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R A I R O Analyse numérique/Numencal Analysis
(vol 15,110 2, 1981, p 101 a 118)

A HYBRID FINITE ELEMENT METHOD TO COMPUTE
THE FREE VIBRATION FREQUENCIES

OF A CLAMPED PLATE (*) (**)

by Claudio CANUTO (X)

Communicated by E MAGENES

Abstract — An " assumed stresses " hybnd method is studied to provide (external) approximations
to the plate vibration problem, variationaîly formulated on some space which is orthogonal to all
selfequilibrating stresses Convergence results and error estimâtes are denved by a Rayleigh pnnciple

Resumé — On utilise une méthode d'éléments finis « hybrides duaux » pour approcher le problème
des vibrations libres d'une plaque encastrée, le problème a été formulé à Vaide d^un principe vana-
tionnel sur un espace orthogonal aux tenseurs auto-équihbrés On démontre la convergence de Vappro-
ximation et on déduit les estimations d'erreur par un principe du type Rayleigh

0. INTRODUCTION

This paper deals with the approximation of the vibration frequencies and
modes of a clamped plate, via a " dual hybrid " finite element method first
introduced by Tabarrok [19] and based on a variational principle due to
Toupin [20].

The corresponding method for the static case, proposed by Pian and Tong
(see e.g. [15]) and analyzed by Brezzi [4] and Brezzi-Marini [5], essentially
involves the tensors « selfequilibrating » over each element ; on the contrary
the natural space for the dynamical case is some orthogonal complement to
the tensors selfequilibrating over the whole domain, in that way we can reduce
our problem to a spectral problem for a compact selfadjoint operator T,
whose finite dimensional approximation is however not of inner type.

(*) Received in December 1979
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102 C. CANUTO

Convergence and error estimâtes are then derived by a Rayleigh-Ritz prin-
ciple ; since we cannot prove the uniform convergence of the approximate
operators Th to T, we check an approximability property over suitable finite
dimensional spaces, similar to Property P2 by Rappaz [17] (actually, our
approach is analogous to the one he uses for a second order problem ; see
also Rappaz [16], and Anselone [1] whose notion of " collective compactness ",
however, does not apply in the present case). Spectral approximations by
methods of hybrid type are investigated by Kolata [11], Mercier-Rappaz [13],
Mercier-Osborn-Rappaz-Raviart [14], who ail assume Th -> T in norm.

From a computational point of view, Brandt [2] has carried out calculations
of eigenvalues for a square (cantilever or simply-supported) plate using poly-
nomial tensors of rather high degree ; a good accuracy can be achieved using
polynomials of suitable lower degree, according to the theory here presented
(see Gilardi [21]).

1. THE EIGENVALUE PROBLEM

Let Q be a convex bounded polygon in [R2, whose boundary will be denoted
by r ; Q will represent the mean section of a thin elastic plate clamped along
its edges, whose mass density and flexural rigidity are assumed, for the sake
of simplicity, to be constant and equal to 1.

We define the Hubert space of stresses

& = { 2 I 2 = {»ij}i«,,^2 w i t h »yeL2(Û) and vi2 = v21 }

with inner product

(«• 2) = f utJ vtJ dx (1)

Ja

and associated norm | v |2 = (v, v), and the subspace

S = {veS?\Div ve L2(Q)}

where Div v = vlJflJ (here and in the following repeated indices imply summa-
tion over 1, 2, and */i means differentiation with respect to the xrvanable in
the distributional sense). 5 is equipped with the graph norm. Then, according
to Toupin's complementary energy principle [20], œ ^ 0 is a free vibration
frequency for our plate iff the functional

JLv) = \ \ K

has a non-zero stationary point over S.

R A I R O Analyse numenque/Numencal Analysis



FREE VIBRATION FREQUENCIES OF A PLATE 103

Following Tabarrok [19], we can modify the functional Jm in order to
weaken the regularity required on assumed stresses. To this end we establish
a décomposition $~h of Q into convex subdomains, to which we associate the
Hilbert space

= {ve<7\Div(v\K)eL2(K),

with norm || v ||2 = | y |2 + e(v, v) where

u Div v

We also define the continuous bilinear form on V(^h) x Hl

(vijfij V - yu

(2)

where w = (n l 5«2) a n d £ = (^1^2) a r e ^ e outward normal and counter-
clockwise tangent vectors to dK, and the quantities

Mn(v) = t;y nt rij, Mnt(v) = i?y «̂  /_,., Ö(IÜ) = vm rij

can be rigorously defined on dK for y e V{$~ù (see Brezzi [4]). We define
the closed subspace of HQ(Q)

= {cp e H0
2(Q) I A2cp = 0 in each Ke3Th)

and recall the following properties of b :

v e S iff v e V{^h) and b{v, <p) = 0 for every cp e W ^ ; (3)

sup b(v, q>)/|| E H ̂  « <p | |„j ( n ) Vcp e ^ ( ^ . (4)

The theory of Lagrange multipliers assures that u e S is a stationary point of
J^ over S iff there exists a « multiplier » \|/ e W($~h) such that the functional

has a saddle point over V($~h) x W(^~h) at (w, \|/). Therefore, setting co2 = À,
we are led to consider the following eigenvalue problem :

vol. 15, n°2, 1981



104 C. CANUTO

(EP) Find the eingenvalues 0 # X e IR and the corresponding eigenvectors
(u, v|/) e V(3Th) x W%r„) such that

g) + *(a *) = M«. g) v»g , „,

Note that formulation (5) admits the null eigenvalue with infinité multiplicity ;
namely its eigenspace is S ° x { 0 }, where

S° = { v e ^ | D i v v = 0 inQ}

is the closed subspace of ^ of the stresses " self-equilibrating " in Q ; on the
other hand every u in the eigenspace of a non-zero eigenvalue of (EP) is ortho-
gonal to 5° in the inner product of ïf. So it is natural to consider the ortho-
gonal complement of S ° in eacb space we have just defined, by setting

= orthogonal complement of S ° in $f ;

a n d reduce problem (EP) to fïnding the eigenvalues XeR and the eigenvectors

(& \|f) e F(jyfc ; ±) x F ^ ( ^ ) such that

v) + èfe v|/) - Mw, Ü) VÜ e V(Fh ; 1 ) 1
r • (6)

b{u, q>) = 0 Vcp G WX^a) J

The following characterization will be used throughout the paper :

PROPOSITION 1 . 1 : The map M : <p h^ { cp/y } maps HQ(Q) onto 5^(J_) isometri-
cally.

Proof : The result is conséquence of the Closed Range Theorem since M :
Hun) -> 5^ is the adjoint operator of Div : 5* -> H "2(Q). •

If jg G S(_L), then u = Mep with cp G H$(Çl), A2cp G L2(Q), hence (p eH\Q)

at least (see Grisvard [10] or Kondrat'ev [12]) with || cp ||W3(n) ^ C || v ||. In

particular the inclusion S(_L) ç 5^(±) is compact, and S(J_) is dense in <Ŝ (J_)

since ^(Q) is dense in HQ(Q). Moreover e{v, v) = (A2 cp)2 dx for y e S(±),
Jn

so the form e is K(5\)-coercive over S(_L) (note that e is not coercive over
V{3~h ; ±) , since e(Mcp, Mep) = 0 for every cp G W(^h)) ; finally the form b is
also « coercive » with respect to V{3~h ; ±), that is

sup b(v, cpVII v II Z II cp ||H^(Q) Vcp G W(^h) (7)

R.A.I.R.O. Analyse numérique/Numerical Analysis



FREE VIBRATION FREQUENCIES OF A PLATE 105

since v = Mep e V{<Th ; J_). Therefore problem (EP) is equivalent to :

Find XeUandue S(J_) such that

(8)

which in turn is equivalent to an eigenvalue problem for a compact selfadjoint
positive operator T over <S (̂±). Actually, by replacing e by the coercive form
on V(^h) ë(u, v) = e(u, v) + (M, V) (i.e. shifting by 1 every eigenvalue of (EP)),
we can apply theorem 1.1 by Brezzi [3] to get — for every g G Sf — unique
solutions of the following problems :

Find (w, \|/) G V(^h) x W{3Th) such that

1
r • ( 9 )

b(u, <p) = 0 Vcp e W(3Th) J

Find (M', V|/') G VX$T„ ; 1 ) x W{Fh) such that

ë(u\ v) + % f ) = (g, v) V2 e
(10)

gff, \|/ff) G F(5;)0 x ^ ( ^ such that

(u\ v) + b(v, V) = ( g, E) V£ 6

where

bfe", <p) = 0 Vcp G P^(^) i

= { v e V{STh) | Div v = Oin each

Clearly we are interested in the second problem, which defines the operator T :
^ -> =9̂  as Tg = u' ; since an inner finite dimensional approximation of
problem (10) is not easy to achieve, we introduced problems (9) and (11) which
are easier to deal with. On the other hand we shall show in the following
property 1.1 that solving (10) can de reduced to solving (9) and (11).

For any cp G HQ{Q) we define cp to be the unique function in W(&~h) satisfying

~ . 1 l on U dK; (12)

vol. 15,no2, 1981



106 C. CANUTO

moreover we split u into its orthogonal components

u = ul + u°eS(L)@ S°

where uL = MT, with *¥ e Hi(Q\ A2x¥ e L2(Q).

PROPERTY 1 . 1 : Thefollowing relations hold :

i) u' — u1 and v|/' = v|/

ii) M" = u° and i|/" = \|/ - Y .

Proof: By taking any Ü G K ( ^ ; _L) in (9.1) we check that (u1, \|/) is the

solution of (10). On the other hand, by taking veS° ^ V(^h)° in (9) and (11)

and substracting, we get (u — w", v) = 0 Vu e S °, ie. w" is the projection of u

over S°, so u" = w°. Now if we substract (11) from (9) we have

(U\ E) + ife, ̂  - \|/") = 0 Vg e V(£Th)° .

But according to (1) and (2), (M1, Ü) = - b(v, V) = - b(v, ? ) hence

Picking Ü = M(\|/ — \|/" — ? ) we finish the proof. •
Splitting ^ e y into its orthogonal components g = g1 -f g° € £?(!.) © S°

with gx = MO, O G HQ(Q\ we obtain the following characterization :

PROPERTY 1.2:

i) *F G H0
2(Q) is tfce so/iition of the problem A2vF + ¥ - O m Q ;

) g;
^ « (14)

iii) \|/ = T - O ;
iv) \|/" = <£.

Proof : Integrating by parts in (10.1) (where we can replace g by g1) we get

JK
T + ¥ - O) üy / y dx + b{v, v|f - (^ - O)) = 0 Vi; G

which gives i) and iii)5 while ii) and iv) are conséquences of (12.ii)). •

2. FINITE DIMENSIONAL APPROXIMATION

Let { ^ ^ > o b e a regular family of triangulations of O, each K e ST h being
a triangle whose diameter is less than h (of course we may consider quadrilaterals

R.A.I.R.O. Analyse numérique/Numerical Analysis



FREE VIBRATION FREQUENCIES OF A PLATE 107

as well). For any integer m ^ 2 we set

(15)

where Pm is the space of polynomials in xu x2 of degree ^ m. For any integer
r ^ 3, s ^ 1 we set

Wh = W^(r, s) = < (p e W($~h) | VX G^~ft, cp \dK G Pr(3X) and -^-

where Pp{dK) dénotes the space of the functions defined on dK which are
polynomials o f degree ^ p on each side. We consider the foliowing approxi-
mation o f problem (EP) :

(EP),, Find 0 ^ XheUand («h, i|/h) e Vh x W,, such that

êh, vh) + b{vh, \|/fc) = ^ ( ^ üfc) Vüfc e F h 1

%M 9.) = 0 Vq>fc e ^ f "

If we introducé the finite dimensional approximations of the spaces defined
in section 1 :

Sh ={vHeVh\ b(vh, cp„) = 0 Vcp„ G Wh}

Sfc° - K ( ^ ) ° n Sfc

Vh(±) = orthogonal complement of S® in Vh

Sh(±) = Vh(l) n Sh, F,° = nr„)° n K,

then Ŝ ° x { 0} is the null eigenspace for (EP)te while the eigenspace of any
eigenvalue Xh ^ 0 is contained in Sfc(_L) x W ĥ. Note that Vh(l) ^ F(^ f t ; 1) .
According to Brezzi-Marini [5], we choose the parameters m, r, s satisfying
m ^ max (r — 2, 5 — 1) (unless r — 2 = s — 1 and s is even, in which case
m ^ s), so that the following estimate holds

sup b{vh <ph)/| üh | > y || (pft llflï(n) Vcp,, e ^

with y > 0 independent of h. For any <pheWh- { 0 }, let ïïh G 1̂  - { 0 } be
an element on which the « sup » is attained ; splitting vh as

lh - 2h + vie Sfc° © Vh(±) we have b(u^ 5 cpfc) = b(vh, (ph) / 0 ,

hence v^ / 0 and || vfx \\ = \ u£ | ^ | üh |5 so that

sup fe(üto <pA)/|| g J | ^ y || cpft ||ff2(fl) Vcpft e Wh . (18)

vol 15, n» 2, 1981



108 C. CANUTO

In particular, for any g e £f we can uniquely solve the following problems,
which approximate respectively (9), (10), (11) :

Find (Ufr \|/h) e Vh x Wh such that

ë(Uh> Uh) + b(vh \|/h) - (g, vh) Vvh e Vh 1

ö(wh, (ph) — 0 V(pft G Ŵ fc j (19)

Find (ui, v|/;) e Vh(l) x P^h swc î that

ë(}éH, vh) + MKfc, ^ ) = (g, K*) Va, e F ,

fc (Pk) = 0 V<pfc G W r ' l ;

(Sï. 20 + b(2h> K) = (g, 20 Vu» £ V°

}•

As in the continuous case, if uh = M^ + u® e Sh(±.) ® 5̂ ° we have u'h = u£,
léh = !f?9 ^h = ^A» a n < i w e define a linear compact operator Th : <? -> 5^ by
setting rft g =• MjJ-,

In the following we are interested in the error between u1 and «£. Since
Kh(J_) ^ T /(J r

h; J_), (20) is not an inner approximation of (10). However we
can use the estimâtes by Brezzi [3] for each pair of problems (9)-(19) and (11)-(21),
obtaining

II y X " UH II ^ II « - UH II + I U° - u°h \ ( 2 2 )

with

u - uh\\ + II \|/ - tyh \ \ „ i m < cJ inf || u - vh
\gheKh

inf || v|/ - cpft ||^

(23)

and

f inf | u° - vh | + inf || ^ - cp, ||^, (Q)) (24)
S J

c± and c2 being independent of the décomposition. Now if u1 and u° are regular
enough, there exist constants c3 and c4 positive and independent of h such that

inf || M - a || ^ c3 ^ - x ( | u |M.1)Q + | Div u \^ua), 1 ^ ji ^ m (25)

R.A.I.R.O. Analyse numérique/Numerical Analysis



FREE VIBRATION FREQUENCIES OF A PLATE 109

(see Canuto [7]) and

inf | u° - vh\ ^ c4 h»"1 | u° \^ltQ9 1 ^ ji ^ m
vheVl

(see Brezzi-Marini [5]) ; while it can be shown, following Brezzi-Marini [5],
proof of theorem 4.2, that for any cp e HQ{Q) regular enough

inf || cp - 9^ lijden) < c5 hy || q> HflV+2^, 1 ^ y ^ q (26)

with q = min (r — 1, s). Such estimâtes, together with property 1.1 and a
standard density argument, yield

il u1 - u£ || -• 0 as h -* 0 (27)

for arbitrary g e Sf ; however, by property 1.1 again, no uniform convergence
of Th to T can be expected.

3. CONVERGENCE OF THE APPROXIMATIONS AND ERROR ESTIMATES

Let us dénote by { Xt }£ x the increasing séquence of the nonzero eigenvalues
of (EP), repeated according to their multiplicity, and by

a family of corresponding eigenvectors, such that { u, }fLx be orthonormal
with respect to the inner product of 5^({ ux }?=x is complete in Sf{±-)). We set
Xt = Xl + 1, ft = 1/Xj and we recall that (51, ; M„ \|/Z) satisfies

b(ub<p)=0 V<peW(r) *' ( ]

Et will be the space spanned by the first / eigenfunctions { ut } | = 1 . Similarly,
for each /i, { A,f J ^ will dénote the increasing séquence of the nonzero eigen-
values for (EP),, (Nh = dimension of Sh(±)), and { u?, \|/J J ^ i e Sfc(±) x W
a set of corresponding eigenvectors, with { u* } orthonormal in Vh{l). Setting
Xf = X? + 1, p? = 1/Xf, then (X? ; wf, \|/J) satisfies

h

}•
(29)

/1 will be the space spanned by the fïrst / eigenfunctions { uj }{ = v

Since T restricts to a bijection on the finite dimensional subspace El and Th

vol. 15, n°2, 1981



110 C. CANUTO

converges to T strongly in £f, Th restricts to a bijection between Et and Th Et

for any h small enough. If u = Tg e El9 define

ph u = Th g , Ph \|/ = the Lagrange multiplier associated with Ph u .

In particular

e(Pu uu vh) -f b(vh, Ph ^ ) = \{uu vh) Vvh e Vh(l)

HP„ uh cp,) = O V c p h £ ^ J - ( 3 0 )

Since Th Et is an /-dimensional subspace of 5h(l), we can apply the min-max
principle (see e.g. Strang-Fix [16]) to get

Xh
t < max e(Ph u, Ph u)

Phue ThEi

whence

Xh
t ̂  Xt + m a x | e(Ph u, Ph u) — e(u, u)/\ u \2 \ .

PnueThEt

By (27) we easily obtain

lim sup A,? *£ A.,, V / e f ^ J - { 0 } . (31)

In order to obtain a bound from beiow, we use the following estimate, whose
proof will be given in the Appendix; we dénote by n : V(&~h) ->• 5(1) the
orthogonal projection over S(_L) with respect to the inner product of

PROPERTY 3 . 1 : There exists a constant c independent of h such that

|| gh - ngh \\ ^ ch \\ gh \\ , Vgh e 5 , (1) . • (32)

Then, for any gh e E? with | gh \ = 1 we have

(Thghgh) = (Tngh, ngh) + (Tngh, gh - ngh) + (Thgh - Tnghgh)

(Tngh, ngh) (Tngh, ngh)

" - T ^ P - + - | ^ ? - ( I * 1 - ' * " + (33)

(Thgh - ThnSh,gh) + (Thngh -

(Tngh, ngh)
~ ~ + £ W + B(h) + (fc) + (fc)

R.A.I.R.O. Analyse numérique/Numerical Analysis
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N o w

ei(fc) ^ 2 |i T || || gh [| \gh - ngh\ < 2c || T \\ h || gfc ||
2

g c' A || gh \\

since || Th || is bounded independently of to, due to (18). Finally

- Th ngh \\

and according to proposition 1.1 there exists % G HQ(Q) with A2% e L2(Q)
such that ngh = M% and || x IIH3(Q) ^ c II 9H II > s o w e c a n aPply estimâtes
(22)-(24) to obtain

cfc || ^ || .

We observe that estimate (32) implies ngh =£ 0 if gh =£ 0, at least for small h ;
moreover e(^h, #h) < kh

l9gh being a linear combination of approximate eigen-
functions, so that by (31) || gh \\ is bounded independently of h. Taking the
minimum of both sides of (33) over { gh e Et \ \ gh \ ~ 1 } and using the min-
max principle (here in the form of max-min principle for T over «5̂ (_L))S we get

ii) ^ ft + 0(fe) •
Together with (31), this proves the following :

P R O P E R T Y 3 . 2 : F o r each l e N — { 0 }, Xh
t converges t o Xt as h tends t o 0 . •

As a conséquence, we can estimate the L2-norm error for the eigenfunctions.

PROPERTY 3.3 : Let Xt be an eigenvalue of multiplicity ra, Le.

and set 2 dx = min (Xt — Xl^1,Xm — X^. Then there exists a constant c inde-
pendent ofl and h such that for h small enough

< X\ m~1
1 + T I \Ui+k-Phul + k\ (34)

alj k=0

for i = 0,..., m — 1, where {ul+l }™~Q is a suitable orthonormal basis of the
eigenspace ofXv

Proof : Since { uhj }Ji l is an orthonormal basis of Sh{±\ we can write

Pk%i+k= Z (P
vol. 15, n ü 2, 1981



112 C. CANUTO

Now
iï'M PH &+*) = e{uh

p Ph ul+k) = Uul + h «*)

so that

We conclude the proof as in Strang-Fix [18] or Canuto [6] by property 3.2. •
For the eigenvalues, we can prove the foUowing estimate :

PROPERTY 3 .4 : For each l e N — { 0 }

\ K - \ U * ï c f o | & - u ? | 1^-PfcUj + II K/-^* & II2 +
+ 2 | | u I - P f c i & | | | | ^ - P A ^ | | ) (35)

where c~x is a lower boundfor (u^ Ph u^for each h small enough.

Proof : By (28) with v = uh
t we get

? _ e(u, u?)
Z " (

while by (29) with üh = Ph u, we get

Now (30) yields

ê(M?, Pfc «,) + b(P, U„ V|/?) = ê(P, U, U

= ë(Ub u?)

since è(Pfc u„ \|;?) = ^u?, Ph \j/,) = 0. Hence, assuming («f, Ph u() ^ 0 we obtain

But

(«/ - -P/, «i. «?) = («i»- p/. «i H? ~ Ki) + (& -

with
Ul, üi - Ph Hl) = è(M„ M, - PhUt) + b(M, - P h U„ \|/,)

= è(u, - P„ U„ Uj - P„ U,) + è(P„ M„ U, - P h M() +

+ Hui - PhH„^i)

R.A.I.R.O. Analyse numérique/Numerical Anaiysis



FREE VIBRATION FREQUENCIES OF A PLATE 1 13

and
% - Ph uh Ph ut) = - b(Ph ub i|/< - Ph v|/,) = b(ux - Ph ub ^ )

= b(ux -Phubtyt - P f c ^ , ) . •

At last, we look for a bound for || ux - uh
x || and || \|/j - \|/J ||Hg(n). According

to a resuit by Brezzi ([3], property 1.1), we have

II PH & - uî || + II Ph ^ - vk? HHSC«> < c I l i Xi - ^ i U i \

where c is independent of h due to (18).

PROPERTY 3 . 5 : Thefollowing estimâtes hold :

II B - y? Il ^ II hi - Ph %i II + c ( \ I Ui - H? I + I ki - tf I)

We are now able to compute the order of convergence for approximate
eigenvalues and eigenvectors with respect to the parameter h ; for the sake of
simplicity in the notations we only consider the case of a simple eigenvalue Xt,
since the extension to the case of a multiple eigenvalue is obvious. If ux — M^u

then according to property 1.2 x¥l e HQ(Q) is an eigenfunction for the bihar-
monic problem, and \|/( = — Xt %. We assume that x¥l e HP(Q) ; well known
regularity results yield p > 3. Hence

inf || H - & || < c/T-2(| % U + ^ I *« L-2,fi)
vheVh

with m = min (m + 1, p), while by (26) we obtain

inf || ^ - <ph \\HÎia) < ckt h«~2 || ^ H ^ - ^ j

with ^ = min (ç + 2, p), q = min (r - 1, s). By using the bounds (22)-(24)
we dérive by properties 3.3, 3.4 and 3.5 the following estimâtes :

where ~p = min Çq, Tût) and q dépends on / explicitly through Xx and the norm
II ^i WüP(ay Using polynomials of the lowest degree (m = 2, r — 3, s = 1) we
have the minimum order of convergence

\Xl-X
h
l\= 0(h2), II Ul - u>i || + || *, - i|/? ||HS(n) - 0(h).

vol 15, n()2, 1981



114 C. CANUTO

4. APPENDIX : PROOF OF PROPERTY 3.1

For each v e K(^,), we dénote by Div y the L2(Q)-function such that

for each K e_S~h (recall that globally Div v e H~\ÇÏ)).
Let gh e Sh(±) be fixed ; dénote by O e H$(Q) and by

respectively the solutions of the problems A2O = Div gh and A2x¥ = Div gh

in Q ; note that gh splits as gh = g% + M<D e 5 ° © F(5^ ; 1). Proposition 1.1
yields ngh = Mx, where % e X(Q) satisfies

£„ + ®, (36)

since by définition of n

(A2x A2cp + M% Mep) dx = (Div gh A
2<p + MO Mep) dx

for every cp e H%{Q) with A2cp e L2(Q). We write

H gh - ngh II < li gh - MV \\ +

and estimate separately the two terms on the right.

i) Estimate of\\ MY — Mx ||. It is known that for every TJ e HQ(Q) solution
of A2n = / e f f - 2 ( Q ) 9 the bound || t] ||L*(n) ^ c \\ f \\X{Qy holds. Taking
r\ = O — *F we have

< c || Div gfc - Div £„ ||X(nr = c sup b(gh, <p)/|| cp ||H3
~ p6x(n)-{0} ~

= c sup inf b{g}p 9 - cph)/|| cp ||fl3(n) ^ c/i || gh \\

since ^^ e Sh. (36) yields (A2 + ƒ ) (% - T) = O - T, by which we get the
estimate

< ch |i ̂  II .

ii) Estimate of \\ gh - Af*F ||. Define on V(£Th) x (W(^h) x L2(Q)) the
bilinear form

R.A.Ï.R.O. Analyse numérique/Numerical Analysis
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where |3fô \|/) = £ ^iv v^ ^x, and consider the following problem of

mixed type : Find {u ; q>, \|/) e F(^h) x ( W%rh) x L2(Q)) swc/z t/iat

B(u ; (p, \|/) = — p(#ft, \|/) V(q>, v|/) 6 W% t̂) x L2(Q)

Existence and uniqueness are assured by theorem 1.1 in Brezzi [3], since the
form (u, v) is F^J-coercive on V($~h)° and for any (cp, v|/) e W(<^) x L2(Q)
one has i?(i; ; cp, \|/) > c(|| cp H^Q) + || \|/ llz,2(n)) II S il with v = — Mep — M£,5
Ç e HQ(Q) being the solution of A2Ç = \|/ in Q. It is easily checked that the triple
(M^, Y, ^F) satisfies équations (37) (recall that ¥ is obtained by W as in (12)).
Setting

problem (37) can be approximated as follows :

Find {uh ; cph, ̂ ) e F , x (V
suc/z

= 0 Vi?fc e Fh 1

We prove that £ satisfies

sup B{vh; <p„, \|/fc)/|| üh || ^ a(|| cph HH^H) + || tyh ||L2(n)) (39)
j>eFh-{0}

for each (cpft, \|/fc) e VFft x Lft, with a > 0 independent of /z. To this end, let
T] e Ho(ü) be the solution of A2r| = \|/fc in Q; setting w = Mr), let vyft e Vh

be the interpolate of w defined in Canuto [7] ; we have Div wh = Div w = \|/h,
since on each K e 3~h Div wft |K is the projection of Div vv \K onto Pm_2(K) ;
moreover | w — wh | ^ ch \\ w ||(tfi(n))4 so that

II ^ ~~ % II ^ C ^ II ^h HL2(Q) • (40)

Therefore

with Ci independent of h and v?h = wj | | wh ||. On the other hand by (17) there
exists Zfc e V® such that
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Setting ~öh = ~zh — wh we have

B(Sk '> 9te ^h) = b(I„, <Pfc) + P(w„, \|/„) - 6(wte cp»)

where
I b(wh, <Ph) | = | 6(w " w*> cph) | ^ c' h || <pfc ||H j ( Q ) II % II

since w e S . (39) is then easily verified. Note that if m ^ 3, then whe S (Canuto
[7], proposition 4.1), hence b(wh, <ph) = 0.

In particular, problem (38) has a unique solution, and one easily checks
that uh = gh\ actually (38.1) yields uheVh(±\ hence uh- gheVh(L\
while (38.2) is equivalent to the condition uh — ghe Sfc°.

Applying the known error estimâtes for saddle point problems, using (40)
relative to v|/A = Div gh = D i v M * and (26) we obtain

5. NUMERICAL RESULTS

gh - Af* || < ch || gh\\

We report here some numerical results obtained for the model square plate
Q = (0,1) x (0,1) by P. G. Gilardi. Q is divided into four equal triangles by
the lines x + y = 1 and x — y = 0 ; then each triangle obtained in this way
is divided into equal triangles by three families of equidistant straight lines
parallel to its edges. N = h'1 dénotes the number of éléments on each side.
The choice for Wh is r = 4 and s — 3, and the degrees of freedom for a function
<p e Wh are the values of q> and grad cp at each vertex of an element, and the
values of cp̂  dq>/dn and d2cp/% dl at the middle point of each side of an element.

We present here some results relative to the first and fourth eigenvalue of Q,
for different choices of the degree m of the tensors and different values of the
mesh parameter N = h'1. We recall that Fichera obtained extremely accurate
bounds, both from above and from below, for the eigenvalues of a large
class of compact operators, by the « orthogonal invariants » method (refer
to the book [9] for this theory and for a great number of related numerical
results) ; in our table, Xf is precisely the mean value between Fichera's upper
and lower bound for the /th eigenvalue of the clamped plate. In each cell, we
report the computed eigenvalue ĵcomp> (above), and the relative error

The discussion of the algorithm employed and other numerical results — even
relative to different boundary conditions — can be found in Gilardi [21].
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X* = 0129493£ + 4

V m
ATV

1

2

3

4

5

2

0 223200£ + 4
0 72£-0

0141065£ + 4
0 89£-l

0134978£ + 4
042£- l

0132725E + 4
0 25£ - 1

0131603E + 4
016£- l

3

0133690£ + 4
0 32£-l

0130882E + 4
011£- l

0129809£ + 4
024£-2

0129593£ + 4
0 77£-3

0129534£ + 4
0 32£-3

4

0133648£ + 4
0 32£-l

0129797£ + 4
0 23£-2

0129528£ + 4
027£-3

0.129500£ + 4
0 55£-4

0.129495£ + 4
016£-4

X* = O.1171O3E + 5

2

_

0 364448£ + 5
0 21£+l

0.158046£ + 5
O35£ 0

0.138154E + 5
018£ 0

0130234£+5
011£ 0

3

0 279138E + 5
014£+l

0121603£ + 5
O38£-l

0119553E + 5
0 2 1 £ - l

0118025£ + 5
0 79E-2

0117494£ + 5
0.33E-2

4

0170824£ + 5
046£ 0

O121O98£ + 5
0 34£ - l

0117498£ + 5
034£-2

0117185E + 5
070£-3

0117130£ + 5
023£-3
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