A HESSENBERG-SCHUR METHOD

FOR THE PROBLEM AX + XB = C
by

Gene Golub
Stephen Nash

Charles Van Loan

TR78-354

Department of Computer Science
Cornell University
Ithaca, NY 14853



A HESSENBERG-SCHUR METHCOD FOR THE PROBLEM AX + XB = C

G.H,Golub, S.Nash, and C.van Loan

Abstract:

Cne of the most effective methods for solving the matrix
equation AX + XB = C is the Bartels-Stewart algorithm. Key to
this technigue is the orthogonal reduction of A and B to tri-~
anqular form using the QR algorithm for eigenvalues. A new method
is proposed which differs from the Bartels-Stewart algorithm in
that " A is only reduced to Hessenberg form. The resulting algor-
ith 18 between 30 and 70 percent faster depending upon the dim-
cnsaons of the matrices A and B. The stability of the new method
is deronstrated through a roundeff error analysis and supported
by numerical tests. Finally, it is shown how the techniques des-
cribted can be applied and generalized to other matrix equation
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1. Introduction

mxm nxn . . .
Let A ¢ R and B € R Le given matrices and cdefira

the linear transforrmation ¢: p™*7 . gM*0 by

(1.1) 2{X) = AX ¢+ XIs

This linear transformation is nonsinqular if and cnly if A ard
-B have no eigenvalues in common which we shall hereaficer a22s ..

Linear equations of the form

(1.2) : (X)) = AX 4 /B = C

arise in many problem arecas and numcrous algerithrs have been Lrephses
(4,10) . Among them, the Bartels-Stewart alqgorithe. (1] has

enjoyed considerable success [ 2 }. In this gaper we discuss a
modification of their techrnique which is just as accurate and

considerably faster.

This new method is called the "Hessenberg-Schur Algors

IS
e

Peou

and like the Bartels-Stewart Algorithm s an cxarple of a "trarns-

a

. " : -
formation method. Such methods are baged upon the e¢cuivaiernce

the problems

AX + XB = C

and

1 1

WA wixv) v vy (v levy - wTley



and gencrally involve the following four steps:

Step 1. .
Transform A and B into "simple” form via the sim-

ilarity transformations Ay = v-la U and By = vl vy,

Step 2.
Solve UP = CV for P .

Step 3.

Y + YB, = F for Y .

Solve the transformed system Al 1

Step 4.

Solve XV = UY for X .

A brief lcok at the cffect of roundoff error in Steps 2 and 4

serves as a nice introduction to both the Bartels-Stewart and

Hesgsenberg-Schur alqgorithms.

In these steps lincar systems are solved which involve the
transformation matrices U and V . Suppose Gaussian elimination
with piveting is used (ot this purpose and that the computations
are pecforrad on a computer whose floating point numbers have t
base 3 digits in the mantissa. Using the standard Wilkinson in-
verse errorjanalysis {2,12] it follows that relative errors of order
af! VZ(C) + &Z(V) ] can be expected to contaminate the computed

A
sclution X where

is the machine precision and zz( ) is defined by
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KpW) = Jlw ”2 I w 1”2 = max (_W_x)__(_wx_) ® max \[_ ¥
X ¥ 0 xTx y # 0 ¥(wy)

When xz(w) is large with respect to u , then we say that W s

"ill-conditioned".

Unfortunately, several of the pPossible reductions in Step

1 can lead to ill-conditioned U and v matrices.

For example,
if A and B

are diagonalizable, then there exiast U amd Vv oae

v lAy = diag( Gpr Bpeeees a) = oA N

v By = diagq Be Byreves 8) = B,

The matrix Y = (Yij’ in Step 3 is then prescribed by the simple

formulae yij = fij/( a; + Bj)

the problem

« If we apply this algorithm to

1.234567891 3.515985621 .345896842s 0
A = - ’
0 1.234078268 +6521859685 + 3450509462
5.748636323 5.095604458
C =
2.232161079 1.579129214

and use HP-67 arithmetic {u = 10-10) » we find

\



~ 1.003948200 +999995000
X
+ 999997700 1.000000000

Now in this example, u| tz(U) + x2(v)) N ].0—3 and so we should

ot be surprised to learn that to full working precision,

1.000000000 1.000000000
1.000000000 1.000000000

Conclusion: we should avoid ill-conditioned transformation matrices.
Methods which involve the computation of Jordan or companion

forms in Step 1 do not do this, (c.f. [6,91.)

This leads us to consider transformation methods which rely
on orthogonal U and Vv . {Recall that UTU = I implies KZ(U) -
1.) In the next two sections we describe two such techniques:'one
©ld and one new. The first ofAthese is the Bartels-Stewart algor=
ithm. This method involves the orthogonal reduction of A and B
to triangular form using the QR algorithm. The main point of this
Paprer is to show how this algorithm can be strecamlined by only re-
ducing A to Hessenbera form. The resulting algorithm is described
in Section 3 and its roundoff properties are shown to be very desir-
able in Sections 4 and 5. Our claims reyarding speed and accuracy
are substantiated in Section 6 where we report on several numerical
tests. Finally, we conclude by shewing how the techniques in this

pagrer can be extended to other matrix equation problems.



2. The Bartelsg-Stewart Algorfthm

The crux of the Bartelg-Stewart algnrichm | 1) is tre

computation of the re¢al Schur cecompositiong

R=UAU R quasi-upper triangular, U orthiogarnal
(2.1)

S = V'BY S quasi-upper triangular,

A matrix is quasi-upper triarqgular if {e 18 upper triasrgulsr wath
Lt : 143

the possible exception of 2x2 "burps® on the Ziazonal, e.~.

X % X x x
0 x x »x =x
0 x x x x
C 0 0 x x
0 0 0 0 «x

i

The 2x2 bumps, if they ecxist, correspond to complex corguzat

eigenvalue pairs. (It is desirable to avoid corrlex arithres:

0

when solving a real AX + %B = C problem.) The abous cuasi-triang-~
ular forms may be found through application of the well-krown o34

algorithm [12 }.

From our remarks in Section 1, the reductions (2.1} ez to

a svstem of the form

(2.2) RY + ¥sT = F p=vTcv, v=cTxv:

which can readily be solved for Y . To ece how, partition 7 and
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© 1into their respective columns

- ' -
Y= {y | Y, | P Yy, 1 EF=1 £, | £, Jeeod] £.1
and assurme that we have rcached a stage where Yksptoo 0¥, are

xrnown.

Is ‘k,k-l = 0 , then by comparing the k-th columns in (2.2)

fxj Y3

ThuE, 7 i3 the solution of an mxm quasi~-triangular system of
e3:ations. This system requires m2/2 operations to evaluate

»nze the righe hand side is computed. {In all our operation countg,
we tabulate only multiplicative operations and ignore low order

rzz~s a3 i3 traditional.)

If i3 nonzero, then by equating columns k-1 and

e, v-1

&« in {2.2) we obtain

s
o ' k-1,k-1 X, k-1
Blrgy b v Iy ’
%k-1,k Sxk
(2.4,
n
- £l - i s . S, . Y. 2 w
(£, 15, j=£+1 [sy_1,5 Y5 | ki ¥3) g | w)
3y =xzressing this linear system in standard matrix-vector

fcrm we can solve for the components of y:_l = (Yl,k-l Ry ym,k-l)

T ‘
an  yp o= Yy o seees 7m,k)' In particular, we obtain the 2m~by-2m



system
- r - [~ 1
Piy P2 ot P % 4
Par Paz ot Pamf % 42
. ’ . . S | e
(2' S) 3 . . . :
. . . .
Pml sz oo o Pm- Lz’“d -dm ]
where -
X, 0
13 Go# )
(2.6) L I
. Pij - R
Yig ¥ Skelk-1 oy ik
(i = 3)
s r., + s
L X, k=1 if kk |
and for i=1,..., m
Y, 4
z. = i,k-1 and A, = l]
1 y 1 w, i
i,k id

Since R = (rij) is quasi-upper triangular, the above 2m X Jm mat:
upper triangular with the possible  exception of  4xd bunps on
the diagonal. Using Gaussian elimination with partial pivoting t<
solve a linear system with this structure and dimension roguires
m2 operations once the right hand side is evaluated. Aside fron
a few scalar variables, no additional storage is required beyond
what is necded in those "nice™ situations when § is actually

upper triangular and therefore free of 2x2 bumps.



In summary, the Bartels-Stewart algorithm involves the follow-~

ing steps and work counts:

1. Compute the rcal Schur decompositions:

R =UTAUyu  (save'y) 10 m3

sT = visTv  (save w 10 n°
2, Update the righthand side:

F = UTC \'4 m2n +m nz
3. Back substitute for Y :

RY + YST = F (mzn +m nz)/Z
4. Obtain solution:

X=UY VT mzn +m n2

3 3

(m,n) = 10m~ + 10n 2

+ -% (mzn + mn‘ )

Yns
The work counts associated with the Schur forms are estimates
based upon expericnce with the QR algorithm which normally requires

between one and two iterations per eigenvalue [11,12].

In terms- of storage, the algorithm nceds five arrays for the

following purposes:

A (mxm) for tho original A and subsequently R
U (mxm) for the orthogonal matrix U
R (nxn) for the original B and subsequently §
VvV {nxn) for the orthogonal matrix Vv

C (rxn) for the original C and subseguently Y and X



3. The Hessenberg-Schur Algorithm

In this scction we dcscribe 2 new algorithm, called the
Eessenberg-Schur alzorithm, which differs frem the Burtals-Serwszre

method in that the dccompositicns (2.1) are replaced hv

H = UTA U H upper Heszenlers , U rrthogonal
(3.1)

T . ,
S = VYV'BV S guasi-upper triasngilar, ¥ ortraconzl

A matrix H = (hij) is upper Hessenbora 1€ h, =~ 3 for ali

i > j+1 . The orthogonal reduction of A to upper Heogerbere form
. . S .32
can be accomplished with Eouscholder matrices in - Cperetinre.

See [12, p. 347] for a description of this algeraithr, The reiuzticns

(3.1) lead to a system of the form

(3.2) HY + ysT - F

which may be solved in a manner similar to what ia drnre in the Fare

nave

tels-Stewart algorithm. In particular, assume that Yyayreeredy, TV

been computed.

If Sy-1.x * 0 , then Yy ¢an Le determined ny eclving thne
’

nxm Hessenberg system

(3.3) (H + s - f =

kx 1Yy K

X3

a k7

is
When Gaussian elimination with partial piveting iz uses for this

2 : . C. .
purpose, m operations are needed once the righthanéd sicde is known.



Iif

Sx.x-1

in (3.2) we find

Hlygo1i %!

“his leads

to the

16 -

is nonzero, then by equating columns k-1 and k

+

2

s s
x-1,k-1 k,k=-1
L ®x-1,k Bk
n
Yf) 7 ] oyl
k-1' "k j-é*l k-1,3 3
m x 2mn system (2.5) where the

0
L
RN
_
fii T Pkel,x-1 Sk-1,k
Sk, k-1 Big * Skx

P

ij

are

(i # j)

(i = j)

is urper Hessenberg, it follows that (2.5) is an upper

wriany.lar system Wwith two nonzero subdiagonals. Using Gaussian

\

vz

clirmina%tion with partial pivoting,

this system can be solved in
z=ions once the righthand side is known. Unfortunately,

is reguired tno carry out the computations,



Part of this increase in storage is compensated for by the
fact that the orthogonal matrix U can be stored in factored fc
below the diagonal of Y {12,p.350) . This implies that we
do not neced an mxm array for U as in the Bartels-Stewart algorit
Summarizing the Hessenberg-Schur algorithm and the associated woe

counts we have:

1. Reduce A to upper Hessenberg and BT to quasi-uppor

triangular:
T 5 3
= uU'AvU (store U {n factored form) ym
T Ry
S=vViBvy (save V) 10
2. Update the righthand side:
s
F=ulcy m'n + mn°
3. Back substitute for y H
N
HY + YST = F in"n o+ %
4. Obtain solution:
T 2
X=0vyv mn + mn
5 3 3 2

5 2
w“s(m,n) = 3m + 10n~ + S5Sm“n + 3 ™

To obtain the operation count associated with the determination
of Y , we assumed that § has 2 2x2 bumps along :its diagonal.

2
{(This is the "worst" case.)
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Unlike the work count for the Bartels-Stewart algorithm,
was‘m'“) is not symmetric in m and =n . Indeed, scrutiny of
st(m.n) reveals that it clearly pays to have m > n . This can
always be assured, for if m< n , we merely apply the Hessenberg-

Schur algorithm to the transposed problem

Cormparing wns(m,n) and wns(m,ﬂ) we find

wyg (M, n) 1+ 3ta/m) +3 (n/m? + 6(n/m3
(3.5) AR
wpg(min) 6+ 3tn/m + 2 (a/m? 4+ 6(n/m3

which indicates that substantial savings accrue when the Hessenberg-
Schur method is favored. For example, if m = 4n, then wﬂs(m,n) L

.30 wBS(m,n) .

The storaae requirements of the new method are a little

greater than those for the Bartels-Stewart algorithm:

A (nxre) for the original A and subsequently H and U
Bl(nxn) for the original B and subsequently S

(nxn} for the orthegonal matrix V
€ (=xa)~ for the original C and subsequently Y and X

-
w (22 for handling the possible system (2.5),(3.4)
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4. A Perturbation Analysis

In the next section we shall aisess the e¢ffect of rounding
errors on the Hessenterg-Schur algorithm. The asscasrent will
largely be in the form of a bound on the relative errer in sh
computed solution § . To insure a correct interpretsticn ¢f cur
results, it is first necesgary to investizcate the aroint of crrer
which we can expect 2ny algorithm to gencrate given finite pre-
cision arithmetic.

To do this we necd to make some chservations abeut the sen-
sitivity of the underlying probliem (¥} = ¢ . This system of

equations can be written in the form

(4.1) Px = ¢
where
T
(4.2) P = (In 2A) + (B 9 !m )
and

X = vec(X) = (xll'x21"'"xml'x12'x22'°"'xm2""'x!n""'x:’n'

¢ = vyec(C) = ‘°11'°21""'°m1'°12'c22""'°m2""'cln""'”

Here, the Kronecker product W @ Z of two matrices W and 2 is

the block matrix whose (i,j) block is wijz .

Based on Our knowledge of linecar syztem sensitivity, we rnoe
that if P is ill-conditioned, then small changes in A, 8 ,

and/or ¢ can induce relatively large changes in the soclutisn.



To relate this to the transformation 4 , we need to define a

rorm cn the space of linear transformations from R™P o ™M

t:RﬂZn - Rmxn

i e h, = max e Wy

mxn
X € R {lxl}F

P 2
Here, the FProbernius norm ﬂ.ly is defined by | W Hi - ) lwijl .
1,7

ictice that for the linear transformation ¢ defined by (1.1)

we have

hed o= e, ¢« Hall, + B,

wnare P is Zefined by (4.2). If ¢ is nonsingular, then

New zonsider solving AX + XB = C on a computer having
ine precision u . In g¢eneral, rounding errors of order u || A{lg
Y-} ;? , ant uy C ”F will normally be present in A, B, and C

any algorithm even begins execution. Hence,

. . . “ :
th2 "dest” thing Wwe can say about a computed solution X is

aat it satisfles
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(4.3) (A+E)X +X(B+F) = (C+0G)
where

(4.4) ffely « wllall,

(4.5) Nejleg ¢ wilBil

(4.6) ey « ullclip

~
How accurate would such an X be? To answer this question, we

first establish a simple result concerning perturbed linear sys-

tems,
Lemma

Let M and 4M be kxk matrices and let x , &x , & ,
and 44 , be k-vectors. Assume that M is nonsingular and 4a

nonzero. If

(4.7) Mx = d
(4.8) (M + AM) (x + AX) = (3 + Ad)
and
] - 1 H
(4.9) i M Jz famdl, < 172
then
il ax ) - IR
(4.10) N Hy Glamip, + -2
I x 42 i x
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Proof

Applying M-l to (4.8), rearranging, and taking norms we
find

" -1 "

Baxfz s PMT I Fanlly Chxlp e Baxy )ty gaa g,

The Lemma now follows by using (4.9). '

We now apply this result to the perturbed linear system given

in (4.3).

Assume that AX + XB =C , (A + E)X + X(B + F) = (C + G) ,
and (4.4), (4.5), and (4.6) hold. If &(z) = AZ +ZB is nonsingular,

C nonzero, and

W11 wthAllg s fimt ) bety <12,
then '
~
. I'x-Xx| -
12y - - T e awtlial Bl feThy
lﬁxf'p ’
Froof

ry s "
Defining x = vec(X) , % = vec(X) , ¢ = vec(C) , g = vec(G) '

T
P=(1@8a + (3" @1), and ap - (1LeE) + (¢T @ I) , we find
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[P | - " p < A 3 : Lo ¥ -
et ¢ ia * i B i T AT, o+ B
and
Fep ity € w il A B
v =1 1 5=1
Since [ ¢ " || = I'p ”2 we have
pett, ferl, < R N N
! PR PRI § i W PP ST 1 I T V2
The above Lemma can now be applied and with a little masipulat.nn we €,
X - %0 hox - %1 '3
—— . F e 2. 2 o7ty ol Al e fimr_ge o 2
IFx ”F I x i 2,
The theorem follows since
rel, < wciy ¢ w At e iBigl xi,

For the 2x2 example given in Scction 1,
(4.12) has a value of about

the upper bound in
1072, This indicates that an 2% + %2 =
C problem can be very well-conditioned even if the eigenvector
matrices for A and B are joorly conditioned,
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We conclude this section with the remark that the bound in

(4.12) can roughly be attained. Setting

Ml 27 é=1 0 246 5
A = ! B =~ C =
o 1} 1 3 148 4.
it is easy to verify that «x(3) = |14 || || o1 || = O(1/6) and
[1 1
X -I .
1 1]
{Think of 2 as a srall positive constanrt.) Now if
~ - [U 0
AX ¢+ XB = C +
lo o
it is easy to show
~ u/é 0
X=X+
't o 0
Tnus, 1fH ;-lﬁ is large, then small changes in A, B, or C

can induce relatively large changes in X

In general, given the random nature of roundoff error, we
conclide £

Q3 ;"1 can be expected to contaminate the computed solution no

rom the analysis in this section that errors of order

ratter wnat algorithm we employ to solve AX + XB = C
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S. Roundoff Error Analysis of the Hessenberg-Schur Algorithnm

We now take a detailed look at the roundoff errors associat:
with the Hessenberg-Schur algorithm, This amounts to applying some
standard results from Wilkinson [12]. His inverse error analysis
pertaining to orthogonal matrices can be applied to the computati.
H = UTAU y S = VTBTV s F = UTC V,and X = UYVT while his well-
known analysis of Gaussian elimination and back-substitution can
used in connection with the determination of Y . (Y is essentiall
obtained by using Gaussian climination and back substitution to
solve the system ((In 2 H +(sa Im)]vec(Y) = vec{F) . ) Denotir

computed quantities with tho “hat™ notation, wo can account for t

rounding errors in the Hessenberg-Schur algorithm in the followin:

ways
(5.1) G=u, +E Viu, =1, fE. || ¢ ¢
‘ 1 u 171 L F
(5.2) V=V, +E VIV. = 1, L EL s o«
) 1 v 171 ’ Ve
fr. 3 i
(5.3) H=U (A+E)U I E, !.F £ € | A ._IF
o T T, i . . .
(5.4) S =V (B + 52) vy 1 E, ,;F s ¢ | B ]F
(5.5) Foaut(c+ EV | By el c
1 3°71 3": ! ‘F
a v A - i ~
(5.6) (T + E))y = ¢ | E‘,Iz < e | T i
~ A T » .\ . -~
(5.7) X =U (¥ + Egvy fi ES'lF s e | Y |F

where
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(5.8) T = (I, 91 +(se1)
(5.9) ¢ = vec(Y)
{(5.10) ? - voc(?)

and ¢ is a small multiple of the machine precision u . (We have
used the 2-rorm in (5.6) for convenience.) We now proceed to bound

~
the rvelative error in X .

Defining W = UTXV1 + it follows from {5.07) and the orthog-

onal invariance of the Frobenius norm that

. N " A
Fx-xig W=y

(5.11) K F 1

‘A

Px il KRR I

Since W solves <Ufaul)z + Z(VTBVI) - U'{CV1 , we have

(§.12) ™ = f

where w = voc(W) , £ = vec(U{CVl) and T = (In ] UTAUL) + (V'{BTV1 2 Im)

Notice from (5.6),(5.8), (5.9) , and (5.10) that ¥ satis-

fies a perturbed version of this system. In particular,
{5.13) (T + AT)Y = £ + Af

where AT = (? -T) + 34 and Af = vec(U?Esvl) . Manipulation
with ((5.3),(5.3) | and (5.6) shows
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Barll, < cect2+c) tfatlip+Blg]

and with (5.5) and (5.10) that

haell, € cllclly, < ectUnal,+fe

1

Now || ¢t = T 1, and if we make the assumption

(3.14) Po bt ciaeey Pad,+ f2f,1 -
then the Lemma is applicable and we find
fwa=-%] fw=-5%1
l,‘ __“,;IF - ‘,' _.,,;-y__'_l} e v 2 Y It
Wil I,
Furthermore, (5.14) can also be used to show
A
WY lp < 310w,
and therefore from (5.11) we have
hx-%1
R P Y T A T T W T

Il
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inoguality (5.15) indicates that errors no worse in magnitude
than O{ !4~ ']l £€) will contaminate the computed ?‘. Since & is
a small multiple of the machine precision u , we see that (5.15)
is essentially the same result as (4.12) which was established un-
der zhe “ideal® assumptions (4.3)~(4.6). Likcwise, assumption (5.14)
corresponds to assumption (4.11). Conclusion: the roundoff proper-
ties of the Hessenberg-Schur algorithm are as good as can be ex-

pected from any algorithm designed to solve AX + XB = C .,

we £inish this section with two remarks. First, the entire
analysis is applicable to the Bartels-Stewart algorithm, We simply

replace (5.2} with

, . T
{5.3") R = U (A+E)U ! 1 HF < ¢l AHF

wn2re R is new quasi-triangular instead of Hessenberq.

Our second remark concerns another standard by which the
ziziiey of X cas be judged., In some applications, one may be
zore interested in the norm of the residual || AX + %B - CHF than

the relative error. An analysis similar to that above reveals that

-
L)
-
w
.
[

}=-15.10) and (5.14) hold, thren
IIE‘

15.16) A% « %B - C ! < {10¢ + chx(;;niiF + |Is ”r ) llxllF

Yooice that tae bound does not involve i $~1 1.
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6. The FORTRAN Codes and Their Performance

A collection of FORTRAN subroutines have been written which
implement the Hessenberg-Schur algorithm. Here is a summary of what

the chief routines in the package do:

AXXBC =~ This is the main calling subroutine and the only one whic
the user "sces". It assumes m > n .,

ORTHES - This subroutine reduces a matrix to upper Hessenberg form
using Householder matrices. All the information pertainin
to the reduction is stored below the main diagonal of the
reduced matrix,

ORTRAN - This subroutine is used to explicitly form the orthoacnal
matrix obtained by ORTHES,

HQOR2 = This subroutine reduces an upper Hessenberg matrix to upp
quasi-triangular form using the QR algorithm.

TRANSF - This subroutine computes products of the form UTOV and
and UYVT where U and V are orthogonal.

NSOLVE : 1,5 c iy - Lot s
These routines combine to solve upper Hessenbeorg systoms

HESOLV - using Gaussian elimination with partial pivoting.

BACKSB

NZSOLV These routines combine to solve the 2m-by-2m block Hessen-

H2S0LV - berg systems encountered whenever S has a 2-by-2 bump.

BACKSB

The above codes are designed to handle Jdouble precision A,
B , and €¢ and require about 23,000 bytes of storage. This amount
of memory is put into perspective with the remark that when a 25x25
problem is solved, the program itself accounts for one-halt of the

total storage.



of tests.
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To assess the effectiveness of our subroutines we ran two sets

In the first set we compared the execution times for our

rethod and the Bartels-Stewart algorithm, For a given value of n/m ,

many exarples were run ranging in dimension from 10 to 50. The timing

ratics were then averayged., The following table summarizes what we

found:

.30

e

HS Exccution time
(average)

BS Execution time

.84

.70
.54

.35

TABLE 1. Timings

Although the predicted savings (second column) are a little greater

than those actually obtained (third column), the results certainly

confirm the superior efficiency of the Hessenberg-Schur algorithm.

We also compared the accuracy of the two methods on the same

class of examples and found them indistinguishable. This is to be

expected because the favorable error analysis in the previous section

applies to both algorithms.

The second class of test problems was designed to examine the

behavidr of the algorithm on ill-conditioned AX + XB = C examples.

This was accomplished by letting A and B have the form
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A = diag(l,2,3,...,m + N_
B = 2°% I, - diagn,n=1,...,1) + ng
where
re, O
11 0 3
Nk - .- ; k x x
11 121 0]

Notice that there is coalescence amonsg

-B as t gets large.

of the transformation (X%}

= KA 4+ ¥YB .

the cigernvaiaeg LS

(In particular,

ie
it

3

>

t

This enables us to control thn sensitivisy

to show that || G—LH > 27 .) To facilitate the checking of errors

C is chosen so that the solution X {8 the matrix =hoze

arc each one. Using an IBM 370/168 with extended precision (a3 = 3

we obtained the following results for an m = 10 , n

= 4 pronlicm:

.......

& e L ,_I X- x lip ._._:_i ";“ ‘;'J- c“_‘
Fx g hA R AT e B
1 2.3 x 10! 2.1 x 10714 4.2 x 107°6
10 8.3.x 107 5.0 x 10712 6.7 x 10718
15 2.7 x 10° 1.4 x 10710 8.5 x 10715
20 8.3 x 107 9.3 x 1072 9.3 x 10716
25 2.8 x 10° 1.6 x 1077 6.1 x 10778
30 9.0 x 107 8.6 x 10°° 8.1 x 10715
-
TABLE 2. TLrrors and Pepiduals




The quantity H«b'lﬂ is the reciprocal of the smallest singular
value of the matrix P = (I, @ A) + T @ I,o) and can be found by

using the subroutine SVD which is in EISPACK.

The results of Table 2 affirm the key results (5.15) and
(5.16). In particular, we see that small residuals are obtained
regjardless of the norm of 0—1 - In contrast, the accuracy of ﬁ

deteriorates as || o_lﬂ becomes large.

We conclude this section with the remark that the Hessenberg=-
Schur algeorithm offers no advantage over the Bartels-Stewart method

fcr the important case when B = AT

+ i.e. the Lyapunov problem.
This is because the latter algorithm requires only one Schur decom-

gosition to solve AX + *AT = Cc .
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7. Extensions to Other Matrix Equation Problems

In this final section we indicate how the Hessenberg-Schur
"idea" can be applied to two other matrix equation problems. Con-

sider first the problem
(7.1) AXM + X = C
where A ¢ R™™ , M e R™™ , c ¢ R"™M | ana x ¢ R™N | g

UTAU = H UTU = I , i upper Hessenbery

and

viMTv = s vV = 1, s quasi-upper triangular

and F = UTC V , then (7.1) transforms to
(7.2) HYST + ¥ = p

where Y = uTx V . As in the Hessenberg-Schur algorithm, once
yk+l""'yn are known, Yy can be found by solving a Hessenberg
system. (Recall Yy is the k-th column of Y.) To scc how, assume

Sk,k-1 = 0 and equate k-th columns in (7.2):
n
HOL maYy )t oot

Hence, can be found by solving
¥x

n
s H + Dy, = (£, -~ H ]

L8y
k J=k+l ki %)
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The presence of 2x2 bumps on the diagonal of T can be handled
in a fashion similar to what is done in the Hessenberg-Schur meth~
od.

This algorithm which we have sketched should be 30 - 70 percent
faster than the Bartels-Stoewart type technigue in which both A
and M are reduced to triangular form via the QR algorithm. (Sce
[51].)

The second matrix equation problem we wish to consider in-

volves finding X ¢ ROXR such that
(7.3) AXM + LXB = C
where A,L ¢ R , M,B ¢ RrAXD , and C e RN . For a discussion

of these and rore general problems, see [7) and {13}

-

e
",

M and L are nonsingular, then (7.3) can be put into “"stand-

ard®™ AX + XB = C form:

1 1

wlax + x@en™ly = v len”

It M and/cr L {is poorly conditioned, it may make more numerical
sense to apply the QZ algorithm of Moler and Stewart [ 8 ) to
effoct a stable transformation of (7.3). In particular, their tech-

nigues allow us to compute orthogonal U, V, Q, and Z such that

»3

QAU = P (quasi- upper triangular)
QTL U =« R (upper triangular)
ZTBTV = S (quasi-upper triangular)
ETMT' = T {upper traingular)
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If Y - UTX Vv and F = Q'C 2, then (7.3) transforrmsg ¢

7

PYTT + RysT = p

Comparing k-th columns and ausuming zk.k-l = th,k-l ~ 0 we f£in4
n n
P jgk *kg ¥ * R ;zx "ry 73 T
and so
n n
(7.4) (L, P+ Sy, - - ® j=£+1 :ijj - B ;=i-1 S

This quasi-trianqgular systcm can then be solved for oy
the righthand side is known and under the assurption that the

matrix (t + BkPR) is nonsinqgular. (liote that T, ¥, o

e

xP

can all be singular without tny + skkk Leing sinqgular.)
Now, as in the Hessenberg-Schur algorithm, eigqnificant eccn-

omies can be made if A is only reduced to Hesserberg form. Thas

is easily accomplished for when applicd to the rasriy piir (2,L),

the QZ algorithm {irst conputes orthogonal ©  and U gach *has
QTA U = H is upper Hessenberg and QTL U =R is upper triancualar.
The systems in i7.4) are now Hessenberg form and can conseguently

be solved very quickly. Again, we leave it to the rcader to verify
that the presence of 2x2 burps on the diagonal of 3 puse ro

scrious difficultics.
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3. Conclusiors

we have presented a new algorithm for solving the matrix
equation AX + XB = C . The technique relies upon orthogonal matrix
transformations and is not only extremely stable, but considerably
faster than {ts nearest competitor, the Bartels-Stewart algorithm.
We have included perturbation and roundoff analyses for the purpose
of justifying the favorable performance of our method. Although these
analyses may appear boring, they are critical to the development

of reliable software for this important computational problem,
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INITIALIZE Z TO ICENTITY MATRIX
DO A0 1 = 1s N

NN EO0 4 = 14 N
Z(14J3) = Q.0DO

Z(141) = 1,000
CONTINUE

KL = M -~ 2
IF (KL «LTe 1) GC T3 200
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