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1. Introduction

(i) In this paper we give an affirmative answer ‘in the large’ to the question: Do the
equations governing the motion of an ideal fluid (that is, of an inviscid fluid with uniform
density) admit solutions representing steady vortex rings? By a steady vortex ring we mean
a figure of revolution F that is expected to be homeomorphic to a solid torus in most cases,
and is associated with a continuous, axi-symmetric, solenoidal vector field ¢ (the fluid
velocity) defined, in the case of an unbounded fluid, on the real three-dimensional Eucli-
dean space R?® and having the following properties when we take axes fixed in the ring J.
(a) Both ¥ and q do not vary with time; (b) the vorticity w = curl q has positive magnitude
in ¥, vanishes in R3 — 7, and satisfies a non-linear equation of motion which, among other
things, determines the boundary of ¥; (c) q tends to a constant value at infinity in R3.

One can also adopt the following viewpoint, which is perhaps closer to the vortex rings
that occur in the physical world (for example: smoke rings, ‘thermals’ in meteorology,
and, regrettably, the heads of the ‘mushrooms’ created by big explosions). If the constant
velocity mentioned in (c) is vertically downwards (say), an observer fixed with respect to
the fluid at infinity sees a vortex ring that is moving upwards at constant velocity, with-
out change of size or shape, through fluid that is at rest at infinity.

(ii) The mathematical problem can be formulated in terms of the Stokes stream func-
tion V" (which is closely related to the vector potential of the velocity field) as a problem
for a semi-linear elliptic partial differential equation ((2.1a) below) which takes different
forms inside and outside the unknown boundary 837 of the vortex ring. Thus one has a
non-linear free-boundary problem, and previous treatments (outlined in section 2.2) have
been of a local character in that only solutions near two particular limiting cases have been
established. The present global theory results from the following observation, which may
also find application in other free-boundary problems.

If one considers (initially) only a restricted form of the non-linear term f(¥') in the dif-
ferential equation, and takes a finite cylinder V, in place of R?, as the domain of the velo-
city field q and the stream function V', then the problem can be reduced to a semi-linear
Dirichlet problem ((2.6) below) that is untroubled by the free boundary and can be solved by
modern techniques of the calculus of variations [28], [2], [3]. The variational principle is
necessarily of the ‘constrained’ or ‘isoperimetric’ type; for, although the known solutions
are also unconstrained critical points (stationary points) of a certain functional on the
Hilbert space appropriate to the problem, they do not maximize or minimize that fune-
tional over the whole Hilbert space.

The isoperimetric variational characterization, Steiner symmetrization [23] and the

generalized maximum prineiple of Littman [17] together imply properties of the solution,
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and lead to estimates, that allow one to remove the additional restrictions that first made the
problem tractable. Thus limiting procedures yield a solution of the more general problem in
which (a) the non-linear term f('¥") can be discontinuous, corresponding to a jump in vor-
ticity at the boundary 97 of the vortex ring, and (b) the flow field (the domain of ¢) can
be the whole of R3.

In connection with (b), it is shown that the vortex ring lies within a bounded set that
can be estimated from the data of the problem. It also turns out that the variational principle
survives the transition to the more general situation, despite the loss, in the case of the un-
bounded domain, of the usual compactness theorems characterizing isoperimetric varia-
tional methods in Hilbert space.

(iii) The background of the problem is as follows. In his celebrated paper of 1858 on
the general equations of vortex motion, Helmholtz [11] considered rings of very small
cross-section as one of two examples, and inferred on the basis of plausible approximations
that such rings move (through fluid at rest at infinity) with ‘approximately constant and
very large velocity’. The subject was taken up in a series of papers by Kelvin [27]. Taking
for granted the existence of certain steady rings of small cross-section, Kelvin calculated
an explicit approximation to their propagation speed; stated a variational principle(?);
conjectured the existence of steady non-axi-symmetric and knotted vortex configurations;
and proposed a theory of atomic structure based on vortex rings. Hicks [12] and Dyson [5],
also assuming the existence of steady vortex rings of small cross-section and constant
w/[r, (where o is the magnitude of the vorticity and r is distance from the axis of symmetry),
computed the propagation speed more systematically than Kelvin had; in particular, Dy-
son calculated expansions for the shape and speed up to the fourth order in a small para-
meter. At the other extreme of steady rings of large cross-section, Hill [13] discovered in
1894 an explicit exact solution with constant w/r for which the ‘ring’ is actually a ball
in R3.

Kelvin’s discussion of knotted configurations led Tait to write pioneering papers ([26],
pp. 273-347) on topological knot theory; and the theory of vortex atoms has perhaps a
less short-lived successor in modern discussions of superfluidity (for example, by Feyn-
man [6]); indeed, recent results [8] for steady rings in an ideal fluid have already been ap-
plied in this field [4].

The question of a mathematical existence proof was first taken up by Lichtenstein
[16], again for the case of small cross-section and constant w/r. This work contains a con-

structive mathematical technique, but serious errors in hydrodynamics and arithmetic;

(1) Kelvin’s variational principle for steady vortex flows ([27], pp. 116 and 172) is not restricted
to axi-symmetric flows, but it is merely stated in physical terms and its analytical basis is obscure.
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it has been corrected and extended to general vorticity functions f in [18] and [7]. Re-
cently, Norbury [21] has given a constructive existence proof for steady rings with con-
stant w/r that are close to Hill’s vortex but are homeomorphic to a solid torus; and the
existence of further steady vortex rings is suggested by numerical ‘solutions’ [22] for the
one-parameter family of steady rings with constant w/r, extending from those of small
cross-section to Hill’s vortex.

(iv) Some virtues of our method have been noted in (ii) above; it must be added that
the following questions are left open.

(a) The nature of the functional which our solution maximizes over an energy surface
in Hilbert space suggests that the corresponding vortex ring J should be homeomorphic
either to a solid torus (when a certain parameter k> 0) or to a ball (when k£ =0). However,
this conjecture is proved (in Theorem 3G) only for convex and exceptionally smooth vor-
ticity functions f.

(b) The paper contains no uniqueness result of any kind.

{c) While Hill’s vortex and the steady rings of small cross-section described in section
2.2 are expected to be particular cases of the solution established here (that is, to have the
maximizing property just mentioned), such a result has not been proved. However, we
have in hand a number of partial results in this direction, and hope to return to the mat-

ter in a later paper.

2. Preliminaries

2.1. The governing equations

Let X =[X,, X,, X;]=[r cos 0, rsin §, z] denote a point in the three-dimensional real
Euclidean space R3, so that r, 6, z are cylindrical coordinates; we shall use square brackets
for the components of a vector field (such as the fluid velocity) in the directions X, in-
creasing, and round brackets for its components in the directions r, 8, z increasing. Consider
the axi-symmetric flow of an inviscid fluid, of uniform density g, with velocity ¢ and vor-
ticity w=curl . The equation of mass conservation, div q =0, allows us to introduce a
vector potential @ = (0, ¥/r, 0), where V' =¥ (r, 2) is the Stokes stream function, such that

q=curl® = (-¥,/r,0,¥,/r), divd=0,

w = —A® = (0, — (LY)/r, 0),

5 & o (1o &
h -5 2 =2 (=2)+ 2
where A jgl oX? and L FT (r@r o2
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The function ¥’ is constant on each stream surface because ¢ - grad ¥ =0; also, 27(¥', — ;)
is the volumetric flow rate between two stream surfaces W(r, z) =const. =¥, (j=1, 2).

To write the partial differential equation of the problem we let w=(0, w, 0) and de-
fine the half-plane IT={(r, z)|r >0}. The dynamical equations of steady, axi-symmetric

inviscid flow demand that w/r be constant on each stream surface; accordingly, we set
w =rf(Y),

where f is a prescribed (non-dimensional) function that we call the vorticity function, and
shall specify more precisely later; the positive constant A is a vortex-strength parameter,
which we also regard as prescribed for the moment.

To formulate the problem of finding a steady vortex ring in R3, with cross-section
Ac<TI in a meridional plane (6 = const.), we take axes fixed with respect to the ring and,

equating the two forms of w above, demand that

— 2.2 :
L‘P‘Er(l‘l",) +‘P‘zz={ ArfCE) in 4, (2.1a)

r 0 in 11— 4,
where grad ¥ is to be continuous on the (unknown) cross-sectional boundary 84 of the
ring. In addition, 64 and the axis of symmetry » =0 must be streamlines; we set

lP'|6A=0 and ‘"I"'I,=0=—-k<0, (21b,0)

where k is a prescribed flux constant such that 27k is the flow rate between the axis of
symmetry and the boundary of the vortex ring. Finally, we demand that the ring move
relative to the fluid at infinity with velocity (0,0, W), where W >0 is another prescribed
constant; with axes fixed in the ring, this implies the condition

¥,jr—0 and W,jr—~—W asr2+z2—>c0, (2.14)

An equivalent formulation is as follows: since the differential operator L has the fun-

damental solution

P(TO, z()a 7, Z) =

ror (7 cos 0 df
4 | o {r?+ 15— 211, cos 0+ (z— 2y)2}’

we seek 94 and ¥ such that

W(rg,ze)= —AWri—k+2 ff P(ro,zy,7,2) f(¥) rdrdz,
A

(2.2)
T|3A= 0

(The function: —§ Wr?—k is the stream function of a uniform flow with velocity (0, 0, — W),
and L(FZWr2+k)=0.)
2 — 742908 Acta mathematica 132. Imprimé le 18 Mars 1974
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2.2 Known selutions: Hill’s vortex and rings of small cross-section

Hill’s solution [13] of the problem (2.1) for the case f(¥")=1, k=0 proceeds as follows.
Let R, ® be spherical coordinates such that r=Rsin © and z= R cos ®. If one guesses
that a sphere R=a can serve as the boundary of a steady vortex ‘ring’, and (taking f=1
and k=0) solves (2.1a) to (2.1d) separately for R<a and for E>a, one obtains

HAR*sin® O (a*— R?), R<a,
3

—%Wstinzﬁ)(l —“—), R>a,

R3

where the exterior solution represents the classical irrotational flow past a sphere. The
choice Aa?/W =15/2 then makes 8¥/0R continuous on R=a, and all the conditions of the
problem are satisfied. Moreover, neighbouring solutions that are genuine rings are now
known to exist [21] for f(W')=1 and sufficiently small values of k.

A ring of small cross-section may be defined, in terms of a small positive parameter
¢, as one whose cross-section 4 contains a point =1, z=0 at which grad ¥ =0, and has area
7e?l? +o(c?). One prescribes I and ¢ in place of W and £, (the latter are to be determined as
part of the solution), and makes the vortex-strength parameter 1 proportional to 1/e2.

If coordinates s, ¢ are defined by
r—l=¢lscost, z=g¢lssint,

the fundamental solution of L becomes, for bounded values of s and s,,
P(ry, 2 rz)——l——{lo ———8——2+O( lo )}
e on g£|s——so| elog el

where |8 — 8| = 8%+ 52~ 253, cos (t—1,).

It is essentially this formula which Helmholtz [11] combined with [2.2] to infer a large
and nearly constant propagation speed W; Kelvin [27], Hicks [12] and Dyson [5] in effect
added the condition f=const., and the assumption that 04 is approximately circular, to
estimate this speed.

In the rigorous theory (18], [7] of steady rings of small cross-section, one sets ¥ =0
at s =0 and leaves the constant W[, free; f is taken to be positive and continuously dif-
ferentiable on (— oo, 0], with a uniformly bounded derivative. (The positivity condition
can be weakened slightly.) It is sufficient to solve (2.2) on 4, for (2.2) itself then defines ¥
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elsewhere, and a formal first approximation ¥ (s) is obtained by solving the ordinary
differential equation
- Ao f (\P‘) , &< l,

1
Y oW, =

which then represents the dominant terms of (2.1a) and in which A, =¢2AI* is independent
of ¢. This function W(s) is made the first of a sequence of successive approximations that
converge on A for sufficiently small values of e.

It turns out that the flux constant k is large in this case. More precisely, if o7 is the
kinetic energy of the vortex motion, as in (2.6¢) below, then the non-dimensional ratio
kWsy~23~ 3{(1/n) log (8/€)}/3 to the lowest order.

2.3. Reformulation of the probiem

The difficulties of the global problem (2.1) are (a) the unbounded domain 1[I, associ-
ated with a lack of compactness theorems, and (b) the free boundary 04, at which the non-
linear term in (2.1a) is to have a simple discontinuity in cases of interest.

To overcome (a), we consider in the first instance flow in a cylinder ¥V of radius ¢ and

length 25, represented in a meridional plane by the domain D; here
V={X|X}+Xi<a?, |X,|<b}
and D={r,2)|0<r<a, |z]<b}.
Then II is replaced by D in (2.1a), and the conditions (2.1¢,d) are replaced by
Yop=—4Wrt|op—k. (2.3)

(Thus the axial velocity component is — W at the ‘entry and exit planes’ r<a, z=+b,
and the radial velocity component is zero at the cylinder wall r=a, |z| <b.) The resulting
problem, illustrated in Figure 1, p. 29, is physically reasonable and of interest in its own
right. Ultimately, we shall pass from D to II by a limiting procedure.

To overcome the difficulty (b), we first note an implication of the maximum principle
[24] and conditions (2.1b), (2.3): if (¥)>0 in A4, then ¥'>0 in 4, and ¥<0 in D—4.
Accordingly, we consider vorticity functions f defined on the whole real line, such that
f(£)=0 for t<0 and f(t) >0 for t>0, and define

A ={(r, 2)|¥(r, 2z) > 0}.
In the first instance we also take f to be Hélder continuous on R; then the equation

LY = —4*(¥) in D (2.4)
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is equiva,lent‘ to (2.1a), and the free boundary 94 is no longer a source of difficulty for the
Dirichlet problem (2.4), (2.3). Ultimately, we shall pass by a limiting procedure to the
case when f(t) has a simple discontinuity at ¢=0.

It is convenient to decompose the total stream function W by writing
W(r, z) =yp(r, 2) —$Wr2—kF, (2.5)

where yp is to be the stream function of the velocity field induced by the vortex ring, and
—41Wr2—k represents a uniform stream (as was noted after (2.2)). We add the further
restriction that f be non-decreasing, which is believed to include the cases of primary in-
terest. We also prescribe the kinetic energy of the vortex motion, instead of prescribing
A; this is mathematically convenient and physically at least as natural. In terms of y, the
first form of our problem is then as follows.

Given the stream velocity W >0, the flux constant k=0, the kinetic energy mon of the
vortex motion (where g is the density of the fluid) and a vorticity function f as in (2.7) below,
we seek a vortex stream function y such that

Ly=r(3w) +yu= —4HF) in D, (2.68)

wlop="0, (2.6b)

where ¥V and y are related by (2.5), and the vortex-strength parameter A is to be such that

Jf %(wﬂ y3) rdrdz=1>0, (2.6¢)
D

{(n being prescribed). Note that this last condition excludes the trivial solution p=0 of
(2.6 a, b).
The vorticity function f: R—[0, o) is assumed to be non-decreasing and (in the first

instance) locally Hélder continuous; more precisely,
ft) =0 for t<0, f(t)>0 for t>0, (2.7a, b)
and 0 <f()—f(s) < §Mr{l +(Mt)"-1}(t~s)# for t =520, (2.7 ¢)

where M >0, m>1 and u€(0, 1) are give constants, and M has the dimensions of 1/'¥',
that is, of W1/3)~2/3 Note also that doubling f merely halves 4 in (2.6a).
Setting s=0 in (2.7¢) and considering the cases Mt<1 and M¢>1 separately, one

easily obtains the crude estimate

0 < f(t) <1+(Mt)" for t>0. (2.8)
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The three-dimensional viewpoint. In connection with regularity properties of a solution,
and for applications of the generalized maximum prineciple, it will be convenient to con-
sider, in place of ¥, the vector potential & of the velocity induced by the vortex ring; this
is defined by

a(X)= (0, ‘f 0) = [——"; sin 0, ¥ cos, 0] = [0y, o, 0], (2.9a)

’
so that p(r, 2) = X; oo {X) — X,y 0 (X). (2.9b)
In place of (2.6a, b), in which L is singular for r=0, one has the system
Alay, a5, 01 = —A[—X,, X,, 01f(F) in V, (2.10a)
| ov = oz oy = 0. (2.10b)
We shall use the notation €8 to indicate that &, and «, belong to some set or space S.

2.4. The Hilbert space H(D)

Let CF (D) denote the set of real valued functions with derivatives of every order and
compact support in D. We define H(D) to be the completion of C5° (D) in the norm implied
by the inner product

o= [ S+,

the element dt =rdrdz of measure being implied wherever no other element is written.

The elements of H(D), which we shall often call functions, are, of course, equivalence
classes of functions equal almost everywhere in D. The space H(D) is a natural setting
for the problem (2.6), because functions in H(D) have zero trace on 2D (i.e. vanish in a cer-

tain generalized sense on ¢D), so that
Cu,v> = — ffDrlzuM if w€H(D) and vE€H(D)N C*(D);
also, the energy condition (2.6 ¢) becomes vl =%. The transformation (2.9) implies that
[ Ggrad e+ lgrad sy ax = 2l (2.11)
if y€H(D). Let Vovl_g(V) denote the completion of the set C°(V) i? the norm whose square

appears on the left of (2.11); it follows that if w € H(D), then a €W, (V).

It will prove convenient to introduce the notation, for any open subset E of D,
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b3
[loell = = {HE ;1; (u2+ uﬁ)} , (2.12a)

o= [ ] 1ot} " @12b)

When E =D, the label D will be omitted from the norm symbols on the left. The space

L,(D, 7), where v is the measure defined by dr=rdrdz, is then the completion of the set
Oy’ (D) in the norm ||.|,.

Lrmma 2A. Consider a function w€H(D) on the rectangles R=(ry—a, ry) x (0, 28)
and R'=(ry—a, ry) X (0, §) in D. If u has zero trace on R, then

lullpn<c,rs”* ¥ (2af)? ||ullp for every p=>1, (2.13)

where c‘,=2‘g for 1<p<2andc,= 274p for p>2.
If u has zero trace on a vertical side of R (thatis, on OR N {r=ry— a} or on @R N {r=r,})
then

lll,.z < 2¢,757* ¥ (2B)"? (1 +2;L/3) llullz  for every p=1. (2.14)

Remark. The following extensions are immediate. The rectangles need not be in D,
provided that r, > a; we extend u by defining u(r, z2) =0 for (r, 2) ¢ D, r>0. Also, the inter-
val (0, §) may be replaced by (z,, z,+f), with {0, 28) then replaced by either (z,, z, +28)
or (z,—f, 2o T ).

Proof of Lemma 2A. Let |Vv|2=v;+v; be integrable on R, and let v have zero trace
on fwo non-parallel sides of R. Adapting a well known calculation of Nirenberg ([20], p.
128), one can easily show that

1/p ¥
{ff |v|"drdz} / <2¢,(2aB)'"” Uj | vo[?dr dz} . (2.15)
R R

If v has zero trace on 9R, the factor 2¢, becomes c,. Noting the simple inequalities

l[ofl.z < {ro f f |vf? dr dZ}M, (2.16a)

3
{”R|Vv|zdrdz}*< {UE-’TE IVv|2drdz} =rd [[olln (2.16b)

we obtain (2.13).
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Given a function u € H(D) with zero trace on one vertical side of R, we form a function

v to which (2.15) applies by defining

1, 26,
v(r, 2) =u(r,z) p(z), where @(z)=42— ;, p<z<28,
0, z=28.
Then »=v on R’, and on the bigger rectangle R
u? u2
|Vo|?= (u,0)® + (0,0 + up,) P < ul+u+ Cul+ oF EE,

for any constant C >0. Also, if w has zero trace on 8R N {r=r,}, then

To 2
u(ry,2) = {f u dr} < —rl)f uldr for (ry,2)€R,

so that ff ul(ry, 2)drydz <% ff uldr dz,

and this remains true if » has zero trace on @R N {r=ry— a}. Accordingly,

2
2 o (1 2 .
ffRWvI drdz<{l+0+2ﬂz(0+ 1)}ffR|Vu] drdz;

we choose C'=/2}8, and use (2.15) and (2.16) to obtain the result (2.14).
LemMma 2B. Sets bounded in H(D) are relatively compact in L,(D, t) for every p=1.

Proof. Let L,(D) and ﬁ71'2(D) denote the completions of the set OF° (D) in the norms

1/p 3
{f |%|?dr dz} and {f (w2 + ud) dr dz} ,
D D

respectively. It is a standard result ([25], p. 84; [14], p. 43) that WO’LZ(D) is embedded
compactly in L,(D) for every p >1; also using (2.16), we have

H(D)< Wy, o( D)= L( D)= Ly(D, 7,
where the second embedding is compact.

Levma 2C. Let w€ H(D), with u(r,z)>0 almost everywhere in D, and let u* be the
Steiner symmetrization (defined in Appendiz I) of u about the line z=0. Then u*€ H(D) and

ll*llp=llwells  Nlwll < [l
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Also, if g: [0, o) x [0, a]—=R is continuous and (for all $=0, t=0 and r€[0, a])

lg(s, ) —g(t, )| < const. (L+&+)|s—t], (c=>0),

then ff g(u*(r,2),r)drdz= ff glu(r, 2), r) dr dz.
D D
Proof. See Appendix 1.

2.5. Further notation

Let Q be an open set in R* let f={B,, ..., B,} be a multi-index of order |f|=
By + ... +B,, where By, ..., B, are non-negative integers; and write 98 = (8/6X,)% ... (0/0X,)P~.
By CY(Q) we mean the set of all real-valued functions » such that d%u, 0<|S| <I, are con-
tinuous in Q. The space CY(Q}) is the set of real-valued functions u such that 8fu, 0<|8| <I,

can be extended to be continuous on Q, with the norm

”"’"cl(ﬁ) = sup |3ﬂu(X) |

XeQ,0<|BI<!

The space C'*’(Q), where 0 <y<1, consists of functions having derivatives of order /

that are uniformly Hélder continuous in Q) with exponent »; with the notation

['U]v= sup I’U(X)-—?)(Xo)l

, (0<]|X—-X%<1),
X.X%0 |X_X0|v ( l I )

C'**(Q) is that subset of C*(Q) for which

"u"cl+v(ﬁ) = "u||cl<ﬁ) + Ilg{a;zf [0%u)y < oo.

We say that « is C'™” in Q if w €C"**(K) for every compact subset K of .

The symbol (.)* denotes the non-negative part of a function:

uH(X) = max {u(X), 0}.

3. The solution for continueus vorticity and a bounded domain
3.1. Existence of a generalized solution in D

We adopt the notation

w=(r;2) end Sor) = {weH(D)] Jull* =1}
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A generalized solution of the problem (2.6) is an element w €8(yj) and a constant A such that

g, p>= lff ef(¥) for all test functions ¢€ H(D). (3.1)
)

When o is also in C%(D), integration by parts relates (3.1) and (2.6a, b); also, (3.1) charac-
terizes a critical point y of the restriction to the sphere S(7) of the functional

J(u)= ff F(u(x)— 1 Wr*—k), where F(t)= ft/(s) ds. (3.2)
D 0

Here the integral over D need be taken only over the set
A, ={z|u(zx) > }Wr2+k}, (3-3)

which becomes the cross-section 4, of the vortex ring when % =y; a similar remark applies
to (3.1).

THEOREM 3A. The variational problem maxyesqyJ (w) has a solution y such that J(p)>0
and p(x) =0 almost everywhere in D. With A as in (3.7) below, the pair (y, A) is a generalized
solution of (2.6), and there exist numbers ¢, C depending only on the data of the problem such
that 0 <c<A<C.

Proof. (i) First we show that, for any set of data, there exist functions % €S(%) such
that J(u)>0. (This would not be true for analogous problems involving a one-dimensional
domain D.) It is sufficient to observe that functions with small norm in H(D) can have

large values on a small set. For example, given a point zy={(r,, 2,) in D, define

8 =|x—ay| ={(r —ro)2 + (2 —20)2}2,

_ B log (1+logf—2), 8< 0 < $d(zy, 2D),

) (3.4)

0, s=4,

where f3,  are positive constants and d(.,.) denotes distance. Since v(x)—> o as s—0, we

have J(v)>0; and since
l[ol}* = 2782g(ro, 6), where (ro+0)"* <g(ry, 8) < (r,—8)! and 6 <jn,

we can choose f to make ||v]|2=7 for any 5>0.
(ii) Next, we prove that the functional J is continuous with respeet to: weak con-
vergence in H(D), and bounded abave on S(7). For any u€H(D), define U(x)=u(z)-
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1Wr?—k, abbreviate U(z) to U, and note that J(u) depends only on the non-negative part
U+ of U because F(U)=F(U+). Then by (2.8)

lJ(u)—J(v)l=’f D{F(U+>—F(V+>}

<U {1+ MU+ MV} U+~ V*|.  (3.5)

It is clear that U* <|u| and |U* — V*|<|u—v|; hence
|7 = T (@) < [lu~ olly - 27 ([fellEm + [lelfzm) e = o]l (3.6)

for all  and v in H(D). Now if u,~u weakly in H(D), then w,~>u (strongly) in LD, )
for each p=>1, since the embedding operator is compact by Lemma 2 B; hence (3.6) shows
that J(u,)—>J(u). To obtain an upper bound for J(u) on S(n), we set =0 in (3.6) and note
that J(0) =0.

(i) Write supuesqyJ(u)=0>0 and let {u,} be a sequence in S(5) such that J(u,)—~o
as n—>oo. Bince ||u,||2=7, this sequence is weakly compact in H(D): there exists a subse-
quence, say {y,}, and an element y € H(D) such that y,—>y weakly in H(D). By (ii), J(p) =
lim J(y,) =o. To prove that y €.S(y), we first note that [|y|| <lim inf ||p,]| by a general re-
sult for weak convergence in a Hilbert space. Hence ||y||2<7; also ||| >0 because J(p)=
0>0. If |lp[2<7, define §p=n'2y/||y||, so that HES(7) and H(x)>y(z) wherever p(z) >0,
in particular, on the set 4,. But F(¢) is strictly increasing for ¢>0; hence J(§) >J(y) =0
and this contradicts the definition of ¢.

(iv) The non-negative part y+ of y belongs to H(D) (cf. [14], p. 50); clearly J(p*)=
J(y) and [[p]| <|l||. If p(x) <O on a set of positive measure, then ||y+|| <||y| and we ob-
tain a contradiction as in (iii) by considering 5'/2y*/|ly*||; hence y =y* almost everywhere
in D.

(v) The functional J has a Fréchet derivative J'(u) defined by

' ()= f fpcpﬂu— Y- k),

since (2.7 ¢), the Holder inequality and (2.13) imply that

J(w+ @) — J(u)— f f @fu— 3 Wr—k) ’ < {const. + const. (||luf|"* + [[p}™ 1)} ||| **

for all w and ¢ in H(D). It is then a standard result ([28], p. 96; [2], [3]) that the maximizer
v is a critical point of the restriction of J to S(z) in the sense that the vectors ¢ and J'(y)
are parallel. In other words, there exist constants u, and u,, not both equal to zero, such
that
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wlg, > = szfotpf(‘l’) for all g €H(D).

Thus (3.1) is satisfied, with 4=pu,/u,, provided that u,==0. Choose ¢ =y; the possibilities
#1=0 or u,=0 are ruled out by the estimates that follow, and

i=n / f wa‘(‘P‘)- (3.7)

First we bound the integral from above; since 0< ¥ ()< y(z) in 4,, we have

J} pA(F)< ff p{l+ (Myp)"} < const. nt+ const. ™2
A'P D

where the constants are implied by (2.13). On the other hand, F(t) <tf(t) because f is

non-decreasing, so that

ff pf(F) >ff YY) = ff F¥)=J(u) for any w€S(n), (3.8)
4y 4y 4y

and the functions mentioned in (i) provide a lower bound for the integral and an upper
bound for A.

Remark. The simple function v in (3.4) gives a very crude upper bound for 4 in (3.8);
one can do better, in general, by using more elaborate functions suggested by the known

particular solutions for Hill’s vortex and for rings of small cross-section.

CorOLLARY 3B. Define D,={x€D|2>0}. With ¢ as in Theorem 3A, y(r, —2)=
p(r, z) almost everywhere in D, and yp, <O almost everywhere in D_.

Proof. Let p* be the Steiner symmetrization of 9 with respect to the line z=0 in D;
then Lemma 2C, with g(y, r)=rF(¥), states that ||p*|2<|y[|2=% and J(p*)=J(y). If
llw*||2 <#, we consider 5'/2y*/|ly*|| and obtain a contradiction, as in the proof of Theorem
3A, step (iii). If [|p*||2=% but [[p*—y|| +0, then y* is a second maximizer of J on S(z),
and we choose to adopt it, denoting it by y henceforth.

3.2. Regularity of the generalized solution ,

The next step is to prove that the equivalence class ¢ has a smooth representative that
satisfies (2.6 a, b) pointwise; we follow convention in calling this representative y also. It
is shown in Appendix II that the definition (3.1) of a generalized solution implies the re-

presentation
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(X% = }.f X% X)[— X,, X,, 0] f(F()) dX (3.9)
v

of the vector potential defined by (2.9a); here I is the Green function of the Dirichlet prob-
lem for the Laplace operator A in the cylinder V. This representation is used (in Appendix
II) to show that e is a smooth solution of (2.10a, b), and one then returns to v by means
of (2.9b), thus obtaining the behaviour of ¢ for r—0 in a painless way, and proving the
next theorem. The edges r=a, z= +b of 8V cause no difficulty because I" is in fact analytic
if X° is at or sufficiently near an edge while X is bounded away from the edge, and be-
cause the boundary condition of our problem makes ¥'|,_, <0 and ensures.that the support
of f(¥'(x)) is indeed bounded away from r=a.

One can also obtain smoothness properties of a by transforming (3.1) to the defini-
tion of a generalized solution of (2.10) and then appealing to general regularity theory
[1], [14] for elliptic equations; however, such an approach leaves in doubt the differenti-

ability of a and y at the edges.

THEOREM 3C. The generalized solution has a representative yp€C?+#(D) that satisfies
the differential equation (2.6a) and the boundary condition (2.6b) potnfwise; here u s the
Holder exponent of f. Also, p=0(r?) and p,=O0(r) for r—0. (The corresponding vector poten-
tial a €C2+1(V) and satisfies (2.10a, b) pointwise.)

3.3. Properties of the solution and of the associated vortex ring

Henceforth the symbol y refers to the representative in Theorem 3C; we proceed to

some descriptive properties of this function and of the cross-section 4,, of the vortex ring.
THEOREM 3D. y(r, —2) =y(r, 2) on D; p,<0in D_; and >0 in D.

Proof. Now that y€C%+#(D), Corollary 3B implies that y is even in z on D, and that
9.<0 on D,. We sharpen this latter result to ,<0 in D, by means of the generalized
maximum principle [17). Consider the function o, =y cos 8/r in the quarter-cylinder

V' ={XeV|X,>0, X;>0}

clearly ¢, <0 in D, if and only if «, ,<0in V’. We claim that «, , is weaklv subharmonic

in ¥’ in the following sense:

f 2, ,ADdX >0 for all non-negative ®ECY (V'). (3.10)
v
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A

T=0

Y= —f—>

Fig. 1. Notation and expected streamline pattern for a steady vortex ring.
For, multiplying (2.10a) by ®, and integrating by parts, we obtain
f %, ADdX =1 f X, f(¥)®,dX =2I, say,
v . v .

and, upon ‘mollifying’ or ‘averaging’ f, we obtain a non-decreasing function f,€ C* (R)
such that

IsEf X, f.(F)D,dX ~1 as e—0,
-

and I~ — f X2 (F) 9,0dX >0,
”

since f,(¥")>0 and 9, <0 on D,. Thus I>0; therefore «, , is weakly subharmonic in ¥,
and its maximum over V' is zero. Applied to the continuous function a,_,, the generalized
maximum principle in [17] now states (like its classical counterpart) that if o, , vanishes
somewhere in ¥’ then it vanishes everywhere on V', and this is clearly a contradiction
because ay(X)=0 for z=b.

Finally, the positivity of .in D follows from the boundary condition and the previous

two results of the theorem (or else from the classical maximum principle [24]).
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Lemma 3E. If the flux constant k>0, then the set A, is a finite or denumerable union
of disjoint simply connected domains

B, ={(r,2)|p, <r <g, —h(r)<z<h(r)}, n=12, ..,

where p,>0, q,<a and h€EC*#(p,, q,) for each n. Define h(r)=0 if r¢U (0. ¢.); then
h€C[O, a].

If k=0, the only change vs that the value p, =0 is possible for one n, and the existence of
a limiting value h(0+) has not been proved for that case.

Proof. Assume that k>0. Then ¥'(0, 0)= —k <0 and ¥(a, 0)= —}Wa?—k <0. Hence
the set 4’ ={r|¥(r, 0)>0}, which is non-empty by Theorems 3A and 3D, is a finite or
denumerable union of disjoint open intervals, say (p,, ¢,), within (0, a). If rOGA’,‘there
exists a unique point (ry, k(ry)) in D, at which ¥" =0, because ¥(ry, b) <0 and ¥',=yp, <0
in D_, and then h€C?+# in an open interval containing 7,, by the implicit function theorem.

We now show that & is also continuous at any point p€(0, a) such that ¥(p, 0)<0
and h(p)=0, and it follows that A€C[0, a] for k>0. For any £>0, we have ¥ (p, &) <0
because ¥, <0 in D,. Then there exists a number 4 >0 such that |r —p| <8 implies ¥(r, &)
<0 and hence h(r) <g; also, k(r) =0 for all r.

If £=0, then ¥'(0, z) =0 for |z| <b and we have the uncertainty at r =0 that is men-

tioned in the lemma; there are no changes for r >0, and 2€C(0, a].

TrEOREM 3F. If, in addition to satisfying (2.7), the function f(t) is Lipschitz con-
tinuous at t =0, then A, has only a finite number of components E,.

Proof. The new condition implies that (for some constant M >0)
0 < f(t) < Mt{l +(Mty"1} for t>0.

Let E=E, by any component of 4,, and let (p, p +J) = (P, ¢,) be its intersection with the
line z=0; we shall obtain a lower bound for 8. Define a function ¢ by: ¢(z)=%(z) in E,
and ¢(x) =0 elsewhere; then ¢ € H(D), and

{pp—@y= W” @, drdz=0, (3.11)
E

where the integration could also be over D. Hence (3.1) yields the estimate

lollz=4[ [ arctr<car [ o 312)
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where M =M{1+ M |plea)™"}

and where 1< C by Theorem 3 A. On the other hand, integration of the estimate

¢2(To,2)={f %dT} <(rg —p)f rigtd

yields f f i< % & 2p+ 02|l (3.13)
E

Since p+6<a, (3.12) and (3.13) show that §2>2/CM’a? (and a sharper estimate is possible
for specified values of p).

TrEoREM 3G. If, in addition to satisfying (2.7), the function f is convex and continu-
ously differentiable on R, then A, is simply connected: A, = E,.

Proof. The new condition implies that f'(0)=0, f'(¢)>0 for >0, and
¢
1= f f(s)ds<tf'(t) for t>0. (3.14)
0

Assume that 4, has at least two components E, and E,; we obtain a contradiction by con-
sidering the second variation of JJ, and showing that J does not have a constrained local

maximum on the sphere S(n) at . Let

u(f) =1y cos f+n2v sin B/||v|[,
where {v,p>=0,v€EH(D)NC(D) and [v| >0,

then u(8)€S(n) for all 8, and %(0) =y. Expanding J(u(8)) for small values of 8, and using
(3.1) and (3.7), one obtains

spy- = e [ ren -1 o,

where the o-term results from the uniform continuity of /* on [0, max w(f, x)], the maxi-
mum being over [ —7n/2, #/2] x D. We shall have the desired contradiction (for B suffi-
ciently small) if the term in curly brackets is positive for some choice of v.

Define ¢;, =1, 2, by: ¢,(x) =¥(z) in E,, and ¢,(x) =0 elsewhere; then, by (3.11) and
3.1),

l|s]I2= <y 9> =1H <p;f(‘1")=/1” Vi), (3.15)
D E,

and <{@,, p,> =0. Now choose v=c¢, @, —c,p,, Where ¢, and ¢, are strictly positive constants
such that
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<0, 9> = i@y, ¥D —eal@a ¥) = &1l [|2—calla]|2 = 0.

Using (3.15) for ||v||2=c]||@,||2+¢3||p,||%, and finally applying (3.14), we obtain

f va/ ¥)- HU¥=1=§10?”E1{‘F2f’(‘I’) — WH(¥)} > 0.

4. The case of discontinuous vorticity

Let the vorticity function f(f) have a simple discontinuity at ¢=0, corresponding to
a jump in vorticity at the boundary 94, of the cross-section of the vortex ring. The only
change in (2.7) is that we weaken the qualification in (2.7¢) to ¢>s>0; then the limit
f(0+) exists and is positive, and we assume it to be such that (2.8) still holds.

We form continuous approximations f, to f by introducing a non-decreasing function
2 €C®(R) such that y(s)=0 for <0 and y(s)=1 for s >1, and by defining

16y =) x(GMe), j=1,2,.. (4.1)

where M is the constant in (2.8). Then f,(¢) is non-decreasing with respect to both j and ¢.
The corresponding solutions are denoted by (y;, 4,), and we have 0 <c<1,<C with ¢ and
C independent of § if we use f, in (3.8).

LeEmMmA 4A. For any v€(0, 1) there exist a function p€C**"(D), a number A€[c, C],
and a subsequence {(y; , A, )} which we relabel {(y,, A,)} such that

(¥ns A) > (@, A) in O’ (D)xR as n— oo;
also, y=0(r?) and y,=0(r) for r—0.

Proof. One needs no continuity of f, to show that the sequence {a;} of vector poten-
tials is bounded (independently of j) in €'**(V) for each x€(0, 1); the bound (2.8) for f;
and the representation of a, in terms of the Green function are sufficient (cf. Appendix
IT: one uses (II.2) and estimates as in (IL.7)). Since the sequence {(a;, 1,)} is bounded in
C'*(V) xR for y<x<l1, it is relatively compact in €'**(7) x R; we extract a convergent

subsequence and use the transformation (2.9b) from a to .

THEOREM 4B. The limit function v (in Lemma 4A) maximizes the functional J(u)
over the sphere S(n).

Proof. That ||ly||2=n follows from (2.11) and the proof of Lemma 4 A. Denote by J,
the functional (3.2) when f is replaced by f;, =f, (in the notation of Lemma 4 A) and let
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sup J, = supuesop S (). We show that (a) sup J,—~J(y), and (b) sup J,—~sup J, which
proves the theorem.
(a) Since f,(¢) differs from f(t) only for 0 <¢<1/j, M, we have

0 < F(t)—F,(t) <2/j,M forall tER,
and ‘ J(w)—J,(w) <2|D|}j,M for all u€H(D), 4.2)

where | D| =a2 is the t-measure of D. Also the functions ¥, are equicontinuous on any

compact subset of R. Accordingly
| J () —sup J,| = |J(w) = Tulypn) | <|T(@) ~Jul@)| + [ Tnlep) —Tulpn) | > 0.
(b) Again using (4.2), we have
0 <sup J —sup J, =sup {(J —J,) +J,} —sup J, <sup (J —J,) 0.
LEMMA 4C. y(r, —2) =y(r, 2) on D; p,<0in D_; and >0 in D.

Proof. Theorem 3D and Lemma 4 A show that y is even in z and that y,<0 on D,.
Again we sharpen this latter to y,<0in D,: with ¥’ as in the proof of Theorem 3D,

f P ppdx - lim | P22A0ax >0
v 02 n—soo Jy OZ
for every non-negative ® €C5°(V'); and since da,/0z is still continuous on ¥, we can reason

as before.

Remark. 1t is easily verified that a subset of D had r-measure zero if and only if it
has plane Lebesgue measure zero; hence ‘measure zero’ can have either meaning in what

follows.
LEMMA 4D. The set ¥-1(0) = {w € D|V(x) =0} has measure zero.

Proof. Since Lemma 4C shows that ¥',<0 in D_, we can construct a function 4 just
like that in Lemma 3E, except that now % is only C*** in each open interval (p,, ¢,). For
k>0, we have h€C[0, a] and ¥-1(0) is a proper subset of {z=+h(r)}; for k=0, we have
h€C(0, a] and ¥-1(0) is a proper subset of {z=+&(r)} U {r=0}; in either case, ¥-2(0) has

Imeasure zero.
LeMMA4E. {,(V,(2))~>f(V(x)) almost everywhere on D, as n— oo,

Proof. Let z, be fixed and such that ¥(x;) >0; there exists a number N =N(x,) such

that W, (%) >1/j, M for n>N. Accordingly, (¥ (o)) = (¥ n(x,)) for n>N, and f(¥ (%))~
3 — 742908 Acta mathematica 132. Imprimé le 18 Mars 1974
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f(¥'(x,)) because f(¢) is continuous for ¢ >0 and ¥',—~¥ in C'**(D). For x, such that ¥(z,) <0,
the argument is similar but simpler. The result now follows from Lemma 4D.

THEOREM 4F. Let (p,2) be as in Lemma 4 A, so that w€C**(D) for any v€(0, 1).
Then p is C*r« in D—Y-Y0), and, apart from failing to satisfy the differential equation
(2.6a) on the set ¥—1(0) (of measure zero), the pair (y, 1) is a pointwise solution of the problem
2.6).

Proof. Each approximating vector potential has the representation
(X0 = o | DU, X) [ X, X, O/, (o)) 4.
1 4

We can pass to the limit by using Lemma 4 A for the left member and for 4,, and by using
Lemma 4E and the Lebesgue dominated convergence theorem for the integral. The result-

ing representation of a implies the assertions above.

5. The unbounded flow field
5.1. Preliminary description of the limiting process

Henceforth we allow, but do not insist on, a simple discontinuity of f(¢) at t=0. Our
principal task is now to show that, for large values of the lengths ¢ and b characterizing
D, the cross-section A, of the vortex ring remains in a certain bounded domain € in the
rz-plane; ) depends on f, W, k and , but is independent of a and b. We begin by establish-
ing certain geometrical restrictions on the set 4, defined by (3.3) for any function % in
H(D)n C(D); then we use the special properties of y to show that A4, lies between two
curves z = +Z(r) such that Z(r)—>0 as r—oo; and we complete the specification of Q by

means of the representation formula

Wizg)= A f fDG(x.,, Df(F), ¥=¥@). (5.1)

Here (7 is the Green function of the Dirichlet problem for the operator L in D, and is re-

lated to the corresponding Green function f(xo, x, 6 —0,) of the Laplace operator in V by

G(xy, ) = P(xg, ) — g(xg, ) =1y rfn cos f‘(xo, z, B)dp, (5.2a)

where P is the fundamental solution of L,

rof E 3 COSs ﬂ dﬁ

ryt _ 5.2b

Py, 2) dm J_{r5+ 17— 217 cos B+ (zg—2)*}} e
]




A GLOBAL THEORY OF STEADY VORTEX RINGS IN AN IDEAL FLUID 35

By an application of the classical maximum principle [24] and known bounds for P
([21], p. 278; our function P is denoted by G/2ar there), we have

2,9
.A%ﬁf_s, (5.3a)
7|y — x|

0 < Gxy, x) < Py, 2) <
(ror)t . (2re7)}

sinh , (5.3b)
2n |2y — |

where |z|= (r*+2%)}; these two distinct estimates are useful for large and for small values

of |zy— x|/ (ry7), respectively. We also note that

oo

5.2. Estimates of A, in large domains D

(5.4)

Recalling the definition (3.3) of 4, for any € H(D), we now define B, to be the set
of points in D that are in 4, or to the left of it (when r increases to the right):

B, ={(r,2)|3(p, 0)€4, with p>r>0, (=2z}.

Also, |4,] and | B,| denote the T-measures of these sets (dr =rdrdz), and [, is the projec-

tion of 4, (or B,) onto the z-axis:

l,={z|(r,z)€A, for some r}, |l,| =JI dz.
We continue to use the notation (2.12). )
LeEMMA 5A. Let w€H(D) N C(D) and define U(x)=wu(x) —31Wri—k. Then
W24, | = ||l — U115 (5.5)
and W?| B, | +2Wk|L,| = [lu]l5.— | Ull3.. (5.6)

Proof. Abbreviate the symbols 4,, B, and I, to 4, B and l. To prove (5.5) we again
use the fact that the non-negative part U+ of U belongs to the Sobolev space W, 4(D)
([14], p. 50); then

It~ N0t [ [ st ==y [ (B = W) 2w [ [ 07 draas wea),

and the integral of U is zero because U+ vanishes on 8D.
To prove (5.6) we first assume that the boundary @B is a finite union of disjoint closed

curves, each of which is piecewise of class C'. Then
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||u||§—||U||2=2Wff u,drdz—W2|B|=2wf wdz— W2|B),
B 0B

and 0B consists of (a) a part of the axis r=0, on which u=0; (b) straight line segments
z=const.; and (c) the set 2B N 84, on which u=1Wr2+k. Hence

oW | wdz=2W (AWr2+ k) dz= 2W?| B| + 2Wk]l],

0B 0BNGA
and (5.6) follows.

To remove the assumption about 8B, we note that the open set 4 can be approximated
by a finite union 4, of squares with disjoint interiors and with sides of length 27", such
that A, 7A as n—oo and for all €84, the distance d(x, 24) <2 "*'. Let B, and [, be
related to A, as B and [ are to A. Since » is uniformly continuous on D, and d(x, 94)—0
uniformly for €64,

sup |u(x)— 3WrP—k| >0 as n—> oo,

1€0An

and since [apngs|dz| < 25, we have
” w,drdz—W|By|—k|l,]~ 0 as n— oo.
By

LemMA 5B. The cross-section A, of the vortex ring lies in the region between the curves

n

—t— :
twwrrany "0

4

Proof. Let (ry, 2,) €04,

long to 4, (because ¥,<0 in D, and ¥ is an even function of z), the open rectangle

with 7,>0 and 2z,>0. Then all points (ry, z) with |z]| <z, be-

(0, 75) X {— 2o, %) is a subset of B,, and (5.6) implies the estimate
Werizy+4Wkzy< 7.
LeEmmA 5C. Recall that D=(0, a) x (— b, b) and let b>by>0. Then there exists a num-
ber 1, independent of a and b, such that r<r, if (r,2)€A4,,.

Proof. (i) We adopt the notation 4 =4, ry=sup, r, ,=(ry, 0) and s= | —=,|. The
supremum 7, exists for each finite D, with W'(r,, 0)=0 and W¥(r,, z) <0 for 2+ 0. We shall
use the Green-function representation (5.1) to show that w(x,) cannot equal }Wrs+k if r,
is sufficiently large. To this end, we partition the set 4, to which the integration in (5.1)
may be restricted, by defining

Be={z|s=|z—x,| <erp}, 0<e<},

Ay =An{r<ir}, A;=AN{r=>4r}—B, A3=ANB,
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where ¢ will be chosen later. Writing
wie=4|[ Gaain, G=1.23),

we now estimate y,(z,) by using (5.3a) for @, and y,(x,), p,(x,) by using (5.3b); in estimat-
ing y,(x,) We also introduce the inequality sinh—1 £ <log 2t + }¢-2 for ¢ >0. Accordingly,

wi <= [[ ),
we< 22 st (2) [ epe,

A 2% .
Wa1 (%) = P3(%p) — Yo (%) < m (]0g ’ + %82) ffA’ (1),

A 1
where W3 (2g) = -2% ffA log p 1), o= i

and where we have combined (5.3b) with estimates like ¥ <2¥7%/r} on A,, in order to

keep the integrand r2f(¥). For since y >3Wr? on A4, we have

2=/ [[wrerr<on [w [ #ice. (57

) Kie) 1
Therefore 1 (@) + g () + g nnV(V) ;0, (5.8a)
2%
where K(&) = max {16, 2% (log ~—+ %82)}, (5.8b)
£

the maximum being taken at each fixed &.

(ii) The next step is to estimate yyy(z,). Choosing a positive number a,, we assume that
a 2> ay (for otherwise r, <a,). Then the upper bound C for 4, established in Theorem 3 A and
Lemma 4 A, can be chosen to be independent of @ and b. By the bound (2.8) for f, and the
Schwarz inequality,

lo, l
gO' 2, ds

e )

1
log ~ +M"
g GNI.AB

Cr,
Paal@p) < “2;0 {

where W' is the non-negative part of ¥'. Now 4, lies in the left half of the ball B,, so that

1? 2,3 ' n? 2,39-p-1
4 IOg} S ety log& odo=ne’ry 27" 'p!, (p=1,2),
3 0
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and W'+ vanishes on r=ry, so that |[¥"+||y,. 4, can be estimated in terms of ¢, r, and |['¥"+||
by means of (2.14), applied to the rectangle R’ =(ry—er, ry) x (—éry, £7,). Since |[¥+| =
I[¥|la<n'2 by (5.5), we obtain

Voo () < F CErp{L + Mcpry*n™?}, (5.9)

where ¢,, depends only on m.
(iii) Now let &(ry) be the value of &£ that makes the right-hand member of (5.9) equal
to n/nWr,, and choose ¢ =& (ry) = min {}, &,(r,)}. Then in (5.8) we have K(e) = K(r,), say,

and hence the estimate

V(o 0)= 4 Wry+ k<~ {K (ro) + 1}— (5.10)

where K is a known, non-decreasing function defined for 7,>0 and such that
Ko(rg) ~ 2V2(5+im)log ry as ry—> oo.

(5.10) implies an upper bound, say r,, for r, when a >a,, and we define r, to be the greater

of a, and r;.

Remark. The following lemma is necessary because Lemma 5B fails to bound z on
A, if k=0 and r->0.

LEMMA 5D. Let a=a,>0. Then there exists a number z,, independent of a, b and of
the flux constant k, such that |z| <z if (r,2)€A,,.

Proof. (i) Choosing positive numbers b, and k,, we may suppose that b>0b, (for other-
wise |z| <b, on A4,) and that k<k, (for otherwise |z| <7/4Wk, on A, by Lemma 5B).
We also choose a number g >0, and first bound y(x,) independently of xy, @, b and k for
7o Q.

Let R be the square (0, 2g) x (z,—@, 2, +¢) and abbreviate 4,, to 4. By (5.3a) and

(5.7)
1 f fA_EG(xo,x)f(‘If) ” PH(E) —V;’

Also, lff Gz, ) f(T) < #’—J‘J\ sinh™!
R 2 ) g

and this can be bounded as ;,(x,) was bounded in the proof of Lemma 5C, since ¥'+(x) =0

20
—_—xlf(‘F),

on r=0. Hence there exists a number § (independent of 7,<p, 2y, a =ay, b>=by and k<k,)
such that y(x,) <g, and then

[(P() <1+(MB)™ = M'(say) for r<p. (5.11)
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z
curve z=g/W2r
%o e
Zo
z
zl:izo i \
t > 7
e
"1

Fig. 2. Notation used in the proof of Lemma 5 D.

(ii) Now let 2,€ A4, so that z,<#n/W2r? by Lemma 5B, and suppose that z,>2n/W2g2.
Let 2, be the point on the curve z=7/W?2r? such that z, =1z, (Figure 2). Estimating as
before by means of (5.3a) and (5.7), we obtain
16773
lff»nG(xo, z) {(¥) < W
With 2 < C (where C is independent of a > ag, b > b, and k < k,) and with 1% = 29| W32, < %,
we have from (5.4) and (5.11) '
CM'y r_(z,

lff Gy, ) (V)< CM' §73(275 — rf) < OM' Lrdri= 75 2.
r<n 2W 2y

But y(x,) > 1 W} because 2,€ 4; hence

1671 CM'nl_y(x)

3 2 2
aWzy 2W* 2z, 13

>3iW,

and this implies an upper bound, say z,, for z,, under the assumed conditions. Finally, we
define z, to be the greatest of by, n/4Wk,, 2n/W?20? and z,.

THEOREM 5E. If a>ay>0 and b>by>0, then A, is a subset of

Q- {(r, 2) (5.12)

0<r<ry,|z|<z,|z]< 7

"
(WrP+4k)’
where 1y ts independent of a and b, and 2, is independent of a, b and k.
Proof. The result follows from Lemmas 5B to 5D.
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5.3. The solution for the half-plane IT
Let IT denote the half-plane {x|r >0}. By the problem (2.6, I1) we mean the problem

that results from

(i) replacing D by II in (2.6),

(ii) adding the condition: -0 and |Vy|~0 as r2+22~co,

We now solve this problem by considering a sequence {D;}, j=1,2, ..., of domains
such that (a) Q< D,= D,,, for each §, (b) @, as j—oc and (c) b,/a, is bounded away
from zero and infinity. The corresponding solutions are denoted by (y,, 4;); we have
¢<}A;<C with ¢, C independent of j because the integral defining A in (3.7) need only
be taken over (). Initially, to retain compactness properties, we restrict attention to the
bounded domain (); once we have established a limit function g in C***(Q), we can use

the limiting form of (5.1) to extend ¥ to the whole half-plane.

LeMMa 5F. (a) For any v€(0, 1) there exist a function yw€C***(Q), a number 1€[c, C],
and a subsequence (v, , A; ) which we relabel (y,, 4,) such that

W M) = (0, 4) in O Q)xR as n—oo;
also, p = O(r%) and p, = O(r) for r—0.
(b) w(r, —2) =y(r, z) on Q; p, <0 in Q,={x€Q|2>0}; and >0 in Q.
(c) The set ¥'-1(0) has measure zero.
() {(F ()~ f(F(2)) almost everywhere on Q, as n—> 0.

Proof. This proceeds just as for Lemmas 4A, 4C, 4D and 4E. It is not difficult, at the
first stage, to bound the Green function I'; of the cylinder V,, and its derivatives up to

the second order, independently of 5.

LeMMA 5G. (a) The limit function y in Lemma 5F has the representation
v =4[ [ Pawo ), W= (5.1

for 2,€Q; here P is the fundamental solution (5.2b).

(b) Extend v, to I (as a piecewise C! function) by defining it to be zero outside D,. Ezx-
tend p to 1 by means of (5.13). Then p,—~y and grad y,—~>grad v uniformly on .

(¢) The properties (b) in Lemma 5F remain true in I1, and ¥ <0 in [T —Q.

Proof. Let G, be the Green function of the domain D,, and define it to be zero outside
D, x D,. Let & = (8]dr,)** (9]0z,)", where 8 is a double index. We can prove both (a) and
(b) by showing that
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/1ff 09 Py, ) f(‘l’),—lnff G (0, 2) f(¥)| > 0 for [B|<1 (5.14)
Q Q

sup
ra€ll
as n— oo, since the second integral is known to be &, (x,), which tends to & y(z,) on Q.
Now we know from Lemma 5F that 1,—2 and that f(¥",)~f(¥") almost everywhere

in Q. To bound P —@, and its first derivatives, we note that

11

P(xg, ) — G, (2, ) =1 rf cos w Y, (g, , ) dw, (5.15)
where §,(2,, ©, 0y —0) =y,(X,, X) is the difference between the fundamental solution and
the Green function of the Laplace operator in the cylinder ¥, corresponding to D,; it may
be written y, ,+7,,, Where, for fixed X such that z€Q,

Ag¥n ;=0 for X €V, and ¢=0,1,

1 1 1
——— and =——de———— for X €0V,
R T IXol} o
Then y, , is independent of 6,—6 and does not contribute to the integral in (5.15), while
for £€Q we have |y, ;| < const./a; by the maximum principle, for sufficiently large values
of the radius a, of V,. The estimate (I1.3) in Appendix II shows that |V,y,| <const./a}
for x€Q; thus, for |g] <1,

|8 {P(xo, x) ~ G, (xy, x)}| < const./a,>0 on D,xQ, as n->oo,

and this estimate is easily extended to II x Q because G,=0on (f[ —D,)x Q. Accordingly
(5.14) follows from Lebesgue’s dominated convergence theorem.

Regarding (c): the three familiar properties are proved as before. Since the sequence
{v,} makes ¥ <0 in IT —Q and since LY =0 there by (5.13), the maximum principle shows
that " <0 there.

TaroreM 5H. The pair (p, 1) defined by Lemmas 5F and 5G is a pointwise solution
of the problem (2.6, 11) in the sense of Theorem 3C if | is continuous, and of Theorem 4F

otherunse.

Proof. Multiplying (5.13) by —sin 0y/r, and cos 0y/r,, and inserting (5.2b) for P, we
obtain

HE) %

A
Xy = L= [t-x 2,00

and this implies the result by the method of Appendix II, but more simply.
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5.4. Variational characterization of the solution for IT

The variational principle has not yet been considered in connection with the half-
plane II. Let H(II), L,(I1, ) and J(u) be defined as in sections 2.4 and 3.1 but with II
replacing D. Sets bounded in H(IT) need not be bounded, let alone compact, in L,(II, 7),
and the methods of Theorem 3 A are inadequate for discussion of the functional J on the
space H(II). Nevertheless, it turns out that the variational characterization of ¢ survives

the limiting process D— I1. In Appendix III we prove

TaroreM 51. The functional J is uniformly continuous on any bounded subset of H(II),
and the solution v established in Theorem 5H maximizes J(u) over the sphere {||u||2=n} in
H(IT).

Finally, we relate J(p) to the energy mgn and impulse mop of the vortex ring; here p
is the fluid density, and the impulse ([15], §§ 152, 162) is defined by

o {foesff o

Integration by parts shows that

ff fOF) (ry, — 229,) = ff FP){(¥,+ Wr¥)—-2:F,} = Wff ﬂF'(\F):f_”_I'_V,
I Q 0 A

1 1 1
ffni(‘lf) (ry, +2p,) = — iHn 2Lty +zp) = o= [yl

subtracting these two, we therefore obtain

1
s~ [[ 7= [[ a1, 3 0w -1,
II II

Evidently the variational principle has no obvious physical interpretation. In particular,
it cannot be said that 9 maximizes the impulse for given energy. For, (a) the constant A
is not prescribed, but determined only after the maximization; (b) if, as the statement
implies, 7p||u||? denotes the energy associated with any function u € H(II), then, no mat-
ter whether we take —Lu/r or Arf(u—}Wr2—k) as the vorticity associated with w, the
final expression for J holds only for a solution .

Appendix I. Steiner symmetrization of functions in H* (D)

The following is an adaptation, with some extensions, of ideas found in [23] and, for
example, [10], [19]. We have not seen elsewhere the joint use of symmetrization and weak
convergence that characterizes Theorem 1C.
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(i) Let I, denote the line {r=p, all z}. Given an open or closed set E< D, write I ,=

E n1,, denote its one-dimensional Lebesgue measure by |lz,|, and define

}_Q={(r, 2)|r=0, = ¥|lpo| <2<}tz l},

where the symbol < means < if ¥ is open, and < if F is closed, with the understanding
that 17 , is empty when I , is. The Steiner symmetrization of the set E (about the line z=0)

is then defined to be
E*= U I;,.
0<o<a
It is clear that E,< E, implies E} < K3, and that E* has the same plane Lebesgue measure
(and t-measure) as E; one can also show that if £ is open [closed] then E* is open [closed].
(ii) Let Cy(D) be the set of non-negative continuous functions that have compact
support in D, and let z=(r, z). The Steiner symmetrization ¢* of a function p€Cy(D) is

defined by
¢*(x) =c if and only if x€{p~ic, °)}* —{p~Yc, =°)}*. (1.1)

One proves the following lemma with no great difficulty; item (b) is most easily proved in
the first instance for step functions (to which (I.1) is readily adapted), and (c) is proved

for functions of one variable in [9], p. 278.

Lemma IA. If p€C; (D), then ¢* €C; (D) and

(a) @* is an even function of z, non-increasing for z>0;

(b) 2f g: [0, 00) x [0, a] =R is continuous (say), then

U g(p* (), r)drdz= “ 9(@(), r) dr dz;

(e) if h:(0,a)— [0, o) is continuous, and % €Cy (D), then

Jf Q*X*h(r)drdz> Jf @Xh(r) drdz.
D D

(iii) To discuss integrals of Dirichlet type, we introduce the set Pg(D)<Cg(D) of
piecewise linear functions (such a function is linear on each of a finite number of closed
triangles within D). For this particular class the simplest geometrical arguments in [23]
are sufficient to prove

LemMmA IB. If p€ Py(D) and k: (0, a)—[0, o) is continuous, then

H (pr2+ @32 h(r) drdz< ” (g7 + @2) h(r) dr dz.
D D
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(iv) We now extend results of the foregoing kind to the space H*(D), which is the

completion, in the norm ||.|| of H(D), of the set of non-negative functions in CF’(D).

TurorEM IC. (a) For any w€H*(D), there exists a sequence {p,} of functions in
Py (D) such that ,—u in H(D) as n— oo.

(b) The sequence {pn} of symmetrized functions is a Cauchy sequence in Ly(D, T), and
without ambiguity we define w* to be the limit of {@s} in Ly(D, 7).

(c) It follows that u*€HH(D), that @y —>w* weakly in H+(D), and hence that ||u*|,=
lells (p>1) and lu*| <|lul|.

(d) If g: [0, o0) x [0, a]~>R is continuous and (for all s=0, t=0 and r€[0, a])

lg(s, ) —g(t,7)| < comst. {1+ s+ &} |s—t|, (c=0),

then fj g(u*(x), rydrdz= Jj g(u(x), r) dr dz.
D D

Proof. (a) There exists a sequence {y,} of non-negative functions in Cg’(D) such that
[le —2,]| =0. Taking a sequence of increasingly fine triangulations T, of D by isosceles
right-angled triangles, we construct ¢, ;€P; (D) by setting @, , =y, at each vertex. Then
as k— oo with » fixed, grad ¢, ,—grad y, uniformly on D, and so ¢, ,~y, in H(D), for the
weighting funetion 1/r in the norm of H(D) is rendered harmless by the compact support
of %,. Choosing @, =, 1, where |1, — @y x,|| <1/, we have desired sequence.

(b) By (b) and (c) of Lemma T A,

ff (Pr+@32) = U (pn+on) and — 2H Pn@n < —2ff P P>
D JJD D D

so that |jgm —@nlla<||¢n—@alls» and {pr} is a Cauchy sequence in Ly(D, 7). One readily
verifies that, for given u, different approximating sequences {g,} lead to the same element
u* of Ly(D, 7).

(¢) Lemma IB, with k(r)=1/r, shows that ||} <l|l@.||. Thus {p}} is bounded in
H+(D), and there exists a subsequence {(p;i} and an element v*€ H+(D) such that, as
j—> oo, (p:j»v* weakly in H(D) and hence strongly in each L,(D, ), p=>1. Therefore
v*=u* and u*€ H*(D). Because @, —>u* in Ly(D, t), we have for any y €C7(D)

* 1 * 1 * *
<¢n;x>= _ffb;éq)an—)_ffDr_zu LZ=<u :x>a

and such functions y are dense in H(D); accordingly, the whole sequence {p,} converges
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to w* weakly in H(D) and strongly in each L,(D, 7). Therefore, the result ||gz|l,=|l®.l»

remains true in the limit; also,
lJu*|} < lim inf Jlgin | < lim inf {|g || = ],
since ¢,—u (strongly) in H(D).
(d) We apply (b) of Lemma I A to ¢ and ¢,, and note that the conditions on g are

sufficient to make the integral continuous with respect to weak convergence in H(D),
(cf. the proof of Theorem 3 A, step (ii)).

Appendix II. Regularity theory
Let U={X|r<a} be the infinite cylinder corresponding to V; we begin by consider-
ing the Green functions

1 1
I‘U’:Z:TTR‘—‘}/U(XO,X) and F=m—y(X0,X), (R=IX*—X0‘),

of the Dirichlet problem for the Laplace operator in U and V respectively; I', is relevant
because of (II.1) below. In addition to the usual symmetry and positivity properties
(X, X% =9(X® X) and 0<y<1/4nR on V x V), these functions have the following be-
haviour.

(a) I'y depends only on 7, #9, 6 —6° and z —2% it is an even function of # —6° and z —29,
and has period 2x in § —§°.

(b) Let j, , =2.40 ... denote the smallest positive zero of the Bessel function J,. There

exists a constant K such that
Ty(X°, XV < K exp (—jo.1[2—~2°|/a) for [z—2%]>a,

and similarly for the modulus of each derivative of I',.

(c) Let Uy={X|r<a—0} and V;={X€V|r<a—94}, where 6>0. Then y, is (real)
analytic on U x Uj;, and harmonic in each variable (A% =Ay,;=0) there..

(d) With (X°, X)€V xV and X°=-X, and with the same values of X}, X3, X, and X,

implied on each side of the equation, we have
I, 2) = Ty(e —2%) —Ty(z+2°—2b) + Tz —20 —4b) —T'y(z +2° —6b) + ...
—Ty(z+2°+2b) +T'y(z —20+4b) —Dy(z+20 +6b) + ..., (IL.1)
for it is readily verified that this formula makes I'=0 on z= +b. The series converges ra-

pidly because of (b). With the notation X =(r, 6, 2), denote the primary image points of
X° with respect to the planes z= +b by
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XM =(0 60 25—2% and X@ == (s, §°, —2b—29),

and let R;=|X —X"|. It then follows from (c) and (IL.1) that

1 /1 1 1
0 = = 0
r'x° X) 4n(R R, R2)+A(X,X), (IL.2)

where 4 is analytic on 7 x V;, and harmonic in each variable there.
‘(e) We can also estimate derivatives like dy/or® on ¥ x V by means of the maximum

principle, without using (II.1). To this end, we define the psendo-image points
X® = (2g — 0, §9, 29), X = (2a—12, 0°, 2b—29) and X'® = (2a—10, 6°, —2b—20).
One can show that

3a—~1
a+r°

R
1 <T;< =B, say, for ®<a,r=a, all z—2°,

and for *<a,r<a,|z—2"|>2q;

and that, for fixed X°€ U, the function (B3/4x)d(1/R;)/or®, which is a positive harmonic
function of X €U, dominates +2y,/0r® on U and hence (by the maximum principle) on
U. In this way, one ultimately obtains the estimate

¢B®

+ = on VXV, (I1.3)
47 ;

1 2 1
0 0 < il
e ml<g S vy

where V, is the gradient operator {3/0X{"}, i=1, 2, 3, and c is a constant depending only
on b/a, with ¢=1 for b>a. It follows immediately (since B,>R on ¥V x 7 and B<3) that

| VOT'(X°, X)| < const. % on VxV, (I1.4)

where the constant depends only on b/a.

Lemma ITA. If (p, A) is a generalized solution, the vector potential aEVSVl,2 (V) and has

the representation

a(X% =21 f T(X°, X) [~ X,, X,, O] (W) dX, (¥ =¥()). (I1.5)
14

Proof. That aEVOVI_Z(V) was noted after (2.11). To prove (I1.5), we shall choose the
test function ¢ in (3.1) to be & mollified Green function for L in D. Let 4 € C°(R) be a non-
decreasing function such that u(t) =0 for <} and u(t)=1 for £>1, and define
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T,(X%, X) =T, (2 x, 6 — 6° = nR)—p(X° X), (n=1,2,..), (IL6a)

4nR 2

T

G, (2, 2) = rorf cos wf‘n (2°, 2, w) dw. (IL.6b)

-

For the moment we restrict 2% to that rectangular subset, say D,, of D whose distance
from 8D is 2/n. Then ﬁ,=f for d(x, 9D)<1/n, and one can verify that &G, /or and oG, [0z
are O(r) for r—0, and that G,(x°, .) belongs to H(D). Accordingly; we choose p(x) =G, (2?, x)
in (3.1) and multiply by —sin °/7® and by cos §%/7° to obtain, after a little manipulation

f VI, (X0, X) - V(o g, 0] dX = lf (X% X)[—X,, X,,01/(¥) dX,
4 14

where V={9/0X,} and X° belongs to the figure of revolution ¥V, generated by D,. In-
tegrating by parts on the left-hand side, and introducing the notation, for X°€V,

o, (X0 = — f AT, (X°, X) a(X) dX,
14

n XO Fn XO,X
[g E.XO;:I EAJ;,[I" ((XO’ X;} [—X,, X;,0]/(¥)dX,

we see that o, (X% =,(X° for X°€V,. It is sufficient to prove that a=p in Ly(¥), and

with |.||,y denoting the norm of Ly(V) for the moment, we have

lloe=Blle.v <llot ~0tallo.v + llotn = Balla.v-va T |Bn— Bll2.y-

Now the kernel — AT, in the definition of a, is a mollifying (or ‘averaging’) kernel:
(I1.6a) implies, since Ay =0, that —AI", vanishes outside the ball {R<1/a}, and the di-
vergence theorem shows that the integral of — AT, over this ball is 1, while the integral
of |AT,]| is easily bounded. It follows from standard theory that

llee~otulloy =0 and  [lealla.v—v, <llflz.v—v, >0 as n—>co.

We easily bound sup,|B,(X°)| and sup, |B(X°) —B,.(X°| by means of the Schwarz
inequality, since |I',| <1/47R,I'=T, for R>1/n, and {(¥')=f(¥'+) is in Ly(V) with a norm
that depends only on f, ¥ and # (cf. the proof of Theorem 3A). Then ||B,|2.v—v,~0 and
|82 —Bllz.v—>0 as n—>oco.

TurorEM II B. The vector poteniial o€ C>+4(V) and satisfies (2.10a, b) pointwise.

Proof. The bound described in Lemma IT A for sup, |B.(X%| now serves also for

a(X®), and, since p=X o, — X, 04, the functions p, V' and f(¥') are also bounded point-
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wise. It is then easy to use the estimate (I1.4) to show that e is uniformly Lipschitz con-
tinuous on V (indeed, this would follow if f(¥") were merely in L,(V), p >3). For consider
two points X° and X'=X%+4 in V, and write R'=|X—X’|; bounding |I'(X’, X)—
I'(X9, X)| for R>2|k| by means of (IL.4), we obtain

loti(X°+h)—aci(X°)|<const. {J‘ (}12 R)dX+f IhldX}
v

R<2|n| n{n>2|n|}R

<const. |k|, (:1=1,2), (IL.7)

where the constant depends only on the data of the problem.

This result allows us to extend a to V as a Lipschitz continuous function, and since
a then belongs to W, , (V)N C(V), it vanishes on 8V. Then ¥ is Lipschitz continuous and
equal to —3}Wa2—k on r=a, and there exists a number 6>0 such that for r>a— 3 we
have ¥" < 0 and hence f(¥') = 0. Therefore we can restrict X to V;in (I1.5) and use the form
(IL.2) of I. But this means that the component «,(X?), say, can be regarded as the sum
of three Newtonian potentials

2 0),—f = X, /(¥ dX,

u (X(}))__ _ f IF) dX (7= 1, 2)7
VJ

and of a fourth function that is clearly analytic and harmonic on V because the kernel 4
is. Moreover, the density function X, f(¥') of the Newtonian potentials belongs to C#(V;),
by (2.7¢) and the Lipschitz continuity of ¥, and is zero on d¥;. Under these circumstan-
ces it is classical that ;€ C*+#(R3), (=0, 1, 2), that u, satisfies the second component of
the differential equation (2.10a), and that w, and u, are harmonic functions of X°€V

(since XV and X® are then outside V).

TueEOREM IIC. The stream function w€C*#(D) and satisfies (2.6a, b) pointwise;
also, y=0(r?) and w,=O0(r) for r—0.

Proof. Since p(x) =X, a,— X,a, and a€C?+4(V), it is clear that v €C2+4(D) and that
w=0 on r=0; since also a=0 on oV, y vanishes on dD. To check the differential equa-

tion (2.6a) we merely transform (2.10a), recalling that >0 in D. Finally,
Va2=(<4—%) cos 0, —1—/2)s1n0 cos 0)
r or r r

and the condition a € CY(V7) is therefore sufficient to bound /72 and y,/r uniformly on D.
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Appendix III. The functional J on the space H(II)

In this Appendix we show that the functional J is continuous on H(IT), and hence
that the solution p for the ha]f-pla,ne Il maximizes J over the sphere S(») in H(II). Here
H(IT), 8(n) and J(u) are defined as in sections 2.4 and 3.1, but II replaces D; the norm
|I]] is now that of H(II).

Lemma NTA. Let O(x)=q(x)—iWrt—k, where g €CP(I]) and |p||2<n. There exist
numbers K,= K, (W, k, n) and K=K(W,n) such that

(a) H @*P<K, p>1, and (b) j f (<D+)2<—§. (II1.1a,b)
II r>e

Proof. (a) Let f(t) =p(Mt)”‘1 for £>0; let ¢ be the corresponding solution of (2.6) for
a domain D containing the support of ¢; and suppose that ||@||2=7. Then

w2 ([ @y <= [[ ey,
- Q

where € is as in (5.12). The last integral is bounded in terms of 7y, 2, and [|¥+]| by (2.13),

and |[¥+]|2 <7 by (5.5). If [|p]|2<n, define ¢ =5"%p/|/¢|); then J(p) <J(§) and ||¢]|z=7.
~(b) Again we note that g€ H(D) for some D, and refer to Lemma 5A. Let [, ,=

{zl(r, 2)€4,}; since the set (0, 7)x1, , is a subset of B, and has z-measure }72|1, .|, we

deduce from (5.6) that
w2, | <|lo|l? (I11.2)

Now [, , is a countable union of open disjoint intervals I,, say, of length |I,|, such that

®+=0 at the end-points of each. By a well known inequality ([9], p. 185]

2
f (@ )Pdz< @f (®F)2dz,
In JT In
so that

| ((I)+)2d2<’£ ZII |2 2f ((D+)2dz < 4"(’7"4 { Zdz
Ip,» 7 v " nJIn ‘ \n2W4r4chp,r(pz ’

by (IIL.2). Multiplying by r and integrating with respect to r over {r>p}, we obtain
(IIL.1b), with K =d493/n2W*.

TuroreM IIIB. The functional J is uniformly continuous on any bounded subset of
H(ID).

Proof. On any bounded set B< H(II) we have [¢[|2<# for some 7, and it suffices to
prove J uniformly continuous on the set B n cy (H), which is dense in B. Let ¢ and y be

any two functions in BN CF(I1) (in this proof-y is not necéssarily a solution); then
4—742908 Acta mathematica 132. Imprimé le 18 Mars 1974
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IJ(w)—J(wp)KUH{H(M<D+)'"+(M‘I'+)'"}|q>+—qf+|
<{|4oU 4y} + M (|@* |50 + ¥ {|Z0)} @ - ¥, (TL3)

by the Schwarz inequality. Now |A4,U 4,|<2n/W? by (5.5), and || @+, and [[¥+||zm
are bounded by (IIL.1a). Since |®@*+—¥'+]| <|p—y| at any point, we also have

10 =¥l < llg = plla. cr<o> + 1P [z, croe3 + [ . >0

2K}
<2'*ezll¢—wll+~g—, (1L 4)

where the term in g® comes from integrating the estimate

To 2 To
u?(r4,2) = {J u, dr} < érﬁf r~tuldr,

0 0

while the term in 1/p comes from (II1.1b). Choose ¢ =const. [Jo —y["*'%; then (II1.3) and
(111.4) show that

|J(g) =T ()| <x|lp—y|*®, where x=x(f, W, k, ).

THEOREM IIIC. The solution p defined by Lemma 5F maximizes J(u) over the sphere
S(n) in H(II).

Proof. As in section 5.3, consider an expanding sequence {D;} of domains tending to
IT; let S,(n) ={u€H(D,)| ||«||*=n}; let y, be our maximizer of J over §,(7); and write

sup; J('/)j) =0, SUPuestnp J(u)=s.

The sequence {J(y,)} is non-decreasing because y;, extended to be zero outside D, belongs
to S,,,(n); therefore J(y,) >0 as j— co. Since g, ~yp in C***(Q), we know that J(y, )~>J ().
Accordingly, J(y) =0 and ¢ <s because p €S(n).

On the other hand, there exists a sequence {u,} in S(r) such that J(u,)—~>s as n—> o,
and because of Theorem II1B, we can approximate each u, by a function ¢, €8(n) n Cg’ (II)
such that J(p,)—>s. But each @,€S,(n) for some j=j(n); therefore J(p,) <o for each =,

and if o <s, then J(¢,)+>s. Hence o =s.
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