64 IEEE TRANSACTIONS ON ELECTRON DEVICES, VOL. ED-29, NO. 1, JANUARY 1982

A Graphical Representation of the Piezoresistance
Coefficients in Silicon

YOZO KANDA

Abstract—The longitudinal and transverse piezoresistance coefficients,
11(300 K), at room temperature are plotted as a function of the crystal
directions for orientations in the (100), (110), and (211) planes, The
piezoresistance coefficients [I(V, T'), with an arbitrary impurity concen-
tration V and at an arbitrary temperature 7, are expressed by II(N, T7') =
PN, T) 11(300 K), where P(V, T') is called the piezoresistance factor
and is a function of the Fermi integral. The P(V, T) is calculated by
assuming that the simple power law dependence of the relaxation time
on energy is valid. The graphs of P(V, T) are plotted as functions of
impurity concentration ranging from 1016 to 10%° ¢m™3 and tempera-
ture ranging from —75 to 175°C with a 25°C interval,

I. INTRODUCTION

INCE C. S. SMITH [1] discovered the piezoresistance
Seffect of semiconductors having anisotropic energy band
structures, such as silicon and germanium, they have been
widely used as stress and strain sensors. Recently, the knowi-
edge of the piezoresistance effect has been required not only
by sensor researchers but also by integrated-circuit designers
and process engineers [2], [3].

The piezoresistance coefficients, usually required in an
arbitrarily oriented coordinate system, can be calculated from
a tensor transformation for the particular orientation. These
calculations are long, laborious, and troublesome. Moreover,
piezoresistance coefficients depend on impurity concentration
and temperature.

This paper gives some of the typical piezoresistance coef-
ficients of silicon as functions of crystal direction for common
orientations, impurity concentrations, and temperatures.
Many good review articles [4] -[7] have been published on the
piezoresistance effect and its applications. This paper will
complement these articles and should be of value to people
designing piezoresistive sensors and integrated circuits.

II. DEPENDENCE ON CRYSTALLOGRAPHIC AXIS

According to the phenomenological description [6], piezo-
resistance, the fractional change in resistivity with small stress,
is expressed by

6
éﬁ"i = Z Moo aXa ey
P A=
where X, is the component of the stress tensor in six-com-
ponent vector notation and 7, is the component of the piezo-
resistance tensor. In crystals with cubic symmetry, such as
silicon and germanium, thé tensor is given by
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The transformation from the crystal axes, x;, to a Cartesian
system of arbitrary orientation xj, noting that subscripts 1, 2,
3, 4, 5, 6 correspond to 11, 22, 33, 23, 13, 12, respectively,
can now be expressed

X; = 0yyx;
Xy, = Xig = ayjoes Xy = 000 X,
p=1,23
u=4.56.

TrMJ-XMs
Mijiom Xim = 3|
7 Man Xy,
The transformation is given by direction cosines, between the
two axes, which can be expressed in terms of Euler’s angles
(shown in Fig. 1) as follows, where c¢ = cos ¢, sy = sin ), etc.

Iy, my n cpchcy - spsy  spclcy + cpsy ~sfcy
I, my ny| = [~cochsy - spcy ~sochsy + cocy  sOsy
Iy m3 ny cpst spsf ch
(3)

Here, two typical piezoresistance effects will be considered
when uniaxial stress is applied in the material. One is a longi-
tudinal piezoresistance coefficient when the current and field
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Fig. 2. Room temperature piezores_is%ance coefficients in the (([0X8]
plane of n-8i (10~ ' cm?/dyne).
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Fig. 3. Room temperature piezores_is%ance coefficients in the (011)
plane of n-Si (10 % cm?/dyne).

are in the direction of the stress noted by Il;. The otheris a
transverse piezoresistance coefficient when the current and
field are perpendicular to the stress noted by I1,.

m = =7y - 2y - Wyp - Maa) ((3md +mind +nil})
4
and
Ty =M= myp +(myy - Mg - Maa)(303 + mimd +ning).
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Fig. 4. Room temperature piezoresistance2 coefficients in the (211)
plane of n-Si (10712 cm?/dyne).
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Fig. 5. Room temperature piezores_istance2 coefficients in the (001)
plane of p-Si (10 2 em [dyne).

In an (imn) plane, the graph can be obtained by making the
axis 3’ normal to the plane, that is,

[Ismang] = (1% +m? +n®) Y2 [Imn]

and by rotating the angle Y from zero to #. The graphs of
room temperature II; and Il; are plotted as a function of
crystal direction for orientations in the (001), (011), and
(211) planes and are shown in Figs. 2-7. The graphs of (111)
planes are omitted because of circular symmetry to the origin.
The graphs are shown in units of 10712 cm?/dyne based on
the data of Smith [1] (shown in Table I). The upper halves of
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Fig. 6. Room temperature piezoresistance coefficients in the (011)
plane of p-Si (107*% cm?/dyne).

the graphs show positive values of the piezoresistance coef-
ficients, that is, the resistivities increase with tensile stresses.
The lower halves in the figures show negative values of the
piezoresistance coefficients, that is, the resistivities decrease
with tensile stresses,

1Il. DEPENDENCE ON IMPURITY CONCENTRATION
AND TEMPERATURE

The conductivity tensor gag is the sum of the conductivity
0%, of the carriers near each extremum

Oug =2 Oap- (6)
i

The stress-induced change in conductivity is the sum of the

stress-induced change in conductivity of the carriers near

each extremum

Avqg =D Ay (7)
i
Equation (1) may be rewritten by the conductivity
Agap Ao
: '_w ‘Z e, A X (8

where o is the average conductivity.
The conductivity for each ellipsoid or for each species i of
carriey in a degenerate band [7] is

. ofo
Oug = —ezf e Taﬁvavﬁ dK 9)

where f; is the Fermi distribution function

1
1 +exp (Ei - EF/kBT)

Jo =
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Fig. 7. Room temperature piezoresistance coefficients in the (211)
plane of p-Si (10 cmz/dyne).

and kg is Boltzmann’s constant. Eg is the Fermi energy, v’ is
the group velocity of the carriers
1 0E;
Avl =
h aK
and 74 is the relaxation time.
In order to make calculations feasible, it is assumed that the
relaxation time is isotropic, depending only on energy

BT,
AT,‘ aE AE
and
7=T10E".

Transforming from variables K;, K; to the energy E; and
solid angle €, and noting the energy, (9) is rewritten as

“87 fafo W e g 9 fK,K,
[ Jp— _K K_.._
9T )T snd K2

L 2w,,faf°- B2 gE - tha’"

T o,N2m 0
St ffoﬁ(rEW)dE

SELLAEDC LT (s+3>ff EST(ID) gE

_ Lom
9

9 " B

_lém &2 Vim
EREE

Er
“For(yy) <I‘€‘;T‘>

l//z/To (S"' >(k T)N(a/z)

(10)

where
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TABLE 1
PiezoRESISTANCE COMPONENTS AT RoOM TEMPERATURE IN UNITS OF
107" cm?*/dyne [1]

Material n-Si p-81
p(Q -cm) 11.7 7.8
1) -102.2 +6.6
o +53.4 -1.1
My -13.6 +138.1
Ep
From (1)
is the Fermi integral [8], defined by
& ES+(1/2) EF )
dE=F —
-’; 1 +exp (E“EF/kBT) s+(1/2)<kBT
< (kgT)*+ G2,

The change in conductivity under stress is given by
. afo
Achg =-€° fA (—BE TV; * v]-) dK
3o >
= - 2 —_— N
e [fBE(BF viv; AE dK
AAE

ofo (aAE )
+ i+ —uv; 1 dK| .
f oE " 1 \ ok ak, "1 ?
Integrating by parts, the second term of the above equation

it is given by

8fo
Aaa5 =¢e* 3E (—BE ) v;u; AE dK

16 2f°° 8 [dfs > ) 9 K;K;
=— EK? dK » — AE dQ
9 ™ J (aE 8r K2

16, f” o \ 32 . V2
=g Vi) aE<aE B dETa

8, vV2m Jﬂc 0 i
_37re P Vi A fan(‘rE )dE

V2
;?ez h;n To (s+ >1puj foES™ /2 yg

=§3Ee2 thm ToVy <s+ )(k T/

Ep
Fs—(1/z) (‘k—BF) .

From (6), (7), (10), and (11) we obtain

€3))
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TABLE II
DENSITY-OF-STATES EFFECTIVE MASSES m14/m AND SCATTERING
ExpoNENTS S USeD IN THE FERMI INTEGRAL CALCULATION

Materials n-581 p-Si
a)
md/m 0.33 0.55
Number of
Equivalent 6
Valleys
b)
s -1/2 -1/2
3R, A. Smith [9].
O. N. Tufte and E. L. Stelzer [10].

Ag 1 1 (s+3)Fsqys) Er/ksT)
o kT s+3  Fy () (Er/ksT)
1 1 Foysy (ErfkgT)

= v (12)
kgT s+3 Fg.(y2) (Ep/ksT)

where a prime indicates derivative of the Fermi integral with

respect to Ep/kpT, and if s =- 4

Fsi(1y2) (EF/kpT)=1n (1 + eEF/kBT)

) 1
Fov(1y2) ErfkpT) = T+ o EHRBT *
Smith’s data used in the calculation of the graphs in the pre-
vious section are in the range of Boltzmann distribution and
were measured at 300 K. In this case, fo = eE-EF/*BT apd
(12) tends to '

Ao 1

1
—~ = 7 = TB00K).

13
g kBT 2 ( )

Therefore, in general, the piezoresistance coefficient II(V, T)
with an impurity concentration N and at a temperature T
can be rewritten in the form

IV, Ty = PN, T) - T1(300 K) (14)
where P(V, T') is the piezoresistance factor and
300 Fq E
pv, 7y =320 Fsrayn BelksD) (15)

T Fyoqiy2)Ep/kpT)’

The Fermi integral is the function of temperature and the
Fermi energy. The Fermi energy is determined from N by
using the following relation:
* 3/2

N= V—\{—?— (Z‘nd—];li> Fiyz (Ep/kpT)
where m} is the density-of-state effective mass and v is the
number of valleys. The graphs of P(V, T) are calculated by
using the data [9], [10] tabulated in Table I and are shown
in Figs. 8 and 9.

According to Herring and Vogt [11], let us consider the
physical aspect of the piezoresistance effect for a special case.
The conduction ellipsoids lie on the (100) and equivalent
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axes. The conductivity of an ellipsoid is

ol = nley! (16)
where ¢ is the mobility, and n'is the carrier concentration.
i = 22mmikgT/H? Y2 o EFFDRET (17)

Assuming that ¢’ is independent of stress, the change in the
g

conductivity is

A’ = An'ey’. (18)
It is given by

An'=- —n—i—(AEi - AER). (19)

Since the total number of electrons # is unchanged, we have

AER = %ZAE". (20)
Equations (7), (18), (19), and (20) give [4], [7], [11]
Ao = ne </£T") ;,ﬂ' (AE"- %ZZAE'). (21)

The energy shift at the band-edge point of the ith ellipsoid
for an arbitrary homogeneous strain is given by [11], [12]

AE({100%) = AE*((T00)) = Eg(€xx + €yy + €22) + Ey€x

AE?((010)) = AE®({010)) = Eq(exx t €yy + €22) + Ey€yy

AE?({001)) = AE(00T)) = Eg(exy + €yy + €22) + Ey€z
(22)

where E; is the shift due to a dilation in the two directions
normal to the ellipsoid axis, and =, is the shift due to a shear
compounded of a stretch along the ellipsoid axis and a con-
traction in the two normal directions [11], eyp’s are the
components of strain tensor. Now, consider the case when
a uniaxial compressive stress X is applied in a [100] direction.
The form for the strain components is expressed by [12]

FS11 S12 S12 0 0 0‘;— !FX— Fle
S12 §11 Sq12 0 0 0 0 S12
S12 S12 S1 0 0 0 0 S12
[eaﬁ] = . =

0 ¥ Sa4 0 0 0 0

0 0 0 0 4is 0] /0

_O 0 0 0 %S44 LO_ h_O B

(23)

where the ;s are the appropriate stiffness coefficients. We
are considering 7,,, that is, the current flows along [100]
direction.

From (21), (22), and (23) we obtain

1\ _ 2
Ao =ne <‘ —“‘> B g (511~ S12) (y — 1p). (24)

kgT
Equations (6), (8), and (24) give

69

1y, 2
(‘ kBT) Sy 5(311 - s ) (g - omy)

Ao X
— =1 =
" (ky +2u1)
28, (s4;, - L-1
_ 2Ey (i -sin)L-1) 25)
3kgT 1+2L
where
L=t
M
Similarly, we have
T = Ey (511 -812) L - 1)
12
3kgT 1+2L
Taq & 0. (26)

We can get the relation between the phenomenological and the
solid-state physical description from (4), (5), (14), (15),
(25), and (26).
IV, DiscussioN

The longitudinal and transverse piezoresistance coefficients
at room temperature in the main crystal planes are given in
Figs. 2-7. The relationship between the longitudinal piezo-
resistance coefficient I1; and the strain gauge factor G will be
considered, where G is normally used to characterize the strain
sensor., G is defined as the fractional change in resistance
AR/R, per unit strain and is given by

G =(AR/Ro)le=1+2 N+ YTJ, (27)

where € is the strain, \ is Poisson’s ratio (the ratio of the
magnitude of transverse strain to longitudinal strain resulting
from the simple tension), and Y is Young’s modulus. The first
two terms represent the change in resistance due to dimen-
sional changes while the last term represents the change in
resistivity due to the strain. Fortunately, since the X and ¥
in the crystal planes were calculated by Wortman and Evans
[13], the G can be obtained.

The dependence of the piezoresistance coefficients on im-
purity concentration at a given temperature can be given by
multiplying the piezoresistance factor P(V, T'), shown in Figs,
8 and 9, by the room temperature piezoresistance coefficient
[I(300 K). The values of the piezoresistance factor PV, T')
were calculated by assuming that the scattering exponent s =
—% for n-Si and p-Si. This assumption gives good results in
n-Si [10].

For p-type silicon, the calculated values of the P(V, T)
were compared quantitatively with the experimental values
obtained by Mason er al. [14]. The deviations of the cal-
culated values from the experimental ones are tabulated in
Table III in terms of percent of the experimental value. Al-
though the deviations are zero for the samples with con-
centration less than 10'7 ¢cm™, the deviations increase with
increasing concentration; namely, about +12 percent for the
sample with ¥V =5 X 10'® ¢cm™, and about -20 percent for
N=3X10'® e¢m™. Since the scattering mechanism varies
with impurity concentration and the scattering exponent S
might not be uniquely determined over the wide impurity
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TABLE III
THE DEVIATION OF CALCULATED PiEZORESISTANCE Factor P(N,T)
FROM THE EXPERIMENTAL ONE® IN p-TyPE SiLicoN (PERCENTAGE)

‘\concentration .
_ < 18 19
o (e 3% 10 5X10 3X10
temperats 15 ) €3)
NG
-50 0 +7 ~24
0 0 +10 -23
25 0 +13 ‘J -21
50 0 +13 \ -20
100 ) +14 \ -19
150 0 +13 | -9

3. P. Mason, J. I. Forst, and L. M. Tornillo [14].

concentration range, the calculated values deviate from the
expetimental ones with increasing impurity concentration.
The scattering exponent s =- 3 used in the calculation cor-
responds to the lattice scattering. More accurate calculation
including various scattering mechanism remains as a future
problem.

According to Tufte and Stelzer [15], the average piezore-
sistance coefficients of diffused layers will be only slightly
larger than the piezoresistance coefficients in the uniformly
doped material having an impurity concentration equal to the
surface concentration of the diffused layer,
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