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A generalized fractional derivative (GFD) definition is proposed in this work. For a differentiable function expanded by a Taylor series, we
show thatDαDβf(t) � Dα+βf(t); 0< α≤ 1; 0< β≤ 1. GFD is applied for some functions to investigate that the GFD coincides with the
results fromCaputo andRiemann–Liouville fractional derivatives.)e solutions of the Riccati fractional differential equation are obtained
via the GFD. A comparison with the Bernstein polynomial method (BPM), enhanced homotopy perturbation method (EHPM), and
conformable derivative (CD) is also discussed. Our results show that the proposed definition gives a much better accuracy than the well-
known definition of the conformable derivative. )erefore, GFD has advantages in comparison with other related definitions.)is work
provides a new path for a simple tool for obtaining analytical solutions of many problems in the context of fractional calculus.

1. Introduction

Fractional calculus theory is a natural extension of the
ordinary derivative which has become an attractive topic of
research due to its applications in various fields of science
and engineering. )e integral inequalities in fractional
models play an important role in different fields. Massive
attention on the advantages of integral inequalities has
been paid for considering economics [1], continuum and
statistical mechanics [2], solid mechanics [3], electro-
chemistry [4], biology [5], and acoustics [6]. Fractional-
order derivatives of a given function involve the entire
function history where the following state of a fractional-
order system is not only dependent on its current state but
also all its historical states [7, 8]. Nonlocality plays a very
important role in several fractional derivative models
[9, 10]. Many studies deal with the discrete versions of this
fractional calculus by employing the theory of time scales
such as [11, 12]. In the literature, some definitions have
been introduced such as Riemann–Liouville, Caputo,
Jumarie, Hadamard, and Weyl, but all of these definitions

have their advantages and disadvantages. )e most com-
monly used definition is Riemann–Liouville which is de-
fined as follows [13].

For α ∈ [n − 1, n), the α-derivative of f(t) is

DRLf(t) � 1

Γ(n − α)
dn

dxn
∫∞
a

f(x)
(t − x)(α−n+1)

dx. (1)

)e Caputo definition is defined as follows.
For α ∈ [n − 1, n), the α-derivative of f(t) is

DCf(t) � 1

Γ(n − α) ∫
∞

a

dnf(x)/dxn

(t − x)(α−n+1)
dx. (2)

All definitions including the above (1) and (2) satisfy the
linear property of fractional derivatives. )ese fractional
derivatives have several advantages, but they are not suitable
for all cases. On the one hand, in the Riemann–Liouville
type, when the fractional differential equations are used to
describe real-world processes, the Riemann–Liouville de-
rivative has some drawbacks. )e Riemann–Liouville de-
rivative of a constant is not zero. Additionally, if an arbitrary
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function is a constant at the origin, its fractional derivation
has a singularity at the origin for instant exponential and
Mittag-Leffler functions. Due to these drawbacks, the ap-
plicability range of Riemann–Liouville fractional derivatives
is limited. For differentiability, Caputo derivative requires
higher regularity conditions: to calculate the fractional de-
rivative of a function in the Caputo type, we should first
obtain its derivative. Caputo derivatives are defined only for
differentiable functions, while the functions that do not have
first-order derivative may have fractional derivatives of all
orders less than one in the Riemann–Liouville sense (see
[13]).

In [14], a new well-behaved simple fractional derivative,
named conformable derivative, was defined by relying only
on the basic limit definition of the derivative. )e con-
formable derivative satisfies some important properties that
cannot be satisfied in Riemann–Liouville and Caputo def-
initions. However, in [15], the author proved that the
conformable definition in [14] cannot provide good results
in comparison with the Caputo definition for some
functions.

)is work aims to provide a new generalized definition
of the fractional derivative that has advantages in com-
parison with other previous definitions in order to obtain
simple solutions of fractional differential equations.

)e paper is organized as follows: in Section 2, the basic
definitions and tools are introduced. In Section 3, some
applications are presented. In Section 4, the conclusion is
given.

2. Basic Definitions and Tools

Definition 1. For a function f: (0,∞)⟶ R, the general-
ized fractional derivative of order 0< α≤ 1 of f(t) at t> 0 is
defined as

DGFDf(t) � lim
ε⟶0

f t + Γ(β)/Γ(β − α + 1)εt1− α( ) − f(t)
ε

; β> − 1, β ∈ R+,

(3)
and the fractional derivative at 0 is defined as
DGFDf(0) � limε⟶0+D

GF Df(t).

Theorem 1. If f(t) is an α−differentiable function, then
DGFDf(t) � Γ(β)/Γ(β − α+ 1)t1− αdf(t)/dt; β> − 1, β ∈
R+.

Proof. By using the definition in equation (3), we have

DGFDf(t) � lim
ε⟶0

f t + Γ(β)/Γ(β − α + 1)εt1− α( ) − f(t)
ε

;

β> − 1, β ∈ R+,
(4)

where at α � β � 1, the classical limit of a derivative function
is obtained. Now, let

h � Γ(β)
Γ(β − α + 1) εt

1− α, (5)

ε � Γ(β − α + 1)
Γ(β) htα− 1. (6)

By substituting equation (6) into equation (4), we get

DGFDf(t) � Γ(β)
Γ(β − α + 1)t

1− α lim
h⟶0

f(t + h) − f(t)
h

. (7)

)us,

DGFDf(t) � Γ(β)
Γ(β − α + 1)t

1− αdf(t)
dt

. (8)

For a function f(t) � tk, k> − 1, k ∈ R+, we prove that

DGFDf(t) � Γ(β + 1)
Γ(β − α + 1)t

β− α. (9)

By using equation (8), we obtain

DGFDf(t) � Γ(β)
Γ(β − α + 1)t

1− αktk− 1,

DGFDf(t) � kΓ(β)
Γ(β − α + 1)t

k− α.

(10)

By taking k � β, we get

DGFDtβ � βΓ(β)
Γ(β − α + 1)t

β− α, (11)

and then

DGFDtβ � Γ(β + 1)
Γ(β − α + 1)t

β− α. (12)

Equation (12) is compatible with the results of Caputo
and Riemann–Liouville derivatives [16]. □

Theorem 2. For a function derivative of f(t) � tk, k ∈ R+,
we obtainDαDβtk � Dα+βtk.

Proof. By using equation (12), we get

Dβtk � Γ(k + 1)
Γ(k − β + 1)t

k− β,

DαDβtk � Γ(k + 1)
Γ(k − β + 1)D

αtk− β,

DαDβtk � Γ(k + 1)
Γ(k − β + 1)

Γ(k − β + 1)
Γ(k − β − α + 1)t

k− β− α.

(13)

L.H.S � DαDβtk � Γ(k + 1)
Γ(k − β − α + 1)t

k− β− α. (14)

Also, we have

R.H.S � Dα+βtk � Γ(k + 1)
Γ(k − β − α + 1)t

k− β− α. (15)
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)us, by (14) and (15), we get

DαDβtk � Dα+βtk. (16)

)is property is not satisfied in the conformable de-
rivative [14]. □

Theorem 3. For a differentiable function f(t) that expands
about a point such as f(t) � ∑∞k�0 fk(0)/k!tk, we have
DαDβf(t) � Dα+βf(t).

Proof. )e expanded function by Taylor theory is given by
f(t) � ∑∞k�0 fk(0)/k!tk,

Dβf(t) � ∑∞
k�0

fk(0)
k!

Dβtk,

Dβf(t) � ∑∞
k�0

fk(0)
k!

Γ(k + 1)
Γ(k − β + 1)t

k− β,

DαDβf(t) � ∑∞
k�0

fk(0)
k!

Γ(k + 1)
Γ(k − β + 1)D

αtk− β,

DαDβf(t) � ∑∞
k�0

fk(0)
k!

Γ(k + 1)
Γ(k − β + 1)

Γ(k − β + 1)
Γ(k − β − α + 1)t

k− β− α,

(17)

L.H.S � DαDβf(t) � ∑∞
k�0

fk(0)
k!

Γ(k + 1)
Γ(k − β − α + 1)t

k− β− α,

(18)

R.H.S � Dα+βf(t) � ∑∞
k�0

fk(0)
k!

Dα+βtk, (19)

R.H.S � Dα+βf(t) � ∑∞
k�0

fk(0)
k!

Γ(k + 1)
Γ(k − β − α + 1)t

k− β− α.

(20)

)us, by equations (18) and (20), we have

DαDβf(t) � Dα+βf(t). (21)

)is property is not satisfied in the conformable de-
rivative [14]. □

Theorem 4. Let α ∈ (0, 1] and f, g be α−differentiable
functions; then,

(i) DGFD(fg) � fDGFD(g) + gDGFD(f), (22)

(ii) DGFD f

g
( ) � gDGFD(f) − fDGFD(g)

g2
. (23)

Proof. By using equation (8), we have

L.H.S � DGFD(fg), (24)

� Γ(β)
Γ(β − α + 1)t

1− αd(fg)
dt

, (25)

� Γ(β)
Γ(β − α + 1)t

1− α f
dg

dt
+ gdf

dt
[ ], (26)

� f Γ(β)
Γ(β − α + 1)t

1− αdg

dt

+g Γ(β)
Γ(β − α + 1)t

1− αdf

dt
,

(27)

� FDGFD(g) + gDGFD(f) � R.H.S. (28)

)is proves (i).
Now, to prove (ii), we use equation (8) as follows:

L.H.S � DGFD f

g
( )

� Γ(β)
Γ(β − α + 1)t

1− α d

dt

f

g
( ),

� Γ(β)
Γ(β − α + 1)t

1− α gdf/dt − fdg/dt
g2

[ ],

�
g Γ(β)/Γ(β − α + 1)t1− αdf/dt[ ] − f Γ(β)/Γ(β − α + 1)t1− αdg/dt[ ]

g2
,

� gD
GFD(f) − fDGFD(g)

g2
� R.H.S.

(29)
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Rules (i) and (ii) are not satisfied in the Caputo and
Riemann–Liouville definitions. □

Theorem 5. (Rolle’s theorem for the generalized fractional
differential function). Let a> 0 and f: [a, b]⟶ R be a given
function that satisfies the following:

(i) f is continuous on [a, b]

(ii) f is α−differentiable for some α ∈ (0, 1]

(iii) f(a) � f(b)
Aen, there exists c ∈ [a, b] such that f(α)(c) � 0.

Proof. Since f is continuous on [a, b] and f(a) � f(b),
there is c ∈ (a, b), which is a point of local extrema, and c is
assumed to be a point of local minimum. So, we have

DGFDf c+( ) � lim
ε⟶0+

f c + Γ(β)/Γ(β − α + 1)εc1− α( ) − f(c)
ε

; β> − 1, β ∈ R+,

DGFDf c−( ) � lim
ε⟶0−

f c + Γ(β)/Γ(β − α + 1)εc1− α( ) − f(c)
ε

; β> − 1, β ∈ R+.

(30)

However, DGFDf(c+) and DGFDf(c− ) have opposite
signs. Hence, DGFDf(c) � 0. □

Theorem 6. (mean value theorem for the generalized frac-
tional differential function). Let a> 0 and f: [a, b]⟶ R be
a given function that satisfies the following:

(i) f is continuous on [a, b]

(ii) f is α−differentiable for some α ∈ (0, 1)
Aen, there exists c ∈ [a, b] such that

DGFDf(c) � f(b) − f(a)
h bα − aα( )[ ]. (31)

Proof. Consider a function such as in [25].

g(t) � f(t) − f(a) − f(b) − f(a)
h bα − aα( )[ ] htα − haα( ), (32)

where h � 1/Γ(α).

DGFDg(t) � DGFDf(t) −DGFDf(a)

− f(b) − f(a)
h bα − aα( )[ ] hDGFDtα − hDGFDaα( ).

(33)
By using equation (8), we get

DGFDg(t) � DGFDf(t) − f(b) − f(a)
h bα − aα( )[ ], (34)

at c ∈ [a, b].

DGFDg(c) � DGFDf(c) − f(b) − f(a)
h bα − aα( )[ ], (35)

and the auxiliary function g(c) satisfies all conditions of
)eorem 5. )erefore, there exists c ∈ [a, b] such that
DGFDg(c) � 0. )en, we have

DGFDf(c) � f(b) − f(a)
h bα − aα( )[ ]. (36)

□

Definition 2. Iaα(f)(t) � I01(tα− 1f(x)) � Γ(β − α + 1)/Γ(β)∫t
0
f(x)/x1−α dx and α ∈ (0, 1).

Theorem 7. DαIα(f)(t) � f(t) for t≥ 0 where fis any
continuous function in the domain.

Proof. Since f is continuous, Iaα(f)(t) is differentiable.
Hence,

DαIα(f)(t) �
Γ(β)
Γ(β − α + 1)t

1− α d

dt
Iα(f)(t),

DαIα(f)(t) �
Γ(β)
Γ(β − α + 1)t

1− α d

dt

Γ(β − α + 1)
Γ(β) ∫∞

0

f(x)
x1−α

dx,

DαIα(f)(t) � t
1− α d

dt
∫t
0

f(x)
x1−α

dx,

DαIα(f)(t) � t
1− αf(t)

t1−α
,

DαIα(f)(t) � f(t).
(37)
□

3. Applications

3.1. Fractional Derivative of the Exponential Function
f(t) � eλt, λ ∈ c.

eλt � ∑∞
k�0

λk

k!
tk,

DGFDeλt � ∑∞
k�0

λk

k!
DGFDtk.

(38)

From equation (12), we get
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DGFDtk � DCtk. (39)

Let us now write equation (23) as

DGFDeλt � ∑∞
k�0

λk

k!
DCtk,

DGFDeλt � DCeλt.

(40)

3.2. Fractional Derivative of Sine and Cosine Functions.
For the sine function, we define f(t) � sin ωt as

sin ωt � 1

2!
eiωt − e− iωt( ),

DGFD sin ωt � 1

2!
DGFDeiωt −DGFDe− iωt( ).

(41)

From equation (26), we obtain

DGFD sin ωt � 1

2!
DCei

iωt

−DCe− i
iωt( ),

GFDDα sin ωt � CDα 1

2!
eiωt − e− iωt( ),

GFDDα sin ωt � CDα sinωt.

(42)

Similarly, we can prove the following for f(t) � cos ωt:

GFDDα cos ωt� CDα cos ωt. (43)

Let us now solve some fractional differential equations in
the sense of GFD.

Example 1. D1/2y(x) � ekx, y(0) � 0.

Solution 1. Let us find the solution of the above example
where ekx � ∑∞n�0 kn/k!xn.

By using equation (8), we obtain

D1/2y(x) � ekx,

Γ(β)
Γ(β + 1/2)x

1/2dy(x)
dx

� ∑∞
n�0

kn

k!
xn,

dy(x)
dx

� Γ(β + 1/2)
Γ(β) ∑∞

n�0

kn

n!
xn− 1/2,

∫ dy(x) � Γ(β + 1/2)
Γ(β) ∑∞

n�0

kn

n!
∫ xn− 1/2dx,

y(x) � Γ(β + 1/2)
Γ(β) ∑∞

n�0

kn

n!

xn+1/2

n + 1/2
+ c,

y(x) � ∑∞
n�0

kn

n!

Γ(β + 1/2)
Γ(β)

xn+1/2

n + 1/2
+ c.

(44)

By taking β � n + 1/2, we have

y(x) � ∑∞
n�0

kn

n!

Γ(n + 1)
(n + 1/2)Γ(n + 1/2)x

n+1/2 + c,

y(x) � ∑∞
n�0

kn

Γ(n + 3/2)x
n+1/2 + c,

(45)

since y(0) � 0.

y(x) � ∑∞
n�0

kn

Γ(n + 3/2)x
n+1/2. (46)

)is solution is consistent with the Caputo solution.

Example 2. D1/2y(x) � x2 sin x, y(0) � 0.

Solution 2. Let us find the solution of the above example
where sin x � ∑∞n�0 x2n+1/(2n + 1)!.

By applying equation (1), we get

Γ(β)
Γ(β + 1/2)x

1/2dy(x)
dx

� ∑∞
n�0

x2n+3

(2n + 1)!,

dy(x)
dx

� Γ(β + 1/2)
Γ(β) ∑∞

n�0

x2n+5/2

(2n + 1)!,

∫ dy � Γ(β + 1/2)
Γ(β) ∑∞

n�0
∫ x2n+5/2

(2n + 1)! dx,

y(x) � ∑∞
n�0

Γ(β + 1/2)
Γ(β)

x2n+7/2

(2n + 7/2)(2n + 1)! + c.

(47)
By taking β � 2n + 7/2, we get

y(x) � ∑∞
n�0

Γ(2n + 4)
Γ(2n + 7/2)

x2n+7/2

(2n + 7/2)(2n + 1)! + c,

y(x) � ∑∞
n�0

(2n + 3)!
(2n + 7/2)Γ(2n + 7/2)

x2n+7/2

(2n + 1)! + c,

y(x) � ∑∞
n�0

(2n + 3)(2n + 2)
Γ(2n + 9/2) x2n+7/2 + c,

(48)

since y(0) � 0.

y(x) � ∑∞
n�0

(2n + 3)(2n + 2)
Γ(2n + 9/2) x2n+7/2. (49)

)is solution is consistent with the Caputo solution.

Example 3. D1/2y(x) + y(x) � x2 + 2/Γ(2.5)x3/2.

Solution 3. By applying equation (8), we obtain

Γ(β)
Γ(β + 1/2)x

1/2dy

dx
+ y(x) � x2 + 2

Γ(2.5)x
3/2. (50)
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)e following is a nonlinear differential equation of first
order in which we can obtain its solution with the help of
Mathematica package.

y(x) �

9A4 ��
π

√
− 6A3(2 + 3

��
π

√ ��
x

√
)
��
π

√ ��
x

√
− 12A(2 +

��
π

√ ��
x

√
)x + 16x3/2

+6
��
π

√
x2 + 6A2(4

��
x

√
+ 3

��
π

√
x)

6
��
π

√ + c1e
− 2

�
x

√
/A.

(51)

To determine A � Γ(β)/(Γ(β + 1/2)), we take α � β �
1/2 as in [19].

Example 4. d/dx (1 −
��
x

√
)(y(x) + 1){ } + λD1/2y(x) � 0.

Solution 4. By applying equation (8), we obtain

d

dx
(1 −

��
x

√
)(y(x) + 1){ } + λ Γ(β)Γ(β + 1/2)x

1/2dy

dx
� 0. (52)

)e following is a nonlinear differential equation of first
order in which its solution can be obtained using Mathe-
matica package as mentioned in our previous example.

Example 5. Consider the fractional Riccati differential
equation [17]:

Dαy(x) + y2(x) � 1, y(0) � 0, 0< α≤ 1. (53)

Solution 5. By applying equation (8), we obtain

Γ(β)
Γ(β − α + 1)x

1− αdy

dx
+ y2(x) � 1, y(0) � 0, 0< α≤ 1.

(54)
To solve this equation at α � 3/4 and α � 9/10, the

package of Mathematica has been used to obtain the
following:

y(x) � −1 + e
8x3/4/sA

1 + e8x
3/4/sA

, (55)

where A � Γ(β)/Γ(β + 1/4) and β � α � 3/4 as in [28].

Table 1: Comparison of the results of the GFD with other works at α � 3/4.

t Present work BPM [17] EHPM [18] IABMM [18] CD [14]

0 0 0 0 0 0
0.2 0.31439 0.30996891 0.3214 0.3117 0.37889
0.4 0.49848 0.48162749 0.5077 0.4855 0.58539
0.6 0.63022 0.59777979 0.6259 0.6045 0.72064
0.8 0.72609 0.67884745 0.7028 0.6880 0.81029
1.0 0.79618 0.73684181 0.7542 0.7478 0.87006

Table 2: Comparison of the results of the GFD with other works at α � 9/10.

t Present work at α � 9/10 BPM [17] MHPM [18] IABMM [18] CD [14]

0 0 0 0 0 0
0.2 0.23952 0.23878798 0.2391 0.2393 0.25526
0.4 0.42667 0.42258214 0.4229 0.4234 0.45191
0.6 0.57607 0.56617082 0.5653 0.5679 0.60539
0.8 0.69138 0.67462642 0.6740 0.6774 0.72063
1.0 0.7778 0.75460256 0.7569 0.7584 0.80445

Table 3: Comparison of the results of the GFD with other works at α � 9/10 for equation (43).

t Present work BPM [17] FTBM [18] IABMM [18] CD [14]

0 0 0 0 0 0
0.2 0.30718 0.31488815 0.31485423 — 0.33295
0.4 0.67131 0.69756771 0.69751826 — 0.73105
0.6 1.0666 1.10789047 0.90364539 — 1.1561
0.8 1.4397 1.47772823 1.47768008 — 1.5422
1.0 1.7485 1.76542008 1.76525852 1.7356 1.8457
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y(x) � −1 + e
20x9/10/9A

1 + e20x
9/10/9A

, (56)

where A � Γ(β)/Γ(β + 1/4) and β � α � 9/10 as in [19].

Example 6. Consider the following Riccati fractional dif-
ferential equation [17]:

Dαy(x) � 2y(x) − y2(x) + 1, y(0) � 0, 0< α≤ 1. (57)

Solution 6. By applying equation (8), we obtain

Γ(β)
Γ(β − α + 1)x

1− αdy

dx
� 2y(x) − y2(x) + 1, y(0) � 0, 0< α≤ 1.

(58)
To solve this equation at α � 9/10, the package of

Mathematica has been used to obtain the following:

y(x) � − −1 −
�
2

√
− eS +

�
2

√
eS

1 + eS
( ), (59)

where

s �
2
�
2

√
−10x9/10 + 9A ln(1 +

�
2

√
)/

�
2

√( )
9A

, (60)

A � Γ(β)/Γ(β + 1/4) and β � α � 9/10 as in [19].

4. Discussion of Results

In this section, we show some results for the Riccati
fractional differential equation in Tables 1–3 for different
values of α, where parameters are taken as β � α [19]. As a
result, we have obtained a good accuracy in the present
calculations, where α � 3/4 is taken in Table 1, and α � 9/10
is taken in Tables 2 and 3. By comparing our results from
the GFD definition with the Bernstein polynomial method
(BPM) [17], enhanced homotopy perturbation method
(EHPM) [18], IABMM [12], and conformable derivative
(CD) [14], it is noticeable that the present results are in
good agreement with BPM, EHPM, and IABMM results. In
addition, the conformable derivative [14] has been used to
solve the fractional Riccati differential equation. However,
the results of the conformable derivative do not coincide
with other works and our present results. A similar situ-
ation is in Table 2, by taking α � 9/10, where the present
results are compared with the Bernstein polynomial
method (BPM) [17], enhanced homotopy perturbation
method (EHPM) [18], IABMM [18], and conformable
derivative (CD). )e obtained results that have been
calculated analytically via the GFD are in good agreement
with other methods. However, in comparison with the CD,
the present results are better than CD results as suggested
in [14]. In Figure 1, the absolute relative error shows that
the present results of the Riccati fractional differential
equation are exactly obtained at α � 1 in [17] by comparing
it with α � 3/4 using the proposed definition and the
conformable one. )e figure shows a good accuracy for the
results of the proposed definition in comparison with the
conformable one. A similar situation is provided in Fig-
ure 2 at α � 9/10.
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Figure 1: )e absolute relative error is plotted for the Riccati
fractional differential equation for the conformable derivative and
GFD at α � 0.75.
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Figure 2: )e absolute relative error is plotted for the Riccati
fractional differential equation for the conformable derivative and
GFD at α � 0.90.
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In Table 3, one compares the present results obtained
from the GFD definition with the Bernstein polynomial
method (BPM) [6], fractional Taylor basis method (FTBM)
[7], IABMM [8], and conformable derivative (CD) [2]. )e
results from numerical methods in [6–8] are in agreement
with the present results in the context of GFD. In com-
parison with the conformable derivative results, CD gives
more errors than our results that have been obtained in the
sense of the GFD. Also, in Figure 3, the results of the GFD
give less error in comparison with the conformable deriv-
ative definition. )erefore, the present results of the GFD
give compatible results with other works.

5. Conclusion

In this work, GFD has been suggested to provide more
advantages than other classical Caputo and Rie-
mann–Liouville definitions such as the derivative of two
functions, the derivative of the quotient of two functions,
Rolle’s theorem, and the mean value theorem which have
been satisfied in the GFD. )e present definition satisfies
DαDβf(t) � Dα+βf(t) for a differentiable function f(t)
expanded by Taylor series. )e fractional integral is intro-
duced. Compatible results with Caputo and Rie-
mann–Liouville results have been obtained for functions
that are given in Sections 3.1 and 3.2. Also, a comparison
with the conformable derivative is studied.

Some fractional differential equations can be solved
analytically in a simple way with the help of our proposed
definition which exactly agrees with the classical Caputo and
Riemann–Liouville derivatives’ results. In comparison with
the conformable derivative, less error has been obtained in
our GFD results by calculating the absolute relative error as

in Figures 1–3 for the given Riccati fractional differential
equation. Also, our results from the GFD definition are
compared with the Bernstein polynomial method (BPM),
enhanced homotopy perturbation method (EHPM),
IABMM, and conformable fractional derivative (CD) [14].
)e present results are in good agreement with BPM, EHPM,
and IABMM.

We conclude that the present definition gives a new
direction for solving fractional differential equations in a
simple manner in which the results of the Caputo and
Riemann–Liouville definitions are exactly deduced. In ad-
dition, GFD has advantages in comparison with the con-
formable derivative definition.

Data Availability

No data were used to support this study.

Conflicts of Interest

)e authors declare that they have no conflicts of interest.

References

[1] R. T. Baillie, “Long memory processes and fractional inte-
gration in econometrics,” Journal of Econometrics, vol. 73,
no. 1, pp. 5–59, 1996.

[2] F. Mainardi, Fractional Calculus: Some Basic Problems in
Continuum and Statistical Mechanics, Fractals and Fractional
Calculus in Continuum Mechanics, A. Carpinteri and
F. Mainardi, Eds., Vienna: Springer-Verlag, Berlin, Germany,
pp. 291–348, 1997.

[3] Y. A. Rossikhin and M. V. Shitikova, “Applications of frac-
tional calculus to dynamic problems of linear and nonlinear
hereditary mechanics of solids,” Applied Mechanics Reviews,
vol. 50, no. 1, pp. 15–67, 1997.

[4] K. B. Oldham, “Fractional differential equations in electro-
chemistry,” Advances in Engineering Software, vol. 41, no. 1,
pp. 9–12, 2010.

[5] V. S. Ertürk, Z. M. Odibat, and S. Momani, “An approximate
solution of a fractional order differential equation model of
human T-cell lymphotropic virus I (HTLV-I) infection of
CD4+ T-cells,” Computers and Mathematics with Applica-
tions, vol. 62, no. 3, pp. 996–1002, 2011.

[6] S. A. El-Wakil, E. M. Abulwafa, E. K. El-Shewy, and
A. A. Mahmoud, “Ion-acoustic waves in unmagnetized col-
lisionless weakly relativistic plasma of warm-ion and iso-
thermal-electron using time-fractional KdV equation,”
Advances in Space Research, vol. 49, no. 12, pp. 1721–1727,
2012.

[7] R. Gorenflo and F. Mainardi, Fractals and Fractional Calculus
in ContinuumMechanics, A. Carpinteri and F. Mainardi, Eds.,
Springer-Verlag, Wien New York, New York, NY, USA,
pp. 277–290, 1997.

[8] R. Hilfer,Applications of Fractional Calculus in Physics, World
Scientific Publishing Company, Singapore, 2000.

[9] A. Atangana and D. Baleanu, “New fractional derivatives with
nonlocal and non-singular kernel: theory and application to
heat transfer model,” Aermal Science, vol. 20, no. 2,
pp. 763–769, 2016.

[10] R. L. Bagley and P. J. Torvik, “On the fractional calculus model
of viscoelastic behavior,” Journal of Rheology, vol. 30, no. 1,
pp. 133–155, 1986.

0.00 0.20 0.40 0.60 0.80 1.00

Time

0.00

0.10

0.20

0.30

0.40

A
b

s
o

lu
te

 R
e
la

ti
v

e
 E

r
r
o

r

Generlized Fractional Derivative 

Conformable Derivative

Figure 3: )e absolute relative error is plotted for the Riccati
fractional differential equation for the conformable derivative and
GFD at α � 0.90.

8 Mathematical Problems in Engineering



[11] H. L. Gray and N. F. Zhang, “On a new definition of the
fractional difference,” Mathematics of Computation, vol. 50,
no. 182, p. 513, 1988.

[12] K. S. Miller and B. Ross, “Fractional difference calculus,” in
Proceedings of the International Symposium on Univalent
Functions, Fractional Calculus and Aeir Applications, p. 139,
Nihon University, Koriyama, Japan, May 1989.

[13] A. Atangana and A. Secer, “A note on fractional order de-
rivatives and table of fractional derivatives of some special
functions,” Abstract and Applied Analysis, vol. 2013, Article
ID 279681, 2013.

[14] R. Khalil, M. Al Horani, A. Yousef, and M. Sababheh, “A new
definition of fractional derivative,” Journal of Computational
and Applied Mathematics, vol. 264, pp. 65–70, 2014.

[15] A. A. Abdelhakim, “)e flaw in the conformable calculus: it is
conformable because it is not fractional,” Fractional Calculus
and Applied Analysis, vol. 22, no. 2, pp. 242–254, 2019.

[16] I. Podlubny, Fractional Differential Equations: An Introduc-
tion to Fractional Derivatives, Fractional Differential Equa-
tions, to Methods of Aeir Solution and Some of Aeir
Applications, Elsevier, Amsterdam, Netherlands, 1998.

[17] S. Yuzbasi, “Numerical solutions of fractional Riccati type
differential equations by means of the Bernstein polynomials,”
Applied Mathematics and Computation, vol. 219, p. 6328,
2013.

[18] S. H. Hosseinnia, A. Ranjbar, and S. Momani, “Using an
enhanced homotopy perturbation method in fractional dif-
ferential equations via deforming the linear part,” Computers
and Mathematics with Applications, vol. 56, no. 12,
pp. 3138–3149, 2008.

[19] V. S. Krishnasamy, S. Mashayekhi, and M. Razzaghi, “Nu-
merical solutions of fractional differential equations by using
fractional Taylor basis,” IEEE/CAA Journal of Automatica
Sinica, vol. 4, no. 1, pp. 98–106, 2017.

Mathematical Problems in Engineering 9


