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❆ ●❡♥❡r❛❧✐③❡❞ ❉✐r❡❝t✐♦♥ ✐♥ ■♥t❡r✐♦r P♦✐♥t

▼❡t❤♦❞ ❢♦r ▼♦♥♦t♦♥❡ ▲✐♥❡❛r ❈♦♠♣❧❡♠❡♥t❛r✐t②

Pr♦❜❧❡♠s

▼✳❍❛❞❞♦✉✱ ❚✳▼✐❣♦t✱ ❏✳❖♠❡r

❆✉❣✉st ✷✸✱ ✷✵✶✻

❆❜str❛❝t

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r❡s❡♥t ❛ ♥❡✇ ✐♥t❡r✐♦r ♣♦✐♥t ♠❡t❤♦❞ ✇✐t❤ ❢✉❧❧ ◆❡✇t♦♥ st❡♣ ❢♦r
♠♦♥♦t♦♥❡ ❧✐♥❡❛r ❝♦♠♣❧❡♠❡♥t❛r✐t② ♣r♦❜❧❡♠s✳ ❚❤❡ s♣❡❝✐✜❝✐t② ♦❢ ♦✉r ♠❡t❤♦❞ ✐s t♦
❝♦♠♣✉t❡ t❤❡ ◆❡✇t♦♥ st❡♣ ✉s✐♥❣ ❛ ♠♦❞✐✜❡❞ s②st❡♠ s✐♠✐❧❛r t♦ t❤❛t ✐♥tr♦❞✉❝❡❞
❜② ❉❛r✈❛② ✐♥ ❬✶✶❪✳ ❲❡ ♣r♦✈❡ t❤❛t t❤✐s ♥❡✇ ♠❡t❤♦❞ ♣♦ss❡ss❡s t❤❡ ❜❡st ❦♥♦✇♥
✉♣♣❡r ❜♦✉♥❞ ❝♦♠♣❧❡①✐t② ❢♦r t❤❡s❡ ♠❡t❤♦❞s✳ ▼♦r❡♦✈❡r✱ ✇❡ ❡①t❡♥❞ r❡s✉❧ts ❦♥♦✇♥
✐♥ t❤❡ ❧✐t❡r❛t✉r❡ s✐♥❝❡ ✇❡ ❝♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧ ❢❛♠✐❧② ♦❢ s♠♦♦t❤ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s
✐♥ t❤❡ ◆❡✇t♦♥ s②st❡♠ ✐♥st❡❛❞ ♦❢ t❤❡ sq✉❛r❡ r♦♦t✳ ❙♦♠❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts
❛r❡ ✐♥❝❧✉❞❡❞ t♦ ✐❧❧✉str❛t❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠✳

❑❡②✇♦r❞s ✿ ❝♦♠♣❧❡♠❡♥t❛r✐t②✱ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s✱ ✐♥t❡r✐♦r✲♣♦✐♥t ♠❡t❤♦❞s✱
❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣✱ ❧✐♥❡❛r ❝♦♠♣❧❡♠❡♥t❛r✐t② ♣r♦❜❧❡♠s✱ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❝♦♠✲
♣❧❡①✐t②

▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥ ✿ ✹✾▼✵✺ ✲ ✻✺❑✶✺ ✲ ✾✵❈✸✸ ✲

✾✵❈✺✶

◆♦t❛t✐♦♥s

❚❤r♦✉❣❤ t❤✐s ♣❛♣❡r ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s ✿ Rn
+ = {x ∈ R

n | x ≥ 0}✱
R

n
++ = {x ∈ R

n | x > 0} ❛♥❞ ❡ ❞❡♥♦t❡s t❤❡ ✈❡❝t♦r ✇✐t❤ ❛❧❧ ❡♥tr✐❡s ❡q✉❛❧ t♦ ♦♥❡
❛♥❞ ✇❤♦s❡ ❞✐♠❡♥s✐♦♥ ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❝♦♥t❡①t✳ ●✐✈❡♥ t✇♦ ✈❡❝t♦rs
z, s ∈ R

n✱ ✇❡ ❞❡♥♦t❡ ❜② zT s t❤❡ ✉s✉❛❧ s❝❛❧❛r ♣r♦❞✉❝t ❛♥❞ ❜② zs t❤❡ ❍❛❞❛♠❛r❞
♣r♦❞✉❝t ♦❢ t✇♦ ✈❡❝t♦rs✱ t❤❛t ✐s zs = (zisi)1≤i≤n✳ ▼♦r❡♦✈❡r✱ ✇❡ ❡①t❡♥❞ t❤✐s
❝♦♠♣♦♥❡♥t✲✇✐s❡ ♦♣❡r❛t✐♦♥ t♦ t❤❡ ❞✐✈✐s✐♦♥ ♦❢ t✇♦ ✈❡❝t♦rs ❛♥❞ t♦ t❤❡ sq✉❛r❡ r♦♦t✱
t❤❛t ✐s z/s = (zi/si)1≤i≤n ❛♥❞

√
z = (

√
zi)1≤i≤n✳

✶ ■♥tr♦❞✉❝t✐♦♥

❙✐♥❝❡ t❤❡ ❡❛r❧② ✽✵✬s ❛♥❞ ❑❛r❦❛♠❛r✬s ♠❡t❤♦❞ ❬✶✽❪✱ ✐♥t❡r✐♦r ♣♦✐♥t ♠❡t❤♦❞s ✭■P▼s✮
❤❛✈❡ r❡❝❡✐✈❡❞ ❛ ✇✐❞❡ ✐♥t❡r❡st ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ✐♥ s❡✈❡r❛❧ ♠♦♥♦❣r❛♣❤s ❬✶✾✱ ✷✹✱

✶



✷✼✱ ✷✽✱ ✸✵❪ ♦r P❤❉ t❤❡s✐s ❬✶✸✱ ✶✹✱ ✷✶❪ t♦ ❝✐t❡ ♦♥❧② ❛ ❢❡✇ ♦❢ t❤❡♠✳ ❚❤✐s ❡♥t❤✉s✐❛s♠
❢♦r ■P▼s ♠❛✐♥❧② ❝♦♠❡s ❢r♦♠ t❤❡✐r t❤❡♦r❡t✐❝❛❧ ❝♦♠♣❧❡①✐t②✳ ■♥❞❡❡❞✱ ❧❛r❣❡ ❢❛♠✐❧✐❡s
♦❢ ♣r♦❜❧❡♠s ✐♥❝❧✉❞✐♥❣ ❧✐♥❡❛r ♣r♦❣r❛♠s ✭▲Ps✮ ❛♥❞ ❝♦♥✈❡① q✉❛❞r❛t✐❝ ♣r♦❣r❛♠s
✭❈◗Ps✮ t❤❛t ❛r❡ s♣❡❝✐❛❧ ❝❛s❡s ♦❢ ❧✐♥❡❛r ❝♦♠♣❧❡♠❡♥t❛r✐t② ♣r♦❜❧❡♠s ✭▲❈Ps✮ ❝❛♥
❜❡ s♦❧✈❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳

❆♥ ▲❈P ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ z, s ∈ R
n s✉❝❤ t❤❛t ❢♦r ❛ sq✉❛r❡ ♠❛tr✐①M ∈ R

n×n

❛♥❞ ❛ ✈❡❝t♦r q ∈ R
n

s = Mz + q, z, s ≥ 0, zs = 0 . ✭▲❈P✮

❆ ❝♦✉♣❧❡ (z, s) s✉❝❤ t❤❛t s = Mz + q ✐s s❛✐❞ t♦ ❜❡ ❢❡❛s✐❜❧❡ ❢♦r t❤❡ ▲❈P ✐❢
✇❡ ❤❛✈❡ z, s ≥ 0 ❛♥❞ str✐❝t❧② ❢❡❛s✐❜❧❡ ✐❢ z, s > 0✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✉s❡ st❛♥❞❛r❞
♥♦t❛t✐♦♥ F+ := {(z, s) ∈ R

2n
++ | s = Mz+q} ❢♦r t❤❡ s❡t ♦❢ str✐❝t❧② ❢❡❛s✐❜❧❡ ♣♦✐♥ts

♦❢ ✭▲❈P✮✳
❚❤❡ ♠❛✐♥ str❛t❡❣② ♦❢ ■P▼s ✐s t♦ ❢♦❧❧♦✇ t❤❡ ❝❡♥tr❛❧ ♣❛t❤ (z(µ), s(µ)) ❢♦r

µ ∈ R
n
++✱ ❞❡✜♥❡❞ ❜②

s = Mz + q, z, s ≥ 0, zs = µ . ✭▲❈Pµ✮

❚❤❡ ❝♦✉♣❧❡s (z(µ), s(µ)) ❛r❡ ❛❧s♦ ❝❛❧❧❡❞ µ✲❝❡♥t❡rs ❛♥❞ ❞❡✜♥❡ ❛♥ ❤♦♠♦t♦♣✐❝ ♣❛t❤✳
❚❤❡ ❧✐♠✐t ✇❤❡♥ µ → 0 s❛t✐s✜❡s t❤❡ ❝♦♠♣❧❡♠❡♥t❛r✐t② ❝♦♥❞✐t✐♦♥✱ ❛♥❞ ❤❡♥❝❡ ②✐❡❧❞s
♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ✇❤❡♥❡✈❡r t❤❡ ❧✐♠✐t ❡①✐sts✳

■P▼s ❢♦❧❧♦✇ t❤❡ ❝❡♥tr❛❧ ♣❛t❤ ❛♣♣r♦①✐♠❛t❡❧② ❜② s♦❧✈✐♥❣ ❛♥ ❛♣♣r♦❛❝❤❡❞ ✈❡rs✐♦♥
♦❢ t❤❡ ♥♦♥✲❧✐♥❡❛r s②st❡♠ ✐♥ ✭▲❈Pµ✮ ❢♦r s❡✈❡r❛❧ ✈❛❧✉❡s ♦❢ µ✳ ❚❤❡ ♠❛✐♥ t♦♦❧ t♦
s♦❧✈❡ s✉❝❤ ❛ s②st❡♠ ✐s t❤❡ ◆❡✇t♦♥ ♠❡t❤♦❞✳ ❆ ◆❡✇t♦♥ st❡♣ ✭∆z,∆s✮ ✐s ❣✐✈❡♥ ❛s
t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r s②st❡♠

{

M∆z = ∆s

z∆s+ s∆z = µ− zs
. ✭✶✮

❚❤❡r❡ ❡①✐sts ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ ❞✐✛❡r❡♥t ■P▼s t❤❛t ❛r❡ ❜❛s❡❞ ♦♥ t❤✐s ♣r✐♥❝✐♣❧❡✳
■♥ t❤✐s ♣❛♣❡r ✇❡ ❢♦❝✉s ♦♥ t❤❡ s✐♠♣❧❡st ■P▼ ✭s❡❡ ❆❧❣♦r✐t❤♠ ✶✮ ✿ t❤❡ ❢✉❧❧ ◆❡✇t♦♥
st❡♣ ✐♥t❡r✐♦r ♣♦✐♥t ♠❡t❤♦❞ ✭❋◆✲■P▼✮✳ ❉❡s♣✐t❡ ✐ts s✐♠♣❧✐❝✐t②✱ t❤✐s ♠❡t❤♦❞ ✐s ♦♥❡
❛♠♦♥❣ t❤❡ ■P▼s ✇✐t❤ t❤❡ ❜❡st ✇♦rst✲❝❛s❡ ❝♦♠♣❧❡①✐t②✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ♥❛t✉r❛❧
t❤❛t ❛♥② ♥❡✇ tr② ✐♥ t❤❡ ■P▼ ❢r❛♠❡✇♦r❦ ♠✉st ❜❡ ✈❛❧✐❞❛t❡❞ ♦♥ t❤✐s ♠❡t❤♦❞✳

■♥ ❤✐s ♠♦♥♦❣r❛♣❤ ❬✶✶❪✱ ❉❛r✈❛② ✐♥tr♦❞✉❝❡s ❛ ♠♦❞✐✜❝❛t✐♦♥ ✐♥ ✭▲❈Pµ✮ ❜② ❝♦♥✲
s✐❞❡r✐♥❣

s = Mz + q, z, s ≥ 0, ϕ(zs) = µ , ✭✷✮

✇❤❡r❡ ϕ : Rn
+ → R

n
+ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t ϕ(0) = 0

❛♥❞ ϕ ✐s ❞❡✜♥❡❞ ❜② ❛ ❝♦♠♣♦♥❡♥t✲✇✐s❡ ❡①t❡♥s✐♦♥ ♦❢ ❛ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ϕ t♦
R

n✱ ✐✳❡ ❢♦r t ∈ R
n
ϕ(t) = (ϕ(ti))1≤i≤n✳

❚❤✐s ♥❡✇ ❞✐r❡❝t✐♦♥ ❤❛s ❜❡❝♦♠❡ ❛♥ ❛❝t✐✈❡ s✉❜❥❡❝t ✐♥ t❤❡ ♣❛st ❢❡✇ ②❡❛rs ❢♦r
ϕ(t) =

√
t✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♦r✐❣✐♥❛❧ r❡s✉❧t t❤❛t ❉❛r✈❛② ❡st❛❜❧✐s❤❡❞ ❢♦r ❧✐♥❡❛r

♣r♦❣r❛♠♠✐♥❣ ✐s ❡①t❡♥❞❡❞ t♦ ❝♦♥✈❡① q✉❛❞r❛t✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♥❞ ♠♦♥♦t♦♥❡ ▲❈P
✐♥ ❬✶✱ ✷❪✳ ❋✉rt❤❡r♠♦r❡ ✐♥ ❬✹✱ ✷✾❪ t❤❡ ❛✉t❤♦rs ❡①t❡♥❞ t❤❡ r❡s✉❧t ♦❢ ✇♦rst✲❝❛s❡
♣♦❧②♥♦♠✐❛❧ ❝♦♠♣❧❡①✐t② t♦ t❤❡ ✇✐❞❡r ❝❧❛ss ♦❢ s✉✣❝✐❡♥t ▲❈Ps ❢♦r ❋◆✲■P▼✳ ❋✐♥❛❧❧②

✷



■♥♣✉t✿ ❛♥ ❛❝❝✉r❛❝② ♣❛r❛♠❡t❡r ǫ > 0 ❀

❛ s❡q✉❡♥❝❡ ♦❢ ✉♣❞❛t❡ ♣❛r❛♠❡t❡rs {θk}✱ 0 < θk < 1 ∀k ∈ N ❀
✐♥✐t✐❛❧ ✈❛❧✉❡s (z0, s0) ∈ F+, µ

0 = z0s0❀
✶ z := z0✱ s := s0✱ µ := µ

0✱ θ := θ0✱ k := 0 ❀

✷ ✇❤✐❧❡ zT s ≥ nǫ ❞♦
✸ µ := (1− θk)µ❀
✹ s♦❧✈❡ s②st❡♠ ✭✶✮ t♦ ✜♥❞ (∆z,∆s) ❀
✺ (z, s) := (z, s) + (∆z,∆s)❀
✻ k := k + 1❀

❆❧❣♦r✐t❤♠ ✶✿ ❋✉❧❧ ◆❡✇t♦♥ st❡♣ ■P▼ ✭❋◆✲■P▼✮

❛ ♠❡t❤♦❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ✐t❡r❛t❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✺❪✳
■♥ ❛❧❧ t❤❡s❡ ❞✐✛❡r❡♥t ❝♦♥t❡①ts✱ t❤✐s ♥❡✇ t❡❝❤♥✐q✉❡ ✇✐t❤ ϕ(t) =

√
t ❣✐✈❡s t❤❡

❜❡st ❦♥♦✇♥ ❝♦♠♣❧❡①✐t② ✉♣♣❡r ❜♦✉♥❞✳ ❚❤✐s ♠♦t✐✈❛t❡s ♦✉r ❣♦❛❧ t♦ st✉❞② ❛ ❧❛r❣❡r
❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s✳

❉❛r✈❛②✬s ♠❡t❤♦❞ ♠♦❞✐✜❡s t❤❡ ◆❡✇t♦♥ st❡♣s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ◆❡✇t♦♥
st❡♣ ✭∆z,∆s✮ ✐s ❣✐✈❡♥ ❜② t❤❡ ❧✐♥❡❛r s②st❡♠

{

M∆z = ∆s

ϕ
′(zs)(z∆s+ s∆z) = µ−ϕ(zs)

. ✭✸✮

■♥ t❤✐s ♣❛♣❡r ✇❡ ❝♦♥s✐❞❡r ❢✉♥❝t✐♦♥s ϕ ∈ C3(R+) s✉❝❤ t❤❛t ϕ(0) = 0✱ ϕ ✐s
✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥❝❛✈❡✱ ❛♥❞ ϕ′′′(t) ≥ 0 ∀t ∈ R+✳ ❚❤✐s ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s ❛❧❧♦✇s
❢♦r ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ■P▼s✱ s✐♥❝❡ ✇❡ ♦❜t❛✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❝❡♥tr❛❧
♣❛t❤ s②st❡♠ ✭▲❈Pµ✮ ❢♦r ϕ(t) = t✳ ❚❤❡ sq✉❛r❡ r♦♦t ❢✉♥❝t✐♦♥ ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦
t❤✐s ❢❛♠✐❧② s✐♥❝❡ ✐t ✐s ♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t 0✱ ❤♦✇❡✈❡r ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❛ s♠♦♦t❤
✈❡rs✐♦♥ ♦❢ t❤❡ sq✉❛r❡ r♦♦t ✇✐t❤ ϕǫ>0 : t 7→

√
t+ ǫ −√

ǫ✳ ❆❧❣♦r✐t❤♠ ✶ ❝❛♥ t❤❡♥
❜❡ ♠♦❞✐✜❡❞ t♦ s♦❧✈❡ ✭✸✮ ✐♥st❡❛❞ ♦❢ ✭✶✮ ❛t st❡♣ ✹✳ ❲❡ ❝❛❧❧ t❤❡ r❡s✉❧t✐♥❣ ❛❧❣♦r✐t❤♠
ϕ✲❋◆✲■P▼✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ❛rt✐❝❧❡ ✐s t❤❛t ϕ✲❋◆✲■P▼✱ ❝♦♥✈❡r❣❡s t♦ ❛♥
ǫ✲s♦❧✉t✐♦♥ ✐♥ ❛t ♠♦st

O
(√

n log(
n

ǫ
)
)

✐t❡r❛t✐♦♥s✳ ❚❤✐s ✉♣♣❡r ❜♦✉♥❞ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❜❡st ❦♥♦✇♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r
t❤❡ ❋◆✲■P▼✳

■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ♣r❡s❡♥t t❤❡ st❛t❡ ♦❢ t❤❡ ❛rt ♦❢ ▲❈Ps ❛♥❞ ■P▼s✳ ■♥ ❙❡❝t✐♦♥ ✸✱
✇❡ s❤♦✇ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❝♦♠♣❡①✐t② ♦❢ ϕ✲❋◆✲■P▼✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✹✱ ✇❡
♣r♦✈✐❞❡ s♦♠❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦♥ s♣❡❝✐✜❝ ❡①❛♠♣❧❡s t♦ ✐❧❧✉str❛t❡ t❤❡ ✈❛❧✐❞✐t② ♦❢
t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠✳

✸



✷ ❙t❛t❡ ♦❢ t❤❡ ❆rt

✷✳✶ ❚❤❡ ▲✐♥❡❛r ❈♦♠♣❧❡♠❡♥t❛r✐t② Pr♦❜❧❡♠

❚❤❡ ✭▲❈P✮ ✐s ❛ ❢❡❛s✐❜✐❧✐t② ❛♥❞ ♥♦t ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ❜✉t ✐t ✐s ✇❡❧❧✲
❦♥♦✇♥ t❤❛t ✐t ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ ✇✐t❤ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✳ ■♥❞❡❡❞ ♦♣t✐♠❛❧✐t②
❝♦♥❞✐t✐♦♥s ♦❢ s♦♠❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s s✉❝❤ ❛s ▲Ps ❛♥❞ ◗Ps ❝❛♥ ❜❡ st❛t❡❞
❛s ▲❈Ps✳

❋♦r ❣❡♥❡r❛❧ ♠❛tr✐❝❡s M ✱ t❤❡ ♣r♦❜❧❡♠ ✐s ◆P✲❝♦♠♣❧❡t❡ ❬✽❪✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s
♥❛t✉r❛❧ t♦ ❧♦♦❦ ❢♦r ❝❧❛ss❡s ♦❢ ♠❛tr✐❝❡s M ❢♦r ✇❤✐❝❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ▲❈Ps ❝❛♥
❜❡ s♦❧✈❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳ ❚❤❡r❡ ❛r❡ ♠♦r❡ t❤❛♥ ✺✵ ♠❛tr✐① ❝❧❛ss❡s ❞✐s❝✉ss❡❞
✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦❢ ▲❈Ps ❛♥❞ ❛ s✉r✈❡② ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✾❪✳ ❇❡❧♦✇ ✇❡ ❧✐st s❡✈❡r❛❧
✐♠♣♦rt❛♥t ❛♥❞ ❢r❡q✉❡♥t❧② ✉s❡❞ ❝❧❛ss❡s ✐♥ ❛♥ ■P▼ ❢r❛♠❡✇♦r❦ ✿

• P∗(κ)✲♠❛tr✐❝❡s ✿ ❢♦r κ ≥ 0 t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ❤♦❧❞s ✿

∀x ∈ R
n (1 + 4κ)

∑

i∈I+(x)

xi(Mx)i +
∑

i∈I−(x)

xi(Mx)i ≥ 0 ,

✇❤❡r❡ I+(x) = {i : xi(Mx)i > 0} ❛♥❞ I−(x) = {i : xi(Mx)i < 0}❀

• P∗ = ∪κ≥0P∗(κ)❀

• s❦❡✇✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ✿ ∀x ∈ R
n : xTMx = 0❀

• ♣♦s✐t✐✈❡ s❡♠✐❞❡✜♥✐t❡ ✭P❙❉✮ ♠❛tr✐❝❡s ✿ ∀x ∈ R
n : xTMx ≥ 0❀

• P0✲♠❛tr✐❝❡s ✿ ♠❛tr✐❝❡s ✇✐t❤ ❛❧❧ ♣r✐♥❝✐♣❛❧ ♠✐♥♦rs ♥♦♥✲♥❡❣❛t✐✈❡✱ ✐✳❡
∀x 6= 0 ∈ R

n : ∃i, xi(Mx)i ≥ 0✳

❚❤❡ ♠♦st ❝♦♠♠♦♥ ❛♥❞ ♠♦st st✉❞✐❡❞ ❝❧❛ss ✐s t❤❛t ♦❢ ♠♦♥♦t♦♥❡ ▲❈Ps✱ ✇❤❡r❡
M ✐s ❛ ♣♦s✐t✐✈❡ s❡♠✐❞❡✜♥✐t❡ ♠❛tr✐①✳ ■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥✲
❞✐t✐♦♥s ♦❢ ❛♥ ▲P✱ M ✐s ❛ s❦❡✇✲s②♠♠❡tr✐❝ ♠❛tr✐①✳ ❚❤❡ ❝❧❛ss ♦❢ P∗✲♠❛tr✐❝❡s
✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❑♦❥✐♠❛ ❡t ❛❧✳ ✐♥ t❤❡✐r ❢✉♥❞❛♠❡♥t❛❧ ♠♦♥♦❣r❛♣❤ ♦♥ ■P▼s ❢♦r
▲❈Ps ❬✶✾❪✱ ✇❤✐❧❡ t❤❡ ♦t❤❡r ❝❧❛ss❡s✱ ❛s ✇❡❧❧ ❛s ❛ ♥✉♠❜❡r ♦❢ ❛❞❞✐t✐♦♥❛❧ ❝❧❛ss❡s
♥♦t ♠❡♥t✐♦♥❡❞ ❤❡r❡✱ ✇❡r❡ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ♠♦♥♦❣r❛♣❤ ♦❢ ❈♦tt❧❡✱ P❛♥❣✱
❛♥❞ ❙t♦♥❡ ❬✶✵❪ ❛♥❞ ✐♥ ❬✸❪✳ ▼♦st ♦❢ t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡s❡ ❝❧❛ss❡s ❛r❡ ❞❡✲
s❝r✐❜❡❞ ✐♥ ❋✐❣✉r❡ ✶✳ ❙♦♠❡ r❡❧❛t✐♦♥s ❛r❡ tr✐✈✐❛❧ s✉❝❤ t❤❛t t❤❡ ♣♦s✐t✐✈❡ s❡♠✐❞❡✜♥✐t❡
♠❛tr✐❝❡s ✭❂P∗(0)✮ ❛r❡ ✐♥ P∗ ✇❤❡r❡❛s ♦t❤❡rs ❛r❡ ♥♦t✳

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ✐t❡r❛t❡s ♦❢ ❛♥ ■P▼ ♠❛② ♥♦t ❝♦♥✈❡r❣❡
t♦ ❛ s♦❧✉t✐♦♥ ♦❢ ❛♥ ▲❈P✳ ❚♦ ❡♥s✉r❡ t❤❛t ❡❛❝❤ ❧✐♠✐t ♣♦✐♥t ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡
✐t❡r❛t❡s ✐s ❛ s♦❧✉t✐♦♥✱ t❤❡ s❡q✉❡♥❝❡ ♠✉st ❜❡ ❜♦✉♥❞❡❞✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥
❛r✐s❡s✿ ❲❤✐❝❤ ❝❧❛ss ♦❢ ♠❛tr✐❝❡s ✐♠♣❧✐❡s ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ s❡q✉❡♥❝❡❄ ■♥ ❬✶✾❪✱
❑♦❥✐♠❛ ❡t ❛❧✳ ♣r❡s❡♥t ❛♥ ■P▼ ❢♦r ▲❈Ps ❛♥❞ ♣r♦✈❡❞ ✐ts ❣❧♦❜❛❧ ❝♦♥✈❡r❣❡♥❝❡ ✉♥❞❡r
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❬❈♦♥❞✐t✐♦♥ ✷✳✸✱ ❬✶✾❪❪ ✿

✭✐✮ M ✐s ❛ P0✲♠❛tr✐①❀

✭✐✐✮ t❤❡r❡ ❡①✐sts ❛ str✐❝t❧② ❢❡❛s✐❜❧❡ ♣♦✐♥t (z0, s0) > 0 ❛♥❞ s0 = Mz0 + q✳

✹



❋✐❣✉r❡ ✶✿ ❚❤❡ ✐♥❝❧✉s✐♦♥ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ✈❛r✐♦✉s ♠❛tr✐① ❝❧❛ss❡s❀ ❈❙ ❂ ❝♦❧✉♠♥
s✉✣❝✐❡♥t✱ ❘❙ ❂r♦✇ s✉✣❝✐❡♥t✱ ❙❙ ❂ s❦❡✇✲s②♠♠❡tr✐❝✱ P❙❉ ❂ ♣♦s✐t✐✈❡ s❡♠✐❞❡✜✲
♥✐t❡✳ ❙♦✉r❝❡ ✿ ❬✶✷❪

✭✐✐✐✮ t❤❡ ❧❡✈❡❧ s❡t {(z, s) ∈ R
2n
++ | s = Mz + q, zT s ≤ t} ✐s ❜♦✉♥❞❡❞ ❢♦r ❡❛❝❤

t ≥ 0✳

❈♦♥❞✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮ ❣✉❛r❛♥t❡❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ❝❡♥tr❛❧
♣❛t❤✳ ◆♦t❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✐✐✮ ✐s s♦♠❡t✐♠❡s ❝❛❧❧❡❞ ✧✐♥t❡r✐♦r ♣♦✐♥t ❝♦♥❞✐t✐♦♥✧ ✐♥
t❤❡ ❧✐t❡r❛t✉r❡✳

❚❤❡ ❧✐♥❡❛r s②st❡♠s ✭✶✮ ❛♥❞ ✭✸✮ ❛❞♠✐t ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢
❝♦♥❞✐t✐♦♥ ✭✐✮ ❛s st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶ ✭❬✶✾❪✮✳ ▼ ✐s ❛ P0✲♠❛tr✐① ✐❢ ❛♥❞ ♦♥❧② ✐❢

(

M −I
S Z

)

✐s ❛ ♥♦♥✲

s✐♥❣✉❧❛r ♠❛tr✐①✳ ✭❢♦r ❛♥② ♣♦s✐t✐✈❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s Z✱ S✮

❑♦❥✐♠❛ ❡t ❛❧✳ ♣♦✐♥t ♦✉t t❤❛t✱ ✉♥❢♦rt✉♥❛t❡❧②✱ ✐❢ M ✐s ♦♥❧② ❛ P0✲♠❛tr✐①✱ t❤❡♥
r❡q✉✐r❡♠❡♥t ✭✐✐✐✮ ✐s ✐♥ ❣❡♥❡r❛❧ ♥♦t s❛t✐s✜❡❞✱ ❛♥❞ t❤❡② ♣r♦✈✐❞❡ ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡✳
❍♦✇❡✈❡r✱ ✐❢ M ✐s ❛ P∗✲♠❛tr✐①✱ t❤❡♥ r❡q✉✐r❡♠❡♥t ✭✐✐✐✮ ✐s s❛t✐s✜❡❞ ✭▲❡♠♠❛ ✹✳✺ ✐♥
❬✶✾❪✮✳ ❍❡♥❝❡✱ ✐♥ s♦♠❡ s❡♥s❡ t❤❡ P∗✲❝❧❛ss ✐s ♠❛①✐♠❛❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r♦♣❡rt②
t❤❛t ❣✉❛r❛♥t❡❡s ❣❧♦❜❛❧ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ■P▼s✳

■♥ t❤✐s ♣❛♣❡r ✇❡ ❝♦♥s✐❞❡r ❛ ♠♦♥♦t♦♥❡ ❧✐♥❡❛r ❝♦♠♣❧❡♠❡♥t❛r✐t② ♣r♦❜❧❡♠✱ ✐✳❡
❛♥ ▲❈P ✇❤❡r❡ M ✐s P❙❉✳ ■♥ t❤✐s ❝❛s❡ t❤❡ s❡t ♦❢ s♦❧✉t✐♦♥ ♦❢ ✭▲❈P✮ ✐s ❛ ❝♦♥✈❡①
s❡t✳

✷✳✷ ■♥t❡r✐♦r P♦✐♥t ▼❡t❤♦❞s

❚❤❡r❡ ❡①✐sts ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ ■P▼s t❤❛t ❛♣♣r♦①✐♠❛t❡❧② ❢♦❧❧♦✇ t❤❡ ❝❡♥tr❛❧ ♣❛t❤✳
❚❤❡② ❛r❡ s♦♠❡t✐♠❡s ❝❛❧❧❡❞ ♣❛t❤✲❢♦❧❧♦✇✐♥❣✲♠❡t❤♦❞s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤❡s❡
♠❡t❤♦❞s ❣♦ t❤r♦✉❣❤ t❤r❡❡ ♠❛✐♥ st❡♣s✿ ✜♥❞ ❛♥ ✐♥✐t✐❛❧ ♣♦✐♥t✱ ❝♦♠♣✉t❡ s♦♠❡ ◆❡✇✲
t♦♥ st❡♣s ✭♣♦ss✐❜❧② s♦♠❡ ❞❛♠♣❡❞ ◆❡✇t♦♥ st❡♣s✮ ❛♥❞ ✉♣❞❛t❡ t❤❡ ♣❛r❛♠❡t❡r µ✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ♠♦st s✐♠♣❧❡ ❛♠♦♥❣ t❤❡s❡ ♠❡t❤♦❞s✿ t❤❡ ❋◆✲
■P▼✳ ❚❤✐s ♠❡t❤♦❞ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✶ ❛♥❞ ❝♦♥s✐sts ✐♥ t❛❦✐♥❣ ❛ s✐♥❣❧❡

✺



❢✉❧❧ ◆❡✇t♦♥ st❡♣ ❢♦r ❡❛❝❤ µ✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✉♣❞❛t❡ ♣❛r❛♠❡t❡r θ ✐s
❛♥ O(1/

√
n)✳ ❙✐♥❝❡ t❤❡ ◆❡✇t♦♥ ♠❡t❤♦❞ ✇✐t❤ ❢✉❧❧ st❡♣ ❜❡❤❛✈❡s ✇❡❧❧ ❧♦❝❛❧❧② ✐t ✐s

♥♦t ❛ s✉r♣r✐s❡ t❤❛t t❤❡ ✐t❡r❛t❡s ❣❡♥❡r❛t❡❞ ❜② t❤✐s ♠❡t❤♦❞ ❛r❡ ❝❧♦s❡ t♦ t❤❡ ❝❡♥tr❛❧
♣❛t❤✳ ▼♦r❡ ✐♥❢♦r♠❛t✐♦♥s ❛❜♦✉t ❋◆✲■P▼ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ♠♦♥♦❣r❛♣❤s ❬✷✼❪
❢♦r ▲Ps ♦r ✐♥ ❬✸✵❪ ❢♦r ❛ ♠♦r❡ ❣❡♥❡r❛❧ s❡tt✐♥❣✳ ❖♥❡ ❝❛♥ ❛❧s♦ ❝♦♥s✐❞❡r ❛♥ ❛❞❛♣t✐✈❡
✉♣❞❛t❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ tr✐❡s t♦ ✜♥❞ t❤❡ ❜❡st ✈❛❧✉❡ ♦❢ θ ❛t ❡❛❝❤
✐t❡r❛t✐♦♥✱ s❡❡ ❬✶✼✱ ✷✼❪✳ ❚❤❡r❡❢♦r❡✱ ❛ s❡q✉❡♥❝❡ ♦❢ θ ✐s ✉s❡❞ ✐♥st❡❛❞ ♦❢ ♦♥❡ ✜①❡❞
✈❛❧✉❡✳ ❲♦rst✲❝❛s❡ ❝♦♠♣❧❡①✐t② ❢♦r t❤❡s❡ ♠❡t❤♦❞s ✐s ✐♥ O(

√
n log(n/ǫ))✱ ✇❤✐❝❤ ✐s

t❤❡ ❜❡st r❡s✉❧t ❦♥♦✇♥ ❢♦r ■P▼s✳ ❍♦✇❡✈❡r t❤❡② ❞♦ ♥♦t ♣❡r❢♦r♠ ✇❡❧❧ ✐♥ ♣r❛❝t✐❝❡✱
❜❡❝❛✉s❡ t❤❡ ✐t❡r❛t❡s st❛② t♦♦ ❝❧♦s❡ t♦ t❤❡ ❝❡♥tr❛❧ ♣❛t❤✳

■♥ s♦♠❡ s❡♥s❡ ❛ ❞✉❛❧ ❛♣♣r♦❛❝❤ ✐s t♦ ✜rst ❞❡❝✐❞❡ ❛ ✜①❡❞ ✈❛❧✉❡ ♦❢ θ ∈]0, 1[✳ ❲✐t❤
t❤✐s ❛♣♣r♦❛❝❤✱ t❤❡ ✐t❡r❛t❡s ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ❢❛r ❢r♦♠ t❤❡ ❝❡♥tr❛❧ ♣❛t❤✱ s♦ ✐t ✐s
♥❡❝❡ss❛r② t♦ ❝❛rr② ♦✉t s♦♠❡ ❞❛♠♣❡❞ ◆❡✇t♦♥ st❡♣s ✇✐t❤ ❛ ❞❛♠♣✐♥❣ ♣❛r❛♠❡t❡r
α t♦ ❜r✐♥❣ t❤❡ ✐t❡r❛t❡s ❝❧♦s❡r t♦ t❤❡ ❝❡♥tr❛❧ ♣❛t❤✳ ❇② t❛❦✐♥❣ θ = O(1/

√
n)

✇❡ ❣❡t t❤❡ ❋◆✲■P▼✱ s✐♥❝❡ ✐t ✐s ♣r♦❜❛❜❧② ♥♦t ♥❡❝❡ss❛r② t♦ ✉s❡ ♠♦r❡ t❤❛♥ ♦♥❡
❝❡♥tr❛❧✐③❛t✐♦♥ st❡♣✳ ❚❤✐s ❧❡❛❞s t♦ ✇❤❛t ✐s s♦♠❡t✐♠❡s ❝❛❧❧❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡
t❤❡ s♠❛❧❧✲✉♣❞❛t❡ ■P▼✳ ❍♦✇❡✈❡r ❜② t❛❦✐♥❣ θ = O(1) ✇❡ ❣❡t t❤❡ ❧❛r❣❡✲✉♣❞❛t❡
♠❡t❤♦❞✳ ■♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞❛♠♣✐♥❣ ♣❛r❛♠❡t❡r α s♦♠❡ ♠❡r✐t
❢✉♥❝t✐♦♥ ✐s ✉s❡❞✳ ❚❤❡ ✜rst ❛♠♦♥❣ t❤❡ ♠❡r✐t ❢✉♥❝t✐♦♥s ✐s t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❜❛rr✐❡r✱
❬✷✼❪✳ ▼♦r❡ r❡❝❡♥t❧② P❡♥❣✱ ❘♦♦s ❛♥❞ ❚❡r❧❛❦② ❝♦♥s✐❞❡r s❡❧❢✲❝♦♥❝♦r❞❛♥t ❜❛rr✐❡r
❬✷✸❪ ❛♥❞ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥s ❬✶✸✱ ✼✱ ✷✵❪✳ ❲♦rst✲❝❛s❡ ❝♦♠♣❧❡①✐t② ❢♦r t❤❡s❡ ♠❡t❤♦❞s
t♦ ✜♥❞ ❛♥ ǫ✲s♦❧✉t✐♦♥ t♦ ✭▲❈P✮ ✐s ✐♥ O(

√
n log(n) log(n/ǫ))✳ ❚❤✐s r❡s✉❧t ✐s q✉✐t❡

♣♦♦r ❝♦♠♣❛r❡❞ t♦ s♠❛❧❧✲✉♣❞❛t❡ ♠❡t❤♦❞s✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡
❧❛r❣❡ ✉♣❞❛t❡ ♠❡t❤♦❞s ❜❡❤❛✈❡ ♠✉❝❤ ❜❡tt❡r ✐♥ ♣r❛❝t✐❝❡✳ ❚❤✐s ❣❛♣ ❜❡t✇❡❡♥ t❤❡♦r②
❛♥❞ ♣r❛❝t✐❝❡ ✐s ❝❛❧❧❡❞ ✧✐r♦♥② ♦❢ ■P▼s✧ ✐♥ ❬✷✹❪ ❛♥❞ ✐s ❛ ♠❛✐♥ ♠♦t✐✈❛t✐♦♥ t♦ tr②
♠♦❞✐✜❡❞ ✈❡rs✐♦♥s ♦❢ t❤❡s❡ ♠❡t❤♦❞s✳

◆♦t❡ t❤❛t ✐♥ ❛❧❧ t❤❡ ♠❡t❤♦❞s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ❛ str✐❝t❧② ❢❡❛s✐❜❧❡ ✐♥✐t✐❛❧ ♣♦✐♥t
✐s ❛ss✉♠❡❞ t♦ ❜❡ ❦♥♦✇♥✳ ■♥ ♠❛♥② ❝❛s❡s✱ ✜♥❞✐♥❣ s✉❝❤ ♣♦✐♥t ✐s ♥♦t tr✐✈✐❛❧✳ ❚✇♦
❛♣♣r♦❛❝❤❡s ❛❧❧♦✇ t♦ ❞♦ t❤✐s✳ ❚❤❡ ✜rst ♦♥❡ ✐s ❛ s❡❧❢✲❡♠❜❡❞❞✐♥❣ t❡❝❤♥✐q✉❡✱ ✇❤✐❝❤
❡♥❧❛r❣❡s t❤❡ ♣r♦❜❧❡♠ t♦ ❝r❡❛t❡ ❛♥ ❛rt✐✜❝✐❛❧ ✐♥✐t✐❛❧ ♣♦✐♥t ♦♥ t❤❡ ❝❡♥tr❛❧ ♣❛t❤✳ ❚❤✐s
t❡❝❤♥✐q✉❡ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❬✷✼❪ ❢♦r ▲Ps ❛♥❞ ✐♥ ❬✶✾❪ ❢♦r ❣❡♥❡r❛❧ ▲❈Ps✳ ❆ s❡❝♦♥❞
t❡❝❤♥✐q✉❡ ✐s t♦ ❝♦♥s✐❞❡r ❛♥ ✐♥❢❡❛s✐❜❧❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ■P▼✳ ●✐✈❡♥ ❛♥ ✐♥✐t✐❛❧ ♣♦✐♥t
(z0, s0) ∈ R

2n
++ ✇✐t❤ z0s0 = µ

0✱ ✇❤✐❝❤ ❞♦❡s ♥♦t s❛t✐s❢② s = Mz + q ✇❡ s♦❧✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ s②st❡♠

s−Mz − q =
µ

µ0
(s0 −Mz0 − q), z, s ≥ 0, zs = µ . ✭■▲❈Pµ✮

❚❤✐s ♠❡t❤♦❞ ❣✐✈❡s ❛s②♠♣t♦t✐❝❛❧❧② ❢❡❛s✐❜❧❡ ✐t❡r❛t❡s✳ ❙✉❝❤ ♠❡t❤♦❞s ❛r❡ ❝♦♥s✐❞❡r❡❞
✐♥ ❬✺✱ ✻✱ ✷✷✱ ✷✻❪✳

✸ P♦❧②♥♦♠✐❛❧ ❝♦♠♣❧❡①✐t②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✇♦rst✲❝❛s❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ϕ✲❋◆✲■P▼ ❞❡✲
s❝r✐❜❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✷ ✇✐t❤ ϕ : R+ → R+ ✈❡r✐❢②✐♥❣

✭✐✮ ϕ(0) = 0❀

✻



✭✐✐✮ ϕ ∈ C3([0,+∞))❀

✭✐✈✮ ϕ′(t) > 0, ∀t ≥ 0✱ ✐✳❡ ϕ ✐s ✐♥❝r❡❛s✐♥❣❀

✭✈✮ ϕ′′(t) ≤ 0, ∀t ≥ 0✱ ✐✳❡ ϕ ✐s ❝♦♥❝❛✈❡❀

✭✈✐✮ ϕ′′′ ≥ 0✳

❚❤❡s❡ ❢✉♥❝t✐♦♥s ❛r❡ ♦❜✈✐♦✉s❧② ✐♥✈❡rt✐❜❧❡ ❛♥❞ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✐♥ ❛ s♠♦♦t❤ ✇❛② ❢♦r

♥❡❣❛t✐✈❡ t✱ ❢♦r ✐♥st❛♥❝❡ ❜② ❝♦♥s✐❞❡r✐♥❣ ✿ ϕ(t < 0) = tϕ′(0)+ t2

2 ϕ
′′(0)+ t3

6 ϕ
′′′(0)✳

❋✉♥❝t✐♦♥ ϕ : R
n 7→ R

n ✐s t❤❡♥ ❞❡✜♥❡❞ ❝♦♠♣♦♥❡♥t✲✇✐s❡❧②✿ ∀t ∈ R
n,ϕ(t) =

(ϕ(ti))1≤i≤n✳

■♥♣✉t✿ ❛♥ ❛❝❝✉r❛❝② ♣❛r❛♠❡t❡r ǫ > 0 ❀

❛ s❡q✉❡♥❝❡ ♦❢ ✉♣❞❛t❡ ♣❛r❛♠❡t❡rs {θk}✱ 0 < θk < 1 ∀k ∈ N ❀
✐♥✐t✐❛❧ ✈❛❧✉❡s (z0, s0) ∈ F+, µ

0 = z0s0❀
✶ z := z0✱ s := s0✱ µ := µ

0✱ θ := θ0✱ k := 0 ❀
✷ ✇❤✐❧❡

∑n
i=1 ϕ(zisi) ≥ nǫ ❞♦

✸ µ := (1− θk)µ❀
✹ s♦❧✈❡ s②st❡♠ ✭✸✮ t♦ ✜♥❞ (∆z,∆s) ❀
✺ (z, s) := (z, s) + (∆z,∆s)❀
✻ k := k + 1 ❀

❆❧❣♦r✐t❤♠ ✷✿ ϕ✲❋✉❧❧ ◆❡✇t♦♥ st❡♣ ■P▼ ✭ϕ✲❋◆✲■P▼✮

❖♥❡ ✐♠♣♦rt❛♥t ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ ϕ ✐s t❤❡ ❝♦♥st❛♥t T ❞❡✜♥❡❞ ❜②

−ϕ′′(0) = T (ϕ′(0))2 .

❇② ❝♦♥❞✐t✐♦♥s ✭✐✈✮ ❛♥❞ ✭✈✮✱ T ≥ 0 ❛♥❞ T = 0 ❢♦r ϕ(t) = t✳ ■t ✐s t♦ ❜❡ ♥♦t❡❞ t❤❛t
❛r❜✐tr❛r② ✈❛❧✉❡s ♦❢ T > 0 ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② s❝❛❧✐♥❣ ϕ✳

◆♦t❡ t❤❛t t 7→
√
t✱ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ❛♥② ❢✉♥❝t✐♦♥ t 7→ tq✱ 0 < q < 1✱

❞♦❡s ♥♦t s❛t✐s❢② t❤❡s❡ ❤②♣♦t❤❡s❡s s✐♥❝❡ ✐t ✐s ♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ 0✳ ❍♦✇❡✈❡r
✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❛ s♠♦♦t❤ ✈❡rs✐♦♥ ❢♦r ǫ > 0 ✇✐t❤ t 7→ (t + ǫ)q − (ǫ)q✳ ❆s s❛✐❞
✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ t❤❡ ❝❧❛ss✐❝❛❧ ♠❡t❤♦❞ ✐s ❣✐✈❡♥ ❜② ϕ(t) = t✳ ❖t❤❡r ❡①❛♠♣❧❡s
❛r❡ ϕ : t 7→ log(1 + t) ❛♥❞ ❢✉♥❝t✐♦♥s ❝♦♥str✉❝t❡❞ ❛s ✐♥ ❬✶✺✱ ❄❪✿ ❢♦r ✐♥st❛♥❝❡
ϕ : t 7→ t

t+1 ❛♥❞ ϕ : t 7→ 1− exp(−t)✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ✐♥ t❤❡ t✇♦
❧❛tt❡r ❝❛s❡s✱ t❤❡ ❢✉♥❝t✐♦♥ ϕ ✐s ❜♦✉♥❞❡❞✳ ▼♦r❡♦✈❡r✱ ♥♦t✐❝❡ t❤❛t ✐❢ ❛ ❢✉♥❝t✐♦♥ ϕ
s❛t✐s✜❡s ❛❧❧ t❤❡s❡ ❤②♣♦t❤❡s❡s✱ t❤❡♥ t 7→ αϕ(Ct) ✇✐t❤ α,C ∈ R++ ❛❧s♦ s❛t✐s✜❡s
t❤❡s❡ ❤②♣♦t❤❡s❡s✳

❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥ ✭❚❤❡♦r❡♠ ✸✳✺✮ st❛t❡s t❤❡ ♣♦❧②♥♦♠✐❛❧ ✇♦rst✲
❝❛s❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ϕ✲❋◆✲■P▼ ❞❡s❝r✐❜❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✷✳ ■♥ ♦r❞❡r t♦ ❣❡t t♦
t❤✐s r❡s✉❧t ✇❡ ❞❡✜♥❡ ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ♣r♦①✐♠✐t② t♦ t❤❡ ❝❡♥tr❛❧ ♣❛t❤ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳
❚❤❡♥✱ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✱ ❚❤❡♦r❡♠ ✸✳✶ ❡st✐♠❛t❡s t❤❡ ❡rr♦r ♠❛❞❡ ❛t ❡❛❝❤ ◆❡✇t♦♥
st❡♣✳ ❙❡❝t✐♦♥s ✸✳✸ ❛♥❞ ✸✳✹ ♣r❡s❡♥t ❝♦♥❞✐t✐♦♥s t♦ ❡♥s✉r❡ t❤❡ ❝♦rr❡❝t ❜❡❤❛✈✐♦✉r
♦❢ t❤❡ ❛❧❣♦r✐t❤♠✿ str✐❝t ❢❡❛s✐❜✐❧✐t② ♦❢ t❤❡ ✐t❡r❛t❡s ✭❚❤❡♦r❡♠ ✸✳✷✮ ❛♥❞ q✉❛❞r❛t✐❝
❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ◆❡✇t♦♥ ♣r♦❝❡ss ✭❚❤❡♦r❡♠ ✸✳✸✮✳ ❙❡❝t✐♦♥ ✸✳✺ ♣r♦✈✐❞❡s t❤❡
s❡q✉❡♥❝❡ ♦❢ ✉♣❞❛t❡ ♣❛r❛♠❡t❡rs ✭❚❤❡♦r❡♠ ✸✳✹✮✳

✼



✸✳✶ Pr♦①✐♠✐t② ♠❡❛s✉r❡

❆t ❡❛❝❤ ✐t❡r❛t✐♦♥✱ ❛❢t❡r ✉♣❞❛t✐♥❣ ♣❛r❛♠❡t❡r µ✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ◆❡✇t♦♥ ❞✐r❡❝t✐♦♥
(∆z,∆s) ❛s ❛ s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✸✮✳ ❚❤❡♥ ✇❡ ✉♣❞❛t❡ t❤❡ ✐t❡r❛t❡s ✇✐t❤

z+ = z + α∆z ❛♥❞ s+ = s+ α∆s . ✭✹✮

◆♦t❡ t❤❛t ❤❡r❡ ✇❡ ❝♦♥s✐❞❡r ❛ ❞❛♠♣✐♥❣ ❢❛❝t♦r α ∈ [0, 1] t♦ ❜❡ ♠♦r❡ ❣❡♥❡r❛❧✳ ■♥
t❤✐s ❝❛s❡ ✇❡ ❞❡♥♦t❡ (α∆z, α∆s) t❤❡ α✲◆❡✇t♦♥ st❡♣ ❛♥❞ t❤❡ ❢✉❧❧ ◆❡✇t♦♥ st❡♣ ✐s
❣✐✈❡♥ ❢♦r α = 1✳

■♥ ♦r❞❡r t♦ ♠❡❛s✉r❡ t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ t❛r❣❡t ♦♥ t❤❡ ❝❡♥tr❛❧ ♣❛t❤ ✇❡ ❝♦♥s✐❞❡r
❛ ♣r♦①✐♠✐t② ♠❡❛s✉r❡ δϕ(z, s,µ) ❞❡✜♥❡❞ ❜②

δϕ(z, s,µ) :=
1

2

∥

∥

∥

∥

ϕ
′(0)

ϕ′(zs)

(

(vϕ(z, s,µ)
−1 − vϕ(z, s,µ)

)

∥

∥

∥

∥

2

,

✇✐t❤

vϕ(z, s,µ) :=

√

ϕ(zs)

µ
❛♥❞ vϕ(z, s,µ)

−1 :=

√

µ

ϕ(zs)
.

❲❡ ♠❛② ♦♠✐t t❤❡ ❛r❣✉♠❡♥ts ♦❢ vϕ(z, s,µ) ❛♥❞ δϕ(z, s,µ)✱ ✇❤❡♥ ✐t ✐s ❝❧❡❛r ❢r♦♠
t❤❡ ❝♦♥t❡①t✳ ◆♦t✐❝❡ t❤❛t t❤✐s ♣r♦①✐♠✐t② ♠❡❛s✉r❡ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♦♥❡
✐♥ ❬✷✼❪ s✐♥❝❡ t❤❡② ❝♦♥s✐❞❡r

δt 7→t :=
1

2

∥

∥

∥

∥

√

µ

zs
−
√

zs

µ

∥

∥

∥

∥

2

.

❇♦t❤ ♣r♦①✐♠✐t② ♠❡❛s✉r❡s ❛r❡ ❡q✉❛❧ ❢♦r ϕ(t) = t✳ ▼♦r❡♦✈❡r ❢♦r ❛♥② ❢✉♥❝t✐♦♥ ϕ✱
t❤❡ t✇♦ ♣r♦①✐♠✐t② ♠❡❛s✉r❡s ❛r❡ ❛s②♠♣t♦t✐❝❛❧❧② s✐♠✐❧❛r ✭❢♦r zs ↓ 0✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❧❡♠♠❛s ❧✐♥❦ t❤❡ ✐t❡r❛t❡s ❛♥❞ t❤❡ ♣r♦①✐♠✐t② ♠❡❛s✉r❡✳

▲❡♠♠❛ ✸✳✶✳ ■❢ (z, s) ∈ F+ ❛♥❞ δϕ ≤ 1✱ t❤❡♥ ϕ(zs) ≤ 6µ✳

Pr♦♦❢✳ ❆ss✉♠❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t t❤❡r❡ ❡①✐sts i ∈ {1, . . . , n} s✉❝❤ t❤❛t ϕ(zisi) > 6µi✳
❙✐♥❝❡ ϕ ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ zs > 0✿

2δϕ ≥
∥

∥vϕ
−1 − vϕ

∥

∥

2
=

∥

∥

∥

∥

∥

√
µ

√

ϕ(zs)
−
√

ϕ(zs)
√
µ

∥

∥

∥

∥

∥

2

≥
∣

∣

∣

∣

∣

√
µi

√

ϕ(zisi)
−
√

ϕ(zisi)√
µi

∣

∣

∣

∣

∣

=

√

ϕ(zisi)√
µi

−
√
µi

√

ϕ(zisi)

>
√
6− 1√

6
≈ 2, 04 ,

✇❤❡r❡ t❤❡ ♣❡♥✉❧t✐♠❛t❡ st❡♣ ❝♦♠❡s ❢r♦♠ t❤❡ ✐♥❝r❡❛s✐♥❣ ♣r♦♣❡rt② ♦❢ t❤❡ ❢✉♥❝t✐♦♥
x 7→ x− 1/x ♦♥ R++✳ ❚❤✐s ✐s ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ δϕ ≤ 1✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❣✐✈❡s ❜♦✉♥❞s ♦♥ δϕ✳

✽



▲❡♠♠❛ ✸✳✷✳ ▲❡t δ = 1
2

∥

∥vϕ
−1 − vϕ

∥

∥

2
✱ t❤❡♥

δ ≤ δϕ ≤
(

1− ϕ′′(0)‖zs‖∞
ϕ′(‖zs‖∞)

)

δ .

❋✉rt❤❡r♠♦r❡ ✐♥ ❛ ❝❧♦s❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤❡ ❝❡♥tr❛❧ ♣❛t❤✱ ✐✳❡ δϕ ≤ 1✱ ✇❡ ❤❛✈❡

δ ≤ δϕ ≤
(

1− ϕ′′(0)ϕ−1(6‖µ‖∞)

ϕ′(ϕ−1(6‖µ‖∞))

)

δ := Γ(‖µ‖∞)δ .

Pr♦♦❢✳ ❇② ❝♦♥✈❡①✐t② ♦❢ ❢✉♥❝t✐♦♥ ϕ′ ❢♦r ❛❧❧ i ∈ {1, . . . , n}
ϕ′(zisi) ≥ ϕ′(0) + ϕ′′(0)zisi .

❚❤❡♥✱ ❢♦r ❛❧❧ i ∈ {1, . . . , n}

1 ≤ ϕ′(0)

ϕ′(zisi)
≤ 1− ϕ′′(0)zisi

ϕ′(zisi)
≤ max

i

(

1− ϕ′′(0)zisi
ϕ′(zisi)

)

.

❍❡♥❝❡✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ δ ❛♥❞ δϕ

δ ≤ δϕ ≤
(

1− ϕ′′(0)‖zs‖∞
ϕ′(‖zs‖∞)

)

δ .

❚❤❡ s❤❛r♣❡st r❡s✉❧t ✐♥ ❛ ❝❧♦s❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤❡ ❝❡♥tr❛❧ ♣❛t❤ ✐s ❞❡❞✉❝❡❞ ❢r♦♠
▲❡♠♠❛ ✸✳✶✳

■♥ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ✇❡ ❞❡✜♥❡ Γ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ‖µ‖∞ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥
t❤❡ ❝❤♦✐❝❡ ♦❢ ϕ ❛s

Γ(‖µ‖∞) =

(

1− ϕ′′(0)ϕ−1(6‖µ‖∞)

ϕ′(ϕ−1(6‖µ‖∞))

)

. ✭✺✮

■t ✐s ❡❛s✐❧② s❡❡♥ t❤❛t ❢♦r ϕ(t) = t t❤❡♥ Γ(‖µ‖∞) = 1 ❢♦r ❛❧❧ ‖µ‖∞✳ ▼♦r❡♦✈❡r✱
❢♦r ❛♥② ❢✉♥❝t✐♦♥ ϕ✱ Γ ✐s ✐♥❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ ‖µ‖∞✱ ❛♥❞ ❝♦♥✈❡r❣❡s t♦ 1 ❛s
‖µ‖∞ ↓ 0✳

✸✳✷ ❊rr♦r ❜♦✉♥❞ ♦❢ t❤❡ ◆❡✇t♦♥ st❡♣

❲❡ ✉s❡ t❤❡ ✜rst ♦r❞❡r ❚❛②❧♦r✲▲❛❣r❛♥❣❡ ❢♦r♠✉❧❛ ❛♣♣❧✐❡❞ t♦ ϕ ✐♥ zs✳ ❚❤❡r❡ ❡①✐sts
ξ ∈ [z+s+, zs] s✉❝❤ t❤❛t

ϕ(z+s+) = ϕ(zs) + αϕ′(zs)(z∆s+ s∆z)

+ α2∆z∆sϕ′(zs) +
ϕ

′′(ξ)

2

(

z+s+ − zs
)2

,
✭✻✮

✇✐t❤ (∆z,∆s) s♦❧✉t✐♦♥ ♦❢ ✭✸✮✳ ❚❤❡ ✉♣❞❛t❡ ♦❢ µ ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t z+s+ < zs✳
❚❤❡r❡❢♦r❡ t❤❡ ❡rr♦r ✇❡ ♠❛❦❡ ✇❤❡♥ ✇❡ s❛② t❤❛t ϕ(z+s+) ✐s t❤❡ µ✲❝❡♥t❡r ✐s

η := α2∆z∆sϕ′(zs) +
ϕ

′′(ξ)

2

(

z+s+ − zs
)2

. ✭✼✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❧❡♠♠❛s ❛✐♠s t♦ ❜♦✉♥❞ t❤✐s ❡rr♦r ✐♥ t❡r♠s ♦❢ t❤❡
♣r♦①✐♠✐t② ♠❡❛s✉r❡✳ ❲❡ ✜rst st❛t❡ ❛ ❧❡♠♠❛ ❢r♦♠ ❬✶✻❪✳

✾



▲❡♠♠❛ ✸✳✸ ✭▲❡♠♠❛ ✺✳✶✱ ❬✶✻❪✮✳ ▲❡t (z, s) ∈ F+ ❛♥❞ a ∈ R
n✳ ❆ss✉♠❡ t❤❛t

♠❛tr✐① M ✐s ❛ ♣♦s✐t✐✈❡ s❡♠✐❞❡✜♥✐t❡ ♠❛tr✐①✳ ▲❡t (∆z,∆s) ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢

{

−M∆z +∆s = 0

s∆z + z∆s = a
.

❚❤❡♥

||∆z∆s||2 ≤ C2

∥

∥

∥

∥

a√
zs

∥

∥

∥

∥

2

2

,

||∆z∆s||∞ ≤ C∞

∥

∥

∥

∥

a√
zs

∥

∥

∥

∥

2

2

,

✇✐t❤ C2 = 1/(2
√
2) ❛♥❞ C∞ = 1/4✳

❙tr❛✐❣❤t❢♦r✇❛r❞ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s ❧❡♠♠❛ ❢♦r ❛❂µ−ϕ(zs)
ϕ′(zs) ❛♥❞ vϕ =

√

ϕ(zs)
µ

❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✸✳✹✳ ▲❡t (z, s) ∈ F+✱ (∆z,∆s) s♦❧✉t✐♦♥ ♦❢ ✭✸✮ ❛♥❞ p ∈ {2,∞}✱ t❤❡♥

‖∆z∆s‖p ≤ Cp

∥

∥

∥

∥

∥

√

ϕ(zs)
√
µ√

zs ϕ′(zs)
(vϕ

−1 − vϕ)

∥

∥

∥

∥

∥

2

2

.

❚❤❡ ♥❡①t ❧❡♠♠❛ ✇✐❧❧ ❜♦✉♥❞ ||∆z∆sϕ′(zs)||p ❢♦r p ∈ {2,∞}✳

▲❡♠♠❛ ✸✳✺✳ ▲❡t (z, s) ∈ F+✱ (∆z,∆s) s♦❧✉t✐♦♥ ♦❢ ✭✸✮ ❛♥❞ p ∈ {2,∞}✱ t❤❡♥

||∆z∆sϕ′(zs)||p ≤ 4Cp‖µ‖∞δ2ϕ .

Pr♦♦❢✳ ❇② ❝♦♥❝❛✈✐t② ♦❢ ϕ ✇❡ ❤❛✈❡ t❤❛t ϕ(zisi) ≤ ϕ′(0)zisi, ∀i✱ s♦

ϕ(zs)ϕ′(0)

zs(ϕ′(zs))2
≤ (ϕ′(0))2

(ϕ′(zs))2
. ✭✽✮

❋✉rt❤❡r♠♦r❡ ❢♦r p ∈ {2,∞} ❛♥❞ ✉s✐♥❣ ▲❡♠♠❛ ✸✳✹✱ ❢♦❧❧♦✇❡❞ ❜② ✭✽✮

||∆z∆sϕ′(zs)||p ≤ ||∆z∆s||pϕ′(0)

≤ Cp

∥

∥

∥

∥

∥

√

ϕ(zs)
√
µ√

zs ϕ′(zs)
(v−1 − v)

∥

∥

∥

∥

∥

2

2

ϕ
′(0)

≤
(

n
∑

i=1

Cp
ϕ(zisi)µi

zisi (ϕ′(zisi))2
(vϕ

−1
i − vϕi)

2

)

ϕ
′(0)

≤
n
∑

i=1

Cpµi

(

ϕ
′(0)

ϕ′(zisi)

)2

(vϕ
−1
i − vϕi)

2

≤ 4Cp‖µ‖∞δ2ϕ

✶✵



◆♦✇ ✇❡ ♠♦✈❡ t♦ t❤❡ ♠❛✐♥ r❡s✉❧t ✇❤✐❝❤ ❣✐✈❡s ❛ ❜♦✉♥❞ ❢♦r t❤❡ ❝♦♠♣❧❡t❡ ❡rr♦r✳

▲❡♠♠❛ ✸✳✻✳ ▲❡t (z, s) ∈ F+ ❛♥❞ ✭∆z,∆s✮ s♦❧✉t✐♦♥ ♦❢ ✭✸✮✳ ❋♦r p ∈ {2,∞} ✇❡
❤❛✈❡

‖η‖p ≤ (4Cp + 2Tϕ(‖zs‖∞))α2‖µ‖∞δ2ϕ+
(

C∞
√

ϕ(‖zs‖∞) + αC2
p

√

‖µ‖∞δϕ

)

8α3T‖µ‖∞3/2
δ3ϕ

Pr♦♦❢✳ ❇② ❡q✉❛t✐♦♥ ✭✼✮ ✇❡ ❤❛✈❡

η =α2∆z∆sϕ′(zs) +
α2

ϕ
′′(ξ)

2
(z∆s+ s∆z)2 +

α4
ϕ

′′(ξ)

2
(∆s∆z)2

+ α3
ϕ

′′(ξ)(∆s∆z)(z∆s+ s∆z)

❇② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♥♦r♠ ❢♦r p ∈ {2,∞} ❛♥❞ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t✐❡s

‖η‖p ≤α2 ‖∆z∆sϕ′(zs)‖p + α2

∥

∥

∥

∥

ϕ
′′(ξ)

2
(z∆s+ s∆z)2

∥

∥

∥

∥

p

+ α4

∥

∥

∥

∥

ϕ
′′(ξ)

2
(∆s∆z)2

∥

∥

∥

∥

p

+ α3 ‖ϕ′′(ξ)(∆s∆z)(z∆s+ s∆z)‖p
.

❲❡ ♥♦✇ ❜♦✉♥❞ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ ❛❜♦✈❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✳ ❋✐rst✱ ▲❡♠♠❛ ✸✳✺ ❣✐✈❡s

‖∆z∆sϕ′(zs)‖p ≤ 4Cp‖µ‖∞δ2ϕ .

❯s✐♥❣ s✉❝❝❡ss✐✈❡❧② −ϕ
′′(0) = T (ϕ′(0))2✱ (µ − ϕ(zs))2 = (µvϕ(vϕ

−1 − vϕ))
2 ≤

µϕ(zs)(vϕ
−1 − vϕ)

2 ❛♥❞ ϕ(zisi) ≤ ϕ(‖zs‖∞), ∀i ∈ {1, ..., n}✱ ✇❡ ♦❜t❛✐♥ st❡♣ ❜②
st❡♣

∥

∥

∥

∥

ϕ
′′(ξ)

2
(z∆s+ s∆z)2

∥

∥

∥

∥

p

≤ −ϕ
′′(0)

2

∥

∥(z∆s+ s∆z)2
∥

∥

p

=
T

2

∥

∥

∥

∥

∥

(

ϕ
′(0)

ϕ′(zs)

)2

(µ−ϕ(zs))2

∥

∥

∥

∥

∥

p

≤ Tϕ(‖zs‖∞)‖µ‖∞
2

∥

∥

∥

∥

∥

(

ϕ
′(0)

ϕ′(zs)
(vϕ

−1 − vϕ)

)2
∥

∥

∥

∥

∥

p

≤ 2Tϕ(‖zs‖∞)‖µ‖∞δ2ϕ .

❋♦r t❤❡ t❤✐r❞ t❡r♠✱ ✇❡ ✉s❡ ▲❡♠♠❛ ✸✳✺ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♣r♦♣❡rt✐❡s✿ −ϕ
′′(0) =

T (ϕ′(0))2 ❛♥❞ ‖u2‖p ≤ ‖u‖2p ∀u ∈ R
n

∥

∥

∥

∥

ϕ
′′(ξ)

2
(∆s∆z)2

∥

∥

∥

∥

p

≤ T

2

∥

∥(ϕ′(0)∆s∆z)2
∥

∥

p

≤ T

2
‖ϕ′(0)∆s∆z‖2p

≤ T

2
(‖µ‖∞4Cpδ

2
ϕ)

2 = 8TC2
p‖µ‖∞2

δ4ϕ .

✶✶



❋✐♥❛❧❧②✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ vϕ ✐♠♣❧✐❡s t❤❛t

‖ϕ′(0)(z∆s+ s∆z)‖p =

∥

∥

∥

∥

ϕ
′(0)

ϕ′(zs)
µvϕ(vϕ

−1 − vϕ)

∥

∥

∥

∥

p

≤
∥

∥

∥

∥

ϕ
′(0)

ϕ′(zs)

√

‖µ‖∞
√

ϕ(‖zs‖∞)(vϕ
−1 − vϕ)

∥

∥

∥

∥

p

,

❯s✐♥❣ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t②✱ ❛s ✇❡❧❧ ❛s ‖uw‖p ≤ ‖u‖∞‖w‖p, ∀(u,w) ∈ R
2n ❛♥❞

−ϕ
′′(0) = T (ϕ′(0))2✱ ✇❡ ❣❡t

‖ϕ′′(ξ)(∆s∆z)(z∆s+ s∆z)‖p ≤ T ‖ϕ′(0)(∆s∆z)‖∞ ‖ϕ′(0)(z∆s+ s∆z)‖p
≤ 8TC∞

√

ϕ(‖zs‖∞)‖µ‖∞3/2
δ3ϕ,

✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡r❡ ✇❡ ❛r❡ ✐♥ ❛ ❝❧♦s❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤❡ ❝❡♥tr❛❧ ♣❛t❤
✇❡ ❣❡t ❛♥ ✐♠♣r♦✈❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ r❡s✉❧t✿

❚❤❡♦r❡♠ ✸✳✶✳ ▲❡t (z, s) ∈ F+ ❛♥❞ δϕ ≤ 1✳ ●✐✈❡♥ ✭∆z,∆s✮ s♦❧✉t✐♦♥s ♦❢ ✭✸✮
❛♥❞ p ∈ {2,∞}✱ ✇❡ ❤❛✈❡

‖η‖p ≤ (4Cp + 12T‖µ‖∞)α2‖µ‖∞δ2ϕ + (
√
6C∞ + αC2

pδϕ)α
38T‖µ‖∞2

δ3ϕ ✭✾✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ ❛s t❤❛t ♦❢ ▲❡♠♠❛ ✸✳✻✱ ❜✉t ✐♥st❡❛❞ ♦❢ ✉s✐♥❣
ϕ(zisi) ≤ ϕ(‖zs‖∞), ∀i ✇❡ ❝❛♥ ✉s❡ ϕ(zs) ≤ 6µ ❢r♦♠ ▲❡♠♠❛ ✸✳✶✳

❋♦r ✐♥st❛♥❝❡✱ ❢♦r α = 1✱ ✉s✐♥❣ t❤❛t δpϕ ≤ δϕ ❢♦r p ≥ 1✱ t❤❡♥ ✭✾✮ ❜❡❝♦♠❡s

‖η‖∞ ≤
(

‖µ‖∞ +

(

25 + 4
√
6

2

)

T‖µ‖∞2

)

δ2ϕ .

❋♦r ϕ(t) = t ✇❡ ❣❡t t❤❡ s❛♠❡ r❡s✉❧t ❛s ✐♥ ❬✷✺❪

‖η‖∞ ≤ ‖µ‖∞δ2ϕ .

✸✳✸ ❋❡❛s✐❜✐❧✐t② ♦❢ t❤❡ ◆❡✇t♦♥ st❡♣

❆ ◆❡✇t♦♥ st❡♣ ✐s ❢❡❛s✐❜❧❡ ✭str✐❝t❧② ❢❡❛s✐❜❧❡✮ ✐❢ t❤❡ ❝♦✉♣❧❡ (z+, s+) ❞❡✜♥❡❞ ❜② ✭✹✮
✐s ❢❡❛s✐❜❧❡ ✭str✐❝t❧② ❢❡❛s✐❜❧❡✮✳

❚❤❡♦r❡♠ ✸✳✷✳ ▲❡t α ❜❡ ✐♥ ❬✵✱✶❪ ❛♥❞ δϕ ≤ 1✳ ❚❤❡ α✲◆❡✇t♦♥ st❡♣ ✐s str✐❝t❧②
❢❡❛s✐❜❧❡ ❢♦r (z, s) str✐❝t❧② ❢❡❛s✐❜❧❡ ✐❢

αδ2ϕ <
1

1 +
(

25+4
√
6

2

)

T‖µ‖∞
✭✶✵✮

❋✉rt❤❡r♠♦r❡ ✐❢ t❤✐s ❝♦♥❞✐t✐♦♥ ❤♦❧❞s ❢♦r α = 1✱ t❤❡♥ t❤❡ ❢✉❧❧ ◆❡✇t♦♥ st❡♣ ✐s
str✐❝t❧② ❢❡❛s✐❜❧❡✳

✶✷



❋♦r α = 1 ❝♦♥❞✐t✐♦♥ ✭✶✵✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ♣r♦①✐♠✐t② ♠❡❛s✉r❡✱ δϕ✱ ♠✉st ❜❡
❧❡ss t❤❛♥ ✶✱ ✇❤✐❝❤ ✇✐❧❧ ♥♦t ❜❡ ❛ r❡str✐❝t✐✈❡ ❛ss✉♠♣t✐♦♥✳

Pr♦♦❢✳ ❋♦r α = 0 t❤❡ r❡s✉❧t tr✐✈✐❛❧❧② ❤♦❧❞s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❛ss✉♠❡ ✇✐t❤♦✉t
❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t α ∈]0, 1]✳ ▲❡t β ∈]0, α]✱ ❛♥❞

zβ = z + β∆z, sβ = s+ β∆s ,

✇❤❡r❡ (∆z,∆s) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✸✮✳ ❚❤❡ ♣r♦♦❢ r❡sts ✉♣♦♥ ❛ ❝♦♥t✐♥✉✐t② ❛r✲
❣✉♠❡♥t✳ ■♥❞❡❡❞✱ ✇❡ ❛ss✉♠❡ z, s > 0 s♦ ϕ(zs) > 0 ❛♥❞✱ ✉s✐♥❣ ❡q✉❛t✐♦♥s ✭✸✮
❛♥❞ ✭✻✮✿

ϕ(zβsβ) = ϕ(zs) + βϕ′(zs)(z∆s+ s∆z) + η(β) ,

= ϕ(zs)(1− β) + β

(

µ+
η(β)

β

)

,

≥ ϕ(zs)(1− β) + β

(

µ− e
‖η(β)‖∞

β

)

,

✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ ❢♦r ❛❧❧ z, s > 0 ✐❢

‖µ‖∞ >
‖η(β)‖∞

β

▲❡♠♠❛ ✸✳✻ ♣r♦✈✐❞❡s t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥ ❤♦❧❞s ✐❢

‖µ‖∞ > (4C∞+2Tϕ(‖zs‖∞))β‖µ‖∞δ2ϕ+
(

C∞
√

ϕ(‖zs‖∞) + βC2
∞
√

‖µ‖∞δϕ

)

8β2T‖µ‖∞3/2
δ3ϕ.

❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ✐♥❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ β✱ s♦ ✐t ✐s s✉✣❝✐❡♥t t♦ ✈❡r✐❢②

‖µ‖∞ > (4C∞+2Tϕ(‖zs‖∞))α‖µ‖∞δ2ϕ+
(

C∞
√

ϕ(‖zs‖∞) + αC2
∞
√

‖µ‖∞δϕ

)

8α2T‖µ‖∞3/2
δ3ϕ.

❚❤❡r❡❢♦r❡✱ s✐♥❝❡ δϕ ≤ 1 ❛♥❞ ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✸✳✶ str✐❝t ❢❡❛s✐❜✐❧✐t② ✐s s❛t✐s✜❡❞
✐❢

1− δ2ϕα
(

4C∞ +
(

12 + 8
√
6C∞ + 8C2

∞

)

T‖µ‖∞
)

> 0 ,

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ♦♥❡ ♦❢ ♦✉r ❛ss✉♠♣t✐♦♥s✳ ■t ❢♦❧❧♦✇s t❤❛t ❢♦r ❛❧❧ β ∈ [0, α]✱
ϕ(zβsβ) > 0✳ ❇② ❝♦♥t✐♥✉✐t② ♦❢ ϕ✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ♥♦♥❡ ♦❢ zβ ♦r sβ ✈❛♥✐s❤ ❢♦r
β ∈ [0, α]✱ s♦ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳

❋✐❣✉r❡ ✷ ✐❧❧✉str❛t❡s ❚❤❡♦r❡♠ ✸✳✷ ✇✐t❤ t✇♦ ❡①❛♠♣❧❡s ♦❢ ✉♣❞❛t❡ ❛❢t❡r ❛ ◆❡✇t♦♥
st❡♣✳ ■t ❛♣♣❡❛rs t❤❛t st❛rt✐♥❣ ❢r♦♠ ❛ ♣♦✐♥t ✇✐t❤ ❛ ♣r♦①✐♠✐t② ♠❡❛s✉r❡ ❣r❡❛t❡r
t❤❛♥ ♦♥❡ st❡♣ ❝❛♥ ❧❡❛❞ ♦✉ts✐❞❡ t❤❡ ❢❡❛s✐❜❧❡ ❞♦♠❛✐♥✳

✸✳✹ ◗✉❛❞r❛t✐❝ ❞❡❝r❡❛s❡ ♦❢ t❤❡ ♣r♦①✐♠✐t② ♠❡❛s✉r❡

❚❤❡ ◆❡✇t♦♥ ♠❡t❤♦❞ ✐s ❦♥♦✇♥ t♦ ❜❡❤❛✈❡ ✇❡❧❧ ✐♥ ❛ ❝❧♦s❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤❡
s♦❧✉t✐♦♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ st❛t❡s ❛ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ♣r♦①✐♠✐t② ♠❡❛s✉r❡✱
t❤❛t ❡♥s✉r❡s ❛ q✉❛❞r❛t✐❝ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ◆❡✇t♦♥ st❡♣✳

✶✸



❋✐❣✉r❡ ✷✿ ■❧❧✉str❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✷

❚❤❡♦r❡♠ ✸✳✸✳ ❆ss✉♠❡ (z, s) ∈ F+ ❛♥❞ (z+, s+) ❜❡ ❞❡✜♥❡❞ ❛s ✐♥ ✭✹✮ ❢♦r α = 1✳
▲❡t δϕ := δϕ(z, s,µ)✱ δ

+
ϕ := δϕ(z

+, s+,µ)✱ Γ(‖µ‖∞) ❞❡✜♥❡❞ ✐♥ ✭✺✮ ❛♥❞

Q(‖µ‖∞) :=
1

1 +
(

25+4
√
6

2

)

T‖µ‖∞

(

1−
(

Γ(‖µ‖∞)
(√

2 + (13 + 2
√
6)T‖µ‖∞

))2

4

)

■❢
δ2ϕ ≤ Q(‖µ‖∞) ,

t❤❡♥
δ+ϕ ≤ δ2ϕ .

Pr♦♦❢✳ ▲❡t Γ = Γ(‖µ‖∞) ❜❡ t❤❡ ❝♦♥st❛♥t ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✸✳✷✿

δ+ϕ ≤ Γ

2
‖(vϕ+)−1 − (vϕ

+)‖2 =
Γ

2
‖(vϕ+)−1(e− (vϕ

+)2)‖2

≤ Γ

2

∥

∥

∥

∥

∥

∥

η
µ

√

e+ η
µ

∥

∥

∥

∥

∥

∥

2

≤
Γ
∥

∥

∥

η
µ

∥

∥

∥

2

2

√

1−
∥

∥

∥

η
µ

∥

∥

∥

∞

.

◆♦✇✱ ✉s✐♥❣ ❚❤❡♦r❡♠ ✸✳✶ ✇✐t❤ ❛ ❢✉❧❧ st❡♣✱ ✐✳❡ α = 1✱ ✐t ❢♦❧❧♦✇s

δ+ϕ ≤ δ2ϕΓ
4C2 + (12 + 8

√
6C∞ + 8C2

2 )T‖µ‖∞
2
√

1− δ2ϕ(4C∞ +
(

12 + 8
√
6C∞ + 8C2

∞
)

T‖µ‖∞)
.

❙♦✱ δ+ϕ ≤ δ2ϕ ✐❢ δ2ϕ ≤ Q(‖µ‖∞)✳

✶✹



❈♦♥s✐❞❡r✐♥❣ ϕ(t) = t✱ t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✸ ❜❡❝♦♠❡s t❤❡ s❛♠❡ ❛s ✐♥
❬✷✺❪✿

δ2ϕ ≤ 1

2
.

❋✐❣✉r❡ ✸ ♣r❡s❡♥ts t❤❡ r❡❣✐♦♥s δϕ ≤ 1√
2
✱ δϕ ≤ 1

2 ❛♥❞ ✐❧❧✉str❛t❡ ♦♥❡ ◆❡✇t♦♥

st❡♣ ❢r♦♠ ❛ r❡❣✐♦♥ t♦ t❤❡ ♦t❤❡r✳

❋✐❣✉r❡ ✸✿ ■❧❧✉str❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✸

❘❡♠❛r❦ ✸✳✶✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ✐♥ ❚❤❡♦r❡♠ ✸✳✸ ✐♠♣❧✐❡s t❤❡ ❝♦♥❞✐t✐♦♥ ✐♥ ❚❤❡♦✲
r❡♠ ✸✳✷✳ ❙♦✱ ✐❢ t❤❡ ✐t❡r❛t❡s ❧♦❝❛t❡ ✐♥ t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ q✉❛❞r❛t✐❝ ❝♦♥✈❡r❣❡♥❝❡✱
t❤❡ ❢✉❧❧ ◆❡✇t♦♥ st❡♣ ✇✐❧❧ ♣r♦✈✐❞❡ str✐❝t❧② ❢❡❛s✐❜❧❡ ✐t❡r❛t❡s✳

❘❡♠❛r❦ ✸✳✷✳ ◆♦t✐❝❡ t❤❛t s✐♥❝❡ t❤❡ ♣r♦①✐♠✐t② ♠❡❛s✉r❡ ✐s ❛❧✇❛②s ♥♦♥✲♥❡❣❛t✐✈❡✱
t❤❡ ❝♦♥❞✐t✐♦♥ ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✸ ❝❛♥ ❤♦❧❞ ♦♥❧② ✇❤❡♥ µ ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✱ ✐✳❡✳
✇❤❡♥

Γ(‖µ‖∞)
(√

2 + (13 + 2
√
6)T‖µ‖∞

)

≤ 2 .

❚❤✐s ✐s ♥♦t ❛ r❡str✐❝t✐✈❡ ❛ss✉♠♣t✐♦♥✱ s✐♥❝❡ ❣✐✈❡♥ ❛♥ ✐♥✐t✐❛❧ ♣♦✐♥t ✇❡ ❝❛♥ ✉s❡ ❛
s❝❛❧✐♥❣ t❡❝❤♥✐q✉❡ s♦ t❤❛t t❤✐s ♣♦✐♥t s❛t✐s❢② t❤✐s ❝♦♥❞✐t✐♦♥✳ ❚❤✐s t❡❝❤♥✐q✉❡ ✇✐❧❧ ❜❡
❝❧❛r✐✜❡❞ ♥✉♠❡r✐❝❛❧❧② ✐♥ ❙❡❝t✐♦♥ ✹✳

✸✳✺ ❯♣❞❛t✐♥❣ ♣❛r❛♠❡t❡r str❛t❡❣②

❚❤❡ s❡q✉❡♥❝❡ ♦❢ ♣❛r❛♠❡t❡r {θk} ♠✉st ❜❡ ❝❤♦s❡♥ s✉❝❤ t❤❛t t❤❡ ✐t❡r❛t❡s r❡♠❛✐♥
str✐❝t❧② ❢❡❛s✐❜❧❡ ❛♥❞ s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳ ■♥ t❤✐s s❡❝t✐♦♥✱ Pr♦♣♦✲
s✐t✐♦♥ ✸✳✶ ❣✐✈❡s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ♣r♦①✐♠✐t② ♠❡❛s✉r❡ ❛❢t❡r ❛♥ ✉♣❞❛t❡ ♦♥

✶✺



µ✱ t❤❛t ✐s µ
+ = µ(1 − θk)✱ ❛♥❞ t❤❡♥ ❚❤❡♦r❡♠ ✸✳✹ ❞❡s❝r✐❜❡s ❤♦✇ t♦ ❜✉✐❧❞ t❤❡

s❡q✉❡♥❝❡ {θk}✳
❋✐rst✱ ✇❡ ♣r♦✈✐❞❡ ❛ ✉s❡❢✉❧ ❧❡♠♠❛✳

▲❡♠♠❛ ✸✳✼✳ ▲❡t (z, s) ∈ F+✱ (∆z,∆s) s♦❧✉t✐♦♥ ♦❢ ✭✸✮ ❛♥❞ δϕ ≤ 1✳ ❚❤❡♥✱

ϕ(z+s+) ≤ 2µ .

Pr♦♦❢✳ ❋r♦♠ ❡q✉❛t✐♦♥ ✭✻✮ ❛♥❞ ❝♦♥❝❛✈✐t② ♦❢ ❢✉♥❝t✐♦♥ ϕ✱ ✐t ❤♦❧❞s

ϕ(z+s+) ≤ µ+∆z∆sϕ′(zs) .

❙♦ t❤❛t ❜② ▲❡♠♠❛ ✭✸✳✺✮✱ ✐t ❢♦❧❧♦✇s

ϕ(z+s+) ≤ µ(1 + 4C∞δ2ϕ) ≤ 2µ .

◆♦✇✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ♣r♦✈✐❞❡s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ♣r♦①✐♠✐t②
♠❡❛s✉r❡ ❛❢t❡r ❛♥ ✉♣❞❛t❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r✱ ❞❡♥♦t❡❞ δ+ϕ ✱ ✐♥ t❡r♠s ♦❢ t❤❡ ✉♣❞❛t❡

θk ❛♥❞ t❤❡ ♣r♦①✐♠✐t② ♠❡❛s✉r❡ ❜❡❢♦r❡ t❤✐s ✉♣❞❛t❡✱ ❞❡♥♦t❡❞ δ̄ϕ✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ▲❡t v̄ϕ := vϕ(z
+, s+,µ) ❛♥❞ vϕ := (z+, s+,µ+)✱ ✇❤❡r❡ µ+ :=

(1 − θk)µ✳ ❚❤❡♥✱

(δ+ϕ )
2 ≤ (1− θk)(δ̄ϕ)

2 +
Γ(‖µ‖∞)2n(θk)2

2(1− θk)
.

Pr♦♦❢✳ ◆♦t✐❝✐♥❣ t❤❛t

vϕ =
v̄ϕ√
1− θk

,

✐t ❢♦❧❧♦✇s t❤❛t

(δ+ϕ )
2 =

1

4

n
∑

i=1

(

ϕ
′(0)

ϕ
′
i(zs)

)2

(vϕ
−2
i + vϕ

2
i − 2)

=
1

4

n
∑

i=1

(

ϕ
′(0)

ϕ
′
i(zs)

)2(

(1− θ)v̄ϕ
−2
i +

v̄ϕ
2
i

(1− θ)
− 2

)

= (1− θ)(
1

4

n
∑

i=1

(

ϕ
′(0)

ϕ
′
i(zs)

)2

(v̄ϕ
−2
i + v̄ϕ

2
i − 2))

+
1

4

n
∑

i=1

(

ϕ
′(0)

ϕ
′
i(zs)

)2(

−2θ +
2θk − (θk)2

1− θk
v̄ϕ

2
i

)

= (1− θk)(δ̄ϕ)
2 +

1

4

n
∑

i=1

(

ϕ
′(0)

ϕ
′
i(zs)

)2(

−2θk +
2θk − (θk)2

1− θk
v̄ϕ

2
i

)

≤ (1− θk)(δ̄ϕ)
2 +

(1 + 4C∞)Γ(‖µ‖∞)2n(θk)2

4(1− θk)

❛s Γ(‖µ‖∞+
) ≤ Γ(‖µ‖∞) ❛♥❞ ❜② ▲❡♠♠❛ ✭✸✳✼✮✳

✶✻



❲❡ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥✱ ❜② ❛ t❤❡♦r❡♠✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ ✇❛② t❤❡ ✉♣❞❛t❡
♣❛r❛♠❡t❡rs θk ❛r❡ ❝❤♦s❡♥✳

❚❤❡♦r❡♠ ✸✳✹✳ ▲❡t µ ❜❡ s✉❝❤ t❤❛t Q(‖µ‖∞) > 0 ❛♥❞ (z, s) ∈ F+✳ ❉❡✜♥❡
0 < θk < 1 ❛s

θk =
2
√

2nΓ(‖µ‖∞)2 (−Q(‖µ‖∞)2 +Q(‖µ‖∞)) +Q(‖µ‖∞)2 + 2Q(‖µ‖∞)2 −Q(‖µ‖∞)

2nΓ(‖µ‖∞)2 + 4Q(‖µ‖∞)2
.

❚❤❡ ♣r♦①✐♠✐t② ♠❡❛s✉r❡ δ+ϕ := δϕ(z
+, s+,µ(1 − θk)) s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢

❢❡❛s✐❜✐❧✐t② ✐♥ ❚❤❡♦r❡♠ ✸✳✷ ❛♥❞ q✉❛❞r❛t✐❝ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ◆❡✇t♦♥ st❡♣ ✐♥ ❚❤❡✲
♦r❡♠ ✸✳✸✳

Pr♦♦❢✳ ❆s ♣♦✐♥t❡❞ ♦✉t ❡❛r❧✐❡r ✐♥ ❘❡♠❛r❦ ✸✳✶ t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✷ ✐s
✇❡❛❦❡r t❤❛♥ t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳ ❚❤✉s✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❛t✐s❢② t❤❡
❢♦r♠❡r ❝♦♥❞✐t✐♦♥ t♦ ❡♥s✉r❡ str✐❝t ❢❡❛s✐❜✐❧✐t② ♦❢ t❤❡ ✐t❡r❛t❡s✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✱ ❛❢t❡r ❛♥ ✉♣❞❛t❡ ♦❢ µ✱ ✐✳❡ µ
+ =

(1− θk)µ✱ t❤❡ ♣r♦①✐♠✐t② ♠❡❛s✉r❡ δ+ϕ ♠✉st s❛t✐s❢②

(δ+ϕ )
2 ≤ Q(‖µ‖∞+

) .

❆s Q ✐s ❞❡❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ ‖µ‖∞✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❡♥s✉r❡ t❤❛t

(δ+ϕ )
2 ≤ Q(‖µ‖∞) .

❇② Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ ❛♥② θk s❛t✐s❢②✐♥❣

(1− θk)Q(‖µ‖∞)2 +
nΓ(‖µ‖∞)2(θk)2

2(1− θk)
≤ Q(‖µ‖∞) .

❚❤❡r❡❢♦r❡✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❝❤♦♦s❡ θk s✉❝❤ t❤❛t

0 < θk ≤ 2
√

2nΓ(‖µ‖∞)2 (−Q(‖µ‖∞)2 +Q(‖µ‖∞)) +Q(‖µ‖∞)2 + 2Q(‖µ‖∞)2 −Q(‖µ‖∞)

2nΓ(‖µ‖∞)2 + 4Q(‖µ‖∞)2
.

■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t t❤✐s r❡s✉❧t ❞♦❡s ♥♦ ❧♦♥❣❡r ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡
♦❢ ϕ ♦♥❧② t❤r♦✉❣❤ t❤❡ ❝♦♥st❛♥t T ✳

❘❡♠❛r❦ ✸✳✸✳ ❲❡ ❝❛♥ ❝♦♠♣✉t❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r θk ❜② ❣♦✐♥❣ t♦ t❤❡ ❧✐♠✐t✱
µ ↓ 0✳ ■♥❞❡❡❞✱ lim

µ→0
Q(‖µ‖∞) = 1/2 ❛♥❞ lim

µ→0
Γ(‖µ‖∞) = 1✱ s♦ ❛♥② θk ❞❡✜♥❡❞ ❛s

✐♥ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ s❛t✐s✜❡s

θk ≤ 1√
2n+ 1

.

❚❤✐s ✉♣♣❡r ❜♦✉♥❞ ✐s ❛tt❛✐♥❡❞ ❢♦r ϕ(t) = t✳

✶✼



✸✳✻ ❈♦♠♣❧❡①✐t② ❆♥❛❧②s✐s ♦❢ t❤❡ ❋✉❧❧ ◆❡✇t♦♥ ❙t❡♣ ■P▼

❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ✐s ♦❜t❛✐♥❡❞ ❜② t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ❛ ❝❧❛ss✐❝❛❧
❧❡♠♠❛✳

▲❡♠♠❛ ✸✳✽✳ ▲❡t θ0 ❜❡ s✉❝❤ t❤❛t 0 < θ0 ≤ θk ∀k ∈ N✳ ❚❤❡ ϕ✲❋◆✲■P▼ ❢♦r
♠♦♥♦t♦♥❡ ▲❈P ❞❡s❝r✐❜❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✷ ♣r♦✈✐❞❡s ❛♥ ǫ✲s♦❧✉t✐♦♥ (z, s)✱ ✇❤✐❝❤
s❛t✐s✜❡s

∑n
i=1 ϕ(zisi) ≤ nǫ ❛❢t❡r ❛t ♠♦st

[
1

θ0
log(

∑n
i=1 ϕ(z

0
i s

0
i )

ǫ
)]

✐t❡r❛t✐♦♥s✳

Pr♦♦❢✳ ❙✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ❬✷✼❪✳

❚❤❡ s❡q✉❡♥❝❡ {θk} ✐s ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✸✳✹ ❛♥❞ s♦ ♦✉r ♠❛✐♥ t❤❡♦r❡♠ ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✸✳✺✳ ▲❡t µ0 = z0s0✳ ❆❧❣♦r✐t❤♠ ✷✱ ✇✐t❤ t❤❡ s❡q✉❡♥❝❡ ♦❢ ✉♣❞❛t❡ ♣❛r❛♠✲
❡t❡r θk ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ ❣✉❛r❛♥t❡❡s str✐❝t ❢❡❛s✐❜✐❧✐t② ♦❢ t❤❡ ✐t❡r❛t❡s ❛♥❞ q✉❛❞r❛t✐❝
❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♣r♦①✐♠✐t② ♠❡❛s✉r❡✳ ▼♦r❡♦✈❡r✱ ✐t ♣r♦✈✐❞❡s ❛♥ ǫ✲s♦❧✉t✐♦♥ (z, s)✱
✇❤✐❝❤ s❛t✐s✜❡s

∑n
i=1 ϕ(zisi) ≤ nǫ ❛❢t❡r ❛t ♠♦st

O
(√

n log
(n

ǫ

))

✐t❡r❛t✐♦♥s✳

✹ ◆✉♠❡r✐❝s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈✐❞❡ ✐♥s✐❣❤t ♦♥ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❆❧❣♦r✐t❤♠ ✷ ❜② r✉♥♥✐♥❣
s❡✈❡r❛❧ ❝♦♠♣✉t❛t✐♦♥❛❧ t❡sts✳

✹✳✶ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❞❡t❛✐❧s

❚❤❡ s❡q✉❡♥❝❡ ♦❢ ✉♣❞❛t❡ ♣❛r❛♠❡t❡rs ✐s ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✸✳✹✱ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r
t❤❡ ❢✉♥❝t✐♦♥s ϕ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✳ ❆s ♣♦✐♥t❡❞ ♦✉t ❡❛r❧✐❡r✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ✉♣❞❛t❡
♣❛r❛♠❡t❡rs ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✹ ♦♥❧② r❡❧✐❡s ♦♥ t❤❡ ❝♦♥st❛♥t T ✳ ●✐✈❡♥ ❛ ❢✉♥❝t✐♦♥
ϕ✱ ❢♦r ❛♥② α ♣♦s✐t✐✈❡ αϕ s❛t✐s✜❡s ❛❧s♦ ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥ ❢r♦♠ ❙❡❝t✐♦♥ ✸✳ ❙♦ t❤❛t✱
✐t ❤♦❧❞s

Tαϕ = − ϕ′′(0)

αϕ′(0)

❚❤❡r❡❢♦r❡ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ ϕ✱ ✇❡ ❝❛♥ ❝♦♥tr♦❧ t❤❡ ♣❛r❛♠❡t❡r T ❜② ❝❤♦♦s✐♥❣ t❤❡
❞❡s✐r❡❞ ✈❛❧✉❡ ♦❢ α✳

■♥ ❘❡♠❛r❦ ✸✳✷✱ ✇❡ ♣♦✐♥t ♦✉t t❤❡ ❢❛❝t t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ♠✉st st❛rt ✇✐t❤ ❛
µ

0 s✉✣❝✐❡♥t❧② s♠❛❧❧✱ t❤❛t ✐s µ0 ≤ µ∗✳ ❲❡ ❝♦♠♣✉t❡ µ∗ ∈ R+ ❛s ❛ s♦❧✉t✐♦♥ ♦❢

0 = a− Γ(‖µ‖∞)
(√

2 + (13 + 2
√
6)T‖µ‖∞

)

,

✶✽



◆❛♠❡ ϕ(t) ϕ′(t) ϕ′′(t) ϕ−1(t) T
■❞✳ t ✶ ✵ t ✵
√ √

t+ 1−
√
1 1

2
√
t+1

− 1
4(t+1)3/2

t2 + 2t ✶

log log(1 + t) 1
1+t − 1

2(1+t)2 exp(t)− 1 1
2

θ1 t
t+1

1
(t+1)2 − 1

2(t+1)3
t

1−t
1
2

❚❛❜❧❡ ✶✿ ϕ✲❢✉♥❝t✐♦♥s ✉s❡❞ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t❡sts

✇❤❡r❡ a ✐s ❝❤♦s❡♥ str✐❝t❧② ❣r❡❛t❡r t❤❛♥
√
2 ❛♥❞ s♠❛❧❧❡r t❤❛♥ 2✱ ❢♦r ✐♥st❛♥❝❡

a = 1.49✳ ❲❡ ✉s❡ t❤❡ ❢s♦❧✈❡ ❝♦♠♠❛♥❞ ❢r♦♠ ▼❆❚▲❆❇✳ ●✐✈❡♥ z̄0, s̄0, µ̄0 ∈ R
3n
++

s✉❝❤ t❤❛t z̄0s̄0 = µ̄
0 ❛♥❞ s̄0 = Mz̄0 + q̄✱ ❛♥ ✐♥✐t✐❛❧ ♣♦✐♥t s❛t✐s❢②✐♥❣ µ

0 ≤ eµ∗ ✱
s0 = Mz0+q ❛♥❞

∑n
i=1 ϕ(z

0
i , s

0
i ) =

∑n
i=1 µ

0
i ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

✇❛②

µ
0 := eµ∗, σ :=

√

ϕ−1(eµ∗)

µ̄
0

z0 := z̄0σ, s0 := s̄0σ, q := q̄σ .

❆t t❤❡ ❡♥❞ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ ❢♦r k = kf ✱ ✇❡ ❣❡t ❛♥ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ♦❢
✭▲❈P✮ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ r❡✈❡rs❡ s❝❛❧✐♥❣ ✿

(z∗, s∗) =
(zkf , skf )

σ
.

◆♦t✐❝❡ t❤❛t s✉❝❤ ❛ ♣♦✐♥t z̄0, s̄0 ❝❛♥ ❛❧✇❛②s ❜❡ ❝♦♥str✉❝t❡❞ ✉s✐♥❣ t❤❡ s❡❧❢✲❡♠❜❡❞❞✐♥❣
t❡❝❤♥✐q✉❡ ❢r♦♠ ❬✶✾❪✳

❘❡♠❛r❦ ✹✳✶✳ ❖♥❡ ❡ss❡♥t✐❛❧ ❢❡❛t✉r❡ ♦❢ t❤❡ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r ✐s t❤❛t
❢♦r ❝♦♥❝❛✈❡✱ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s ϕ✱ t❤❡ ♣♦✐♥ts ❝❛♥ ❣♦ ❢✉rt❤❡r t❤❛♥ t❤❡ µ✲❝❡♥t❡r
❡①♣❡❝t❡❞✳ ■♥❞❡❡❞✱ ❝♦♥s✐❞❡r✐♥❣ t❤❛t ϕ ✐s ❝♦♥❝❛✈❡ ✐♠♣❧✐❡s

ϕ(z+s+) ≤ ϕ(zs) +ϕ
′(zs)(z∆s+ s∆z) +ϕ

′(zs)∆s∆z .

❙✐♥❝❡ (∆z,∆s) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✸✮✱ t❤❡♥

ϕ(z+s+)− µ

ϕ′(zs)
≤ ∆s∆z

❚❤❡r❡❢♦r❡ ϕ(z+s+) ❝❛♥ ❜❡ s♠❛❧❧❡r t❤❛♥ µ✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝❛s❡✱ ✇❤❡r❡
M ✐s s❦❡✇✲s②♠♠❡tr✐❝✳ ❚❤❡♥✱ ∆zT∆s = 0✱ s♦

n
∑

i=1

ϕ(z+i s
+
i )− µi

ϕ′(zisi)
≤ 0,

✇❤❡r❡❛s ❢♦r ϕ(t) = t ✇❡ ♦♥❧② ❤❛✈❡

n
∑

i=1

ϕ(z+i s
+
i ) = (z+)T s+ =

n
∑

i=1

µi

❙♦✱ ♦✉r ♠❡t❤♦❞ ♠❛② ❜❡❤❛✈❡ ❜❡tt❡r t❤❛♥ t❤❡ ❝❧❛ss✐❝❛❧ ♠❡t❤♦❞ ✐♥ ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t
t❛❦❡s ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♣r♦♣❡rt②✳

✶✾



■♥st❛♥❝❡ ■❞✳ θ1 log
√

❆❉▲■❚❚▲❊ ✶✸✺ ✶✸✺ ✶✸✺ ✶✸✺
❆❋■❘❖ ✽✺ ✽✺ ✽✺ ✽✺

❇❊❆❈❖◆❋❉ ✷✶✵ ✷✶✵ ✷✶✵ ✷✶✵
❇❖❊■◆●✷ ✷✶✵ ✷✶✵ ✷✶✵ ✷✶✵
❇▲❊◆❉ ✶✸✸ ✶✸✸ ✶✸✸ ✶✸✸
●❘❖❲✼ ✷✵✹ ✷✵✹ ✷✵✹ ✷✵✹
■❙❘❆❊▲ ✷✶✺ ✷✶✺ ✷✶✺ ✷✶✺
❑❇✷ ✶✵✷ ✶✵✷ ✶✵✷ ✶✵✷

❘❊❈■P❊▲P ✶✻✻ ✶✻✻ ✶✻✻ ✶✻✻
❙❈✺✵❆ ✶✵✾ ✶✵✾ ✶✵✾ ✶✵✾
❙❈✺✵❇ ✶✵✾ ✶✵✾ ✶✵✾ ✶✵✾
❙❈✶✵✺ ✶✺✾ ✶✺✾ ✶✺✾ ✶✺✾

❙❈❆●❘✼ ✶✼✷ ✶✼✷ ✶✼✷ ✶✼✷
❙❍❆❘❊✶❇ ✶✽✻ ✶✽✻ ✶✽✻ ✶✽✻
❙❍❆❘❊✷❇ ✶✺✻ ✶✺✻ ✶✺✻ ✶✺✻
❙❚❖❈❋❖❘✶ ✶✻✸ ✶✻✸ ✶✻✸ ✶✻✸

❚❛❜❧❡ ✷✿ ◆✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s t♦ r❡❛❝❤ (z)T s ≤ ǫ = 10−3

✹✳✷ ❈♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts

❚❤❡ ♥✉♠❡r✐❝❛❧ t❡sts ❛r❡ r✉♥ ♦♥ ❛ s♠❛❧❧ s❡❧❡❝t✐♦♥ ♦❢ ▲Ps ❢r♦♠ t❤❡ ◆❊❚▲■❇
r❡♣♦s✐t♦r②✶✳ ❚❤❡ ❞❛t❛s❡ts ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✉♥t✐❧ ❝♦♥✈❡r❣❡♥❝❡ ❛r❡
❞❡t❛✐❧❡❞ ✐♥ ❚❛❜❧❡ ✷ ❢♦r ❡✈❡r② ϕ−❢✉♥❝t✐♦♥✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ♦♥ ❡✈❡r② ✐♥st❛♥❝❡✱
♦✉r ♠❡t❤♦❞ ❝♦♥✈❡r❣❡s ✐♥ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s t❤❛♥ t❤❡ ❝❧❛ss✐❝❛❧ ❢✉❧❧
st❡♣ ♠❡t❤♦❞ ✭ϕ(t) = t✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡①♣❡r✐♠❡♥ts s❤♦✇ t❤❡ ✈❛❧✐❞✐t② ♦❢ ♦✉r
❛♣♣r♦❛❝❤✳ ◆♦t✐❝❡ t❤❛t ❢♦r t❤❡ t❤r❡❡ ❝❤♦✐❝❡s ♦❢ ❢✉♥❝t✐♦♥ ϕ t❤❡ r❡s✉❧ts ❛r❡ ✐❞❡♥t✐❝❛❧✳
❚❤✐s ✐s ♥♦t s✉r♣r✐s✐♥❣✱ s✐♥❝❡ t❤❡ s❡q✉❡♥❝❡s ♦❢ ♣❛r❛♠❡t❡rs {θk} ❛♥❞ {µk} ❞❡♣❡♥❞
♦♥ T ✇❤✐❝❤ ✐s ♥♦t r❡❛❧❧② ❞✐✛❡r❡♥t ❢♦r t❤❡s❡ ✸ ❢✉♥❝t✐♦♥s✳

✺ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

❚❤❡ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❛rt✐❝❧❡ s❤♦✇s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❋◆✲■P▼ ✇✐t❤
♣♦❧②♥♦♠✐❛❧ ✉♣♣❡r ❜♦✉♥❞ ❝♦♠♣❧❡①✐t② ❢♦r ♠♦♥♦t♦♥❡ ▲❈Ps ❝♦♥s✐❞❡r✐♥❣ ❛ ❣❡♥❡r❛❧
❢❛♠✐❧② ♦❢ s♠♦♦t❤ ✐♥❝r❡❛s✐♥❣ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s✳ ❋✉rt❤❡r r❡s❡❛r❝❤ ♠❛② ❡①t❡♥❞
t❤✐s r❡s✉❧t t♦ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❢❛♠✐❧② ♦❢ ▲❈Ps s✉❝❤ t❤❛t P∗(κ)✲▲❈Ps ♦r P0✲▲❈Ps
✇✐t❤ ❜♦✉♥❞❡❞ ❧❡✈❡❧ s❡ts✳

❘❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥ts ❜② ❘♦♦s ✐♥ ❬✷✻❪ ❝♦♥s✐❞❡r ❛♥ ✐♥❢❡❛s✐❜❧❡ ■P▼ ✇✐t❤ ❢✉❧❧
◆❡✇t♦♥ st❡♣ ✉s✐♥❣ ♦♥❧② ♦♥❡ ❢❡❛s✐❜✐❧✐t② st❡♣✳ ▼♦r❡ ✐♥✈❡st✐❣❛t✐♦♥s r❡❣❛r❞✐♥❣ t❤❡
♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r ❝♦✉❧❞ ❡①t❡♥❞ t❤❡ r❡s✉❧ts ✐♥ ❬✷✻❪✳

❲❡ ♣r♦✈✐❞❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts t♦ ❝♦♥✜r♠ t❤❡ ✈❛❧✐❞✐t② ♦❢ ♦✉r ❛♣✲
♣r♦❛❝❤✳ ❋✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥s ♦♥ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ♠❡t❤♦❞s ♠❛② ❣❡t t❤❡ ❜❡st

✶❤tt♣✿✴✴✇✇✇✳♥❡t❧✐❜✳♦r❣✴❧♣✴

✷✵



♦✉t ♦❢ t❤✐s ♥❡✇ ❞✐r❡❝t✐♦♥✳ ■♥❞❡❡❞✱ ❛s st❛t❡❞ ✐♥ ❘❡♠❛r❦ ✹✳✶✱ ✇❡ ❡①♣❡❝t ❛♥ ✐♠✲
♣r♦✈❡❞ ❜❡❤❛✈✐♦r ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ❢✉♥❝t✐♦♥ ϕ ♦t❤❡r t❤❛♥ ✐❞❡♥t✐t② ✐♥ ❛♥ ❛❧❣♦r✐t❤♠
✇❤❡r❡ t❤❡ ✉♣❞❛t❡s ♦❢ µ ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✐t❡r❛t❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡
❛r❡ ♣❧❛♥♥✐♥❣ t♦ st✉❞② ❛ ♣r❡❞✐❝t♦r✲❝♦rr❡❝t♦r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤✐s ❛♣♣r♦❛❝❤✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ▼✳ ❆❝❤❛❝❤❡✳ ❆ ♥❡✇ ♣r✐♠❛❧✲❞✉❛❧ ♣❛t❤✲❢♦❧❧♦✇✐♥❣ ♠❡t❤♦❞ ❢♦r ❝♦♥✈❡①
q✉❛❞r❛t✐❝ ♣r♦❣r❛♠♠✐♥❣✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ✫ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✷✺✭✶✮✿✾✼✕
✶✶✵✱ ✷✵✵✻✳

❬✷❪ ▼✳ ❆❝❤❛❝❤❡✳ ❈♦♠♣❧❡①✐t② ❛♥❛❧②s✐s ❛♥❞ ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ s❤♦rt✲
st❡♣ ♣r✐♠❛❧✲❞✉❛❧ ❛❧❣♦r✐t❤♠ ❢♦r ❧✐♥❡❛r ❝♦♠♣❧❡♠❡♥t❛r✐t② ♣r♦❜❧❡♠s✳ ❆♣♣❧✐❡❞
▼❛t❤❡♠❛t✐❝s ❛♥❞ ❝♦♠♣✉t❛t✐♦♥✱ ✷✶✻✭✼✮✿✶✽✽✾✕✶✽✾✺✱ ✷✵✶✵✳

❬✸❪ ▼✳ ❆♥✐t❡s❝✉✱ ●✳ ▲❡s❛❥❛✱ ❛♥❞ ❋✳ ❆✳ P♦tr❛✳ ❊q✉✐✈❛❡♥❝❡ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ❢♦r✲
♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❧✐♥❡❛r ❝♦♠♣❧❡♠❡♥t❛r✐t② ♣r♦♠❜❧❡♠✳ ❖♣t✐♠✐③❛t✐♦♥ ▼❡t❤♦❞s
❛♥❞ ❙♦❢t✇❛r❡✱ ✼✭✸✲✹✮✿✷✻✺✕✷✾✵✱ ✶✾✾✼✳

❬✹❪ ❙✳ ❆s❛❞✐ ❛♥❞ ❍✳ ▼❛♥s♦✉r✐✳ P♦❧②♥♦♠✐❛❧ ✐♥t❡r✐♦r✲♣♦✐♥t ❛❧❣♦r✐t❤♠ ❢♦r
P∗(κ) ❤♦r✐③♦♥t❛❧ ❧✐♥❡❛r ❝♦♠♣❧❡♠❡♥t❛r✐t② ♣r♦❜❧❡♠s✳ ◆✉♠❡r✐❝❛❧ ❆❧❣♦r✐t❤♠s✱
✻✸✭✷✮✿✸✽✺✕✸✾✽✱ ✷✵✶✸✳

❬✺❪ ❙✳ ❆s❛❞✐ ❛♥❞ ❍✳ ▼❛♥s♦✉r✐✳ ❆ ♥❡✇ ❢✉❧❧✲♥❡✇t♦♥ st❡♣ ❖✭♥✮ ✐♥❢❡❛s✐❜❧❡ ✐♥t❡r✐♦r✲
♣♦✐♥t ❛❧❣♦r✐t❤♠ ❢♦r P∗(κ)✲❤♦r✐③♦♥t❛❧ ❧✐♥❡❛r ❝♦♠♣❧❡♠❡♥t❛r✐t② ♣r♦❜❧❡♠s✳ ❚❤❡
❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ❏♦✉r♥❛❧ ♦❢ ▼♦❧❞♦✈❛✱ ✷✷✭✶✮✿✸✼✕✻✶✱ ✷✵✶✹✳

❬✻❪ ❙✳ ❆s❛❞✐✱ ❍✳ ▼❛♥s♦✉r✐✱ ❛♥❞ ❩✳ ❉❛r✈❛②✳ ❆♥ ✐♥❢❡❛s✐❜❧❡ ✐♥t❡r✐♦r✲♣♦✐♥t ♠❡t❤♦❞
✇✐t❤ ✐♠♣r♦✈❡❞ ❝❡♥t❡r✐♥❣ st❡♣s ❢♦r ♠♦♥♦t♦♥❡ ❧✐♥❡❛r ❝♦♠♣❧❡♠❡♥t❛r✐t② ♣r♦❜✲
❧❡♠s✳ ❆s✐❛♥✲❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ✽✭✵✸✮✿✶✺✺✵✵✸✼✱ ✷✵✶✺✳

❬✼❪ ❨✳◗✳ ❇❛✐✱ ●✳ ▲❡s❛❥❛✱ ❈✳ ❘♦♦s✱ ●✳◗✳ ❲❛♥❣✱ ❛♥❞ ▼✳ ❊❧ ●❤❛♠✐✳ ❆ ❝❧❛ss
♦❢ ❧❛r❣❡✲✉♣❞❛t❡ ❛♥❞ s♠❛❧❧✲✉♣❞❛t❡ ♣r✐♠❛❧✲❞✉❛❧ ✐♥t❡r✐♦r✲♣♦✐♥t ❛❧❣♦r✐t❤♠s ❢♦r
❧✐♥❡❛r ♦♣t✐♠✐③❛t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ ❖♣t✐♠✐③❛t✐♦♥ ❚❤❡♦r② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱
✶✸✽✭✸✮✿✸✹✶✕✸✺✾✱ ✷✵✵✽✳

❬✽❪ ❙✳❏✳ ❈❤✉♥❣✳ ❆ ♥♦t❡ ♦♥ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ▲❈P✿ t❤❡ ▲❈P ✐s str♦♥❣❧② ♥♣✲
❝♦♠♣❧❡t❡✳ ❚❡❝❤♥✐❝❛❧ ❘❡♣r♦t✱ ♣❛❣❡s ✼✾✕✷✱ ✶✾✼✾✳

❬✾❪ ❘✳ ❲✳ ❈♦tt❧❡✳ ❆ ✜❡❧❞ ❣✉✐❞❡ t♦ t❤❡ ♠❛tr✐① ❝❧❛ss❡s ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡
♦❢ t❤❡ ❧✐♥❡❛r ❝♦♠♣❧❡♠❡♥t❛r✐t② ♣r♦❜❧❡♠✳ ❏♦✉r♥❛❧ ♦❢ ●❧♦❜❛❧ ❖♣t✐♠✐③❛t✐♦♥✱
✹✻✭✹✮✿✺✼✶✕✺✽✵✱ ✷✵✶✵✳

❬✶✵❪ ❘✳ ❲✳ ❈♦tt❧❡✱ ❏✳✲❙✳ P❛♥❣✱ ❛♥❞ ❘✳ ❊✳ ❙t♦♥❡✳ ❚❤❡ ❧✐♥❡❛r ❝♦♠♣❧❡♠❡♥t❛r✐t②
♣r♦❜❧❡♠✱ ✈♦❧✉♠❡ ✻✵✳ ❙✐❛♠✱ ✷✵✵✾✳

❬✶✶❪ ❩✳ ❉❛r✈❛②✳ ◆❡✇ ✐♥t❡r✐♦r✲♣♦✐♥t ❛❧❣♦r✐t❤♠s ✐♥ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣✳ ❆❞✈❛♥❝❡❞
▼♦❞❡❧❧✐♥❣ ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥✱ ✺✭✶✮✿✺✶✕✾✷✱ ✷✵✵✸✳
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