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Abstract

A new model of relativistic massive particle with arbitrary spin ((m, s)-particle)
is suggested. Configuration space of the model is a product of Minkowski space and
two-dimensional sphere, M% = R®! x S2. The system describes Zitterbewegung at
the classical level. Together with explicitly realized Poincaré symmetry, the action
functional turns out to be invariant under two types of gauge transformations having
their origin in the presence of two Abelian first-class constraints in the Hamilton
formalism. These constraints correspond to strong conservation for the phase-space
counterparts of the Casimir operators of the Poincaré group. Canonical quantization
of the model leads to equations on the wave functions which prove to be equivalent

to the relativistic wave equations for the massive spin-s field.
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1 Introduction

The progress in the string theories stimulated an intensive development of another, more
traditional, direction in high-energy physics concerning the construction of mechanical
models for point-like spinning particles and the study of their dynamical properties. First
of all, the interest to spinning (super)particles is caused by the fact that the spectra of
free (super)strings contain particle-like excitations of higher spins. One more important
point is that the superparticle models possess a lot of features being highly similar to
those arising in superstrings (infinite reducibility of gauge algebra, nontrivial mixing of
first- and second-class constraints), what makes it possible to exploit these models for
polishing out the string quantization methods. Finally, the systematization and study of
spinning particles models are necessary for accomplishing the standard interpretation of

quantum field theory as a second quantized theory of relativistic particles.

Nowadays it is too early to speak about any systematization of particle models, since
new and new models appear permanently. In this regard, it is worth mentioning the mod-

els desribing spin-1/2 particle’™*, (extended) superparticles®™, higher spin particles'®~13.

In most of the spinning particle models, anticommuting variables are incorporated
into configuration space to describe the spin degrees of freedom. Such a pseudoclassical
approach is known to be well adapted for constructing the quantum theory. It makes,
however, impossible to provide an elegant geometric framework for the classical evolution
of spinning particles, which could be considered as a natural generalization of that existing
for the spinless particle. Supposing the existence of such a geometric formulation for
spinning particles, one can expect that the corresponding configuration space should have
sufficiently low dimension to describe only the space-time evolution and the spin dynamics.
Equivalently, every physical observable commuting with the first-class constraints must
be a function of the Poincaré generators on the phase space. This implies in turn that

the spin variables have to transform nonlinearly with respect to the Lorentz group.

The Lorentz group SO(3,1)" = SL(2,C)/Z, is usually defined to be the connected
component of unit in the group O(3,1) of all linear homogeneous transformation on R*!
preserving the metric ds* = ngpda®da’, ne = diag (— + 4++). On the other hand,
SL(2,C)/Zy naturally acts on a two-dimensional sphere S?, by fractional linear trans-
formations, and coincides with the group of all complex automorphisms of S2. This fact
underlies the twistor approach!!. It is worth noting that S? is the unique representative in
the family of SO(3,1)-transformation spaces in the sense that it has minimally possible

dimension.



Since SO(3,1)" is realized as the transformation group of the manifolds R*! and S2,
it seems reasonable to consider the united space M% = R3! x S2, being a transforma-
tion space of the Poincaré group (the space-time translations are defined to act trivially
on S?%), and to try luck in constructing a Poincaré-invariant theory of particle on M5,
Obviously, such a particle model on M® will be equivalent to some model of spinning
particle in Minkowski space with the spin sector to be formed by the spherical modes. We
propose the requirement that the system on M5 must possess two strong conservation
laws corresponding to the mass and spin of the particle as a basic dynamical principle

which allows to choose unique action functional.

The present paper is devoted to realization of the above program. It will be shown
that a free massive particle of arbitrary fixed spin can be described in the framework of
special model of a particle on M5. The corresponding Lagrangian has a geometric origin,

and its structure is determined by the parameters of mass m and spin s ((m, s)-particle
model).

The paper is organized as follows. In section 2 we develop a Lagrange formalism for
a Poincaré-invariant model of particle on M°. The Lagrangian of the model involves not
only the interval along the world line in Minkowski space, but also a Poincaré-invariant
interval on S?. The spherical metric turns out to be dynamical in the sense that it depends
explicitly on the tangent vector to the world line in Minkowski space. Here we show that
the causality principle for massive spinning particle consists of imposing the inequality

2 < 0, for every point of the world line, together with some relativistic restriction on

x
maximal velocity of particle on S%. The dynamics of (m, s)-particle proves to be nontrivial
and is similar to the known effect of Schrédinger vibration (Zitterbevegung) in relativistic
quantum theory (analogous dynamical behaviour of classical spinning particles has been

1415) " In section 3 we develop a Hamilton formalism for

observed in more early models
the model of (m, s)-particle, study the physical observables and integrate the equations
of motion with arbitrary Lagrange multipliers. Section 4 is devoted to the quantization
of the model of (m, s)-particle. In concluding section 5 we discuss our results and further
perspectives. We also include into the paper three appendices having technical character.
Appendix A contains necessary facts concerning the action of the Lorentz group on S2.
Tensor fields on M°S are described in appendix B. In appendix C we briefly present a

relativistic harmonic analysis on S2.

Our notations and conventions coincide mainly with those adopted in Wess and Bag-



ger’s book!®. In particular, o-matrices and y-matrices are chosen in the form

= ~ Qo aB & 0 Oq
(ot = (LG),  (Fa) = e=8(0) s 7 = < ) .
o, 0
But in contrast with Ref. 16, it is useful for us to number two-component spinor indices

by values 0, 1 (€% = £% = 1) and to define matrices oq, and G4, by the rule

R (CACA LRI

(Gu)*s = — {607 (00),5 — (a & D).

2 Model of relativistic particle on M°

Similarly to Minkowski space R*!, the manifold M% = R3! x 5% is a (homogeneous)
transformation space for the Poincaré group P and, in principle, can be chosen on the

role of an arena where dynamics of relativistic particles is developing.

The action of the Lorentz group SL(2,C)/Zy on two-sphere S? is well known (see,
for example, Refs. 11, 17) and described in appendix A in the form appropriate for our
purposes. It can be continued uniquely to the action of the Poincaré group on S? by
attaching to each space-time translation the identity map on S2. Then, the relations
(A.4) and

ad ad 3 — o1y @ :
oY — ' = 2PP(NTHN(N )j + fP8 (1)
define an action of the Poincaré group on M. Here z* = — 2(0%)aqz®" are the coor-
dinates on R*!, f¢ = — %(aa)ad fo% are the parameters of translations, and the Lorentz

transformations are associated in standard fashion with complex unimodular 2x2 matrices

(A.2).

It should be remarked that the composite structure of M6, being the product of R3!
and S?, admits the action of the group P x P on M°®. However, physically interesting
theories on M, i.e. admitting four-dimensional interpretation, must have only the diag-
onal of P x P as a symmetry group. Before describing the fulfilment of this requirement

for a point particle on M5, we first present some more M°-formalism.

Let us introduce a two-component object

2= (2)% = (1,2), a=0,1, (2)



constructed in terms of the complex local coordinate z on S? and connected with the
coordinates ¢® on Uy C C2? (A.1) by the rule 2* = ¢*/q°. The relations (A.2-4) imply

that 2 is transformed under the action of the Lorentz group by the law

. 9o\ 12 .
2% = 27 = (5) PN, (3)

that is, simultaneously, as a tensor field on S? of type {1/2, 0} (see appendix B) and a
left Weyl spino. Let p* be a time-like 4—vector,

p® = p"p, < 0, (4)

“living” in Minkowski space. One can associate with this 4—vector a smooth positive

definite metric on S? of the form

4dzdz
ds? = = 2¢g,:dzdz, 5
(paga)z ( )
where
€= (00)aa??2* =& = (14 22,2+ 2,1z —iz,1 — 22), €%, =0. (6)

For the Lorentz transformation (A.4) we have, due to Eq. (3), the following relation

dz'd? dzdz

(s 7P~ (a2
where :
Poa = No” Na"pyg
is the transformation law of a 4-vector under the Lorentz group. In this sense ds? is

invariant with respect to the action of the diagonal in P x P on MS. It is worth noting

that the metric (5) is characterized by a constant positive curvature, namely:
1
V., V:] = 5(7“ — 8)g-2 1%, R = —p2. (7)

Here we have assumed the commutator to be taken on the space of tensor fields on S?
of type {r/2, s/Q}H. In a rest reference system where p® = (p°,0,0,0), the above metric

coincides, up to a constant multiplier, with the standard metric on sphere,

4dzdz

ds? ~ 22
T W22

1A smooth tensor field ®*/2l on S? of type {n/2, 0}, which satisfies the requirement of holomorphicity

(B.6), can be represented in the form (B.7), F,,. o, being a Lorentz tensor of type (n/2, 0).
"The covariant derivative V, acts on a field of type {r/2,5/2} as V, = 9, + 2, I'?_ = —20. In(p, &),

2% 22
where (p, §) = p*a.



Inequality (4) proves to be equivalent to the condition that Eq. (5) defines a smooth
tensor field on S? of type {-1, -1}. In the case of a massive particle, there is a natural
candidate on the role of p® — the derivative #* along the space-time trajectory z(7) with
respect to the evolution parameter 7. As a result, the requirement of Poincaré invariance,
i.e. of invariance with respect to the action of the diagonal in P x P only, for a theory
of massive particle on M5 means that both Poincaré scalars related to each point on the

world line, '
2 _ sas 42z
T (397

x
should arise in the corresponding Lagrangian.
The Lagrangian of a relativistic particle on M is given by the following expression

1 .2 mee 2 i 4ZZ 62 e 2

Here e;(7) and ey(7) are Lagrange multipliers (“einbeins”) associated with the particle’s
motion in R*»! and S?, respectively. The Lagrangian consists of two parts: a Minkowskian
length and its spherical counterpart, the former being well known Lagrangian of a massive
spinless particle. The parameter A can be interpreted as a spherical “mass”. As will be
shown below, A is connected with the particle’s spin. The introduction of e; into the
spherical part of £ guarantees the invariance of the action functional under world-line

reparametrizations looking infinitesimally like

(9)
d
5661':_62'67 i:1,2,
dT( )
the parameter ¢(7) being arbitrary modulo standard boundary conditions. What is more,
the action functional possesses another gauge invariance of the form

(Suxa = palu“a 5M61 = [L, 6MZ = 5M62 = 0. (10)

Here 1 denotes the gauge parameter, and p* the four-momentum of the particle,

L 0L @t 4z @
P =0, " e (@60 e

(11)

The presence of two independent gauge symmetries (9) and (10) in the theory with the

Lagrangian (8) gives rise to two first-class constraints in Hamilton formalism.



The Lagrange multipliers e; and e; can be eliminated with the aid of their equations

of motion
82z €1

. 2
x 2 2 _n.
(a) R R (24

(j’ziQ <2—;>2 ~A2=0. (12.h)

= omeyf-an (1- 2 LY 19

For A = 0 this expression apparently reduces to the Lagrangian of massive spinless par-

Then £ takes the form

ticle.

It is necessary to point out that the parameter A is dimensional. As is easily seen, it
can not be made dimensionless by means of redefinitions involving only another parameter
of the theory, the mass of particle, and the speed of light. Accounting, however, the Planck

constant, A can be written on the manner

A = hmey/s(s+ 1), (14)

where s is a dimensionless non-negative constant. We identify s with particle’s spin.
Classically, s can take arbitrary values. In what follows, we are going to show that
consistent quantization of the theory turns out to be possible only for (half)integer values
of s. As for the appearance of & in the classical Lagrangian (13) of massive spinning
particle ((m,s)-particle), this seems natural from the usual standpoint that spin is a
quantum effect disappearing in the limit 7 — 0.

Let us discuss a global structure of the space of world lines (the space of histories) in
the model of (m,s)-particle. Similarly to the spinless case, the space of histories must
consist only of those world lines " = {2%(7), 2(7), 2(7)} consistent with the requirement
of space-time causality:

i <0, ¥ > 0. (15)
On the other hand, it follows from the explicit form of the Lagrangian (13) that £ is well

defined under fulfilment of the following restriction:
|21/ (2,€) < m?c?JAA; (16.a)

here and below we set A # 0. This restriction means that (m, s)-particle can not move
with arbitrary large velocity not only in Minkowski space, but also in the internal (spin-

ning) space. In addition, the requirement (16.a) should be supplemented by the inequality
240 (16.0)

7



presenting a consistency condition for the equation (12.b). At first sight, the restrictions
have a technical character. However, one readily finds that a solution ¢}, of the dynamical

equations
OL/0x* =0, 0L/6z=0

is causal (consistent with (15)) if and only if it is consistent with (16). Hence, all admissible
world lines must obey the system of inequalities (15) and (16) which are to be understood
as the full set of causal conditions for the massive spinning particle. In virtue of the

importance of this assertion, let us give more comments.

We would like to note first that for every world line consistent with (15) the conjugate
4-momentum of particle (11) satisfies automatically the relations (4) and p° > 0. On the

mass-shell for 2%, the 4—momentum is constant, p* = 0, while the equation (12.a) implies
p>+m?c® =0, (17)

as a consequence of the identity ¢2 = 0. Let us choose a constant 4-vector p® satisfying
(17) and the condition p® > 0. Let us also choose arbitrary positive-definite functions
e1(7) and ey(7). Making use of the relations (&,£) = e1(p, &) and (12.b), we rewrite the

dynamical equations for the variables x* and z in the following equivalent form:

a

R
(p,€)’

d?z dz\ 2 T
I =] = T = . 18.
d72 + zz (d%) O, T / ds 62(8) ( 8 b)

70
Here I'?, = —20, In(p,&) is the Christoffel symbol for the metric (5). Now, it is easy to
show that the system of inequalities (15) is satisfied for a solution {x%(7), 2(7), 2(7)} of
Egs. (18) if and only if this solution is characterized by Eqgs. (16).

7% = e;p” 4+ Aey (18.a)

We briefly run through discrete symmetries of the (m,s)-particle model. One can
readily find that the Lagrangian (8) is invariant under the transformation of space inver-
sion
acting on S? as the complex antiautomorphism

Y= 1)z (19)

Associated with the space-time inversion is the identity map on S2.



An admissible way to fix the gauge freedom (9), (10) in the model of (m, s)-particle

consists in imposing the following gauge conditions:

2
0 mc

T =g, ey = —K = const. (20)

A2
Here k is a dimensionless parameter. In accordance with Eqs. (18), in the gauge chosen

the dynamics on S? is specified by the geodesic equation
F4+T2,.(2)° =0, (21)

while the multiplier e; and the space components of the trajectory in Minkowski space

are determined by the trajectory on S%:

e —£<1+mcm1+zz)
PO (»€) )’
(22)
L C 1+2z2\ | 5 £
:E—po (1+mcn (p’é_))p—f—mCK,(p’é_).

For the gauge considered, the equations of motion are integrated most simply in the

case p* = (mec,0,0,0). Then a particular solution is given by the expressions

Z(1) =e“",
(23)
B sin wTt
— - 1 —
Z(7) s s(s+1) | cos wr | +Z(0),
0
where the frequency of rotation w is connected with x by the rule
2

N

and the restrictions (16) mean

0 <w < mc®/hy/s(s+1). (25)

General solution can be restored from (23) by means of applying SO(3)-rotations and in-
versions. As is seen from (25), the upper bound for the frequency of rotation is determined

by spin and decreases with increasing of s.



Basing on the explicit form of the solution (23), it is easily to imagine the situation
having place in the case of arbitrary 4-momentum p®. Namely, in the space-time (m, s)-
particle moves in and oscillates around a straight line to which p® is tangent. But the
amplitude of such oscillations turns out to be of the order & and, hence, disappears in
the limit A~ — 0. Therefore, we come to the conclusion that the classical dynamics in
the model of (m, s)-particle is analogous to the phenomenon of Schrédinger vibration

(Zitterbevegung) in relativistic quantum theory.

To conclude this Section, we present the reformulation of the model most closely
related to Penrose’s treatment of S? as the celestial sphere!!. It turns out that the (m, s)-

particle can be described by the Lagrangian

Los 2 1 W@, 20
£:2—6(:E —(mce))+§<W6 + A% (z,u) |, (26)
where e(7) is an einbein, and u?%(7) is constrained to be a light-like 4-vector (u%(7) < 0)
at each point of the world-line. The action functional, constructed on the base of (26), is

obviously invariant under the world-line reparametrizations

d
ocx® = 1%, ocu’ = ue, oce = —(e€), 27
xt = 1% u® =1 e= - (e€) (27)
and possesses another local invariance
a a a ua : *
0,2 = pp, dut = — ~ due = [1, (28)

P being the canonically conjugate momentum to x® with respect to (26). The Lagrangian
(26) takes the form (8) after the identification

€. (29)

e = ey, u® =

3 Hamilton formulation

We are going now to construct constrained Hamilton formulation'® for the model.

Starting with the Lagrangian (13), let us introduce conjugate momenta for the vari-

ables * and z (in what follows, we set h = ¢ = 1):

OL  do(m? — 4AA) + 2AWE2E, /(i €)

o= Bga — /—i2(m? — 4AV) ’

10
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Then one readily finds that the system possesses two primary constraints:
Ty = ppy + m? = 0; (31.a)

Ty = (p°6)pep: — A =0,  A*=m’s(s+1). (31.b)

These constraints are Abelian ones, {77,7T5} = 0, with respect to the canonical Poisson

bracket
0A 0B 0A 0B 0A OB

+ = + =
ox® Op, 0Oz Op, 0z Ops
A, B being scalar functions over the phase space. Because of reparametrization invariance,

(A, B} = — (A B), (32)

the Hamiltonian vanishes,
Ho = pad® +p.2 +p:z2 — L=0,

hence there are no secondary constraints. As a result, the system possesses two first class

constraints, and the total Hamiltonian is a linear combination of constraints,

1 1
H == 5)\1{])2 + m2} + §>\2{(p7 5)2pzp2 - Az}a (33>

with arbitrary Lagrange multipliers A;(7) and Ay(7). The canonical action looks like
S = /dT (pa®® + ps2 +psz — H). (34)

The constraints T;,7 = 1,2, appearing in the model of (m, s)-particle, have a simple
group — theoretic interpretation. The action of the Poincaré group defined on M5 can
be lifted up on the cotangent bundle T*(M?®) determining phase space of the system.
Obviously, all the Poincaré transformations on the phase space are canonical. The action
of P on T*(M?®) induces special representation of this group in the space of scalar fields
on T*(M®), and the corresponding infinitesimal Poincaré transformations can be written
in terms of the Poisson bracket (32) as follows

1
§A ={A,—f°P, + §K“bJab}. (35)

Here f® and K% = — K% are the parameters of translations and Lorentz transformations,

respectively, and the Hamilton generators look like
Pa = Pa, Jab = ZqPp — TpPa + Mab> (36)

11



where

Mab = _(O-ab)aﬁzazﬁpz + (&ab)dﬁ'zdzﬁpi-

As is seen, the spinning part of the Lorentz generators is realized by the spherical variables
only. Let us construct, using the Hamilton potentials, the classical Pauli-Lubanski vector
We = %5“dePchd and the function of squared spin W*W,. Now, it is a simple exercise to
check the relation

WeW, = (p“&a)*p-p:. (37)

Therefore, Egs. (31) mean that the functions of squared momentum and spin (which
can be treated as phase-space counterparts of the Casimir operators of the Poincaré
group) conserve strongly on the constrained surface. Fach weak physical observable

A(x*, py, 2, p., Z, pz) should meet the requirements
(AT =0, ij=12

what provides A to be gauge invariant on the constrained surface. It can be shown that

the most general form for physical observables reads as
A= f(Pa7Jb0> +@zﬂ7 (38>

©’s being arbitrary functions on the phase space. If A is a strong physical observable, i.e.
{A,T;} = 0, then it proves to depend only on the Hamilton generators (36). So every
physical observable is a function of the Hamilton generators of the Poincaré group modulo

constraints.

The Hamilton formulation is convenient for solving the equations of motion in the
model of (m, s)-particle. The complete integrability of the dynamical equations with
arbitrary Lagrange multipliers, in spite of their nonlinearity, seems to be natural because
of the fact that the theory describes a free particle. To analyze the equations of motion,

it is helpful to introduce another parametrization in the phase space.

Let us consider the domain 7*(S?) in the cotangent bundle of sphere 7*(S?), which is
selected out by the condition p, # 0. In accordance with the restriction (31.b), the spher-
ical part of the constrained surface in the phase space is embedded completely in T*(S 2.

OnT *(5?) one can replace the phase variables z and p, by a covariant parametrization

¢* = 2"\/2p. (39)

transforming by the spinor law (A.3) under the Lorentz group. As is easily seen, the

in terms of the coordinates

correspondence (z,p.) — ¢ defined by Eq. (39) maps the space T%(S?) onto C2? (see

12



Appendix A); then 7%(S?) turns out to be the factor-space of C2 with respect to the
equivalence relation ¢* ~ —¢®. The local functions ¢* (39) on the phase space and their

conjugates g* possess the following Poisson brackets

{qa’ qﬁ} = _gaﬁa {qd> qﬁ} = _5d69 {qaa qﬁ} =0, (40)

% and ? being the spinor metrics (e® = £ = 1). These relations imply that the

transformation (39) is canonical.
In terms of the variables ¢® and ¢%, the constraint (31.b) looks like

1 )
T2 = Z(pafa>2 - A27 -Fa = (0a>adqaqa7 (41>

and the Hamilton actions (34) takes the explicitly Lorentz-covariant form

| o = 26
5= / Ar(pai® + 5 {aad® + Gad” = NT}). (42)

Let us introduce the 4-component Majorana spinor

Q= <ZZ) ) Q= (") (43)

and make use of the identities
a 1~ a a - e oy a
Fr=3507Q, "ot 7Gu = QQ-
Then, the Hamilton equations can be written as follows:

1
P00 @ At e(p, F)F =0,
(44)

Q+ i)\z(]% F)vs(p,7)@Q = 0.

Taking into account the constraints, these equations are easily integrated for arbitrary

A1(7) and Ag(7). The general solution reads

Qr.m) = exp | = alr, 1)3s(p, )| Qr0),
(45.a)

a(r, 7o) = %/Tds Mo(s):

70

2%(1,10) = 2%(70) + p° /T ds {Al(s) + (%)2 Aa($) [cos <2ma(s,7'0)> — 1] }

70

13



_1_%]?“(7-0) /T ds A\a(s) cos <2ma(8, To))

70
A — T )
+%Q(7'0)75 [va,vb}Q(To) pb/ ds A\a(s) sin (2ma(s,70)>. (45.0)
70
To restore the general solution in the gauge (20), one is simply to use the correspondence

e1 <> A1, €2 <> A together with the relation z(7,70) = ¢ (7, 70)/¢"(7, T0).

4 Quantization of the (m, s)-particle model

In the present section, a realization of operator formulation is suggested for the quantum
theory of (m, s)-particle. The phase variables in this formulation are considered to be
Hermitian operators defined in a Hilbert space, with Poincaré-invariant inner product,
and subjected to the canonical commutation relations. Operator ordering in functions on
the phase space is chosen in such a way that associated with the Hamilton generators (36)
of the Poincaré group will be Hermitian operators P, and J,;, satisfying the commutation
relations

[]P)aa ]P)b] = O> [Jaba ]Pc] = i77ac]P)b - inbc]P)aa
(46)

[Jaba ch] - inachd - inchad + inadv]]cb - indeca-

Then, since the constraints (31) were expressed in terms of the Hamilton generators,

owing to Eq. (37), the quantum analogs of T; should be Hermitian operators of the form
T, = P"P, + m°1; (47.a)

@ = W*W, — m?s(s + 1)1, W = %aadePchd. (47.0)

The physical states are to be subject to the conditions
T Wophys >=0,  i=1,2, (47.¢)
which have the meaning that the Casimir operators of the Poincaré group are multiples

of unity on the space of physical states.

As we have seen, the general structure of physical observables in the model of (m, s)-
particle is described by Eq. (38). It is now obvious that the quantization procedure
formulated allows to assign to every classical physical observable a well defined Hermitian

operator in the Hilbert space.

14



In the classical regime, the parameter s could take arbitrary non-negative values,
and for any such value the dynamics was non-contradictory. It turns out, however, that
nontrivial solutions to the equations for physical states exist only for (half)integer s.
Really, the set of Eqs. (46), (47) coincides with that specifying an irreducible massive
spin-s unitary representation of the Poincaré group. As is well known, such representations

exist only for (half)integer spins.

The problem of constructing the operator formulation described reduces to finding an
operator realization for the canonical commutation relations consistent with the conditions
(46), (47). So, the problem is in finding realizations for the massive irreducible Poincaré

representations in spaces of tensor fields on M.

The general structure of tensor fields on M9 is discussed in Appendix B. Here we will
be interested only in those tensor fields on M® which are scalar in Minkowski space and
have a spherical type {r/2,s/2}, r and s being integers. The Poincaré-generators for the
fields of type {r/2,s/2} are given by Eqs. (B.8) and (B.9).

Let us consider the space "H[™/2(MS;m) of massive positive-frequency fields on M®
of type [n/2] = {n/2,0}, where n = 0,1,2,.... Such fields are subject to the mass-shell
condition (47.a),

(O —m*)e/A(z, 2, 7) =0, (48)

and possess the Fourier decomposition

ey,
oA (g 2. 7) = / P i) pln/2(p, 5 7).

0
! (49)
pPP+m’=0,  p">0.
We define inner product for the elements from "H™/2(MS;m) by the rule
dgﬁ dzdz 1 [n/2] [n/2]
<<q>q>>>n :N/—ii p,Z,ZCI) P2 Z), 920
0 2= N [0 ey et IR 60

for N being some normalization constant, &, given as in Eq. (6). Then "H[/2(MC:m)
becomes a Hilbert space. It should be stressed that the inner product (50) is well defined

on S? and built upon the metric (5). We note also that the integration measure

By dzdz

P (p,§)?

proves to be Poincaré invariant, and the expression

(p, &) " (p, 2, 2)0 A (p, 2, 2),

15



is a scalar with respect to the Poincaré group. As a result, the Poincaré representation
acting on TH["2(M?®; m) is unitary. This representation can be readily decomposed into a
direct sum of irreducible ones by accounting the fact that the spin operator C1"/2 = Wew,
on "H[/2(MO:m) coincides with the Laplacian Al*/? (B.11). The spectrum of Al"/? is
described in Appendix C and given by Eq. (C.1), where R = —p? = m? is the curvature
of the metric (5) building up from the 4-momentum. Thus we get the decomposition
HE2(MSm) o THI(ME m). (51)
—n
Here the invariant subspace /2 (M®; m) realizes the Poincaré representation of mass m
and spin s, that is, it is characterized by the conditions (47.a) and (47.b). As is shown in
Appendix C, the expansion of an arbitrary field from TH™/?(M6: m), which corresponds

to the decomposition (51), reads as follows

) B 201 2% tn/2Z0 | Z%sn2
@[n/ ](p7 Z’ Z) = Zl Fa1a3+n/2a1as,n/2 (p) (p é_)s_n/2 (52)
s=5,5 11, ’

In this expansion, each coefficient F,(s1n/2)a(s—n/2) (p) is symmetric in its undotted and,

independently, in its dotted indices

For.asinypintsnya(P) = Flarayi)@rd ) (P); (53)

and p-transversal,
F Ba(s+n/2—1)Bd(s—n/2— 1)( ) = 0. (54)
The F’s can be identified with the Fourier transforms of tensor fields on Minkowski space.
We describe in more detail the case of massive scalar fields on M®. Asis seen from (51),
the corresponding representation of the Poincaré group on THI(MS8;m) is decomposed
into the direct sum of all representations with integer spins. Therefore, a massive scalar

field on M generates massive fields of arbitrary integer spins in Minkowski space. For n

= 0 the decomposition (52) can be rewritten on the manner

. gas

d(p, 2, 2) Fu .a.(p) '7, 55
Z " (p, &) (55)
where ~N
Fal---as (p> - <_§) ((}al)dla1 s (&as)dsaSFalnasdlmds (p)

For just introduced fields with vector indices, the requirement (53) means that F) is

symmetric and traceless
Foy a(p) = F(a1---as)(p)a
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(56)
bem---asfz (p) =0,
while the condition (54) takes the form

prbal---asfl (p) =0. (57)

Together with the mass-shell condition p>+m? = 0, the equations (56) and (57) constitute

the set of relativistic wave equations for a massive field of integer spin s .

It seems instructive to reexpress the scalar product (51) for n = 0 in terms of the fields

appearing in the expansion (55). Direct calculations basing on the use of the identity

/ dzdz T
(6?2 P

lead to the following result

1 I I ﬁ I at...as p . 5

Now, let us consider massive spinor fields on M5, i.e. n = 1. The relations (51) show
that the Poincaré representation defined on "H["/2/(MS; m) is decomposed into the direct
sum of all representations with half-integer spins. Thus, a massive spinor field on M9
generates massive fields with arbitrary half-integer spins. The decomposition (52) can be

rewritten for n = 1 by the rule

0 pogal a
S/ (p,2,2) = 3 Foyaealp) ol 50
ZO 1...0k (p7£) ( )

where

1 k B . B .
Fal--.aka(p) = <_ 5) (Ual)ﬁlﬁl cee (Uak)BkBkFaﬁlﬁkﬁlﬁk

In terms of the spin-tensors introduced, the requirements (53) and (54) are equivalent to
the equations

Fal...aka(p) = F(al...ak)a(p>7 beal...ak,ga(p) = 07
(60)

(&b)ﬁﬁFbalmakqﬁ(p) = prbal---ak—la(p) = 07

which form, together with the condition p? +m? = 0, the set of relativistic wave equations

determining an on-shell massive field of half-integer spin (k+1/2) ?°. Tt is worth remarking
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that a massive field ®/2 on MS turns out to describe spin 1/2 if and only if ®['/? is
holomorphic, 9:®/2 = 0.

Real massive fields on M5 can be realized by considering spaces
H["/z}(MG;m) — TH[”/2](M6;m) ® iq_[[n/2}(M6;m)

spanned on fields with mixed frequency and, then, selecting out in these spaces real
Poincaré-invariant subspaces. For instance, a real field ®!'/2 of spin 1/2 satisfies the

equations
(p, &) V.02 — mdl2l 9,0lY/4 =0

in momentum space, or
€1, 0,002 = im®174, 9.9l = 0

in coordinate space. The above equations prove to be equivalent to ordinary Dirac equa-

tion on Majorana spinor field.

5 Conclusion

In the present paper we have constructed the model of relativistic massive particle of arbi-
trary spin with the configuration space M® = R3! x S2. The theory possesses two gauge
symmetries of reparametrization type. This gauge structure induces strong conservation
of the phase-space functions of squared momentum and squared Pauli-Lubanski vector,
while in the quantum theory it implies that the Casimir operators of the Poincaré group
are multiples of unity in the space of physical states. That is why we can identify one of

the two parameters arising in the Lagrangian with the spin of particle.

The theory suggested has quite clear and simple geometric origin, and can be also
considered as a minimal model of relativistic massive spinning particle. The point is that
dimension of the corresponding configuration space turns out to be minimally possible to

describe the joint space-time evolution and dynamics of spin.

Our model admits a number of nontrivial generalizations. In particular, we have
already developed (super)particle models extending the model of (m, s)-particle to the
cases when the space-time manifold R*! is replaced by N-extended flat global superspace,

(anti) de Sitter space, anti—de Sitter superspace®*?!.

The model of this paper describes the dynamics of free spinning particle with non-

vanishing mass in terms of MS-geometry. It is believed, however, that in the massless
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case total configuration space should also involve sphere as a subspace. The appearance
of sphere SP=2 for describing massless dynamics in special dimensions D = 3, 4, 6, and
10 has recently been demonstrated for the case of a massless superparticle by Galperin,
Howe, and Stelle?? suggested an elegant group-theoretic interpretation for the twistor
formulation of superparticle?*. In the approach of Refs. 23, 24, there appeared a light-
like D-vector as a variable representing spherical variables. This is analogous to the
formulation (26) for our model. Interestingly, the Lagrangian (26) leads to a consistent
spinning particle model in any dimension in the sense that the local transformations (27)
and (28) leave invariant the corresponding D-dimensional action functional. But only for

D = 3, 4 the theory describes a massive particle with arbitrary irreducible spin.

In conclusion, we would like to note an interesting relationship between a special alge-
bra of functions on the phase space of (m, s)-particle and higher spin superalgebras*! un-
derlying the theories of interacting higher spin massless fields?>. As has been shown in sec-
tion 3, the spherical part of the constraint surface in the phase space can be parametrized

by the spinor variables (39). The set of all regular functions of ¢ and ¢,

o
FaD =" > foamiroand™ """
5=0 m,n>0

m4+n=s

forms an infinite dimensional Lie algebra, with respect to the Poisson bracket (39). The
quantization of this algebra, which consists in associating with the phase variables ¢® and

g® operators ¢ and ¢~ under the commutation relations

~a AP

°,¢%) =i, [§",§] =i

7,7 =i, [¢*,4"] =0

leads to an associative operator algebra being naturally Zs-graded and, hence, possessing
the structure of superalgebra. The superalgebra obtained proves to coincide with some

special higher spin superalgebra?’.

6 Acknowledgements

The authors are grateful to V.G. Bagrov, I.A. Batalin and A.A. Sharapov for useful
discussions. This work was supported in part by the International Science Foundation

under the Emergency Grants Program.

Appendix A. The Lorentz group action on S?
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A two sphere S? = CU{oc} is naturally endowed by the structure of a transformation
space for the Lorentz group SL(2,C)/Z, if one realizes S? as the complex projective space
CP!', ie. the factor-space of the complex space C2 = C%\{(0,0)}, spanned by non-zero
complex two-vectors ¢* = (¢°, ¢*), with respect to the equivalence relation g% ~ A\¢®,V \ €
C, = C\{0}. Let 7 : C?> — S? be the canonical projection. The open cover of C? by two

charts

Up={q"€Cl,¢" #0}, 2=q'/¢";
0= { } / A1)

Ui={¢"€Clqg #0}, w=-¢/q¢
induces the atlas {7 (Up), 7(U;)} on S?; the only point of S? not covered by the chart 7(Uy)

can be identified with infinitely removed point. On the role of local complex coordinates
in the charts m(Uy) and 7(U;) it is useful to choose the variables z and w, respectively,
connected to each other in the overlap w(Uy) N w(U;) = C, by the transition function
w=-1/z.

Let us consider the spinor representation (1/2, 0) of the Lorentz group, i.e. the

representation of SL(2,C) on C? assigning to each matrix

b
N = (N,f) = (“d> € SL(2,C), a,f=0,1 (A.2)
c
the following transformation on C?
¢ = ¢ =" (N)s". (A3)

Since mutually equivalent points from C? are moved into equivalent ones, the restriction
of this representation to C2? indices some action of the group on S? given in the local

coordinates z, Z by fractional linear transformations of the form

az —b
=" A4
S —cz+d (A4)

For any N € SL(2,C), the group elements +N define the same transformation on S?,

therefore we result in the action of the Lorentz group on S2.

In accordance with Eq. (A.4), the Lorentz group acts on S? by holomorphic fractional
linear transformations. Reversally, it is easy to observe that every holomorphic one-to—
one mapping of S? onto itself is a transformation of the form (A.4). Therefore, the Lorentz

group coincides with the group of complex automorphisms of two-dimensional sphere.

Appendix B. Tensor fields on M®
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Representations of the Poincaré group in terms of fields living on M can be obtained
via tensor products of analogous representations defined on Minkowski space and on two-
sphere. Let us recall that a tensor field on R*! of Lorentz type (k/2,1/2), k,1=0,1,2,...,

is given by a set of smooth components

Fa(k)d(l)(x) = Fal---akdl---dl(x)7 (Bl)

symmetric independently in their undotted and dotted indices,

Fa1---akd1---dz (I) = F(al---ak)(dl---dl)(z) (BQ)

and changing by the law
v b v B
F,al---akdl---dz(x/) = Noqﬁl s Nakﬁk Ndl - Na l FBl---ﬁkBl---Bl (1’) (BB)

under the Poincaré transformations (1). The round brackets in (B.2) mean the sym-
metrization of indices. A tensor field on S? of type {r/2,s/2}, where r,s = 0, 1,42, ...,
is given by a smooth function ®(z, z) in chart C and by a smooth function ¥(w,w) in

chart C,N{oo} such that in the overlap of charts these functions are connected as follows:

U(w,w) = (g—f)r/z (%)S/z O(z, 2). (B.4)

The Lorentz transformations (A.4) act on the field of type {r/2,s/2} by the law

o(,7) = (%)m (g—i)s/z@(z, 7). (B.5)

In summary, each tensor field on M® is characterized by its Lorentz type {k/2,1/2} and
its spherical type {r/2,s/2}.

In the present paper, we mainly consider tensor fields on M® without external Lorentz
indices (kK =1 = 0). For most of applications this proves to be sufficient, because ordinary
tensor fields in Minkowski space arise as coefficients in expansions of tensor fields on
M©O over special harmonics. Let us consider, for instance, a tensor field on S? of type
{n/2,0} = [n/2], "2 satisfying the requirement of holomorphicity

0:0"2 = 0. (B.6)

According to the Riemann—Roch theorem!8, Eq. (B.6) possesses nontrivial solutions on

S% only for n > 0 (in the class of smooth tensor fields on S?), and dimension of the
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corresponding space of holomorphic fields is equal to (n + 1). The general solution of Eq.
(B.6) reads

q)["/z}(z) = Foy0, 2% 2%,
(B.7)

= U () = F, o w™ . w®, w® = (w, —1).
Here F,, . ., is a Lorentz tensor of type (n/2,0).

Representation of the Poincaré group in the space of tensor fields on M°S of type

{r/2,s/2} is characterized by the following generators:
]P)a = —i@a, Jab = —i(l’aab — l’baa + Mab), (B8)
where the spinning part of J,, is realized by spherical variables on the manner
Mab = (Uab>aﬁMaB - (&ab)dBMdgu
af a B r a B ] o'zB Py —B S —d—B (Bg)
M :—z282+§8z(zz), M :—2282+§82(ZZ).

Then, the operator of squared spin C{/25/2} = Wew, We = %eadePbJCd being the

Pauli—Lubanski vector, has the form

CU/2/% = —(P,£)%0,0; + r(P,&)(P, 0.€)0; + s(P, £)(P, 0:€)0.—

—rs(P, 0,6)(P, 8¢) — P2 { (7" 5 3) 4+ ; S} . (B.10)

Let us restrict this representation to the subspace of massive fields satisfying the Klein—

Gordon equation P? + m?1 = 0 and introduce the Fourier transform. In result, the spin
operator (B.10) can be expressed in terms of the covariant derivatives constructed on
the base of the metric (5). In particular, for the massive tensor fields on M5 of type
{n/2,0} = [n/2] we get

ol = o200k = A2

B.11)
n/2] — 9,77 o (
A 2g VZVZ+2<2—I-1>R.

As is seen, the operator of squared spin is determined by special spherical Laplacian.

Appendix C. Relativistic harmonic analysis on S?

In this appendix we shall prove a lot of important assertions concerning spectra of
the Laplacians (B.11) and generalized Fourier decompositions for tensor fields on S%. We

begin with formulating the basic statements.
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I. Spectrum of the Laplacian Al*? where n = 0,1,2,..., is given by the following

eigenvalues
n n n

=—=4+1,=-4+2,...; C.1
272_'_ 72+ Y Y ( )

dimension of the eigenspace corresponding to an eigenvalue s(s+ 1)R is equal to (2s+1).

s(s+1)R, s

II. A smooth tensor field ®"/2(z, 2) on S? of type [n/2] = {n/2,0},n > 0, can be

represented in the form

2% 204k F01  ZOk

WK

o/ (2, 5) = (C.2)

Fa1.~~an+kd1~"dk (p g)k

e
Il

0

Here the expansion coefficients, being Lorentz tensors, are determined uniquely from the
two requirements:
a) Flay.anypar...ay 18 a tensor of type ((n +k)/2,k/2), i.e.

Fal---OCnJrkéél---dk = F(al...an+k)(d1...dk); (Cg)

b) for k # 0, F,,,, .a(k) is p-transversal,

P Fgatnsn—vygate—1) = 0- (C4)

III. Under the fulfilment of Eqgs. (C.3) and (C.4), the k-th term in the expansion (C.2) is
an eigenvector for A2 with the eigenvalue s(s + 1)R, where s = n/2 + k.

To prove the assertions formulated, we associate with each non-negative integer n the
Hilbert space H!™/? of squared integrable tensor fields on S? of type [n/2] with respect to

the inner product

< |0 S =< By By >p,= / d2dz(g.:)" 2 1P (2, 2) Pa (2, 2), (C.5)
®, and P, being tensor fields on S? of type [n/2]. One immediately gets the following
identities:

< v, o/ pl/2 = _ < /2l |72/ . (C.6.a)
< VFol/ Ao/l = _ < ¢y o/ . (C.6.b)
" ; n/n
< @|AAD >0y = 2AVO|R, oy + 5 (5 +1) 191,y (C.6.0)

where V? = ¢**V;. The final identity shows that Al"/2 is a positive operator on H!"/2,

n n/n
< DAP® >p> 2 (2 4+1) 2,

23



and the equality here proves to take place only on the subspace of holomorphic fields

Explicit structure of the states from ?—[([)n/ 4 s given by Eq. (B.7), and each such field is
seen to be an eigenstate for A*/? with the eigenvalue 5 (% + 1) R. Obviously, this is the
eigenvalue 3 (% + 1) R realizing minimum in the spectrum of Al"/2l. The rest eigenvalues

of Al"? can be readily restored by taking into account two simple identities

va[n/ﬂ _ A[n/2+l}vz’

(C.8)
VAR Z A2y
and analysing also the following mappings
VA e M VA e N AL (C.9)

One can check that kernel (Ker) and total image (Im) for the mappings (C.9) look like:
Ker V| yin/2 = Hgnm], Im V7?2 = H[n/2+1]; (C.10.a)

Ker VZ|H[n/2+1] = 0, Im VZ|H[n/2+1] = H[n/ﬂ\H([)n/z}. (ClOb)

For example, let CDT/ > pe a field orthogonal to the subspace V*H["/2 in H["/2+1 Then
we have
0= < vzq)[n/2}|q)[f/2+1] S - _ < q)[n/2}|VZ®[IL/2+1} S

for any ®/4 € H["/2 hence Vzé[f/ﬂu = 0, and therefore @T/QH} = 0. Now, it is easy
to deduce the assertion I from the relations (C.8) and (C.10).

To check the assertions II and III, one is to account the explicit structure of states
from H™/?l and to calculate the action of V, and V* on separate terms in the expansion
(C.2). Making use of the identities

220,2° — 2P0,2% = P,

(C.11)

one gets
a1 Qn 4k *C‘l{l *C’l{k
v F R A AR A
Q1. Qi QO -

(p, )"

24



2O 2%kl 0L Z k-1

= F, - (C.12.a)
1 Qn4k+101...Q—1 k—1 . .
" (p:€)
_ K 5
Fal...an+k+1d1...dk,1 - §pan+k+1 al---an+kd1---dk67
201 ZOntkt1zOl |zt
V.F, b —
1Oy k10011 k—1
" (p;€)
2% gOntkZ | Z
Fal...an+kd1...dk k 9 (ClQb)
(p;€)

Fa1---an+kd1---dk = _(n +k+ l)pﬁdk Fﬁa1---an+kd1---dk71'

As is clear from the above discussion, Eq. (C.2) constitutes the decomposition of a
tensor field ®"/2 with respect to the complete set of eigenfunctions associated with the
elliptic operator Al"/2 (B.11). Since this Laplacian is specified by a time-like 4-vector
p?, and the coefficients Fi,41)a@k) in (C.2) are Lorentz tensors, the above decomposition
can be called an expansion over relativistic harmonics. Obviously, this expansion appears
to be most adapted for making explicitly Lorentz covariant calculations. It is instructive
to establish relationship between relativistic and ordinary spherical harmonics. Let us

consider, for instance, a scalar field ®(z, z) on 52, for which Eq. (C.2) reads

O(z,2) = Y By(2,2), (C.13)

s=0
where the s-th term
2N %N F%s
Qs(2,2) = Foy...an6n...s C.14
( ) 1 1 (p’ é—)s ( )
satisfies the equation
AV®, = 5(s + 1)RD,, (C.15)

what implies the fulfilment of Egs. (C.3), (C.4) for the coefficients Fi,(s)a(s)- We choose a
coordinate system where the metric (5) is determined by 4-vector p® = (V/R,0,0,0) and,
hence, proportional to the standard metric on S?,

4dzdz

ds* = R——"_. C.16

T M0 2 (C.16)

Let us also replace the variables z, zZ by standard spherical angles 6, . Their connection

reads ) ~

—2Z :

0 = e — 4/7 C.17

cos 25" e z/Z, ( )
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and Al takes the form

2
Al = _RA, A L 9 + ! 8<sin92).

T §in200p? | sin 000 00
As is well known, the general solution of the equation A®; = —s(s+ 1)P can be written
as follows: .
O,(0,0) = Y Cpe™Plm(cos 0), (C.18)
with
Pl™l(cos 6) = L Sinmﬁﬂ(cos2 0—1)°
* 235! (dcos B)stm

being adjoint Legendre polinomials. Expressing 6, ¢ in (C.18) via z, z, with the use of

(C.17), we arrive at

®,(2,2) = 0,002, 7). (7)) = T

s(2,2) = P4(0(2,2), (2, 2)) = —,
4 1+ 22)°

where 7° is a polinomial of z and Z of general degree 2s. The final expression is in
agreement with Eq. (C.14).
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