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Abstract. This work presents a global convergence theory for a broad class of trust-region
algorithms for the smooth nonlinear progranuning problem with equality constraints. The main
result generalizes Powell’s 1975 result for unconstrained trust-region algorithms.

The trial step is characterized by very mild conditions on its normal and tangential comnponents.
The normal component need not be computed accurately. The theory requires a quasi-normal com-
pounent to satisfy a fraction of Cauchy decrease condition on the quadratic model of the linearized
constraints. The tangential component then must satisfy a fraction of Cauchy decrease condition
on a quadratic model of the Lagrangian function in the translated tangent space of the constraints
determined by the quasi-normal component. The Lagrange multipliers estimates and the Hessian
estimates are assumed only to be bounded.

The other main characteristic of this class of algorithms is that the step is evaluated by using the
augmented Lagrangian as a merit function and the penalty parameter is updated using the El-Alem
scheme. The properties of the step together with the way that the penalty parameter is chosen are
sufficient to establish global convergence.

As an exainple, an algorithm is presented which can be viewed as a generalization of the Steihaug-
Toint dogleg algoritlun for the unconstrained case. It is based on a quadratic programming algorithin
that uses a step in a quasi-normal direction to the tangent space of the constraints and then does
feasible conjugate reduced-gradient steps to solve the reduced quadratic program. This algorithin
should cope quite well with large probleins for which effective preconditioners are known.
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Method.
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1. Introduction. This work is concerned with the development of a global con-
vergence theory for a broad class of algorithms for the equality constrained minimiza-
tion problem:

_ | minimize f(=)
(EQC) = { subject to C(z)=0.
The functions f : R® — R and C : R* — R™ are at least twice continuously differen-
tiable where C(z) = (¢1(2),...,cm(z))T and m < n.

Our purpose is to generalize to constrained problems a powerful theorem given in
1975 by Powell for unconstrained problems.

The global convergence theory that we establish in this work holds for a class of
nonlinear programming algorithms for (EQC) that is characterized by the following
features:

1. The algorithms of the family use the trust-region approach as a globalization

strategy.
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2. All these algorithms generate steps that satisfy very mild conditions on the
trial steps’ normal and tangential components. It is important to note that
the condition is not required on the truely normal component of the trial
step, instead it is on the quasi-normal component s?, which is allowed to

satisfy the relaxed condition that ||s?||s < K1||C(z.)||: for some independent
constant K. The conditions are that the quasi-normal component satisfies a
fraction of Cauchy decrease condition on the quadratic model of the linearized
constraints, and that the tangential component (as measured from the quasi-
normal component) satisfies a fraction of Cauchy decrease on the quadratic
model of the reduced Lagrangian function associated with (EQC).

3. The estimates of the Lagrange multiplier vector and the Hessian matrix are
assumed only to be bounded uniformly across all iterations.

4. The other main characteristic of this class of algorithms is that the step is
evaluated for acceptance by using the augmented Lagrangian function with
penalty parameter updated by the scheme proposed by El-Alem [9].

Conditions 1, and 3 are satisfied by the algorithms of Byrd, Schnabel, and Shultz
[2], Celis, Dennis, and Tapia [4], Byrd and Omojokun [21], and Powell and Yuan [23].
Byrd, Schnabel, and Shultz and Byrd and Omojokun require a normal, rather than
just a quasi-normal s?, in 2.

We use the following notation: the sequence of points generated by an algorithm
is denoted by {z)}. This work also uses subscripts -, ¢ and + to denote the previous,
the current and the next iterates respectively. However, when we need to work with
a whole sequence we will use the index k. The matrix H,. denotes the Hessian of the
Lagrangian at the current iterate or an approximation to it. Subscripted functions
mean the function is evaluated at a particular point; for example, f. = f(z.), £ =
€z, Ac), and so on. Finally, unless otherwise specified, all the norms will be ¢;-norms,
and we will use the same symbol 0 to denote the real number zero and the zero vector.

The rest of the paper is organized as follows: In Section 2, we review the concept
of fraction of Cauchy decrease. In Section 3, we review the SQP algorithm. In Section
4, we survey existing trust-region algorithms for solving problem (EQC). In Section 5,
we present a general trust-region algorithm with the conditions that the trial step must
satisfy. In Section 6 we state the algorithm. Sections 7 and 8 are devoted to presenting
the global convergence theory that we have developed. In Section 7.1, we state the
assumptions under which global convergence is established. In Section 7.2, we discuss
some properties of the trial steps. In Section 7.3, we study the behavior of the penalty
parameter. Section 8 is devoted to presenting our main global convergence result. In
Section 9, we present, as an example, an algorithm that solves problem (EQC), and
we prove that it fits the assumptions of the paper. This algorithm was one we had in
mind as motivation for the convergence thepry. It can be viewed as a generalization
to constrained case of the Steihaug-Toint dogleg algorithm for the unconstrained case.
This algorithm has worked quite well for some large problems. Finally, we make some
concluding remarks in Section 10.

2. Fraction of Cauchy decrease condition. Consider the following uncon-
strained minimization problem

_ | minimize f(z)
(UCMIN) = { subject to z € R™,

where f : R — R is a continuously differentiable function. A trust-region algorithm
for solving the above problem is an iterative procedure that computes a trial step as
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an approximate solution to the following trust-region subproblem:

_ f minimize m.(s)=f.+VfIs+1sTG.s
(TRS) = { subject to ||s|| < 6.,

where G, is the Hessian matrix V2 f. or an approximation to it and . > 0 is a given
trust-region radius. For complete survey see Moré [18] and the book of Dennis and
Schnabel [7).

To assure global convergence, the step is required only to satisfy a fraction of
Cauchy decrease condition. This means that s. must predict via the quadratic model
function m. at least as much as a fraction of the decrease given by the Cauchy step
on m,, that is, there exists a constant o > 0 fixed across all iterations, such that

(2.1) m.(0) ~m.(s.) > o[m(0)—m(sP)],

where sSP = —tg'JVfC and its step length

vil? . AN T
wo_ | oiribn i oibr <68 and VTGV >0
< ﬂV&?‘]T otherwise.

Thus, scP is the steepest descent step for m,. inside the trust region.

The form of (2.1) we use to prove convergence is given in the following technical
lemma. More details about the role of this lemma in the convergence theory of trust-
region algorithms can be found in Carter (3], Moré [18], Powell [22], and Shultz,
Schnabel and Byrd [25].

LEMMA 2.1. If the trial step s. satisfies a fraction of Cauchy decrease condition,
then

(2.2) me(0) —me(se) > %||Vfc|| min { ‘g'VG{Cl:‘, 6c} .

Proof. See Powell (22]. 0

We end this section by stating Powell’s powerful theorem for unconstrained trust-
region algorithms. The proof can be found in Powell [22]. More details about the
convergence theory for trust-region algorithms for unconstrained optimization can be
found in Fletcher [14], Moré [18], Moré and Sorensen [19], and Sorensen [26].

THEOREM 2.2. Let f : R — R be continuously differentiable and bounded below
on the level set {z € R" : f(z) < f(zo)}. Assume that the sequence {Gy} is uniformly

bounded. If {z)} 1s the sequence generated by any trust-region algorithm that satisfies
(2.1) or (2.2), then:

likm inf |V fi]] = 0.

Notice that this theorem does not prove convergence to a solution to the un-
constrained problem, rather it proves a “weak” first order convergence. However,
we do not see that as the point of this theorem, nor is it surprising given the weak
assumptions on the sequence of local models. In other words, this theorem is not
about convergence conditions on a quasi-Newton method. Such a theorem would be
expected to be based on analyzing some way of estimating the Hessian, and we all
know how important the method for estimating the Hessian is in the practical perfor-
mance of a trust-region algorithm. In the unconstrained case, the version of Powell’s
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theorem that says that the sequence of gradients converges to zero, requires the ad-
ditional hypothesis that the gradient is uniformly continuous. The algorithms here
would probably require a uniformly continuous reduced gradient, a strengthening of
the assumptions used here. The related algorithms mentioned earlier also prove weak
first order stationary convergence, as do we.

The point of this line of research is an analysis of the local quadratic-model/trust-
region paradigm for unconstrained optimization. In that context, this theorem says
that the power of using a trust-region globalization is that if the first order information
is correct, then little is required of the second order information. Specifically, the
sequence of model Hessians need only be bounded.

Our theory is analogous for problem (EQC). In this case, the local model of the
problem is generally taken to be a linear model of the constraints and a quadratic
model of the Lagrangian. The information in the local model depends on the La-
grange multiplier estimates as well as second order information. In this paper, we
identify a way to extend the unconstrained paradigm to problem (EQC) for which
the only requirement is boundedness of the sequence of model Lagrange multipliers
and Hessians.

The above discussion summarizes the point of this paper, which is not to give a
convergence proof for a specific SQP approach using a specific Lagrange multiplier
estimation technique and perhaps an exact merit function.

3. The SQP algorithm. The Lagrangian function £ : " x R™ — R associated
with problem (EQC) is the function

Uz,)) = f(z) + XTC(z),

where A = (A1, ..., A\, )7 is a Lagrange multiplier vector estimate.
A common algorithm for solving problem (EQC) is the successive quadratic pro-
gramming algorithm. It is an iterative procedure. At each iteration, a step s?¥ and

associated Lagrange multiplier AA9F are obtained by solving the following quadratic
program

(QP) = minimize ge(s) = %STHCS +V Ts+ 0,
| subject to VC;TS +C. =0,

where the matrix H, is the Hessian of the Lagrangian at (z., A.) or an approximation
to it,

Unfortunately, the SQP algorithm can not be guaranteed to work without modifi-
cation. There i1s a fundamental difficulty in the definition of the SQP step because the
second-order sufficiency condition need not hold at each iteration. By this we mean
that, the matrix H, need not be positive definite on the null space of VC;F; hence
the QP subproblem may not have a solution or a unique solution. This difficulty will
not arise near a solution of problem (EQC) if the standard assumptions for Newton’s
method hold at the solution. For this reason, the SQP algorithm usually performs
very well locally. See Tapia [28] for more details.

An effective modification that deals with the lack of positive definiteness on the
null space is to use a trust-region globalization strategy. This takes us to the following
section.

4. Existing trust-region algorithms for (EQC). A straightforward way to
extend the trust-region idea to problem (EQC) is to add a trust-region constraint to
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the (QP) subproblem to restrict the size of the step. So, at each iteration, we solve
the following trust-region subproblem:

minimize q.(s) = %STHCS + V. £Ts+ ¢,
subjectto VCTs+C.=0
llsl] < éc.

However, in this straightforward approach, observe that the trust-region constraint
and the linearized constraints may be inconsistent, and thus the model subproblem
will not have a solution. To overcome this difficulty, two main approaches have been
introduced for dealing with the case when {s: VCTs+ C. =0} n{s:||s]| < 6.} =40.
They are the tangent-space approach, and the full-space approach. We describe them
briefly in the next section. More details can be found in Maciel {17]. See also Byrd,
Schnabel and Shultz [2], Celis, Dennis and Tapia [4], Omojokun [21], Powell and Yuan
{23], and Vardi [31] and {32].

4.1. The tangent-space approach. In this approach the trial step is deter-
mined as s, = s® + s, where s® is the normal component, that is s* is inside the
trust region and in the normal direction to the null-space of the constraint Jacobian,
N(VCT), and s! is the component of the step in the tangent space of the constraints
given by st = W5, with 52 € R*~™ and W, is an n x (n —m) matrix whose columns
form a basis for A'(VCT).

This gives two questions to be answered. We must say how to determine s?, and
given s", we must say how to determine s{. We proceed in reverse order. Given s?,
we determine s¢ by considering the transformed subproblem

minimize q.(s' + s7)
subject to  VCT st =0
lls*ll < &

where 8, = /62 — ||s?||2. We choose s by using one of the standard unconstrained
trust-region trial-step selection methods on this reduced problem.

These algorithms have the trust region capability of dealing quite well with zero
or negative curvature in the tangent space of constraints. Thus, nonexistence of an
SQP step at the current iterate is readily handled.

To choose s?, Byrd, Schnabel and Shultz (2] and Vardi [31],(32] suggest relaxing
the linearized constraints by replacing C. by aC, where a € (0, 1], is chosen to ensure
that the above trust-region subproblem is feasible. Thus, s* = —aVC.(VCTVC,)"1C..
Observe that if @ = 0 then VCT s+aC, = 0 contains s = 0 and hence for any o € (0, 1],
there is some a, € (0,1) for which {s: VCTs + a,C. =0} N {s:||s|| < 76.} # 0.

The drawback of the above approach is that the step depends on the parameter
«, which it is not clear how to choose.

Omojokun [21], used this approach to compute a trial step that does not depend
on a by choosing s? to be the step that solves the following problem

minimize 1||VCTs+ C,||?
subject to  {|s|} < o6,

for 0 <o <1

It might appear that Omojokun has traded the choice of a for the choice of o,
but in fact, o is easy to choose. Some nominal value like ¢ = 0.8 is used throughout
and the particular value of o at a given iteration is allowed to be in some uniformly
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bounded strict subinterval like (0.7,0.9). This subinterval corresponds to stopping
criteria on a trust-region algorithm to solve for s?. See Moré [18], Moré and Sorensen
[19], or Dennis and Schnabel [7].

4.2. The full-space approach. The other approach to overcoming the problem
of inconsistency is the full-space approach. Algorithms based on this approach com-
pute s, at once in the whole R" space instead of considering the decomposition of the
trial step. This has the advantage of avoiding the computation of a Moore-Penrose
pseudoinverse solution.

The first example we know of this category of trust-region subproblems is the
CDT subproblem proposed by Celis, Dennis and Tapia [4]. Instead of considering
the linearized constraints VCTs + C. = 0, they replace it by a particular inequality:
||VC;TS + C.|| € 8., where 8. € R. The CDT subproblem can be written as follows

minimize ¢.(s)
subject to ||[VCTs + C.|| < 6.
llsl| < &.

The key to the CDT subproblem (and its variants) is the choice of 8.. For more
details, see Williamson [33]. Celis, Dennis, and Tapia [4] choose 8, based on a fraction
of Cauchy decrease condition on ||VCT s+ C.||?. They ask the step to satisfy, for some
™ (S (Oa 1]3

ICIF = |ICe + VCTs|1* > m{lIC|]* = IVCTsP + C.||*).
This can be done by choosing
(4.1) 62 = (69 = r)||VCT s + C|)* + (1 — m)||Ce|)?
where sSP solves the problem,

minimize ||VCTs + C.||?
subject to  ||s|| < ré.
s = —tVC.C., t>0.

Note that in this case the CDT subproblem minimizes the quadratic model of £
over the set of steps inside the trust region that gives at least r; times as much decrease
in the #3-norm of the residual of the linearized constraints as does the Cauchy step.

In order to prevent the possibility of a single point for the subproblem and obtain
a meaningful trust-region subproblem, it is suggested that r < 1, for instance r = 0.8.

5. A general trust-region algorithm. In this section we describe a very in-
clusive class of trust-region algorithms.

The typical form of trust-region algorithms for solving (EQC) is basically as
follows: At the current point z. with associated multiplier estimate A., a step s
is computed by solving some trust-region subproblems, and a Lagrange multiplier
estimate Ay is obtained by using some scheme. The point z, where z; = z. + s,
is tested using some merit function to decide whether it is a better approximation
to a solution z,. Such merit functions often involve a penalty parameter, which is
updated using some scheme. The trust-region radius is then adjusted and a new
quadratic model is formed.

In our requirements on the trust-region algorithm, the way of computing the
trial steps is replaced by some conditions the steps must satisfy and the estimates
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of the Lagrange multiplier vectors and the Hessian matrices need only be uniformly
bounded. This allows the inclusion of a wide variety of trust-region algorithms and it
is exactly in the spirit of Powell’s Theorem 2.2 for unconstrained trust-region methods.
In Section 9, we will present an example algorithm that satisfies these mild conditions.

5.1. Computing the trial steps. We first write the trial step as s, = s’ + s7,
where s{ and s” are respectively the tangential and a quasi-normal component. We
do not require that s? be normal to the tangent space.

We will require that the components s? and s satisfy a fraction of Cauchy de-
crease condition on appropriate model functions. At the current iterate, if C, # 0,
then we will require that the quasi-normal component gives at least as much decrease

as s¢¢ = —ncPVC,.C, on the quadratic model of the linearized constraints in a trust
region of radius ré., where the step length ncP is given by
ve.C. i vecc,
nSP = lvcrvce.c, VCTVCO
c - é .
Tooo] otherwise,

where 6. = 6. and 0 < r < 1. In words, the step s= is chosen from the set of steps
that satisfy a fraction of Cauchy decrease condition on the quadratic model of the
linearized constraints inside ||s|| < é.. Equivalently, s? lies in the set

Se={s:|sll <o} {s: [VCTs + C|| < (6%}

where (8f4)? is given by (4.1). Because the quasi-normal component 5% is not required
to be normal to the tangent space, a condition on the step is needed to ensure global
convergence. In particular, the following condition is required

(5.1) llszll < KaliCels

where K is some positive constant independent of the iteration.

If 57 is normal to the tangent space, this condition holds (see Lemma 7.1) as long
as K is greater than a uniform bound on the norm of the right inverse for VC(z)7.
When s? is not normal to the tangent space, we do not suggest choosing K; and
enforcing (5.1). Rather, we suggest (as in Section 9) that (5.1) is enforced naturally
by any reasonable algorithm for computing a linearly feasible point.

We will deal with the guasi-normal components of the trial steps assuming that
they satisfy (5.1). We are indebted to Robert Michael Lewis for informing us of the
effectiveness of this feature in the algorithm which he has implemented to solve a
PDE inverse problem [6]. Specifically, this allows special linear algebra developed for
simulation constraints to be used in place of prohibitively large least-squares solutions.

Now we use the quasi-normal component to pick a linear manifold M, parallel
to the null-space of the constraints in which we will select the tangential component.
Let M. = {5:VCTs=VCTs"}. Thus, M. N {s=s" +s* :||s]| < 6.} # 0.

Observe that, in the set S., we are taking a fraction of ., in order to forestall
the case that M, lies too close to the boundary of the trust region of radius é..

On the manifold M., we consider a quadratic model g.(s) of the Lagrangian
function associated with problem (EQC). Then, when W/ Vq.(s") # 0, we ask the
tangential component to satisfy a fraction of Cauchy decrease condition from s? on
gc(s) reduced to M.. That is s, = st + s7 € G. N M., where

Ge = {s=5' + 52 : |Isl] < 6:,4c(5) ~qe(s7) < 0lge (57 —tPWW] Vo (s7)) — (521},
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for some o > 0, and

IWT Vqc(a2)|? if WIVaGOPIWWI V()| &
Vac(s2)TWHWI Vg (aT) Voc(o2)TWHWT Vg (aZ) = 7¢
(5.2) tP = and Vg (s*)TW . HWIVg.(s?) >0

¢

TW.WIVa s otherwise,

where H, = WCT H_.W. is the reduced Hessian matrix and é, is the maximum length of
the step allowed inside the set M. N {s = s* + s : ||s|| < 4.} in the negative reduced
gradient direction —W7 Vgq.(s?).

It is easy to see that, é. satisfies

(5.3) (1+7). > 6. > (1~r)6..

We have intentionally not stated the computation of the tangential component as a
trust-region subproblem. Condition 5.2 is a lopsided condition in the sense that §,
is direction dependent because the quasi-normal step is not the center of the natural
trust region for the reduced quadratic. A better step might come from minimizing the
reduced quadratic in M. N {s = s +s? : ||s|| < é.}, and an ideal step would probably
come from minimizing the reduced quadratic in M. N {s = s* +s? : ||s|]| < &.}. In
any case, both result in steps that satisfy our conditions.

We have defined the tangent space Cauchy step along —WJ7 Vg, (s"), which is the
steepest descent direction for g.(s® + W.3') in the ¢ norm. The steepest descent
direction in the ||W, -|| norm would be —[W.WJT|~'WTVg.(s?). Of course, as long as
[W.WT]-! is uniformly bounded, which seems a reasonable assumption, then either
step satisfies a fraction of Cauchy decrease condition with respect to the other, and our
theory holds for either. We do not need this boundedness assumption for our choice of
Cauchy step. For a particular application, the choice of variables may be determined
by which form of the reduced problem is easiest to precondition. See the discussion
after Algorithm 9.2. For the problems of interest to us, —[W. W]~ W7 Vg (s ) would
be an extremely expensive - or impossible - direction to compute.

5.2. Updating the model Lagrange multiplier and the model Hessian.
The method for estimating the multiplier A, is left unspecified. We only require
that the sequence of estimates {Ay } be bounded. Any approximation to the Lagrange
multiplier vector that produces a bounded sequence can be used. For example, setting
Ak to a fixed vector (or even the zero vector) for all k is valid. Similarly we require
only boundedness of the sequence {Hy} of approximate Hessians. Thus all Hy = 0
is allowed. Note that, here, we are not addressing the question of the choice of the
Lagrange multiplier and Hessian estimates that produce an efficient algorithm. We are
addressing some weak assumptions on those estimates {A;} and {Hy} that produce a
globally convergent algorithm. For example, our theory applies to a form of successive
linear programming.

5.3. The choice of the merit function. Let z. be the current iterate. We
need to decide if a trial step chosen to satisfy s® € S. and s, = s® +s{ € G.A M, isa
good step, that is, if the step s, gives a new iterate z, that is a better approximation
than z. to a solution, say z., of (EQC). In constrained optimization, the meaning
of better approximation should consider improvement not only in f but also in the
constraint violation ||C||;. The evaluation of the trial step requires the choice of
a merit function, which usually involves the objective function and the constraint
violations.
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Here, we use the augmented Lagrangian as a merit function
(5.4) Lz, A;p) = f(z) + ATC(z) + pC(2)T C(x), p>0.

This function has been used as a merit function in trust-region algorithms also by
Celis, Dennis, and Tapia [4], El-Alem [9], {10} and Powell and Yuan {23].

El-Alem [10] and Powell and Yuan [23] used the formula A(z) = —(VC(2)TVC(z))~}
VC(z)TV f(z) for updating the Lagrange multiplier. For this particular choice of the
multiplier, X is a function of z and (5.4) is an exact penalty function. This means that
if p is sufficiently large, then the solution to problem (EQC) will be an unconstrained
minimizer of the penalty function. See Fletcher [12), [13)].

Celis, Dennis, and Tapia [4] and El-Alem [9], on the other hand, with a particular
choice of the multiplier, have treated the multiplier as an independent parameter
that really only enters in the merit function for accepting the step and updating the
other parameters in the algorithm. In other words, one never explicitly uses the merit
function in computing the optimization step; it is used only for evaluating the steps.
The effect on the trial step computation of the multiplier estimates is in the tangential
component through the estimate of the Hessian of the Lagrangian. This is a major
difference between merit function roles in trust region algorithms and in line-search
algorithms.

In the context of a line-search globalization strategy, Gill, Murray, Saunders,
and Wright [15] and Schittkowski [24] have considered the augmented Lagrangian as
a merit function, but also as an objective function for choosing the step along the
direction of search. They have treated the multiplier as an independent variable and
proved global convergence for their algorithms.

In summary, we believe that having an exact penalty function as a merit function
is, of course, a desirable property, especially in line-search algorithms. On the other
hand, in practice, one never really knows anyway that the penalty constant has been
chosen so that the exactness property holds. In [8], [9] global convergence for a
particular trust-region method is shown with no assumption of exactness.

In this work, the choice of the multiplier estimate is left open and A = 0 is allowed,
in which case one is using the #; penalty function as a merit function.

5.4. Evaluating the trial step. Let s. be a trial step chosen to satisfy the
conditions of Section 5.1. We will accept it if sufficient improvement is produced in
the merit function. To measure this improvement we compare the actual reduction
and predicted reduction in the merit function from the current iterate z. to the new
one r4 = z. + s.. The actual reduction is defined by

(5.5) Ared.(scipe) = L(TeyAcipe) = L(T4+,A43Pc)
UzeyAe) = (x4, A4 ) + pC(”CCHZ - ”C+“2)a

and the predicted reduction is defined to be
(5.6) Pred.(sc;pe) = L(c, Aci pe) — Q(se, Ades pe)

where Q(SC, A/\c;pc) = [(zcy /\c)+V,t’(z-c, /\C)TSL.-{-%SZ‘HCSC+(A/\C)T(CC+VCZ‘SC)+
pIC. + VCT5.|[).

We will accept the step and set z, = z. + s, if %:Z—gf: > m where 17 € (0,1) is a

fixed constant. A typical value for 1; might be 1074,
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5.5. Updating the trust-region radius. The strategy that we follow for up-
dating the trust-region radius is based on the standard rules for the unconstrained
case. More details can be found in Dennis and Schnabel [7] or Fletcher [14]. How-
ever for our global convergence theory, we use a modification due to Zhang, Kim,
and Lasdon [34] (see also El Hallabi and Tapia [11]) of the strategy of updating the
trust-region radius. The reader will see that this modification is of no importance
in practice; it is merely an analytic formality. At the beginning we set constants
Smax > Omin and each time we find an acceptable step, we start the next iteration
with a value of §; > 6nin- In short, é, can be reduced below 6, while seeking an
acceptable step, but §4 > énin must hold at the beginning of the next iteration after
finding an acceptable step. The following is the scheme for evaluating the step and
updating the trust-region radius.

ALGORITHM 5.1. Evaluating the step and updating the trust-region ra-
dius

Given the constants: 0 < a;] < l,a; > 1l and 0 < 1 < 2 < 1 and Smax > 6. >
Smin > 0.
While ﬁ:—i:‘{j <m (*eg. m=10"*%)
Do not accept the step.
Reduce the trust-region radius: 6, — a||s.|| (* e.g. o1 = 0.5 ¥}, and
compute a new trial step s..
End while
If < ﬁ:—::cﬁ <ny (*eg.nm2=057% then
Accept the step: x4 = x. + s..
Set the trust-region radius: §, = max{é., émin}-
End if
If }‘1:—:35 > 12 then
Accept the step: ©4 = x. + 5.
Increase the trust-region radius:

(5.7) 8+ = min{dmax, max{émin, x28.}}

(¥eg ar=27%).

End if

It is worth noting that in practice one might have another branch in which some
N € (m,n2) is used to reduce the trust-region radius if 1, < %ﬁ < 3. A typical
value for N3 is .1, and the motivation is to try to avoid the expense of a next unaccept-
able trial step. Another modification sometimes used in practice is to allow internal
doubling. This can be viewed loosely as letting as in (5.7) depend on g:—:g—j. See
Dennis and Schnabel, page 144, [7]. The present analysis would allow these niceties,
but to avoid further complication, we do not include them here. Observe that in (5.5)
and (5.6) we have expressed the quantities Ared and Pred as functions of p. Thus,
although p. does not effect the choice of the trial step s., we need to determine p. be-
fore deciding the acceptance of the step s.. The right choice of the penalty parameter
is one of the most important issues for algorithms that use the augmented Lagrangian

as a merit function. This takes us to the following section.

5.6. The penalty parameter. Numerical experience with nonlinear program-
ming algorithms that use the augmented Lagrangian as a merit function has shown
that good performance of the algorithm depends on keeping the penalty parameter
as small as possible. See Gill, Murray, Saunders and Wright [16]. On the other hand,
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global convergence theories developed by El-Alem (8], [9] and Powell and Yuan [23],
require that the sequence {px} be nondecreasing. El-Alem [8] requires that p be cho-
sen so that the predicted decrease in the merit function be at least as much as the
decrease in ||[VCTs + C.||2.

We consider, as an update formula for the penalty parameter, El-Alem’s scheme
given in [9], since it ensures that the merit function is predicted to decrease at each
iteration by at least a fraction of Cauchy decrease in the quadratic model of the
constraints. This indicates compatibility with the fraction of Cauchy decrease condi-
tions imposed on the trial steps. In addition, good performance was reported when
implementing this scheme. See Williamson [33]. It can be stated as follows:

ALGORITHM 5.2. Updating the penalty parameter

1. Imitialization

Set p_1 = 1 and choose a small constant 3 > 0.
2. At the current iterate z., after s. has been chosen:
Compute

P"'Edc(sc;p—) = qc(0)_qc(sc)_AAZ(CC+VCZSC)+p— [HCcHz—||VCZsc+Cc||2]

If Pred.(s.;p-) > %‘—[”CC”Z - ”Vc;rsc + CCHZ]v
then set p. = p,
else set p. = p. + 3, where

I 2[‘1c(5c) - ‘ZC(O) + AAZ(CC + VCcTSC)]
‘ ICI2 = IVCT sc + Cf|? '

End if
The initial choice of the penalty parameter p_; is arbitrary. However, it should
be chosen consistent with the scale of the problem. Here, we take p_, = 1 for
convenience.

An immediate consequence of the above algorithm is that, at the current iteration,
we have

. Pe
(5.8) Pred.(sc; pc) > 7[I|Ccll2 —|IC. + VCT sc|’).

5.7. Termination of the algorithm. We use first order necessary conditions
for problem (EQC) to terminate the algorithm. The algorithm is terminated if
IWIV L) + ||Cel| € €t Where €4y > 0 is a pre-specified constant and W, is a
matrix with columns forming a basis for the null space. We require that {W;} be
uniformly bounded in norm for all k.

8. Statement of the algorithm. We present a formal description of our class
of nonlinear programming algorithms.
ALGORITHM 6.1. The NLP-algorithm.
step 0. (Initialization)
Given zg, Ao, compute Wy.
Choose 6y, dmins Omax; and 45 > 0.
Setp_y; =1and 8> 0.
step 1. (Test for convergence)
I WV 4w + Ol < et
then terminate.
End if
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step 2. (Compute a trial step)
If z. is feasible then
a) find a step st that satisfies a fraction of Cauchy decrease condition
on the quadratic model q.(s) of the Lagrangian around z.. (This
might be done by solving a trust-region subproblem since s? = 0 is
available. See Section 5.1)
b) Sets. =st.
else (*Clz.) #0 %)
a) Compute e quasi-normal step sT that satisfies a fraction of Cauchy
decrease condition on the square norm gquadratic model of the lin-
earized constraints. (See Section 5.1)
b) i WIVg(s®)=0
then set s¢ =
else find s that satisfies a fraction of Cauchy decrease condition
on the quadratic model g.(s* + s) from s*. (Perhaps not by
solving a specific trust-region subproblem. See Section 5.1)
End if
c) Set s, = s + st.
End if
step 3. (Update A.)
Choose an estimate A, of the Lagrange multiplier vector.
Set Ad, = Ay — AL,
step 4. (Update the penalty parameter)
Update p_ to obtain p. by using Algorithm 5.2.
step 5. (Evaluate the step)
Compute

Ared.(scipe) = lzeAc) —Lzy,At) + pc(”CCHZ - ||C+”2)'

Evaluate the step and update the trust-region radius by using Algo-
rithm 5.1.
If the step is accepted
then update H. and go to step 1.
else
go to step 2.
End if
The above represents a typical trust-region algorithm for solving problem (EQC).
We leave the way of computing the trial steps undefined. This will allow the inclusion
of a wide variety of trial step calculation techniques. For similar reasons we left the
way of updating the Lagrange multiplier vector and the Hessian matrix undefined.
In the next two sections we prove global convergence of the above algorithm class.

7. The global convergence theory. Before beginning our global convergence
theory, let us give an overview of the steps that comprise this theory.

The trial step is chosen to satisfy a sufficient predicted decrease condition, the
fraction of Cauchy decrease. Note that in our algorithm, we assume that the tangential
and the quasi-normal components of any trial step each satisfy this condition. In
Lemma 7.2, we will express this in a technical form similar to inequality (2.2).

The definition of predicted reduction is shown to give an approximation to the
actual reduction that is accurate to within the square of the trial step length times
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the penalty parameter. This is proved in Lemma 7.5. However, we emphasize again
that the step is not chosen to maximize the predicted decrease.

We introduce some notation for the quantities computed during the trial steps.
We have not introduced this notation up to now because it obscures the simplicity of
the algorithm. However, in the analysis that follows we need to show some properties
of every trial step, not just the successful steps {sx}. Therefore, let 6}, si, and p;;
denote the quantities set by Algorithm 6.1 as it searches for an acceptable step. Thus,
5) = & at the first trial step of the kth iteration, s is set by the first time though
step 2, and pY is set using pk = pk-1 the first time through step 4. If the trial step s,
is acceptable, then s, = s}, pr = p}, and 6k is updated to become éx41. In short, the
algorithm is simpler to explain and code if one counts only successful steps. However,
for the analysis, one needs a way to refer unambiguously to all the trial steps.

The model Lagrange multipliers also may depend on i:. However, to keep the
notation as simple as possible, we do not make this dependence explicit.

The penalty parameters pi are shown to be bounded for €;,; > 0 as long as the
algorithm does not terminate. The technique is to prove that, at any iteration k
at which the penalty parameter is increased, we have: the product of the penalty
parameter pi and the trust-region radius 8} is bounded by a constant that does not
depend on k or 7 (this is done in Lemma 7.10); and the sequence of the trust-region
radii 6} is shown to be bounded away from zero (this is shown in Lemma 7.11). The
proof of this lemma shows the crucial role that is played by setting the trust region to
be no smaller than é,,;, after every acceptable step. See Section 5.5. Finally, under
the assumption that the algorithm does not terminate, the penalty parameter pi is
shown to be bounded. The proof is given in Lemma 7.12.

The algorithm is shown to be well-defined in the sense that at a given iterate, it
either terminates, or finds an acceptable step after finitely many trials. This result
is proved in Theorem 8.1. Using the above results and Theorem 8.1, the trust-region
radius is shown to be bounded away from zero. The proof is given in Lemma 8.2.

Finally, in Theorem 8.4, it is shown that for any €;,; > 0, the algorithm always
terminates, i. e., the termination condition of the algorithm will be met after finitely
many iterations.

7.1. The problem assumptions. We start by stating the assumptions under
which global convergence is proved for Algorithm 6.1. Assumptions Al - A5 (see
below) are used by Byrd, Schnabel, and Shultz {2], El-Alem (8], [9], [10] and Powell
and Yuan [23] and their particular choices of Lagrange multiplier vectors satisfy A6.

Let the sequence of iterates {zx} generated by the algorithm satisfy:

A1l. For all k, z4 and z4 + s} € Q, where Q is a convex set of R".

A2. f,C € C}(Q).

A3. rank(VC(z)) = m for all z € Q.

Ad. f(2),Vf(x), Vf(z), C(2), VC(2), (VC(2)TVC(z))~}, W(z), and

Viei(z) for i = 1,---,m are all uniformly bounded in Q.

A5. The matrices Hy,k = 1,2,.. are uniformly bounded.

A@. The vectors Ax,k = 1,2, .. are uniformly bounded.

Assumption A4 means that for all z € Q, there exist positive constants v, vp, 11,
Vo, U3, Uy, s, and vg such that: ||f(z)]| < v, ||V f( 1')|| <, ||C(2)]| < v, ||VC )| <
ve, [(VC(2)TVC(2)) Y| < vs, ||V F(2)]| < va, ||VEei(2)]| <vs Yi=1,---,m, and
W)l < ve.

An immediate consequence of Assumptions A4 and A5 is the existence of a con-
stant v7 > 0 that does not depend on k such that ||Hi|| < v, ||WkTHk|| < v7, and
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|W He Wil < w1

Assumption A6 means that for all z € €, there exists a constant vg > 0 that does
not depend on k, such that |[Ax]] < vs.

The following three subsections are devoted to presenting lemimas needed to prove
global convergence.

7.2. Properties of the trial step. The following lemma shows that condition
(5.1) holds for the normal component s;"" of s} when it is truly normal to the tangent
space.

LEMMA 7.1. At the current iterate zx, let the trial step component si" actually
be normal to the tangent space, then under the problem assumptions, there ezists a
constant K; > 0 independent of the iterates, such that

(7.1) Isi"ll < KillCell-

Proof. Because si" is actually normal to the tangent space, we have

lisi" IVCH(VCIVCr) ' VC{ s
”VCI: VCk VCi)~ (Ck + VCk Sk Ck)“

IVC(VCE VT MIIICk + VCF sill + Ckll] -

A

Now, using the fact that ||Cx + VCT si|| < ||Ck|l , we have
llsi "l < 2- |VC(VETVC) T - |IChll -

The rest follows from the problem assumptions. c

The following lemma expresses in a workable form the pair of fraction of Cauchy
decrease conditions imposed on the trial steps.

LEMMA 7.2. Let the trial steps satisfy the conditions given in step 2 of Algorithm
6.1, then under the problem assumptions there erist positive constants K,, K3, and
K4 independent of the iterates such that

(7.2) ICkI? = ICk + VC 53" I 2 K3 ||Ciel| min{ Ks||Ckll, 761},
and
(73)  a(si) — a(sh) >

ZIWE Vau (54"l min{ —4. Kal W Vau (537

Proof. The proof is an application of Lemma 2.1 to the two subproblems, followed

by a use of the problem assumptions and (5.3). ]
Now we deal with the trial steps assuming that they satlsfy inequalities (7.2) and
(7.3). In what follows, we will use implicitly that VCTsy" = VCTsi.

LEMMA 7.3. Under the problem assumptions, the're erists a constant K5 > 0
independent of the iterates, such that

(7.4) a(0) — q(sy") — AMNT (Ch + VCT 5y™) > —K5|| Gy
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Proof. Consider

s N .‘ﬂ ]- ‘ﬂ , T
w® - alsi) = —Volfs" - (") Hus

v

IVl skl = A sk

—(IVabell + %llﬂkll lsk "1 llsk” I

Using (5.1), the fact that ||si"|| < émax, Ak and A)x are bounded, ||Cx + VCT si|| <
[|Ckl|, and the problem assumptions, we have

2% (0) — (st ) — AMT (Cr + VCT'sy) > —Ks||Crll,

and we obtain the desired result. a
The following lemma gives an upper bound on the difference between the actual
reduction and the predicted reduction.

LEMMA 7.4. Under the problem assumptions, there ezist positive constants
K¢, K7 and Kg, independent of k, such that

(7.5)  |Aredi(si; pi) — Prede(si; o)l < Kollsill® + Krpillsill® + Ksokllsil*[ICell-

Proof. The proof follows directly from El-Alem [9]. g

If the penalty parameter were uniformly bounded, the next lemma would show
that the predicted reduction provides an approximation to the actual merit function’s
reduction that is accurate to within the square of the step length.

LEMMA 7.5. Under the problem assumptions, there ezists a constant K9 > 0 that
does not depend on k, such that

(7.6) |Aredy(si; py) — Predi(si; o4) < Kopllsill-

Proof. The proof follows directly from the above lemma and the fact that ||s}||
and ||Cy|| are bounded. g

7.3. The decrease in the model. This section deals with the predicted de-
crease in the merit function produced by the trial step. We start with a lemma.

LEMMA 7.6. Let s, be generated by Algorithm 6.1. Then under the problem
assumptions, for any positive p, the predicted decrease in the merit function satisfies

1—r
Ve

. [o4 ;T . -, [ i
Predi(siip) 2 SlIWi Vau (s ")l min{ Kol|W) Var (s, ——04}

(7.7) = Ks||Cell + AllICk]1* = IV C{ sk + Cill?),

where K5 is as in Lemma 7.3.

Proof. We have

Predi(siip) = qi(0) — gi(si) — AT (Ck + VC{ s}
+olllChll* = IVCE sk + Cill?)
= (q(sk”) —a(s}))
+(gr(0) —ar(si ")) — ANT(Ch + VCT 54)
+pllICkl? - IVCT i, + Cill).
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From (7.3) and Lemma 7.3, we have

Predi(skip) > ZIWI Vau(si")ll min{Kul|W] Vau (i)l . ——46;)
= Ksl|Cull + plICull® = |V C si + Cull)

Hence the result is established. 0

If z; is feasible, then the predicted reduction does not depend on pi, so we take
px as the penalty parameter from the previous iteration. The question now is how
near to feasibility must an iterate be in order that the penalty parameter need not be
increased. The answer is given by the following lemma.

LEMMA 7.7. Assume that the algorithm does not terminate at the current iterate.
If ||Ckll < a6}, where o satisfies:

. Etol €tol ol .  Kigea 1-7 }
7.8 a < min , ~ , —min
(78) - {35max 37K 1bmax 12K {36max Tov }

then, for any positive p,

r .
6}

R g i n . - i n 1
Predy(siip) > ZlIWi Var(si")ll min{ KW Vi (s

(7.9) + AllICeII* = IVCE sk + Clf?].

Proof. If the algorithm does not terminate at z, then HW,TV,E;,H +(ICkl| > etors
and since ||Ck|| < ab} with a < ﬁ;, therefore, ||Ci|| < 2t and the reduced

3
gradient satisfies ||W,TV,[;,|| > %Eto[. Now,

IWEVa(si Il = (W (Veti + Hisi™)|
> WVl ~ W Hesy ||
2 . ) )
> sstol — v K{|Ci|| > gstol - Kjabg.
But since o < 54—, it follows that
v7K15max

‘n 1
WWIVa(si™ )l > 3Etol-

From Lemma 7.6, we have

. o
Predy(si;p) > EIIWkTVq:e(sk Hmm{

5:: ) K4||Wk V(s i ”}

= Ks||Cell + ollICkll* - HVCZSZ + Ce|’].

Since |W[I Vq(si™)|| > Letor, we have

Predu(ship) > SIW] Vau(oi" ) min{ 6}, KolW Tau(si)

. 1—17r . oIs
+%5!ol mm{——ré;‘, ftol 4}

3
— K;a6, + plICk|I* - “VCk sk + Ck” ].
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Thus
i 9w T in ol T i 0
Predi(si;p) 2> Z”Wk Vak(si )|l min{ ” O » K4||Wi Vi (s I}
el . 1-7r Ky
+ 12 mm{ Ve s —35max
— Ksaby + pllICll* = |IVCT 5k + Cill?),
and since
a < TE¢ol min K45tol 1-7r
~ 12K; 30max Vg ’
we have
i g s . - i n 1—7r i
Predi(siip) > Z“WkTV']k(Sk )| min{ Ky ||W] Ve (si Il e 6i }
+ plliCe|]* = [IVCY sk + Call?)
This completes the proof. 0

Inequality (7.9) with p = p';‘_i guarantees that if the algorithm does not terminate
and if ||Ck]| < aéd}, then the penalty parameter at the current trial step does not need
to be increased in step 2 of Algorithm 6.1. This is equivalent to saying that the
possible increases in the penalty parameter will occur only when ||Ci|| > aé;.

LEMMA T7.8. Given g, > 0, there ezists Kig > 0, which depends on €41, but not
on k or i, such that at any trial step s} of iteration k at which the algorithm does not
terminate and ||Ck|| < ab, where a is as in Lemma 7.7, the following inequality holds

(7.10) Predi(sy;pk) > Kiob}.

Proof. Since the algorithm does not terminate and ||C|| < a6}, where « is as in
(7.8), then from (7.9) and using a similar argument as in Lemma 7.7, we can write

L o . (17 K C(1-r Ko o
Predk(s;‘;p;‘)zaitzlmm{ &, 46:”}>U€"’I mm{ r _4_5”_}61.

Vs 3 - 12 Ve 30max
Defining
getot . [1—71 Kscol
Ko = —_— o
=" mm{ Vs ' 3bmax }
we have Predi(si;pl) > K106, and this is the desired result. 0

In the next section we will discuss the role of the penalty parameter in the global
convergence of the nonlinear programming algorithm.

7.4. The behavior of the penalty parameter. In this section we discuss the
behavior of the penalty parameter. The crucial result here is that the sequence {6} } of
trust-region radii is bounded away from zero at those iterations for which the penalty
parameter is increase at some trial step. This will allow us to conclude that the
sequence {p} } of penalty parameters is bounded.

According to the rule for updating the penalty parameter, we use the penalty
parameter from the previous trial step if the amount of predicted decrease with the
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old penalty parameter is at least a fraction of the decrease in the quadratic model of
the linearized constraints, that is, if

1—1
i, - P i
(7.11) Predi(si;py ') 2 =5 llICk " = lICk + V1),

then p}‘ = p;;—l. Otherwise, we use pj = Pk’ + B, which enforces (5.8). See Section
B

5.6.

LEMMA T7.9. Let {p}.} be the sequence of penalty parameters generated by the
algorithm, then

1. {p,} forms a nondecreasing sequence.

2. If the penalty parameter i3 increased, it will increase by at least (3.

3. If the penalty parameter i3 not increased, then inequality (7.11) will hold.

Proof. The proof is straightforward. a

LEMMA 7.10. Let k,i be any pair of indices such that p;; 18 increased at the ith
trial step of the kth iteration. If the algorithm does not terminate at zj, then there
ezists Kyy > 0 which depends on &, but does not depend on k or i, such that for
every j > i,

(7.12) el < K.
Proof. If p} is increased at the ith trial step of the kth iteration, then it is updated
by the rule

g = 2[gr(s}) — qx(0) + AXT (Cx + VC[ s3]
* ICHI® ~ Ik + VO s

+ 3.
Hence,

Pi pn i in
3"'[]le”2 —ICk + VC{si 117 (g (%) — q(0)] + AN (Ck + VCT 51 ™)

Il

+-2-[||Ck||2 —lICx + VC{ 5" II°]

= [q(si) = ar(sk)]
+lak(sk ) — q(0)] + AX] (Ch + VC{ s} )
3 [ in
+‘§[—2(VC,,C,¢)T5;¢ ~IVey s 111

Applying (7.2) to the left-hand side, and (7.3) and Lemma 7.3 to the right-hand side,
we can obtain the following:

¢ . i -
BCulimin {6, KallCull}
a in . - in l1—r i
< =PI Voo i { KT Va4, ST
E5[[Cu ~ AYCRCHT 5" - 2V e] s
< Ks|[Ghll = B(VChCi)T 5"
< KSllCull + IVl Il 1"
< (Ks + BV Gl 1 IDICK ]
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Then,

K . . . ,
p;‘T2 min {ré; , K3||Ck{|} £ K5 + Bv20max-

Since at the current trial step the penalty parameter increases, then from Lemma 7.7
we have ||[Cill > ad}. Hence

K, | i o i . ,
p}‘Tz min {ré; , Kzab; } < K5 + Brp6max
and

2K5 4 2B126max
K, min {r, Ksa}’

Py <

Now, if j > i, then 6i < 8. Assume without loss of generality that p}‘ = pi,
i.e., that the ith trial step was the most recent increase with respect to j. Then
P61 < )61, and defining
2K + 28128max
K, min {r, Ksa}’

Ky =

we obtain the desired result. a

The following lemma gives a lower bound for the sequence {6} } for those iterates
at which the algorithin does not terminate and the penalty parameter is increased.
In the next section, we will be able to do away with the assumption that the penalty
parameter is increased.

LEMMA 7.11. Let the penalty parameter be increased at the ith trial step of the kth
iteration. Then under the problem assumptions, if the algorithm does not terminate,
there erists 5, which depends on =i, but does not depend on the iterates, such that

(7.13) & > 6.

Proof. To begin, we note that if i = 0, i.e. we are at the first trial step of iteration
k, then by Algorithm 5.1, 6 can not have gotten smaller than 6p,;, during the course
of the iteration. Thus, we can restrict our attention to the case where ¢ > 1.

Our proof will consist in showing the existence of § such that §; > ¢ whether or not
s} is acceptable. Remember that for all the rejected trial steps we have 6‘,’;“ =m HS‘LH

We consider two cases:

i) ||Ck|| > aby, forall j =0,...,1.
ii) ||Cx|| > @&l does not hold for some j between 0 and i.

i) Consider the case where the constraint violation ||Ck|| > aéi forall j =0,.--,1.
We have from Lemma 7.5,

|Aredi(si; ) — Predi(s); /)] < Kop)||sh]|%.

Now since ||Ci|| > 016;:, then from the way of updating pi and using inequality (7.2),
we have

Predu(shisl) = PR{ICHIE - ICu + VTSI

%K;;[[Cku min{ Kja, r}é,{ .

\Y%
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Hence
(7.14) |Aredi(s}; 4}) = Predi(siim)l 2Ks|s} ] .
' Predi(sl; ) = K||Ck|| min{K3a, }
Since all the steps S'L for j =0,---,i — 1 are rejected, it must be the case that
(7.15) Ly < |Arede(iim) |
Predi(s}; p})

So from (7.14) and (7.15), we have

(1 — m)Kymin{aKs,
2K,

; r . .
(716) sl > Nicull, Wiz 0ot

Since 6} = a||s}""||, and since ||Ck|| > a8?, it follows that

. : 1—1)K; min{aKs, r
(7.17) 6L — alllstk—lll Z ag [( ’1) 22K9 { 3 }] 062'

Now, according to the rule for updating the trust-region radius, we know that ) >
émin- Then

o1(1 = m)Kymin{a K3, r}a

7.18 5 >
( ) k= ZKQ

6m;n = K]g.

i) If [|Ck]| > a&;’; does not hold for all j = 0,-.-,4, then there exists a largest index I,
0 <1< i, such that ||Cy|f < aé! holds.

If i = I + 1 then, from the way of updating the trust-region radius, 6, = aq||sk||-

On the other hand, if ¢ # [ + 1, since ||Ci|| > aé? | for all j=1+4+1,---,i, then from
(7.16) we have

> (1 = m)Komin{aKs3,

‘ r} . .
lsill > oK, Ckll, Vi=l+1,-0 i1
Now, because s;~! and sit! are rejected trial steps and using ||Ci|| > adlt!, we can
write
& = alls!
(1 — m)Komin{aK3, r}
> C
> o K, ICl
(1 —m)Komin{aKs, 7} ¢
> &t
< ;o 2K9 k
1- in{aKs, r
(7.19) > ajetzmfuminioRs 1))
9

So, if we set

Ky = min{al,afa(l - 1]1)K221;’1n{aI&3, r}}’
9
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then we have
(7.20) 6 > Kullsil
Therefore, using the above inequality and Lemma 7.10,
A sl < sl < 22 = K.

From (7.5) we have

|Aredi(si; o) — Predi(siip)l < [Ko + (K1 + aKs) o llst|llIIsi [16k-
Therefore,
(7.21)  |Aredi(sh; pk) = Predi(si; o)l < (Ko + (K1 + aKs)Kuall|si]|6}-
Also, since ||Ci]| < @b}, then from Lemma 7.8, we have

(7.22) Predi(sy;py) > Koy

Using (7.21), (7.22) and the fact that sk is rejected, we obtain

Aredi(sh; ph) 1l < [Ke + K7K14 + aKg K14]||s} ||

1
< Predi(st;ol) = Ko

Hence

(1 —-m)Kio
K¢+ K:Kq14 + aKg K4 ’

Now, using (7.20) and (7.23), we obtain the bound

(1-m)Ko

(7.23) lsill >

S K = K;s.
b= O Ko+ K1Kis + aKgKys 18
Defining
5 = min{émin, KIQ,K15}
we obtain the desired bound. ]

Now we can show that the nondecreasing sequence of penalty parameters gener-
ated by the nonlinear programming Algorithm 6.1 is bounded.

LEMMA 7.12. Under the problem assumptions, if the algorithm does not terminate
then there is some p*, which depends on e,51, for which

(7.24) klim P = p*<oo.

Furthermore, there exists some inder k, such that py = p* for every k > k,.

Proof. We need to show that p* > pi for all pairs k, i. Clearly, it suffices to
consider the sequence pi of different pi’s where the double index k,i means that the
penalty constant was increased to be pi at the ith trial step of the kth iteration.
Thus, there may be no terms or more than one term for a given k. Then from Lemma
7.10 and Lemma 7.11, we have

P < %1— < ﬁ
A 6
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Therefore {px} is a bounded sequence, and since it is nondecreasing, there exists
p* < oo such that

lim pr = p*.
k—oo

Now since the existence of p* ensures that p; is bounded, and since we know that
when it is increased it is increased by at least 3, there must be at most finitely many
increases, and the proof is complete. a

This last result and the following one will play crucial roles in the proof of the
global convergence of Algorithm 6.1.

LEMMA 7.13. Under the problem assumptions, if the algorithm does not terminate
then the augmented Lagrangian is bounded on Q

Proof. The proof is immediate from the boundedness of the penalty constant and
the problem assumptions. O

8. The main global convergence results. This section is devoted to present-
ing our main global convergence results. We start with the finite termination theorem
where we show that the general nonlinear programming algorithm is well-defined. In
Section 8.2, we will present more properties of the trust-region radius sequence gen-
erated by the algorithm under the assumption that it does not terminate. In Section
8.3, we prove global convergence of our algorithm.

8.1. The finite termination theorem. The following lemma shows that the
nonlinear programming Algorithm 6.1 is well-defined in the sense that at each iteration
we can find an acceptable step after finite number of trial step computations, or
equivalently, trust-region reductions. This will allow us to drop the consideration of
trial steps, and only consider “successful trial steps,” {s}.

THEOREM 8.1. Under the problem assumptions, unless some iterate zy satisfies
the termination condition of Algorithm 6.1, an acceptable step from z; will be found
after finitely many trial steps.

"Proof. The proof follows from Theorem 5.1 of El-Alem [9]. o

LEMMA 8.2, Under the problem assumptions, assume that the algorithm does not
terminate. Then there erists 6, > 0, which depends on ey, but does not depend on
the iterates, such that for all k,i,

(8.1) & > 6.

Proof. The proof is very similar to the proof of Lemma 7.11.

To begin, we note that if the first trial step is acceptable, then by Algorithm 5.1,
Sk can not have gotten smaller than ém;, during the course of the iteration. Thus,
we can restrict our attention to the case where there is at least one unsuccessful trial
step. Let us assume then that we have j unsuccessful steps. Our proof will consist
in showing the existence of § such that 6] > é whether or not s} is acceptable, i.e., is
sk. Remember that for all the rejected trial steps we have &' = ay||s}|| < &1.

We consider two cases:

i) ||Ckll > @b} foralli=0,...,;.

ii) ||Ck]| > @b} does not hold for some i such that 0 < i < j.

The proof of (i) is exactly the same as in the proof of Lemma 7.11, so let us
proceed to (ii).

ii) Now if ||Cy|| > a6} does not hold foralli = 0,...,j. Asin Lemma 7.11, we let !
be the largest index such that ||Ci|| < a6}, holds. Now, since ||Ci|| < a6}, for all i < I,
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it follows from Lemma 7.8 that for all such i, Predk(s;;;p;;) > Kloé,‘;. Furthermore,
from Lemma 7.5, |Aredy (s}; pi) — Predi(si; pi )| < Kopillsi||?, and because the step
s} is an unacceptable step, we have

Aredi(s};0}) 4l < Eopy |Isi]I? < K9P*||SH|‘

1—-m< T =
! Predk(s;‘;p;‘) - 3106): - ‘ Ko

The above inequality implies that, for all i <,

; ; (1=m)Kio
5 > sl > B0
9P

For all ¢ > I, we have from (7.20) and the above inequality,

; 1-m)K
8 > Kusllsill > Kls(—_K‘;p)*—lp'-

It remains only to collect the constants as in Lemma 7.11. a

8.2. The global convergence results. Now we present our main global con-
vergence result. Namely, under the problem assumptions, the general nonlinear pro-
gramming algorithm generates a sequence of iterates {z;}, which has at least a subse-
quence that converges to a stationary point of prablem (EQC). We start with a proof
that if the algorithm does not terminate it will converge to a feasible point.

THEOREM 8.3. Under the problem assumptions, if there exists i1 > 0, such that

WWE Vo bl +1IChll > o
for all k, then

(8.2) Jlim ||Cy]| = 0.

Proof. We prove (8.2) by contradiction. We begin by assuming that there exists
an infinite sequence of indices {k;} such that [|C|| is bounded away from zero for all
k € {k;}. This implies that there exists 7 > 0 such that for all k € {k,}, ||Ck|| > 7.
Now for each k; > k, where k, is as in Lemma 7.12, we have from (5.8} and (7.2)
that

Pk
Predy, > =[Cy,|* = I|Ck, + VCT 1, |17

Kap” I

> ——IC, || min{Ks||Cx, ||, 78, }
Koprr . ) .

> min{K37,76,} = K16 > 0.

Remember that we are only looking at successful steps at this point in the analysis
$0,

(8.3) Li, — Li;41 = Aredy; > mPredy; > mKyjg > 0.

Since {£;} is bounded below, a contradiction arises if we let k; go to infinity. a
THEOREM 8.4. Under the problem assumptions, given any g0 > 0, the algorithm
terminates because

(8.4) WVl + ICkl < err-
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Proof. Notice that if we suppose that the algorithm does not terminate and
that some subsequence of {||W] V.4 ||} converges to zero, then nontermination is
immediately contradicted by Theorem 8.3.

So, let us suppose that HW,‘TV,Z/:” > n, for some 73 > 0. Since ||Ci|| goes to
zero by Theorem 8.3 and the sequence of trust-region radii is bounded below by §é,,
there exists an index Ny > k, such that for all k& > Ny, ||Ci|| < aé, < ady, with o as
in (7.8). Therefore, by Lemma 7.8 with the i taken so that s} = s; was the successful
step, and by Lemma 8.2, we have again an infinite sequence of steps in which the
actual decrease in £ is at least 7 K106,. This contradicts the boundedness of £ and
completes the proof. c

9. An example algorithm. In this section we propose, as an example, a par-
ticular step choice algorithm for step 2 of Algorithm 6.1. We include different ways
for computing s7 according to the dimension of the problem. We will then state the
complete algorithm for finding the trial step. Finally, in Sections 9.5 and 9.6 we will
show that the trial step generated by this algorithm satisfies the pair of fraction of
Cauchy decrease conditions and (5.1).

The step choice algorithm we propose in this section is based on a conjugate
directions method. It can be viewed as a generalization of the Steihaug-Toint dogleg

algorithm for the unconstrained problem. This algorithm is much like a trust-region
version of an algorithm due to Nash [20].

9.1. The Steihaug-Toint dogleg algorithm. This section is devoted to de-
scribing the generalized dogleg algorithm introduced by Steihaug [27] and Toint [30],
for approximating the solution of problem (TRS), (see Section 2). This algorithm is
based on the linear conjugate gradient method.

ALGORITHM 9.1. Steihaug-Toint dogleg algorithm for (TRS)
Given z., b, and §. < £ < 1.
step 0: (Initialization)

Set 5o = 0.

Set rg = —(Gc§0 + Vfc)
Set dg = rg.

Seti = 0.

step 1: Compute v, = d! G.d;.
If vi > 0 then go to step 2 .
Otherwise  (* d; is a direction of negative or zero curvature *)
compute T > 0 such that ||3; + 7d;|| = 6..
Set s, = §; + 7d; and terminate.
step 2: Compute o; = '_;'_ :
Set $;41 = 5; + oqd;.
If 13i]] < é. go to step 3:
Otherwise  (* the step is too long, take the dogleg step *)
compute T > 0 such that ||3; + 7d;|| = 6..
Set s, = 5; + 7d; and terminate.
step 3: Compute riy) = ri — ;G d;.
If ”ﬁ;ﬁ”‘ S Em then
set 5, = §;41 and terminate.
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step 4: Compute 3; = U—I}f—-\ﬁ;ﬁ
Set diy1 = iy + Bid;.
Seti =1+ 1 and go to step 1:
The Steihaug-Toint dogleg algorithm is well-known for being suitable for large-
scale unconstrained problems. It can be used in the framework of any general trust-
region algorithm for solving problem (UCMIN).

9.2. Computing a quasi-normal component. We start our proposed step
choice algorithm by finding a quasi-normal component s” of the trial step. This step
must satisfy a fraction of Cauchy decrease condition on the constraint norm inside
the inner trust region. It determines for us which translate of the null space of the
constraint Jacobian will be the one in which we choose the next iterate.

We repeat, because it is so important, that we do not require that s? be normal
to the tangent space, just that it satisfies (5.1). In fact, below we will see that one
way we might choose the quasi-normal component by finding a linearly feasible point
and just scaling it back onto the inner trust region.

9.2.1. Via Craig’s algorithm. First we note that we can solve for a linearly fea-
sible point by using Craig’s algorithm on the underdetermined linear system VC7 s +
C. = 0 (see [5]). Craig’s algorithm consists of making the transformation s = VC.y
and applying the standard conjugate gradient algorithm to the following m x m linear
system

verve,y+c. =o.
This implies that
sCig — gmn = _yo (veTve) Tl ..

Furthermore, the result is the Moore-Penrose pseudoinverse constraint normal and it
requires no more than m iterations. Preconditioning is very important of course, but
how to do it certainly will depend on the particular application.

Therefore, we can find the step s? by a Steihaug-Toint version of Craig’s algorithm
in the inner trust region of radius ré.. In this algorithm, iterates will be generated

until we find the desired constraint normal s such that |[sT"|| < ré. or until s;ra'g

and s;fig straddle the 76, trust-region boundary. For the first case, we set s? = sT".

For the second case, we choose the dogleg step: 59°8 ¢ [s;ra'g, s;fig] Nes:||s|]| = ré.}
and set s? = ngg.

It is not difficult to prove that each Craig iterate is the #; projection of the origin
onto the subspace of the tangent space spanned by the steps up to that point and that
each {s;'a'g} satisfies (5.1). Now, the Craig steps may not give monotone increasing
£, length, so a more agressive strategy that works perfectly well with our theory is to
take the last pair of Craig iterates that straddle the trust-region boundary. In either
case, by convexity, 5398 also satisfies (5.1). Furthermore, it is clear that s? = 5908
satisfies the fraction of Cauchy decrease condition required by step 2 of Algorithm
6.1.

8.2.2. Via a linearly feasible point. There are some problems for which
Craig’s method might be too slow and too hard to precondition to use the “inner
Steihaug-Toint” algorithm given above.  Or, for reasons too technical to be of much
interest here, someone might prefer to do an implementation that computes a linearly
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feasible point slf either by Craig’s method or by some special application dependent
methods. The point of this subsection is that when this is the case, s can be taken
to be the projection of sif back onto the inner trust region. If sf satisfies (5.1), then
so does s7.

Suppose we have any linearly feasible point .slf that satisfies (5.1). Then, if it is
inside the inner trust region, we can take s? to be that point and it clearly satisfies
the fraction of Cauchy decrease condition required by step 2 of Algorithm 6.1. If
Is|| > ré., then we take

T(Sc If
st = —— .5,
s

A classical mathematical programming way to compute a linearly feasible point
that encompasses some special purpose methods we have seen for some inverse prob-
lems is as follows. In some way, divide s into so-called basic and nonbasic components.
Let us assume that we have done so, and using column pivoting, we write VCT as
VCT = [B|N] where B is a nonsingular matrix corresponding to the basic components

_p-1
of s. This corresponds to W, = [ IBC N ] . Now since

VCZ‘S = B.sg + N.sy = —C,,
we have
sp = —B'(Cc + Nesn),

and then if we choose sy = 0 and sg = —B!C,, a feasible point will be

slcf = (SB,SN)T = (——BC_ICF,O)T.

As long as {||B;!||} is uniformly bounded by some constant 7., s satisfies (5.1)
where the constant here is .. This is a standard assumption for important classes of
discretized optimal control problems, though it is stronger than our assumption that

[VC(z.)TVC(z)]! is uniformly bounded.

9.3. Computing the tangential component. We now assume that we have
the quasi-normal component step s?. We start the process of computing the tangent
space component s¢ by formatting the basis matrix W, € ®**(*=™)_ The columns of
W, form a basis to the null space of the constraints N(VCCT).

We then transfer the constrained problem into an unconstrained trust-region prob-
lem of dimension n — m, in the following form:

minimize 5T H st + Vg (s")TW,5t + q(s?)
subject to  ||W.5' + s?|| < é..

where 5% € R*™™, and set st = W_.5%. The step s is the component in the tangent
space of the constraints and the matrix H. = WCTHCWC € Rr=m)x(n-m) i the
reduced Hessian matrix. Now we use the Steihaug-Toint algorithm to determine 5t
such that ||W.s* + s?|| < 6.

The complete algorithm for finding the trial step is presented in the following
section
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9.4. Conjugate reduced gradient algorithm for EQC. Here we write, in
more detail, the example algorithm for computing a trial step.
ALGORITHM 9.2. The CRG step choice algorithm
Given z, € R*, 6. >0, and £. < E < 1.
1. FEASIBILITY:
1) If z. is feasible go to II.

2) Determine st. (* Use, for ezample, st = SSOS or sT = “'6“ .s'cf and
‘C

Slcf = (_BC_ICC’O)T° *)
II. MINIMIZATION:
(* Find s. by applying the CRG/Steihaug-Toint algorithm, to

minimize q.(s)
subject to VCT(s—5s")=10
Isl1'< &

starting from s = s2  *)
step 0: (Initialization)

Set 59 = s

Set rg = —WCT(HCSZ' + VL)
Set do =T7g.

Seti=0.

step 1: Compute vy; = J,THcd,-.
If v; > 0 then go to step 2:,
otherwise  (* d; is a direction of negative or zero curvature *)
compute T > 0 such that ||$; + 7di|| = ..
Set 5. = §; + 7d; and terminate.
step 2: Compute o; = JL;”:
Set 8,41 = 5; + a;d;.
If ||3i]| < éc go to step 3,
otherwise  (* the step is too long, take the dogleg step *)
compute T > 0 such that ||5; + 7d;|| = 6.
Set 5. = §; + 7d; and terminate.
step 3: Compute riy, = — o;WI H.d;.
If r:ul| S écs then
set 5. = §;41 and terminate.

step 4: Compute §; = ”ﬁﬁ@i
Set diyy = riq1 + Bid;. _
Seti=1i+ 1 and go to step 1:

It is worth noting here that this way of computing the tangent step does not have
the property that once a step goes outside the trust region it could not come back
in were the cg iteration continued. This means that the relaxed SQP step might lie
inside the trust region, but the algorithm above might not return this more desirable
step if the gradient scale and trust-region scale are inconsistent.

It would be better otherwise, of course, but the steps given here will lead to
convergence, and we hope that near the solution when it becomes important to take
SQP steps, the trust region will be large enough to compensate for the difference in
shape. If the implementer wanted to be more agressive, there are various ways that
fit our theory to deal with this situation. For example, we could take the dogleg step
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based on the last time the cg iteration leaves the trust region rather than the first.
Our concern here is to prove convergence theorems for the weakest conditions on the
algorithm, and to show that reasonable algorithms satisfy those conditions, not to
advocate particular implementation details of no consequence to the theory.

9.5, Sufficient decrease by the steps. In this section we show that the con-
jugate reduced gradient algorithm produces steps that satisfy the conditions we im-
pose on the steps in step 2 of Algorithm 6.1. In particular, we show that both the
quasi-normal and the tangential components of the trial steps satisfy their respective
fraction of Cauchy decrease conditions.

The following Lemma gives a bound on the reducer matrix W,.. The proof is
straightforward, so we will omit it.

LEMMA 9.3. Under the problem assumptions, if there 13 a uniform bound on the
matriz B(z)~!, then the reducer matriz

W(z) = [ —B(z)"!N(z) }

Iﬂ—17l

s bounded for all z € Q.
The following lemma shows that the quasi-normal component s?, satisfies a frac-
tion of Cauchy decrease condition on the quadratic model of the linearized constraints.
LEMMA 9.4. Let s, be a step generated by Algorithm 9.2 at the current iterate.

Then s. satisfies a fraction of Cauchy decrease condition on the quadratic model of
the linearized constraints, 1. e.,

(9.1) ICell* = ICe + VCI sl > Ko

C.|| min{ré. , Ks||C||},

where K9 and K3 are constants independent of the iterates.

Proof. Suppose that we are applying Craig’s algorithm to find s?. Let {s1,s2,...}
be the sequence of iterates generated by the algorithm, hence for all 1.

5; = arg min{”VC;rs + C.|l, s € span{p1,...,pi }}.
Assume that ||s;|| < ré. and ||si+1]| > ré.. Therefore
sf°g =as; + (1 —a)s;y1 with o €[0,1].
It is easy to see that
IVCTsi + Cel| < IVCTsP + C|
and
IVCTsit1 + Cell S IVCT 5P + Cell-

By convexity,

IVCT 588 + Co|| < IVCTsP + |-
Thus,

ICell* = [ICe + VCT 8|2 > ||C.|J® - ||C. + VCT 5P| I2.

Thus we can apply Lemma 2.1.
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Now suppose that s” is given by st = v.s' with v, = 2% when HSICfH > rd. and
PP c 188 c c Wi

¥. = 1 otherwise. When v. = 1, we have
[C? = IVET sz + ClF = |ICell* = IVCT s + Cel* = [|Cell*

When 7, < 1, we have

1P = lICe + VETsTIP = [ICeP? = [ICe + 7.V CT 5|7
> G = [(1=7e) ICell + 7 ICe + VCT s I
= [1= (1= TIC* 2> relICell”.
The desired result will follow from the definition of s and Lemma 9.3. a

The following lemma shows that the null-space component s, satisfies a fraction
of Cauchy decrease condition on the quadratic model of the Lagrangian.

LEMMA 9.5. Let s. be a trial step generated by the algorithm. Then, under the
problem assumptions, there ezists a positive constant K4, which does not depend on
z. such that

0(s7) = ge(se) > %HWcTch(sZ)Ilmin{K4IIWquc(s2)ll, “;6")@}.

Proof. Since we are solving the reduced problem

minimize L15'TH 5t + Vq.(s?)TW.st + g(s?)
subject to  ||W.5" + s7|| < 6,

which is an unconstrained trust-region subproblem, the proof is immediate from The-
orem 2.5 of Steihaug [27] followed by the use of the problem assumptions and Lemma
9.3. o

We state the following lemma here for completeness.

LEMMA 9.6. The quasi-normal component computed by our proposed step choice
algorithm satisfies

llsell < KallCell,

where Ky is a positive constant independent of c.
Proof. The proof is given with the discussion of how to compute a quasi-normal
component. See Section 9.2. O

10. Discussion and concluding remarks. We have established a global con-
vergence theory for a broad class of nonlinear programming algorithms for the smooth
problem with equality constraints. The class includes algorithms based on the full-
space approach and the tangent-space approach. The family is characterized by gen-
erating steps that satisfy very mild conditions on the normal and tangential compo-
nents. The normal component satisfies a fraction of Cauchy decrease condition on the
quadratic model of the linearized constraints and the tangential component satisfies a
fraction of Cauchy decrease condition on the quadratic model of the Lagrangian func-
tion associated with the problem, reduced to the tangent space of the constraints. Of
course the step, which is the sum of these components, satisfies both conditions.

The augmented Lagrangian was chosen as a merit function. The scheme for up-
dating the penalty parameter is the one proposed by El-Alem [9] since it predicts
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that the merit function is decreased at each iteration be at least a fraction of Cauchy
decrease on the quadratic model of the linearized constraints. This indicates compat-
ibility with the fraction of Cauchy decrease conditions imposed on the trial steps.

In presenting the algorithm, we have left open the way of computing the trial
steps to satisfy the double fraction of Cauchy decrease condition. This will allow the
inclusion of a wide variety of trial step calculation techniques. For the same reason
we have left unspecified the way of approximating the Lagrange multiplier vector and
the Hessian matrix.

With respect to the trial steps, we have suggested an algorithm of the class that
should work quite well for large problems. The algorithm is a generalization of the
Steihaug-Toint dogleg algorithm for the unconstrained case. This algorithm was one
we had in mined as motivation for the convergence theory.

The least-squares or projection formula can be used as a scheme for estimating
the multiplier since it fits the condition imposed on the multiplier updating scheme.
Namely, under the standard assumptions, it produces bounded multipliers for the local
models. For large problems, A = ~B~!V g f is likely to be a much preferable formula
because of the cost of the least-squares solution. Furthermore, this will match better
with the reducer matrix W, especially for problems where B can be easily identified.
See Dennis and Lewis [6]. In either case, the uniform boundedness of {A:} follows
from the problem assumptions.

The exact Hessian matrix perhaps can be gotten by using automatic differentia-
tion or an adjoint integration approach. See Bischof et al. [1]. However, an approxi-
mation to the Hessian of the Lagrangian can be used. Also, for example, setting Hj
to a fixed matrix (e. g. Hi = 0) for all k is valid. The question of how to use a secant
approximation of the Hessian of the Lagrangian in order to produce a more efficient
algorithm is a research topic. We believe that Tapia [29] will be of considerable value
here.

A related question that has to be looked at is the search for preconditioners to
produce more efficient algorithms. We believe that the reducer matrix W should play
a role in that search. See Dennis and Lewis [6].

This theory is developed for the equality constrained case, but it can be applied to
the general case, by one of the strategies known as EQP and IQP. Here, we mean that
in the EQP strategy the choice of the active set is made outside the algorithm that
determines the step while in the IQP strategy, that choice is made inside the procedure
that determines the step. Since the active set may change at each iteration, the choice
of the submatrix B, will be strongly affected. Certainly, this is an important topic
that deserves to be investigated.
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