particular orbit in Cs;, continuing to assume that s and ¢ are
coprime. Under this assumption, there are only finitely many (s, t)-cores, and there is a unique largest
such. This partition (which is usually denoted « ;) has been studied before; it is known [OS, Theorem
4.1] that |xs¢| = ﬁ(s2 —1)(t* = 1), and also that if A is any (s, t)-core then A C x;; [V, Theorem 2.4], [F,
Theorem 5.1]. In this section we will consider the W; X W;-orbit containing ;. We denote this orbit
C¥,, and refer to it as the x-orbit of Cs;. We will see that C¥, is naturally in bijection with Cs X C;.

To begin with, we explain how to construct ;. Let Bs; denote the set of integers which cannot
be written as a linear combination of s and ¢ with non-negative integer coefficients; this set can be
written as

Bsr={at=bs|aec{0,...,s-1}, be N}.

Then B, is bounded above and its complement in Z is bounded below, so it is a beta-set of a partition,
and this partition is «;;. In fact (recalling the integer sot = %(s —1)(t = 1) from Section 3) B;; = B:;[ .
The following statement is proved in [F, §5].

Lemma 6.1. The s-set of « is
{—sot,t —sot, 2t —sot, ..., (s — 1)t —sot}.

Note in particular that the elements of the s-set of x,; are congruent modulo ¢; in fact, «; is the
unique (s, t)-core with this property.

Example. Take s = 3 and t = 4. Then
Bp = {-3,-6,-9,...}U{1,-2,-5,...}U{5,2,-1,...}
=1{521,-1,-2,-3,...}
_ Bg?”lz),
so Ks¢ = (3, 12). The 3-set of this partition is {3, 1, 5}, while its 4-set is {-3,0, 3, 6}.

Now we consider the k-orbit CL,- We begin by showing that the s- and t-quotients of partitions in
this orbit have a particularly nice form.

Proposition 6.2. Suppose 7 is a t-core such that corst = ks;. Then quo,7 = (A, ..., A) for some t-core A.

Proof. By Lemma 6.1, the elements of the s-set of 7 (i.e. the s-set of ;) are congruent modulo ¢. By
Lemma 5.3, this means that the components of quo,t are all equal. Furthermore, since 7 is a t-core, it
is an st-core, by Corollary 2.4, and so by Lemma 2.5(1) each component of quo,r must be a f-core. O

Remark. Let us say that a partition is s-homogeneous if all the components of its s-core are equal;
we have just shown that a t-core whose s-core is x;; is s-homogeneous. However, the condition
CorsT = ks is not necessary for a t-core 7 to be s-homogeneous; for example, T = @ has s-quotient
(9,...,9). However, one can show that if ¢ is prime, then there are only finitely many s-homogeneous
t-cores whose s-core is not « ;.

A consequence of Proposition 6.4 is that the construction of o H 7 is even simpler when ¢ is an
s-core and 7 a t-core in the x-orbit.

Proposition 6.3. Suppose ¢ is an s-core and T a t-core with corio = corst = xs;. Then o H 1 is the
partition with s-core o and the same s-quotient as 7.
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Proof. o H 7 has s-core ¢ by definition. By Proposition 4.6 7 and ¢ H 7 lie in the same level t orbit
of Ws, and so by Lemma 3.1(2) have the same s-quotient up to re-ordering. Since 7 has s-quotient
(A,...,A) for some A, o H 1 does too. ]

Example. Take (s, t) = (3,4), so that x5 = (3, 12). Then o = (15,13,11,9,7,5, 3,22,1?) is a 3-core with 4-
core (3,12), while T = (6,4?,23,13) is a 4-core with 3-core (3, 1?). Hence o @ 7 is the partition with 3-core
o and the same 3-quotient as 7, or equivalently the partition with 4-core 7 and the same 4-quotient as
0. We have

quo,o =((3,1),(3,1),(3,1),(3,1)),  quost = ((1%),(1%),(1%),

and by either route we find that cHt = (18,16,11,9,7,5, 42,32,17). The 3- and 4-runner abacus
displays for these partitions are as follows.

o T oH1

Now we give the converse to Proposition 6.2.

Proposition 6.4. Suppose v is a t-core, and let T be the partition with s-core ks and s-quotient (v, ..., v).
Then 7 is a t-core.

Proof. We consider the beta-set 8] ,. By Lemma 2.2, we must show thatc—t € B! , forevery c € 8] ..
In other words, we must show that for each b € Z/sZ we have

{c—t| ce BE

sot

Nb} C B, N(b-1).

sot
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Since s and t are coprime, we can write b = at 4+ sZ for some a € {0, ...,s —1}. Then by construction we
have
BT

sot

Nb={at+s(v;—i)| i€ N}.

If a > 0, then we also have
BiiNb—t)={(a-1)t+s(w;—i)| i € N},

and therefore
{c—t| ce B

sot

Nb} = B, N(b-t).

sot

So it remains to consider the case a = 0. Now we have

BT

sot

Nb={s(vi—i)| i e N}, B Nb—t)={(s=Dt+s(v;—i)| i € N}.

If the left-hand side is not contained in the right-hand side, then for some j we have
s(j—j)—t¢{s-Dt+s(vi—i)| ie N},

which gives vj—j—t ¢ {v; —i| i € N}. But by Lemma 2.2, this contradicts the fact that vis a t-core. O

Now we can give a concrete description of C¥,, which says that as a Ws X Wi-set, C, is isomorphic

to the product of Cs and C; (with W and W; acting at level 1 on these factors).

Proposition 6.5.
1. There is a bijection

A s (AUD, \CD)),

2. Given A € CL, and w € W, we have
(@A) = wA?),

where w acts at level t on CX,, and at level 1 on Cs.

st/
Proof.

1. Let © denote the given map, and suppose A € C¥,. Since A is an st-core, every component of
its s-quotient is a t-core, and every component of its f-quotient is an s-core, by Corollary 2.4;
so © really does map to C; X C;. To show that © is a bijection, we construct an inverse. If
(p,v) € Cs XCy, let T be the partition with s-core k;; and s-quotient (v,...,v). Then 7 is a t-
core by Proposition 6.4. Similarly the partition o with ¢-core x5 and t-quotient (p, ..., p) is an
s-core, and cor;o = corsT, so we can define a partition o H 7, which will lie in C;ft. We define
E(p,v) = 0B 1, and we have a function & : Cs X C; — C{,.

Now we show that ® and E are mutual inverses. Suppose A € C¥,, write ©(A) = (p,v) and let
T = coryA. Then 7 is a t-core with s-core x5, so by Proposition 6.2 all the components of the s-
quotient of T are equal. But A and 7 lie in the same level t orbit of W;, so have the same s-quotient
up to re-ordering; since v = A¢?), this means that both A and 7 have s-quotient (v, ...,v). So 1
is the (unique) partition with s-core x,; and s-quotient (v, ...,v). Similarly the s-core o of A is
the partition with ¢-core x,; and t-quotient (p, ..., p). So E(©(A)) = E(p, v) = 0 H 1, which is the
unique partition in Cs;; with s-core 0 and t-core 7, i.e. A.
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Now take (p, v) € Cs X Cy. Let T be the partition with s-core «;; and s-quotient (v,...,v), and ¢
the partition with f-core «,; and t-quotient (p, ..., p), so that E(p, v) is by definition o B 7. This
partition has the same t-quotient as o since it lies in the same level s orbit of W;, and in particular
each component of its t-quotient is p. Similarly each component of the s-quotient of 0 H 7 is v,
and so O(E(p,v)) = O(cH1) = (p, v).

2. It suffices to consider the case where w = wj, for i € Z/sZ. Write j = it —sot, and let 0 = L),
Then by the definition of t-quotient,

BYNtZ = {bt+T A | b e B).
Now the definition of the level ¢ action of W; gives
B =fc+t|ce B n(j-HU{c—t] ce B*NjiuB*\ (j-tU))).

From Lemma 6.1 (with s and t interchanged) we have I'i;zA = —sot (mod s). Hence for b € Z we
have bt +TizA € j—tif and only if b € i —1, while bt +I'izA € jif and only if b € i. So

BN = {(wib)t +TizA |be B7) = (bt +TizA | b e B},
where W; acts at level ¢ in the first term, and at level 1 in the other two terms. Hence
(i)™ = wig,
as required. O

Of course, part (2) of the proposition also holds with s and t interchanged, yielding the desired
statement about the action of W; X W;.

In Figure 1, we illustrate Proposition 6.5 in the case (s,t) = (2,3). At the top of the diagram, we
have drawn a portion of C3 as a labelled graph, with edges indicating the actions of the generators
W3z, W14+37, Wr4+3z in the level 1 action of W3. On the left, we have drawn a portion of C,, with edges
representing the actions of wyz, w1427 in the level 1 action of W,. The main part of the diagram shows
a portion of C% ,, which (we hope) makes the bijection C> X C3 — C7 , clear. Here the edges represent
the actions of the generators of W3 in the level 2 action, and of W, in the level 3 action.

7 Final remarks

7.1 The non-coprime case

Throughout this paper we have assumed for simplicity that the integers s and ¢ are coprime. In
fact, this assumption is unnecessary for many of our results. Theorem 4.1 was generalised to the
non-coprime case by Nath [N, Theorem 1.1] and (with a different proof) by Gramain and Nath [GN,
Theorem 2.1]; the idea in the latter proof is to consider the g-quotient of a partition, where g is the
greatest common divisor of s and . Applying Theorem 4.1 to the components of this quotient and
using results on quotients such as Lemma 2.5, one obtains the general result. This technique can be
applied to many of our results, too, and Theorem 4.2, Propositions 4.3 and 5.1 and Corollaries 4.4
and 5.2 all hold without modification in the case where s and ¢ are not coprime, while Lemma 4.8
requires minor modification. The results concerning the level t action of W, do not generalise so
readily: one must consider the action of a group consisting of a direct product of ¢ copies of Wj,.
Then the results we have proved can be made to work, but the level of complication soon outweighs
the reward; we leave the interested reader to work out the details. The results in Section 6 seem to
have no analogue in the non-coprime case, where there are infinitely many (s, ¢)-cores.
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A generalisation of core partitions 21

7.2 [s:t:ul-cores

A natural extension of the results in this paper would be to try to extend from two integers s, ¢
to three (or more): is there is a suitable definition of an [s:t:u]-core? The author has not been able to
find the appropriate generalisation of our initial definition of an [s:t]-core. However, Corollary 5.2
suggests a possibility: assuming s,t,u > 1, we could define an [s:t:u]-core to be a partition which is
uniquely determined by its size and its s-, t- and u-cores. We hope to be able to say something about
such partitions in the future.
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