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A GENERALIZED IGUSA LOCAL ZETA FUNCTION AND
LOCAL DENSITIES OF QUADRATIC FORMS
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Abstract. A certain formal power series attached to local densities of quadratic
forms is defined. It is shown that this series can be realized as a coefficient of the Laurent
expansion of a generalized Igusa local zeta function.

1. Introduction. Bόcherer and Sato [BS] found a relation between the /?-adic

integrals defined by Denef [ D l ] and certain formal power series attached to local

densities of quadratic forms. In this paper we consider another type of relation between

the /7-adic integrals defined by Igusa [I] and Deshommes [D2] and similar formal power

series.

To be more precise, let A and B be non-degenerate symmetric matrices of de-

grees m and n, respectively, with entries in the ring Zp of /?-adic integers. Let

R = Zp[xij (\<i<m, 1 <j<n), xt (1 </<«)] be the polynomial ring over Zp. We simply

write X=(Xij)i<i<m,i<j<n, and x = (xl9 ...,xn). Let (g^) be the symmetric matrix of

degree n with entries in R defined by

where for an (m, ra)-matrix U and an (m, «)-matrix V we write U[V~] = tVUV, and for

square matrices A x,..., Ar we often simply write

0

o

For a set S and non-negative integers n and s, put <«> = «(«+1)/2, and

S<n>+S = {((aij)1^j^ al9 . . . , as); aφ akeS} .

We often write an element ((βij)i<i<j<n, (ai)ί < f<s) of S<n>+s as ((tfy), (aj) if no confusion

arises. Further for an element (α y ) of S<n> with S a commutative ring, we often write

Σi<i<j<naΦ a n d Ui<i<j<naij a s ΣaΦ a n d UaΦ respectively. Let C be the field of

complex numbers, and Z t h e ring of rational integers. Further let ordp be the normalized

additive valuation of the field Qp of/?-adic numbers, and put \v\p =p-°τdp^ for v e Qp.

We then define a function Z(B, A; (s o ), sl9..., sn) on the set
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C<+">+" = {((SiJ), sl9..., sn)eC<n>+n; R e ^ X ) ,

by

Z(B, A; (Sij), sl9...,sH)=\ Π19i i W Π I *i \aidxdX,

where Mmn(Zp) denotes the ring of (m, «)-matrices with entries in Zp (for the precise

definition, see Section 2). We call this function a generalized Igusa local zeta function

attached to A and B. Put zu=p~SiJ (\<i<j<n), zt=p~Si (1 <i<n). We often write

Z = (Zij)9 w = (Zi). Then Z(5, 4̂; ( ^ ) , J 1 } . . . , s j can be regarded as a function of Z and

w. Thus we write ζ(B, A; Z, w) = Z ( ^ , A; (su), su..., sn).

On the other hand, define a local density ocp(B9 A) by

OLP(B9 A)= lim pi-™ + <«

Then we define a formal power series P(5, A; xl9..., xn) by

, ̂  xu ..., xn) = f

See Section 2 for the relation between our formal power series and the one defined by

Bόcherer and Sato [BS].

The main purpose of the present paper is to show that the series P(B, A; xί9..., xn)

can be realized as a coefficient of the Laurent expansion of ζ(B, A; Z, / ^ i Π ί / 7 ' l z 0 ')~ 4 '

• ? PXnI\(P~ ^ y ) " 4 ) w i t h respect to (z y):

THEOREM 1.1. Put

N(B) = {(ktJ) e Z < n > ; min ktj > 2 ordp(2 det B) + 1} .

Then in the region

we have

Σ
(kij)eZ<»>\N(B)

P((kij); xl9..., xn) is a convergent power series of xl9..., xn for each (k^) in

Z<n>\N(B).

In Section 2, we treat a more general case (cf. Theorem 2.4). Using our arguments
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we can prove the rationality of P(B, A; xl9...9xn) and calculate its denominator
explicitly. The details will be published in a subsequent paper [K].

2. Generalized Igusa local zeta functions and the proof of the main result. Let
R = Zp[[_xί,..., x j ] be a formal power series ring, and

R c = { f ( x i , . . . , * s ) e Λ ; f ( a ί 9 . . . , a s ) c o n v e r g e s f o r a n y ( a l 9 . . . 9 a s ) e Zs

p).

For two sets £ and A, we put

λsΛ

with Sλ = S. Let A be a finite set. Put

CΛ

+ = {(sλ)eCΛ;Resλ>0}.

For a subset {fλ}λeΛ of Rc, and (sλ)eCΛ

+ define Z({/λ}; (jj) by

; ω) = Γ 0

where dx is the Haar measure of Qp so normalized that

I dx=\.

This function was studied by Igusa [I] when #A=\9 and was generalized by Deshommes
to the case where #A is arbitrary. So we call this function a generalized Igusa local zeta

function attached to {/λ}. The function Z({/Λ}; (sλ)) is holomorphic on C+. Put zA =p~Sλ.
Then Z({fλ}; (sλ)) can be regarded as a function of (zA). So we put (({/J; 0A)) =

Let w and n be non-negative integers such that m>n>\. Let ^ and B be
non-degenerate symmetric matrices of degrees m and n, respectively, with entries in
Zr For a subset / of Inm = {(iJ); 1 </<m, 1 <j<n}, put

*,(£, A, /)=jp#/ lim ^-m« + < » ^ j

^[(xijfl = Bmodpe, and x^ ΞOmod/? for any (ίj)el} .

We note that ccp(B, A, I) = ccp(B, Λ)if/=0.Nowletra, n, l9aτιdnί9..., ns, ns+ί9..., ns+t

be non-negative integers such that m>n>\9 andm>/, nl9..., ns+t>\, nx+ +« s = n,
and «s + 1 + +w s + t = /. Let 4̂ and ^ be non-degenerate symmetric matrices of degrees
m and n, respectively, with entries in Zp9 and / be a subset of Imn. Define a formal
p o w e r s e r i e s P(B, A , /; l ; n l 9 . . . 9 n s + t ; x ί 9 . . . 9 x s + t ) b y
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P(B, A, /; /; nί9..., ns+t; xl9...9 xs+t)

= Σ ocp(Bldmg(prίEni,.. .9p
r EJ], A[diag(^ m _ ί 9 p's+iEns+l,.. .,p"+<EnsJ\ .

where 2sfc denotes the unit matrix of degree k. We note that the formal power series

P(B, A, I; l;nί9..., ns+t; xί9..., xs+t) coincides with P(B, A; xl9..., xn) in Section 1 if

/=0, J = Λ, and 1=0. Further if /=0, 7 = 0 , and B = dmg(b1Eni,..., fe^J, the formal
power series

Σ xV xί'Pidmgip^b^ . . . , pesbsEnχ A, I; 0; π l f . . . , ns; x
2

u ..., x;)
eί,",es = 0,l

coincides with the P(B, A, xί9..., xs) defined in 1.2 of [BS]. In this section we show

that P(B, A, /; /; nl9..., ns+t; xί9..., xs+t) can be realized as a coefficient of the Laurent

expansion of a certain generalized Igusa local zeta function.

For this, we give some preliminaries. For a commutative ring R, let Sym(λ;; R)

denote the set of symmetric matrices of degree k with entries in R. Let

(7=(w l7)eSym(w, Zp), and V=(vij)eSym(n, Zp)9 and / be a subset of {(/,/); 1 <i<m,

1 <j<n). For each (eij)eZ<n>

9 put M((eo )) = max ί7 (e 0 ), and

>1((^; K, U, I) = ^

Σ Kβχ

ai
xβj = ̂ ijmodpeij for any ι,y and xαί = 0mod/? for any (α, ι)e/} ,

1 <a,β<m

and

If e o = e for all /,y, we simply write i4((βy); F, C/, 7) = ̂ 4(e; K, t/, /). The following lemma

is well known:

LEMMA 2.1 (cf. Siegel [S, Hilfssatz 13]). In addition to the above notation and

assumptions, assume that U and V are non-degenerate, and put eo = 2 ordp(2 det V) + 1.

Then for any integer e>e0, we have

a(e+\\ V, U, I)=pmn-<n>a(e; V, U, I).

The following is essential to proving Theorem 2.4.

PROPOSITION 2.2. Let the assumptions and notation be as above. Then for any

( ^ ) e Z < π ) such that min^eij>eθ9 we have

p-meijnmn + Σetjφ.^ j / ^ I)= pe^~mn +<n^a{e0\ V, U, I).

PROOF. Put e = M((^o )). For an element ( w ^ <;<,<„ of Z < n > , we define an element



GENERALIZED IGUSA LOCAL ZETA FUNCTION 215

(u*j)i<ij<n °f Sym(«, Zp) by W^ = MO or = uβ according as i<j or not. Then we have

(2.1) φtj); V, £/,/)= Σ <*β\ y+{(Peijcιj)*), V, I),
(Cij)

where (ci7 ) runs through all representatives of the direct product Y\Zp/pe~eiJZp of
{Zp/pe"etJZp}1^i^j^n. On the other hand, for any (cy), we have

Φ; v+((PeiJcu)*)9 u, η=p«-e°*™-<*Me0; v, u91).

Thus the right-hand side of (2.1) is equal to

pie-eo)imn-<n>)#Y\Zp/pe-eίjZpa(eo; V, U, I)=pie-e°)imn-<n>)γ\pe-e"a(e0; V, U91)

Now let A, B and / be as above. Define an element (g^) = (g^X)) of
Sym(w, Zp[xα f e(l<α<m, \<k<n)] by

where e(α, A:; /) = 1 or = 0 according as (α, k)eloτ not. Further for each (e^ e Z< π > put

E((eu; B, A, I) = {XeMmn{Zp) QifX)ep^Zp for any 1 <i<j<n) ,

and let e((ey); B, A, I) be the volume of £((e0); B, A, /). Then we have:

PROPOSITION 2.3. For each (eij)eZ<n> such that min^e^eo, we have

PROOF. We have

0((*y), B, A, I)=p-M^))myia((eij); B9 A, I).

Thus the assertion follows from Proposition 2.2.

COROLLARY. Let v{(ei3), B, A, I) be the volume of the set

{(X)eMmn((Zp); gij(X)ep^Z*p for any \<i<j<n) ,

where Z* denotes the unit group of Zp. Then for each (^)6Z< B > such that min^
we have

φtj); B, A, I)p^ = (\ -p-'Ϋ^B, A; I).

PROOF. We simply write v((eij)) = v((eij); B, A, I). We arrange the quantities {e
indexed by the set {(ij); 1 <i<j<n} in the lexicographic order, and put ex

eii9e2 = e12,...9en = eln9...,e<n> = em9 and Σ ^ = Σ i < ί < < « > ^ Then we have

d)= Σ ( - l)j Σ l9...9 e<n>).
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Then by Proposition 2.3, for any (et) such that mmei>e0 we have

v{eu . . . , eh + 1, . . . , βij+l,..., e<n>)pΣei=p-jccp(B, A, I).

Thus the assertion holds.

Now let Xij (1 < i < m, 1 <j < «), xx,..., xs+1 be variables over Z p , and put

R = Zp[xij(\ <i<m, 1 <j<n\ xl9..., x s + J . Let Λ9 B, /, /, and the others be as above.

Define elements yn +19..., ym+n of R by

> Λ + 1 , . . . , yn+J = diag(£'m_/, x s + 1 ^

Define an element (ΛI7(Λ:, X))\<ij<n of Sym(«, Λ) by

Now let A = {(Uj); 1 < i<j<n) u {/; 1 < i<s-f t}, and define a subset {hλ}λeΛ ofR indexed

by A by

, jhij if λ = (ij)

xt if λ = i,

and ζ(B, A, I; l9nl9...9 ns+t; (z/J ) 1 < ί < J < M , zl9..., z s + ί ) by

W e w r i t e ζ(B, A , /; l ; n ί 9 . . . 9 n s + t \ { z ^ ^ ^ ^ z l 9 . . . 9 z s + t ) = ζ(B, A 9 1 ; l ; n l 9 . . . 9 n s + t;

Z, w) as in Section 1. Then ζ(B, A, I; I; nί,..., ns+t; Z, w) can be expressed as

ζ(B9A,I;l;nl9...9ns+t;Z9w)= ί Π l A y l ? J ' Π \χk\s

P

kdxdX,

where dx (resp. tfLJQ denotes the Haar measure of Qs

p

+ * (resp. Mmn(Qp)) so normalized that

dx=\ (resp. ί/JT=

We note that ζ(B, A, I; I; nί9..., « s + ί; Z, w) coincides with C(β, A; Z, w) i f/=0, .? = «, and

1=0. Thus Theorem 1 is a special case of the following:

THEOREM 2.4. /« /Λe region

E={((zij)9xu...,xs+t)eC<n>+s+t;0<\zij\<h0<\pxiU(p-1z

we have

ζ(B9 A, /; l;nl9...9 ns+t; Z,
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where P{(kij); x l 9 . . . , xs+t) is a convergent power series of xί, . . . , xs+t for each (fcy) in

Z<n>\N(B).

Proof. Put C(Z, w) = C(B, A, /; /; nl9..., ns+t, Z, w). Then we have

, w) = ί π IM*> χ ) \SPJ Π I ** I?
JzJ + t xM m n (Z p ) *=1

= Σ ί
ri, ,r, + t = O Jχό(ri,—,r s + t)

where ^ Ό ^ , . . . , rs+,) = {(x, X)eZs

p

+'x Mmn(Zp); \Xi\p=p-"}. Thus we have

C(Z, w)

= Σ 'Π(p"yτ[ Π I M/»Γ I J f i /»r-+t^.+ί. •*! lj
r i . , r s + t = 0 i = l JZ*pS+1 xMmniZp)

Define elements yu ..., yn + m of R by

d i a g ( j 1 ? . . . , j π ) = diag(x 1 £ n i , . . . , x ^ J ,

and

diag(jπ + 1 , . . . , j n + m ) = diag(£'m_/, x s + 1 £ Π s + 1 , . . . , xs+tEns+t).

We change the variables as follows:

Then we have

ζ(z,W)= Σ n ^ -
r ι , . r . + , = O i = l

=(i-p~lr' Σ
O i l J M w n ( Z p )

Now for non-negative integers r l 5..., rs+t, e^X <i<j<n), put

v(ru . . . , rs+ί, ( ^ ^ ( { l e M J Z ; ; Ay(p^,.. .,/,"*-, ^ G ^ ^ Z * for any 1 </</<

Then we have

az, w)= Σ Φi, •. , 's+o M Π ^ 3 J Π (/?"1^ )ri

rι," ,rs + t,eij = O i = l

We write (r) = ( r 1 ? . . . , rs+t) and s((r)) = 4(n1r1 + +ns+trs+t). Define

Then we have
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ζ(Z, x u ..., x s + 1 ) = £ Σ v ( r l t . . . , r s + t ,

where (ki3) runs through all elements of Z<n> such that ktj> —s((r)) for any 1 <ί<j<n.
For each (fcy), define a formal power series P((kij); x l 9 . . . , xs+t) by

where r 1 ? . . . , rs+t run through all non-negative integers such that rί9..., r s + ί >0, and
s((r))>—kij for any \<i<j<n. Since the right-hand side of <f(Z, x 1 ? . . . , xs+t) is
absolutely convergent in the region 0 < | z o | < l , 0<\pxiγ\(p~1zij)~*ni\<l, the formal
power series P((kij); x 1 ? . . . , xs+t) is a convergent power series, and we have

ί~(z, χ l 9 . . . , χs+t)=(i -p-1)**' Σ miϊ χi, .., χ , + , ) Π ( / > - V
(kij)

Further by Corollary to Proposition 2.3, for any (k^eNiB) we have

P((k0.); * ! , . . . , x s + t ) = (l -p-ψ>P(B9 A, /; /; n l 9 . . . , n s + ί ; χl9..., xs+t).

Thus the assertion holds.
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