712

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. AC-29, NO. 8, AUGUST 1984

A Golden Ratio Control Policy for a
Multiple-Access Channel

ALON ITAI anDp ZVI ROSBERG

Abstract —Consider n stations sharing a single communications channel.
Each station has a buffer of length one. If the arrival rate of station i is r;,
then 1 —T1,(1— r;) is shown to be an upper boumd (over all policies) on the
throughput of the channel. Moreover, an optimal policy always exists and is
stationary and periodic.

The throughput of two policies, the random- policy and the golden-ratio
policy, are analyzed for a finite and infinite number of stations. The latter
is shown to approach a limit which is within at least 98.4 percent of the
upper bound.

I. INTRODUCTION

ONSIDER r transmission stations sharing a single com-
munication channel. Each station contains a buffer capable

of storing a single packet; a message is Josz if it arrives at a
station whose buffer is full. The channel is assumed to be slotted,
i.e., the channel time is divided into equal segments called slots.
At each slot, several stations are given permission to transmit.
When given permission, a station transmits a packet within the
slot, if its buffer is not empty; otherwise, no message is sent. If a
collision occurs (i.e., more than one station whose buffer is not
empty is given permission to transmit at the same slot) all the
messages transmitted are lost or stored separately for later re-
transmission. (Thus, our model does not take advantage of any
information obtained from a collision.) A policy # allocates to
each slot a station; 7 depends on the slot number ¢ and the state
of the buffers.

Suppose that there is probability , that a packet arrives at
station / during a time slot. Without loss of generality, r,>r, >

c2n>0

Let r=(r,r, -+, r,) and V (r, m) be the expected number of
packets successfully transmitted during the first T slots using
policy 7. Define the throughput of the channel (under policy #)

V(r,7)= Tlimw inf Vp(r,7)/T. 1.1)

Finally, let

V(r)= sup V(r, 7).

V is the value functzon A control policy #* is optimal for r if
V(r, n*)=V(r).

This study is a continuation of Rosberg {7], where n = 2. There
it was shown that the optimal policy does not contain conflicts
(permission to more than one station to transmit in a slot).
Moreover, the optimal policy permits one station to transmit
every & slots while the other station gets permission the rest of
the time.
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Finding an optimal policy for » > 2 turned out to be a difficult
combinatorial problem. Here we shall discuss only conflict-free
policies (i.e., cach slot is allocated to at most one station) and
conjecture that for every r there exists an optimal policy which
does not contain conflicts. This conjecture is motivated from the
fact that the model does not explicitly incorporate retransmitted
packets. Also, it is partially supported by the results of Rosberg
[7] and the following reasoning: one would benefit most from
conflicts when the r,’s are very small. In which case, we should
use 7,7, the policy which gives permission to all the stations to
transmit all the time, since the probability that more than one
station will actually transmit is negligible. However, for equal r,
the following calculation shows that . is inferior t0 mzz, the
round robin policy (station / is permitted to transmit at slot 7 if
t=1i modn):

V(r,agp)=1-(1-n)">nn(1~ rl)n‘l=l7(r97TAT)'
Regardless of the conjecture, conflict-free policies are important
for some communication networks, e.g., the loop circuit pre-
sented and analyzed by Konheim and Meister {5).

Our model is similar, but not identical, to that of Schoute [8]
and Varaiya and Walrand [10]. The main differences are the
following.

1) Our r;’s are arbitrary, while theirs are all equal.

2) In their model, after a fixed delay, all stations know the
buffer contents of all the stations, i.e., a delayed sharing type of .
information. In our model, no station has any information on the
buffer contents of the other stations.

3) In our model, there is no cost for collisions, while their’s
has.

This conflict-free model is mainly applicable to data communi-
cation systems which use a satellite communication channel (see
[8]), terrestrial loop circuit (see [5]), or local area networks of
computers (see [2]). Also, even when collision detection and
resolution is cost effective and reliable, it is not worthwhile to
allow conflicts when the r,’s are large.

In Section III we show that attention can be restricted to loop
policies; policies for which there exists an N such that for all 1,
the station allocated to slot ¢ is also allocated to slot 7 + N. For
such policies the mean buffer length and the mean packet delay
in equilibrium under a given policy were studied by Kosovych [6],
using unjustified simplifications.

Using dynamic-programming formulation, we show in Section
II that the throughput is maximized by a nonrandom time-divi-
sion multiplexing policy (TDM policy). Although this result is
intuitive, it is nontrivial to show that there exists an optimal
policy which is penodlc The goal of this paper is to estimate
V(r), investigate 7*, and give policies whose values Vir,m)
approach V(r). In Schon II our problem is formulated as a
dynamic programming problem. Section III gives an upper bound
to the value function. The next two sections discuss particular
policies. Section IV analyzes a random control policy. In Section
V we discuss a specific nonrandom TDM policy, the golden ratio
policy, which approaches a limit (as the number of stations tends
to infinity) greater than 98.4 percent of the upper bound.
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II. DyNaMiC PROGRAMMING FORMULATION

For every station i define the following r.v.’s whose values are
0,1. ,

X;(r)=1  iff the buffer is full at slot 1.
V,(¢t)=1  iff a new packet arrived at slot z.
u;,(t)=1  iff the station had permission to transmit at slot .

Recall that only conflict-free policies are considered, ie., at any
slot ¢, at most one station has permission to transmit. Thus,
2P qu;(f) equals 0 or 1.

From the definitions:;

X (1+1) =V (D)+ X (DA -V())A-u(1), 1<i<n,

(2.1)

where { X;(0),Vi(¢): 1<i<n, t=0,1,---} are Bernoulli inde-
pendent r.v.’s and P(V;(2)=1)= P(X,(0)=1)=r,.

Let the immediate reward at slot t,w(¢), be the number of
packets successfully transmitted during the slot

w(t)=w(X(2),u(1))= L X(t)u, (1) (22)

where X(n= (A,l(t)s' ) Xn(t)) and ll(l) = (ul(t)" ] un(t))'
The total expected number of packets successfully transmitted
during the first T slots using policy = is

T T
i) =E L w()= LEMW), @)

where E_(w(?)) is the expected immediate reward at slot ¢ using
policy =.

As in Berman [1] and Rosberg [7], we use the following
sufficient statistics (for sufficient statistics in optimum control of
stochastic systems, see, e.g., Striebel [9]). Let k(1) (i=
1,2,- - -, n) be the elapsed time since station #’s last permission to
transmit. Define k(0)=1 (i=1,---, n). We have

KO +1) =14+ kD) -u,(¢)), i=1,---,n. (24)
Let &'~ ' = (a(l), u(2),- - -, u(¢ —1)). Since the V;’s are indepen-
dent, collisions are avoided and X,(¢) depends only on #*~! and
V;, we have the following.
Lemma 2.1:

1) Given u'~ ', { X(¢), X5(2),* - -, X,,(¢)} are mutually inde-
pendent r.v.’s. )

2) PX (D)= H=1-1~-r)*"® j=1,--: n.

|

Let
k
pi(k)=1-(1—-r)". (2.5)
The assumption of no conflicts, (2.2), (2.3), and Lemma 2.1
imply that

E (oW ) = L a0 o)

where u,(t), i =1,2,-- -, n are the control actions taken by policy
7.

A dynamic programming problem is defined by the state space
S, the action space A= X, cs4;, the law of motion ¢, and the
reward function w.

For every ¢, X(t) is a random variable whose probability
distribution depends only on u*~'. If X(r) were known it could
serve as a state. However, we are interested in a decentralized
control policy, therefore X(¢) can be considered by all the
stations only as a random variable whose distribution depends on
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u'~!, which is common information (since all the stations know
the policy).

From Lemma 2.1 the distribution of X(¢) is completely de-
fined by the parameters k(1) = (kV(z), -, k“(1)). Therefore,
we consider the state space

S= {k= (KD, KMk =1,2,--- i=1,2, ~-,n}
and the action space at state s € §
Ag={u=(u,uy, -+, u,)|u;=0,1 and
uu;=0for0<i<j<ny.
From (2.4), the law of motion (transition probabilities) becomes
(KD +1, - kP +1)(,D,- - kM), u=(0,---,0)) =1
g((kD +1,- -1, kD + 1) (D, - -, k™),
u= ((), o1, -,O)) =i
(KD, -+, k™), u)) =0 (2.7)

Note that the law of motion is deterministic. Finally, from (2.6)
the expected immediate reward is

otherwise,

w(k,u)= 'ilpi(k("))u,-. (2.8)

Thus, from (2.3)

n T
Velra)= X X pi(kO())u,(2).

i=1¢t=1

(2.9)

Lemma 2.2: Let m be a policy in which station i is permitted
to transmit only a finite number of times. Then there exists a
policy 7’ such that

V(r,n')y>V(r,7).

Proof: Let 0 <s*<s?<s3<2n. Because of the convexity
of p;(k)

def
fi(sh,5%,5%) =Bpj-(s2 s+ p(s>—5*)—p(s*—s') <L

Let

_ def

f=

max max fi(st,s%,5%)
lsj<snogsi<s?<s3<2n
and 73> 2n be such that p,(7)>f.

Let #4 be the last slot policy # permitted station / to transmit,
Define t,,=ty+ mt. In each interval [15,,_y),2,,] there is a
station j, #i{ which is permitted to transmit three times:

1 2.3
Spas Sy Sipe 4

Consider the policy # which is identical to # except that at
slots s2 station i is permitted to transmit instead of station j,.

From (2.9) the net gain in the immediate reward for the
interval [t2m’ th+2] is

pi(s241—52)— (o, (s2 = sh)+p, (s3~s2) = p, (s3 = sk))
>p;(1)~f>0.

Since this gain repeats every interval of length 21

V(r,m") > I7(r,w)+ﬂgz———f—> V(r, 7).
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Let d‘P(ar)=sup,kV(¢, m), where k*(¢,7) is k)(¢) under
policy 7. The following lemma is proved using techniques similar
to those of Lemma 2.2.

Lemma 2.3: For every r, there exists a 7 such that for every
policy «, there exists a policy #’ for which

i) a7 <7
i) V(r,7)<¥V(r,7").

i=1,---,nm;

|
Remark 2.1: The weak inequality of Lemma 2.3 ii) cannot be
strengthened since the long run average is not sensitive to fluctua-
tions of zero weight.
Since the state space can be restricied to the finite space

=={(k(1),k(2)’...’ ’n}

for some 7,

k("))lk(i)s T,i=1,2,---

the action space is finite and we have (see, e.g., Derman [3]).
Theorem 2.1: There exists a nonrandomized stationary control
policy m* such that

V(r)=sap V(r,7)=V(r,a*).

| |

Remark 2.2: It should be noted that the above nonrandom-
ized stationary policies depend only on the k)’s and r. If a state
appears at slot ¢ and ¢/, then for every m the states of slot ¢ + m
and ¢+ m are equal. Also, since the state space is finite, some
state must repeat, thus the policies are ultimately periodic, i.e.,
they are loop policies.

Remark 2.3: At first glance, it may seem that loop policies are
independent of the state of the system. Indeed, a distributed
policy cannot be based on the physical state X;(¢) 1<i<n),
therefore, the best one can do is to base decisions on sufficient
statistics, in our case on k(" (1 < i < n). Using these statistics the
dynamlc pro%ramming formulation with state space S =
{(kD,---, k™)), was obtained. The loop policy depends on
these states

III. AN UPPER BOUND ON THE VALUE FUNCTION

An empty action is a slot in which no permission is given. Since
for every policy which has empty actions there is a policy with no
empty actions .and at least the same throughput (replace every
empty action by a permission to some station), we shall investi-
gate policies with no empty actions.

Let # be a loop policy of penod N and station i be given N®
permissions. Let d{" (j=1,---,N (V) be the distances between
two (c)onsecuﬁve permmswns to station i/ in the loop. Clearly,
L dif=

jF{'om (1.1), (2.9), the definition of 4{” and the mean ergodic
theorem

o L 1ak 1 N0 T

Pm=L 3T p(ap)- £ E0T L (g
Ni= 1j=1 ( ) i1 N J'=1N(I) ( )

3.1)
Because of the convexity of p;

_ NG 1 N no G N

Vir,m)< dibf= 2 = '(—_)

(rom) i§1 N NO 2 Z E’l NP No

Theorem 3.1: For every policy w
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P(r, 7)<l ,li[l(l_ 2 E U,

Proof: From (3.2) we have V(r,m)<U(r), where U(r) is
the solution to the following optimization problem:

n .
U(r) = max E x“’(l— (1- r,-‘)l/x( ))
=1- min Z xO (1= )
i=1
subject to
n
Y xM=1  and x?>0. (3.3)

i=1

We shall see that the optimum solutlon to the following problem
satisfies x> 0:

)1/x

min f(x®,- -+, x(™) = min Z x™(1-

i=1

(3.4)
subject to
n
P
To solve (3.4) we use Lagrange multipliers. Let
F(x®, x@ ... x(M X)

_.A(]__ Z x('))+ E x(l)(l r)l/x(']

i=1

i=1

A necessary and sufficient condition to the solution is

JoF 1/x® =@
a_(i_)=“}\+(1—r,-) 4 (l—ln(l—ri)l/ )=0,
oF _,_ Z" 0 =
N =1 X 0.

i=1
Therefore, the solution must satisfy

(1_r,-)l/x“)(l—]_n(l——r'.)l/X(’))=A’ i=1’2’-~-,n
and
i .
> xW=1. (3.5)
i=1

Since (1—r)'/*”<1 and the function y(z)=z(1-In(z)) is
monotonically increasing for z <1, it follows from (3.5) that for
every i,

(1- r,-)l/xm =C  forsome C (3.6)
and
Z ln(l-r)
& me
Therefore, the minimum of (3.4) is obtained when

In(1-7)

> 1a(1-1)

xO=
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and

c=T10a-n). (3.7)

i=1

As promised, these x(®’s are nonnegative. From (3.3), (3.4), and
(3.7) it follows that

Uu(r)=1- i]fll(l— 2)-

B
Corollary 3.1: It r,=r, i=1,---,n, then the “round robbin”
policy mg is optimal.
Proof: A straightforward calculation shows that

I_/("TRR) =1-(1- r1)n =U(r).

If all the r;’s are equal, then all the x)’s are also equal and
xO=1/n. The mten‘gretahon is that station i is permitted to
transmit every 1/x = n slots. However, in general, the x’s
are irrational, thus the ith station cannot transmit every 1/x(
slot. Consequently, the upper bound cannot be obtained. We
shall try to approximate the o ?nmal solution by policies which
permit station i to transmit N = x()N equally spaced times in
a loop of size N (according to Remark 2.2). Thus, we shall first
calculate the xs then consider policies, which give station

i, N0 permissions. These policies will be close to the optimal
only if the permissions to station i are nearly equally spaced.

Thus, we are confronted with the following placement problem.
Given

n
N Z NO=p.
i=1

NO ND ...

Place the permissions of each station such that
{N/ij < i(is :1.(7)_ <[N/N(i)]

where d and 4'? are the minimum and maximum distance
between consecutive permissions to station i.

This problem does not always have a solution. (For example:
n=3 N=6, NOV=3 N®=2 and N® =1, ideally, station 1
should be given permission every other time slot, station 2 at time
slots ¢ and ¢ +3 mod 6; this is not obtainable.)

Let us consider also the asymptotic case where the number of
stations n — oo and 7, =r,(n)— 0. Suppose 7 is a loop policy
which permits each station to transmit at least once during a loop
of size N= N(n), and let d{" be as above. From (3.1)

I7(r,7r)=%.i §1(1 (1—r)d(:))

(3.8)

where »=ZX7_ . However,
() =1- [1A-r)=r+0().
i=1

Thus, if also 7 — 0, V(r, 7) = U(r) for every .
Thus, it is important to define the asymptotic behavior nontriv-
ially. That is, when the number of stations n — co, the arrival rate
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to station i (given n stations) 7;(n)— 0 and the total arrival rate
r= Y/ r;(n) remains fixed.

Let x{"(n) be the proportion of permissions given to station i
by policy # in the system (#n, r(n)), where

r(n)= (rl(n)s ) -,r,,(n)).
Also let

C,fi)(n)=max{—r——d}')(n)} (3.9)
J

r(n)
where d{”(n) are the distances d{” defined above for policy =
and system (n,r(n)). For a glven policy # we simplify the
notation to x"’(n) and CY(n).

Since attention can be restricted to loop policies, a policy «
depends only on (#n,r(n)). Denote by P the set of all loop
policies.

Definition 3.1: A policy 7 {(n, r(n))} - P is asymptoti-
cally optimal if

. n

(e, m(mr (o)) - (1- TTa=ra))1, = o
Note that under the above asymptotic conditions
n

lim U(r(n))=1- lim [](1-r(n))=1-¢".

n->c0 n—o0 =]

(3.10)
Theorem 3.2: Let 7 be a loop policy, if

x0(n)- (")

and
C(n)r(n)~-0,

then 7 is asymptotically optimal.
Proof: For any given (n, r(n)) we have from (3.1)

P n(rur(n) =3 5 3 g; CA0)

where N, N, and d{” are as defined
(3.9

V(r(n),n(n, r(n)))

earlier. Therefore, from

NZ (1 - (1 - r’.(n))(’/’i("))~ C“J(n))

j=1

x(t)(n)(l (1_ l( ))(f/r,(n)) C(”(n))

zl
irgs

i

it

i

Since T ,xW(n)=1, (l—r(n))'/’("’ e 7 and (1-
r,(n))~ €’ -1 we obtain

"]j_{noo V(r(n),n(n,r(n)))=1-¢"",

and in conjunction with (3.10) the theorem is proved. [ |
Remark 3.1: Since the average distance between two consecu-
tive permissions to station i is 1/x’(n), the condition
CO(n)r,(n) > 0 implies that [x(n)—(r(n)/r)|— 0.
Remark 3.2: From Theorem 3.2 it follows.that for a large
number of stations, a policy # might still be good, even if its
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d$"’s are far away from the desired distances according to (3.7).
hus, it might not be needed to solve the placement problem.
We have not been able to prove that any policy is asymptoti-
cally optimal, even though we have a candidate (see Section VI).
In the next two sections we analyze two policies.

IV. A RanpoM CONTROL PoLICY
For a given system (n, r(n)), let

ln(l— ri("))

M (p)= —= TR )]
S S )
]

(4.1)

Definition 4.1: Let m; be the control policy which at every slot
t, t=1,2,--+, permits station { to transmit with probability
xn), i=1,2,--+,n

This policy can be implemented distributively (without con-
flicts) if all the stations use the same random number generator.

Let D) be the number of slois between two consecutive
permissions to station i. D (i=1,---,n) are independent
geometrically distributed random varjables with probability of
success x'¥(n). Therefore,

I_/(r(n),'i"'}z) = Ezjll (1_(1_ ?',-(n))D(i)_

The expectation is taken over the common distribution (7, D),
where 7 is the station which has been given permission to
transmit at a random slot and D is the distance from the last
permission. Clearly,

I—/("(n)s'*"R)

= EEp,(1-(1-1)"") = E::x‘”(n)E(l—(l— ()"

“1- 500 ¥ (1= () (1= x0(m)*x0(n)
X))
== () (1= x()

Under the asymptotic conditions, In(1 -~ r, (n)) =
from L'Hopital’s rule Tilm) =0

n aom)-r(m) 1
e B T (= ()= 20(n)) T+

Now since X7, x(n)=1 for every n we have from (4.2) and

4.3)

=1- :)’i xD{n) (4.2)
i=1

r;(n), and

(43)

tim P(r(n), men, r (1)) =1~ T

Note that for small and large r, the random policy Ty is asymp-
totically close to the upper bound U(r)=1- ¢ ’. However, for
the intermediate r’s  is not recommended since the Ds tend
to deviate largely from the 1/x()’s (this property is typical of the
geometrical distribution).

V. THE GOLDEN RATIO CONTROL POLICY

Let (n, r(n)) be a given system and x%(n)>0, i=1,2,---,n,
Zr,x®(ny=1 be the desirable proportions of permissions to
each of the stations. (When no confusion arises the argument »
will be omitted.) Also, let F, be the kth Fibonacci number and
NfD, i=1,2,-- -, n be integers such that
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[x?F] < NP <[xPF]

and
n
X MO E (5.1)
Thus
N .
£ 52

For each k, the golden ratio policy assigns N slots to station i
and attempts to distribute the permissions uniformly over a loop
of size F. (The analysis of Section III implies that it is desirable
to distribute the permissions uniformly.)

Open address hashing confronts a similar problem: to distrib-
ute keys uniformly over a hash table. The uniformity of the
distribution depends on the hash function. It has been shown that
multiplicative hashing with the golden ratio multiplicand, ¢™*
= (V5 —1)/2 = 0.6180339887, distributes the keys most uni-
formly [4, vol. 1). The golden ratio policy applies some of these
results. Fibonacci numbers are related to the golden ratio ¢! by
the equation

_¢-(1-9)"
F, = Y

Let frac(y)=y = 7], a,= frac(jg™), and Ay~
0,--- ,N—-1}. The tth smallest point of A, is identified wnl]
tth slot of the loop.

Definition 5.1: The golden ratio policy, m;g(sy, is the policy
which assigns to station ¢ the slots corresponding to the points

{ a;l Z Nms < Z N‘"‘)}

m=1 m=1

It will be convenient to identify the points 0 and 1, and thus the
points a; are distributed over a circle C.
Example 5.1: Suppose n=3, xV=31+¢, xP=3{t¢,, x?@
=1+ ¢,, where ¢, > 0 are arbitrarily small and x® 4 x@4 x®
=1. Taking F;=8, N"=4, N¥=3, and NO = 1, Toxge as—
signs to station 1 the slots correspondmg to 0, o~ frac(
and frac(3p~Y); to station 2 the slots correspoudmv to
frac(dg™"), frac(Sp~"), and frac(6p™'); and to station 3 the
point correspondmg to frac(7<p‘1) Thus, the loop policy keeps
giving permission to the stations in the following cyclic order:
“1,2,1,3,2,1,2,1.7
Let [, = frac((—1)™F,,_;9¢~"). From Knuth [4, vol. 3, pp.
506-549] we can deduce the following,
Theorem 5.1: Let N=F,+s (0<s<F,_ )
1) Ay partitions C into
s intervals of length 7, ,;
E,_, s intervals of length [, ;
F,_,— s intervals of length /,,_,.
2) An additional point, ay (N < F,,.), breaks an interval of
length /,,_, into one of length /,, and one of length /,, . ;.
3) The lengths of the subintervals decreases, moreover [/, ;=

N =s{?+ F, ) there

Corollary 3.1 For each station / (with N,
are at most three types of intervals;
i of length 7, , 3
Fo o+ s%') of length /, ;
Fy -1~ s{? of length 7, _
Proof Theorem 5.1 consxdered starting at a, = 0. However,
the same result holds if we make a circular shift and start at g,
where ¢ =Xl _;N{™. [
In order to compute V(r, mgx, ky), we shall find the number of
slots between two consecutive permissions to station i. Thus, we
consider the number of points of A, in intervals of lengths
1k~—1, Ik s and Ik +1
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Consider the partitioning of C by Af, into subintervals. A
subinterval is atomic if it is not partmoned into any smaller
subinterval. Let X' and X? be two intervals of length |X/|=1,
and whose endpomts belong to Af. Let g,(X’) denote the
number of atomic subintervals in X

From Theorem 3.1 the atomic subintervals have lengths /, and
{ k—1» thus

L (X)) + 18-y (X)) =1,
From Theorem 5.1 (3)

¢ g (X )+ g1 (X ) = g (X?)+ g1 (X?),

j=1,2.

and

fP—l(gk(Xl)‘gk(Xz)) = gr-1(X?)— g1 (X).

Since g, (X”) are integers and ¢! is irrational:

g1 (X)) =g, (X?)
g (X7) =g (X?).
Thus, g, is independent of the particular choice of X/, and

di(l,,), the number of atomic subintervals in an interval of length
1,,, given the partitioning A4 F,» satisfies

4 (1,) = 8 (X' )+ g1 (XP).

To compute d(/,,), notice that
d () =d (1) =1

From Theorem 5.1 each interval of size /,, is partitioned into an
interval of size /,,,; and one of size /,,.,. Thus,

di(1n)=di (1) +di(Lni2)-

Comparing this to Fibonacci’s recursive formula yields the fol-
lowing,
Lemma 5.1:
dk(lm) =Fi1-m-
n
Remark 5.1 Note that d, (I, ), di(ly,), and dy(l; ;) are
the number of slots between two consecutive permissions to
station i. ) ) ) ) )
Lemma 5.2: Let j; satisfy ¢ /g x@ <™ if xDz g~
then for almost all &
ki=k~ j. .
Proof: From (5.2) and the definition of N{” and s{”

[
——x .
k- Fk

Consequently, for almost all k

o B+
P "<T<¢

—ji+1

Fo i< Fy + s < g™, (53)
From Knuth {4]
k
F - ¢ -(1-9)"
V3
Since |1 - ¢| <1
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‘pm
lim F,—-==0.
oo mn ‘/3-
Thus,

lim Fo 9 —F _ =0,
k=00 «® k=i
Thus, from (5.3) for almost all £
Fy ;S F +s{P<F_j 1.

The result follows since S{° < F, _ ]
Remark 5.2: The above proof is not vahd for xW =g
However, in this case we may choose N{ = F,_; .

Corollary 5.2:
Fiq - Fi-y-q — Uit
k> oo Fk Fk q:)
dk(lk,—1+q)=1‘},.+2—q q=0,1,2
[Q)
L ) S
x — l
k- oo Fk ¢
Theorem 35.2:

- def | —
V(r, Tor) = klimoo V(r!ﬂGR(k))
n ) ) P
“1- ¥ [(x0 - g)a- )
i=1
+(xD— @)1 - 7)) i +(@ il - x D) (1~ ,i)i}.-ﬂ].
Proof: From Corollary 5.1, Remark 5.1, and (3.1)
7% 1 ¢ (i) dylly,, )
V('a”GR(k))=F Z [sk (1_(1"":') '“)
k=1

+ (Fk,,_z + s,(("))(l —-(1-r) d"”"*‘))
+ (Fk.-—l - s}(“)(l -(1-r) dk(lki'l))] :
The theorem follows from Corollary 5.2. ]
We now investigate the asymptotic behavior of the throughput

for increasing » and fixed r.
Theorem 5.3: 1f r(n) - 0 and X1 ,7,(n) =r, then

lim infV(r(n),75z) 21—*(1- (p"l)e"‘l’/\/g_ (p‘le—rtpz/‘/_’)_'
n-ow

Proof: *From Lemma 5.2
Ji=—log, x +a,
where a, = frac(log, x?). Thus,

i

w_ji = x(i )w
Therefore, by Theorem 5.2,

P(r(n)m52) =1~ L, xO(n)hD(n)

i=1

(5.4)

where

n the proof we omit the argument n, whenever it is understood.
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BO(n) = (1= g™ (1= r(n)) B (1= ™o)1= 7 () T
e =)= () e,

We show that the right-hand side of (5.4) attains its minimum for
0<a, <, fori=1,2,---,n, when g;=1.

r(ny/r— 0 implies that x(n)— 0, hence, lim, ,  F, =o0.
Therefore,

PitI—(1-g)""7 _ gt
i*a 5 x5

Let ¢;=(1— r,-)"‘“"""/g. Clearly, 0 < ¢; <1,
Thus, the A9(n)’s are approximately?

+o(l), ¢=0,1,2.

2

(1 ) +(1—p @ )+ (o @ =1)f" .
(5.5)
Using

(pa+2 = q’a + ma+1
and
C¢a,+1>0,

it is sufficient to show that

g(a)=(1-¢ )™ +(1-g )+ (p " 1) ¥

attains its maximum when a =1.
Since

(-9 )+ (1-9™ )t (o7 -1)=0

it follows that

g(a)= (-9 )™ = ™)+ g o I(cP - 1)+1.

Clearly, the first summand of g(«) increases in a. By differentia-

tion and using the fact that z(1—1n z) increases for 0 <z <1 it

can be shown that the second summand also increases in a.
Thus, for almost all n, (5.4) and (5.5) imply

V(r(n),mgz)>1- -éx(n(”)[(l_ o )P+ (p—lc;_,s].

To finish the proof note that ¢; — e~V and T x(n) =
n—
1. ® w
Finding the minimum over r of the ratio between
liminf ¥(7(n), 75z) and UmU(r(n)) yields the following,
Corollary 5.3: Under our asymptotic conditions, for almost
all n

I_/("(”)JTGR)

U(r(n))

> 0.934.

VI. CONCLUSIONS

Theorem 2.1 implies that there always exists a stationary
periodic optimal policy, hence, there is always an asymptotically
optimal policy. Even though Theorem 3.2 gives sufficient condi-
tions for a policy to be asymptotically optimal, we have not been
able to demonstrate one. The golden-ratio policy of Section V is
shown to be very close to being asymptotically optimal {see
Corollary 5.3). These results depend on kth Fibonacci number

2The correct k' (n) is obtained by replacing ¢; by c,(1+ (1)), how-
ever this approximation is justified because #¢7(n) is continuous, and for
large n the error approaches zero.
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being sufficiently large. For practical implementation & must be
finite. We believe that when F, >1/x‘? the throughput is
sufficiently close to the limit [see (3.7)).

The above results do not imply that we should always use the
golden ratio policy. For a specific r the placement problem may
be easily solvable. For example: when the r;’s are equal, then
x=1/n implying that the round-robin policy is optimal.

We conjecture that the following policy is asymptotically opti-
mal. Let

a;(t) be the number of slots station i was permitted to
transmit until time ¢;

u;(#)=1iff i is the station for which

mm{”“’—xw}
j H
is obtained.

Numerical calculations indicate that this policy is promising.
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