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A GLUING THEOREM FOR QUASICONFORMAL MAPPINGS

Yunping Jiang and Yi Qi

Abstract

We prove, by using the main inequality of Reich and Strebel, that any n K-

quasiconformal germs defined on n disjoint domains in the Riemann sphere can be glued

by one ðK þ eÞ-quasiconformal homeomorphism, where e is a positive number which

can go to zero as the domains of germs shrinking to n points. This generalizes a result

in [8] where only the case K ¼ 1 has been considered.

1. Introduction

An analytic mapping defined on a domain in the complex plane is very rigid
because of the famous uniqueness theorem of analytic functions. This rigid
phenomenon causes a big di‰culty in the study of dynamics of an analytic
mapping, especially when we would like to use the surgery method to discover a
new analytic mapping which may demonstrate some new dynamical phenomena.
To have certain flexibility, a quasiconformal surgery method is recently intro-
duced into the study of holomorphic dynamical systems and becomes a very
successful theory. However, controlling the quasiconformal constant in a quasi-
conformal surgery is not easy and may still cause a problem in the study of
dynamics of an analytic mapping, especially when we would like to construct a
new dynamical system close to the old one in an appropriate metric. It is very
important to have a general method in the quasiconformal surgery so that we can
control the quasiconformal constant. Then we can estimate the Teichmüller
distance between the old and new ones.

We have got the following theorem in [8] by using the holomorphic motion
method.

Theorem A. Let fzkgn
k¼1 be a set of distinct points in the complex plane C

and let Uk be a neighborhoods of zk for every k ¼ 1; 2; . . . ; n. Suppose fUkgn
k¼1

are pairwise disjoint and fkðzÞ is a conformal mapping defined on Uk which fixes zk
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for every k ¼ 1; 2; . . . ; n. Then for every e > 0 there exist a number r > 0 and a
ð1þ eÞ-quasiconformal self-mapping f of C such that

f jUðzk ; rÞ ¼ fkjUðzk ; rÞ;

where Uðzk; rÞHUk is the open disk of radius r centered at zk for k ¼ 1; . . . ; n.

The proof of Theorem A in [8] is carried out by using a big theorem called
the holomorphic motion theorem (refer to [5]) which has been developed for
many years by Mañe-Sad-Sullivan [10], Thurston-Sullivan [14], Bers-Royden [2],
and Slodkowski [12] (see also [1], [3], [4], and [5]). Although the proof in [8] is
simple, the deep inside mechanism is hidden due to the use of the holomorphic
motion theorem. Therefore, we would like to have a straightforward under-
standing directly from the main inequality of Reich and Strebel in quasiconformal
mapping theory. More importantly, we are not only giving a new proof of
Theorem A by viewing some inside mechanism but also we prove a more general
new result as follows. This is the main purpose of this paper.

Theorem 1. Let fzkgn
k¼1 be a set of distinct points in the complex plane C

and let Uk be a neighborhoods of zk for every k ¼ 1; 2; . . . ; n. Suppose fUkgn
k¼1

are pairwise disjoint and fkðzÞ is a K-quasiconformal mapping defined on Uk which
fixes zk for every k ¼ 1; 2; . . . ; n. Then for every e > 0 there exist a number r > 0
and a ðK þ eÞ-quasiconformal self-homeomorphism f of C such that

f jUðzk ; rÞ ¼ fkjUðzk ; rÞ;

where Uðzk; rÞHUk is the open disk of radius r centered at zk for k ¼ 1; . . . ; n.

Remark. Theorem 1 is also true in the case of that fzkgn
k¼1 is a set of

distinct points in the Riemann sphere ĈC. Here, the neighborhood Uðy; rÞ of y
should be understood as Uðy; rÞ ¼ fz : jzj > rg:

This paper is organized as follows. In §2, we give a brief review of the main
inequality of Reich and Strebel and several interesting results in the quasicon-
formal mapping theory, which will be used in the proof of Theorem 1. In §3, we
first prove two theorems, Theorem 2 and Theorem 3, which are of independent
interest. Then we prove Theorem 1 by using Theorem 3.

Acknowledgements. The authors would like to thank the referee for their
helpful suggestions and comments.

2. Some preparation

To prove Theorem 1, we need some preparation from the quasiconformal
mapping theory. The key tool in our proof of Theorem 1 is the famous main
inequality of Reich and Strebel [11]. The reader may refer to [6] for some
standard notations.
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Theorem B [Main Inequality]. Suppose f ; g : R ! R 0 are two quasiconfor-
mal homeomorphisms from a Riemann surface R to another Riemann surface R 0

which are homotopic modulo the boundary. Then for every integrable holomorphic
quadratic di¤erential j ¼ jðzÞ dz2, we have

kjka
ðð

R

jjðzÞj
1� mf ðzÞ

jðzÞ
jjðzÞj

����
����
2

1� jmf ðzÞj
2

�
1� mg�1ð f ðzÞÞy

jðzÞ
jjðzÞj

����
����
2

1� jmg�1ð f ðzÞÞj2
dxdy;ð1Þ

where kjk ¼
Ð Ð

R
jjðzÞj dxdy and

y ¼ fz

fz

1� mf j=jjj
1� mf j=jjj

;

mf and mg�1 are Beltrami coe‰cients of the quasiconformal homeomorphisms f and
g�1 respectively.

We refer to [6] for a proof of Theorem B for arbitrary Riemann surfaces.
In the same condition as Theorem B, the following inequality can be

deduced from (1) easily.

kjka
ðð

R

jjðzÞj
1� mf ðzÞ

j

jjj

����
����
2

1� jmf ðzÞj
2

Dg�1ð f ðzÞÞ dxdy;ð2Þ

where Dg�1ðwÞ is the dilatation of g�1 at w.
Suppose f : R ! R 0 is a quasiconformal homeomorphism from a Riemann

surface R onto another Riemann surface R 0. The boundary dilatation of f is
defined as

H �ð f Þ ¼ inffKð f jRnEÞ jE is a compact subset of Rg;
where Kð f jRnEÞ is the maximal dilatation of f jRnE .

Denote by ½ f � the set of all quasiconformal homeomorphisms from R to R 0

which are homotopic to f modulo the boundary. Then the extremal dilatation
and the boundary dilatation of ½ f � are defined as

K0ð½ f �Þ ¼ inffKðgÞ j g A ½ f �g
and

Hð½ f �Þ ¼ inffH �ðgÞ j g A ½ f �g:
A quasiconformal homeomorphism f0 A ½ f � is called extremal if

Kð f0Þ ¼ K0ð½ f �Þ:
The frame mapping theorem of Strebel [13] can be now stated as follows.

Theorem C. Suppose f : R ! R 0 is a quasiconformal homeomorphism from
a Riemann surface R to another Riemann surface R 0. Suppose Hð½ f �Þ < K0ð½ f �Þ.
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Then there is a unique extremal quasiconformal homeomorphism f0 A ½ f �. More-

over, the Beltrami coe‰cient of f0 has the form mf0 ¼ k
j

jjj , where

0a k ¼ K0ð½ f �Þ � 1

K0ð½ f �Þ þ 1
< 1

and j is a holomorphic quadratic di¤erential on R with kjk ¼ 1:

The proof of the frame mapping theorem for a general Riemann surface can
be found, for example, in [6].

A sense preserving self-homeomorphism h : R ! R of the real line is called
quasisymmetric if there is a constant Mb 1 such that

1

M
a

hðxþ tÞ � hðxÞ
hðxÞ � hðx� tÞ aM

holds for all x A R and t > 0. It is known that a sense preserving self-
homeomorphism of R is quasisymmetric if and only if it is the boundary values
of a quasiconformal self-homeomorphism of the upper half-plane H. Since every
round disk in the Riemann sphere can be mapped onto the upper half-plane by a
Möbius transformation, we call a homeomorphism of a circle onto another circle
quasisymmetric if it is the boundary values of a quasiconformal homeomorphism
between the disks bounded by the circles. The following result can be found in
R. Fehlmann’s paper [7].

Theorem D. Suppose h is a sense preserving self-homeomorphism of the unit
circle S1. If for every z A S1, h can be extended to a neighborhood of z quasi-
conformally, then h is a quasisymmetric self-homeomorphism of S1.

We use the following notations in the rest of this paper:

Uðz0; rÞ ¼ fz : jz� z0j < rg and Aðz0; r;RÞ ¼ fz : r < jz� z0j < Rg:
We denote by qUðz0; rÞ the boundary circle of Uðz0; rÞ. In case of z0 ¼ 0, we
simply denote them by UðrÞ, Aðr;RÞ and qUðrÞ.

The following theorem is a known result, which can be found in [9], for
example.

Theorem E. Suppose f1ðyÞ and f2ðyÞ are two sense preserving homeomor-
phisms from the real line R to itself and

fkð0Þ ¼ 0 and fkðyþ 2pÞ ¼ fkðyÞ þ 2p; k ¼ 1; 2:

Let r0 > 1 be a real number. Then there is a quasiconformal self-homeomorphism
F of the annulus Að1; r0Þ with

F ½expðiyÞ� ¼ exp½if1ðyÞ� and F ½r0 expðiyÞ� ¼ r0 exp½if2ðyÞ�
if and only if f1 and f2 are quasisymmetric.
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As [9] is written in Chinese and published on a Chinese journal, it is not
available for people outside China. For the completeness of this paper, we
sketch out a proof of Theorem E here.

Sketch of Proof. The necessity is clear. One only need to prove the
su‰ciency.

Let
p1ðzÞ ¼ r0e

iz : fz j 0 < =z < log r0g ! Að1; r0Þ
be a holomorphic covering of the ring domain Að1; r0Þ, and let

p2ðzÞ ¼ < log zþ i
log r0

p
= log z;

where log z is the principle value of the logarithm function and <z and =z are
the real and imaginary part of complex number z. Obviously, p2 is a quasi-
conformal mapping from H onto the band domain fz A C : 0 < =z < log r0g,
with the maximal dilatation K ¼ maxðp=log r0; log r0=pÞ. Therefore, p ¼ p1 � p2
is a quasiconformal covering of the annulus Að1; r0Þ and the boundary mappings

z ¼ expðiyÞ 7! exp½if1ðyÞ� : qUð1Þ ! qUð1Þ
and

z ¼ r0 expðiyÞ 7! r0 exp½if2ðyÞ� : qUðr0Þ ! qUðr0Þ
can be lift to a sense-preserving self-homeomorphism of R

f ðxÞ ¼
exp½ f2ðlog xÞ�; 0 < x;

0; x ¼ 0;

�exp½ f1ðlogjxjÞ�; x < 0:

8<
:

If f is quasisymmetric, then it can be extended to a quasiconformal self-
homeomorphism ~FF of H by the Beurling-Ahlfors extension

~FF ðxþ iyÞ ¼ 1

2y

ð y

�y

f ðxþ tÞ dtþ i

2y

ð y

0

½ f ðxþ tÞ � f ðx� tÞ� dt:

It is easy to check that

f ½expð2pÞx� ¼ expð2pÞ f ðxÞ; Ex A R:

So, by the property of integral and the definition of Beurling-Ahlfors extension,

~FF ½expð2pÞz� ¼ expð2pÞ ~FF ðzÞ; z A C;

and consequently, ~FFðzÞ induces a quasiconformal self-homeomorphism F of
Að1; r0Þ, which is an extension we needed.

Therefore, we only need to check that f ðxÞ is quasisymmetric on the real
line. That is, we need to estimate the upper and lower bounds of

Dðx; tÞ ¼ f ðxþ tÞ � f ðxÞ
f ðxÞ � f ðx� tÞ
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for all x A R and t > 0: To do that we divide into 3 cases: (I) x ¼ 0, t > 0, (II)
x > 0, t > 0, and (III) x < 0, t > 0: We can easily get the estimates in case (I).
For case (II), we can obtain the estimates by divided into 4 subcases further:
0 < t < x=2, x=2a ta x, x < ta 2x and t > 2x: The estimates in case (III) can
be done similarly to case (II). r

3. Proof of Theorem 2

In order to prove Theorem 1, we first prove the following theorems,
Theorem 2 and Theorem 3, which are of independent interest.

Theorem 2. Let f1 and f2 be two K-quasiconformal mappings defined on
disjoint simply connected subdomains W1 and W2 of ĈC respectively and f1ðW1ÞV
f2ðW2Þ ¼ j. Then, for any two Jordan domains D1 and D2 with D1 HW1 and
D2 HW2, there exists a quasiconformal mapping g of ĈC, such that

gjD1
¼ f1jD1

and gjD2
¼ f2jD2

:

To prove Theorem 2, we need the following lemma which can be derived
from Theorem E directly.

Lemma 1. Suppose 0 < r1 < r2 and 0 < R1 < R2 are real numbers. Suppose
fk : qUðz0; rkÞ ! qUðw0;RkÞ, k ¼ 1; 2, are two homeomorphisms. Then there
exists a quasiconformal homeomorphism F : Aðz0; r1; r2Þ ! Aðw0;R1;R2Þ satisfying

F jqUðz0;rkÞ ¼ fk; ðk ¼ 1; 2Þ

if and only if f1 and f2 are both quasisymmetric.

In fact, we may assume, without lose of generality, that z0 ¼ w0 ¼ 0, r1 ¼
R1 ¼ 1, f1ð1Þ ¼ 1, and f2ðr2Þ ¼ R2e

iy0 . Then Lemma 1 is derived by applying
Theorem E to

~ffk ¼ G � fk; k ¼ 1; 2;

where

GðreiyÞ ¼ 1þ r2 � 1

R2 � 1
ðr� 1Þ

� �
eiðy�ðr�1Þ=ðR2�1Þy0Þ : Að1;R2Þ ! Að1; r2Þ

is a quasiconformal homeomorphism of Að1;R2Þ onto Að1; r2Þ.

Proof of Theorem 2. Since qD1 and qD2 are closed Jordan curves, f1ðqD1Þ
and f2ðqD2Þ are also closed Jordan curves. Let B and ~BB be ring domains
bounded by Jordan curves qD1 and qD2 and by f1ðqD1Þ and f2ðqD2Þ, respectivly.
Then there are conformal mappings F : B ! Aðr1; r2Þ and G : ~BB ! AðR1;R2Þ of
these ring domains onto annuli, which can be extended to the boundaries of the
ring domains continuously.
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Assume, without losing generality, that FðqDkÞ ¼ qUðrkÞ and Gð f1ðqDkÞÞ ¼
qUðRkÞ for k ¼ 1; 2. Then G � fk � F�1 is a quasiconformal mapping from the
ring domain bounded by qUðrkÞ and F ðqWkÞ onto the ring domain bounded by
qUðRkÞ and GðqfkðWkÞÞ for k ¼ 1; 2. Thus, by Theorem D, G � fk � F�1jqUðrkÞ is
a quasisymmetric mappings of qUðrkÞ onto qUðRkÞ. Hence, there is a quasi-
conformal mapping F : Aðr1; r2Þ ! AðR1;R2Þ with

FjqUðrkÞ ¼ G � fk � F�1jqUðrkÞ;

by Lemma 1. Therefore,

gðzÞ ¼
f1ðzÞ; when z A D1;

G�1 �F � FðzÞ; when z A ĈCnðD1 UD2Þ;
f2ðzÞ; when z A D2

8><
>:

is the required mapping and this completes the proof of Theorem 2. r

Theorem 3. Let f be a K-quasiconformal mapping defined in Uðz0; dÞ which
fixes z0 and let r0 be a positive number such that r0 > d and f ðUðz0; dÞÞH
Uðz0; r0Þ. Then for every e > 0, there exist a positive number r < d and a ðK þ eÞ-
quasiconformal mapping g of the complex plane C, such that

gjUðz0; rÞ ¼ f jUðz0; rÞ and gjCnUðz0; r0Þ ¼ idCnUðz0; r0Þ:

Proof. By Theorem 2, for every positive number r < d,

hrðzÞ ¼
f ðzÞ; z A qUðz0; rÞ;
z; z A qUðz0; r0Þ

�

can be extended to the annulus Aðz0; r; r0Þ quasiconformally. Let fr be an
extremal quasiconformal extension of hr to the annulus Aðz0; r; r0Þ onto
Uðz0; r0Þn f ðUðz0; rÞÞ and let

FrðzÞ ¼
f ðzÞ; z A Uðz0; rÞ;
frðzÞ; z A Aðz0; r; r0Þ;
z; z A CnUðz0; r0Þ:

8><
>:

Then Fr is a quasiconformal mapping of the complex plane C.
We will see that FrðzÞ is the required quasiconformal mapping for some

su‰ciently small number r > 0.
To prove this, we only need to show that Kð frÞaK þ e for some su‰ciently

small number r > 0, where Kð frÞ is the maximal dilatation of fr.
Assume, by contradiction, that Kð frÞ > K þ e for all positive numbers r < d:

Since f ðzÞ is K-quasiconformal in Uðz0; dÞ, the boundary dilatation of hrðzÞ is
HðhrÞaK for 0 < r < d: Therefore, Kð frÞ > HðhrÞ, and by the frame mapping
theorem (Theorem C), fr is a Teichmüller mapping with Beltrami coe‰cient
mr ¼ krjr=jjrj ð0 < kr < 1Þ, where jr ¼ jrðzÞ dz2 is the associated holomorphic
quadratic di¤erential with kjrk ¼ 1. We claim that
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Claim. The sequence jr converges to 0 uniformly on any compact subset of
Uðz0; r0Þnfz0g as r ! 0.

Assume, by contradiction, that there is a sequence frng of positive number
decreasing to 0 such that jrnðzÞ ! j0ðzÞ2 0 as n ! y.

It is clear that the dilatations of frn are non-increasing and uniformly
bounded. So krn ! k0 ð0a k0 < 1Þ and the Beltrami coe‰cients mrn of frn con-

verge to m0 ¼ k0
j0
j0

in Dr0nfz0g as n ! y: Moreover, by the assumption that

Kð frnÞ > K þ e, we have

krn >
K þ e� 1

K þ eþ 1
;

and consequently,

k0 b
K þ e� 1

K þ eþ 1
> 0:

Since frn ’s and their dilatations are uniformly bounded, so fFrng is a normal
family in Uðz0; r0Þnfz0g: Thus fFrng has a subsequence, denoted by itself also,
which converges to a quasiconformal mapping f0 uniformly on any compact
subset of Uðz0; r0Þnfz0g.

From the above discussion, we conclude that f0 is a Teichmüller mapping

with Beltrami coe‰cient m0 ¼ k0
j0
j0

ð0 < k0 < 1Þ: As kj0ka limn!ykjrnk ¼ 1,

f0 is uniquely extremal for its boundary values f0jqUðz0; r0ÞUfz0g ¼ idjqUðz0; r0ÞUfz0g:
However, the identity mapping is obviously extremal for such boundary values.
This gives a contradiction and the claim is proved.

Since HðhrÞaK for all positive number r < d, so for a given positive
number r� < d, there are an quasiconformal extension g of hr� to the annulus
Aðz0; r�; r0Þ and a compact subset E of the annulus Aðz0; r�; r0Þ, such that

KðgjAðz0; r�; r0ÞnEÞ < K þ e

2
:ð3Þ

Let

GðzÞ ¼ f ðzÞ on Uðz0; r�Þ;
gðzÞ on Aðz0; r�; r0Þ:

�

Then fr ð0 < r < r�Þ is homotopic to the restriction of GðzÞ to the annulus
Aðz0; r; r0Þ modulo the boundary. Using the main inequality (2) to fr and G on
the annulus Aðz0; r; r0Þ, we have

1 ¼ kjrka
ðð

Aðz0; r; r0Þ
jjrðzÞj

1� mrðzÞ
jrðzÞ
jjrðzÞj

����
����
2

1� jmrðzÞj
2

DG�1ð frðzÞÞ dxdy

¼
ðð

Aðz0; r; r0Þ

jjrðzÞj
Kð frÞ

DG�1ð frðzÞÞ dxdy:
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Thus,

Kð frÞa
ðð

Aðz0; r; r0Þ
jjrðzÞjDG�1ð frðzÞÞ dxdyð4Þ

¼
ðð

fr
�1�GðEÞ

jjrðzÞjDG�1ð frðzÞÞ dxdy

þ
ðð

Aðz0; r; r0Þn f �1
r �GðEÞ

jjrðzÞjDG�1ð frðzÞÞ dxdy:

As Kð frÞaKðGÞ, all fr
�1 � GðEÞ ð0 < ra r�Þ are contained in a compact

subset of Uðz0; r0Þnfz0g. By the degenerating property of fjrg,ðð
fr
�1�GðEÞ

jjrðzÞjDG�1ð frðzÞÞ dxdya
�

2
ð5Þ

holds for all su‰ciently small numbers r. By the definition of G and (3),ðð
Aðz0; r; r0Þn f �1

r �GðEÞ
jjrðzÞjDG�1ð frðzÞÞ dxdyaK þ �

2
:ð6Þ

Therefore, by (4), (5) and (6), we have

Kð frÞaK þ �;

for all su‰ciently small numbers r. This contradicts to the assumption that
Kð frÞ > K þ e for all positive numbers r < r0: The proof of Theorem 3 is then
completed. r

Proof of Theorem 1. Let Uk ðk ¼ 1; 2; . . . ; nÞ be the disjoint neighborhoods
of n distinct points zk ðk ¼ 1; 2; . . . ; nÞ respectively, and let fkðzÞ be a mapping
defined and K-quasiconformal on Uk, and fixes zk ðk ¼ 1; 2; . . . ; nÞ: Then there
are two positive numbers r0 and d < r0 such that

Uðzi; r0ÞVUðzj ; r0Þ ¼ j; 1a i0 ja n;

and f ðUðzk; dÞÞHUðzk; r0Þ: Given e > 0, by Theorem 3, for every fk there are
a positive number rk < d and a ðK þ eÞ-quasiconformal mapping gk of the
complex plane C, such that

gkðzÞ ¼
fkðzÞ z A Uðzk; rkÞ;
z z A CnUðzk; r0Þ:

�

Therefore, f ¼ g1 � g2 � � � � � gn is the required mapping and Theorem 1 is proved.
r
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