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Abstract

One fundamental question in biology is population extinction and persistence, i.e., sta-
bility /instability of the extinction equilibrium and of non-extinction equilibria. In the
case of nonlinear matrix models for structured populations, a bifurcation theorem an-
swers this question when the projection matrix is primitive by showing the existence
of a continuum of positive equilibria that bifurcates from the extinction equilibrium as
the inherent population growth rate passes through 1. This theorem also characterizes
the stability properties of the bifurcating equilibria by relating them to the direction
of bifurcation, which is forward (backward) if, near the bifurcation point, the
positive equilibria exist for inherent growth rates greater (less) than 1. In
this paper we consider an evolutionary game theoretic version of a general nonlinear
matrix model that includes the dynamics of a vector of mean phenotypic traits subject
to natural selection. We extend the fundamental bifurcation theorem to this evolution-
ary model. We apply the results to an evolutionary version of a Ricker model with
an added Allee component. This application illustrates the theoretical results and, in
addition, several other interesting dynamic phenomena, such as backward bifurcation
induced strong Allee effects and survival when multiple traits evolve, but extinction if
only one (or no) trait evolves.
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1 Introduction
We consider a discrete time model
Z(t+1)=P(2(t)z(t), teNyg={0,1,2,...} (1)

for the dynamics of a biological populatlon whose individuals are classified into a finite number of
discrete classes. Here & : Ny — R, L isa sequence of m-dimensional column vectors consisting of

class specific population densities, where R  is the closure of the positive cone R'}* in m-dimensional
Euclidean space R™. Recursive formulas (1), called matrix models, are widely utilized to describe
the dynamics of populations in which individuals are classified according to age, size, life cycle stage,
spatial location, genetic composition, etc., indeed virtually any classification scheme of interest [4, 7].

The entries p;;(%) of the projection matrix P(£) are chosen by a modeler to describe class-
specific, per capita (individual) birth and survival rates and to account for transitions of individuals
from one class to another. As indicated, these entries can be dependent on the densities in the
demographic vector &, dependencies that make the dynamic model nonlinear. Classic examples
of matrix models for structured population dynamics include the age, size, and stage structured
models of Leslie and Lewis [19, 20, 21], Usher [26], and Lefkovitch [18].

Of fundamental importance to a biological population is its avoidance of extinction. We refer to
the equilibrium & = 0 solution of (1) as the extinction equilibrium. If the extinction equilibrium is an
attractor, then the population is threatened with extinction. This leads to the study of the stability
properties (local and global) of the extinction equilibrium. The linearization principle [14] leads one
to consider the eigenvalues of the Jacobian obtained from (1) evaluated at the extinction equilibrium,
which is the inherent projection matriz P(0) (inherent means density free). If all eigenvalues of P(0)
lie in the complex unit circle, then the extinction equilibrium is locally asymptotically stable!,
which threatens the model population with (asymptotic) extinction. If at least one eigenvalue is
outside the complex unit circle, then the extinction equilibrium is unstable, which opens the
possibility of population persistence. The nature of the bifurcation that occurs when the extinction
equilibrium loses stability? forms a fundamental bifurcation theorem in population dynamics. We
describe this theorem below (Theorem 1).

In the matrix model (1), the vital rates and transitions modeled by the entries p;;(Z) of the
projection matrix P(#) change temporally only due to changes in the demographic vector & =
Z(t). There are, of course, numerous other reasons why these vital rates and transitions might
change in time, for example, they might fluctuate randomly due to demographic or environmental
stochasticity or periodically due to regular environmental oscillations (seasonal, monthly or daily
fluctuations). Another reason these vital rates and transitions might change in time is that they
are subject to selective pressures from Darwinian evolution. Our goal in this paper is to investigate
an extension of the fundamental bifurcation theorem for the non-evolutionary model (1), as given
in Theorem 1 below, to an evolutionary game theoretic version of (1). We describe the evolutionary
model in Section 3, study the stability of an extinction equilibrium in Section 4, and in Section 5
determine the nature of the bifurcation that occurs when extinction stability is lost. In Section 6

! An equilibrium ¢ is locally stable if given any e > 0 there exists a § > 0 such that for any initial
condition satisfying |2 (0) — &| < 6 it follows that the solution satisfies |Z (¢t) — &| < ¢ for all ¢ € Nyo. An
equilibrium is a local attractor if there exists a §g > 0 such that |£ (0) — &| < ¢ implies lim;_, o & (t) = Z.
An equilibrium is locally asymptotically stable if it is both locally stable and a local attractor.

2Throughout this paper stable (or stability) means local asymptotically stable (or local asymptotic
stability). Unstable means not locally asymptotically stable.



an application is made to an evolutionary version of a Ricker model with an added Allee component
(low density positive feedback effect).

2 A Bifurcation Theorem for the Matrix Model (1).

We make the following assumptions on the entries p;;(#) in the projection matrix P(#). Let 2 C R™
denote an open neighborhood of 0 € R™ and QQ(Q — R, ) denote the set of twice continuously
differentiable functions that map 2 to R;.

H1: P(2) = [pi; (2)] is primitive for all & € Q and p;; € C*(Q — Ry).

Recall that a nonnegative matrix (i.e. one all of whose entries are nonnegative) is primitive if it
is irreducible and has a strictly dominant eigenvalue. Perron-Frobenius theory implies that the
spectral radius p[A] of a primitive matrix A is a strictly dominant, positive and simple
eigenvalue which possesses a positive eigenvector in R'?. Moreover, no other eigenvalue has a
nonnegative eigenvector, i.e. an eigenvector in ET. See [3]. We denote the strictly dominant
eigenvalue of P(%) by
(&) == p[P(2)].

Observe that r () € C?(Q — R!). The number r(0) is the inherent growth rate of the population
(the growth rate in the absence of density effects). For notational simplicity we denote this number
by

ro :=7r(0).

For our purposes, we normalize the entries of P in a way that
P(2) =roQ(2)
where the normalized matrix @ (Z) = [g;; ()] satisfies H1 and
Q) = 1.
Then the matrix equation (1) becomes
Zt+1) =roQ(2(t))z(¢), te Np. (2)
We denote the entries of the matrix Q(z&) by ¢;;(z).

Definition 1 We say that a pair (ro,2) € R x  is an equilibrium pair of (2) (or equiv-
alently of (1)) if @ = roQ(&)i. Observe that (ro,0) is an equilibrium pair for every
ro € R; we call (r9,0) an extinction equilibrium pair. An equilibrium pair (ro, %) is a
positive equilibrium pair if £ € R and it is stable if & is a locally asymptotically stable
equilibrium of (2) (equivalently (1)).
We need the quantity
k= —0] [Vig ir] i

where T' denotes transposition, the gradient V; of ¢;;(Z) with respect to & is a column m-vector,
and ngg; denotes the transpose of the gradient evaluated at the bifurcation point (ro,z) = (1,0).
With this superscript notational convention, we can equivalently write

k= -] [Vap,wr] Wr. (3)



Here the vectors @} and g are the (positive) left and right eigenvectors of Q(0) (equivalently of
P(0) when 79 = 1) associated with eigenvalue 1, normalized so that

whig = 1.

Note that [vgp?ij} is an m x m matrix. The derivative 82kpij measures the effect that
an increase in the density of class k£ has on the entry p;; of the population projection
matrix P (at low population density). The number W’ [Vgp;f';ﬁ)lg] wWg is a weighted sum
(with positive coefficients) of all density effects on all entries p;;. This number therefore represents
a summary measure of the effects that (low level) class densities has on the population (as does k,
the minus sign being introduced only for notational convenience in Theorem 1.)

From the linearization principle and from Theorems 1.2.4 and 1.2.5 in [7] we have the following

result.

Theorem 1 Assume the matriz P(&) in (1) satisfies HI.

(a) The extinction equilibrium (rg,0) is stable for ro < 1 and is unstable for ro > 1.

(b) There exists a continuum C of positive equilibrium pairs (ro, &) € ]1§+ x R of the matriz
equation (1) which bifurcates from (1,0) (i.e. contains the extinction pair (1,0) in its closure). Near
the bifurcation point, the positive equilibrium pairs on C have the parameterization

#(e) = re+O(?)
ro(e) = 14 re+ O(e?)

for € £ 0.

(c) We say the bifurcation of positive equilibria is forward (respectively, backward) if, in
a neighborhood of (1,()), the positive equilibrium pairs on C are such that ro > 1 (respectively,
ro < 1). If & > 0 then the bifurcation of C at (1,0) is forward and the equilibrium pairs on C
in a neighborhood of (1,0) are (locally asymptotically) stable. If k < 0 then the bifurcation is
backward and the equilibrium pairs on C in a neighborhood of (1, f)) are unstable.

Note how, in this Theorem, the direction of the bifurcation determines the stability of the
bifurcating equilibria. A forward bifurcation, occurring when the extinction equilibrium loses its
stability as rg increases through 1 (removing the threat of extinction), creates stable positive (non-
extinction) equilibrium states.

Theorem 1 asserts stability or instability of the bifurcating positive equilibria C locally only, i.e.
for equilibrium pairs on C near the extinction equilibrium (1,0) only. However, the continuum C is
known to exist globally in the sense that it connects to the boundary of the set on which the matrix
model is defined, i.e., it connects to the set {+00} x (02 N RY"), where 92 denotes the boundary

of © . In most applications, € includes the closure ET of the positive cone, which implies that
either the component 7 is unbounded or the norm |Z| is unbounded in R, (or both). When rq is
unbounded we have that there is at least one non-extinction equilibrium for each ro > 1 [7, 8].

A derivative 0., p;; is often negative in population models because of an assumption
that an increase in density z; will have a deleterious effect on some vital rate (birth
rate, survival probability, growth rate, metabolic rates, and so on). These kinds of
negative feedback phenomena are common in population models that describe density
regulation mechanisms for population growth. If all the derivatives 8gkpij are negative
(or zero), that is to say, if all density effects in a model are negative feedback effects,
then clearly x > 0 and the bifurcation of the continuum C is forward and hence stable.



A positive derivative ng pi; is called a component Allee effect [5]. Clearly, the existence of a
component Allee effect is necessary for a backward bifurcation (i.e. for x < 0). If all component
Allee effects are sufficiently large so that x < 0, then the bifurcation of positive equilibria at (1, f))
is backward and hence unstable. A common occurrence in this case is the creation of a strong
Allee effect, i.e. the presence of two attractors, one of which is an extinction equilibrium and the
other of which is positive. Thus, population survival is initial condition dependent. This scenario
can only occur when ryp < 1 and the extinction equilibrium is stable. A backward bifurcation does
not create a stable positive equilibrium, however. A strong Allee effect usually arises in models
with backward bifurcations. This is because it is usually assumed that negative feedback effects
predominate at high densities (even if they do not at low densities) which has the consequence of
“turning” the continuum C around at a critical (saddle-node bifurcation) value of ro < 1 with a
concomitant stabilization of the positive equilibria. We will not pursue this phenomena here, which
occurs outside a neighborhood of the bifurcation point. See [10].

In this paper we extend the fundamental bifurcation Theorem 1 to an evolutionary version of the
matrix model (2) under the assumption that the projection matrix depends on a suite of phenotypic
traits subject to natural selection. This generalizes the results in [6] where models with only a single
trait are considered.

3 Darwinian Dynamics with Multiple Evolutionary Traits

We consider an evolutionary version of the matrix model (1) developed in [28]. In that modeling
methodology a (focal) individual’s vital rates, as described by the entries of the projection ma-
trix, are influenced by a collection of scalar traits & = (v1,...,v,)T and the population means of
these traits & = (ug,...,u,)?. By this assumption, an individual’s fitness depends on both its
own suite of traits ¢ and the traits possessed by other individuals in the population @ (frequency
dependence). We indicate this by the notation P(&,4,v), which in turn implies that the spectral
radius of P(&,4,0) is also dependent on ¢ and :

r(&,4,0) := p|P(&,u,0))].

Darwinian dynamics track the dynamics of the structured population Z(t) and the vector of pop-
ulation mean traits 4 (t) = (uy(t),...,u,(t))T, the latter by means of the assumption that
changes in the mean trait are proportional to the fitness gradient of the focal individ-
ual [1, 13, 2, 16, 17, 22, 28]. We extend the resulting evolutionary matrix model, as found in [28],
to include a vector of traits © = (v1,...,v,)T. Different fitness functions can be found throughout
the literature, but the most common choice is the exponential growth rate Inr [24]. Another choice
used by some researchers is the net reproduction number Ry(Z, @, 0). We use Inr(Z, 4, 0), but note
that by the results in [9] our results remain unchanged if r(Z, @, 0) is replaced by R (%, @, ).

The model equations for the coupled population and trait dynamics provided by evolutionary
game theory are [22, 28]

Bt+1) = P50, 0 ewamae 2D 4)
at+1) = a(t)+ M Vlnr(@,a,0)za,0=0),a0).a0) (5)

where M = (0;;) is a symmetric n x n variance-covariance matrix for trait evolution and the gradient



Volnr(2,a,9) is a column n-vector, whose it" entry is

8, nr(s,i,) = W
1 U/L

The entry o;; of M, i # j, is the covariance of the ith

The diagonal entries

phenotypic trait and the j** phenotypic trait.

2. _
0, ‘= 044 ZO

are the variances of the 3" trait (from its mean u;) occurring in the population at each time ¢ (which
are assumed constant). We assume the usual conditions for a covariance matrix, namely that M is
positive semi-definite and symmetric.? If the matrix M is the null matrix, then no evolution occurs
and 4(t) remains constant for all ¢. In this case Theorem 1 holds when applied to (4) with the mean
trait 4(t) = @(0) held fixed.

We write (4) and (5) as

at+1) = a(t)+M Volnr(@ (t),a(t),a(t)) (6b)

(&,0,0)=(2(¢),a(t),a(t))

Volnr(2(t), a(t), a(t) : = [Velnr(2,4,9)] s a.0=@@),a0),a0) -

Remark 1 We will need to differentiate functions of the three variables (i,4,0) after
letting 0 = @ with respect to the components u; of i and from them construct gradients
and Jacobians with respect to i. Such a derivative is the sum of the partial derivatives
with respect to u; and v;. For example, the derivative of r(&,u,4) := r(Z,4,0)|s=q with
respect to u; is

0 A d .
o, [r(2, 0, D)]9—a) + dv, [r(2, 0, D)]o—a)
which we write as
or (&, 4, ) n or(&,a,a)
ou; ov;

With this notation, the gradient of r(Z,4,4) with respect to the components u; of i
constructed from these partial derivatives is

Var(, 6, 0) + Vor(a, a, ).

Let V be an open connected set in R™ and let £ C R™ be an open set containing the origin
0 € R™. We assume the following about the projection matrix P(Z,,v) and the variance-
covariance matrix V.

H2. P(@

, U, D) is primitive for (2,1,0) € Qx V x V, pjj € C] QU xV xV — Ry),
pij (%, G,0) =

Pi; (0)Pij (2,1, 0) such that pi;(0,4,0) =1, and M is invertible.

3 M is positive semi-definite means 7 M© > 0 for all & € R™. M is symmetric means 05 =0j; foralll <i4,5 <m.



Remark 2 The assumption on p;; in H2 implies that trait frequency dependence has no effect in
the absence of density effects. Specifically, p;;(0,u,0) = p;;(0). A mathematical implication

of this assumption is that all derivatives of p;;(0,4,0) with respect to components u; of
u are identically equal to 0 for all ¥ :

Il
o
3

(7)

This means the inherent projection matriz P(O, 1,0) is independent of i and hence so is
its dominant eigenvalue (0,4, ). Thus Var(0,4,9) = 0,, for all © hence V; (0,4, ﬁ)iﬁ:ﬁ] =
0,. Using the notation convention in Remark 1 we have

Var(0, 1, 0)

0,,. (8)

Remark 3 The assumption on M in H2, that it is invertible, is for example satisfied
if traits are not strongly correlated.

Our approach is to consider the bifurcation of equilibria from an extinction equilibrium which,
by definition, is an equilibrium (&, 4) = (0, @) of (6). From (6b) we find that (0, %*) is an equilibrium
if an only if

Ver(0,a%,4%) = 0,

(where 0, is the origin in R"), in which case we say @* is a critical trait. As a bifurcation parameter
we use the dominant eigenvalue of P(0,u*,4*), which we denote by

This is the inherent growth rate of the population when the trait is held fixed at the critical
trait & = ¢*. As in the non-evolutionary case, we normalize the entries of the projection matrix so
that

P(2,0,0) =r;Q(Z, 4, 0)

where @ satisfies H2 and
Letting

we have )
r(&,4,0) = r§ 7(&,4,0), 7(0,4%,4") =1. 9)

The Darwinian equations (6) are now
t+1) = roQ&(),a(t),u(t))z(t) (10a)

at+1) = alt) + =M Vi, @). (10b)

Note that the bifurcation parameter r§ does not appear in the trait equation (10b). This is
because in the trait equation (6b) we have

—_
—_

Vf, hl’l"(.’f? (t),fb(t) ,ft(t)) = mvl‘,’f (Lﬁ,’&,’l)) = WT;V{JF (Lf?,’l],ﬂl)



in which r§ cancels.
We say that a pair (], (&,4)) € R x (2 x V) is an equilibrium pair if

@ = rQ(&,4,0)% (11a)
0n = Vor(d,a,a). (11b)

Note that R R
VT (2,4, 4) = 0y, if and only if Vir(Z, 4, 4) = 0,,.

Definition 2 We say an equilibrium pair (r§, (Z,4)) is a positive equilibrium if & € R7'. An
extinction equilibrium pair is an equilibrium pair of the form (rg, (0,4)).
Observe that (r{, (O, @)) is an extinction equilibrium pair if and only if & = 4* is a critical trait

and, conversely, if & = 4* is a critical trait, then (1, (0,4*)) is an extinction equilibrium pair for
all values of 7.

4 Stability of extinction equilibria

We want to analyze the stability properties of an extinction equilibrium pair.

Definition 3 We say that an equilibrium pair (1§, (Z,4)) is stable if (&,4) is (locally asymptot-
ically) stable as an equilibrium of the Darwinian dynamics (6).

To use the Linearization Principle, we compute the Jacobian matrix for the system (10a)-(10b)

e o (red(@G,0)  reU(E, G, )
T = ( T(d,i,a) B 0.0)

)& with respect to & and U(Z,u,4) is

>

where J(&,4,a) is the m x m Jacobian matrix of Q(Z, @,
the m x n matrix whose n columns are

00, Q(2, 11, W)E + 0y, Q(&, 4, A)F, i=1,2,--- ,n. (12)

The dynamics of the i** mean trait u; are given by

ui(t+ 1) = u(t) + Z 0Oy, M 7(Z, 0, 0).

k=1
and therefore Y (2,4, @) is the n x m matrix whose " row (i = 1,2,--- ,n) is the transpose of the
gradient
Vi Y OikOu, (&, 10,4) = Y 0k Vi, InF(2, 1,0)
k=1 k=1 =1
and
O(2,10,0) = Inxn + MH(Z,4,0) (13)

where H(&,1,14) is a n x n matrix whose kj" entry is the u, derivative of Oy; In7(Z,4,1), i.e.

H(&,1,8) = [Dupo, In7 (3,1, )

o Oopy (2,0, 0)|,_, ]

oo



By assumption H2, the projection matrix P(0, @, ©) = [p;; ()] is independent of @ and as a result

@)i(i,a,@):(o,u,u) =0

for all w. It follows that

where we have adopted the superscript notation

80

Vv

7= Opyo; INT(2, 1, 0) (6,0,0)= (0,2 a) °
Thus, the matrix H (0, 4", 4*) is the Hessian of In7(&, 4, ) with respect to 0 evaluated at (&, 1, 0) =
0, 4", i)

The Jacobian J evaluated at an extinction equilibrium pair (rg, (Z,4)) = (r§, (0,4%)) is

g0 = () ) = () pa) 09

where 0,,, denotes the null matrix with dimension m xn. We note that .J(0, a*, 4*) is the Jacobian
with respect to Z of (10a) when the trait is held fixed at 4*. The eigenvalues of (15) are the m
eigenvalues of 75Q(0, 4*, 4*) and the n eigenvalues of ®(0, * ﬂ*)

Recall that 7§ is the (strlctly) dominant eigenvalue of ’I“OQ(O @*,4*). Thus, if r§ > 1 the extinc-
tion equilibrium (0,%*) is unstable. On the other hand, if 7§ < 1 then stability (by linearization)
is determined by the n eigenvalues of <I>(0 u*,4*). Using the linearization principle for discrete
dynamical systems [14], we obtain the following result, which is an extension, for the evolutionary
case with multiple traits, of the first statement in Theorem 1.

Theorem 2 Assume H2 holds and that @* € V' is a critical trait.
(a) If r§ < 1 and p[® ( @*,4*)] <1, then the extinction equilibrium pair (rg, (0,4%)) is stable.
(b) If r§ < 1 and p[®(0, 4" A*)] > 1, then the extinction equilibrium pair (r(, (0,4")) is unstable.
(c) If r§ > 1, then the extmctzon equzlzbmum pair (1, (0,1*)) is unstable.

To investigate the spectral radius p[®(0,4*,@*)], which appears in Theorem 2, we make further
assumptions on the matrix M.

H3. The variance-covariance matriz M diagonally dominant: o% > Zj# loijl -

In [27] it is shown, under assumption H3, that p[®(0,a*, 4*)] < 1 if H(0,a*,4*) is negative defi-
nite and that p[<I>(O a*, %)) > 1if H(0,a*,4%) is posmve semi-definite or 1ndeﬁnite provided the

variances o2 are small.

Corollary 1 Assume H2 and H3 hold and that @* € V' is a critical trait. If the variances o? are
small, then the extinction equilibrium pair (v, (0,4*)) is

(a) stable if r§ <1 and the Hessian (14) is negative definite;
(b) unstable if r§ > 1 or if the Hessian (14) is either indefinite or positive semi-definite.



With regard to the variances, the assumption o? < 1/p[H(0,4*,4*)] is sufficient in
Corollary 1. We are particularly interested in the case when the extinction equilibrium (7, (0, 4*))
loses stability as r§ increases through 1. This occurs in Theorem 2 when p [@(ﬁ,ﬁ*, ﬁ*)} <1 It
also occurs in Corollary 1, when H(0,4*,4*) is negative definite. This suggests the possibility
that the (transcritical) bifurcation occurring at r§ = 1 can result in a branch of stable positive
(non-extinction) equilibria. We address this question in Section 5.

As an example consider the case when there is no covariant evolution of the traits (i.e. that the
off diagonal terms in M are all equal to 0 and the diagonal terms o7 are positive) and when

° 7 =0 fori#j, (16)

ViVj

7k

so that traits evolve nearly independently in a neighborhood of (Z,4) = (0,4*). With these as-
sumptions the matrix ®(0,4*,4*) is diagonal and its eigenvalues are 1 + afagmf. From Theorem
2 we obtain the following corollary.

Corollary 2 Assume H2 holds and that 0* € V is a critical trait. Further assume o;; = 0 and
(16) for all i # j. The extinction equilibrium pair (rg, (0,4*)) is

(a) stable if r§ < 1 and |1+ 0200, 7| <1 for all i;

(b) unstable if r§ > 1;

(c) unstable for any r§ > 0 if |1+ 0289,,,7| > 1 for at least one i.
Note. In Corollary 2(c) the extinction equilibrium pair (r§, (0,4*)) is unstable, for any value of ry,

if 89 ,,7 > 0 for at least one i. On the other hand, if 8., 7 < 0 for all values of 4, then extinction
2

o

equilibrium pair (rg, (0,@*)) is stable for r§ < 1 and small variances o

5 A Bifurcation Theorem for the Evolutionary Model (10)

The loss of stability by the extinction equilibrium pair when r{ increases through 1 suggests the
possibility of a (transcritical) bifurcation at the value r§ = 1. This is due to the fact that an
eigenvalue of the Jacobian leaves the complex unit circle as r increases through 1. In this section
we establish a bifurcation theorem for the evolutionary model (10).

We begin by assuming that @ can be expressed as a function of & by means of the equilibrium
equation (11b).

H4. Let u* € V be a critical trait. Assume there exists a function é € C?*(N — V),
where N is a open neighborhood of 0 in R™, such that £(0) = 4* and V47 (%, £(2),£(2)) =

0, for & € N.
Let JO(V;7) and JQ(V;7) denote the Jacobian matrices of the gradient V;7(%, 4, 4) with respect
to 4 and & respectively evaluated at (&,4,4) = (0,4*,4*). The following assumption and the

Implicit Function Theorem guarantee that H4 holds.
H5. Let u* € V be a critical trait for which J3(V47) is a non-singular matriz.

Remark 4 The product rule (31) applied to

A 1o
Voln#(Z,4,0)|s=q = %Vf,r(:lc,u,v)\@:ﬁ

10



evaluated at & = 0 implies, together with ™ =1 and ng =0 (by the definitikon of a
critical trait), that J)V;Inr = JIV,7 or

JOV, InF = [ao lnf].

Vi Vj
Thus, under assumption H2 we see (from (14)) that in H5
JY(VeF) = H(0, 4%, a%).

Theorem 3 Assume 4* € V is a critical trait. Assume H2 and HJj hold and that x* # 0.
(1) There exists a continuum C* of positive equilibrium pairs (r§, (Z,4)) € Ry x (R x V) of
(10) that bifurcates from the extinction pair (1,(0,4*)) (i.e. that contains the extinction pair in its

closure).
(2) Assume H2 and H5 hold. In a neighborhood of (1,(0,4*)), the positive equilibrium
pairs have the parametric representation

#(e) = wre+ O(?) (17a)
i(e) = 4 +die+ O(?) (17b)
ro(e) = 1+4r"e+0O(?) (17¢)

for small ¢ Z 0 where Wg is a positive right eigenvector of Q(@,ﬂ*,ﬁ*) assoctated with
eigenvalue 1 (equivalently of P(0,4*,4*) when r§=1) and

iy = — [JAVer)] T JUVeF) iR, (18)

K* = —uﬁg ([nggﬁ)RD ’lf}R . (19)

Furthermore, we have the following alternatives.

(a) If p[®(0,a*,0*)] < 1 and k* > 0, then the bifurcation of C* is forward and the positive
equilibrium pairs on C* are stable.

(b) If p[®(0, 4%, 4*)] < 1 and k* < 0, then the bifurcation is backward and the positive equilibrium
pairs on C* are unstable.

(¢) If p[®(0,a*,4*)] > 1, then positive equilibrium pairs in the continuum C* are unstable
regardless of the direction of bifurcation.

Remark 5 Because k* is calculated from evaluations at the bifurcation point (v, (2,4)) = (1, (0,4*))
and because only the sign of k* is involved in determining the direction of bifurcation and stability,

Theorem 3, parts (a) and (b), remains valid if in the formula (19) and in H4 and H5 we replace

qij by pij and 7 by r.

Proof. (1) Under H4, the equilibrium equations (11) reduce to the single equation
& =r5Q(2,(2),(2))2 (20)
for £ € N. Theorem 1 applies to this equation with matrix Q(z, é(ﬁ), é(ﬁv)) in place of Q(z) (and

N in place of ). This results in the existence of a continuum C of positive solution pairs (r{, %) of
(20) that bifurcates from (1,0). The continuum C in turn gives rise to a continuum

C* = (s, (2,0)) | (8, 3) €C, 4= &)}
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of equilibrium pairs (7, (&, %)) of (10) that bifurcates from the extinction equilibrium (1, (0, @*))
atry =1

(2) The parameterization of C Theorem 1 implies that, near the bifurcation point,
the positive equilibrium pairs on the continuum C* have a parameterization (17). The
coefficient x* is given by the formula (3) for x but with p;;(i) replaced by pi; (&, &(%), £()).
To make this calculation we note that the coefficient 4; = VOETIDR can be calculated by
an implicit differentiation of the equation V7 (i(e), £(2(¢)), £(2(e))) = 0, with respect to ¢ and
a subsequent evaluation at € = 0. From this calculation we obtain (18). From (3) and Lemma 1
in the Appendix, but with p;;(z) replaced by p;;(i,&(2), (%)), we obtain (19).

To investigate the stability of bifurcating positive equilibrium pairs we make use of the para-
metrization (17) which allows us to parameterize by e the Jacobian J(r,Z,4) when it is
evaluated at the equilibria (17) and, subsequently, to parameterize this Jacobian’s eigenvalues
by ¢. From this parameterization we can approximate the eigenvalues of the Jacobian
for ¢ £ 0.

At ¢ = 0 the eigenvalues of the Jacobian J(1,0,4*) are the eigenvalues of J(0,4*,4*) and
the eigenvalues of ®(0,4*,@*). The spectrum of the Jacobian J(rg(¢),#(¢), @(c)) approaches, by
continuity, the spectrum of J(1,0,4*) as ¢ tends to 0. Therefore, if p[®(0,a*,4*)] > 1 then for
e % 0 the Jacobian J(r§(e),Z(g),u(e)) also has spectral radius greater than 1. Consequently, the
positive equilibria are unstable near the bifurcation point. This establishes 2(c).

Suppose p[®(0,4*, @*)] < 1. Since the strictly dominant eigenvalue of .J(0, @*, @*) is 1, it follows
that the dominant eigenvalue of J(1, 0, u*) is 1. To determine stability of the bifurcating positive
equilibria, by means of the linearization principle, we must investigate if the dominant eigenvalue
of J(r5(e), &(e),u(e)), which equals 1 when ¢ = 0, is greater or less than 1 for ¢ Z 0. Let

ple) =1+ e+ O(e?)

denote the dominant eigenvalue of J(r(¢),2(e), 4(e)). Whether y (g) is less than or greater than
1 for € g 0, and hence whether the bifurcating positive equilibria are stable or unstable near the
bifurcation point, can be determined by the sign of u;: for ¢ g 0, the bifurcating positive equilibria
are stable if y; < 0 and unstable if p; > 0.

To calculate a formula for 11; we begin by letting

Wr(e) = Wro + Wgie + O(£?)
denote a right eigenvector of the Jacobian J associated with the dominant eigenvalue u(e), so that
T (r5(e), &(e), le)) Wr(e) = p(e)Wr(e). (21)

Setting € = 0 in (21) we obtain X R )
j(lv Oa’&*)WRO = Wro.

~ wm
= (1)
0

where W, and w3, are column vectors with m and n entries respectively. The vector Wi, is a
right eigenvector of J(0,4*,4*) = Q(0,4*,4*) associated with the eigenvalue 1 and consequently

Why = Wr- A calculation shows
R Wp
— ~ .
Wro i

12
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The vector WEO where

A _ Wy,
a3
is a left eigenvector of J(1,0,4*) (where ] is a left eigenvector of J(0,4*,4*)). Note that
WIWgo =wFig =1.
If we differentiate (21) with respect to € and set € = 0 in the result, we obtain

. . d .
(7(1,0,4") = Ipin) Wr1 = 1y Wro — =7 (r5(e),2(e), ()| Who

e=0

where I+, denotes the identity matrix of size m + n. According to Fredholm alternative, this
equation is solvable for Wy if and only if the right hand side is orthogonal to the kernel of
(J(1,0,4*) = In1n)T. This kernel is spanned by the left eigenvectors of J (1,0, 4*) associated with
the eigenvalue 1. Therefore, the right hand side must be orthogonal to WLO. This implies

e (@A) V()
J(ro, &,0) = ( Y(i,a,4) D d,a) )
. d . R R R
o= Wi 2T (rg(e), i(e),a(e)) :OWRO
_ (wn\ d (r5(e) J(2(e), u(e), a(e)) 15 (e) U(2(e), u(e), ule)) (o)
<0n) de ( Y (z(e),0(e), ule)) O(z(e), u(e),u(e)) ) —o (121)
~T d * P ~ ~ S ~T d * A ~ ~ ~
p =g, o= [r6 (e) J(@(e), ale), ule))] e +wg o= [rg (€) U(a(e), ale), ale))] e

We consider the two terms in this sum one at a time. With regard to the first term
in p;, the product and chain rules imply

of 4 I (€) T(#(6), (o), )]

. d
= WOLQO,u, W )ibr + b I (i (e), U(e), 0(e))

e=0
= &+ df ([Vighar] + [Vaghin] + [VO¢Eian] + [0, qjir]) r

where we have defined the row vector
agiqj‘ = Ngn a2 - Ngjm |-
With regard to the second term in p,, we recall that U(Z,4,4) is the m X n matrix

whose n columns are (12) and as a result, upon evaluation at the bifurcation point,
the only contribution to the derivative in the second term arises from the derivatives

13



g

=
|
g)

[nggﬁm} 7
([00, qj0r] + [0, q5wR]) 41
where we have defined the row vectors

Ona;=[ Onain Onajz - ONdm |, Opa;=[0an Oaz - & aqm ]
H2 implies 82k_qij =0 for all u; and all 4, j, and

iy = K"+, [Vagr] wr +wf [Vogin] dr +wf [09,qjbr] dr + 07 [0),q,0r)] G-
Noting that

af, [Viain) wn = of (02, apior) wn, &F [Vighin]bn = of (0,408 i
we have
iy = &+ 2 (0F [VOqTig] wr +of [Voghin] dr) .

By Lemma 1 in the Appendix we get
= K"+ 20, [Vagur] wr

which, by (18), implies ;; = —x*.As aresult, k* > 0 implies both that the bifurcation is forward
and that the bifurcating positive equilibria are stable for ¢ £ 0. On the other hand, * < 0 implies
that the bifurcation is backward and that the bifurcating positive equilibria are unstable for € Z 0.

]
From (13) we obtain (as in [27]) the following corollary of Theorem 3.

Corollary 3 Assume H2, H3 and H5 hold and that 4* € V is a critical trait. Let C* be the contin-
wum of positive equilibrium pairs that bifurcates from the extinction pair (1,(0,4*)) guaranteed by
Theorem 3. If the variances o? are small, then in a neighborhood of the bifurcation point (1, (0,4*))
we have the following alternatives.

(a) The bifurcation of C* is forward and stable if the Hessian (14) is negative definite and k* > 0.

(b) The bifurcation of C* is backward and unstable if the Hessian (14) is negative definite and
K* < 0.

(¢) The positive equilibrium pairs in the continuum C* are unstable if the Hessian (14) is positive
semi-definite or indefinite (regardless of the direction of bifurcation).

For the case of no trait covariance considered in Corollary 2, we obtain the following result from
Corollary 3.

Corollary 4 Assume H2 and H5 hold and that 4* € V is a critical trait. Further assume o;; =0
and (16) for all i # j. Let C* be the continuum of positive equilibrium pairs that bifurcates from
the extinction pair (1,(0,4*)) guaranteed by Theorem 3. Then in a neighborhood of the bifurcation
point (1,(0,7*)) we have the following alternatives.
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(a) The bifurcation of C* is forward and stable if k* > 0 and |1 + 0200 f| <1 for alli.

1 TV
(b) The bifurcation of C* is backward and unstable if k* < 0 and }1 + af@f}mﬂ <1 for alli.
(¢) The positive equilibrium pairs in the continuum C* are unstable if }1 + 0290 7| > 1 for at

1 ViV
least one i (regardless of the direction of bifurcation).

Note. In Corollary 4 we see that the positive equilibrium pairs in the continuum C* are unstable
if 89, 7 > 0 for at least one i. On the other hand, if 9 , 7 < 0 for all values of i, then the positive
equilibrium pairs in the continuum C* are stable if £* > 0 and the variances o? are small enough
so that |1+ 0785, 7| <1,ie. o? <—2/00 7.

1 VU

6 An Application

Consider the single difference equation

@

z(t+1)=bx(t)exp (—cx (t))exp( T (t)) (22)
with coefficients b,c > 0 and a,s > 0. When o« = 0 this map is the famous Ricker equation
which is one of the most well known equations that incorporates negative effects that population
density can have on population growth. Equation (22) is studied in [25] as a model equation that
incorporates a positive effect of increased population density (a so-called component Allee effect
[5]) in the presence of a predator. This is the well-known predator-saturation effect in ecology and
is one of the most commonly attributed causes of Allee effects [12], [5].

The factor exp (—a/ (1 + sx)) in (22) is an increasing function of « and represents the probability
of escaping predation. We can interpret « as the intensity of predation and s a measure of how
effective the protection from predation attributed to population density x, which we will refer to as
the predation protection factor. Re-writing (22) as

z(t+1) =ror(z)z (t) (23)
with

1 + sz (t)

we see that ¢ is the inherent (density-free) per capita birth rate, which equals b in the absence
of predation @ = 0. This equation, studied in [25], not surprisingly can exhibit the same kind of
period-doubling route-to-chaos as 7y increases as does the famous Ricker equation when a = 0.
(The right side of (23) defines a unimodal map.) The bifurcation that occurs at rg = 1 where the
extinction equilibrium x = 0 destabilizes is, according to Theorem 1, forward and therefore stable
if K = ¢ — as > 0. This inequality holds if the effect of predation, as measured by the product of
the predation intensity « and (per capita) predation protection factor s, is small compared to that
of the negative density effects measured by c. This occurs, of course, for the Ricker equation when
a=0.

On the other, if the reverse is true and the effect of predation as is large compared to ¢, then
by Theorem 1 the bifurcation at ro = 1 is backward and unstable. In this case, i.e. when as > c,
we can also say some things about the bifurcating continuum C of positive equilibrium pairs (rg, x)
outside the neighborhood of the bifurcation point (rg,z) = (1,0). The equation

sx
1 =rgexp (—c:zc—I—a )

ro = bexp(—a), 7(z):= exp (—caj (t) + L(t))

1+ sx
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satisfied by positive equilibria > 0, when re-written as

sT
ro=exp|cr—«
0 P 1+ sz

describes the continuum C of positive equilibrium pairs (rg, ). The graph of r¢ as a function of x
contains the point 7o = 1 at x = 0, decreases as x increases to a unique critical point z.. > 0 at
which 7y attains a global minimum 7., > 0, and increases without bound for x > z... See Figure
1. From the parabola-like shape of this graph, we see that the inverse function, treating z as a
function of 7o, has two branches: an upper branch of positive equilibria xs (r¢) for rg > 7. and a
lower branch of positive equilibria x1 (rg) < z2(ro) for r°" < rg < 1 which satisfies z1(1) = 0. The
value rg = r., is a saddle-node (blue-sky) bifurcation (or tipping) point at which the lower branch
x1 (rp) and and upper branch zs (rg) coalesce. The following facts follow from general results in
[11]: for ro < r§" the extinction equilibrium is globally asymptotically stable; the equilibria x; (1)
are unstable and the equilibria z4(rg) are (locally asymptotically) stable for rg £ r.-. The upper
branch z3(rg) might not remain stable for all rg > 7., however, but might undergo a period
doubling cascade to chaos. If a destabilization of xo(rg) occurs at a point rg > 1, then on the
interval r.. < r9 < 1 there are two stable equilibria, the extinction equilibrium and the positive
equilibrium x5(rg). This scenario is called a strong Allee effect. It asserts that survival is possible
for some ry < 1 provided a population’s initial condition lies outside the basin of attractor of the
extinction equilibrium (the Allee basin). If, on the other hand, x2(r) loses stability at a point in
the interval r.. < rg < 1, then there still occurs a strong Allee effect but one with a non-equilibrium
survival attractor (e.g. a periodic cycle or a more complicated attractor).

Sample forward and backward bifurcation diagrams are shown in Figure 2. That secondary
period-doubling bifurcations cascade to complex (presumably chaotic) dynamics in both cases is not
unexpected, given that (23) is based on the Ricker nonlinearity. The backward bifurcation in Figure
2B is an example illustrating a saddle-node bifurcation (at ro ~ 0.4) that results a multi-stable
equilibrium (strong Allee) scenario, as shown in Figure 1. In this example the positive equilibria
destabilize (into a period doubling route to chaos) just outside the Allee interval 0.4 < ro < 1.
In other examples, using different parameter values, this destabilization can occur at a value of
ro < 1 so that the multi-attractor scenario of the strong Allee effect involves a stable cycle or even
more complicated attractor. For examples and further results concerning the relationship between
backward bifurcations and strong Allee effects, see [10]. The complex dynamics that can arise in
this model, particularly when positive non-equilibrium attractors are present for rg < 1 are studied
in [25], although not from this bifurcation point-of-view.

INSERT FIGURES 1 and 2 NEAR HERE

We now consider an evolutionary version of equation (23) to which we can apply the results of
Sections 4 and 5. For our application we consider the case when the inherent (density and predation
free) per capita birth rate b and the predation protection factor s are subject to evolutionary
adaptation. We think of these per capita quantities as characteristics of an individual and that
they are determined by a suite of phenotypic traits ¢ of the individual. Thus, b = b(0) and
s = s(0). We assume that there is a trait vector that maximizes b and one that maximizes s, but
these optimizing trait vectors are not the same. The idea is that there are trade-offs in the allocation
of energy, behavioral activities, and resources towards reproduction and towards the avoidance of
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predators. For example, traits that promote physiological and behavioral characteristics promote
successful herding or flocking or schooling in order to avoid predation are not necessarily traits that
make for optimal reproduction.

Since we have set no units or scales for the traits, we assume without loss in generality that b is
maximal at ¢ = 0 and s is maximal at © = (1,1,--- ,1)T. Specifically, we assume (as is often done
in evolutionary models [28]) that these coefficients have a multi-variate Gaussian-type distribution
about these maximal points:

n 'Ui_12
i £8). wm £557)

where b; and s; are positive real numbers (variances), § > 0 is the maximal possible value of b(?),
and sop > 0 is the maximal possible value of s(?). The resulting 1 X 1 projection matrix P (x, @, )
for (23) is independent of @ and its single entry p11 (z,0) equals the dominant eigenvalue, i.e.
p11 (z,0) = r(x,0) where

r(z,0) = Be~ eXp( i%) exp <—cw+a%>.

The Darwinian equations (6) are

z(t+1) = r(z(),a(t)z(t)
a(t+1) = at)+ M Vylnr(x(t),a(t))
with
v v-—1
b1 S(A)x S1
Velnr (z,0) = — : -« — :
vy (1+s(0)x) 1
bn Sn
Since .
b
Volnr (0,0)], =~ |

we see that the only critical trait is

©>

a*
and hence the only extinction equilibrium is (z, ) (0 0). Our bifurcation parameter 7 = (0, 0)
reduces to
ry = Pe .
Under the added assumption that the traits are not correlated, so that the variance-covariance
matrix M = diag (0?) is a diagonal matrix, the model equations for our evolutionary version of
(23) are

_ — u3 (1) s(a 1))z ()
z(t+1) = rgexp (—; o] >x(t)exp <_Cx<t)+a1+s(ﬁ(t))z(t)) (24a)
WD) = o () =L )
ey 0= < b YT s (Tt sa)e (1) (240)
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fori =1,--- ,n. Our goal is to apply Corollary 4 to these difference equations, toward which end
we must consider H2 and H5.

H2 holds with p11(0) = 7(9) and p(x, @, 0) = 7 (x,0), since 7(0,9) = 1. A calculation shows
that the Hessian H(0,4*,4*) = [0}, In7] is the diagonal matrix

1
H(0,4",4") = diag [—b—}

Thus, H5 holds (see Remark 4). By Theorem 3 the bifurcating continuum of positive equilibrium
pairs (rg, (x, 1)), near the bifurcation point (1, (0,0)), has the parametric representation

ro(e) = 1+k*e+0(?) (25a)
z(e) = e+0(?) (25Db)
i(e) = d1e+0(?) (25¢)

for € £ 0 where, by the formulas (18) and (19),

n 1
K/* = C — Sp exXp < Z‘—l X) (26)

b
s1

N no 1 n
U3 = Sy €Xp (- Zi:l g) S R+.
‘ b

=
Sn

By Corollary 4(a,b), the direction of bifurcation determines the stability of the bifurcating positive
equilibria provided
02 <2 foralli=1,---,n

that is to say, provided the speed of evolution is not too fast. Under this assumption, we have the
following conclusions concerning the bifurcation at r§ = 1 for the Darwinian model (24).

1. (Forward bifurcations) The bifurcation of the continuum C of positive equilibria for (24b) is
forward and consequently stable if

1
aSp €Xp (— Zj_l g) <ec. (27)
- 7

This occurs if the negative density effects, as described by the Ricker coefficient ¢, are large enough to
dominate the positive effects from the Allee effect attributed to density protection from predation,
as encapsulated by the quantity on the left side of the inequality (27). Thus, mechanisms that
promote a forward bifurcation are: a low predation intensity «, a low maximum possible predation
protection coefficient sg, and small variances s; (i.e. the largest predator protection coefficients
s (0) are attained only for trait vectors narrowly distributed around the maximal trait vector ¢ =
(17 T 1)T)‘

Note that the entries in @; in (25¢) are positive if asg > 0, i.e. if both predation and predation
protection are present. In this case, we see that near the bifurcation point, the trait components
u;(e) of the bifurcating positive equilibria are positive. As a result, for 7§ Z 1 the stable, positive
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equilibria have trait components that do not maximize the inherent birth rate. Indeed, an even
stronger conclusion follows directly from the trait equilibrium equations (24b):
U; u,—1  s(d)x

b T (1t s@))

s=0foralli=1,...,n. (28)

This shows, when a > 0 and s > 0, that for any positive equilibrium (z, i) of (24), the equilibrium
trait components u; cannot equal 0 or 1. For those equilibrium pairs from the continuum C the trait
components form a continuum of equilibrium trait vectors & which must, therefore, have components
that lie entirely in the interval 0 < u; < 1 (whether the equilibria are stable or not). It follows that
for those positive equilibria from C which are in fact stable (such as those for r§ Z 1), we can say
that evolution selects a vector of traits that neither maximizes the inherent birth rate b (%) (which
occurs at @ = 0) nor the predator protection coefficient s () (which occurs at @ = (1,1,---,1)%).
One might say, then, that evolution trades-off a smaller inherent birth rate in favor of some predator
protection.

When predation and/or predation protection is absent (« = 0 and/or sg = 0) in the model,
then clearly inequality (27) holds and the bifurcation at 7§ = 1 is forward and stable. In this case,
the equilibrium equation (28) for the traits u; implies u; = 0 for any positive equilibrium pair and,
not surprisingly, evolution selects to maximize the inherent bifurcation rate b(%). O

(2) (Backward bifurcations). The bifurcation of the continuum C of positive equilibria for (24b)
is backward and consequently unstable if

n 1
aSp €Xp (— Ziil g) > c. (29)
- 7

This occurs only if predation is present o > 0 and density protection from predation is also present
so > 0. Inequality (29) holds if predation intensity o and/or predator protection sq are large (relative
to the negative density effects ¢). Also promoting a backward bifurcation are large variances s;,
that is to say, when a high level of predator protection s(?9) is attained for a wide distribution of
trait vectors v. [

Our general results in Section 5 concern equilibrium properties in a neighborhood of the bifur-
cation point and do not imply anything about the dynamics outside such a neighborhood. As in the
non-evolutionary model (23), we expect it to be true that the positive equilibria on the continuum
C for the evolutionary model (24) do not necessarily retain the stability properties that they pos-
sess near the bifurcation point. In particular, in the case of a forward/stable bifurcation we would
expect that, at least for some model parameter values, the stable positive equilibria will destabilize
with increasing rg and even give rise to a sequence of bifurcations that result complicated, chaotic
dynamics. In the case of a backward/unstable bifurcation, in addition to this phenomenon, we
would also anticipate the potential for strong Allee effects on an interval of r§ values less than 1.
We will not study these questions about the dynamics of (24) in this paper where our theory is
focussed on the local bifurcation at r§ = 1.

However, we can provide a few selected numerical simulations that, in addition to illustrating
the local bifurcation predicted by our theorems, also illustrate the kinds of secondary bifurcations
and strong Allee effects since in the non-evolutionary case (cf. Figure 2). Figure 3 shows two sample
bifurcation diagrams for the evolutionary model (24) with two traits, i.e. n = 2. The plots in Figure
3A are from parameter values for which x* > 0 and, hence, a forward, stable bifurcation occurs at
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rg = 1. As with the non-evolutionary version of the model in Figure 1, further increases in r§ result
in the familiar period doubling route to chaotic dynamics. In Figure 3B the same parameter values
are used except that the predator protection coefficient sy is increased to the extent that x* < 0
and, as a result, a backward, unstable bifurcation occurs. The result is a bifurcation diagram that
shows a saddle-node bifurcation (at r§ ~ 0.4) creating an interval of strong Allee effects with both
a stable extinction equilibrium (z, %) = (0,0) and a stable positive equilibrium. In this example,
one sees from Figure 3B that the positive equilibrium loses stability through a period doubling at
a value of r§ less than 1. This results in an interval of rg values less than 1 for which there is a
strong Allee effect that involves a stable positive 2-cycle instead of a positive equilibrium. (The
oscillations in the traits u; are small amplitude in Figure 3B.)

INSERT FIGURE 3 NEAR HERE

7 Concluding Remarks

A fundamental property of population dynamic models, when the extinction state destabilizes due
to a change in a model parameter, is the occurrence of a bifurcation which results in the presence
of positive equilibria. Typically the stability of these bifurcating equilibria depend on the direction
of bifurcation (Theorem 1). In this paper we investigate this basic bifurcation phenomenon for an
evolutionary version of a general matrix model for the dynamics of a structured population. The
model assumes that the entries of the model’s projection matrix (i.e. the per capita birth, survival
and class transition rates) depend on a vector of phenotypic traits, each of which is subject to
Darwinian evolution, and tracks the dynamics of the population and the vector of mean traits [28].
We define the notion of a critical trait vector, which is associated with the existence of an extinction
equilibrium in the model, and obtain conditions under which an extinction equilibrium destabilizes
(Theorem 2) and conditions under which a continuum of positive equilibria bifurcates from the ex-
tinction equilibrium, as the inherent population growth rate (at the critical trait) increases through
1 (Theorem 3). We further obtain conditions under which stability of the bifurcating equilibria is
determined by the direction of bifurcation and conditions under which it is not (Theorem 3).

It is shown in [23] that the bifurcating continuum C* of positive equilibria in Theorem 3 has a
global extent in Ry x (R7* x V) in that it connects to the boundary of this cone (oo is included
in the boundary). In general, however, the stability/instability results in Theorem 3 hold only in a
neighborhood of the bifurcation point. This is illustrated in the example studied in Section 6 where
secondary bifurcations occur outside the neighborhood of the bifurcation point. Whether or not
such bifurcations occur are model dependent (which is true in non-evolutionary matrix models as
well).

In non-evolutionary matrix models, backward bifurcations are often associated with strong Allee
effects, i.e. multiple attractors for values of 7; < 1 one of which is extinction and the other which is
a survival attractor [10]. While conditions sufficient for the occurrence of a backward bifurcation are
given in Section 5, its relation to strong Allee effects is not investigated in this paper. A backward
induced strong Allee effect is shown to occur, by simulations, in the example studied in Section 6.
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8 Appendix

Lemma 1 Assume H2 and H5 hold. Then w{[vgqgal]mR =0.
Proof. Consider the equality
P(0, @, 0)wgr(0,1) = r(0, 4, 0)wg(0, 0). (30)

which holds by the definition of 7“(0, 1, 1) as an eigenvalue with a positive right eigenvector g (0, ).
Let p; = p;(0, @, @) denote the i-th column of P = P(0,4,%). We want to take the Jacobian of both
sides of equation (30) with respect to @. To do this we let Jy[w(9)] denote the Jacobian of a vector
valued function @(§) of a vector §.

The right side of (30) is a vector valued function of the form 7(g)w(g) for a scalar valued function
7(9). Applying the general formula

Jalr (@) (@)] = o@) V(@) + 7(5)J5[0(9)] (31)

and recalling (8) in Remark 2, we find that the Jacobian of the right side of (30) with respect to @
is
Wr(0,0) (Var” + Vor®) + rJa[wr(0,4)] = wr(0,2)Ver” +rJa[r(0,4)).
To calculate the Jacobian of the left-hand side of (30), we write

where wf(0, %) are the components of the vector wx(0,4) and apply the product rule (31) to each
term. Noting (7) in Remark 2 we get

PJaliog(0, @) + 3wt (0, @) Js [pi).



Equating the Jacobians of the left and right sides of (30) we have

PJaliop(0,@)] + 3 _wi(0,@)Js[pi] = wr(0,@)Ver” + rJafin(0, )] (32)
(P = 11n) Ja[iop(0,@)] = wr(0,a)Ver™ — 3 wl(0,4)J5[pi]
1=1

which in turn can be rewritten as the m equations
(P —11,,) 0y, (Wr(0, 1)) = (Oy, 7Ly — Dy, P)wr(0,4) for 1<i<n.

The matrix P — rl,, is singular and by the Fredholm alternative, the solubility of these equations
imply the m orthogonality conditions

WL (0,4)(Dy, 71 — Oy, P)wgr(0,7) =0

are satisfied. Solving for d,,r and recalling that the eigenvectors are normalized so that @ (0, @) T wr (0, @) =
1, we find
D, = W} (0,7)0y, Piog(0,a) for 1<i<n.

Since 09 r = 0 by definition of a critical trait vector @*, when setting @ = @* and r§ = 1 in these
expressions we get
W} 0y Qg =0 for 1 <k<n. (33)

Let uy, denote the scalar components of the vector ;. Then
n
Vadi;tin = Zul,kagk%'j
k=1
and
n n
0 N
[Vagii1] = Zul,k 100, 4ij] = Zm,kagk@
k=1 k=1
From

wz[VgQijﬁl]wR = Zul’k (UA)LanguA}R)
k

and (33) it follows that &} [V2g;;i1]ir =0. m
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unstable

ry

FIGURE 1. Shown is a generic plot of the bifurcating continuum C for equation (23)
when as > ¢ and, consequently, a backward (unstable) bifurcation occurs at the point
(rg,z) = (1,0). The question mark indicates that although the positive equilibria on the
upper branch z5(rg) are (locally asymptotically) stable near the saddle-node bifurcation
point (rer, Zer), they can, depending on model parameter values, destabilize further
along the continuum C.

x (A) x (B)
20 4 16 - P
5
#
> /
Y A
-~ .,'\-._
15+ 2 12+ ,
G s
i v
e s/
P
104 8-
/".. ™

./,-

54 B . - 4- L.

/ e
= {
// — \\\\
0 m e mmmpm e ——— g ———p———— - 0 ———— T em e e mmm— - |-
0 1 2 4 r, 8 10 12 0.4 1.0 14

FIGURE 2. Sample bifurcation diagrams for equation (23) with ¢ = 0.3 and o = 3.
A.5=0.05and Kk = c— as =0.15 > 0 so that the bifurcation at 7o = Be™2 =1 is
forward and stable.
B. s =1and kK = —2.7 < 0 so that the bifurcation at ro = Be™3 = 1 is backward
and unstable (dashed line).
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FIGURE 3. Sample bifurcation diagrams for equations (24) with ¢ = 0.3, = 3,b; =

3,b2 :1,81 = 1, and S92 =3.

A. sp = 01 and k* = 3(1—e2/3) /10 ~ 0.146 > 0 so that the bifurcation at

ry = Be3 =1 is forward and stable.

B.s=1and s* =3 (1 - 106_2/3) /10 &= —1.2403 < 0 so that the bifurcation at
rg = Be~3 =1 is backward and unstable (dashed lines).
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FIGURE 4. Shown are sample orbits for equations (24) with the same parameter values
used in Figure 3B when a backward bifurcation creates an interval of r§ < 1 for which
there is a strong Allee effect.

A. For r} = Be~3 = 0.4 the bifurcation diagram Figure 3B shows a stable extinction
equilibrium and a stable positive equilibrium. The upper graph in column A shows
plots of the solution with initial conditions x = 2.35, 41 = us = 1 and that tends to the
positive equilibrium. The lower graph shows plots of the solution with initial conditions
x = 2.33,u; = up = 1 and that tends to the extinction equilibrium (z, %) = (0,0).

B. For 7§ = Be~3 = 0.9 the bifurcation diagram Figure 3B shows a stable extinction
equilibrium and a stable 2-cycle. The upper graph in column B shows plots are of the
solution with initial conditions z = 2.35,u; = us = 1 and that tends to the positive
2-cycle. The lower graph in column B shows plots of the solution with initial conditions
x = 0.35,u; = up = 1 and that tends to the extinction equilibrium (z, %) = (0,0).
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1 Introduction
We consider a discrete time model
Z(t+1)=P(2(t)z(t), teNy={0,1,2,...} (1)

for the dynamics of a biological populatlon whose individuals are classified into a finite number of
discrete classes. Here 2 : Ng — R, L isa sequence of m-dimensional column vectors consisting of

class specific population densities, where R - is the closure of the positive cone R’ in m-dimensional
Euclidean space R™. Recursive formulas (1), called matrix models, are widely utilized to describe
the dynamics of populations in which individuals are classified according to age, size, life cycle stage,
spatial location, genetic composition, etc., indeed virtually any classification scheme of interest [4, 7].

The entries p;;(&) of the projection matrix P(&) are chosen by a modeler to describe class-
specific, per capita (individual) birth and survival rates and to account for transitions of individuals
from one class to another. As indicated, these entries can be dependent on the densities in the
demographic vector &, dependencies that make the dynamic model nonlinear. Classic examples
of matrix models for structured population dynamics include the age, size, and stage structured
models of Leslie and Lewis [19, 20, 21], Usher [26], and Lefkovitch [18].

Of fundamental importance to a biological population is its avoidance of extinction. We refer to
the equilibrium % = 0 solution of (1) as the extinction equilibrium. If the extinction equilibrium is an
attractor, then the population is threatened with extinction. This leads to the study of the stability
properties (local and global) of the extinction equilibrium. The linearization principle [14] leads one
to consider the eigenvalues of the Jacobian obtained from (1) evaluated at the extinction equilibrium,
which is the inherent projection matriz P(0) (inherent means density free). If all eigenvalues of P(0)
lie in the complex unit circle, then the extinction equilibrium is locally asymptotically stable!, which
threatens the model population with (asymptotic) extinction. If at least one eigenvalue is outside
the complex unit circle, then the extinction equilibrium is unstable, which opens the possibility of
population persistence. The nature of the bifurcation that occurs when the extinction equilibrium
loses stability? forms a fundamental bifurcation theorem in population dynamics. We describe this
theorem below (Theorem 1).

In the matrix model (1), the vital rates and transitions modeled by the entries p;;(Z) of the
projection matrix P(#) change temporally only due to changes in the demographic vector & = &(t).
There are, of course, numerous other reasons why these vital rates and transitions might change in
time, for example, they might fluctuate randomly due to demographic or environmental stochasticity
or periodically due to regular environmental oscillations (seasonal, monthly or daily fluctuations).
Another reason these vital rates and transitions might change in time is that they are subject to
selective pressures from Darwinian evolution. Our goal in this paper is to investigate an extension
of the fundamental bifurcation theorem for the non-evolutionary model (1), as given in Theorem
1 below, to an evolutionary game theoretic version of (1). We describe the evolutionary model in
Section 3, study the stability of an extinction equilibrium in Section 4, and in Section 5 determine
the nature of the bifurcation that occurs when extinction stability is lost. In Section 6 an application

LAn equilibrium & is locally stable if given any & > 0 there exists a § > 0 such that for any initial condition
satisfying |Z (0) — &| < ¢ it follows that the solution satisfies |z (t) — &| < € for all t € Np. An equilibrium is a local
attractor if there exists a dgp > 0 such that |&(0) — &| < 6 implies lim¢s 400 & (t) = &. An equilibrium is locally
asymptotically stable if it is both locally stable and a local attractor.

2Throughout this paper stable (or stability) means local asymptotically stable (or local asymptotic stability).
Unstable means not locally asymptotically stable.
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is made to an evolutionary version of a Ricker model with an added Allee component (low density
positive feedback effect).

2 A Bifurcation Theorem for the Matrix Model (1).

We make the following assumptions on the entries p;; (&) in the projection matrix P(z). Let Q CR™
denote an open neighborhood of 0 € R™ and C?(Q — R, ) denote the set of twice continuously
differentiable functions that map 2 to R,..

H1: P(2) = [pi; (&)] is primitive for all & € Q and p;; € C*(Q — R;).

Recall that a nonnegative matrix (i.e. one all of whose entries are nonnegative) is primitive if it
is irreducible and has a strictly dominant eigenvalue. Perron-Frobenius theory implies that the
spectral radius p[A] of a primitive matrix A is a strictly dominant, positive and simple eigenvalue
which possesses a positive eigenvector in R’’. Moreover, no other eigenvalue has a nonnegative
eigenvector, i.e. an eigenvector in ET. See [3]. We denote the strictly dominant eigenvalue of P(%)
by
(@) = p[P(2)].
Observe that () € C?(Q — RL). The number r(0) is the inherent growth rate of the population
(the growth rate in the absence of density effects). For notational simplicity we denote this number
by
ro :=r(0).

For our purposes, we normalize the entries of P in a way that
P(&) = roQ(2)

where the normalized matrix Q (&) = [g;; (&)] satisfies H1 and
plQ(0)] = 1.
Then the matrix equation (1) becomes
Z(t+1) =roQ(Z(t))z(t), t e No. (2)
We denote the entries of the matrix Q(&) by gi;(Z).

Definition 1 We say that a pair (ro,&) € R X Q is an equilibrium pair of (2) (or equivalently of
(1)) if & = roQ(%)Z. Observe that (rq,0) is an equilibrium pair for every ro € R; we call (ro,0) an
extinction equilibrium pair. An equilibrium pair (ro, &) is a positive equilibrium pair if & € R and
it is stable if & is a locally asymptotically stable equilibrium of (2) (equivalently (1)).

We need the quantity
K= =], [Vaq br] Wr
where T' denotes transposition, the gradient V; of ¢;;(&) with respect to & is a column m-vector,
and ngiTj denotes the transpose of the gradient evaluated at the bifurcation point (ro,&) = (1,0).

With this superscript notational convention, we can equivalently write

k=—] [VepLir] Wr. (3)
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Here the vectors Wl and g are the (positive) left and right eigenvectors of Q(f)) (equivalently of
P(0) when 19 = 1) associated with eigenvalue 1, normalized so that

whipg = 1.

Note that [vgpgw r] is an m x m matrix. The derivative 82k p;; measures the effect that an increase
in the density of class k has on the entry p;; of the population projection matrix P (at low population
density). The number 1w} [Vgpz;w r] Wr is a weighted sum (with positive coefficients) of all density
effects on all entries p;;. This number therefore represents a summary measure of the effects that
(low level) class densities has on the population (as does k, the minus sign being introduced only
for notational convenience in Theorem 1.)

From the linearization principle and from Theorems 1.2.4 and 1.2.5 in [7] we have the following

result.

Theorem 1 Assume the matriz P(&) in (1) satisfies H1.

(a) The extinction equilibrium (ro,0) is stable for ro < 1 and is unstable for ro > 1.

(b) There exists a continuum C of positive equilibrium pairs (ro,z) € Ry x R of the matriz
equation (1) which bifurcates from (1,0) (i.e. contains the extinction pair (1,0) in its closure).
Near the bifurcation point, the positive equilibrium pairs on C have the parameterization

i(e) = wre + O(e?)
ri(e) = 1+ ke + O(e?)

fore Z 0.

(¢) We say the bifurcation of positive equilibria is forward (respectively, backward) if, in a neigh-
borhood of (1,0), the positive equilibrium pairs on C are such that ro > 1 (respectively, ro < 1). If
k > 0 then the bifurcation of C at (1,()) is forward and the equilibrium pairs on C in a neighbor-
hood of (1,0) are (locally asymptotically) stable. If k < 0 then the bifurcation is backward and the
equilibrium pairs on C in a neighborhood of (1, f)) are unstable.

Note how, in this Theorem, the direction of the bifurcation determines the stability of the
bifurcating equilibria. A forward bifurcation, occurring when the extinction equilibrium loses its
stability as rg increases through 1 (removing the threat of extinction), creates stable positive (non-
extinction) equilibrium states.

Theorem 1 asserts stability or instability of the bifurcating positive equilibria C locally only, i.e.
for equilibrium pairs on C near the extinction equilibrium (1, ﬁ) only. However, the continuum C is
known to exist globally in the sense that it connects to the boundary of the set on which the matrix
model is defined, i.e., it connects to the set {400} x (922 NR7'), where 9€2 denotes the boundary

of © . In most applications, ) includes the closure RT of the positive cone, which implies that
either the component 7 is unbounded or the norm |Z| is unbounded in R4 (or both). When rq is
unbounded we have that there is at least one non-extinction equilibrium for each ro > 1 [7, 8].

A derivative 0,,p;; is often negative in population models because of an assumption that an
increase in density x; will have a deleterious effect on some vital rate (birth rate, survival probability,
growth rate, metabolic rates, and so on). These kinds of negative feedback phenomena are common
in population models that describe density regulation mechanisms for population growth. If all the
derivatives 99 .Dij are negative (or zero), that is to say, if all density effects in a model are negative
feedback effects, then clearly x > 0 and the bifurcation of the continuum C is forward and hence
stable.
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A positive derivative 6%6 pij is called a component Allee effect [5]. Clearly, the existence of a
component Allee effect is necessary for a backward bifurcation (i.e. for £ < 0). If all component
Allee effects are sufficiently large so that x < 0, then the bifurcation of positive equilibria at (1, ())
is backward and hence unstable. A common occurrence in this case is the creation of a strong
Allee effect, i.e. the presence of two attractors, one of which is an extinction equilibrium and the
other of which is positive. Thus, population survival is initial condition dependent. This scenario
can only occur when ry < 1 and the extinction equilibrium is stable. A backward bifurcation does
not create a stable positive equilibrium, however. A strong Allee effect usually arises in models
with backward bifurcations. This is because it is usually assumed that negative feedback effects
predominate at high densities (even if they do not at low densities) which has the consequence of
“turning” the continuum C around at a critical (saddle-node bifurcation) value of ro < 1 with a
concomitant stabilization of the positive equilibria. We will not pursue this phenomena here, which
occurs outside a neighborhood of the bifurcation point. See [10].

In this paper we extend the fundamental bifurcation Theorem 1 to an evolutionary version of the
matrix model (2) under the assumption that the projection matrix depends on a suite of phenotypic
traits subject to natural selection. This generalizes the results in [6] where models with only a single
trait are considered.

3 Darwinian Dynamics with Multiple Evolutionary Traits

We consider an evolutionary version of the matrix model (1) developed in [28]. In that modeling
methodology a (focal) individual’s vital rates, as described by the entries of the projection ma-
trix, are influenced by a collection of scalar traits & = (vy,...,v,)? and the population means of
these traits & = (uy,...,u,)". By this assumption, an individual’s fitness depends on both its
own suite of traits ¢ and the traits possessed by other individuals in the population @ (frequency
dependence). We indicate this by the notation P(&,, o), which in turn implies that the spectral
radius of P(&,u,0) is also dependent on ¢ and a:

r(&,a,0) := p[P(Z,4,0)].

Darwinian dynamics track the dynamics of the structured population #(¢) and the vector of popu-
lation mean traits @ (t) = (u1(t),...,u,(t))T, the latter by means of the assumption that changes in
the mean trait are proportional to the fitness gradient of the focal individual [1, 13, 2, 16, 17, 22, 28].
We extend the resulting evolutionary matrix model, as found in [28], to include a vector of traits
b= (v1,...,v,)T. Different fitness functions can be found throughout the literature, but the most
common choice is the exponential growth rate Inr [24]. Another choice used by some researchers
is the net reproduction number Ry (&, @, ). We use lnr(Z, @, 0), but note that by the results in [9]
our results remain unchanged if r(&, 4, 0) is replaced by Ro(Z, 4, ?).

The model equations for the coupled population and trait dynamics provided by evolutionary
game theory are [22, 28|

I
e

Bt+1)
alt+1)

(@, {))|<i,a,ﬂ>:<i<t),a<t>,ﬂ(t>> a(t) 4)

W(t) + M Vo Inr(Z,4,0)|(5,q,0)=(30),at),a(t)) (5)

where M = (0;;) is a symmetric n x n variance-covariance matrix for trait evolution and the gradient



O Joy b WN

Velnr(z,,0) is a column n-vector, whose i'" entry is

9. nr(s,i,0) = %)
1 v'L

The entry o;; of M, i # j, is the covariance of the i*" phenotypic trait and the j** phenotypic trait.
The diagonal entries

2.
0; =04 ZO

are the variances of the i*" trait (from its mean u;) occurring in the population at each time ¢ (which
are assumed constant). We assume the usual conditions for a covariance matrix, namely that M is
positive semi-definite and symmetric.? If the matrix M is the null matrix, then no evolution occurs
and 4(t) remains constant for all ¢. In this case Theorem 1 holds when applied to (4) with the mean
trait 4(t) = 4(0) held fixed.

We write (4) and (5) as

#(t+ 1) = P(&(t), a(t), a(t))E(t) (6a)
At +1) = a(t) + M Vo lnr(d (t),a(t),a(t)) (6b)

where we use the simplifying notation

P(&(t), a(t), a(t)) :
Vi lnr(Z(t), a(t), a(t)) :

=

I
g9 =
[SH <>
—_
=] S
< <
—~ (<8
P

(&,a,2)=(2(t),a(t),a(t))

2, 0, 0)| (2,0,0)=(2(e),0(6),8(4)) -

Remark 1 We will need to differentiate functions of the three variables (&, 4, ) after letting © = G
with respect to the components u; of 4 and from them construct gradients and Jacobians with respect
to 4. Such a derivative is the sum of the partial derivatives with respect to u; and v;. For example,
the deriwative of r(&, G, 4) = r(&, 4, 0)|s=q with respect to u; is

which we write as

With this notation, the gradient of r(Z, 4, @) with respect to the components u; of i constructed from
these partial derivatives is
Var(&,4,4) + Ver(z, 4, ).
Let V' be an open connected set in R™ and let 2 € R™ be an open set containing the origin
0 € R™. We assume the following about the projection matrix P(Z, @, ¢) and the variance-covariance
matrix V.

H2. P(&,a,9) is primitive for (2,4,0) € Q x V x V, p;; € C?’QxV xV = Ry),
Dij (&, 0, 0) = Pij (0)Pi; (£, G, 0) such that p;;(0,4,0) =1, and M is invertible.

3 M is positive semi-definite means 97 M® > 0 for all & € R™. M is symmetric means 04 = 04 forall1 <4,7 < m.
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Remark 2 The assumption on p;; in H2 implies that trait frequency dependence has no effect in
the absence of density effects. Specifically, p;;(0,4,7) = pi;(0). A mathematical implication of this
assumption is that all derivatives of p;; (ﬁ,ﬁ,f)) with respect to components u; of 4 are identically
equal to 0 for all v :

Vﬁpij (0, ’ll, ’0) = On (7)

This means the inherent projection matrizc P(O, U, 0) is independent of i and hence so is its dominant
eigenvalue 7(0,4,0). Thus Vyr(0,4,0) = 0, for all © hence Vg [r(0,4,9)|,_.] = 0,. Using the
notation convention in Remark 1 we have

Var(0, 4, 4) = 0,. (8)

Remark 3 The assumption on M in H2, that it is invertible, is for example satisfied if traits are
not strongly correlated.

Our approach is to consider the bifurcation of equilibria from an extinction equilibrium which,
by definition, is an equilibrium (&, %) = (0, @) of (6). From (6b) we find that (0, %*) is an equilibrium
if an only if

Ver(0, 4%, 4%) = 0,

(where 0,, is the origin in R™), in which case we say @* is a critical trait. As a bifurcation parameter
we use the dominant eigenvalue of P(0,4*,4*), which we denote by

o = p[P(0, 4%, 4")).

This is the inherent growth rate of the population when the trait is held fixed at the critical trait
4 = 4*. As in the non-evolutionary case, we normalize the entries of the projection matrix so that

where () satisfies H2 and
Letting

we have R
r(8,0) = 5 7(#,8,0), (0, 3%,407) = 1. )
The Darwinian equations (6) are now
Bt +1) = rgQ(E(t), a(t), a(t))(t) (10a)
1
—————M V;7(Z,4,0). (10b)
T

Note that the bifurcation parameter r{ does not appear in the trait equation (10b). This is because
in the trait equation (6b) we have

Volnr(@ (t),a(t),i(t) = ———Vor (&, 4, 4) = ———— 15 VoT (&, 4, )
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in which 7§ cancels.
We say that a pair (1§, (Z,4)) € R x (Q x V) is an equilibrium pair if

& =r{Q(Z,4,0)T (11a)
0 = Vo7 (2, 1, 4). (11b)
Note that
VT (Z,4,0) = 0y, if and only if Vyr(Z, 4, 4) = 0,,.
Definition 2 We say an equilibrium pair (rg,(&,4)) is a positive equilibrium if & € RT'. An
extinction equilibrium pair is an equilibrium pair of the form (rj, (0,4)).

)) is an extinction equilibrium pair if and only if 4 = 4* is a critical trait

Observe that (g, (0
i = 4* is a critical trait, then (rf, (0,4*)) is an extinction equilibrium pair for

(
and, conversely, if @
all values of r§.

]
,EL*

4 Stability of extinction equilibria
We want to analyze the stability properties of an extinction equilibrium pair.

Definition 3 We say that an equilibrium pair (v, (£,4)) is stable if (Z,4) is (locally asymptotically)
stable as an equilibrium of the Darwinian dynamics (6).

To use the Linearization Principle, we compute the Jacobian matrix for the system (10a)-(10b)

e (Ted(Eaa) TEU(d,d, )
J (g, &, 1) = ( QT(:E,a,ﬁ) %)(:E,ﬁ, i) >

where J(&, 4, @) is the m x m Jacobian matrix of Q(&, @, 4)& with respect to & and ¥ (&, @, @) is the
m X n matrix whose n columns are

00, Q(&,1,0)% + 0y, Q(2, 4, 0)2, i=1,2,- ,n. (12)

The dynamics of the i*" mean trait u; are given by

wi(t+1) = ui(t) + Y 0iky, In7(&, 11, ).

k=1
and therefore Y (&, 1, 1) is the n x m matrix whose i*" row (i = 1,2,--- ,n) is the transpose of the
gradient
Vi » 00y, In7(2,4,0) = > 01k Vady, 7 (&, 1, 0)
k=1 k=1 o=a
and
O(2,0,0) = Inxn + MH(Z,4,4) (13)

where H(&,4,4) is a n X n matrix whose kjt" entry is the uy, derivative of Oy, In7(2,0,1), i.e.

H(&,4,0) = [Ouyw, In7(&,a,0)

oo Doy (&, 0, 0)] ]
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By assumption H2, the projection matrix P (0,1, %) = [p;; ()] is independent of @& and as a result

Oupo; IMT(Z, 1, D) (6,0,0)=(0,0,8) = 0
for all . It follows that R
H(0,a*,a4%) = [&?kv mﬂ (14)

where we have adopted the superscript notation

8vkv In7 := Oyyo, In7(&,a,0) (6.0,0)= (0,0 i) °
Thus, the matrix H (0, 4*, 4*) is the Hessian of In7(&, @, ©) with respect to ¢ evaluated at (&, @, 9) =
0.7, 0°).

T he Jacobian J evaluated at an extinction equilibrium pair (r,

* A A% *J 7A*7A* Om n o OaA*uA* Om n
S (PO e V(505 o Y

Ox
—
>
~
~—
—~
=
O *
—~
jenl
>
*
~—
~—
—
)]

where 0,,,x,, denotes the null matrix with dimension m xn. We note that J (O 0*, 4*) is the Jacobian
with respect to & of (10a) when the trait is held fixed at u*. The elgenvalues of (15) are the m
eigenvalues of 75Q(0, 4*, @*) and the n eigenvalues of ®(0, * ,U").

Recall that rj is the (strlctly) dominant eigenvalue of TOQ(O @*,4*). Thus, if r§ > 1 the extinc-
tion equilibrium (0,%*) is unstable. On the other hand, if rj <1 then stability (by linearization)
is determined by the n eigenvalues of <I>( @*,4*). Using the linearization principle for discrete
dynamical systems [14], we obtain the following result, which is an extension, for the evolutionary

case with multiple traits, of the first statement in Theorem 1.

Theorem 2 Assume H2 holds and that 4* € V' is a critical trait.
(a) If r§ < 1 and p[<I>( W*,4*)] < 1, then the extinction equilibrium pair (r{, (A,ﬁ*)) is stable.
(b) If r < 1 and p[®(0, 0* A*)] > 1, then the extinction equilibrium pair (rg, (0,4*)) is unstable.
(c) If r§ > 1, then the e:rtmctzon equzlzbrzum pair (r§, (0,4*)) is unstable.

To investigate the spectral radius p[@(f),ﬁ*, @*)], which appears in Theorem 2, we make further
assumptions on the matrix M.

H3. The variance-covariance matriz M diagonally dominant: o? > > i loigl -

In [27] it is shown, under assumption H3, that p[®(0,a*, 4*)] < 1 if H(0,a*,4*) is negative defi-
nite and that p[@(O a*,a%)] > 1if H(0,a*,a*) is posmve semi-definite or indefinite provided the
variances 01-2 are small.
Corollary 1 Assume H2 and HS hold and that 4* € V is a critical trait. If the variances o? are
small, then the extinction equilibrium pair (rg, (0,4*)) is

(a) stable if r§ < 1 and the Hessian (14) is negative definite;

(b) unstable if r§ > 1 or if the Hessian (14) is either indefinite or positive semi-definite.
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With regard to the variances, the assumption o2 < 1/p [H (O,ﬁ*,ﬁ*)} is sufficient in Corollary
1. We are particularly interested in the case when the extinction equilibrium (rf, (0,4*)) loses
stability as rj increases through 1. This occurs in Theorem 2 when p [@(0,&*,&*)] < 1. Tt also
occurs in Corollary 1, when H (O,ﬁ*,ﬁ*) is negative definite. This suggests the possibility that
the (transcritical) bifurcation occurring at 7§ = 1 can result in a branch of stable positive (non-
extinction) equilibria. We address this question in Section 5.

As an example consider the case when there is no covariant evolution of the traits (i.e. that the

off diagonal terms in M are all equal to 0 and the diagonal terms o7 are positive) and when
(?SWJ_F =0 for i # j, (16)

so that traits evolve nearly independently in a neighborhood of (Z,4) = (0,4*). With these as-
sumptions the matrix ®(0,4*,4*) is diagonal and its eigenvalues are 1 + ofagwj. From Theorem
2 we obtain the following corollary.

Corollary 2 Assume H2 holds and that 4* € V is a critical trait. Further assume o;; = 0 and
(16) for all i # j. The extinction equilibrium pair (5, (0,4*)) is

(a) stable if ry < 1 and |1+ 0200, 7| <1 for all i;

(b) unstable if r§ > 1;

(c) unstable for any r§ > 0 if ’1 + ofagwj‘ > 1 for at least one .
Note. In Corollary 2(c) the extinction equilibrium pair (r{, (0,4*)) is unstable, for any value of Ty,

if 89 ,,7 > 0 for at least one i. On the other hand, if 89, 7 < 0 for all values of , then extinction
2

i

equilibrium pair (rg, (0,7*)) is stable for 7§ < 1 and small variances o

5 A Bifurcation Theorem for the Evolutionary Model (10)

The loss of stability by the extinction equilibrium pair when rf§ increases through 1 suggests the
possibility of a (transcritical) bifurcation at the value r§ = 1. This is due to the fact that an
eigenvalue of the Jacobian leaves the complex unit circle as r(j increases through 1. In this section
we establish a bifurcation theorem for the evolutionary model (10).

We begin by assuming that @ can be expressed as a function of & by means of the equilibrium
equation (11b).

H4. Let 0* € V be a critical trait. Assume there exists a function £ € C2(N — V)
where N is a open neighborhood of 0 in R™, such that £(0) = 4* and V47 (i, E(7), £(2))
0, for £ € N.

)

Let JO(V;7) and J2(V47) denote the Jacobian matrices of the gradient V7 (%, 4, @) with respect to
@ and & respectively evaluated at (&,4,4) = (0,4*, @*). The following assumption and the Implicit
Function Theorem guarantee that H4 holds.

H5. Let u* € V be a critical trait for which J3(V47) is a non-singular matriz.

Remark 4 The product rule (31) applied to

1
Vs lnf“(:@,d,ﬁﬂ@:ﬁ = %V@f(f,’&,’ﬁ”{,:ﬁ

10
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evaluated at & = 0 implies, together with ™ =1 and ng“ =0 (by the definitikon of a critical trait),
that J9V5In7 = JIV,7 or

VEVj

JOV, In7 = [80 lnf} .
Thus, under assumption H2 we see (from (14)) that in H5
JY(Ver) = H(0,a",a").

Theorem 3 Assume 4* € V is a critical trait. Assume H2 and H/ hold and that k* #£ 0.

(1) There exists a continuum C* of positive equilibrium pairs (r§, (Z,4)) € Ry x (R x V) of
(10) that bifurcates from the extinction pair (1,(0,4*)) (i.e. that contains the extinction pair in its
closure).

(2) Assume H2 and H5 hold. In a neighborhood of (1,(0,4*)), the positive equilibrium pairs
have the parametric representation

#(e) = wre + O(?) (17a)
i(e) = 4 + G1e + O(?) (17b)
ro(e) = 1+ w*e + O(?) (17¢)

for small £ Z 0 where wg is a positive right eigenvector on(f), @*,0*) associated with eigenvalue 1
(equivalently of P(0,4*,4*) when r§ =1) and

iy = — [JU(Ver)] T JU(VeF)ig. (18)

k" ==y ([Vig;wr]) W . (19)

Furthermore, we have the following alternatives.

(a) If p[®(0,0*,4*)] < 1 and k* > 0, then the bifurcation of C* is forward and the positive
equilibrium pairs on C* are stable.

(b) If p[®(0, 4%, 4*)] < 1 and k* < 0, then the bifurcation is backward and the positive equilibrium
pairs on C* are unstable.

(c) If p[®(0,a*,a*)] > 1, then positive equilibrium pairs in the continuum C* are unstable
regardless of the direction of bifurcation.

Remark 5 Because k* is calculated from evaluations at the bifurcation point (5, (2,4)) = (1, (0, 1*))
and because only the sign of K* is involved in determining the direction of bifurcation and stability,

Theorem 3, parts (a) and (b), remains valid if in the formula (19) and in H4 and H5 we replace

gij by pij and 7 by r.

Proof. (1) Under H4, the equilibrium equations (11) reduce to the single equation

& =r5Q(#,£(2),6(2))2 (20)

for # € N. Theorem 1 applies to this equation with matrix Q(Z, £(z),£(2)) in place of Q(&) (and
N in place of Q). This results in the existence of a continuum C of positive solution pairs (1§, &) of
(20) that bifurcates from (1,0). The continuum C in turn gives rise to a continuum

= {05, (3,0)) | (r5,2) €C, it = £()}

11
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of equilibrium pairs (r§, (&,4)) of (10) that bifurcates from the extinction equilibrium (1, (0, 4*))
at rf =1

(2) The parameterization of C' Theorem 1 implies that, near the bifurcation point, the positive
equilibrium pairs on the continuum C* have a parameterization (17). The coefficient £* is given
by the formula (3) for & but with p;(#) replaced by p;; (&, £(2),£(2)). To make this calculation
we note that the coefficient 47 = VOéTﬁ)R can be calculated by an implicit differentiation of the
equation V(2 (e), £(2(c)), £(&(e))) = 0, with respect to € and a subsequent evaluation at & = 0.
From this calculation we obtain (18). From (3) and Lemma 1 in the Appendix, but with p;;(%)
replaced by py; (&, £(2),£(2)), we obtain (19).

To investigate the stability of bifurcating positive equilibrium pairs we make use of the parametriza-
tion (17) which allows us to parameterize by € the Jacobian J(r,#,4) when it is evaluated at the
equilibria (17) and, subsequently, to parameterize this Jacobian’s eigenvalues by e. From this
parameterization we can approximate the eigenvalues of the Jacobian for ¢ Z 0.

At ¢ = 0 the eigenvalues of the Jacobian J(1,0,4*) are the eigenvalues of .J(0,4*,4*) and
the eigenvalues of ®(0,4*,4*). The spectrum of the Jacobian J(rg(e),4(c), @(c)) approaches, by
continuity, the spectrum of J(1,0,4*) as ¢ tends to 0. Therefore, if p[®(0,4*,@*)] > 1 then for
e 2 0 the Jacobian J(rj(g), (), u(e)) also has spectral radius greater than 1. Consequently, the
positive equilibria are unstable near the bifurcation point. This establishes 2(c).

Suppose p[® (0, 4*, @*)] < 1. Since the strictly dominant eigenvalue of .J (0, @*, 4*) is 1, it follows
that the dominant eigenvalue of (1, 0, u*) is 1. To determine stability of the bifurcating positive
equilibria, by means of the linearization principle, we must investigate if the dominant eigenvalue
of J(r§(e), &(e), u(e)), which equals 1 when e = 0, is greater or less than 1 for e Z 0. Let

1(e) =14 pe + O(e?)

denote the dominant eigenvalue of J(rg(e), Z(e),4(e)). Whether 4 (g) is less than or greater than
1 for € Z 0, and hence whether the bifurcating positive equilibria are stable or unstable near the
bifurcation point, can be determined by the sign of ui: for ¢ Z 0, the bifurcating positive equilibria
are stable if ; < 0 and unstable if 3 > 0.

To calculate a formula for p1 we begin by letting

Wr(e) = Wro + Wrie + O(c?)
denote a right eigenvector of the Jacobian J associated with the dominant eigenvalue u(e), so that
T (r5(e), (), a(e))Wr(e) = p(e)Wr(e). (21)

Setting £ = 0 in (21) we obtain X R R
j(lv 07 ﬁ*)WRO = WRO-

. wm

Wrn = ~RO

o (wﬁo
where w7, and W%, are column vectors with m and n entries respectively. The vector W%, is a
right eigenvector of J(0,4*,4*) = Q(0,4*,4*) associated with the eigenvalue 1 and consequently

Why = Wr. A calculation shows
. Wp
= A~ .
Wro i

12

We can write
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The vector WEO where

- (g
-3
is a left eigenvector of J(1,0,4*) (where w} is a left eigenvector of J(0,4*,4*)). Note that
WIWgo = wFig =1.
If we differentiate (21) with respect to € and set € = 0 in the result, we obtain

. ” d “
(7(1,0,8%) = Iygn) Wrt = i Wro — EJ(TS@)’@(E)?&(E)) Who

e=0

where I, 1, denotes the identity matrix of size m + n. According to Fredholm alternative, this
equation is solvable for Wgy if and only if the right hand side is orthogonal to the kernel of
(J(1,0,@*) = I yn)". This kernel is spanned by the left eigenvectors of J (1,0, 4*) associated with
the eigenvalue 1. Therefore, the right hand side must be orthogonal to Wrg. This implies
* AN — TSJ(Av’ELv’&) TS\I/(AvAaﬁ)
gt = (Fnn o

p = Why L70rs(e),4(e),(2))

:(%>Ti(%@ﬂ@@

or

o = 0 S () T(3(6), (o), i)

We consider the two terms in this sum one at a time. With regard to the first term in pq, the
product and chain rules imply

L €) JG),a(e), )| b
e=0
— k0T Q, 4%, 0% g + w{diJ(@(a),a(a),a(s)) iop

e=0
=r*+ ] ([Viegswr] + [Vaa,tn] + [Via)ai] + [09,¢jwr)) wr

where we have defined the row vector

Naqi=100aq1 g2 - qm].

With regard to the second term in p1, we recall that (&, 4,4) is the m X n matrix whose n
columns are (12) and as a result, upon evaluation at the bifurcation point, the only contribution

13
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to the derivative in the second term arises from the derivatives of W (&, 4, %) = [14;(Z, G, 4)] with
respect to the components of &. Therefore the second term in g is

2 [ (0 3(E) ), (e | an = 0 [V
=y ([0, qj0r] + [0),¢j10r]) i
where we have defined the row vectors
(92iqj = [ 3311]3'1 38in2 88i%‘m ]7 agiqj‘ = [ 3&%1 3&%2 8Siqjm ]

H2 implies 68k gi; = 0 for all u;, and all 7, j, and
pr = K"+ a7 [Veg,or] br +0F [Vog) 1] wr + 0] [02,¢jr] wr + @ [09,¢;0r] 1.
Noting that
W] (Vg bR] br = 0F [09,qj0r] g, OF [Vig i) wr =] (09 qr] G
we have
= K" +2 (0] [V wr] wr +0f [Vig,i1] wr) .
By Lemma 1 in the Appendix we get

= K&* 42wt [ngiTjd)R] wWR

which, by (18), implies p1 = —k*.As a result, x* > 0 implies both that the bifurcation is forward
and that the bifurcating positive equilibria are stable for € Z 0. On the other hand, £* < 0 implies
that the bifurcation is backward and that the bifurcating positive equilibria are unstable for € Z 0.

[
From (13) we obtain (as in [27]) the following corollary of Theorem 3.

Corollary 3 Assume H2, H3 and H5 hold and that @* € V is a critical trait. Let C* be the contin-
wum of positive equilibrium pairs that bifurcates from the extinction pair (1,(0,4*)) guaranteed by
Theorem 3. If the variances o2 are small, then in a neighborhood of the bifurcation point (1, (f), a*))
we have the following alternatives.

(a) The bifurcation of C* is forward and stable if the Hessian (14) is negative definite and k* > 0.

(b) The bifurcation of C* is backward and unstable if the Hessian (14) is negative definite and
K* < 0.

(¢) The positive equilibrium pairs in the continuuwm C* are unstable if the Hessian (14) is positive
semi-definite or indefinite (regardless of the direction of bifurcation).

For the case of no trait covariance considered in Corollary 2, we obtain the following result from
Corollary 3.

Corollary 4 Assume H2 and HS5 hold and that 4* € V is a critical trait. Further assume o;j =0
and (16) for all i # j. Let C* be the continuum of positive equilibrium pairs that bifurcates from
the extinction pair (1,(0,4%)) guaranteed by Theorem 3. Then in a neighborhood of the bifurcation
point (1, (0,4*)) we have the following alternatives.

14
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(a) The bifurcation of C* is forward and stable if k* > 0 and ’1 + 0200 77’ <1 for all i.

(b) The bifurcation of C* is backward and unstable if k* < 0 and ‘1 + ofagwjl <1 for alli.
(¢) The positive equilibrium pairs in the continuum C* are unstable if ‘1 +0200 7| > 1 for at

1 TV
least one i (regardless of the direction of bifurcation).

Note. In Corollary 4 we see that the positive equilibrium pairs in the continuum C* are unstable
if 89, 7 > 0 for at least one i. On the other hand, if 89 , 7 < 0 for all values of i, then the positive
equilibrium pairs in the continuum C* are stable if x* > 0 and the variances o2 are small enough

so that |1+ 0290, 7| <1,ie o} <—-2/9), F.

1 VU4

6 An Application

Consider the single difference equation

@

x(t+1)=0bx(t)exp (—cz (t)) exp ( T (t)) (22)
with coefficients b,c¢ > 0 and a,s > 0. When o« = 0 this map is the famous Ricker equation
which is one of the most well known equations that incorporates negative effects that population
density can have on population growth. Equation (22) is studied in [25] as a model equation that
incorporates a positive effect of increased population density (a so-called component Allee effect
[5]) in the presence of a predator. This is the well-known predator-saturation effect in ecology and
is one of the most commonly attributed causes of Allee effects [12], [5].

The factor exp (—a/ (1 + sx)) in (22) is an increasing function of z and represents the probability
of escaping predation. We can interpret « as the intensity of predation and s a measure of how
effective the protection from predation attributed to population density x, which we will refer to as
the predation protection factor. Re-writing (22) as

x(t+1) =rof(z)x (¢) (23)
with

“1 + sz (t)

we see that 7o is the inherent (density-free) per capita birth rate, which equals b in the absence
of predation @ = 0. This equation, studied in [25], not surprisingly can exhibit the same kind of
period-doubling route-to-chaos as r(y increases as does the famous Ricker equation when o = 0.
(The right side of (23) defines a unimodal map.) The bifurcation that occurs at rg = 1 where the
extinction equilibrium x = 0 destabilizes is, according to Theorem 1, forward and therefore stable
if Kk = ¢ — as > 0. This inequality holds if the effect of predation, as measured by the product of
the predation intensity « and (per capita) predation protection factor s, is small compared to that
of the negative density effects measured by c¢. This occurs, of course, for the Ricker equation when
a=0.

On the other, if the reverse is true and the effect of predation as is large compared to ¢, then
by Theorem 1 the bifurcation at rg = 1 is backward and unstable. In this case, i.e. when as > c,
we can also say some things about the bifurcating continuum C of positive equilibrium pairs (rg, x)
outside the neighborhood of the bifurcation point (rg,z) = (1,0). The equation

ST
1 =rpexp (—cw—i—a )

ro :=bexp(—a), 7(z):=exp (—cx (t) + L(t))

1+ sx

15
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satisfied by positive equilibria z > 0, when re-written as

sT
ro=exp | cr— «
0 P 1+ sx

describes the continuum C of positive equilibrium pairs (rg,z). The graph of ro as a function of =
contains the point rg = 1 at x = 0, decreases as x increases to a unique critical point z., > 0 at
which ry attains a global minimum .. > 0, and increases without bound for x > z... See Figure
1. From the parabola-like shape of this graph, we see that the inverse function, treating x as a
function of 7y, has two branches: an upper branch of positive equilibria xs (rg) for rg > 7. and a
lower branch of positive equilibria x1 (ro) < z2(r¢) for 7" < rg < 1 which satisfies z1(1) = 0. The
value rg = r, is a saddle-node (blue-sky) bifurcation (or tipping) point at which the lower branch
x1 (r9) and and upper branch x5 (rg) coalesce. The following facts follow from general results in
[11]: for ro < r§" the extinction equilibrium is globally asymptotically stable; the equilibria x; (1)
are unstable and the equilibria z2(rg) are (locally asymptotically) stable for rg £ rcr. The upper
branch zs(rg) might not remain stable for all rg > 7., however, but might undergo a period
doubling cascade to chaos. If a destabilization of xa(rg) occurs at a point ro > 1, then on the
interval r.,, < rp < 1 there are two stable equilibria, the extinction equilibrium and the positive
equilibrium x2(r¢). This scenario is called a strong Allee effect. It asserts that survival is possible
for some ry < 1 provided a population’s initial condition lies outside the basin of attractor of the
extinction equilibrium (the Allee basin). If, on the other hand, x2(r¢) loses stability at a point in
the interval .. < rg < 1, then there still occurs a strong Allee effect but one with a non-equilibrium
survival attractor (e.g. a periodic cycle or a more complicated attractor).

Sample forward and backward bifurcation diagrams are shown in Figure 2. That secondary
period-doubling bifurcations cascade to complex (presumably chaotic) dynamics in both cases is not
unexpected, given that (23) is based on the Ricker nonlinearity. The backward bifurcation in Figure
2B is an example illustrating a saddle-node bifurcation (at ro = 0.4) that results a multi-stable
equilibrium (strong Allee) scenario, as shown in Figure 1. In this example the positive equilibria
destabilize (into a period doubling route to chaos) just outside the Allee interval 0.4 < ro < 1.
In other examples, using different parameter values, this destabilization can occur at a value of
ro < 1 so that the multi-attractor scenario of the strong Allee effect involves a stable cycle or even
more complicated attractor. For examples and further results concerning the relationship between
backward bifurcations and strong Allee effects, see [10]. The complex dynamics that can arise in
this model, particularly when positive non-equilibrium attractors are present for rq < 1 are studied
in [25], although not from this bifurcation point-of-view.

INSERT FIGURES 1 and 2 NEAR HERE

We now consider an evolutionary version of equation (23) to which we can apply the results of
Sections 4 and 5. For our application we consider the case when the inherent (density and predation
free) per capita birth rate b and the predation protection factor s are subject to evolutionary
adaptation. We think of these per capita quantities as characteristics of an individual and that
they are determined by a suite of phenotypic traits ¢ of the individual. Thus, b = b(d) and
s = s(¥). We assume that there is a trait vector that maximizes b and one that maximizes s, but
these optimizing trait vectors are not the same. The idea is that there are trade-offs in the allocation
of energy, behavioral activities, and resources towards reproduction and towards the avoidance of
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predators. For example, traits that promote physiological and behavioral characteristics promote
successful herding or flocking or schooling in order to avoid predation are not necessarily traits that
make for optimal reproduction.

Since we have set no units or scales for the traits, we assume without loss in generality that b is
maximal at ¢ = 0 and s is maximal at o = (1,1, ---,1)7. Specifically, we assume (as is often done
in evolutionary models [28]) that these coefficients have a multi-variate Gaussian-type distribution
about these maximal points:

bi) = fexp (-2 s - Lt
0) = Bexp 25, . s(0) =spexp 2 "o,
where b; and s; are positive real numbers (variances), 8 > 0 is the maximal possible value of b(?),
and sp > 0 is the maximal possible value of s(¢). The resulting 1 x 1 projection matrix P (x,, 0)

for (23) is independent of @ and its single entry piy (x,9) equals the dominant eigenvalue, i.e.
p11 (x,0) = r(x,0) where

The Darwinian equations (6) are

(t+1) =7 (2 (t),a(t) o)
a(t+1)=a(t) + M Vylnr(x (t),a(t))
with
1 v1—1
by ~ S1
Velnr (z,0) = — —a%
Un (1+S( ).’L’) vp—1
b, Sn
Since .
I
Violnr(0,9)|,_; = — :
%

we see that the only critical trait is
u* = 0.
and hence the only extinction equilibrium is (z,%) = (0,0). Our bifurcation parameter 5 = (0, 0)
reduces to
ro = Pe .
Under the added assumption that the traits are not correlated, so that the variance-covariance

matrix M = diag (01-2) is a diagonal matrix, the model equations for our evolutionary version of
(23) are

"L u? s(t(t))x
z(t+1)=rjexp <— Z ;;?) x (t) exp (—cw (t) + a%) (24a)

i=1

w; (t+1) = u; (t) — of

u; (1) u; () =1  s(a(t))z(t)
< b YT s (ts@)zd) (240)

17
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fori=1,--- ,n. Our goal is to apply Corollary 4 to these difference equations, toward which end
we must consider H2 and H5.

H2 holds with p11(9) = 79(9) and p(z, 4,0) = 7 (x, ), since 7(0,0) = 1. A calculation shows
that the Hessian H (0, 4", 4*) = [88in In7] is the diagonal matrix

1
H(0,4",4") = diag {—b—}

Thus, H5 holds (see Remark 4). By Theorem 3 the bifurcating continuum of positive equilibrium
pairs (r, (x,@)), near the bifurcation point (1, (0,0)), has the parametric representation

o (€) =1+ K*e + O(e?) (25a)
z(e) =e+ O(e?) (25b)
i (e) = e + O(e?) (25¢)

for e £ 0 where, by the formulas (18) and (19),

n 1
K* = c— aspexp (— Z_il g) (26)

b

S1

N no 1 : n
U1 = Sp exp (— Zi:l 2_31) b: S R+.
ﬁ
By Corollary 4(a,b), the direction of bifurcation determines the stability of the bifurcating positive
equilibria provided
02 <2b; foralli=1,---,n

that is to say, provided the speed of evolution is not too fast. Under this assumption, we have the
following conclusions concerning the bifurcation at r§ = 1 for the Darwinian model (24).

1. (Forward bifurcations) The bifurcation of the continuum C of positive equilibria for (24b) is
forward and consequently stable if

no 1
asp exp (— Zi:l g) <c. (27)

This occurs if the negative density effects, as described by the Ricker coefficient ¢, are large enough to
dominate the positive effects from the Allee effect attributed to density protection from predation,
as encapsulated by the quantity on the left side of the inequality (27). Thus, mechanisms that
promote a forward bifurcation are: a low predation intensity «, a low maximum possible predation
protection coefficient sg, and small variances s; (i.e. the largest predator protection coefficients
5 (0) are attained only for trait vectors narrowly distributed around the maximal trait vector ¢ =
(17 T 1)T)'

Note that the entries in @; in (25¢) are positive if asg > 0, i.e. if both predation and predation
protection are present. In this case, we see that near the bifurcation point, the trait components
u;(e) of the bifurcating positive equilibria are positive. As a result, for r§ Z 1 the stable, positive
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equilibria have trait components that do not maximize the inherent birth rate. Indeed, an even
stronger conclusion follows directly from the trait equilibrium equations (24b):
U; u;—1  s(d)x

b; o si (14 s(a)x)

s=0foralli=1,...,n (28)

This shows, when « > 0 and so > 0, that for any positive equilibrium (z, @) of (24), the equilibrium
trait components u; cannot equal 0 or 1. For those equilibrium pairs from the continuum C the trait
components form a continuum of equilibrium trait vectors & which must, therefore, have components
that lie entirely in the interval 0 < u; < 1 (whether the equilibria are stable or not). It follows that
for those positive equilibria from C which are in fact stable (such as those for r§ Z 1), we can say
that evolution selects a vector of traits that neither maximizes the inherent birth rate b (@) (which
occurs at @ = 0) nor the predator protection coefficient s (@) (which occurs at @ = (1,1,---,1)").
One might say, then, that evolution trades-off a smaller inherent birth rate in favor of some predator
protection.

When predation and/or predation protection is absent (a« = 0 and/or so = 0) in the model,
then clearly inequality (27) holds and the bifurcation at r§ = 1 is forward and stable. In this case,
the equilibrium equation (28) for the traits w; implies u; = 0 for any positive equilibrium pair and,
not surprisingly, evolution selects to maximize the inherent bifurcation rate b (@). O

(2) (Backward bifurcations). The bifurcation of the continuum C of positive equilibria for (24b)
is backward and consequently unstable if

no 1
aSo €Xp (— Zi:l g) > c. (29)

This occurs only if predation is present o > 0 and density protection from predation is also present
s0 > 0. Inequality (29) holds if predation intensity « and /or predator protection sq are large (relative
to the negative density effects ¢). Also promoting a backward bifurcation are large variances s;,
that is to say, when a high level of predator protection s(¢) is attained for a wide distribution of
trait vectors v. [

Our general results in Section 5 concern equilibrium properties in a neighborhood of the bifur-
cation point and do not imply anything about the dynamics outside such a neighborhood. As in the
non-evolutionary model (23), we expect it to be true that the positive equilibria on the continuum
C for the evolutionary model (24) do not necessarily retain the stability properties that they pos-
sess near the bifurcation point. In particular, in the case of a forward/stable bifurcation we would
expect that, at least for some model parameter values, the stable positive equilibria will destabilize
with increasing rg and even give rise to a sequence of bifurcations that result complicated, chaotic
dynamics. In the case of a backward/unstable bifurcation, in addition to this phenomenon, we
would also anticipate the potential for strong Allee effects on an interval of r§ values less than 1.
We will not study these questions about the dynamics of (24) in this paper where our theory is
focussed on the local bifurcation at rj = 1.

However, we can provide a few selected numerical simulations that, in addition to illustrating
the local bifurcation predicted by our theorems, also illustrate the kinds of secondary bifurcations
and strong Allee effects since in the non-evolutionary case (cf. Figure 2). Figure 3 shows two sample
bifurcation diagrams for the evolutionary model (24) with two traits, i.e. n = 2. The plots in Figure
3A are from parameter values for which x* > 0 and, hence, a forward, stable bifurcation occurs at
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ry = 1. As with the non-evolutionary version of the model in Figure 1, further increases in ¢ result
in the familiar period doubling route to chaotic dynamics. In Figure 3B the same parameter values
are used except that the predator protection coefficient sq is increased to the extent that x* < 0
and, as a result, a backward, unstable bifurcation occurs. The result is a bifurcation diagram that
shows a saddle-node bifurcation (at r§ = 0.4) creating an interval of strong Allee effects with both
a stable extinction equilibrium (z, %) = (0,0) and a stable positive equilibrium. In this example,
one sees from Figure 3B that the positive equilibrium loses stability through a period doubling at
a value of rj less than 1. This results in an interval of r§ values less than 1 for which there is a
strong Allee effect that involves a stable positive 2-cycle instead of a positive equilibrium. (The
oscillations in the traits u; are small amplitude in Figure 3B.)

INSERT FIGURE 3 NEAR HERE

7 Concluding Remarks

A fundamental property of population dynamic models, when the extinction state destabilizes due
to a change in a model parameter, is the occurrence of a bifurcation which results in the presence
of positive equilibria. Typically the stability of these bifurcating equilibria depend on the direction
of bifurcation (Theorem 1). In this paper we investigate this basic bifurcation phenomenon for an
evolutionary version of a general matrix model for the dynamics of a structured population. The
model assumes that the entries of the model’s projection matrix (i.e. the per capita birth, survival
and class transition rates) depend on a vector of phenotypic traits, each of which is subject to
Darwinian evolution, and tracks the dynamics of the population and the vector of mean traits [28].
We define the notion of a critical trait vector, which is associated with the existence of an extinction
equilibrium in the model, and obtain conditions under which an extinction equilibrium destabilizes
(Theorem 2) and conditions under which a continuum of positive equilibria bifurcates from the ex-
tinction equilibrium, as the inherent population growth rate (at the critical trait) increases through
1 (Theorem 3). We further obtain conditions under which stability of the bifurcating equilibria is
determined by the direction of bifurcation and conditions under which it is not (Theorem 3).

It is shown in [23] that the bifurcating continuum C* of positive equilibria in Theorem 3 has a
global extent in Ry x (R* x V) in that it connects to the boundary of this cone (oo is included
in the boundary). In general, however, the stability/instability results in Theorem 3 hold only in a
neighborhood of the bifurcation point. This is illustrated in the example studied in Section 6 where
secondary bifurcations occur outside the neighborhood of the bifurcation point. Whether or not
such bifurcations occur are model dependent (which is true in non-evolutionary matrix models as
well).

In non-evolutionary matrix models, backward bifurcations are often associated with strong Allee
effects, i.e. multiple attractors for values of 5 < 1 one of which is extinction and the other which is
a survival attractor [10]. While conditions sufficient for the occurrence of a backward bifurcation are
given in Section 5, its relation to strong Allee effects is not investigated in this paper. A backward
induced strong Allee effect is shown to occur, by simulations, in the example studied in Section 6.
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8 Appendix

Lemma 1 Assume H2 and H5 hold. Then &k [ngiTjﬁl]ﬁ)R =0.
Proof. Consider the equality
P(0, @, w)ir(0, ) = (0,4, a)ir(0, ). (30)

which holds by the definition of (0, @, @) as an eigenvalue with a positive right eigenvector wg/(0, @).
Let p; = p;(0, @, @) denote the i-th column of P = P(0, 4, %). We want to take the Jacobian of both
sides of equation (30) with respect to 4. To do this we let Jy3[w(y)] denote the Jacobian of a vector
valued function @(§) of a vector §.

The right side of (30) is a vector valued function of the form 7(§)w(§) for a scalar valued function
7(9). Applying the general formula

Tylr(@)@@)] = @) Vyr(@)" +7(9) T30 (5)] (31)
and recalling (8) in Remark 2, we find that the Jacobian of the right side of (30) with respect to @
is

Wr(0,0) (Var” + VorT) + rJa[wr(0,4)] = wr(0,2)Ver™ +rJg[ir(0,d)).
To calculate the Jacobian of the left-hand side of (30), we write
Pig(0,a) =Y wf(0,a)p;

K2

I

Il
s

2

where w!t(0, @) are the components of the vector wg(0,4) and apply the product rule (31) to each
term. Noting (7) in Remark 2 we get

PJa[wg(0,a)] + ) w0, a)Js[ps).

IR

i=1
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Equating the Jacobians of the left and right sides of (30) we have

m

PJa[wr(0,4)] + Z wli(

or

which in turn can be rewritten as the m equations
(P = 11,)0u, (Wr(0,4)) = (O, 71 — 8y, P)igr(0,7) for 1 <i<n.

The matrix P — rl,, is singular and by the Fredholm alternative, the solubility of these equations
imply the m orthogonality conditions

WL (0,4)(Dy, 7T — Oy, P)wg(0,1) =0

are satisfied. Solving for d,,r and recalling that the eigenvectors are normalized so that @ (0, @) T wg (0, @) =
1, we find
Dy, = WE(0,1)0,, Pwr(0,4) for 1 <i<n.

Since 831,7" = 0 by definition of a critical trait vector 4*, when setting & = 4* and r§ = 1 in these
expressions we get
9 Qip =0 for 1<k <n. (33)

Let u; , denote the scalar components of the vector @;. Then

qu_] Zul kaykqu

and .
Uqu Z u1 k Qij} = Z U1,k38kQ
k=1

From
w%[vgqijal]’l[}}{ = Zulyk (sz(?SkaR)
k

and (33) it follows that @7 [V9¢;;01]iwr = 0. m
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FIGURE 1. Shown is a generic plot of the bifurcating continuum C' for equation (23)
when as > ¢ and, consequently, a backward (unstable) bifurcation occurs at the point
(rg,z) = (1,0). The question mark indicates that although the positive equilibria on the
upper branch z5(rg) are (locally asymptotically) stable near the saddle-node bifurcation
point (rer, Zer), they can, depending on model parameter values, destabilize further
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45 FIGURE 2. Sample bifurcation diagrams for equation (23) with ¢ = 0.3 and o = 3.
46 A. s =0.05and k = ¢ — as = 0.15 > 0 so that the bifurcation at 1y = Be™3 = 1 is

47 forward and stable.

48 B. s =1and kK = —2.7 < 0 so that the bifurcation at ro = Be™3 = 1 is backward

49 and unstable (dashed line).
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FIGURE 3. Sample bifurcation diagrams for equations (24) with ¢ = 0.3, = 3,b; =

3,b2 :1,81 = 1, and S92 =3.

A. sp = 01 and k* = 3(1—e2/3) /10 ~ 0.146 > 0 so that the bifurcation at

ry = Be3 =1 is forward and stable.

B.s=1and s* =3 (1 - 106_2/3) /10 &= —1.2403 < 0 so that the bifurcation at
rg = Be~3 =1 is backward and unstable (dashed lines).
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FIGURE 4. Shown are sample orbits for equations (24) with the same parameter values
used in Figure 3B when a backward bifurcation creates an interval of r§ < 1 for which
there is a strong Allee effect.

A. For r} = Be~3 = 0.4 the bifurcation diagram Figure 3B shows a stable extinction
equilibrium and a stable positive equilibrium. The upper graph in column A shows
plots of the solution with initial conditions x = 2.35, 41 = us = 1 and that tends to the
positive equilibrium. The lower graph shows plots of the solution with initial conditions
x = 2.33,u; = up = 1 and that tends to the extinction equilibrium (z, %) = (0,0).

B. For 7§ = Be~3 = 0.9 the bifurcation diagram Figure 3B shows a stable extinction
equilibrium and a stable 2-cycle. The upper graph in column B shows plots are of the
solution with initial conditions z = 2.35,u; = us = 1 and that tends to the positive
2-cycle. The lower graph in column B shows plots of the solution with initial conditions
x = 0.35,u; = up = 1 and that tends to the extinction equilibrium (z, %) = (0,0).
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