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Abstract

Step-drawdown and multi-rate tests present convenient tools for the estimation of the long-term yield of boreholes. However, th
analytical methods commonly employed for the analysis of such tests are all based on the assumption that the drawdown in a
borehole is a linear function of the discharge rate. Numerous constant rate tests, of which a few are discussed ihdkisipapar,
that this is not necessarily the case with boreholes drilled in the Karoo formations of South Africa. The drawdownsiiatioése bo
are not only influenced by the peculiar geometry of the aquifers, but also the non-linear deformation of the aquifere during th
pumping of a borehole. The two new non-linear models for the analysis of step-drawdown and multi-rate tests introduesd here, tr
to account for these factors; in particular the deformation of the aquifer, flow dimension and dewatering of discrete fractures
Although the model proposed for multi-rate tests is still based on constant time steps, the one for step-drawdown tis allows
user to use arbitrary time steps, when performing the test in the field.

Non-linearities in drawdown curves should always be treated with caution, especially when used to assign sustainable yields fo
boreholes. However, the example of a step-drawdown test performed at the Campus Test Site of the University of the Free State,
shows that non-linearities can be addressed with an appropriate model.

Introduction where the term CQrepresents the non-linear losses.

The main effect of the non-linear losses is to drive the water
Step-drawdown tests were introduced by Jacob (1947) to study theel in the borehole down, without contributing to Q. This could
influence that the discharge rate, Q, has on the drawdown, s(r, t)not only affect the operational costs of a borehole adversely, but
the water level in a borehole. His conclusion, based on a numbercoiild also cause irreparable damage to the borehole, pump and
drawdown tests, was that the observed drawdown consists of texen the aquifer. It is very important that one should never operate
components—one linear in Q and the other one non-linear. He asborehole in such a way that the non-linear energy losses become
showed that the linear component can be divided into what deminant. However, it may sometimes be necessary to sacrifice
called ‘the linear aquifer loss coefficient’, which he denoted by thenergy for the borehole to perform optimally. Since this was the
symbol B(r,, t), and a ‘linear well loss coefficient,,Baused by main motivation for Jacob to introduce step-drawdown tests, it is
the loss of energy in the borehole itself. The former of thes®t surprising to find that Eq. (1) can be very useful in this regard.
components can be viewed as the drawdown one would observe if Itis common practice to assume that the coefficient C in Eq. (1)
water could be withdrawn from an aquifer without the loss af constant and attribute the existence of the terfmt@€@rbulent
energy represented by the term B other words, Br,, t) can be flow, caused by the pump in and near the borehole (Helweg, 1994).
interpreted as the theoretical solution of the groundwater flowowever, there are indications that the drawdown is not only a
equation for the actual, physical aquifer. It is, consequentlfiinction of Q, butalso the geometry of the aquifer and that this may
impossible (at least at this moment) to distinguish between the twontribute to the non-linear termin Eq. (1) and cause the parameters
linear losses in practice. Jacob, therefore, combined the two terBisand C to be time-dependent. Helweg suggests that Eq. (1) be
into the linear loss coefficient, defined by the equation: replaced by the equation:

B(r.,t) = B,(r,,t) + B, s=[A+B log(t)]Q+[C log()IQ" @

where [ is known as the effective radius of a borehole, wittwhich he claims is more general than Eq. (1). This is certainly true
physical radius . Jacob defined, as the radial distance from the inthe sense that Eq. (2) allows the coefficients to be time-dependent.
vertical axis of the borehole to a point where the water level in thidowever, to achieve this he assumed that the theoretical drawdown,
aquifer equals the water level in the borehole. This interpretatid®)(r, , t), could be represented by the Cooper-Jacob approximation
led him to describe the observed drawdown in a pumped borehadé the Theis solution for an infinite uniform aquifer. Since this

s,» with the equation: assumptionis notnecessary in Eq. (1), the possibility exists that Eq.
) (1) may describe the drawdowns of boreholes in heterogeneous
S, = B(r.,t)Q+CQ (1) aquifers better than Eq. (2), if the time is kept constant.

Another consequence of Helweg's assumption is that the flow
towards the borehole must be radial, which need not be the case.
* To whom all correspondence should be addressed. This seems to be par_ticularly th(_a case With the shallow aquifers ?n
B (051) 401-2840; fax: (051) 447-3541; the geological formations associated with the Karoo Supergroup in

e-mail: Gerrit@IGS-NT.uovs.ac.za South Africa. These formations, which underlie approximately
Received 22 July 1999; accepted in revised form 23 February 2001  50% of the country, consist mainly of sandstones, mudstones,
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Figure 2 Drawdowns observed in UO5 and the piezometer

The drawdown observed during a constant rate test on a borehole in
the Karoo Supergroup pumped at a constant rate of 15 ¢.5

shales and siltstones. The isostatic uplift of Karoo sediments afdcture (if one is present), or simply drops to the pump intake. The
the intrusion of Drakensberg lavas and dolerites have fracturdcawdowns observed in Karoo boreholes depend not only on the
these formations, particularly the sandstone layers that are leischarge rates of the boreholes, as implied in the derivations of

installed in UO6, 5 m from UOS5, when UO5 was
pumped at the given rates

elastic than the rest of the rocks in the Supergroup. Karoo aquiférgs. (1) and (2), but also on the geometry of the aquifer.

therefore, normally contain one (sometimes a few) bedding parallel The dependence of the observed drawdowns in Karoo boreholes
fracture, as illustrated in Fig. 1, that serves as the main conduitarf the geometry of the aquifer is not restricted to the dewatering of
water for boreholes in the aquifers (Boteaal., 1998). The fracturesalone, asillustrated by the results of two constant rate tests
drawdown observed during a constant rate test on such a borelpdeformed on borehole UO5 on the Campus Site with discharge

consequently displays a completely different behaviour than thates of 0.8-s* and 1.2%-s™. In these tests, water levels were
drawdown in a conventional borehole. If borehole storage monitored simultaneously in UO5 and a piezometer installed in
neglected, the drawdown initially follows a linear trend, as showlmorehole UO6, situated 5 m from UO5. The piezometer was

in Fig. 2, which suggests that the borehole receives its water franstalled 2 m above the bedding parallel fracture that intersects both
the bedding plane fracture. This period is followed by one in whiddO5 and UOG6 at a depth of 23 m below surface within a sandstone
the flow is bi-linear, when the borehole receives water from botayer that contains the fracture. The results are summarised in Table

the fracture and the rock matrix. Although the water level at first and Fig. 3.
continues to decrease during this period, it ultimately tends to AsshowninFig. 3, the waterlevel in UO5 never dropped below

stabilise on or just above the bedding parallel fracture, providele fracture in both tests, while the ratio of its water levels (after one

that the discharge rate of the borehole does not exceed the ratéagt of pumping) in Table 1 is also very similar to the ratio of the

which the matrix can recharge the fracture. Otherwise, the watdischarge rates. However, the drawdowns observed in the piezometer

level will begin to decline again and stabilises above anothéiffer by a ratio of 6.5. This behaviour can be explained briefly as
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expect the opposite situation to arise after the pump has been
TABLE 1 switched off, that is the water levels in the pumped borehole and
Water levels observed in Borehole UO5 on the surrounding rock matrix will restore more rapidly than water levels
campus test site and a piezometer installed in at more distant points in the aquifer. Itis very interesting to note that
Borehole UO6, 5 m from UOS5, during two although the water levels in UO5 were restored very quickly, the
pumping tests with different abstraction rates piezometerlevelin UO6 continued to decline for 5 d, after the pump
was switched off in the 0&stest, and 14 d after the 1.25 test.
Q Drawdown after one day (m) The water levels near the borehole were not only restored first, but
(Us) _ also at the expense of the piezometric levels within the rock matrix.
uos Piezometer However, there are indications that this delay in the restoration of
in UO6 the water levels in the matrix is enhanced by the restoration of the
fracture geometry, which was deformed during the pumpin
0.50 1.72 0.024 Operationgs y g the pumping
Rati ;ég ggg gégg The previously described heterogeneous behaviour of the
atio : : ) water levels has been observed in many constant rate tests performed

in Southern Africa. The results of four of these tests are summarised

Itis known that the rocks serve as the main reservoir for watts Table 2 and illustrated graphically in Fig. 4. The first test was
in Karoo aquifers. However, the vertical and horizontal hydrauli€rformed onaborehole in the mudstone aquifer at Meadhurst (just
conductivities of the Karoo rocks are very low (¥1@-s! to ~ West of Bloemfontein) and the second on a borehole in the calcrete
10 m-sY). The bedding parallel fractures, on the other hand, ha@éluifer of Khorixas in Namibia. The other two were performed on
very high horizontal hydraulic conductivities (<1-s?) and, _the boreholes Zonnebloem_l and 2 of the Middelburg Municipality
consequently, can transmit large quantities of water quickly. Vef§) the Northern Cape Province. _ _
little water flows through undisturbed Karoo aquifers under natural There is a possibility that the sharp increase in the drawdown
conditions. It is only when the piezometric pressure in a beddirj the Khorixas borehole at the late times in Fig. 4 was caused by
parallel fracture is disturbed that the vertical piezometric gradieRPundary effects. The reason for this beliefis that the increase in the
and gravity force the water to flow from the rock matrix to th&lrawdown is smooth and not stepwise as in the other boreholes
fracture. The main direction of flow in these aquifers is verticaland The previous examples clearly suggest that Egs. (1) and (2)

linear, and not horizontal and radial as in conventional aquifef&nnot fully account for the heterogeneities in Karoo aquifers,
(Bothaet al, 1998). caused by their particular geometry. A new method was developed

Because the flow is vertical, a Karoo borehole will firsfor the analysis of these boreholes. However, the idea behind the
dewater the rock matrix in its immediate vicinity, before it begin§'ethod may be better understood if one has a good understanding
to dewater the matrix at more distant points. One would, of cour$d how these tests are performed and the factors that may influence
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where:

TABLE 2 8(z - z) isthe well-known Dirac delta function,
Ratios of the abstraction rates, Q, and associated drawdowns, (X, ¥,) the horizontal position of the borehole.
s(t,) observed during pumping tests with durations t 4 on four
boreholes in Southern Africa However, thisimmediately removes any dependence
of s(r,, ) on the heterogeneity of the aquifer and
Meadhurst t , 950 min Khorixas t ;420 min forces it to be a linear function of Q, which need not
be the case in general, as illustrated by the previous
Qs | s(ty) (m) Qs?) | sty (M | discussion of the drawdowns observed in Karoo
boreholes. Unfortunately, Eq. (4) probably represents
15 4.24 1.66 1.9 the best assumption until it becomes possible to
) 2.0 6.83 . 4.1 8.8 quantify f(x, t) directly. One must always apply
Ratio 1.33 0.62 Ratio 2.47 4.6 Eqs. (1) and (2) with care.
Zonnebloem 1 t , 540 min Zonnebloem 2 t , 540 min Field methods used to estimate borehole
Qesy | sty (m) Qes? | st (m) | 105€S
14 568 15 4.01 There are two field methods for the estimation of
19 9.98 35 12.43 well losses - the well-known step-drawdown test and
Ratio 1.36 1.75 Ratio 233 301 the multi-rate test. The main difference between the
two tests is that the water level is allowed to recover

between the steps of a multi-rate test, while the step-

the dependence of ®n the discharge rate. The discussion thadrawdown test is a continuous test, as illustrated by the schematic
follows begins with a brief discussion of the basic principles th&rawdowns in Fig. 5.

underlies the application of Eqgs. (1) and (2) and the methods !t is, in principle possible to disrupt the restoration of the water
conventionally used to analyse the yields of borehole. This lgvel in multi-rate tests. However, it must be kept in mind that the
followed by a discussion of the various factors that may influen&@lution of Eq. (3) for variable discharge rates has a memory,
the behaviour of boreholes, the new approach developed for Karhich needs to be taken into account in the analysis of the results,
aquifers and the application of the method to a typical borehole & Shown by the various methods, such as the Hantush-Bierschenk

a Karoo aquifer. method, often used to analyse step-drawdown tests (Kruseman and
De Ridder, 1991). A similar procedure will not only complicate the
Principles and methods used in the analysis of analysis of a multi-rate test, but also affect the reliability of the
borehole yields results adversely.
Multi-rate tests are not much favoured in groundwater
General hydraulics, because of the extensive periods required for the tests.

However, they can be used to determine the coefficients in Egs. (1)

It is well-known that Eq. (1) can only be applied in practice onc@nd (2) directly. For example, consider the case where two constant
a suitable time has been chosen for a drawdown test (Helwég(e tests have been performed on the same borehole, one with a
1994). The reason for this is that the coefficieyt Bt) in Eq. (1) ~discharge rate (and the other with a discharge ratel@t § and

is time-dependent. Its contribution tecsin only be neglected ifthe S,representthe observed drawdowns after afixed jraedfand

tests are performed for the same period. However, there is anothdhe ratios (8Q,) and (§Q,) respectively. Itis then not difficult
implicit assumption in the equation that is often overlooked—tht Show thatthe coefficients B(t) and C in Eq. (1) must satisfy the
assumption that the theoretical drawdown can be expressed in f@igtions

form B(re'tf):w c(t,) _ Qi -r)

s(r,.t) = QB(r,t) Q-Q Q-Q,
That this is indeed an assumption follows directly from the If @pplied at different periods, these expressions can also be
observation that the discharge rate appears nowhere in the equaid®d to determine the dependence of B(and C() on t, without
which is universally accepted as the one that describes the flow@y @ssumption on the nature of B{).
groundwater (Bear, 1972; Botha, 1996)

S0 (x,t) =T IK O (x,1)] + f(x,t) 3)

This equation only contains the specific storativity,Hydraulic ) ) ] ) ]

conductivity, K, piezometric head, and the strength of the sink AS mentioned in the introduction, the non-linear term.” @GQ

(or source), f(x, t), apart from the usual spatial and time variabl&§l- (1) and C’log(Y)Qin Eg. (2), is conventionally ascribed to
and their derivatives. Since it is impossible to determine tHgrbulence caused by the pumping of the water. However, there are
strength of the sink (borehole) with the methods available todayﬂ?sl'ee qther phenomena that may also contribute to the non-linear
borehole is commonly regarded as a line sink, and f(x, t) expresseghaviour

as

Non-linearities in the drawdown-discharge curve

General

« dewatering of discrete fractures,
f(x,t) =Qd(x- X0)5(y - yo) (4) + deformation of the fractures and/or the rock matrix, and
e aphreatic or water table aquifer.
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Schematic illustration of the difference in drawdowns observed during a step-drawdown and a multi-rate test

Turbulence

Turbulence is a characteristic property of any fluid flowing acrc
an obstacle, caused by the interaction between the molecules ¢
fluid and obstacle, and depends essentially on the roughness
size of the obstacle and the flow velocity. Since turbulenceisav
common phenomenon in pipe flow, geohydrologists mair 7%
associate it with fractures and sinkholes. However, two otl
factors may also contribute to turbulence in a producing boreh 5.6
- a high discharge rate and a restrictive entry to the borehole. **
first of these factors can be controlled by using a judiciously cho:
discharge rate (the main reason why Jacob introduced s
drawdown tests), but the second factor presents some difficult
There are a number of reasons why a restrictive entry n
develop in a borehole, such as the clogging of the natural pore
drilling mud, fine-grained particles deposited by percussion dril
and the installation of gravel packs. This usually results in 1
formation of a zone, commonly referred to as a skin, in t 1
immediate domain of the borehole whose hydraulic conductiviuy,
K, differs markedly from the hydraulic conductivity, K, of the Figure 6

aquifer O_UtSide the skin. SUCh_ a skin can be Convenientl)(;raph of the skin factor,Z, as a function of the ratios (T/T =K/K)
characterised by the so-called skin factor and log(r/r,) in Eq. (5)

10
L3

K r
¢ :{Ki —Llog(->) (5) latter situation often arises where a gravel pack has been installed
s Fu around a producing borehole, but has also been observed in
where 1 is the radius of the borehole angdthat of the skin, constant rate tests performed on boreholes that intersect horizontal
assuming that the skin does not store water. If it is further assunfesictures in Karoo aquifers.
that the water levels near the borehole could be described by the As shown in Figs. 2 and 4, the observed drawdown rate in a
Cooper-Jacob approximation, the skin factor can be used to desciifaeehole intersected by a horizontal fracture remains practically
Jacob’s effective radius, in Eg. (1) with the equation (Matthews constant if the borehole is pumped at a rate that can be sustained by

and Russell, 1967): the fracture, butincreases sharply if this rate is exceeded. Although
the increase in the drawdown rate may be viewed as a non-linearity,
r,=r,expE<) it must be remembered that the dewatering of a fracture is largely

controlled by the hydraulic conductivity of the rock matrix
The skin factor can be positive or negative, as illustrated in Fig. €urrounding the fracture (Bottet al., 1998). This behaviour is
A positive skin factor indicates that the drawdown in the borehokimilar, but not physically equivalent, to that observed in an aquifer
is more than the drawdown expected theoretically for the aquifeith one or more impermeable boundaries, where the drawdown
and a negative skin factor indicates that the drawdown is less thate also increases sharply once the pumping begins to influence the
the theoretical drawdown. A positive skin factor often arises whemater levels on its boundaries. (See for example the drawdown
the skin has been clogged during the drilling operations, whilecarve for the Khorixas borehole in Fig. 4). One approach to
negative skin factor indicates that the skin is well-developed. Tleempute discharge rates from these drawdowns would be to use the
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through the appearance of the compressibility coefficients of the
rock and water in the specific storativity (Bear, 1972), it completely
neglects horizontal and non-linear deformations. This aspect is
currently investigated by Cloot and Botha (2000) with a numerical
model for an aquifer consisting of a central sandstone layer bounded
on the top and bottom by mudstone layers. Their results can be
briefly summarised as follows.

When pumping starts, perturbations in the fluid pressure that
develop near the wall of the borehole propagates rapidly through
the aquifer, causing deformations in both the horizontal and vertical
directions, but on different scales. The horizontal displacements
develop uniformly throughout the thickness of the aquifer, but the
vertical displacements concentrate on the sandstone-mudstone
interfaces. The maximum amplitude of the horizontal deformation,
which remains more or less constant, propagates slowly from the
borehole wall into the aquifer. The vertical displacement, on the
other hand, remains at the interfaces where both its maximum
amplitude and extent slowly increases with time. As could have

been expected, the deformation does not affect the piezometric
head in the different layers adversely at the beginning, but its effect
becomes more noticeable with time. However, the linear stress-
strain relation ensures that all deformations disappear once the
simple graphical technique, illustrated in Fig. 7, often employed ipumping is stopped.
the analysis of aquifers with impermeable boundaries. However, as The same situation also develops in the case where the stress-
a comparison of the drawdowns of the Khorixas and Zonnebloestrain relation is non-linear, as long as the deformation is restricted
2 boreholes in Fig. 4 shows, the drawdown rate for the fracturéalthe linearleg of the relation. However, the deformation amplitudes,
Zonnebloem 2 borehole is larger than that of the Khorixas borehofgrticularly that of the vertical displacements, quickly begin to
The previous procedure may not be suitable in the case wherexaeed those of the linear stress-strain relation, once the strains
large increase in the drawdown rate is caused by the dewateringeg€eed the elastic limit. Moreover, the aquifer is not restored to its
a fracture. original dimensions after the pumping has stopped. Since the
Previous experience with constant rate tests on boreholesnagnitudes of the pressure perturbations (thus the deformations)
Karoo aquifers have shown that the non-linear behaviour widire essentially functions of the discharge rate, there is a possibility
always be observed, if the discharge rate of the producing borehtiiat a too high discharge rate that is too high may not only damage
is high enough. Unfortunately, it is very difficult to predict whernthe aquifer permanently, but ultimately may also causes it to
and at what discharge rate the non-linear behaviour will begiopllapse. This applies in particular to any fracture (vertical or
since that is determined by the areal dimension of the fractunerizontal) in the aquifer.
(Gringarten and Ramey, 1974). It may take a long time and a large It is important to note that the relation between the computed
number of discharge rates to determine the position of the ngriezometric head and the discharge rate is always non-linear, even
linear behaviour in a borehole that intersects an extensive fracturethe case of the linear stress-strain relation. Deformation of the
Itis tempting to assume that the presence of a prolonged peraglifer could, therefore, contribute significantly to the non-linear
during which the drawdown remains constant, signifies that therms in Egs. (1) and (2), as mentioned by Helweg (1994). A
discharge rate used in the test represents an acceptable measuiomon rule of thumb to regard a borehole with a coefficient
the long-term yield of the borehole. Unfortunately, this is no€ [d#mf]>10~ as one that could be developed to make it more
necessarily the case. For, as shown by the drawdown curveseificient may not be valid for these boreholes.
borehole Zonnebloem 2 in Fig. 4, both the length of the period and
the depth at which the water level stabilises depend on the dischaligeatic aquifers
rate. The possibility exists that one may easily overestimate or
underestimate the yield of the borehole, by concentrating on tfibe major characteristic of a phreatic or water table aquifer, and the
presence of such a period. This was the main reason for introducovge that distinguishes it from all other types of aquifers, is that the
the generalised solution for step-drawdown tests described belavater table will move in or out of the unsaturated zone that overlies
the water level in such an aquifer. This type of aquifer has to be
described by the unsaturated-saturated flow equation

A graph of normalised drawdown, s/Q, as a function of the
discharge rate, Q, used in the analysis of drawdowns in an aquifer
with one or more impermeable boundaries

Deformation

It may not always be appreciated, but the only reason wiy5, S, + C(¢)]D,¢(x,t) = O K (¢)Dp(x,1)}] + f(x,t)
groundwater can be withdrawn from the subsurface of the earth is

that all the geological formations on earth (and water) anghere $ is the water saturation and((the moisture capacity,
compressible. The result is that an aquifer will always deform twhile the other symbols have the same meaning as in Eq. (3). This
some extent when water is pumped from a borehole drilled into tigea highly non-linear equation in the mathematical sense in that it
aquifer. If the stress-strain relation for the formations that goveria®es not obey the principle of superposition (Cakmak and Botha,
the deformation is linear, so that is obeys Hooke's law, thE995), since both @) and K¢) are functions of the piezometric
formations will restore to their original form once the pumping is©iead. However, this does not imply that the drawdown in such an
stopped, otherwise it will continue to deform with time. Althoughaquifer will be a non-linear function of Q, as is often believed.
Eqg. (3) accounts for linear deformation in the vertical directiorindeed, it is not difficult to see that the latter relation will still be
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linear if the source strength, f(x, t), is approximated with Eq. (4) s ™ T !
One reason for the belief that the drawdown in these aquifers is a \
non-linear function of the discharge rate, is probably because such uoi13

aquifers are often viewed as a confined aquifer in which e [Fuoai 4. “fﬁ'oz 1
transmissivity, T, varies with the saturated thickness of the aquifer. L) 8 volr - uoio
However, as shown by the Dupuit formula for phreatic aquifers 1 "": 025

(Kruseman and De Ridder, 1991), this would imply that the o Y
drawdown should behave as a function &f @d not ®@ with AL A

p > 1, as is conventionally assumed for the non-linear term in both), L A P o .
Egs. (1) and (2).

The fractal behaviour of drawdown sl .
uo30*

. .. . . . uo23* oUOI2
A common implicit assumption in the analysis of drawdown tests

is that all points in an aquifer are equally accessible to the borehal@s
In other words, the rate at which water will flow from a point A in uo24 uo2 MM Open Fiow Paths
the aquifer to the borehole will depend only on the discharge rate | * ¢ , .

. . . . [] L 1 1
of the pump and r_lot on the geometry of t_he gquer in the vncmF_t'y’,”m o e Tesn e raer P—
of A. However, this may not be the case in Fig. 8 where UO5 will
more likely withdraw water from point A than point B, even though .
B is situated closer to UO5. This behaviour prompted Bark Figure 8 ;

IS situat ’ ~ promp e(f‘om:eptual model of the horizontal fracture in the sandstone layer
(1988) to introduce what he calls the flow dimension for flow that forms the major aquifer at the Campus Test Site
through a fracture - a concept based on his fractalisation of the  [Adapted from Van der Voort and Van Tonder (2000)]
spherical surface element (but not the spherical space itself). This

allows him to express the drawdown in a uniform infinite aquifefere the non-linear term has been replaced by the one suggested
in his hybrid space as: by Helweg. The exponent p +e —1in the term”EQog(t),

Qr® ) B r’s; introduced to account for non-linear deformation of the aquifer,
o(r,t) = Wr(_‘/’ uy;, v<L..u= IK 1 was chosen in such a way that Eq. (6) reduces to Eq. (1) for a fixed
f ! time if there is no deformation, thatis e = 1. The choice was further
where: _ _ ) motivated by the fact that the model of Cloot and Botha indicated
r = the radius vector in spherical space that the drawdown would increase if the deformation tends to close
n = the flow dimension _ the fracture (e >1). A negative exponent, e, would therefore
S, K; = the specific storativity and hydraulic indicate an opening of the fracture, which is not impossible (Botha
conductivity of the fracture etal., 1998).
v = 1-n2 . The analysis of a large number of constant rate and step-
b a parameter that represents the thickness of theyrawdown tests performed on boreholes in the Karoo formations
aquifer in radial two-space has shown that Eq. (6) cannot account fully for the observed
(u,2) = the incomplete gamma function and the other g awdowns. However, further numerical experiments indicated
symbols have the same meaning as defined  hat this can possibly be ascribed to the fractal structure of the
previously. fractures in these aquifers (see Fig. 8) and that the equation
Approximation of the drawdowns in Karoo - pre-l rn2) L c'oP
boreholes s(t) = B(r,,t)Q + EQ"**~(logt) +CQPlogt) (7)
with G(m), the normal Gamma function, and n Barker’s fractal
General

dimension, provide a better approximation for these aquifers.

) ) . The approximation in Eq. (7) is very similar to Eq. (1) and, in
The discussion above shows that neither the Jacob or Helwgg: reduces to it if e = 1 and the time is constant. It shares all the
expressions in Egs. (1) and (2) can fit th_e observ_ed draWdown?af?fvantages of Eq. (1), discussed above, but also the same
Karoo boreholes, nor account for the possible nOn‘"near_deformat'e%advantages, the most serious of which is that it requires constant
of such an aquifer, or fractal flow. Since it was not obvious how e steps in step-drawdown or multi-rate tests. However, the

include these factors into either the Jacob or Helweg equationsy@nerical experiments indicated that the same results can also be
heuristic approach was used to try and adjust these equationsdgfained with the equation

flow in Karoo aquifers.

The recent model of Cloot and Botha (2000) for a horizontal _ ‘e r(n/2) ‘P
fracture suggested that one can account for the non-linear s(t) = AQ+ B Q"(logt) +CQlog(t) ®
deformation by splitting the non-linear term in Jacob’s equatiofhich arises from E
into two parts - one accounting for the usual effects of turbulence
and the other one for the deformation. The model also suggestedB(r t)= A+Q°%(BQ- EQp)(logt)I’(nlz)
that the contribution of non-linear deformation will be non-linearly e’

propo_rtional to that of turbulenc_e_ and time-dependent. Jacots}nce Alis a constant, Eq. (8) can be applied to step—drawdown or
equation was consequently modified to read multi-rate tests with variable time steps. Unfortunately, there is a

— p+e-1 ‘~p price one has to pay for using Eq. (8) (or Eq. (7) for that matter) in
S(t) = B(r., )R +[EQ +CQ"]log(®) ) that it is no longer possible to use the principle of superposition in

g. (7) if B¢rt) is approximated as
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TABLE 3
Step sizes and discharge rates used during the step-drawdown test performed
on borehole UP16
Step 1 Step 2 Step 3 Step 4
Q=061 (¢s?) Q=118 (¢s?) Q=2.00(s? Q=3.50 (s
Time S Time s Time S Time S
(min) (m) (min) (m) (min) (m) (min) (m)
0 0.000 22 0.730 47 1.660 65 3.150
2 0.170 23 0.780 48 1.740 66 3.300
3 0.190 24 0.830 49 1.810 67 3.440
4 0.230 25 0.870 50 1.875 68 3.560
5 0.265 26 0.910 51 1.940 69 3.670
6 0.295 27 0.960 52 1.995 70 3.770
7 0.320 28 0.990 53 2.050 71 3.870
8 0.350 29 1.010 54 2.100 72 3.970
9 0.375 30 1.045 55 2.150 73 4.085
11 0.425 31 1.070 56 2.200 74 4.175
12 0.450 32 1.100 57 2.255 75 4.260
13 0.460 33 1.135 58 2.290 76 4.350
14 0.480 34 1.160 59 2.325 77 4.430
15 0.500 35 1.180 60 2.370 78 4.510
16 0.520 36 1.200 61 2.405 79 4.585
17 0.535 37 1.230 62 2.450 80 4.660
18 0.550 38 1.250 63 2.490 81 4.730
19 0.565 39 1.275 64 2.520 82 4.800
20 0.585 40 1.290 83 4.870
21 0.600 41 1.315 84 4.940
42 1.335 85 5.000
43 1.355 86 5.060
44 1.370 87 5.120
45 1.390 88 5.180
46 1.410 89 5.240
90 5.290
95 5.540
97 5.640
100 5.760
105 5.960
113 6.220
114 6.270
115 6.290
116 6.310
117 6.340
118 6.370
119 6.400
120 6.430
the analyses of step-drawdown or multi-rate tests. The reason for
TABLE 4 this is that both the B’ and C’ terms contain fractional exponents of

Values of the coefficients that describe the fit
of Eq. (8) to the observed drawdowns of UP 16

in Fig. 9
A B c p n e
7.5-10* | 4.36-10°| 2.88-10°ff 2.0 | 1.48] 11

NI
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Q, and cannot be linearised by dividing the equation with Q.
Moreover, the objective function that arises if one attempts to fit
Eq. (8) with a non-linear least squares method to the observed
drawdowns is non-convex (this also applies to Helweg's equation).
An interactive method, called the non-linear FC-method was
developed and implemented in the FC-program, which is available
as an Excel workbook on the website of the Institute for Groundwater
Studies at the University of the Free Statev{v.uovs.ac.za/
faculties/igs). The workbook also allows the user to use a non-
linear least square fit if required, but this is not recommended for
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Figure 9
Graph of Eq. (8) when fitted to the drawdowns observed during the step-drawdown test performed on Borehole UP16

someone who does not have experience with non-linear leasime time after the borehole is used for production purposes.

squares approximations. Non-linearities in drawdown curves should always be treated
with caution, especially when used to assign sustainable yields for
A case study boreholes. This applies in particular to the extrapolation of the

results into domains not covered during the test. The
It is not possible to describe all the step-drawdown tests that haeeommendation by Helweg (1994) that the tests be designed to
been used in developing Eqg. (8). The present discussion will beach the maximum possible drawdown and discharge rate cannot
concluded with just one example, the step-drawdown test performieel overemphasised. In the case of boreholes in Karoo aquifers, the
on Borehole UP16 on the Campus Test Site (see Fig. 8 for itmximum drawdown is when the water level reaches the main
position). This borehole intersects the bedding parallel fracture @rater-bearing fracture. This depth should never be exceeded, not
the site at a depth of 21 m below the surface, while its rest watren during the drawdown test, if one does not want to damage the
level at the time of the test was 13.2 m below the surface. TABU&orehole.
3 lists the discharge rates and drawdowns observed during the four
steps used in the test. The observed drawdowns are also comp#&eknowledgement
graphically with the interactive fit to Equation (8) in Fig. 9.

The coefficients determined from the fit of s(t) (expressed ifihe authors would like to thank the Water Research Commission
m), Q (expressed infd?) and t (expressed in d) to Eq. (8), arefor its financial support of the project. A special word of thanks also
listed in Table 4. These values were used to estimate the drawdaewnMr Kevin Pietersen of the Commission for his words of
in the borehole for a period of 2 years, such that the drawdovencouragement and Dr. Erik Tordiffe of NAMWATER, Namibia,
would not reach the position of the bedding parallel fracture. fior permission to use the Khorixas pump test data.
other words, s should not exceed 7.8 m (= 21 m to 13.2 m). This
yielded a discharge rate of @:5%, which agrees with the value References
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