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ABSTRACT: We obtain a hypergraph generalisation of the graph blow-up lemma proved by Komlds,
Sarkozy and Szemerédi, showing that hypergraphs with sufficient regularity and no atypical vertices
behave as if they were complete for the purpose of embedding bounded degree hypergraphs. © 2011
Wiley Periodicals, Inc. Random Struct. Alg., 39, 275-376, 2011

Keywords: hypergraphs; hypergraph regularity; hypergraph embeddings

1. INTRODUCTION

Szemerédi’s regularity lemma [44] has impressive applications in many areas of modern
graph theory, including extremal graph theory, Ramsey theory and property testing. Roughly
speaking, it says that any graph can be approximated by an average with respect to a partition
of its vertex set into a bounded number of classes, the number of classes depending only on
the accuracy of the desired approximation, and not on the number of vertices in the graph. A
key property of this approximation is that it leads to a ‘counting lemma’, allowing an accurate
prediction of the number of copies of any small fixed graph spanned by some specified
classes of the partition. We refer the reader to [28] for a survey of the regularity lemma and
its applications. An analogous theory for hypergraphs has only been developed very recently,
with independent and rather different approaches given by Rodl et al. (e.g. [37,41,43]) and
Gowers [13], subsequently reformulated and developedin [1,7,16,38,45,46]. In a very short
space of time the power of this hypergraph theory has already been amply demonstrated, e.g.
by a multidimensional generalisation of Szemerédi’s theorem on arithmetic progressions
[13] and a linear bound for the Ramsey number of hypergraphs with bounded maximum
degree [4,35].

The blow-up lemma is a powerful tool developed by Komlds, Sarkdzy and Szemerédi
[24] for using the regularity lemma to embed spanning subgraphs of bounded degree. An
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informal statement is that graphs with sufficient regularity and no atypical vertices behave
as if they were complete for the purpose of embedding bounded degree graphs. In [25,26]
they used it to prove Seymour’s conjecture on the minimum degree needed to embed the kth
power of a Hamilton cycle, and the Alon-Yuster conjecture on the minimum degree needed
for a graph to have an H-factor, for some fixed graph H (a question finally resolved in
[32]). There are many other applications to embedding spanning subgraphs, see the survey
[33]. There are also several results on embedding spanning subhypergraphs, such as perfect
matchings or (various definitions of) Hamilton cycles, see the survey [39]. For the most part,
the proofs of the known hypergraph results have not needed any analogue of the blow-up
lemma. An exception is an embedding lemma for some special spanning subhypergraphs
proved in [30] for loose Hamilton cycles in 3-graphs, although the ‘absorbing’ method
of Rodl, Rucinski and Szemerédi was subsequently shown to be a simpler method for
Hamilton cycles [15,21,40]. Another partial hypergraph blow-up lemma is to embedding
bounded degree subgraphs of linear size, obtained independently in [4] and in [35] (for
3-graphs). The application to linear Ramsey numbers of bounded degree hypergraphs was
also subsequently proved by simpler means in [3]. However, one would not necessarily
expect that embedding lemmas can always be avoided by using alternative methods, so a
hypergraph blowup lemma would be a valuable tool.

In this paper we prove such a result that gives conditions for embedding any spanning
hypergraph of bounded degree. We will not attempt a formal statement of our result in
this introduction, as it will take us a considerable amount of work to set up the neces-
sary notation and terminology, particularly for the key notion of super-regularity, which
has some additional subtleties that do not appear in the graph case. The proof will be by
means of a randomised greedy embedding algorithm, which is very similar that used in
[24]. However the analysis is more involved, due both to the additional complications of
hypergraph regularity theory, and the need to work with an approximating hypergraph rather
than the true hypergraph (see Section 3 for further explanation). There are many potential
applications of our theorem to hypergraph generalisations of results for graphs that were
obtained with the graph blow-up lemma. We will illustrate the method by proving a hyper-
graph generalisation of a result of Kiihn and Osthus [31, Theorem 2] on packing bipartite
graphs.

The rest of this paper is organised as follows. In the next section we prove the blow-up
lemma of Komlés, Sarkézy and Szemerédi [24]. This is mostly for expository purposes,
although there are some small differences in our proof, and it will be useful to refer back
to the basic argument when discussing additional complications that arise for hypergraphs.
We will prove our main result at first in the special case of 3-graphs (with some additional
simplifications); this case is already sufficiently complex to illustrate the main ideas of
our proofs. In section 3 we discuss hypergraph regularity theory (following the approach
of Rodl et al.) and motivate and define super-regularity for 3-graphs. We prove the 3-
graph blow-up lemma in section 4. In section 5 we develop some additional theory that is
needed for applications of the 3-graph blow-up lemma, based on the Regular Approximation
Lemma of Rodl and Schacht [41]. We also give a ‘black box’ reformulation of the blow-
up lemma that will be more easily accessible for future applications. We illustrate this by
generalising a result in [31] to packing tripartite 3-graphs. The final section concerns the
general hypergraph blow-up lemma. As well as generalising from 3-graphs to k-graphs,
we allow additional generalisations that will be needed in future applications, including
restricted positions and complex-indexed complexes (defined in that section). The proof is
mostly similar to that for 3-graphs, so we only give full details for those aspects that are
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different. We conclude with some remarks on potential developments and applications of
the blow-up lemma.

Notation. We will introduce a substantial amount of terminology and notation throughout
the paper, which is summarised in the index. Before starting our discussion we establish
the following basic notation. We write [n] = {1,...,n}. If X is a set and k is a number
then () = {¥ € X : |Y] =k}, (¥) = Uik (?) and (%) = Uik (¥). a + b denotes an
unspecified real number in the interval [a — b,a + b]. It is convenient to regard a finite
set X as being equipped with the uniform probability measure P({x}) = 1/|X]|, so that we
can express the average of a function f defined on X as E,.yf (x). A k-graph H consists
of a vertex set V(H) and an edge set E(H), each edge being some k-tuple of vertices.
We often identify H with E(H), so that |H| is the number of edges in H. A k-complex H
consists of a vertex set V(H) and an edge set E(H), where each edge is a subset of the
vertex set of size at most k, that is a simplicial complex, i.e. if S € E(H) and T C S then
T € E(H). For S C V(H) the neighbourhood (k — |S|)-graph or (k — |S|)-complex is
HS)={ACVMH)\S:AUS € EH)}, and |H(S)| is the degree of S. We also write
HS={ACV(H):S CAecE(H)). Awalkin H is a sequence of vertices for which each
consecutive pair are contained in some edge of H, and the distance between two vertices
is the length of the shortest walk connecting them. The vertex neighbourhood VNy(x) is
the set of vertices at distance exactly 1 from x (so x itself is not included). We will often
have to consider hierarchies involving many real parameters, and it will be useful to use the
notation 0 < o < B to mean that there is an increasing function f (x) so that the following
argument is valid for 0 < o < f(B). The parameter n will always be sufficiently large
compared to all other parameters, and we use the phrase with high probability to refer to an
event that has probability 1 — 0,(1), i.e. the probability tends to 1 as n tends to infinity.

2. THE GRAPH BLOW-UP LEMMA

This section is mostly expository. We introduce the basic notions of regularity and super-
regularity for graphs and prove the blow-up lemma of Komlds, Sarkézy and Szemerédi.
This will serve as a warm-up to the hypergraph blow-up lemma, as our proof even in the
graph case differs slightly from the original in a few details (although the general approach
is the same). It will also be helpful to establish our notation in this simplified setting, and to
refer back to the basic argument when explaining why certain extra complications arise for
hypergraphs. To streamline the proof we focus on a slightly simplified setting, which still
contains all the ideas needed for the general case. We hope that the general reader will find
this section to be an accessible account of a proof that has a reputation for difficulty!

We start with a brief summary of the key notions in graph regularity, referring the
reader to [28] for more details. Consider an r-partite graph G with vertex set V partitioned
asV =V, U... UV, Let G; be the bipartite subgraph of G with parts V; and V;, for

1 < i #j < r. The density of G; is d(G) = % Given € > 0, we say that G; is
illVj

e-regular if for all subsets V; € V;and V] C V; with |V]| > €|V;| and |V]| > €|V}|, writing

G;; for the bipartite subgraph of G with parts V] and V], we have |d(G}) — d(Gy)| < e.

Then we say that G is e-regular if each Gj; is e-regular. Informally, we may say that each G

behaves like a random bipartite graph, up to accuracy €. This statement is justified by the

counting lemma, which allows one to estimate the number of copies of any fixed graph F,
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up to accuracy O(¢), using a suitable product of densities. For now we just give an example:
if we write T,3(G) for the set of triangles formed by the graphs Gi,, G3, G»3, then

TG
AT(6) i= e = d(Gr)d(Gr)d(Gan)  8e. (1)

Remarkably, this powerful property can be applied in any graph G, via Szemerédi’s Regu-
larity Lemma, which can be informally stated as saying that we can decompose the vertex
set of any graph on n vertices into m(e) parts, such that all but at most en’ edges belong to
bipartite subgraphs that are e-regular.

The blow-up lemma arises from the desire to embed spanning graphs in G, meaning
that they use every vertex in V. Suppose that |V;| = n for 1 < i < r. The argument used
to prove the counting lemma can be generalised to embed any bounded degree graph H
provided that all components of H have size o(n), and 2 (n) vertices of G are allowed to
remain uncovered. However, one cannot guarantee an embedding of a spanning graph: the
definition of e-regularity does not prevent the existence of isolated vertices, so we may not
even be able to find a perfect matching. This observation naturally leads us to the stronger
notion of super-regularity. We say that G is (¢, d;;)-super-regular if it is e-regular and every
vertex has degree at least (d; — €)n. It is well-known that one can delete a small number
of vertices from a regular pair to make it super-regular (see Lemma 5.3). We say that G is
(e, d)-super-regular if each Gj is either empty or (¢, d;;)-super-regular for some d; > d.
Now we can state the graph blow-up lemma.

Theorem 2.1 (Graph blow-up lemma). Suppose H is an r-partite graph on X = X; U
---UX, and G is an r-partite graph on V.= V, U --- U V,, where |V;| = |X;| = n for
1 <i < r and Hj is only non-empty when G;; is non-empty. If H has maximum degree at
most D and G is (e, d)-super-regular, where 0 K 1/n K € K< d,1/r,1/D, then G contains
a copy of H, in which for each 1 < i < r the vertices of V; correspond to the vertices of X;.

Informally speaking, Theorem 2.1 embeds any bounded degree graph into any super-
regular graph. Note that arbitrary part sizes are allowed in [24], but for simplicity we start
by considering the case when they are all equal. The proof is via a random greedy algorithm
for embedding H in G, which considers the vertices of X in some order and embeds them
to V one at a time. We start by giving an informal description of the algorithm.

Initialisation. List the vertices of H in a certain order, as follows. Some vertices at mutual
distance at least 4 are identified as buffer vertices and put at the end of the list. The
neighbours of the buffer vertices are put at the start of the list. (The rationale for this
order is that we hope to embed these neighbours in a nice manner while there is still
plenty of room in the early stages of the algorithm, and then the buffer vertices still
have many suitable places at the conclusion.) During the algorithm a queue of priority
vertices may arise: it is initially empty.

Iteration. Choose the next vertex x to be embedded, either from the queue if this is non-
empty, or otherwise from the list. The image ¢ (x) of x is chosen randomly in V(G)
among those free spots that do not unduly restrict the free spots for those unembedded
neighbours of x. If some unembedded vertex has too few free spots it is added to
the queue. Stop when all non-buffer vertices have been embedded. If the number of
vertices that have ever been in the queue becomes too large before this point then abort
the algorithm as a failure (this is an unlikely event).
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Conclusion. Choose a system of distinct representatives among the free slots for the
unembedded vertices to complete the embedding. (This will be possible with high
probability.)

Now we will formally describe the random greedy algorithm to construct an embedding
¢ : V(H) — V(G) such that ¢ (e¢) € E(G) for every e € E(H). First we introduce more
parameters with the hierarchy

IKI/nKeKe e, Kp Ky K KpKd, K8, K8 «d,1/r,1/D.

To assist the reader we list here the role of each parameter for easy reference. Parameters
€, €' and €, are used to measure graph regularity. Parameter y plays the role of « in [24]:
it is used to distinguish various cases at the conclusion of the algorithm when selecting the
system of distinct representatives. Parameter d,, plays the role of y in [24]: it is a universal
lower bound on the proportion of vertices in a class of G free to embed any given vertex of
H. The queue threshold parameter 8, corresponds to 6" in [24]: the maximum proportional
size for the queue before we will abort with failure. The buffer parameter §z corresponds to
8’ in [24]: the proportional size of the buffer. We also introduce two probability parameters
that are not explicitly named in [24], although they are key to the proof. Parameter p, appears
in Lemma 2.6 in the upper bound for the probability that any given set A will be significantly
under-represented in the free images for a vertex. Parameter p appears in Lemma 2.5 as
a lower bound for the probability that a given unused vertex will be free as an image for
a given buffer vertex at the conclusion of the algorithm. Note that the queue admission
parameter J;, is similar to but slightly different from the corresponding parameter §” in
[24]: for any vertex z and time ¢ we will compare F,(¢) to an earlier free set F,(t,), where
t, is the most recent time at which we embedded a neighbour of z.

Initialisation and notation. We choose a buffer set B C X of vertices at mutual distance at
least 4 in H so that |[B N X;| = dgn for 1 < i < r. The maximum degree property of H
implies that we can construct B simply by selecting vertices one-by-one greedily. For
any given vertex in H there are fewer than D* vertices within distance 4, so at any point
in the construction of B we have excluded at most D*rdzn vertices from any given X;.
Thus we can construct B if we choose 8z < 1/(rD*).

Let N = U,pNy(x) be the vertices with a neighbour in the buffer. Since H has
maximum degree D we have |[N N X;| < Drégn < Jgnfor 1 < i < r,if we choose
8z < 1/(Dr)>.

We use ¢ to denote time during the algorithm, by which we mean the number of
vertices of H that have been embedded. At time r we denote the queue by g(f) and write
Q(t) = U, q(u) for the vertices that have ever been in the queue by time . Initially
we set ¢(0) = Q(0) = @.

We order the vertices in a list L = L(0) that starts with N and ends with B. Within
N, we arrange that Ny (x) is consecutive for each x € B. This is possible by the
mutual distance property in B, which implies that the neighbourhoods Ny (x), x € B
are mutually disjoint. We denote the vertex of H selected for embedding at time ¢ by
s(t). This will be the first vertex of L(t — 1), unless the queue is non-empty, when this
takes priority.

We write F,(¢) for the vertices that are free to embed a given vertex x of H. Initially
we set F,(0) = V,, where we write V, for that part V; of G corresponding to the part
X; of H that contains x. We also write X;(r) = X; \ {s(«) : u < ¢t} for the unembedded
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vertices of X; and V;(¢r) = V; \ {¢(s(u)) : u < t} for the available positions in V;. We
let X (1) = U_, X;(t) and V(1) = U_, V;(?). Initially we set X;(0) = X; and V;(0) = V..

Iteration. At time ¢, while there are still some unembedded non-buffer vertices, we select
a vertex to embed x = s(¢) according to the following selection rule. If the queue g(¢)
is non-empty then we let x be any member of the queue; otherwise we let x be the first
vertex of the list L(r — 1). (A First In First Out rule for the queue is used in [24], but
this is not essential to the proof.) We choose the image ¢ (x) of x uniformly at random
among all elements y € F,(t — 1) that are ‘good’, a property that can be informally
stated as saying that if we set ¢ (x) = y then the free sets at time ¢ for the unembedded
neighbours of x will have roughly their ‘expected’ size.

To define this formally, we first need to describe the update rule for the free sets when
we embed x to some vertex y. First we set F.(t) = {y}. We will have F,(t') = {y} atall
subsequent times ¢ > ¢. Then for any unembedded z that is not a neighbour of x we set
F.(t) = F,(t — 1) \ {y}. Thus the size of F,(¢) decreases by 1 if z belongs to the same
part of X as x, but otherwise is unchanged. Finally, for any unembedded z € Ny (x) we
set F,(t) = F.(t — 1) N Ng(y). Now we say that y € F,(t — 1) belongs to the good set
OK, (t—1) if for every unembedded z € Ny (x) wehave |F,(¢)| = (1£2€')d |F.(t—1)|.
Here d,, denotes that density d(G;;) for whichx € V;and z € V.

Having chosen the image ¢ (x) of x as a random good element y, we conclude the
iteration by updating the list L(# — 1) and the queue g(¢ — 1). First we remove x from
whichever of these sets it was taken. Then we add to the queue any unembedded vertex z
for which F,(¢) has become ‘too small’. To make this precise, suppose z € L(t— 1)\ {x},
and let 7, be the most recent time at which we embedded a vertex in Ny (z), or 0 if there is
no such time. (Note thatif z € Ny (x) then?, = t.) Weadd zto g(¢) if |F,(¢)| < S/Q |F,(t,)].
This defines L(z) and ¢(?).

Repeat this iteration until the only unembedded vertices are buffer vertices, but abort
with failure if at any time we have |Q(#) NX;| > 6¢|X;|forsome 1 < i < r.Let T denote
the time at which the iterative phase terminates (whether with success or failure).

Conclusion. When all non-buffer vertices have been embedded, we choose a system of
distinct representatives among the free slots F,(T) for the unembedded vertices x €
X(T) to complete the embedding, ending with success if this is possible, otherwise
aborting with failure.

Now we analyse the algorithm described above and show that it is successful with high
probability. We start by recording two standard facts concerning graph regularity. The first
fact states that most vertices in a regular pair have ‘typical’ degree, and the second that
regularity is preserved by restriction to induced subgraphs. We maintain our notation that
G is an r-partite graphon V = V, U- - - U V.. We fix any pair (i, j), write G;; for the bipartite
subgraph spanned by V; and V; and denote its density by d;;. We give the short proofs of
these facts here, both for completeness and as preparation for similar hypergraph arguments
later.

Lemma 2.2 (Typical degrees). Suppose G is e-regular. Then all but at most 2¢|V]|
vertices in V; have degree (d; & €)|V;| in V;.

Proof.  'We claim that there is no set X C V; of size |X| > €|V;| such that every x € X has
degree less than (d; — €)|V;| in V. For the pair (X, V;) would then induce a subgraph of
density less than d;; — €, contradicting the definition of e-regularity. Similarly, there is no
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set X C V; of size |X| > €|V;| such that every x € X has degree greater than (d; + €)|V}]
in V} [ ]

Lemma 2.3 (Regular restriction).  Suppose G;; is e-regular, and we have sets V! C 'V,
and V] C V; with |V]| = \/€|Vi| and |V]| = \/€|V;|. Then the bipartite subgraph G; of G
induced by V; and V| is \/e-regular of density d;; = d; £ €.

Proof.  Since Gy is e-regular we have d; = d;; + €. Now consider any sets V" € V; and
V) C V) with |V/] > €|V} and |V/| = /€|V/|. Then |V/| > €|Vi| and |V/| = €|V}], so
V/ and V/ induce a bipartite subgraph of G; with density d;; = € C d}; & /€. Therefore G;
is 4/e-regular. .

Our next lemma shows that the definition of good vertices for the algorithm is sensible,
in that most free vertices are good. Before giving the lemma, we observe that the number of
free vertices in any given class does not become too small at any point during the algorithm.
We can quantify this as |V;(¢)| > [BNV;| — |Q(t) N V| > (85 — 8p)n > 6zn/2, for any
1 < i < r and time ¢. To see this, note that we stop the iterative procedure when the only
unembedded vertices are buffer vertices, and during the procedure a buffer vertex is only
embedded if it joins the queue.

Lemma 2.4 (Good vertices). Suppose we embed a vertex x = s(t) of H at time t.
Then |OK (t — 1)| = (1 — €,)|F,(t — 1)|, and for every unembedded vertex z we have
|F.(D)] = dyn.

Proof. We argue by induction on . At time ¢+ = O the first statement is vacuous, as we
do not embed any vertex at time 0, and the second statement follows from the fact that
F.(0) = V, has size n for all z. Now suppose ¢ > 1. By induction we have |F,(t — 1)| > d,n
for every unembedded vertex z. Then by Lemma 2.3, for any unembedded z € Ny (x), the
bipartite subgraph of G induced by F,(t — 1) and F,(t — 1) is €’-regular of density (1 £ ¢€)d,,.
Applying Lemma 2.2, we see that there are at most 2¢’|F,(t — 1)| vertices y € F,.(t — 1)
that do not satisfy |[Ng(y) N F,(t — 1)| = (1 & 2€')d|F,(t — 1)|. Summing over at most D
neighbours of x and applying the definition of good vertices in the algorithm we obtain the
first statement that |OK,(t — 1)| > (1 —2De")|F,.(t — 1)| = (1 — €,)|F(t — 1)|.

Next we prove the second statement. Consider any unembedded vertex z. Let ¢, be the
most recent time at which we embedded a neighbour of z, or 0 if there is no such time. If
t, > 0 then we embedded some neighbour w = s(¢,) of z at time #,. Since we chose the image
¢ (w) of w to be a good vertex, by definition we have |F,(t,)| = (1 £ 2¢€')d,,,|F,(t, — 1)| >
%d |F,(¢; — 1)|. If z is not in the queue then the rule for updating the queue in the algorithm
gives |F (1)| > &,|F.(t;)|. On the other hand, suppose z is in the queue, and that it joined
the queue at some time # < ¢. Since z did not join the queue at time ¢ — 1 we have
|F.(t' = 1)| = 8,|F (). Also, between times 7" and 7 we only embed vertices that are in the
queue: the queue cannot become empty during this time, as then we would have embedded
z before x. During this time we embed at most §yn vertices in V_, as we abort the algorithm
if the number of vertices in X, that have ever been queued exceeds this.

Thus we have catalogued all possible ways in which the number of vertices free for
z can decrease. It may decrease by a factor no worse than d/2 when a neighbour of z is
embedded, and by a factor no worse than §;, before the next neighbour of z is embedded,
unless z joins the queue. Also, if z joins the queue we may subtract at most §pn from
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the number of vertices free for z. Define i to be the number of neighbours of z that are
embedded before z joins the queue if it does, or let i = d(z) be the degree of z if z
does not join the queue. Now z has at most D neighbours, and |F,(0)| = |V,| = n, so
|F.(1)] > (Bbd/Z)D_i((8/Qd/2)i8’Qn —8gn) > (S/Qd/Z)DS’Qn — 8on > d,n. .

Next we turn our attention to the time period during which we are embedding N, which
we will refer to as the initial phase of the algorithm. We start by observing that the queue
remains empty during the initial phase, and so N is embedded consecutively in the order
given by the list L. To see this, we use a similar argument to that used for the second statement
in Lemma 2.4. Consider any unembedded vertex z and suppose that the queue has remained
empty up to the current time ¢. Then we have embedded at most [N N X.| < +/8zn vertices
in V.. Also, if we embed a neighbour w of z the algorithm chooses a good image for it,
so by definition of good, the number of free images for z decreases by a factor no worse
than (1 — 2€¢')d,,; > d/2 when we embed w. Since z has at most D neighbours we get
|F,(1)] = (d/2)Pn — \/Ssn > Son. This shows that no unembedded vertex z is added to the
queue during the initial phase.

Now we want to show that for any buffer vertex x € B there will be many free positions
for x at the end of the algorithm. This is the point in the argument where super-regularity
is essential. A vertex v € V, will be free for x if it is not used for another vertex and we
embed Ny (x) in Ng(v) during the initial phase. Our next lemma gives a lower bound on
this probability, conditional on any embedding of the previous vertices not using v. We fix
some x € B and write Ny (x) = {zj,...,2,}, with vertices listed in the order that they are
embedded. We let 7; be the time at which z; is embedded. Since N is embedded consecutively
wehave T, = T; + 1 for 1 <j < g — 1. We also define T, = T — 1. Since vertices in
B are at mutual distance at least 4 in H, at time 7, when we have only embedded vertices
from N, no vertices within distance 2 of x have been embedded. (This is the only place at
which mutual distance 4 is important.)

Lemma 2.5 (Initial phase). Foranyv € V,, conditional on any embedding of the vertices
{s(u) : u < T\} that does not use v, with probability at least p we have ¢ (Ng(x)) C Ng(v).

Proof. We estimate the probability that ¢ (Ny(x)) € Ng(v) using arguments similar to
those we are using to embed H in G. We want to track the free positions within Ng(v) for
each unembedded vertex in Ny (x), so we hope to not only embed each vertex of Ny (x) in
Ng(v) but also to do so in a ‘good’ way, a property that can be informally stated as saying
that the free positions within Ng(v) will have roughly their expected size. To define this
formally, suppose 1 < j < g and we are considering the embedding of z;. We interpret
quantities at time 7; with the embedding ¢ (z;) = y, for some unspecified y € F, (T; - 1.
We say that y € sz(T,- — 1) N Ng(v) is good for v, and write y € OKZVJ_ (T; — 1), if for every
unembedded z € Ny (x) we have |F,(T;)) N Ng(v)| = (1 £ 26’)dzzj|FZ(Tj — 1) NNg(v)|. We
let A; denote the event that y = ¢ (z;) is chosen in OK‘j (T; — 1).

We claim that conditional on the events Ay for j' < j and the embedding up to time
T; — 1, the probability that A; holds is at least d,,/2. To see this we argue as in Lemma 2.4.
First we show that |F,(T; — 1) N Ng(v)| > d,n for every unembedded neighbour z of
x. Note that initially F,(0) N Ng(v) = V, N Ng(v) has size at least (d — €)n by super-
regularity of G. Up to time T, we embed at most |N N X,| < 1/8zn vertices in X,, and do
not embed any neighbours of z by the distance property mentioned before the lemma. At
time Ty with j° < j, we are conditioning on the event that the algorithm chooses an image
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for z; that is good for v, so the number of free images for z within Ng(v) decreases by a
factor no worse than (1 — 2¢’)d. o > d/2. Thus we indeed have |F.(T; — 1) N Ng(v)| >
(d/2PIV.ONg()| = INNX.| = (d/2)"(d — €)n — /gn = d,n.

Next, by Lemma 2.3, for any unembedded z € Npy(x), the bipartite subgraph of G
induced by F(T; — 1) N Ng(v) and F_(T; — 1) N Ng(v) is €’-regular of density (1 £ e)dzz,..
Applying Lemma 2.2, we see that there are at most 26/|sz(Tj — 1) N Ng(v)| vertices y €
F(T; — 1) N Ng(v) that do not satisty |F(7;) N Ng(v)| = [Ng(y) N F(T; — 1) N Ng(v)| =
(1+£ 26/)dzzj |F.(T; — 1) N Ng(v)|. Summing over at most D neighbours of z; we see that
|0K;j(Tj —-D=>0- 2De’)|FZy,(Tj — )N Ng(v)|. Also, by Lemma 2.4 we have |0K2j(Tj —
DI = (1 = e)|F;(T; — DI, so

|0K;j(T,- — D) NOK,(T; — )| = [F(T; — 1) N Ne()| — 2€.n > dyn/2.

Since ¢ (z;) = y is chosen uniformly at random from Osz(Tj — 1), we see that A; holds
with probability at least d,,/2, as claimed.

To finish the proof, note that if all the events A; hold then we have ¢ (Nu(x)) € Ng(v).
Multiplying the conditional probabilities, this holds with probability atleast (d,/2)” > p. =

Our next lemma is similar to the ‘main lemma’ of [24]. An informal statement is as
follows. Consider any subset Y of a given class X;, and any ‘not too small’ subset A of
vertices of V; that could potentially be used for Y. Then it is very unlikely that no vertices
in A will be used and yet only a small fraction of the free positions for every vertex in ¥
will belong to A.

Lemma 2.6 (Main lemma). Suppose 1l <i<r, Y C X;and A C V; with |A| > €,n. Let
E, y be the event that (i) no vertices are embedded in A before the conclusion of the algorithm,
and (ii) for every z € Y there is some time t, such that |A N F,(t.)|/|F.(t,)| < 27P|A|/n.
Then P(E,y) < pLY‘.

Proof. We start by choosing Y’ C Y with |Y’| > |Y|/D? so that vertices in Y’ are mutually
atdistance at least 3 (this can be done greedily, using the fact that H has maximum degree D).
It suffices to bound the probability of E4 y-. Note that initially we have |[ANF,(0)|/|F,(0)| =
|A|/n for any z € X;. Also, if no vertices are embedded in A, then |A N F,(¢)|/|F.(¢)| can
only be less than |A N F, (¢ — 1)|/|F.(t — 1)| for some z and ¢ if we embed a neighbour of z
at time . It follows that if E, y» occurs, then for every z € Y’ there is a first time ¢, when we
embed a neighbour w of z and have |A N F,(t,)|/|F,(t,)| < |ANF,(t, — 1)|/2|F,(t, — 1)|.

By Lemma 2.4 we have |F,,(t, — 1)| > d,n, and by choice of ¢, we have |[A N F,(t, —
D|/|F.(t, — 1)| = 27P|A|/n, so AN F,(t, — 1)| > 27 Pe.d,n > efn. Then by Lemma 2.3,
the bipartite subgraph of G induced by AN F, (¢, — 1) and F,, (¢, — 1) is €’-regular of density
(1+£e€)d,,. Applying Lemma 2.2, we see that there are at most 2¢’|F,,(f, — 1)| ‘exceptional’
vertices y € F,(t, — 1) that do not satisfy |A N F (¢,)] = [N¢(y) NANF (¢, — )| =
(1 £ 2¢€")d,,|JA N F,(t, — 1)|. On the other hand, the algorithm chooses ¢ (w) = y to be
good, in that |F,(t,)| = (1 £2¢€')d,,|F.(t, — 1)], so we can only have |ANF,(t,)|/|F.(t,)| <
[ANF,(t,—1)|/2|F,(t,— 1)| by choosing an exceptional vertex y. Buty is chosen uniformly
atrandom from |OK,, (t,— 1)| > (1 —¢€,)|F, (1, —1)| possibilities (by Lemma 2.4). It follows
that, conditional on the prior embedding, the probability of choosing an exceptional vertex
for y is at most 2¢'|F,,(t, — 1)|/|OK,,(t, — 1)| < 3€’.

Since vertices of Y’ have disjoint neighbourhoods, we can multiply the conditional
probabilities over z € Y’ to obtain an upper bound of (3¢)”’!. Recall that this bound
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is for a subset of E4 ) in which we have specified a certain neighbour w for every ver-
tex z € Y’. Taking a union bound over at most D'’ choices for these neighbours gives
P(Exy) < P(Epy) < BeD) < pf. .

Now we can prove the following theorem, which implies Theorem 2.1.
Theorem 2.7.  With high probability the algorithm embeds H in G.

Proof.  First we estimate the probability of the iteration phase aborting with failure, which
happens when the number of vertices that have ever been queued is too large. We can take
aunion bound overall 1 <i <randY C X; with |Y| = §5|X;| of P(Y € Q(T)). Suppose
that the event ¥ C Q(T) occurs. Then A = V;(T) is a large set of unused vertices, yet
it makes up very little of what is free to any vertex in Y. To formalise this, note that by
definition, for every z € Y there is some time # such that |F.(1)| < 8,|F ()|, where 7, <t
is the most recent time at which we embedded a neighbour of z. Since A is unused we have
ANF() =ANF(t),s0 |ANF()|/IF:(t)| = AN F.()/|F.(t.)| < [F.()/|F.(t.)| <
8y- However, we noted before Lemma 2.4 that |A| > §zn/2, so since §, < dp we have
|ANF,(t.)|/|F.(t.)] < 27P|A|/n. Taking a union bound over all possibilities for i, ¥ and
A, Lemma 2.6 implies that the failure probability is at most r - 4" - paoQ" < o(1), since
Do < SQ.

Now we estimate the probability of the conclusion of the algorithm aborting with failure.
Recall that buffer vertices have disjoint neighbourhoods, the iterative phase finishes at time
T, and |X;(T)| > 6zn/2. By Hall’s criterion for finding a system of distinct representatives,
the conclusion fails if and only if there is some 1 < i < r and S C X;(T) such that
| Uyes F.(T)] < |S]. We divide into cases according to the size of S.

0 < |S)/1Xi(T)| < y. By Lemma 2.4 we have |F,(T)| > d,n > yn for every unembedded
Z, so this case cannot occur.

y < |S8|/IXi(T)| <1 — y. In this case we use the fact that A := V;(T) \ U,sF,(T) is a
large set of unused vertices which is completely unavailable to any vertex z in S:
we have |A| > |Vi(T)| — |S| = y|Xi(T)| = y8sn/2 = y’n, yet ANF(T) = ¥,
so |ANF.(T)|/|F.(T)] = 0 < 27P|A|/n. As above, taking a union bound over all
possibilities for i, S and A, Lemma 2.6 implies that the failure probability is at most
ro4pl" < o(1), since py < .

1 —y < |S|/IX;(T)| < 1. In this case we claim that with high probability U,.sF,(T) =
Vi(T), so in fact Hall’s criterion holds. It suffices to consider sets S C X;(T) of
size exactly (1 — y)|X;(T)|. The claim fails if there is some v € V;(T) such that
v ¢ F,(T) for every z € S. Since v is unused, it must be that we failed to embed
Ny (z) in Ng(v) for each z € S. By Lemma 2.5, these events have probability at
most 1 — p conditional on the prior embedding. Multiplying the conditional proba-
bilities and taking a union bound over all 1 < i <r,v € V;and § € X;(T) of size
(1 — ¥)|X;(T)|, the failure probability is at most m((ljy)n)(l — p)IKMDIE < (7).

This estimate uses the bounds ((lfy)n) < 2V (1 = p)IIIXDI < o=Pin/4 < 2
and y < p.

In all cases we see that the failure probability is o(1). .
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3. REGULARITY AND SUPER-REGULARITY OF 3-GRAPHS

When considering how to generalise regularity to 3-graphs, a natural first attempt is to
mirror the definitions used for graphs. Consider an r-partite 3-graph H with vertex set V
partitioned as V =V, U --- U V,.. Let Hy; be the tripartite sub-3-graph of H with parts V;,
V; and Vi, for any i,j, k. The density of Hy; is d(Hy,) = % Given € > 0, we say that
Hyj is e-vertex-regular if for all subsets V] C V;, Vj/ C V;and V; C V, with |V]| > €]V,
|Vj/| > €|Vj| and |V{| > €|Vi|, writing H, for the tripartite sub-3-graph of H with parts
Vi, Vi and V,, we have |d (H{jk) — d(Hy)| < €. There is a decomposition theorem for this
definition analogous to the Szemerédi Regularity Lemma. This is often known as the ‘weak
hypergraph regularity lemma’, as although it does have some applications, the property of
vertex-regularity is not strong enough to prove a counting lemma (see e.g. [12] for further
discussion).

To obtain a counting lemma one needs to take account of densities of triples of H
with respect to sets of pairs of vertices, as well as densities of pairs with respect to sets
of vertices. Thus we are led to define regularity for simplicial complexes. We make the
following definitions.

Definition 3.1.  Suppose X is a set partitioned as X = X, U ---UX,. We say S C X is
r-partite if |[SNX;| < 1for1 < i < r. Write K(X) for the complete collection of all r-partite
subsets of X. We say that H is an r-partite 3-complex on X = X, U--- UX, if H consists of
r-partite sets of size at most 3 and is a simplicial complex, i.e. if T C S € H then T € H.
The index of an r-partite set S is i(S) = {1 <i <r:SNX; # @}. For 1 C [r] we write
H; for the set of S € H with index i(S) = I, when this set is non-empty. If there are no sets
S € H with i(S) = I we can choose to either set Hy = § or let H; be undefined, provided
that if H; is defined then H; is defined for all J C I. When not explicitly stated, the default
is that H; is undefined when there are no sets of index I. For any S € H we write Hs = Hs,
for the naturally defined |S|-partite |S|-graph in H containing S.

To put this definition in concrete terms, whenever the following sets are defined, Hy;
is a subset of X;, H|;; is a bipartite graph with parts H};; and Hy;;, and H; ;4 is a 3-graph
contained in the set of triangles spanned by H;j;, H{;x; and Hy; . Of course, the interesting
part of this structure is the 3-graph together with its underlying graphs. We also have Hy,
which is usually equal to {}}, i.e. the set of size 1 whose element is the empty set, although it
could be empty if all other parts are empty. It is most natural to take H;;; = X; for1 <i <r.
We often allow H;, to be a strict subset of X;, but note that if desired we can make such a
complex ‘spanning’ by changing the ground set to X’ = X{ U --- U X/, where X/ = Hy;,
1 < i < r. When unspecified, our default notation is that H is an r-partite 3-complex on
X =X U---UX,. We will see later in Definitions 3.5 and 4.4 why we have been so careful
to distinguish the cases H; empty and H; undefined in Definition 3.1.

Definition 3.2.  To avoid clumsy notation we will henceforth frequently identify a set with a
sequence of its vertices, e.g. writing H; = Hyy, and Hy, = Hy;j ). We also use concatenation
for set union, e.g. if S = ij = {i,j} then Sk = ijk = {i,j,k}. For any I C [r] we write
H;< = UpcHp for the subcomplex of H consisting of all defined Hy with I’ C 1. We also
write Hi< = H;= \ H; = Uy Hp. Similarly, for any S C X we write Hy= = UgcsHg and
Hg< = UgcgsHy. For any set system A we let A= be the complex generated by A, which
consists of all subsets of all sets in A.
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It is clear that intersections and unions of complexes are complexes. We clarify exactly
what these constructions are with the following definition.

Definition 3.3.  Suppose H and H' are r-partite 3-complexes on X = X, U --- U X,. The
union HUH' is the r-partite 3-complex where (HUH')s = HsUHj is defined whenever Hg or
Hg is defined. The intersection H NH' is the r-partite 3-complex where (HNH')s = HsNH
is defined whenever Hs and Hg are defined.

We often specify complexes as a sequence of sets, e.g. (G2, (G; : 1 < i < 4),{#})
has parts G,, G; for 1 < i < 4, {(}} and is otherwise undefined. Now we come to a key
definition.

Definition 3.4.  We let T (H) be the set of triangles formed by Hy, Hy. and Hy. We say
that a defined triple Hy is e-regular if for every subgraph G of H with |T (G)| > €|T;j (H)|
we have
|[H N Ty (G)| _ | H i |
| T (G)| | T (H)|

We also say that the entire 3-complex H is e-regular if every defined triple Hy is e-regular
and every defined graph Hj; is €-regular.

Thus Hjj is e-regular if for any subgraph G with ‘not too few’ triangles of index ijk, the
proportion of these triangles in G of index ijk that are triples in Hjj is approximately equal
to the proportion of triangles in H of index ijk that are triples in H;;. Note that we never
divide by zero in Definition 3.4, as # # T, (G) € T;x(H). The definition applies even if
every Hj is undefined, in which case we can think of H as a 2-complex with every graph
Hj; being e-regular. It also applies even if every Hj; is undefined, in which case we can think
of H as a 1-complex (with no regularity restriction).!

This concept of regularity in 3-complexes is more powerful than vertex regularity, in
that it does admit a counting lemma. In order to apply it we also need an analogue of the
Szemerédi Regularity Lemma, stating that a general 3-complex can be decomposed into a
bounded number of pieces, most of which are regular. Such a result does hold, but there is an
important technical proviso that one cannot use the same parameter € to measure regularity
for both graphs and triples in the complex. In general, one needs to allow the densities of the
graphs H;; to be much smaller than the parameter used to measure the regularity of triples.
This is known as a sparse setting, as contrasted with a situation when all densities are much
larger than €, which is known as a dense setting.

In the sparse setting, a counting lemma does hold, but we couldn’t find any way to
generalise the proof of the blow-up lemma. To circumvent this difficulty we will instead
apply the Regular Approximation Lemma of R6dl and Schacht. Informally stated, this allows
us to closely approximate any 3-graph G° by another 3-graph G, so that the 3-complex G=
generated by G can be decomposed (in a certain sense) into e-regular complexes. We will

ITechnically one should say that Hji is e-regular in the complex H, as the definition depends on the graphs Hj;,
Hj and Hj.. For the sake of brevity we will omit this qualification, as it is not hard to see that when sufficiently
regular these graphs are ‘almost’ determined by H;j: if say H;; had many pairs not contained in triples of H;j; then
Tijx would have many triangles none of which are triples of Hyj, contradicting the definition of e-regularity.
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come to the formal statement later in the paper, but we mention it here to motivate the form
of the blow-up lemma that we will prove. We will allow ourselves to work in the dense
setting of e-regular complexes, but we have to take account of the approximation of G° by
G by ‘marking’ the edges M = G \ G as forbidden. If we succeed in embedding a given
3-graph H in G without using M then we have succeeded in embedding H in G°. (A similar
set-up is used for the embedding lemma in [35].) We will refer to the pair (G=, M) as a
marked complex.

In the remainder of this section we first motivate and then explain the definition of super-
regularity for 3-graphs. It turns out that this needs to be significantly more complicated than
for ordinary graphs. It is not sufficient to just forbid vertices of small degree. To see this,
consider as an example a 4-partite 3-complex G on X = X; U X, U X3 U X,, with |X;| = n,
1 < i < 4 that is almost complete: say there are complete bipartite graphs on every pair of
classes and complete 3-graphs on every triple of classes, except for one vertex x in X, for
which the neighbourhood G(x) is triangle-free. We can easily choose each G(x);; to have
size n?/4 by dividing each class X;, 1 < i < 3 into two parts. Then H is O(1/n)-regular
with densities 1 — O(1/n) and has minimum degrees at least n? /4 in each triple, but x is not
contained in any tetrahedron K, so we cannot embed a perfect K3 -packing.

Another complication is that the definition of super-regularity for 3-graphs is not ‘local’,
in the sense that super-regularity of a graph G was defined by a condition for each of its
bipartite subgraphs G;;. Instead, we need to define super-regularity for the entire structure
(G, M), where G is an r-partite 3-complex and M is a set of marked edges. To explain
this point we need to look ahead to the analysis of the algorithm that we will use to prove
the blow-up lemma. First we need an important definition that generalises the process of
restricting a graph to a subset of its vertex set: we may also consider restricting a complex
to a subcomplex in the following manner.

Definition 3.5.  Suppose H and G are r-partite 3-complexes on X = X, U---UX, and G
is a subcomplex of H. The restriction H[G] is the r-partite 3-complexon X = X, U---UX,,
where H[G]; is defined if and only if H, is defined, and H[G]; consists of all S € H; such
that A € G for every A C S such that Gy is defined.

To put this in words, a given set S in H belongs to the restriction H[G] if every subset
A of § belongs to G, provided that the part of G corresponding to A is defined. At this
point we will give some examples to illustrate Definition 3.5 and clarify the distinction
between parts being empty or undefined in Definition 3.1. Consider a 3-partite 2-complex
H on X = X; UX, U Xj such that H,,, H;3 and H,; are non-empty graphs. Suppose G is a
3-partite 1-complex on X = X; U X, U X;. If Gy, G, and G; are defined then H[G] is the
3-partite 2-complex on X = X; UX, UX; with H[G]; = G; and H[G]; equal to the bipartite
subgraph of Hj; spanned by G; and G;. This corresponds to the usual notion of restriction
for graphs. Note that all of the sets H[G]; and graphs H[G];; are defined and some may be
empty. However, if any of the G; is undefined then it behaves as if it were equal to H;. For
example, if G, is undefined and G, is defined then H[G], = H, and H[G];, is the bipartite
subgraph of Hj, spanned by H, and G,. This highlights the importance of distinguishing
between G, being empty or G, being undefined. Note that Definition 3.5 is monotone, in
the sense that adding sets to any given defined part G, of G does not remove any sets from
any given part H[G]; of the restriction H[G]. We record the following obvious property for
future reference:

H[G]; = G; when G is defined. 2)
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Another obvious property used later concerns the empty complex ({#J}), which satisfies
H[({4})] = H for any complex H. Next we will reformulate the definition of regularity for
3-complexes using the restriction notation. First we make the following definitions.

Definition 3.6.  Suppose H is an r-partite 3-complex on X = X; U --- U X,. For any
I C [r] we let Hf denote the set of S € K(X); such that any strict subset T C S belongs
to Hy when defined. When H, is defined and H} # ), we define the relative density (at I)
of H as d;(H) = |H,|/|H}|. We also call d;(H) the [-density of H. We define the absolute
density of H; as d(H;) = |H;|/ [, IXil.

To illustrate Definition 3.6, note that H} = X; and d;(H) = d(H;) = |H,|/|X;| when
defined. If Hj; is defined then H; = H; x H; and d;j(H) = |H,~j|/|H,;f| is the density of the
bipartite graph H;; with parts H; and H;. We have d(H;;) = d;;(H)d;(H)d;(H), so d(H;;) =
d;j(H) in the case when H; = X; and H; = X;. Also, if H;;, Hy and Hj, are defined then
Hj = Ty (H) is the set of triangles in H of index ijk. We also note that if any of the Hj; is
undefined it behaves as if it were equal to Hi’;., e.g. if Hj; is undefined and Hy and Hj, are
defined then H ;k is the set of triangles in (H;, Hy, Hy). As an illustration of Definition 3.5,
we note that H = K(X)[H,<],, recalling that K(X) is the complex of r-partite sets and
H[< = U[’g[HI/.

Now suppose H is a 3-partite 3-complex on X = X; U X, U Xj such that H|,; is defined
and H}); # @. Suppose G C H is a 2-complex such that G|,, G,3 and G»; are defined. Then
Gi,; = T123(G) and H},; = T»3(H). By Definition 3.5 we have H[G]»; = H\»; N G},; and
H[G]I},; = G5, so by Definition 3.6 dio3(H[G]) = |H N G{x1/|G},5|. Therefore Hyys is
e-regular if whenever |G},;| > €|H},;| we have d\;3(H[G]) = di»3(H) L €.

For the remainder of this section we let H be an r-partite 3-complexon X = X, U- - -UX,,
and G be an r-partite 3-complexon V =V, U--- UV, with |V;| = |X;| for 1 <i <r.We
want to find an embedding ¢ of H in G. Our algorithm will consider the vertices of X in
some order and embed them one at a time. At some time ¢ in the algorithm, for each S € H
there will be some |S|-graph Fs(f) € Gy consisting of those sets P € Gy that are free for S,
in that mapping S to P is locally consistent with the embedding so far. These free sets will
be mutually consistent, in that

Fg=(t) = UgcsFy (1) 3

is a complex for every S € H. We use the convention that F(¢) is undefined for any S ¢ H.
Note that (3) applies even for S ¢ H.

Initially we define Fg(0) = Gy for all S € H. Now suppose we have defined Fg(r — 1)
for all S € H and then at time ¢ we embed some vertex x € X to some vertex y € F,(t — 1).
We will use this notation consistently throughout the paper. Then for any S € H containing
x we can only allow sets in F(¢) that correspond to mapping x to y, i.e. Fs(t) = Fs(t — 1),
which is our notation for {P € Fs(t — 1) : y € P}. Also, for any S in the neighbourhood
complex H(x), i.e. a set S not containing x such that Sx = S U {x} € H, in order for F(t)
to be mutually consistent with Fs,(f) = {P € Fs,(t — 1) : y € P}, we can only allow sets in
Fs(t) that are in the neighbourhood of y, i.e. Fs(t) = Fs,(t — 1)(y), which is our notation for
{P: PU{y} € Fsuy(t — 1)}. Finally, we need to consider the effect that embedding x has
for sets S that do not contain x and are not even in the neighbourhood complex H (x). Such
a set S may contain a set S" in H(x), so that Fy (¢) is affected by the embedding of x. Then
mutual consistency requires for that any set P € Fs(t), the subset of P corresponding to S’
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must belong to Fy (). We need to include these restrictions for all subsets S” of S. Also, as
we are using the vertex y to embed x we have to remove it from any future free sets. Thus
we are led to the following definition. (Lemma 3.10 will show that it is well-defined.)

Definition 3.7 (Update rule). Suppose x is embedded to y at time t and S € H.
Ifx € Swedefine Fs(t) = Fs(t — 1)) ={P e Fsg(t— 1) :y € P}. If x ¢ S we define

Sx=E\X)Ulx}, Cs=(1) =Fsus(t =D(y) and Fs(t) = Fs=(t = D[Cs=(D]s \ y.

Note that S.x is either Sx = S U {x} if i(x) ¢ i(S) or obtained from Sx by deleting the
element in S of index i(x) if i(x) € i(S). Thus S.x C X is r-partite. Also, the notation ‘\y’
means that we delete all sets containing y; this can have an effect only when i(x) € i(S).
We will show below in Lemma 3.10 that Definition 3.7 makes sense, but first we will give
an example to illustrate how it works.

Example 3.8.  Suppose that H and G are 4-partite 3-complexes, and that we have 4
vertices x; € X;, 1 <i < 4 that span a tetrahedron K 3 in H, i.e. H contains every subset of
{x1, X2, x3, x4}. Suppose also that we have the edges x|x,x; and xjx3x; and all their subsets for
some other 4 vertices x; € X;, 1 <i <4, and that there are no other edges of H containing
any x; or x;, 1 < i < 4. Initially we have Fs(0) = G; for every S € H. Suppose we start
the embedding by mapping x; to some v; € V; at time 1. Applying Definition 3.7 to sets
S containing x; gives Fy, (1) = {vi}, Fy,(1) = {P € G;; : v; € P} for2 <i < 4, and
Foyy() ={P€G:viePifor2 <i<j=<4

Next we consider some examples of Definition 3.7 for sets not containing x,. We
have C=(1) = (Fur (). (A) = (G (B} for 2 < i < 4. Then Fy (1) =
ing (O)[é’xis(l)],- \ vi = G(vy);. Similarly, we have Fx,-xj-(l) = G(vy); for2 <i < j < 4. For

XpX3x4 We have

Cxe3Xf(1) = U Fge, (0)(v) = G(vi) 3= U G(v)as= U G(v1)34=.

S§X2x3.’£4

Therefore Fi,u., (1) = xmr, (0)[Cm3x— <(D]as4 \ vi consists of all triples in Gy34 that also
form a triangle in the nelghbourhood of vy, and so complete v; to a tetrahedron in G.

For x/x3, we have C,;/ X}(l) = G(v)3<,s0 F, m(l) x o (O)[CX, <(l)]23 \ v consists
of all pairs in G,; that contain a Gi3-neighbour of v;. For Xy, x/g(l) ({9}) is the
empty complex, so F (l) = Fx/<(0)[ x/s(l) \vi =Fy (0) is unaffected (Recall that
JI({PH] = J for any complex J ) Fmally we give two examples in which the deletion
of v, has some effect. For x|x,xs;, we have x|x;x3.x; = x;x5x3, F r s ) = Fx]xf o u

Fys0) = Gi= UGns, and Cy y (1) = F y <(0)(v) = (G(V1)%,{[/)}) = G(v)s=.
Then F/ %, <(1) = Gin=[G(v1)3=] \vl, so F .. (1) consists of all triples 7 in Gy,; not

X]XX3
contammg Vi such that 7N V3 is aneighbour of v;. For x{x}, C/ e (1) is the empty complex,

SO Fx/x/ (D =Fyy (0) \ v consists of all pairs in G5 that do not contain v;.

Now we prove a lemma which justifies Definition 3.7 and establishes the ‘mutual
consistency’ mentioned above, i.e. that Fg<(¢) is a complex. First we need a definition.

Definition 3.9. Suppose S C X is r-partite and I C i(S). We write S; = S N U, X;. We
also write St = Sir) for any r-partite set T with i(T) C i(S).
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Lemma3.10. SupposeS C X isr-partiteandt > 1.Ifx ¢ Sthen Cs=(t) is a subcomplex of
Fs<(t—1)and Fs<(t) = Fs<(t—1)[Cs=<(¢t)]\yisa complex. Ifx € Sthen Fs(t) = Fs(t—1)",
Fo. (t) = Fs(t — 1)(y) and Fg=(t) = Fs=<(t — 1)’ U Fs<(t — 1)(y) is a complex.

Proof. Note that Fy<(0) = Gg< is a complex. We prove the statement of the lemma by
induction on ¢. The argument uses the simple observation that if J is any complex and v is
a vertex of J then J(v) and J" U J(v) are subcomplexes of J.

First suppose thatx ¢ S. Since Fs<(¢—1) is acomplex by induction hypothesis, Cs< () =
Fg.<(t — 1)(y) is a subcomplex of Fg,<(t — 1), and so of Fs<(t — 1). For any §' C § write
J(§) = Fg<(t—1)[Cg=(t)]\y. Then J(§") is a complex, since restriction to a complex gives
a complex, and removing all sets containing y preserves the property of being a complex.
Furthermore, J(S")s = Fg () by Definition 3.7. We also have J(S)sy = J(S')y, since a
set A’ of index S’ belongs to Fy=<(t — 1) if and only if it belongs to Fg=<(t — 1), and any
B C A’ belongs to Cy=(?) if and only if it belongs to Cs<(t). Therefore Fy<(t) = J(S) =
Fe<(t — 1)[Cs=<(2)] \ y is a complex.

Now suppose thatx € S.Then Fg(t) = Fg(t—1)” by definition. Next, note that Cs\ < (¢) =
Fg<(t — 1)(y) is a complex, and Fg\ < (t — 1)[Cs\= )]s\« = Fs(z — 1)(y) by equation (2).
Since § is r-partite, deleting y has no effect, and we also have Fy\ () = Fs(t — 1)(y).
Therefore Fg<(t) = Uycycs(Fg(t — 1) U Fo(t — 1)(y)) = Fs<(t — 1)’ U Fg<(t — 1)(y) is
a complex. .

We will also use the following lemma to construct F(¢) iteratively from {Fg (¢) : " C S}.

Lemma 3.11.  Suppose that S € H, |S| > 2, x ¢ Sand S ¢ H(x). Write Fs<(t) =
US’QSFS’(t)' Then Fgﬁ(t) = Fsi (f - 1)[Fs< (t)]

Proof.  First note that for any A with |A| < |S| wehave A € Fy<(t) © A € Fs<(1) & A €
Fg<(t—1)[Fs<(t)]. Now suppose A € Fs(t). Then A € Fs<(t—1)and A’ € Fy<(¢) for every
A" C A, 50A € Fg<(t — 1)[Fs<(1)]. Conversely, suppose that A € Fs<(t — 1)[Fs<(t)]s. For
any S’ C SwithS’ € H(x) wehave Fy (t) = Fg,(t—1)(y),s0As € Fg,(t—1)(y) C Cs=(2).
Also Cs<(t)s is undefined for " ¢ H (x); in particular, our assumption that S ¢ H (x) means
that Cg<(f)s is undefined. Therefore Ay € Cs<(¢) for every S € § such that Cy=<(t)g is
defined,i.e.A € Fs<(t—1)[Cs=(t)]s. Also, ifi(x) € i(S), then writingz = S, = SNX, € S~,
wehave ANV, € F,(t) = F,(t— 1)\ y,s0y ¢ A. Therefore A € Fg<(t — 1)[Cs=< ()]s \ ¥y =
Fq(1). ]

We referred to ‘local consistency’ when describing the update rule because it only incor-
porates the effect that embedding x has on sets containing at least one neighbour of x. To
illustrate this, recall that in Example 3.8 above we have F, *’2(1) = F, Y, (0) = G,. Now H
contains x;x3 and x; is embedded to v, so x3 must be embedded to a vertex in G(v;)3. Also,
H contains x)x3, so any image of x), must have a neighbour in G(v,);. This may not be the
case for every vertex in G,, so there is some non-local information regarding the embedding
that has not yet been incorporated into the free sets at time 1. In light of this, we should admit
that our description of sets in Fg(#) as ‘free’ is a slight misnomer, as there may be a small
number of sets in Fg(#) that cannot be images of S under the embedding. This was the case
even for the graph blow-up lemma, in which we described vertices in F, () as ‘free’ images
for x but then only allowed the use of OK,(f) C F,(#). On the other hand, our definition of
free sets is relatively simple, and does contain enough information for the embedding. To
see this, note that by definition of restriction Fg=<(¢) is a subcomplex of Gg< at every time
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t, and when all vertices of S are embedded by ¢ we have Fs(t) = {¢(S)} with ¢ (S) € Gs.
Furthermore, by removing all sets that contain y in the definition of Fg(#) we ensure that
no vertex is used more than once by ¢. Therefore it does suffice to only consider local
consistency in constructing the embedding, provided that the sets F(#) remain non-empty
throughout. The advantage is that we have the following simple update rule for sets S that
are not local to x.

Lemma 3.12.  [fS does not contain any vertex in {x} U VNg (x) then Fs(t) = Fs(t — 1)\ y.

Proof. Note that Cs=<(1) = Fs,<(t — 1)(y) = ({/}) is the empty complex. .

We will also need to keep track of the marked triples M during the embedding algorithm.
Initially, we just have some triples in G that are marked as forbidden for any triple of H.
Then, as the algorithm proceeds, each pair of H is forbidden certain pairs of G, and each
vertex of H is forbidden certain vertices of G. We adopt the following notation.

Definition 3.13.  For any triple E € H we write E' for the subset of E that is unembedded
at time t. We define the marked subset of Fr: (t) corresponding to E as

My p(t) = {P € Fp(t) : PUG(E \ E') € My).

In words, Mg: £(t) consists of all sets P in Fg (¢) that cannot be used as images for E’ in
the embedding, because when we add the images of the embedded part E \ E’ of E we obtain
a marked triple. To illustrate this, suppose that in Example 3.8 we have some marked triples
M. Attime t = 1 we map x; to vi, and then the free set for x,x3 is Fi,y, (1) = G(v1)23. Since
the edges M|,; are marked as forbidden, we will mark M (v,),3 € G(v;),3 as forbidden by
defining My, «,x,x, (1) = M (v1)23. As another illustration, recall that F,,,, (1) consists of
all triples in Gy34 that also form a triangle in the neighbourhood of vi. Then M, ¢, 5, x5 x, (1) =
M N F,),., (1) consists of all triples in M534 that also form a triangle in the neighbourhood
of Vi.

For any triple E containing x such that E'~! = x we will choose y = ¢ (x) ¢ M, z(t — 1).
This will ensure that ¢(E) ¢ M. The following lemma will enable us to track marked
subsets. The proof is obvious, so we omit it.

Lemma 3.14.

() Ifx € E then E' = E'"™' \ x and Mp: g (1) = Mgi—1 g(t — D) (y).
(i) Ifx ¢ E then E* = ™" and My £(t) = My o (t — 1) 0 Fgi (1),

We need one more definition before we can define super-regularity. It provides some
alternative notation for describing the update rule, but it has the advantage of not referring
explicitly to any embedding or to another complex H.

Definition 3.15.  Suppose G is an r-partite 3-complexon V=V, U.---UV, 1 <i<r,
v € G; and I is a subcomplex of (g) We define G = G[Use;G(v)s].

We will now explain the meaning of Definition 3.15 and illustrate it using our running
Example 3.8. To putitin words, G is the restriction of G obtained by only taking those sets
A € G such that any subset of A indexed by a set S in / belongs to the neighbourhood G(v),
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provided that the corresponding part G(v); is defined. In Example 3.8 we have szs 1) =
(G, {#)) and F, (1) = Go=[C (D] = G(v1)2. Choosing I = 2= = ({2}, {#}) we

have szs(]) = Use;G(v1)s and so Fy, (1) = G;”. Similarly, choosing I = 23= we have
Iy .
meg(l) = UserG(v1)s and Fl,,, (1) = G235[Cx25(1)]23 =GW)y3 = G231. Also, choosing

I = 23=U24=U34= wesee that F ., (1) = G;v314 consists of all triples in G,34 that also form
a triangle in the neighbourhood of v;. In general, we can use this notation to describe the
update rule for any complex H if we embed some vertex x of H to some vertex v of G at time
1.Ifx € S € H we have Fs(1) = G” as before. If x ¢ Swelet] = {i(S") : S' C S,5x € H}
and then Fg(1) = G \ v.

Finally, we can give the definition of super-regularity.

Definition 3.16 (Super-regularity). Suppose G is an r-partite 3-complex on V. = V| U
- UV,and M C G- = {S € G : |S| = 3}). We say that the marked complex (G, M) is
(e,€',dy,0,ds)-super-regular if

(1) G is e-regular, and ds(G) > ds if |S| = 2,3 and Gs is defined,
(i) forevery 1 <i <r, v € G; and S such that Gg; is defined, |M(v)s| < 0|G(v)s| if
|S| = 2 and G(v) is an €'-regular 2-complex with ds(G(v)) = (1 & €')ds(G)ds;(G)
for S # 0,
(iii) for every vertex v and subcomplex I of([g), (M NG™)s| < 0|GY|if|S| = 3, and G
is an €'-regular 3-complex with densities (when defined)

4Gy = (A£G iS¢ 1.
s T £ Ndy(G)dsi(G)  if B £ S €1 and Gy is defined.

Just as one can delete a small number of vertices from an e-regular graph to make it
super-regular, we will see later (Lemma 5.9) that one can delete a small number of vertices
from an e-regular marked 3-complex to make it super-regular. For now we will just explain
the meaning of Definition 3.16 with reference to our running example. First we remark
that the parameters in the definition are listed according to their order in the hierarchy, in
that ¢ K€ €’ K d, € 6 K ds. Thus we consider a dense setting, in which the regularity
parameters € and €’ are much smaller than the density parameters d, and d;. However,
one should note that the marking parameter 6 has to be larger than the density parameter
d,, which is the source of some technical difficulties in our arguments. We will bound
the marked sets by a increasing sequence of parameters that remain small throughout the
embedding. For now we just see what the definition of super-regularity tells us about the
first step.

Condition (i) just says that G is a regular complex and gives lower bounds for the relative
densities of its parts. Condition (ii) is analogous to the minimum degree condition in the
definition of super-regularity for graphs. The second part of the condition says that the
neighbourhood is a regular complex, and that its relative densities are approximately what
one would expect (we will explain the formulae later). The first part says that the proportion
of marked edges through any vertex is not too great. We need this to control the proportion
of free sets that we have to mark as forbidden during the embedding algorithm. To illustrate
this, suppose that in Example 3.8 we have some marked triples M. At time t = 1 we
map x; to vy, and then the free set for x,x3 is Fy,r, (1) = G(vi)23. Since the edges M3
are marked as forbidden, we will mark M., ., v, x,x; (1) = M(v1)23 € G(v1)23 as forbidden.
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Condition (ii) ensures that not too great a proportion is forbidden. Note that the density of
the neighbourhood complex G(v;) will be much smaller than the marking parameter 6, so
this does not follow if we only make the global assumption that M is a small proportion
of G.

Condition (iii) is the analogue to condition (ii) for the restrictions that embedding some
vertex can place on the embeddings of sets not containing that vertex. A very simple
illustration is the case I = ({J}), which gives |[Mg| < 6|Gg| when defined. (This could
also be obtained from condition (ii) by summing over vertices v.) For a more substan-
tial illustration, consider Example 3.8 and the subcomplex I = 23= U 24= U 34=. We

noted before the definition that F),,., (1) = G;‘;‘4 consists of all triples in Gps4 that also
form a triangle in the neighbourhood of v;. The second part of condition (iii) ensures that

234<

what one would expect (again, we will explain the formulae later). The first part of con-
dition (iii) again is needed to control the proportion of free sets that are marked. We will
mark My, i, 000, (1) = M N Frpp (1) = (M N G"1),34 as forbidden in Fiyix, (1), and
the condition says that this is a small proportion. Again, since the neighbourhood of v, is
sparse relative to G, this does not follow only from a global assumption that M is a small
proportion of G.

As another illustration of condition (iii), suppose that we modify Example 3.8 by delet-
ing the edge x;x,x; from H. Then Cx2x3x45(1) = G(1)us U G(v)a= and F,pyy, (1) =
F, e (0)[szx3xf (1)]34 \ v1 consists of all triples S € G,34 such that Sy, and Sz, are edges

IV . . . . .
Fous (1) = G,},< is a regular complex, and that its relative densities are approximately

in the neighbourhood of v. Taking / = 24= U 34= we have F, ., (1) = GQ_;;. So condition
(iii) tells us that also with this modified H, after embedding x; to v; the complex Fxmxf N

is regular and we do not mark too much of F, (1) as forbidden.

2X3%4

4. THE 3-GRAPH BLOW-UP LEMMA
In this section we prove the following blow-up lemma for 3-graphs.

Theorem 4.1 (3-graph blow-up lemma). Suppose H is an r-partite 3-complex on X =
X, U ---UX, of maximum degree at most D, (G,M) is an (€,€',d,,0,ds)-super-regular
r-partite marked 3-complex on V.=V, U..-- UV, wheren < |X;| = |V;| = |G;| < Cn
for 1 <i < r, Gg is defined whenever Hs is defined, and 0 < 1/n € € € € < dy K
0 L ds, 1/r,1/D,1/C. Then G\ M contains a copy of H, in which for each 1 <i < r the
vertices of V; correspond to the vertices of X;.

Theorem 4.1 is similar in spirit to Theorem 2.1: informally speaking, we can embed
any bounded degree 3-graph in any super-regular marked 3-complex. (The parallel would
perhaps be stronger if we had also introduced marked edges in the graph statement; this
can be done, but there is no need for it, so we preferred the simpler form.) We remark that
we used the assumption |V;| = |X;| = n in Theorem 2.1 for simplicity, but the assumption
n < |Vi| = |X;|] < Cn works with essentially the same proof, and is more useful in
applications. (Arbitrary part sizes are permitted in [24], but this adds complications to the
proof, and it is not clear why one would need them, so we will not pursue this option here.)
There are various other generalisations that are useful in applications, but we will postpone
discussion of them until we give the general hypergraph blow-up lemma. Theorem 4.1 is
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already sufficiently complex to illustrate the main ideas of our approach, so we prove it first
so as not to distract the reader with additional complications.

The section contains six subsections, organised as follows. In the first subsection we
present the algorithm that we will use to prove Theorem 4.1, and also establish some basic
properties of the algorithm. Over the next two subsections we develop some theory: the
second subsection contains some useful properties of restriction (Definition 3.5); the third
contains some properties of regularity for 3-graphs, which are similar to but subtly different
from known results in the literature. Then we start on the analysis of the algorithm, following
the template established in the proof of Theorem 2.1. The fourth subsection concerns good
vertices, and is analogous to Lemma 2.4. The fifth subsection concerning the initial phase
is the most technical, containing three lemmas that play the role of Lemma 2.5 for 3-
graphs. The final subsection concerns the conclusion of the algorithm, and is analogous to
Lemma 2.6 and Theorem 2.7.

4.1. The Embedding Algorithm

As for the graph blow-up lemma, we will prove Theorem 4.1 via a random greedy algorithm
to construct an embedding ¢ : V(H) — V(G) such that ¢ (e) € G \ M for every edge e
of H. In outline, it is quite similar to the algorithm used for graphs, but when it comes to
details the marked edges create significant complications. We introduce more parameters
with the hierarchy

0<SI/nKeKe KoK Kepp3 K6, Kp Ky L LpKd, Ldy
KO L0 KOy K- L Opp L Oy, L0, L8y K 8 L ds, 1/r,1/D.

Most of these parameters do not require any further comment, as we explained their role
in the graph blow-up lemma, and they will play the same role here. We need many more
‘annotated €’ parameters to measure regularity here, but this is merely a technical incon-
venience. The parameters ¢;; with 0 < i < 12D and 0 < j < 3 satisfy ¢;; < €7 when
i < i ori=1iandj < j. Because of the marked edges, we also have new ‘annotated
0’ parameters, which are used to bound the proportion of free sets that are marked. It is
important to note that the buffer parameter § and queue admission parameter &, are larger
than the marking parameter 6, which in turn is larger than the density parameter d,. The
result is that the queue may become non-empty during the initial phase, and then the set N
of neighbours of the buffer B will not be embedded consecutively in the order given by the
original list L. To cope with this, we need a modified selection rule that allows vertices in
N to jump the queue.

Initialisation and notation. We choose a buffer set B C X of vertices at mutual distance at
least 9 in H so that |[BN X;| = 63|X;| for1 <i <r.Sincen < |X;| <Cnforl <i<r
and H has maximum degree D we can construct B simply by selecting vertices one-by-
one greedily. For any given vertex there are at most (2D)® vertices at distance less than
9, so at any point in the construction we have excluded at most (2D)3r83Cn vertices
from any given X;. Thus we can construct B provided that (2D)%r8;C < 1.

Let N = U,3VNy(x) be the set of vertices with a neighbour in the buffer. Then
INNX;| <2DrégCn < /Sgnforl <i<r.

We order the vertices in a list L = L(0) that starts with N and ends with B. Within
N, we arrange that VNy (x) is consecutive for each x € B. We denote the vertex of H
selected for embedding at time ¢ by s(¢). This will usually be the first vertex of L(z — 1),
but we will describe some exceptions to this principle in the selection rule below.
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We denote the queue by g(¢) and write Q(r) = U,<, q(u). We denote the vertices
jumping the queue by j(¢) and write J(¢) = U,, j(u). Initially we set g(0) = Q(0) =
J(0) =J(0) =4.

We write Fs(t) for the sets of Gy that are free to embed a given set S of H. We also
use the convention that Fg(¢) is undefined if S ¢ H. Initially we set Fg(0) = Gy for
S € H. We also write X;(#) = X; \ {s(&) : u < t} for the unembedded vertices of X; and
Vi) = Vi \ {¢(s(u)) : u < t} for the free positions in V;. We let X (¢) = U/_,X;(¢) and
V(t) = U_,Vi(®).

Iteration. At time ¢, while there are still some unembedded non-buffer vertices, we select
a vertex to embed x = s(¢) according to the following selection rule. Informally, the
rule is that our top priority is to embed any vertex neighbourhood VNy (x) withx € B
as a consecutive sequence before embedding x itself or any other vertex with distance
at most 4 from x, and our second priority is to embed vertices in the queue. Formally,
the rule is:

o If j(r — 1) # @ we select x = s(¢) to be any element of j(r — 1),

e Ifj(t — 1) =W and g(r — 1) # @ we consider any element x’ of g(t — 1).

— If the distance from x’ to all vertices in the buffer B is at least 5 then we select
x=x =s(1).

— Otherwise, there is a vertex x” € B at distance at most 4 from x’, and x” is
unique by the mutual distance property of B. If there are any unembedded
elements of VNy(x”), we choose one of them to be x = s(¢), choosing x’ itself
if ¥ € VNy(x"), and put all other unembedded vertices of VNy(x”) in j(z). If
all of VNy(x") has been embedded we choose x = x' = s(¢).

e Ifj(t—1) =g — 1) = B we let x = s(¢) be the first vertex of L(r — 1).

We choose the image ¢ (x) of x uniformly at random among all elementsy € F,(¢t—1)
that are ‘good’, a property that can be informally stated as saying thatif we set ¢ (x) =y
then the free sets Fg(¢) will be regular, have the correct density, and not create too
much danger of using an edge marked as forbidden. Now we will describe the formal
definition. Note that all expressions at time ¢ are to be understood with the embedding
¢ (x) =y, for some unspecified vertex y.

Definitions.

1. For a vertex x we write v, () for the number of elements in VNy(x) that have
been embedded at time ¢. For a set S we write vg(f) = ZVE ¢ V(7). We also define
vg(?) as follows. When S| = 3 we let vg(t) = vs(¢). When |S| = 1,2 we let
vg(f) = vs(t) + K, where K is the maximum value of v, (¢') over vertices x’
embedded at time ¢ < r with § € H(x'); if there is no such vertex x’ we let
ve(t) = vs(1).

2. Asin Definition 3.7, for any r-partite set S we define Fs(t) = Fs(t — 1)’ ifx € S
or Fg(t) = Fe<(t — 1)[Fs.<(t —1)(y)]s \ yif x ¢ S. For any sets S’ C S we write
dg (F (1)) = dy (Fs=(t)); there is no ambiguity, as the density is the same for any
S containing S’.

3. We say that S is unembedded if every vertex of S is unembedded, i.e. s(u) ¢ S
for u < t. We define an exceptional set E,(t — 1) € F,(t — 1) by saying y is in
F.(t — 1)\ E(t — 1) if and only if for every unembedded ¥ # S € H (x),

ds(F (1) = (1 & €,4,0)ds(F(t — 1))dsc (F(t — 1))
and Fs(¢) is e,,é(,),o—regular when |S| = 2.

(k4.1)

Lemma 4.13 will imply that E, (+ — 1) is small compared to F,(t — 1).
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4. As in Definition 3.13, for any triple E € H we write E’ for the subset of E that
is unembedded at time ¢ and Mg g(t) = {P € Fg(t) : PU@P(E\ E') € Mp}. We
define

Dip(t =1 ={y e Fi(t = 1) : [Mpr g (D] > 01 |Fpr (D1}

Intuitively, these sets consist of vertices y to which it is dangerous to embed x.
Lemma4.15 will show that only a small proportion of free vertices are dangerous.

5. Let U(x) be the set of all triples E € H with E'~! N (VNy(x) Ux) # (. We obtain
the set of good elements OK, (¢t — 1) from F,(t — 1) by deleting E,(t — 1) and
D,g(t — 1) forevery E € U(x).

We embed x as ¢(x) = y where y is chosen uniformly at random from the good
elements of F,(r — 1). We conclude the iteration by updating L(t — 1), g(¢t — 1) and
j( — 1). First we remove x from whichever of these sets it was taken. Then we add to
the queue any unembedded vertex z for which F,(¢) has become ‘too small’. To make
this precise, suppose z € L(t — 1) \ {x}, and let #, be the most recent time at which we
embedded a vertex in VN (z), or O if there is no such time. (Note that if z € VNy(x)
then t, = t.) We add z to q(¢) if |F,(¥)| < 3/Q|Fz(tz)|. This defines L(t), () and j(t).

Repeat this iteration until the only unembedded vertices are buffer vertices, but abort
with failure if at any time we have |Q(#) NX;| > 6¢|X;|forsome 1 < i < r.LetT denote
the time at which the iterative phase terminates (whether with success or failure).

Conclusion. Suppose x € X(T) is unembedded at time T and we embed the last vertex
of VNy(x) at time Y. We define the following available sets for x. We let A, be
obtained from F, (") by removing all sets M, ; (V) for triples E containing x. We let
Al = A, NV, (T). We choose a system of distinct representatives for {A. : x € X(T)}
to complete the embedding, either ending with success if this is possible, or aborting
with failure if it is not possible.

To justify this algorithm, we need to show that if it does not abort with failure then it
does embed H in G \ M. We explained in the previous section why the ‘local consistency’
of the update rule implies that it embeds H in G, so we just need to show that no marked
edge is used. This follows from the following lemma.

Lemma 4.2. Suppose x is the last unembedded vertex of some triple E at time t — 1.
ThenD,g(t — 1) =M, g(t — 1). If p(x) € M, g(t — 1) then ¢ (E) € G\ M.

Proof. Note that E™™! = x, E' = @ and Fy(t) = {0} is a set of size 1. If we were to
choose y € M, (¢t — 1) then we would get My () = {#} and so |Mye(t)| =1 > Gv/Et o =
erEt | Fy(t)]. On the other hand, if we choose y ¢ M, z(t — 1) then we get My (1) = ¢ and
so |[Myp(t)] =0 < GV/EI o= % o |Fy(t)]. Therefore Dy p(t — 1) = M, z(t — 1). The second
statement is now clear. .

It will often be helpful to use the following terminology pertaining to increments of v, (¢).
We think of time as being divided into x-regimes, defined by the property that vertices of
VNy(x) are embedded at the beginning and end of x-regimes, but not during x-regimes.
Thus the condition for adding a vertex z to the queue is that the free set for z has shrunk by
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a factor of §;, during the current z-regime. Note that each vertex x defines its own regimes,
and regimes for different vertices can intersect in a complicated manner.

Note that any vertex neighbourhood contains at most 2D vertices. Thus in the selection
rule, any element of the queue can cause at most 2D vertices to jump the queue. Note also
that when a vertex neighbourhood jumps the queue, its vertices are immediately embedded
at consecutive times before any other vertices are embedded.

We collect here a few more simple observations on the algorithm.

Lemma 4.3.

(1) Forany 1 <i <r and time t we have |V;(t)| > §gn/2.

(ii) Forany t we have |J(t)| < 2D|Q(1)| < \/@n

(iii) We have v(t) < 2D for any vertex, vg(t) < 6D when |S| = 3, vg(t) < 10D when
IS| = 2, and vg(t) < 12D when |S| = 1. Thus the e-subscripts are always defined in
(k4.1)-

(iv) For any z € VNg(x) we have v,(t) = v,(t — 1) 4+ 1, so for any S € H that intersects
VNg(x) we have vg(t) > vg(t — 1).

(V) Ifvs(t) > vs(t — 1) then ve(t) > vg(t — 1).

(vi) If z is embedded at time t' < t and S € H(z) then vg(t) > vg (1) > vg (' — 1).

Proof.  As in the graph blow-up lemma, we stop the iterative procedure when the only
unembedded vertices are buffer vertices, and during the procedure a buffer vertex is only
embedded if it joins the queue. Therefore |V;(¢)| > |[BNV;| — Q) N V;| > §gn — 5,Cn >
8zn/2, so (i) holds. The fact that an element of the queue can cause at most 2D vertices to
jump the queue gives (ii). Statements (iii) and (iv) are clear from the definitions. Statement
(v) follows because vg(¢) and vg(r — 1) are obtained from vg(#) and vg(t — 1) by adding
constants that are maxima of certain sets, and the set at time 7 includes the set at time # — 1.
For (vi) note that vg(f) = vs(?) + K, with K > vg (r) and vg (1) > vg (' — 1) by (iv)
and (v). .

4.2. Restrictions of Complexes

Before analysing the algorithm in the previous subsection, we need to develop some more
theory. In this subsection we prove a lemma that justifies various manipulations involv-
ing restrictions (Definition 3.5). We often consider situations when several restrictions are
placed on a complex, and then it is useful to rearrange them. We define composition of
complexes as follows.

Definition 4.4. We write x €* S to mean that x € S or S is undefined. Suppose G and G’
are r-partite 3-complexes on X = X, U - -- U X,. We define (G x G')s if Gs or Gy is defined
and say that S € (G x G')s ifA €* Gy and A €* G, for any A C S. We say that G, G’ are
separate if there is no S # @ with Gs and G, both defined. Given complexes G',. .., G' we
write @5:1 J; = Ji % -+ - % J,. Similarly we write (), J; for the composition of a collection
of complexes {J' ;i € I}.

iel

Notethat GN G € G * G' € GUG'. To illustrate the relation €*, we note that if G is a
subcomplex of H then H[G] is the setof all S € H suchthatA €* G4 forallA C S. It follows
that H x« G = H[G], see (vi) in the following lemma. More generally, the composition G+ G’
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describes ‘mutual restrictions’, i.e. restrictions that G places on G’ and restrictions that G’
places on G. We record some basic properties of Definition 4.4 in the following lemma.
Since the statement and proof are heavy in notation, we first make a few remarks to indicate
that the properties are intuitive. Property (i) says that mutual restrictions can be calculated
in any order. Property (ii) says that a neighbourhood in a mutual restriction is given by the
mutual restriction of the neighbourhoods and the original complexes. Property (iii) says that
separate restrictions act independently. The remaining properties give rules for rearranging
repeated restrictions. The most useful cases are (v) and the second statement in (vi), which
convert a repeated restriction into a single restriction (the other cases are also used, but their
statements are perhaps less intuitive). One should note that the distinction made earlier
between ‘empty’ and ‘undefined’ is important here; e.g. (G * G')s undefined implies that
G and G are undefined, but this is not true with ‘undefined’ replaced by ‘empty’.

Lemmad4.5. Suppose H is an r-partite 3-complex and G, G', G” are subcomplexes of H.

(1) *is a commutative and associative operation on complexes,
(ii) (G * G)s=(v) = Gg\p= * G/S\VS * Gs=(v) * Gy (v) foranyv € S € GUG),
(iii) If G, G’ are separate then G * G' = GU G’ and H[G][G'] = H[G'][G] = HI[GU ('],
(iv) H[G][G * Gl = H[G'][G * G'],
(v) If G’ is a subcomplex of H|G] then H[G][G'] = H[G * G'].
(vi) If G is a subcomplex of G then G * G' = G[G'] and H[G][G[G']] = H[G'][G[G']] =
HIGIIG']. If also Gy is defined whenever G is defined then H[G][G'] = H[G'].

Proof. (i) By symmetry of the definition we have commutativity Gx G’ = G'* G. Next we
show that GG’ is acomplex. Suppose A € §' € § € GxG'.Since S’ € § € GUG’ we have
S"e GUG'.Since A € S € GxG wehave A €* G4 and A €* G),. Therefore S' € GG/, so
G * G’ is a complex. Now we show associativity, i.e. (GxG') *G” = G*(G'*G"). Suppose
S € (G G') * G". We claim that for any A C S we have A €* G4, A €* G, and A €* G}.
To see this, we apply the definition of (G * G') * G" to get A €* (G* G'), and A €* G. If
A € (GxG)4wehave A €* G4 and A €* G),. Otherwise, (G * G'), is undefined, so G4 and
G/, are undefined. This proves the claim. Now S € (G*G')*G” implies that S € GUG'UG”,
soSeGorS € GUG".If S € G'UG" then by the claim we have A €* G} and A €* G, for
A C S,508 € G *G". Therefore S € GU (G’ x G"). Also, if A C S with (G’ * G”) defined
then, for any A" C A, since A" C S, the claim gives A" €* G/, and A’ €* G,,. Therefore
A€ (G *G")4. This shows that S € G* (G’ *G"),s0 (GxG') *G" C G* (G’ * G"). Also,
G*x(G'+G") = (("+xG)xG C G"+(G'%G) = (GxG)*xG",30 (GxG)xG" = Gx(G'xG").

(i) Suppose v € S € G+ G'. Then A €* Gy and A €* G, for any A C S. Applying
thisto A = A'v forany A" € S\ v gives A" €* G4(v) and A” €* G,(v). Thus S\ v €
Gg\ = * G’S\VS * Gg=(v) * G<(v). Conversely, suppose thatv € S € GUG and S\ v €
Gg\= * G’S\VS * Gs=(v) * Gy< (v). Then A € G4, A €* G)j, Av € Gy, and Av €* G, for any
ACS\v,505eGx*xG.

(iii) Suppose ¥ # A € S € G.ThenA € G, and G, is undefined, since G, G’ are separate.
Therefore S € GxG',s0 G C G*xG'. Similarly G’ € GxG’,so GxG' = GUG'. Next we note
that G’ € H[G]: if S € G’ then S € H and G, is undefined for any ) # A C S. Similarly
G C H[G'],s0 H[G][G'] and H[G'][G] are well-defined. Now suppose S € H[G][G']. Since
S € H[G], forany A C S we have A €* G,. Since S € H[G][G'], for any A C S we have
A €* G),. This shows that § € H[G'][G] and S € H[G' U G]. Applying the same argument
to any S € H[G'][G] we deduce that H[G][G'] = H[G'][G] € H[G U G']. Conversely,
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if $ € H[G U G'] then for any A C S we have A €* G, U G,. Since G, G’ are separate,
we have A €* G4 and A €* G). Therefore S € H[G][G'] = H[G'][G]. It follows that
H[G][G'] = HIG']IG] = HIGU G'].

(iv) We first show that H[G][G * G'] € H[G'][G * G']. Suppose S € H[G][G * G']. Then
S € H[G] C H. Since S € H[G][G % G'], forany A C S we have A €* (G * G’) 4. Consider
any A C § such that G, is defined. Then (G * G'), is defined, so A € (G * G')4 € G,.
Therefore S € H[G']. Now consider any A C § such that (G % G'), is defined. Since
S € H[G][G * G'] we have A € (G * G')4. Therefore S € H[G'][G * G’]. Similarly,
H[G'][G * G'] € H[G][G * G'], so equality holds.

(v) First we show that H[G * G'] € H[G][G']. Suppose S € H[G * G']. Then S € H.
Also, for any A € S we have A €* (G % G')4, and s0o A €* G, and A €* G/,. This implies
that S € H[G], and then that S € H[G][G']. Now we show that H[G][G'] € H[G * G'].
Suppose S € H[G][G']. Then S € H[G] C H. Since S € H[G], for any A C S we have
A €* G4. Since S € H[G][G'], for any A C S we have A €* G/,. Thus foranyA’ CA C §
we have A" €* Gy and A’ €* G, s0 A € (G * G')4. Therefore S € H[G * G'].

(vi) We first note that G *x G’ = G[G’'] is immediate from Definitions 4.4 and 3.5.
Then H[G][G[G']] = H[G'1[G[G']] follows from (iv). Now we show that H[G][G[G']] =
H[G][G']. Suppose that S € H[G][G[G']]. Then S € H[G]. Consider any A C S such that
G, is defined. Since § € H[G][G[G']] we have A € G[G']4, and so A € G,. Therefore
S € H[G][G']. Conversely, suppose that S € H[G][G']. Consider any A C § such that
G[G']4 is defined. Then G, is defined, so A € Gy, since S € H[G]. Also, forany A’ C A
with G,, defined we have A’ € G/,,, since S € H[G][G']. Therefore A € G[G']4. This shows

A/ 9
that S € H[G][G[G']]. The second statement is immediate. .

4.3. Hypergraph Regularity Properties

In this subsection we record some useful properties of hypergraph regularity, analogous to
the standard facts we mentioned earlier for graph regularity. Similar results can be found e.g.
in [6,9, 18], but with stronger assumptions on the hierarchy of parameters. However, with
the same proof, we obtain Lemma 4.6 under weaker assumptions on the parameters, which
will be crucial to the proof of Lemma 4.13. We start with two analogues to Lemma 2.2,
the first concerning graphs that are neighbourhoods of a vertex, and the second sets that are
neighbourhood of a pair of vertices.

Lemma 4.6 (Vertex neighbourhoods). Suppose0 < e K dand0 <n < n LdandG
is a 3-partite 3-complex on V.= VUV, UV; with all densities ds(G) > d. Suppose also that
G13, Gy, are €-regular, and Gy, G1o3 are n-regular. Then for all but at most (4¢€ + 21")|G,|
verticesv € Gy we have |G(v);| = (1£¢€)d;(G)|G;| forj = 2,3 and G(v)3 is an n’-regular
graph of relative density d,3(G(v)) = (1 £ 1')d123(G)dx(G).

Proof.  First we apply Lemma 2.2 to see that all but at most 4€|G,| vertices in G, have
degree (d;(G) £ €)|G;j| in Gy;, for j = 2,3. Let G| be the set of such vertices. It suffices
to show the claim that all but at most 2’|G, | vertices v € G| have the following property:
it A5 € G(v), and A} € G(v); are sets with |A}| > 1'|G(v)2| and |A}| > 1'|G(v)s], then
the bipartite subgraph A}, € G»; spanned by A) and A} has |A%;| = (dx3(G) = n)|A5||AS]
edges, and the bipartite subgraph A(v),; € G(v),3 spanned by A and A} has |[A(v)x| =
(1 £ n'/2)d123(G)|A3;]| edges.
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Suppose for a contradiction that this claim is false. Note that for any v € G| and sets
A3 € G)2, A% € G)s with |A] > 7/|G()s], 143 > 7'|G(v)s| wehave |AY] > 7' (dy;(G)—
€)|Gj| > n|G;| for j = 2,3 so |AJ;| = (dp3(G) £ n)|A}||A%| since Gy3 is n-regular. Then
without loss of generality, we can assume that we have vertices vy,...,v, € G| with t >
n'|G, and sets A € G(v))a, Ay S G(v)3 with |A)| > 7/|G(v;),]| and |AY| > 0'|G(v)s],
such that |[A(v))»]| < (1 — n’/2)d123(G)|A;g| for 1 < i < t. Define tripartite graphs A’ =
Al U{va:ae Al UA and A = U_ A,.

We can count the number of triangles in these graphs as T1,3(A) = Z?:l T\ (A) =
S 1A% Now £ > |Gyl 1A%] > (das(G) — )IAYIIAY], dis(G) > d. IA]] > 0'|G(v),|
and |G(v;);| > (d — €)|Gj| for 1 <i <t,j=2,3,50

T13(4) > 0'|Gi| - (d — ) - n'(d — ©)|Ga] - 0'(d — €)|Gs] > N|G1]|G2 |G| = nT123(G).

Since Gy,3 is n-regular we have % = dy»3(G) £ n. Therefore

t
|G N Ti3(A)| > (di23(G) — MIT123(A)| = (di23(G) — 1) Z |A;i3 .
i=1
But we also have

t t

IGN T3] =) Azl < Y (1= 0/2din(G)|[A%] < (dins(G) — ) Y |A%;

i=1 i=1 i=1

s

contradiction. This proves the required claim. .

Lemma 4.7 (Pair neighbourhoods). Suppose 0 < ¢ K € K d and G is an e-regular
3-partite 3-complex on V. =V, U V, U V3 with all densities ds(G) > d. Then for all but at
most €' |G,| pairs uv € G, we have |G(uv)3| = (1 £ €')di3(G)d13(G)dy(G)|Gsl.

Proof. Introduce another parameter n with € <« n < €’. By Lemma 4.6, for all but at
most 6¢€|Gq| vertices v € G; we have |G(v);| = (1 & €)d;(G)|G;| fori = 2,3 and G(v)x
is an n-regular graph of relative density dx;(G(v)) = (1 &£ 1)d123(G)d23(G). Let G be the
set of such vertices v € G;. Then for any v € G/, applying Lemma 2.2 to G(v),3, we see
that for all but at most 21|G(v),| < 21|G,| vertices in u € G(v),, the degree of u in G(v)3
satisfies

IG(uv)s| = (d3(G() £MIG(W)3] = (1 £ n)d123(G)dx3(G) £ 1) (d13(G) £ €)|Gs]
= (1 £ €)d123(G)d13(G)da3(G)|Gs].
Since |G 2| = d12(G)|G1]|G,| > d|Gq]]|Ga|, this estimate holds for all pairs uv € Gy, except
for at most 6¢|G| - |G>| + |G| - 2n|G>| < €'|G1a]. .

Next we give an analogue of Lemma 2.3, showing that regularity is preserved by
restriction.

Lemma 4.8 (Regular restriction). Suppose 0 < € < d, G is a 3-partite 3-complex on
V = ViUV, U Vs with all densities ds(G) > d, Gy»s is €-regular, and J € G is a 2-complex
with |J}55] > /€|Giys|. Then G[J 1123 is o/€-regular and di»3(G[J]) = (1 £+ /€)d123(G).
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Proof. Since Gy; is e-regular, |G[J]123] = |G N Jh = (di23(G) £ €)|J75;] and
di3(GlJ]) = |GV a3l /IGlTips| = |Gl Tiasl/Wy5] = dia3(G) £ €. Now consider any
subcomplex A of J with |A},;| > /€|J}5;]. Then |A},;| > €|Gi,,1, so since G is e-regular,
IGII1 N ATl = 1G NAjs] = (di23(G) £ €)|ATy| = (dins([G]) £ VO)|ATy), ie. Gl i3
is /€-regular. .

It is worth noting the special case of Lemma 4.8 when J is a 1-complex. Then G[J] is
obtained from G by discarding some vertices, i.e. a restriction according to the traditional
definition. In particular, we see that regularity implies vertex regularity (the weak property
mentioned at the beginning of Section 3). We also record the following consequence of
Lemma 4.8.

Corollary 4.9. Suppose 0 < € K d, G is a 3-partite 3-complexon' V. =V, UV, U V;
with all densities ds(G) > d and Gy; is €-regular. Suppose also0 < n K d, J C Gisa
2-complex with all densities ds(J) > d and Jy3, J13, Jo3 are n-regular.

Then G[J 1123 is «/€-regular and dy»3(G[J]) = (1 & \/€)d123(G).

Proof. We have |J7y| = [Tin())l = (1 £ 8n)di(Ndiz(Nd(N|illLll5] >
%d6|Vl [|V2|V3| > /€|G?y| by the triangle counting lemma (1). The result now follows
from Lemma 4.8. .

Next we note a simple relationship between relative and absolute densities.

Lemma 4.10. Suppose 0 < € < d, G is a 3-partite 3-complex on' V =V, UV, U V; with
all densities ds(G) > d and G is €-regular. Then d(G ;) = (1 £ 8¢) ]—[5923 ds(G).

Proof. d(Gin) = it = A2 OB — diny(G) - (1£ 86) [Toc 0 ds(G) by

V1IVa[IVal T123G] ~ V1IVallVal

(1). .

The following more technical lemma will be useful in the proof of Lemma 4.15. Later
we will give a more general proof that is slicker, but conceptually more difficult, as it uses
the ‘plus complex’ of Definition 6.8. For the convenience of the reader, in the 3-graph case
we will use a proof that is somewhat pedestrian, but perhaps easier to follow.

Lemma 4.11. Suppose 0 < € K € K d, G is a 4-partite 3-complexon V. =V, UV, U
V3 U Vy with all densities ds(G) > d and G is €-regular.

(1) For any P € Gy and subcomplex I of 123, let Gp; be the set of vertices v € G,
such that Ps Uv € Ggug for all S € 1. Let By be the set of P € Gy such that we do
not have |Gp;| = (1 £ €')|Vy] Hw;ésa dsus(G). Then |B;| < €'|G1a3].

(ii) Forany P’ € Gy, and subcomplex 1’ of 12= let G},,J, be the set of vertices v € G4 such

that P, Uv € Gyyy for all S € I'. Let B}, be the set of P’ € Gy, such that we do not

have |G}, ;| = (1 £ €)| V4] ]_[@#S,d/ dsus(G). Then |B),| < €'|Gy,|.

Proof. Introduce auxiliary constants with a hierarchy € < €; € €, K €3 K €. We
consider selecting the vertices Py, P, P; of P in turn, at each step identifying some
exceptional sets P for which the stated estimate on Gp; might fail. First we choose
Py so that |G(P,);] = (1 & €)d,;(G)|G;| and G(P;); is an €,-regular graph of rela-
tive density d;(G(P,)) = (1 £ €)d,;(G)d;(G) for distinct 7,j in {2,3,4}. Applying
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Lemma 4.6 with n = € and n° = ¢€,/4, we see that this holds for all but at most
€1]1G,| vertices P; € Gj. Then the number of exceptional sets P at this stage is at most
€1lG|Val V3| = €1di(G)d(G123) ' |Gis| < /€1IG a3

Now let J! € Gy34< be the 2-complex defined as follows. We define the singleton parts
by J; equals G(Py), if 1 € I or G, if 1 ¢ I, J, equals G(Py), if 12 € I or G, if 12 ¢ I,
and J} equals G(Py); if 13 € I or G; if 13 ¢ 1. We define the graphs by restriction to the
singleton parts of the following: G(P;)y if 12 € [ or Goy if 12 ¢ I, G(P)34 if 13 € I or
Gy if 13 ¢ I, G(P))» if 123 € I or Gp3if 123 ¢ I. Then J' is J/€1-regular by Lemma 2.3.
The graph densities dj; (J') are either (1 & €1)d;;(G)d;j(G) or (1 & €,)d;(G), according as
we restrict G(Py);; or Gy;.

Let G' = Gas4=[J']. Then G, is €;-regular with dy34(G") = (1 £ €;)d234(G) by Corol-
lary 4.9. Next we choose P, so that |G'(P,);| = (1 £ €)d»(G")|G!| for i = 3,4 and
G'(P,)34 is an e,-regular graph of relative density dz4(G'(P»)) = (1 % €)d»34(G)d34(G").
By Lemma 4.6 this holds for all but at most €2|G£| vertices P, € G, so similarly to above,
the number of exceptional sets P at this stage is at most ,/&;|Ga3|. Let J* C G; 1< be the
2-complex in which J7 is G'(Py), if 2 € T or G} if 2 ¢ I, J; is G'(P,); if 23 € I or
Gy if 23 ¢ I, and J3, is G'(Py)s4 if 23 € I or G}, if 23 ¢ I. Then J3, is \/€;-regular by
Lemma 2.3, with ds4(J?) either (1 £ €,)d34(G")d34(G") or (1 £ €,)d34(G"), according as
we restrict G' (P)34 or G},.

Now we choose P; so that [J*(P3)4| = (1 & €3)d34(J?)|J;|. By Lemma 2.2 this holds for
all but at most e3|J32| vertices P; € J32, giving at most ,/€3|G 23| exceptional sets P here. In
total, the number of exceptional sets at any stage is fewer than €’|G,3|. By construction,
Gy equals J?(P3)4if 3 € I or J} if 3 ¢ 1. If P is not exceptional then we can estimate |Gp|
by tracing back through the stages. At stage 3 we multiply |J7| by (1 £ €3)ds4(J?) if 3 € I,
where ds;(J?) is (1 £ €)dy34(G')d34(GY) if 23 € I or (1 & €,)d34(GY) if 23 ¢ I, where
dr34(G") = (1%€)dr34(G) and d34(G") is (1 £ €1)d134(G)d34(G) if 13 € T or (1 £€;)d34(G)
if 13 ¢ I. Thus we obtain a factor of ds;(G) whenever 3 € S € 1. At stage 2, we obtain |J7|
from |G}| by multiplying by (1 +€,)da4(G") if 2 € I, where doy (G") is (1 £€,)d124(G)drs(G)
if 12 € I or (1 £ €,)d>4(G) if 12 ¢ I. Thus we obtain a factor of dg4(G) whenever2 € S € I,
3 ¢ S. Finally, at stage 1, we obtain |G| from |G,| by multiplying by (1 % €,)d,4(G") if
1 € 1. Combining all factors we obtain |Gp;| = (1 £ €)| V4] ]_[w#d dss(G).

This proves (i). The proof of (ii) is similar and much simpler (alternatively it could be
deduced from (i)). We consider selecting the vertices P| and P, of P’ in turn. We choose P
so that |G(P))4] = (1 £ €)d14(G)|G4|. We let G be G, if 1 ¢ [ or G(P))4if 1 € I, and G,
be the restriction of G,4 to G, and G}. Then G, is €;-regular with d»,(G") = (1 £ €)da4(G).
We choose P} so that |G}, (P})| = (1 £€,)dx(G)|G,]. Then G}, ,, is G5, (Py) if 2 € I or G},

Pl

if 2 ¢ I. Now |G;,,J,| is obtained from |G,4| by multiplying by (1 & €)d4(G) if 1 € I and
(I £ €)1+ €)du(G)if2 € 1,50 |Gy | = (1 £ €)|V4] ]_[@#S,E,, dsus(G). Tt is clear that
there are at most €’|G1,| exceptional sets P’. .

Finally we give another formulation of the neighbourhood Lemmas 4.6 and 4.7, showing
that most vertices and pairs are close to ‘average’.

Lemma 4.12 (Averaging). Suppose 0 < € K € K d, G is a 3-partite 3-complex on
V =V, UV, U V3 with all densities ds(G) > d and G is €-regular. Then

(1) for all but at most €' |G| vertices v € Gy we have |G(v)o3| = (1 £ €')|G123]/1Gy],
(i) for all but at most €'|Gy,| pairs uv € Gy, we have |G(uv);| = (1 £ €')|G123]/1Gral-
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Proof. ByLemma4.6 withn = € and ' = €'/4, for all but at most €'|G | vertices v € Gy,
IGO)il = (1 £€)dii(G)|Gi| = (1 £ €)d;;(G)di(G)|V)| for i = 2,3 and dr(G(v)) =
(1 £ €'/4)d123(G)dr3(G). For such v we have |G(v)x] = da(GO)|G()2||G(v)s| =
(1 £ €/DVal Vil Tscinssr ds(G)- Also, [Gias| = (1% 86)[Vi|IVal V3| [Tseys ds(G) by
Lemma 4.10, so |G(v)o3| = (1 £ €')|G1a3|/]1Gy], giving (i). For (ii), Lemma 4.10 gives
|G1231/1G12| = (1 £ 8€)|V3| [ [55¢123 ds(G). Then by Lemma 4.7, replacing €’ with €'/2,
for all but at most €'|G1,| pairs uv € Gia, |Guv)s3| = (1 £ €'/2)d123(G)di3(G)drs (G)|Gs| =
(1 £ €/DIVsl [Taese 23 5(G) = (1 £ €)[Gasl/1Gral. .

4.4. Good Vertices

We start the analysis of the algorithm by showing that most free vertices are good. Our first
lemma handles the definitions for regularity and density in the algorithm.

Lemma 4.13.  The exceptional set E,(t — 1) defined by (x4,) satisfies |E,(t — 1)| <
€| F(t — 1)|, and Fs(t) is eué(,),]-regular with ds(F(t)) > d, for every S € H.

Proof. We argue by induction on ¢. Attime ¢ = 0 the first statement is vacuous. The second
statement at time O follows from the fact that F5(0) = Gy and our assumption that (G, M)
is (e,€',dy, 0, d3)-super-regular: condition (i) in Definition 3.16 tells us that Gy is e-regular,
with ds(G) > di5) if |S| = 2,3. Also ds(G) = 1if S| = 0, 1, as we assumed that G; = V;
in the hypotheses of Theorem 4.1. Now suppose t > 1 and @ # S € H is unembedded, so
x ¢ S. We consider various cases for S to establish the bound on the exceptional set and the
regularity property, postponing the density bound until later in the proof.

We start with the case when S € H(x). Suppose first that S = vw with xvw € H. By
induction Fg (t—1) is €0l -1l -regularand dy (F (t—1)) > d, forevery S’ C xvw. Writev =
max{v, (t—1),v, (t—1)}and v* = max{v,, (t—1),v,, (t—1)}. Weclaim that v, (t) > v*.
This holds by Lemma 4.3: (iv) gives v,,, () > v,,,(t—1),(v) givesv, (t) > v, (t—1),and (vi)
gives v, () > v, (t—1). Now applying Lemma 4.6, for all but at most (4€, ; +2¢,« ») | F,. (1 —
D|verticesy € Fy(t—1) wehave |F,(1)| = [Fy,(t—1) ()| = (1£e€, )dy (FE—1)|F, (=1,
|Fw(t)| = |wa(t_ 1)()’)| = (1 :tev,l)dxw(F(t - 1))|Fw(t_ 1)|’ and Fvw(t) = Frvw(t_ 1)()’)
is an €,xp-regular graph with d,,,(F(t)) = (1 £ €,+2)dy,,(F(t — 1))d,,,(F( — 1)). Since
v, (t) > v* wehave (x4,) whenS = vw for suchy. Note that it is important for this argument
that Lemma 4.6 makes no assumption of any relationship between v and v*. For future
reference we also note that the density bounds at time ¢ — 1 imply that d,,,(F (1)) > d?/2;
we will show a lower bound of d, later, but this interim bound will be useful before then.

The argument when S = {v} € H(x) has size 1 is similar and more straightforward. By
Lemma 2.2, for all but at most 2¢,; _y)1|F(z —1)| vertices y € F,(t —1) we have |F,(r)| =
[Fot—1D»)| = (1 ievév(,_l)’l)d);v(F(t —1)|F,(t—1)|. Also, we have v/(t) > v, (t—1) by
Lemma 4.3(vi), so (x4) holds when S = {v} for such y. We also note for future reference
that d,(F () > df/2. In the argument so far we have excluded at most 6€,p|F,(f — 1)|
vertices y € F,(t — 1) for each of at most 3D sets S € H(x) with |S| = 1 or |S| = 2; this
gives the required bound on E,(r — 1). We also have the required regularity property of
Fs(t), but for now we postpone showing the density bounds.

Next we consider the case when S € H and S ¢ H(x). If S = {v} has size 1 then
IFu (D] = |F,(t—=D\y| = |[F,(t—1D|—1,s0d,(F(t)) = d,(F(t—1))—1/n > d, /2, say. Next
suppose that S = vw has size 2. Recall that Lemma 3.11 gives Fs(f) = Fg<(t — 1)[Fs<(t)]s.
Then F,,(¢) is the bipartite subgraph of F,,(+ — 1) induced by F,(¢) and F,,(f). We have
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F,(t) =F,¢t—1)(y)ifxve Hor F,(t — 1)\ yifxv ¢ H. Similarly, F,,(1) = F,,,(t — 1) ()
ifxw e Hor F,,(t — 1) \ yif xw ¢ H. Since we choose y ¢ E.(t — 1), if xv € H then
IF,()] = (1 £ €0, )d(Ft — D)d,(F@ — 1)) > %du|FV(t — 1)|, and if xv ¢ H then
IF, ()] = |F,(t — D)\ y| > |F,(t)| — 1. Similarly, if xw € H then |F,,(t)| > Ld,|F,(t— 1),
and if xw ¢ H then |F, ()| > |F,(t)| — 1. Now F,,,(t — 1) is €, (_1)-regular, so by
Lemma 2.3, F,,,(¢) is €,y (—1)p-regular and d,,,(F(?)) = (1 £ €,y (—1)2)dn, (F (¢ — 1)). This
gives the required regularity property for F,,, (¢) in the case that vw intersects VN (x), when
we have v/ _(¢) > v/ (t — 1) by Lemma 4.3(v). In fact, we are only required to show that

ww vw

F,,(t)is €, (1 -regular, but this stronger regularity property will be useful for the case when
vw and VN (x) are disjoint. Now consider the case that vw and VNy (x) are disjoint. Let ¢/
be the most recent time at which we embedded a vertex x” with a neighbour in vw. Then
by Lemma 3.12, F,,=(t) is obtained from F,,,<(¢') just by deleting all sets containing any
vertices that are embedded between time t' + 1 and ¢. Thus F,,,(¢) is the bipartite subgraph
of F,,(t") spanned by F,(t) and F\,(t). Now F,,(t') is €, (/_i),-regular, by the stronger
regularity property just mentioned above. Since v, (1) > v (') > v, (' — 1), Lemma 2.3
gives the required regularity property for F,,, (). For future reference, we note that in either
case the bound d,,,(F(t — 1)) > d, implies that d,,,(F(t)) > d,/2.

Continuing with the case when S € H and S ¢ H(x), we now suppose that |S| = 3.
Again we use Fs(t) = Fs<(t — 1)[Fs<(t)]s. If S' C S, whether 8’ € H(x) or 8’ ¢ H(x),
we have shown above that dy (F (1)) > d2/2, and if |S'| = 2 that Fy(¢) is evél(,),l-regular.
Since Fg(t — 1) is €,/ ,_y s-regular, Corollary 4.9 implies that Fg(t) is evé(,_l)’z-regular and
ds(F(t)) = (1+£ Evé(r—l),z)dS (F(t—1)). This gives the required regularity property for F(t)
in the case that S intersects VNy (x), when we have vg(f) > v¢(t—1). As above, although we
are only required to show that Fs(¢) is € o1 -regular, this stronger regularity property will be
useful for the case when S and VNy (x) are disjoint. Suppose S and VNy (x) are disjoint. Let
¢’ be the most recent time at which we embedded a vertex x’ with a neighbour in S. Then by
Lemma 3.12, Fs<(¢) is obtained from Fg=< (¢') just by deleting all sets containing any vertices
that are embedded between time ¢’ + 1 and ¢. Equivalently, Fs(t) = Fs(£)[((F,(¢) 1 v €
S), {¥})]. Now Fs(t') is €12 -regular, by the stronger regularity property just mentioned
above. Since vg(t) > vg(t') > vs(#'—1), Corollary 4.9 gives the required regularity property
for Fg(t).

Now we have established the bound on E, (t— 1) and the regularity properties, so it remains
to show the density bounds. First we consider any unembedded S € H with |S| = 3. We
claim that

Fs(1) = Gs=[Fs= () ]s. “4)

To see this we use induction. In the base case t = 0 we have F(0) = Gg and Gg<[Fs<(0)] =
Gs<[Gs<] = Gys<, 80 Gs<[Fs<(0)] = Gs. For t > 0, Lemma 3.11 gives Fs(t) = Fo<(t —
D)[Fs<(t)]s, i.e. Fs(t) consists of all triples in Fg(t — 1) that form triangles in Fg<(#). The
induction hypothesis gives Fs(t — 1) = Gg<[Fs<(t — 1)]s, and so we can write Fs(f) =
Gs<[Fs<(t — D)][Fs<(t)]s.- Now Fs<(t) € Fg<(t — 1), so Lemma 4.5(vi) gives Gg=<[Fg<(t —
DI[Fs<(1)] = Gs=[Fs<(t — D[Fs<(1)]] = Gs=[Fs<(2)]. This proves (4). Also, we showed
above that for every S’ C S, we have dy(F(1)) > d?/2, and if |S'| = 2 then Fy (7) is
evg,(,)’l-regular. Since Gs is e-regular, Corollary 4.9 shows that Fs(¢) is 1/e-regular and
ds(F(t)) = (1 £ /€)ds(G) > d;/2. This gives the required bound ds(F (1)) > d,, although
we will also use the stronger bound of d3 /2 below.

Next consider any unembedded pair vw € H. Let t < t be the most recent time
at which we embedded a vertex x’ with x'vw € H, or let ¢ = 0 if there is no such
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vertex x'. Note that we have ¥ = ¢ if xyw € H. For t* < 1, let J(¢*) be the 1-complex
(F, ("), F,,(t"),{#}). We claim that F,,,(t*) = F,,<)[J(t*)],, for ' < t* < t. This fol-
lows by induction, similarly to the argument when |S| = 3. When ¢ = ¢’ the claim follows
from F,,<()[J(#)] = F,,<(t'). For t* > ', we have vw ¢ H(x), so Lemma 3.11 gives
F,, (") = F,,<(@* — D[J(")],,. Since F,,,(t* — 1) = F,,<({)[J(* — 1)],,, by induction,
Lemma4.5(vi) gives F,,,(t*) = F,,,< () [J* = D]J )] = Fpo= ) [J ()], as claimed.
Now we claim that d,,,(F(t)) > (d3/4)""d,/2, where we temporarily use i, to denote the
number of embedded vertices x’ at time ¢ with x'vw € H. To see this, we argue by induction,
noting that initially d,,,(F(0)) = d,,,(G) > d,. Also, if i, = 0 then F,,, (1) = G,,,<[J(®) ]y,
so d,,(F(t)) > d»/2 by Lemma 2.3. Now suppose that i, > 0, so that ¢ and x" are defined
above. By induction we have d,,,(F(t — 1)) > (ds/4)""'d,/2. Also dy,,,(F(t — 1)) >
d;/2 by the lower bound just proved for relative densities of triples, so (k4;) gives
de(F(t/)) =1+ Evéw(t’),O)de(F(t/ - 1))dx’vw(F(t/ -1) > (d3/4)it71d2/2 . d3/2 Since
Fo.(t) = Fp,<()[J(®)], Lemma 2.3 gives d,,,(F (1)) > d,..(F(t'))/2 > (d3/4)"d,/2, as
claimed. Since i, < D we have d,,,(F(t)) > 2d3:"d,, say. In particular we have the required
bound of d,,,(F(t)) > d,,.

Finally we consider any unembedded vertex z. Let £, < ¢ be the most recent time at
which we embedded a neighbour w = s(z,) of z, or #, = 0 if there is no such time. If
t, > 0 then by (%4) and the above bound for pair densities we have d,(F(t,)) > d,,.(F(t, —
D)d (F(t, — 1))/2 > d_%Ddzdz (F(t, — 1)). Now we consider cases according to whether z
is in the list L(t — 1), the queue g(r — 1) or the queue jumpers j(t — 1). Suppose first that
z € L(t—1). Then the rule for updating the queue in the algorithm gives |F_(1)| > §,|F.(t.)].
Next suppose that z € j(t — 1) Ug(t — 1), and z first joined j(#') U g(¢') at some time ¢’ < t.
Since z did not join the queue at time ¢ — 1 we have |F.(t' — 1)| > §,|F.(t,)]. Also,
between times ¢’ and ¢ we only embed vertices that are in the queue or jumping the queue,
or otherwise we would have embedded z before x. Now |Q(t) N X;| < §,Cn, otherwise
we abort the algorithm, and |J(f) N X;| < \/%n by Lemma 4.3(ii), so we embed at most

2,/8pn vertices in V. between times ¢ and ¢. Thus we have catalogued all possible ways
in which the number of vertices free for z can decrease. It may decrease by a factor of
d3®d, when a new z-regime starts, and by a factor 8 during a z-regime before z joins the

queue. Also, if z joins the queue or jumps the queue it may decrease by at most 2,/8on

in absolute size. Since z has at most 2D neighbours, and |F,(0)| = |V,| > n, we have
|F,(t)| > (B/ngDd2)2D8b|Vz| —2,/8pn > d,|V,|. .

In the preceding proof we needed to track the e-subscripts in great detail to be sure that
they always fall in the range allowed by our hierarchy. From now on it will often suffice
and be more convenient to use a crude upper bound of €, for any epsilon parameter. We
summarise some useful estimates in the following lemma.

Lemma 4.14.

() If 9 # S € H(x) then ds(F()) = (1 £ €,)ds(F(t — 1))ds.(F(t — 1)) and |Fs(t)| =
(1 £ €)|Fs(t = DI/|IF(t = 1)1
(i) IfS ¢ H(x) then ds(F (1)) = (1 £+ €,)ds(F(t — 1)).
(iii) IfS € H then d(Fs(t)) = (1 £ €,) [ dr (F(1)).
(v) IfS' € S € H then -

|Fs(0)] d(Fs(1) I

— — (1 £4e,)
[Fs (DIFs\s ()] d(Fg/(1))d(Fs\s(1)) P TESTES TESS

dr (F(1)).
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(v) IfS" C S € H then |Fs(t)(P)| = (1 £ €,)|Fs(t)|/|Fs (t)| for all but at most €,|Fg (1)]
sets P € Fg(1).

(vi) Statements (iii-v) hold replacing Fs<(t) by Fs<(¢)[I'] for any €,p3-regular subcom-
plex T of Fs<(t), such that dr(I") > ef when defined.

Proof. The first formula in (i) is a weaker form of (x4 ). For the second formula, suppose
first that S = v has size 1. Then |F,(t)| = d,(F@®)|V,| = (1 £ €,)d,,(F(t — 1)d,(F(t —
NIVl = (I £ e)dn(F(t — D)F, (@ — D] = (1 £ €)|Fo( — DI/|F(r — 1)|. In the case
when S = uv has size 2 we have dy (F(t)) = (1 £ €12p,1)dy (F(t — 1))dg (F(t — 1)) for &’
equal to u, v or uv. Since €,p; K €, the formula follows from the same calculations as in
Lemma 4.12(i). This proves (i). For (ii), note that if |S| = 1 then Fs(t) = Fs(¢) \ y has size
|Fs(t — 1)| or |Fg(t — 1)] — 1. Also, if |S| = 2,3 we have Fg(t) = Fs<(t — 1)[Fs<(t)]s by
Lemma3.11. Statement (ii) then follows from Lemma 2.3 if |S| = 2 or Lemma 4.8 if || = 3.
For (iii) we apply Lemma 4.10 when [S| = 3 or the identity d(Fs(1)) = [[;csdr(F(1))
when |S| < 2. Statement (iv) follows by definition of absolute density and (iii)._For (v) we
apply Lemma 4.12. For (vi) we apply regular restriction to see that Fs< (¢)[I"] is €|p 3-regular
and then the same proofs. .

Our next lemma concerns the definitions for marked edges in the algorithm.
Lemma 4.15.

(i) For every triple E € H we have |Mg: g(t)| < QV’,
Et
QV’Ef(f)|FE‘ )| for E € U(x).
(ii) For every x and triple E € U(x) we have |D,g(t — 1)| < Qvét ol Fe(t = 1.

(t)|FEr(t)|, and in fact |Mg: g ()| <

Proof. Throughout we use the notation E = E'~!, v = v/E(t — 1), v = v, (0.

(i) To verify the bound for # = 0 we use our assumption that (G, M) is (¢,€’,d>,0, d3)-
super-regular. We take I = ({J}), when for any v we have G = G by Definition 3.15. Then
condition (iii) in Definition 3.16 gives |Mg| < 6|Gg|. Since E° = E, My ;(0) = Mg and
F(0) = G we have the required bound. Now suppose ¢ > 0. When E € U(x) we have
|Mg: £ (t)| < 6,+|Fg:(¢)] by definition, since the algorithm chooses y = ¢ (x) ¢ D, g(t — 1).
Now suppose E ¢ U(x),andlet? < tbe the most recent time at which we embedded a vertex
x" with E € U(x"). Then E' = E', v, (t') = v*, and Mg ()| < Qv/Et(t/)|FEf(t,)| by the
previous case. For any z € E’, we can bound |F,(¢)| using the same argument as that used at
the end of the proof of Lemma 4.13. We do not embed any neighbour of z between time ¢’ + 1
and ¢, so the size of the free set for z can only decrease by a factor of §j, and an absolute term
of 2,/8n. Since d.(F(t')) = d, > 89 we have |F.(t)| = 8,|F.(1")| —2,/5gn = 18,|F.(1")].
By Lemma 3.11, for every # # S C E’, Fs(t) is obtained from F(¢') by restricting to the
I-complex ((F.(t) : z € S),{@}). If |S| = 2,3 then regular restriction (Lemmas 2.3 and
4.8) gives ds(F(1)) = (1 £ €,)ds(F(t)). Now d(Fg (1)) = (1 £ €,) [[gcpr ds(F (1)), by
Lemma 4.14(iii), and similarly d(Fg: (¢)) = (1 £ €,) [ [cpr ds(F(¢)). This gives

|Fp: (0]
|Fe: ()]

ds(F (1))
ds(F(1))

d:(F(1))
d:(F(1")

=(1i3e*)l—[

SCE!

= (1+10e,) ]—[ > (8p/2)°/2.
zeE!

Therefore Mgt g(t)| < Mgt p(t')| < 0+ |Fee ()| < 2(822/2)_39v*|FEr )] < 0+ |Fpe ()]
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(ii) First we consider the case x € E. Then E' = E \ x and v < v* by Lemma 4.3(vi).
Also Fgi(t) = Fg(t — 1)(y) and Mg (1) = Mg g(t — 1)(y) (see Lemma 3.14), so

Dop(t = 1) ={y e F(t = 1) [Mgp(r = D[ > 0, [Fp(t = DI}

If E = {x} has size 1 then Dyp(t —1) = Mgt — 1) by Lemma 4.2, so |[D,g(t — 1)| <
O 1F(t — 1| < 0ux|F(r — D[ by (). If |[E| > 2 then |Fe ()| = |[Fg(t — D) = (1 =
€)|Fg(t — 1D|/|F.(t — 1)| by Lemma 4.14 when y ¢ E,(t — 1). Now

Yo Mggt—DOMI >0 Y Fgt— D)

€Dy (1—=1) €Dy g (t—D\Ex(t—1)

> (1 = €)0u (IDxp(t — D| = €.|F.(r = DDIFE(r — DI/IFc(t — D).

We also have an upper bound

Do Mgt =DM Y Mt — D) = Mgt — D] < 0)|Fg(t — 1),
yeDy g(t—1) YEFx(1—=1)
where the last inequality holds by (i). Therefore
|Dy g (1 — 1)| - 6,
[Fe@t— D] (1 —€)bx

+€* < Qv*'

Now we consider the case when x ¢ E. Then E’ =_EH = E. Note that when E € U(x)
we have ENVNy (x) # @,s0v* > v. Supposefirstthat E € H(x). Then F5(t) = Fg, (t—1)(y)
and Mg (1) = Mg g(t — 1) N Fg(1) (see Lemma 3.14), so

Dep(t—1) ={yeFu(t = 1) : IMgp(t — 1) N Fg,(t = D) > Ou+|Fg,(t — D)}

Similarly to the previous case, by Lemma 4.14 we have

Si= Y Mp-DOFR(—DOI>6s Y. [FeG— Do)

yeDy g(1—=1) V€D, p(t—D\Ex(t—1)

> (1 = €)00 (IDxp(t = D] = €|Fu(t = DDIFg(t = DI/|F:(z = D).

We also have ¥ < Z_‘,E Fea—n (Mg g —1) N Fg(t — 1)()|. This sum counts all pairs (y, P)
with P € Mgp(t — 1),y € F(t — 1) and Py € F,(t — 1), so we can rewrite it as

T ) IFRGE—-DE@)]

PGME.E(t—l)
By Lemmad4.14(v) we have | Fz, (t—1)(P)| = (116*)% for all but at most e, | Fz(t—1)|
E
sets P € Fg(t — 1). Therefore
|[Fg (t — D)

X < [Mgp(t = DI +€) + e |Fg(t = DI[Fe(t = D).

[Fz( — D)
Combining this with the lower bound on ¥ we obtain

Dt =D
Fo(t = D)

Mg g (1 — 1) |[Fe(r — DIIFc(t — D]
|Fe(t = D] " |FE(t = 1]

(1 - 6*)911* ( E*) < (1 + E*)
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IFp(t=DIIFx (t=1D)| i i
G < 2d]" < €, by

Now |[Mz (t — 1)| < 6|Fg(t — 1)| by (i), and
Lemma 4.14(iv), so

|Dy (1 — 1)] - (1+ €90, + /e
|Fx(t - 1)| (1 - 6*)9\)*

+ €, < 9‘,*.

It remai_ns to consider the case when x ¢ E and E = E' ¢ H(x). Since E N VNy(x) # ¢
we have |E| > 2. Then Fz=(¢t) = Fz=(t — 1)[Fz=<(¢)] by Lemma 3.11 and Mg (¢) =
Mz g (t — 1) N FE(1), so

Mgt — 1) N Fp=( — DUFg=OIl 0 *}
|Fp=(t — D[Fg=®]] )

Let I be the subcomplex of E- consisting of all S € E with S € H(x). Then P € Fe=(t —
D[Fg=<()] if and only if P € Fz=(t — 1) and Psy € Fs(t — 1) for all § € I. When we
choosey ¢ E,(t — 1), Lemma 4.14 gives ds(F (1)) = (1 £ €,)ds(F(t — 1))ds, (F(t — 1)) for
B # S eIby (i), ds(F(t)) = (1 £+ €,)ds(F(t — 1)) for S C E with S ¢ I by (ii), and

Dp(t—1) = {y eF.(t—1):

d(Fp=(t = DIF=O) = A £ &) [ [ds(F(r = 1)) ] ds(F(e = 1))

SCE B#Sel

by (vi), so

[Fz=(t — D[Fg= (]| = (1 £20€,)|Fz=(t — 1) l—[ dsc(F(t — 1)).
W#Sel

As in the previous cases we have

Ti= Y Mgt —1)NFe=(t — DIFg= ()]
YeDy p(1=1)

> O Z |Fp=(t — D[Fz= (0]

YEDy p(1—D\Ex (t—1)

> (1 —=20€,)0,+ (1D p(t — )| — €, |F.(t = 1)]) |[Fg=(t — 1) 1_[ ds (F(t —1)).
g#Sel

For any P € Fg(t — 1), let Fp; be the set of y € F,(t — 1) such that Pgy € Fg, (¢t — 1) for
all S € I. Let B, be the set of P € Fz(t — 1) such that we do not have

|Fpil = (1 £ €)|F:(r — 1) l_[ ds(F(t — 1)).
P#Sel
Then |B;| < €,|Fg(t — 1)| by Lemma 4.11. Now ¥ < Z},EFX(H) Mg g(t — 1) N Fe=(t —
D[Fg=(t)]|, which counts all pairs (y, P) with P € Mg (t — 1) andy € Fp, so

Y < Mpp(— DI £e)|F(r — 1] H ds(F(t — 1)) + € |Fg(t — D||F.(t — D).
W#Sel

Combining this with the lower bound on ¥ we obtain

|Dxp(— DI Mg (1 — D

F\(t— 1) 6*) =0T o)

+e [ dsFa—1)7

W#£Sel

(1 — 20€,)6, (
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Now |Mz(t — 1)| < 6,|Fz(t — 1)| by (i) and all densities are at least d, > €,, so again we
have

IDeet— DI _ (A +e)6) + Ve

+ €, < 0‘)*.
|F (t —1)] (1 —20€,)0,*

The following corollary is now immediate from Lemmas 4.13 and 4.15. Recall that
OK,(t — 1) is obtained from F, (¢ — 1) by deleting E,(t — 1) and D, g(t — 1) for E € U(x),
and note that since H has maximum degree at most D we have |U(x)| < 2D?.

Corollary 4.16. |OK,(t — 1)| > (1 —0,)|F.(t — 1)|.

4.5. The Initial Phase

This subsection concerns the initial phase of the algorithm, during which we embed the
neighbourhood N of the buffer B. There are several issues that make the analysis of this
phase significantly more complicated than that of the graph blow-up lemma (which was
given in Lemma 2.5). As we mentioned earlier, the buffer B is larger than before, so we
embed many more vertices during the initial phase, and the queue may open. One potential
problem is that there may be some vertex v and class V; so that G(v) N'V; is used excessively
by the embedding — this is a concern, since d, < 8. The first lemma in this subsection
shows that with high probability this does not happen.

Our goal is to show that for any vertex x € B there will be many available vertices v € V,
such that we embed H (x) in (G \ M) (v) during the initial phase. Then if v is not used before
the conclusion of the algorithm we will be able to embed x as ¢ (x) = v. We need to ensure
that for every neighbour z of x and for every triple £ of H containing a neighbour of z, the
choice of image for z is good, in that the subcomplex of the free sets for E= that is consistent
with mapping x to v is suitably regular and does not have too many marked edges. As in
Lemma 2.5, we aim to give a lower bound on the probability of this event, conditional on
the previous embedding. The third lemma in this subsection achieves this.

The marked edges also add a complication to the conclusion of the algorithm, in which
we need to verify Hall’s condition for a system of distinct representatives of the available
images for the unembedded buffer vertices. We need to show that for that any W C V, that
is not too small, the probability that W does not contain a vertex available for x is quite
small. This is achieved by the second lemma in this subsection. We present it before the
lemma on mapping x to v because its proof is similar in spirit and somewhat simpler.

First we recall the key properties of the selection rule during the initial phase. Although
the queue may become non-empty, jumping ensures that we embed all vertex neighbour-
hoods VNy (x), x € B at consecutive times, and before x or any other vertices at distance at
most 4 from x. Then Lemma 3.12 implies that if we start embedding VN (x) just after some
time T} then F,(T) = V,(T}) consists of all vertices in V, that have not yet been used by the
embedding, for every z at distance at most 3 from x. We also recall that |B N V.| = 83|V,],
IN V.| < /85I VI, 1Q(To) N V| < 8p| V.l and |J(To) N V.| < \/So|Vz| by Lemma 4.3(ii).
Thus for any z at distance at most 3 from x we have

IF(To)| = |V(To)| > (1 = 2/8)|V.I. ®)
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We need the following supermartingale formulation of the Azuma-Hoeffding inequality,
which can be easily derived from the martingale formulation quoted later as Theorem 5.16.

Theorem 4.17.  Suppose Zy,...,Z, is a supermartingale, i.e. a sequence of random
variables satisfying B(Z; 1|2y, . ..,Z;)) < Z;, and that |Z; — Z;_| < ¢;, 1 <i < n, for some
constants c;. Then for any t > 0,

t2
P(Z, —Zy>1) <2exp (_W> .
i=1"%i

Let 7; be the time at which we embed the last vertex of N, ending the initial phase. Then
T, < >0 23/81Vi| < 8,'3/ ’n by (5). Our first lemma shows that there are many available
vertices in all neighbourhoods at time 7;. Note that by super-regularity the assumption
|G(v)| = d,|V;| in the lemma holds for every j such that G, is defined.

Lemma 4.18.  With high probability, for every vertexv € Gand 1 < j < r with |G(v);| >
d,|V;| we have

IGW), N V(T > (1 —857) G-

Proof.  Suppose |G(v);| > d,|V;|. The ratio |G(v); N V;(t)|/|G(v);| only decreases when
we embed a vertex in G(v);. We separate the analysis according to two effects. One effect is
that we embed a vertex z € N N X; to an image ¢ (z) € G(v);, where G(v); is not too large a
fraction of the free images for z. The other effect is that we we embed a vertex z € N NX; to
an image ¢ (z) € G(v);, and the embedding of some neighbour w of z previously caused the
fraction of G(v); in the free images for z to increase significantly. To analyse these effects
we write T, for the time at which a vertex z is embedded and define the following sets:

» Let A () be the set of embedded vertices z € N N X; such that ¢ (z) € G(v); and
|G(v); NF(T. = DI/IF(T: = | < 2*°|G();|/1V}l.
» Let ITy;(¢) be the set of embedded vertices w € N N X, such that
|Gv); NF(T,)I/IF.(Ty)| = 2|G(v); N Fo(T,, — DI/IF(T,, — )| > d;
for some z € VNy(w) NN N X;.

We claim that any vertex embedded in G(v); up to time 7; is either in the queue, or
in A;(T;), or an H-neighbour of some w € I;;(7;) for some £. To see this, suppose z
is embedded in G(v); and is neither in the queue nor in A;(7;). Since z € N we have
z € VNg(x) for some x € B. Suppose we start embedding VNy (x) just after time 7,. Then
F.(Ty) = V;(Tp) has size at least (1 — 24/85)|V;| by (5), so |G(v); N F.(To)|/|F.(Tp)| <
IG);1/(1 = 2/85)|V;]. We also have |G(v); N Fo(T. — D/|F.(T, — D] = 222|GW),|/[Vil,
since z ¢ A;(T;). Since |[VNy(x) \ z| < 2D — 1, there mustbe some g, 1 < g < T, — T
so that at time T; + g we embed some w € VNy(z) and get |G(v); N F.(T)|/|1F.(T,)| =
2|Gw); NF (T, — D|/IF.(T, — 1)|. Here we recall that we embed VN (x) consecutively
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and sow € VNy(x) € N. Now forany g, 1 < g < T, — Ty, since |F,(T, — 1)| > d,|Vj| >
d,|F(Ty + g")| we have

GW); N F, (T, ! G NF (T, —1
| (V)j ( 0 +g)| > | (v)lj z( z )| > 22Ddu|G(V)j|/|Vj| > 22Ddu2 > ds
|F(To + &) dF (T, — D]

Therefore w € I, ;(T;), where £ = i(w), which proves the claim. Since any w has at most
2D neighbours we deduce that

IGW); N V(T = |GW);| — 1Q(T) N Vi — [A(T)] — ZDZ ITLe; (7). (6)
=1
Consider Z;(t) = |A;(1)] — 2*PT'd;(G(v))|V; \ V;(1)|. We claim that Z;(0), ..., Z;(T;)
is a supermartingale. To see this, suppose we embed some vertex z € X; at time 7,. We
can assume that z € N and |G(v); N F(T, — D|/|F,(T, — 1)| < 2??d;(G(v)), or otherwise
z ¢ A;(T;) by definition, so |A;(T,)| = |A;(T, — 1)| and Z(T,) < Z(T, — 1). Since
¢ () is chosen randomly in OK (T, — 1) C F,(T, — 1) of size at least |F, (T, — 1)|/2 (by
Corollary 4.16), we have
GW);,NOK (T, — 1
BIIA(T)] = AT, = DIl = Po(@) € Gy = 1 Lo )
2(Gv); NF(T, — D]

< 227 d(G)).

We also have |V; \ V,(T,)| = |V; \ V;,(T, — 1)| + 1, so the decrease in the second term of
Z;(t) more than compensates for the increase in the first, i.e. E[Z(T,) — Z(T, — 1)] < 0.
Thus we have a supermartingale. Since |Z;(¢) — Z;(t — 1)| < 1, [V;\ V;(T})| < 2\/8_B|Vj| by
5),and T; < 8;/311, Theorem 4.17 gives

PLIA(T)| > 22Pdi(G1))/85l Vi1 < PIZi(m) > 22P2d;(G(v)) /35| V]
< 2exp[—(22de(G(v))\/g|Vj|)2/2T1] < e V", (say, for sufficiently large n).

Next consider Y, ;(t) = [I1.;()] — e*|l'[2’j(t)|, where H’ZJ(I) consists of all vertices
in X, with at least one H-neighbour in X; that have been embedded at time ¢. We claim
that Y, ;(0), ..., Y,;(T;) is a supermartingale. To see this, suppose we embed some vertex
w € X, at time T,,. Consider z € VNy(w) NN N X;: we can assume this set is non-empty,
otherwise w ¢ Tl ;(T,) U Hgd.(t), so Y, ;(T,,) = Yu;(T,, — 1). We can also assume that
w e N and |G); NF(T,)|/IF.(T,)| > 2|G); NF (T, — V)|/|F.(T,, — 1)| > d* for some
z € VNy(w) NN NX;, otherwise w ¢ T1,;(T,,) by definition, so |I1,;(T,,)| = [ITy;(T,, — 1)|
and Y, ;(T,) < Y, ;(T,, — 1).

By Lemmas 4.13 and Lemma 2.3, F,.(T,, — 1)[G(v); N F.(T,, — 1)] is €1pp,-regular.
Applying Lemma 2.2, we see that there are at most 2€1,p 5 |F,, (T, — 1)| ‘exceptional’ vertices
y € F,,(T,, — 1) such that embedding ¢ (w) = y will not satisfy

IGO); NFA(T)| = [Fo (T = D) N GW); N (T, — 1)
= (1 £e)d.,(F(T, — D)|GO); NF(T,, — D).

On the other hand, the algorithm chooses ¢ (w) = y to satisfy (x4;), so |F,(T,)| = (1 +
€)do(F (T, — D)|F.(T,, — D|. Thus we have |G(v);NF(T\)|/1F.(T,))| < 2|G(W).NF (T, —
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D|/|F. (T, — 1)|, unless we choose an exceptional vertex y. But y is chosen uniformly at
random from |OK,,(T,, — 1)| = (1 — 6,)|F,,(T,, — 1)| possibilities (by Corollary 4.16), so y
is exceptional with probability at most 3¢€,p,. Therefore E[|I1,;(T,,)| — |T1,,(T,, — 1)|] <
3€1py-

We also have |H2J(TW)| = |1'I;‘/.(TW — 1)| + 1, so the decrease in the second term
of Y, ;(t) more than compensates for the increase in the first, i.e. E[Y,;(T,,) — Y,,;(T,, —
1)] < 0. Thus we have a supermartingale. We also have |Y,;(t) — Y, ;(t — 1)| < 1. Also,
[V \ Vi(T))| < 24/85|Vj| by (5), s0 [T ,(T})| < 2D+/8s| V], since H has maximum degree
D. Then Theorem 4.17 gives

P (T))| > 2d,/83IVj[] < PIY,;(1) > diy/85I V]
< 2expl—(d,/85Vi)?/2T)] < eV,  (say, for sufficiently large n).

Taking a union bound over v € V and 1 < j,£ < r, with high probability we have
AT < 22PPd(Gv)V6EpI V| = 22PT3/851G(v);| and [T (T)| < 2d,/351V)| <
2/85|G(v);|. Therefore (6) gives

IGW); NVI(T)| = |GW);| = 10T N Vi — [A;(T)] — ZDZ |TTe; (T7)|.

=1

> |GW)j| — 8ol V;| — 22243 /851G(v)| — 4Dry/851G ()| > (1 — 8)*)|IGw),l,
since |G(v);| > d,|V;| and €, K 8p K d, K 85 L 1/r,1/D. "

For the remainder of this subsection we fix a vertex x € B and write VNy(x) =
{z1,...,%¢}, with vertices listed in the order that they are embedded. Since H has maxi-
mum degree D we have g < 2D. We let T; be the time at which z; is embedded. By the
selection rule, VNy (x) jumps the queue and is embedded at consecutive times: ;. = T;+41
for 1 <j < g — 1. For convenience we also define T, = 7| — 1. Note that since H is an
r-partite complex, no vertex of VNy (x) lies in X,. The selection rule also ensures that at time
T, no vertices at distance at most 4 from x have been embedded, so for any z with distance
at most 3 from x we have F,(Ty) = V,(Ty). (The need for this property in Lemma 4.21
explains why we needed to choose the buffer vertices at mutual distance at least 9.)

Remark 4.19. Note that the argument of the Lemma 4.18 can be applied replacing the
sets G(v); by any sufficiently large subsets of G;, provided that they are sufficiently few in
number to use a union bound. For example, we can define a complex G(S) = N,esG(V)
for any S C V, and show that with high probability, for every § € V with |S| < 2D and
1 <j < rwith |G(S);| > d,|V;| we have |G(S); N Vi(T))| > (1 — 8;)|G(S);|. It follows
that with high probability every z € VNy(x) would have many available vertices in G(v),
throughout the initial phase, even if we did not use queue jumping in the selection rule.
However, the analysis is simpler if we do use queue jumping, and then we only need the
version of Lemma 4.18 stated above.

Recall that the available set A, is obtained from Fx(t]’cV ) by removing all sets M, ¢ (t)’(V ) for
triples E containing x. Here t¥ = T,. If x is unembedded at the conclusion of the algorithm
at time 7" we will embed x in A}, = A, N V,(T). Our second lemma shows that for that any
W C V, that is not too small, the probability that W does not contain a vertex available for
X is quite small.
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Lemma 4.20. For any W C V, with |W| > €,|V,|, conditional on any embedding of the
vertices {s(u) : u < T} that does not use any vertex of W, we have P[A, N W = §] < 6,.

Proof.  'We apply similar arguments to those we are using for the entire embedding, defining
variants of various structures that incorporate restriction to W. Suppose 1 < j < g and that
we are considering the embedding of z;. We interpret quantities at time 7; with the embedding
¢(z;)) =y, for some as yet unspecified y € F (T; — 1). Write W; = W N F(T;). At time
Ty we have W C F(Ty) = V.(Ty), so Wy = F(Tp) N W = W. Since z; € H(x) we have
F(Tj) = Fi, (T; — D(y), so

W, = Wioi N Fo (T — D).

)

For convenient notation we will use [W;] to denote restriction of hypergraphs and complexes
to W;, in that forx € § € H we write F<(T;)[W;] for Fs<(T;)[(W;, {¥})] and F(T;)[W;] for
Fo= (T)L(W;, {(9)]s.

We define exceptional sets EZV;’(Tj —1) € F(Tj — 1) by the property that y is in F (T; —

1) \E;j"(]} — 1) if and only if

Wil = (1 £ €0, DIWIIF(T)I/1Fe(To)]. (*4.20)

Thus if we embed z; to y ¢ E:V (T; — 1), then the intersection of the free set for x with W

is roughly what would be ‘expected’. Next, to control marked edges, we define dangerous
vertices similarly to before, except that here we incorporate the restriction to W;. For any
triple E containing x we define

D;V.,E(Tj —D={el,T-1: Mg (THIW]l > QU;T/@.)IFET,- (THIW;11}.
Now we define events as follows:

* Ay;,j > 0is the event that property (*49) above holds.
* A,;,j > 0is the event that for every triple E containing x we have

My, oW = 00 ) 1Fty TDIW

* Asj, j = 1is the event that y = ¢(z;) is chosen in OKZ‘;,V(]} — 1), defined to be the
subset of F(T; — 1) obtained by deleting the sets E‘jV(TJ — 1) and D‘j’E(Tj — 1) for
E containing x. For convenient notation we also define A; to be the event that holds
with probability 1.

We divide the remainder of the proof into a series of claims.
Claim A. The events A, , A and A3 hold.

Proof.  As noted above, we have W, = W, so A o holds. Also, A3 holds by definition, so
it remains to show A, . Consider any triple £ = xzz’ containing x. Recall that all vertices
at distance at most 4 from x are unembedded. Then ET0 = E, and by Lemma 3.12, Fy=<(T})
is the restriction of Gg< to the 1-complex ((F,(Ty) : u € E),{0}), so Fg=<(Ty)[W] is the
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restriction of Gg= to (W, F_(Ty), F.(Ty), {#}). Since G is e-regular, Fg<(To)[W]is €' -regular
by regular restriction and dg(Fg=(To)[W]) = (1 £ €')ds(G) for S C E, |S| > 2. Then

[Fe(To)[W1] = (1 £ 20€")|W||F.(T)IF2(Ty)] [ ds(G)

SCE,|S|=2

by Lemma 4.10. Now

Mep(T)IW1 =) IMes(T)M| < Y IMeW) <6 |Ge()]

veW veW veW

by condition (ii) of super-regularity (Definition 3.16). This condition also says for any
v € G, that Gg(v) is €' -regular and ds(G(v)) = (1 £ €')ds(G)ds (G) for @ =S C E \ x, so

GEW)| = der (GODIGWLIGW)2| = (1 £ 5NVLIVL| [] ds(G)dsi(G).

P#£SCz7

Here we note that d,(G) = d/(G) = 1, as our hypotheses for Theorem 4.1 include the
assumption G; = V; for 1 < i < r. Equation (5) gives |F,(Ty)| > (1 — 24/85)|V.(Ty)| and
|Fo(To)| > (1 = 23/85) [V (Ty)|, s0

|Mg.£(To)[W]] (I +5€H0|V.| V|

1+ 30€)(1 — 2/85) 20 < 6.
R MoV~ T 200 Ty [Ty = (3000 = 2070 <0

Claim B. If A3 holds then A, ; and A hold.

Proof.  This follows directly from the definitions: if y ¢ EV/" (T; — 1) then (x429) holds, and
ify ¢ DY (T = 1) then [My, , (T)IW11 < 00 [Py (TDIWI

Claim C. If Ay holds then |EY (T; — 1) \ E;(T; — D)| < €.|Fy,(T; — D).

Proof. By Lemma 4.13, Fy,(T; — 1) is EU;Zj(Tj_I),l-regular, so by Lemma 2.3, F,, (T} —
D[W,_1]is ev,sz (Tj_l)gz-regular. Then by Lemma 2.2, for all but at most GVsz T-1)2 |sz (T;,— 1)
verticesy € FZJ.(Tj—l)we have |W;| = |Wj_lﬂszj(7}—1)(y)| = (1:tfv,’qj(rjfw,z)dxz_,(F(T}—
1))[Wj_y. Since Ay holds, [Wi_i| = (1 £ ez, ) IWIIF.(T; — DI/IF.(Ty)]. Also, by
(k4.), fory ¢ E. (T; — 1) we have |F(T))| = (1 £ €,1,—1)0)dx; (F(Tj — D)|F:(T; — D).
Now z; € VN (x), s0 v (T;) = v (T; — 1) + 1, and v(T}) > max{v,(T; — 1), v _(T; — D)}.
Combining all estimates, for all but at most €, |sz. (T;—1)| verticesy € F (T;,— 1)\Ezj(Tj— 1)
we have

Wil =% ev)’czj(r/-fl),2)dx2j

= =xey .(]_'/—1),2)(1 + fu;(T_/-—l),l)dx

Vxz j

(F(T; = D)Wl
o (F (T — IDIWIF(T; — DI/|1Fx(To)|

= (I % €7 D IWIIFATHI/IF:(To)l, L.e. (*420)-
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Claim D. IfA,;_; and A,;_, hold then for any E containing x we have

[D5e(Ti = D] < by [F5(T; = DI
s

Proof. Denote E = Eli~!' v = v(T; — 1) and v* = v/ETj (T;). Suppose A ;_; and A ;_;

hold. By A, ;_; we have |W,_,| > %du|W| > €?2|V,|. Consider any triple E containing x. We
bound D;V_! £(T; — 1) with a similar argument to that used in Lemma 4.15.

CaseD.1. Firstconsiderthecasez; € E.ThenE” = E \ zjandv* > v.Since W; = W;_;N
Fo (T~ 1)(y), Lemma3.10 gives F, 1, (T)) [W;] = Fg(T;— D)) [W)] = Fx(T,— DIW,_]0).
Similarly, M, 7, , (T)IW;] = Mz (T; — D0)W)] = Mz (T) — DIWi11(). s0

DY (T — 1) = {y € Fy(T; = 1) : |Mpp(T; — DIW110)| > 00 [Fp(T; — DIV 101}

Let B/Z,_ be the set of y € F,(Tj — 1) \ E;;(T; — 1) such that we do not have

|Fe(T; — DIV, 1| = (1 £ €)|Fg(T; — DIW;_1 11/ 1F(T; — D).

Applying Lemma 4.14(vi) with I' = (W,_,, {/}) gives |B;j| < e*|FZJ. (T; — 1)|. (Note that
we need y ¢ E_(T; — 1) as this is implicitly assumed to apply Lemma 4.14.) Let B, =
B;j UE,(T; — 1). Then |B;| < 2€,|F,,(T; — 1)| by Lemma 4.13. Now

S IMpp(T - DIWLIO > 6 Y FR(T — DIW10)]

yeDl p(T;=1) yeDy p(T=D\By;

> (1 - 6*)91)*(

DY (T; = D = 26,|F (T; = DI)IFg(T; = DIW; 111/ 1F(T; = D).
We also have an upper bound

Yo M- DI = Y Mg (T — DIWO)]

yeDg/_’E(Tj—l) yeFz (Tj=1)

= Mg (T; — DIWj11l < 6,|Fg(T; — D[Wj_1]|
where the last inequality holds by A,;_;. Therefore

DY (T; = D) 6,
<
IFZ](TJ—1)| (1 _E*)ev*

+ 2€, < O,x.

Case D.2.  Next consider the case z; ¢ E. Then E/ = E'i"' = E. Also x € E N VNy(z)),
so v* > v. Suppose first that E € H(z;). Then Fz(T))[W;] = ngy,(Tj — D[W,;_1(y) and
Mg g (THIW;] = Mg (T; — 1) N Fg(T)[W)], so

DY (T, — 1) e — 1y MEe — D0 g (@~ DIWION
7 ENT y 0\ |FEZJ_(]} — ])U/Vj_l](y)|
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Similarly to the previous case, letting Bg/ be the set of y € F (Tj — 1) \ E;;(T; — 1) such
that we do not have '

|Fe, (T; = DIWi 10| = (1 £ €)|Fg, (T; — DIW1/1F;(T; — D,

we have |B, | < &,|F.(T; — 1)|. With B, = B, U E. (T, — 1) we have

= Y Mge(Ty— 1) N Fg (T — DIW]0)]

GDZJV_,E(TJ'—I)
> O, Z |FE;,(T/‘ — DIV,
yeD p(T=D\By;

|, (T, — DIW, |
P, (T; = D)

> (1 — 6*)6U*(

DY (T — 1| = 2.|F,(T; = 1)])

We also have ¥ < ZyeF a1 Mg (Ty = 1) O Fg, (T; = DIW; 1 1()|. This last sum counts
all pairs (y, P) with P € MEE(T D[W,_l,y € F, (7} ) and Py € ngj[Wj,l](Tj — 1),
o we can rewrite itas X < ), e T=DIW_] |FEZ/ (Tj — D[W;_11(P)|. Then Lemma 4.14

gives

|z, (T, — DIW, |
[F£(T; — DIW, ]

|Fe, (T; = DIW 1(P)| = (1 £ €,)

for all but at most €, |Fg(T; — 1)[W,_]| sets P € F5(T; — 1)[W,_,]. Therefore

|, (T, — DIW, |
|F£(T; — DIW, ]

Y < Mg (T; — DIW 11 +€,) + € Fe(T; — DIW JIIF,(T; — DI

Combining this with the lower bound on ¥ we obtain

(1 = €00, (|DZ o (T; = D|/I1F,(T; — D] = 2¢.)
Mz (T, — DIW_i1|  1Fp(T; = DIV IIF, (T — D)

1+ e, - + €,
U d SOl T e (@ - DIVl

Now |Mz(T; — D[W,_1]| < 6,|Fg(T; — D[W;_]| by A3;_;. Also, since x € E, and since

Fzy,(Y} - DWWl = Fz,- (T; — 1), we can apply Lemma 4.14(vi) with I" = (W;_,, {J}) to get

[P (Tj—=DIWj_11I|Fz; (Tj— D)
P, G= D11l

<2d;' <€ ', 50

D5 = D] (+e)o,+ &

+ 2¢€, < O,x.
| (T; — D (I — €,)0,

Case D.3. It remains to consider the case when z; ¢ E and E ¢ H (zj). Since x €
E N VNy(z;) we have |[E| > 2 (otherwise we are in Case D.2). Now Fz=(T)) = Fz=(T; —
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D[Fz<(T;)] by Lemma 3.11, 50 Fz< (T))[W;] = Fy=(T; — 1)[Fg=(T;)[W;]] by Lemma 4.5.
Also, Mz (T))[W;] = My ;(T; — 1) N Fz(T;)[W;] by Lemma 3.14, so

DYt 1) = {y e (1, — 1 : Mee® = D 0 Fge @ = DIFg- D)Wl ev*} |

|[Fg=(T; — D[Fg=(THIW;11zl

Letl = {S C E:Se H(zj)}. Then P € Fz=(T; — 1)[Fg=<(T)[W;]] if and only if P €
Fe<(T; — 1), for x ¢ S € I we have Py € Fs(T)), i.e. Psy € FSzy'(Tj — 1), and for x €
S € I we have Py € Fs(T))[Wj], i.e. Psy € FSZJ.(Tj — D[W;]. When we choose y ¢
EZ].(TJ- — 1), Lemma 4.14 gives ds(F(T;)) = (1 £ €,)ds(F(T; — 1)) for S C E with S ¢ I
and ds(F(T)) = (1 £ €)ds(F(T; — 1))ds;(F(T; — 1)) for # # S € I. Let dg denote
ds(F(T)[W;]) = ds(Fg=(T))[W;]) if x € Sords(F(T})) ifx ¢ S. If y ¢ EZV]‘_/(Y} — 1) then
[W;| > %du|W| > €2|V,|, so regular restriction gives dy = (1 £ €,)ds(F(T})) for S C E,
S #xand d, = d(W;) = |W;|/|V,|. Applying Lemma 4.14 we have

d(Fp=(T; = DIFg=(T)IW11p) = (1 £ ) [ [ ds
SCE
Wil
=(1£30e) ————| | ds(F(T; — 1 ds,,(F(T; — 1)).
( 6)|Fx(Tf—1)'Scl_£ S(F (T, ))@1;[351 5 (F(T; — 1))
Also, |Fg(T; — D[W;- I]I—(lie*)lF i L | Py (T, — 1)| by Lemma 4.14. If y ¢ EY (T;— 1)

Wl
then 77 = A L edmry \F <T 1>| S0

[Fz=(T) — DIFg=<(TpIWllzl = (1 £ 40€.) |[Fe(T; — DIW;_1]| l_[ ds;; (F(T; — ).
V#Sel

Similarly to the previous cases, now with sz = E;/‘,’(T} —1HUu EZ_/, (T; — 1), we have

Y= Z Mz p(T; — 1) N Fe=(T; — D[Fg<(T)[W;11z]

,eDWV -
yeDy p(Tj=1)

> 00 Y |Fp=(T; — DIFg=(T)[W,1g]
yeDY p(T=D\By;

> (1= 40€.)6,+(IDY o (T; = D = 2€,|F, (T; = D)
x |\F(T; = DIW | [ ] ds, F(T; = 1)),

B#£Sel
For any P € Fg(T; — 1), let Fp; be the setof y € sz(Tj — 1) such that Pgy € FSz,»(Tj —1)
forall S € I. Let B, be the set of P € Fg(T; — 1) such that we do not have
IFrsl = (1 €)|Fy(Ty — D] [ ds; (F(T; — D).
P#Sel

Then Lemma 4.11 gives |B;| < €,|Fz(T; — 1)|. Also, since Fg=<(T)[W;] * W;_; =

Fz<(T;)[W;], Lemma 4.5(iv) gives
Fp=(T; — D[F=<(THIW)]] = F=(T; — DIW;1[Fg=< (T)[W;]].
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Now ¥ < Z},EFZJ_ T-1) Mg £ (T; — 1) N Fz=(T; — D[W,;_][Fg= (T))[W;]]z], which counts all
pairs (y, P) with P € Mz (T; — D[W;_iland y € Fp,;, so

S < Mg (T) — DIW (1 £ €)|Fy (T — D] [ ds, F(T; = 1)
W#£Sel

+ €| Fg(T; — DIW, IF,(T; — DI

Combining this with the lower bound on X we obtain

DY (T — D)

(1 —40€,)0, | —L——— — 26,
| (T; — D

Mg (T; — D[W,_,]|

I+e
=0t e T Dl

+e [ dsyF(T =17
p+Sel

Now |[Mz g (T; — D[W;_i1| < 6,|F5(T; — 1)[W;_]| by A,;_,, and all densities are at least
d, > €,, so again we have

DY (T; = D) _U+e)d + e

2e, < Opx.
F @Dl (I —d0e)he T

This proves Claim D.

Claim E. Conditional on the events A; 7, 1 <i < 3,0 <j < j and the embedding up to
time 7; — 1, the probability that As; does not hold is at most 6},,,.

Proof. SinceA,;_;andA,;_; hold, Claim C gives |EZ_VJ_V(TJ-— 1)\EZ]. (T;,-1] < e*lej (T;—1)]

and Claim D gives |D}

,,E(Tj -1 < rop|F (T; — 1)| for any E containing x. We also have
|0sz (T;-D| > (1 —6,) |FZ]. (T;—1)| by Corollary 4.16. Since y = ¢ (z;) is chosen uniformly
at random in OK_ (T; — 1), the probability that y € EZV;’(Tj —1Dorye DXE(E — 1) for any
E containing x is at most (€, + D62p)/(1 — 6,) < 61,,. This proves Claim E.

To finish the proof of the lemma, suppose that all the events A;;, 1 <i <3,1<j<g
hold. Then A, gives |[F(T,) N W| = [W,| = (1 £ €)IW||F(T)|/IF(To)| > %du|W| >
€2|V,|. Also, since all of VNy(x) = {zi,...,z,} has been embedded at time T, for every
triple E containing x we have E'¢ = x, and M, g(T) NW| < 01,p|F(T) "W| by A, .. Now
A, NW is obtained from F,(T,) N W by deleting all M, ;(T,) N W for triples E containing x,
so [A,NW| > (1—=D0,,)|F(T,) N W]. In particular, A, N W is nonempty. If any event A,
fails then A3 fails (by Claim B) and so by Claim E and a union bound over 1 <j < g < 2D
we can bound the failure probability by 6,. .

Our final lemma in this subsection is similar to the previous one, but instead of asking
for a set W of vertices to contain an available vertex for x, we ask for some particular vertex
v to be available for x. Recall that x € B and we start embedding VNy (x) at time 7.

Lemma 4.21. For any v € V,, conditional on any embedding of the vertices {s(u) : u <
T,} that does not use v, with probability at least p we have ¢ (H(x)) € (G \ M)(v), so
v EA,.
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Proof. 'We estimate the probability that ¢ (H(x)) € (G \ M)(v) using arguments similar
to those we are using to embed H in G \ M. The structure of the proof is very similar to that
of Lemma 4.20. Here we will see the purpose of properties (ii) and (iii) in the definition of
super-regularity, which ensure that every v € V, is a potential image of x. For z € VNy(x)
we write

v = ETOW_ d:(F(T)V)
C Ao (FTO)IFATo)l  de(F(To)d.(F(Tp))

We consider a vertex z to be allocated if z is embedded or z = x. For# # S € H unembedded
we define vg () as follows. When [S| = 3 we let v”(t) = vg(t). When |S| = 1,2 we let

v¢(t) = vs(t) + K, where K is the maximum value of v¢, (¢') over allocated vertices x" with
S € H(x'); if there is no such vertex x’ we let v (¢) = vs(t) Thus v§(2) is defined similarly to
vg(t), replacing ‘embedded’ with ‘allocated’. We have v¢(t) > vs(t) and Lemma 4.3(iii—vi)
hold replacing v with v”.

Suppose 1 < j < g and that we are considering the embedding of z;. We interpret
quantities at time 7; with the embedding ¢ (z;) = y, for some as yet unspecified y €
F(T; - 1).

We define exceptional sets EZVj(Tj —1) C szj(Tj — D) byye FZJ.(T]- -1 \EZ‘;_(TJ- -1
if and only if for every unembedded ¥ #= S € H(x) N H(z),

Fs. (Tj)(v) is Eug(Tj),l—regular if |S] =2,
ds(F(T) (V) = (1 £ €y, ds (F(T}))dsc (F(T))) if S| = 2, (*422)
ds(F(T) (V) = (1 £ €y, ds (F(T}))dsc (F (T)ats if |S| = 1.

Here we use the notation ds(F(T;)(v)) = ds(Fs<(T;)(v)). Let Y be the set of vertices
at distance at most 3 fromx in H andlet H' = {S € H : S C Y}. Forany Z C Y and
unembedded S € H we define

FI)& =Fs=(T) | |J  FeuT)o)

§'CZNS,S"eH (x)

Thus F(T; )4 consists of all sets P € Fg(T;) such that Pgv € Fyg(T;) forall §” € ZNS with
S’ € H(x).Forany triple E, we use the notation E = ETi~' v = v(Tj—1) and v* = v”T (T)

similarly to the previous lemma, replacing v’ with v”. For Z C Y and E € U(z;) we deﬁne
sets of dangerous vertices by

() NF(T; Z*V| > 0,

The strategy of the proof is to analyse the event that all the complexes F(T;)%;. are

well-behaved, meaning informally that they are regular, have roughly expected dens1t1es
and do not have too many marked edges. The regularity and density properties will hold if
we choose y = ¢>(zj) ¢ Efj (T; — 1), and the marked edges will be controlled if we choose
y =) ¢ DIp(T; - 1.

We think of Z as the sphere of influence, as it defines the sets which we restrict to be
in the neighbourhood of v. Our eventual goal is that all sets in H (x) should be embedded in
G(v), but to achieve this we need to consider arbitrary choices of Z C Y. For later use in
the proof we record here some properties of Z that follow directly from the definitions.
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(i) F(L)§™ = F(T){™".
(i) F(T; — D2 is Fy(T; = 1) if 3 ¢ Z or Fo(T; = D) if 3 € Z.
(i) F(T) = F(T)S,soD?*g(T—l) =D, E(T H={yeF, (T,-1): M
O+ |F(T}) 1,1}, as deﬁned in the description of the algorlthm
Gv) IfZ' =27 U z; then F(Tf)ﬁ = F(Tj)?}; by (i), since z; ¢ E”, so

(THl >

E’E

DZ*‘(T -1 —DZ*”(T — ) NFe (T; = H().
(v) If S C Z and S € H(x) then F(T)%" = Fs.(T)(v).

Write sz = EZVJ_(TJ- —1HuU Ezj(]} — 1). Recall that U(z;) is the set of triples E with
E N VNy(z)z; # 9. We consider the following events:

* Ay;,j = 1is the event that property (#,,;) above holds. We also define A, to be the
event that |G(v). N V.(To)| > (1 — 8;°)|G(v).| for every z € VN (x).
* A,;,j = 0is the event that for every triple E € H' and Z C E we have

(T)) N F(T; Z*V] <6,

‘ Z*v|
EJE

* Aj;,j = 0is the event that for every triple E e H',Z C Eand ) # S C ET,

F(Tj)f*v is evg(rj),z-regular for |S| > 2, with

(1% €1y 2)ds(F(T)ds, (F(T)) if S € Z,S € H(x).|S| =2
ds(F(T)*™) = § (1 % €51 2)ds (F(T))dso(F(T))ats it S € Z,S € H(x), |S| = 1
(1+ evg(Tj),z)ds(F(Tj)) otherwise.

* Ayj,j = listhe event thaty = ¢(z;) is chosen in OKZV/_ (T; — 1), defined to be the subset
of szj (T; — 1)(v) obtained by deleting the sets sz and Dzzjt’g”(]} — 1 forall E € U(z)),
Z CE,7Z =ZUgz. We also define A, to be the event that holds with probability 1.

By property (iv) above, an equivalent definition of OK? (TA — 1) is the subset of F, (T —

1)(v) obtained by deleting the sets B, and DZZ 7 (T — 1) for all E € U(z) and Z' C
E U z;. Also, since OK (T; — D is obtamed from F, (T 1) by deleting E' (T; — 1) and
DZJ.,E(TJ- -1 = D‘j’j*g(]} — 1) for E € U(z;) we have OK;_(T —1)C OK,J.(TJ —1).

We will use the following notation throughout: Z is a subsetof ¥, Z' = ZUz;, I = {§ C

Z:SeHWX}LI'={S CZ :S e H(x)}. We divide the remainder of the proof into a series
of claims.

Claim A. The events A;, Az, A3 and A4 hold with high probability.

Proof. A4 holds by definition. For any z € VNg (x), d.(G(v)) = (1+€')d..(G)d (G) > d,
by condition (ii) of super-regularity, so A, holds with high probability by Lemma 4.18.
Next recall that no vertex at distance within 4 of x has been embedded at time Tj, so
F.(Ty) = V,(Tp) for any z within distance 3 of x. (This is why we choose the buffer
vertices to be at mutual distance at least 9.) We have |F.(Ty)| > (1 — 24/85)|V.| by (5) and
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|F.(To) NG(W),| > (1 — 8;/3)|G(v)z| by Ay . For any § € H' with |S| > 2, Fs(Tp) is the
restriction of G to ((F,(Ty) : z € S), {#}). Since Gy is e-regular, Fs(Ty) is €’-regular with
ds(F(Ty)) = (1 £ €)ds(G). It also follows that o, > 1 — 28",

Now we show that A; holds. Consider any triple E € H' and Z C E. Suppose ¥} #
S C E. There are two cases according to whether S € I. Suppose first that S € I. By
property (v) above, F (To)ﬁv = Fg,<(Ty)(v) is the restriction of Gg,< (v) to ((F,(To)NG(v), :
z € 8),{0}). If |S| = 2 then Gg,=(v) is €'-regular and ds(G(v)) = (1 £ €")ds(G)ds (G)
by condition (ii) of super-regularity. Then by regular restriction Fg,(Ty)(v) is €o-regular
and ds(F(Tp)(v)) = (1 & €00)ds(G)ds:(G) = (1 £ 2€00)ds(F(T0))dsi(F(Tp)). Also, if
|S| = 1thends(F(Ty))ds: (F(Ty))as = ds(F(Ty)(v)) by definition. This gives the properties
required by A;p when S € I. In fact, we have the stronger statements in which €Ty is

replaced by €, say. On the other hand, if S ¢ I then F'(T} f;v is the restriction of Fy<(T})
to Usrcsnz.s’er Fsrx(To)(v). Since Fs<(Ty) is €'-regular and Fy,(T))(v) is € -regular for
S’ € I, by regular restriction F(T,)5* is €g-regular with ds(F (To)**) = (1 £€')ds(F (Ty)).
Thus Aj holds.

It remains to show that A,, holds. We will abuse notation and let / also denote the
subcomplex {i(S) : S € I} of (L’;) Then F(O)g*" = GIE" as defined in Definition 3.15. By
property (iii) of super-regularity |Mg N va| <0 IGfEVI and G;,g is €’-regular with S-density
(for S € E)equalto (1£+€')ds(G)ds, (G)if S € I or (1+€")ds(G) otherwise. Now F(To)f*v is
F.(To))NG(v). ifz € ZNH (x) or F,(Tp) otherwise, and similarly G is G(v). if z € ZNH (x)
or G. otherwise. Either way we have |F(T,)?*| > (1 — 8y 3)|GQ| by the estimates recalled
above. For |S| > 2 we showed above that dg(F(Ty)%*") is (1 & 2€0,0)ds (F (Ty))ds: (F(Tp)) if
S € Tords(F(Tp)?) = (1%€")ds(F(Ty)if S ¢ I.Recalling thatdy (F(Tp)) = (12€")dy (G)
for 8’ € H' with |§’| > 2, Lemma 4.10 gives

[F(Toz| _ dFM@)E”) _ (4 900) [Lep [FT0)Z|
G d(Gy) (1£8€) [L.ep 1G]

Now [Mg£(To) N F(T)2™| < Mg NG| < 0G| < 20|F(Ty)%*|, giving even a stronger
bound on the marked edges than is needed. Thus A, holds.

> (1= 10€9,) (1 = 8;°) > 1/2.

Claim B.  Suppose Az;_; holds. If y ¢ EZVJ (T; — 1) then A,; and A;; hold, and if y ¢
DZZ]*,:K(TJ — 1) then A, holds. Thus A3;_; and A,; imply A, ;, A,; and A3;.

Proof. Suppose y ¢ EV] (T; — 1). Then A;; holds by definition. A;; follows from A,
similarly to the case j = O considered in Claim A. To see this, consider any triple E € H' and
Z C E.Suppose ) # S C Eisunembedded.If S € Zand S € H(x)NH(z;) then F(T))5* =
Fs.(T;)(v) satisfies (*421) by A, ;, so we have the properties required by As ;. In fact, we have
the stronger statements in which €, 7, , is replaced by €,y (7, For any other § we use the

definition of F’ (Tj)§§" as the restriction of F<(T}) to UgcsnzsenFsx(T;) (v). Note that by
Lemmas 3.11 and 4.5 we get the same result if we replace Fg,(7;)(v) by Fg (T; — 1)(v) for
those §” ¢ H(z;). Now Fy (T}) is evg/(rj),l-regular for §" € S by Lemma 4.13, Fy(T;)(v) is
eug/(Tj)’l-regular forS'CSNZ, 8 e Hx) NH(z) and Fy,(T; — 1)(v) is evg,(Tj_l)!z-regular

for S’ € by As,_;. So by regular restriction F(7})%* is e,,g(Tj)yz-regular with ds(F(T))**) =
(1 & €,z)2)ds(F(T})). Thus Ay ; holds.
Next consider any triple £ € H and Z C E. Suppose y ¢ DZJ*E(T/ —1).IfE € U(z) then

z

by definition we have M, 1; (T}) ﬂF(Tj)i’;’H < O« |F(T,-)i’;;|, which is a stronger bound than

i E
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required. On the other hand, if £ ¢ U(z;) then consider the most recent time 7 < T; when
we embedded zy with E € U(zy), settingj* = 0 if there is no such time. ThenE"/ = E", and
by the stronger bound at time j' we have |M,r; . (Ty) N F(T; )Z*V| < 0<|F(Ty )Z*‘| (Recall

that we also obtained a stronger bound for A, in Claim A.) Now F(T; )Z*V is obtamed from
F(Ty )Z*V by deleting at most 2D vertices ¢ (z+),j'+1 < j* < jand the sets containing them,

SO |F(T )E*V| > (1 —€)|F(Ty )i*”l this can be seen by regular restriction and Lemma 4.10,

or simply from the fact that a trivial bound for the number of deleted sets has a lower order
of magnitude for large n. Therefore [M,r; .(T)) N F(T; )Z*V| <M (Ty)N F(Y}/)?}H <

EJE
v*|F(Tj,)?;J'_| < 9;*|F(Tj)?;; [, s0 Ay holds.
Claim C. IfA;;_; and As;_; hold then |EL (T — D\ Ej(T; = D] < &|Fg (T; = D).

Proof. For any S € H we write v{ = v{(T; — 1) and v§ = v{(T;). Consider any
unembedded @ # S € H(x) N H(z).

Case C.1.  Suppose first that § = z has size 1. Note that v} > max{v] v} by the

analogue of Lemma 4.3 for v”. We consider two cases accordlng to whether xz;z € H.

729

Case C.Li.  Suppose that xz;z € H. Then F..(Tj)(v) = Fy;.(Tj — 1)(yv). Since
Foo(T; — D(v) = F(T; — DI, using Ay;_; we have d..(F(T; — D(v) = (I £
€. 2)dx;:(F(T; — D)d . (F(T; — 1)) > d?/2 and Fo (T; — D) is EU;}MZ—regular. We

Gz Pz
also have d,(F(T; — 1)(v)) = (I te€y)d(F(T; - 1))d (F(T; — 1))a.. By Lemma 2.2, for
all but at most €, 3| xz, — 1)(v)| verticesy € F w2 (T; — 1)(v) we have |F,(T)(v)| =
|Foy (T} — 1)(V)(y)| =( ié 1.3y (F(T; = DODIF(T; — D)), s

d(F(T) W) = (1 £ €y 3)dy;:(F(Tj — D) A(F(T; — D))

=T xey ) xey ) Eey,)

(F(T; = 1)d,,.(F(Tj — 1)dy.(F(T; — 1))d.(F(T; — 1))a..

’C<]~. <

Alsoify ¢ Ezj(Tj — 1) then (x4,) gives
dxz(F(T})) = (1 + evfz,O)dxz(F(]} - 1))dxz,z(F(T} - 1))7 and
d.(F(T) = (1 £ €,30)d(F(Tj — 1))d_..(F(T; — 1)).

Thus for such y we have the required estimate d (F (7)) (v)) = (1€, 1) d,. (F (T}))d. (F (T}) )t

Case C.1.ii.  Suppose that xz;z ¢ H. Since z;z € H and xz; € H we have
Fo=(Tj) = Fo=(T; — DI(Fe; (T} — D), Fo; (T; = D), {?D)],

i.e. F,(T;) is the bipartite subgraph of F,(7T; — 1) induced by Fy, (T; — 1(y) and F, (T; —
1)(y). Then we have F..(T;)) (v) = F.(T; — 1)(v) NF(T;—1)(y). Now F (T; — 1) is €y
regular by Lemma4.13 and d,(F(T; — 1)(v)) = (1 & €, D)d (F(T; — 1))d,(F(T; — 1))a, >

/2 by Asz;_;. Then by Lemmas 2.3 and 2.2, for all but at most € 2| X(j(T DH(v)|
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vertices y € Fi;(T; — 1)(v) we have |F..(T)(v)| = [F.(T; — D) N F,(T; = H(y)| =
(1 £ €,y 2)der;(F(T; — 1) |F.(T; — 1)(v)]. This gives
G229z

d(F(T) () = (I £ ey 5)dy (F(T; — D)d.(F(T; — D)
= (I ey ) (1 £ €2)dey (F(Tj — 1)de(F(T; — 1)d(F(T; = D)e..

We also have d.(F(T})) = (1 % €,0)d.(F(T; — 1))d.,(F(T; — 1)) if y ¢ E(T; — 1) by
(#4.1) and d,,(F(T))) = (1 £ ej;{jo)dxz(F(Tj — 1)) by Lemma 2.3, and using xz,z ¢ H. Thus

for such y we have the required'estimate d(F(T))(v)) = (1 £ €5 1)d . (F(T)))d (F(T)))ex..

Case C.2. The remaining case is when S = 7z has size 2. Note that xz;z'z is r-partite,

as 7'z € H(x) N H(z;) and xz; € H. Note also that vy, > max{v/_, vf’_7,z, U)/c,z’"}' Consider the
= L& Q]~. <

complex

J=Fo=T-1| |J Fau@-DHw

S’Eij’z,S’eH(x)

D)[Fyy.<(T;)] by Lemma 3.11. Then by Lemma 4.5 we can write F\,.<(T}) = Fy.<(T; —
1) * Fyy,<(T;) and so

We claim that F,,(T;))(v) = J(y). To see this, note first that F\y.<(T;) = Fyy<(T; —

sz’ZS (7})(‘)) = Fz’zS (T} - 1) * Fz’zS (T/) * sz’15 (T] - 1)(V) * sz/z< (T])(V)
= Fo=(T)) % Fry o= (T; — D)(v) * Foy=(T)) (v) * Foo= (T7) (v).

Here we used F.<(T; — 1) * Fy<(T;}) = Fy<(T; — D[Fy.<(T;})] = F,.=(T;) and
Fyo< (7}) (V) = Fy= (T})(V) U Fy= (7}) (v) = Fy= (T})(V) * Fs (T})(V) To put the above
identity in words: F,,(T;)(v) is the bipartite subgraph of Fy < (T;) N F.(T; — 1)(v) induced
by sz/(Tj)(v) and F, (T/)(V) Also,

J=F=(Tj— 1) x @ Fy=(T; — 1)(v), so by Lemma 4.5(ii)

Z

§'Czj7/ 2,8 €H (x)

JO) =Fe=T=Dx () Fyuz(T;= D)
§'C7/z.8'€H (x)
*Foo=(T—= D0 x () Fou (T = Dwy)
S’Eij’z,S’EH(x)

=Fo=(T) * Fo=(T— D0 % () Fau=(T; = D).

S’Eij’z,S’eH(x)

Here we used F, < (Tj — 1)(y) = Fr=(Tj) and Fo < (T — 1) % Fo<(Tj) = Fo=(T; —
D[Fy.<(T))] = Fy,<(T;). We alsorecall that S = 7'z € H(x),s0 S’ € H(x) forany §’ C z'z.
Note that Os’gz_,z’z,s’ey(x) Fg,=(T; — 1)(vy) is a 1-complex containing {#}, sz,-z(T,- — D(vy)
if xz;z € H and sz]-z’(Tj — D(vy) if xz;z7 € H. As in Case C.1, we have F,.(T))(v) =
szy.z(l} —1)(vy)ifxzjz € H or sz.(Tj) W) =F (T,—1)(v)NF(T)) if xz;z ¢ H,and similarly
sz/(Tj)(v) = szjz’(]} = D(vy) if XZ_/'Z/ € H or sz’(Tj)(v) = sz/(Ti - DN Fz/(TJ) if
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xz;Z ¢ H.Thus J(y) is also equal to F,<(T}) % Fy < (T; — 1) W) % Foy< (T)) (v) % Fr < (T;) (v),
which proves that F..<(T;)(v) = J(y).

For any 8" C z;z'z, Fg(T; — 1) is evé/,l—regular by Lemma 4.13 if § € H and, using
property (v) above, Fo . (T; — 1)(v) is evg/’z-regular by Az, if §' € H(x). By Lemma 4.8,

Jyoz is €, p-regular with

Z/'Z z

dz_,-z’z(J) == Gvi/w,wl)dzj‘z’z(F(Tj — D).
77z

Similarly, by Lemma 2.3, if 8" C z;z'z, |S'| = 2, 8" ¢ H(x) then Jy is evg/,z-regular with
de(J) =( :l:evg,,z)dy(F(Tj —1)). On the other hand, if 8" C z;7'z, |S'| = 2,8 € H(x) then
Jy = Fo.(T;— 1)(v) is €,y p-regular with dy (/) = (1 €, 2)dsy, (F(T; — 1))ds (F(T; — 1))
by Az;_;. In particular,

dv-(J) = (L £ €y 2)dr:(F(T; = 1)de:(F(T; = 1)).

Now by Lemma 4.6, for all but at most 6612D,3|szj(7} — 1) (v)| vertices y € sz_/(7} —
D), FeTH) = J(O) is € o-regular and doo(F(T)() = dr.(J() = (1 £
€ 0y (Ndyr:(J). Also, dvo(F(T))) = (1 £ € 0)dyz:(F(Tj — 1))dvo(F(T; — 1) if
¥ & E(T; — 1) by (x41), and d(F(T))) = (1 £ €1, 5)di:(F(T; — 1)) by Lemmas 4.13
and 4.8. Thus B

dr(F(T) ) = (1 £ € 0)dyo.(N)dr:(J)

= xer ) ter, L€y ))d . (F(T; — D))d . (F(T; — 1)d(F(T; — 1))

jLz

== evj”,l)dZ/Z(F(Y}))de/Z(F(Y})), i.e. ((421) holds for § = z7'.

Combining the estimates for all cases we have at most €, | F. w2 (T;—1)(v)| exceptional vertices
¥, so this proves Claim C.

ClaimD. 1IfA;;;,A,;_yand A;;_, hold then forany E € U(z;)),Z CE,Z' =Z U z; we
have

|DZ?(TJ - 1)| < ev*lszj(Tj — D).
Proof. Note that v* > v by Lemma 4.3, since E € U(z;).

CaseD.1. Firstconsiderthecasez; € E. ThenE"/ = E\z;and For=(T)) = Fg=(T;— D) ().
We will show that
F(T)%3. = F(T; = DZ2(y). (+421)

El

Before proving this in general we will illustrate a few cases of this statement. Suppose
that x € E, say E = xz;z for some z. If z is embedded then £ = xz; and ET = x, so
F(T)> = F(T)) = Fo (T; = D) = F(T; — l)lef*v(y). If z is not embedded then E = E
and E'i = xz, F(T)?*" is F(T)),(v) = F(T, — Dg(w) if z € I or F(T)), = F,.(T; — 1) ()
otherwise, and F' (Tj)fz*v is the bipartite subgraph of F(T}),, = F(T; — 1)g(y) spanned by
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F(T)? = F(T)) = Fy;(Ty — () and F(T)?*. Also, we have P € F(T; — l)?*v(y)
if Py € F(T; — 1)?*2 ie. Py € F(T; — 1)g and (Py)gv € Fg (T; — 1) forall § € Z/,
S € H(x). Equivalently, (i) P € F(T; — 1)g(y) = F(T))y, (i) for S € Z \ z;, S € H(x)
we have Pgv € Fs (T; — 1), i.e. Ps € Fs(T; — 1)(v), and (iii) if Sz; € H(x) we have
Psyv € Fy (T) — 1), i.e. Ps € Fs (Ty — 1)) (v) = Fs,(T)(v). Thus P € F(T)%".

On the other hand, suppose that x ¢ E and consider the case that £ is unembedded,
ie. E=E = 77’z say. Then F(T; )Z*V is the bipartite subgraph of F(T}),. spanned by
F(T}). and F(T}),, where we write F(T )., for F(Tj)..(v) if Z'z € I or F(T) /. otherwise,
F(T;).. for F(T; )Xz(v) if z € I or F(T}), otherw1se and F(T))!, for F(T}).y(v) if 2 € I or
F(T;) ., otherwise. Recall that F(T}),.(v) is Frop (T; — D(vy) 1fxzjz € H (see Case C.1.i) or
Fo (T, —1)(v)NF, Z(T D) ifxziz ¢ H (see Case C.1.ii). Similar statements hold for
F.(T))(v). Also, if 7'z € Z then F(T; — l)Z " is the complex J defined in Case C.2, so as
shown there F(T}),.,<(v) = F(T; — 1)Z 2(y).

We deduce (+4,) from the case A = E7 of the following more general statement, which
will also be used in Cases D.2 and D.3:

F(T)}2 = F(T; — )72 () for A € H(z). (faa1)

To see this, note that Fg<(T;) = Fg=(T; — 1)[F
Definition 3.7 (deleting y has no effect), so by Lemma 4.5 we have

Fs= () = Fse=(Tj — 1) # Fg, = (T; = DG))
= Fs=(T; = ) % F=(T; = DO)
* Foo<(T; — 1)(v) * sz< (T; — H(yv)
= Fs=(T) = D) # Fo=(T; = DO) * Fyo= (T; = DOW),

since FSZS (T, — D)« Fs=(T; — 1) = FSng (T; — 1)(y). Now by definition and Lemma 4.5

we have

F(Tj = D2 = Fjo= (T = DIUser Fso(T; = DW= Fe= (T = 1) % (O Fse= (T, = D), s0
7

<(T; — 1)(y)] forany z; ¢ S € I by

Sxz=

Sel’
F(Ty = D ()a= = Faz (T = 1) % (D) Fye= (T, = D)
Sel
FAz/.f(Tj - D) * QFSXS (T; — D(vy)
. Sel’
= Fi=(T; = D) * (O Fse= (1 = DO) = () e (T = DO,
Sel ser’

Here we used Fu<(T; — 1) * F, <(T; — 1)(y) = AZ_ T; — 1)(y). On the other hand,
J

F2(T)) = Fp=(T)User Fs (T) W] = Fa=(T)) % () Fs=(T)(v)

Sel

= Faz () % (QFse= (T; = D) # Fo= (T; = D) # Fy = (T; = 1HOW))

Sel

= Fyu= (T, = D) % () Fse= (T = D) % () Fya= (T = D) = F(T = D77 ()=

Sel S'el’
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In the second equality above we substituted for Fs,<(T;)(v), and in the third we set S’ = Sz;
and used Fo<(T; — D) * F =(T; — D)(y) = F,.=(T; — 1)(y). This proves (f421), and so
7 7 7
(F421).
Now M r; (T;) = Mg (T; — 1)(y) by Lemma 3.14, so we have METj E(TJ') N F(Tj)é*; =

E/E

Mz (T, — )(y) N F(T; — 1)%’;”@). Recalling that F(T; — 1)5}_/” = Fy,(T; — 1)(v), we have

|(Mz2(T; — D) N F(T; = DZ2) )|
|F(T; — D22 (7))

DZ (T —=1) =1y € Fg (T = H(v) :

Dk

Also, F(T; — 1)%;*" is €12pp-regular by Az ;_;, so writing B/zj for the set of vertices y € F(T; —
1)5/_/” for which we do not have |F(T; — DZ* (y)| = (1 €,)|F(T; — DZ*|/|F(T; — 1)5/_’*»’|,
we have |B;j| < €,|F(T; — 1)sz’*V| by Lemma 4.12. Now

> = Z |(MEE(T -1 ﬁF(T . 1)Z *V)(y)i
veDZ 311
>0 . |F@ - D)
yeiji’gV (Tj=D\B};
> (1 —6*)61; (|DZ *V(T — 1)\ €*| XL,(T 1)(V)|) |F(T _ 1)2 *V|/|sz/(T/ _ l)(v)|

We also have an upper bound

S Y |(Mee@ = DNFT@ - D))

YeFuz (T=H(¥)

= |Mzg(T; — D) NF(T; = DZ22| < 6,[F(T; — DZ2

i

where the last inequality holds by A,;_;. Therefore

D2 3T = 1| 0
+e€, < 91}*-
|Foy (T5 — D) (1 — €0,
Case D.2.  Next consider the case z; ¢ E and E e H(z;). Then E = Eli' = F and

For<(T) = FEZJ_S (T; — 1)(y). Also, by (f421) we have F(T & = F(T;, — l)Z *”(y) Now

Mz p(T;)) = Mg g(T; — 1) N F5(T;) by Lemma 3.14 and F(T)Z*V C Fg(T)), so MEE(T) N

F(T)Z" = My (T — 1) N F(T; — DZ*(y). Since F(T; — 1)12/,’” — F, (T, — 1)(v), we have
A )

X@,

iMEE(TJ - DNF(T; - 1)%::<‘(y)|

7 > 9\)*
|[F(T = D))

DIP(T = 1) = {y € F(T; = D) :

Also, since E € H (z;) we have sz c EOT] ™ for some triple E, € H’, so applying
Az to Ey we see that F(T; — 1)%;’;” is €1ppp-regular. Then writing Bi,j for the set of
i
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vertices y € F(T; — 1)12/,/*v for which we do not have |F(T; — l)%f"(yﬂ =1 £e)IF(T; -
¥ “J
1)%;’_‘”|/|F(Tj — 1)5/_/*V|, we have |B;j| < &|F(T; — 1)221_/*"| by Lemma 4.12. Now
: : , :

L= ) MpG-DOF@G-DErO)| =00 Y [FT=DEO)

yeDZZj/EV(Tj—I) yeDZZfEV(T—l)\Bg.
> (1= €)b,(IDZ3(T; = D = €| Fo (T, = D)) [F(T; = DE|/IF (T, = D)L,

We also have X < ZyeF T-10) |Mg g (T, —1)NF(T; — 1)%’*1/ (»)|. This sum counts all pairs
i ] : 5
(v, P) with P € My (T, — 1) N F(T; — DZ*, y € Foy(T; — 1)(v) and Py € F(T; — 2™,
J
SOX <D - T DAy 1)2/*V |F(T; — 1)%;v(P)|. By Lemma 4.14(vi) we have

[P - D

2P =(1te)——
0 DR O O ]

for all but at most €, |F(T; — l)g*v| sets P € F(T; — l)g*v. Therefore

|F(T; — DZ. .|

Y < Mg (T— DNOF(T;— DE7|(1+€,) e |F(T—DE"||Foo (T— ()]

|F(T 1)Z’*L }
Combining this with the lower bound on ¥ gives
(I —€)0,x (|DZ 2 (T = D|/IFg (T, = D) = €)

Mo (T, = ) OVF(T; = DZ=|  |[F(T) = DE*||Fog (Ty — D)

<(1+6*) ! * 7
[F(T; = D™ [F(T; = DZ"|

Now F(T; — ™ = F(T; = DZ™, |Mg(Ty — 1) N F(T; = DZ"| < 6,[F(T; — )| by

/ y
IF(Tj= D2 || Fag (T~ 1) ()|

Azj_1, and <2d;* < €' by Lemma4.14 and As;_,, so

!
\F(Tj—l)%z;‘v\

|DZ/*1(T - 1| _Ute)s + Ve

+ €, < Opx.
|Fy (T; — D ()] (1 — €)0,

Case_ D.3. It remains to consider the case when z; ¢ E and E ¢ H(zj). Since E € U(z)
and E ¢ H(z;) we have |[E| > 2. Then Fgz=(T}) = Fg=(T; — 1)[Fz=<(T})] by Lemma 3.11.
Also, we claim that

F(T Zey = F(T, — 1)%?[]7(7})?3]_ (Qa21)

To see this, consider S € E and P € F(Tj)g*v. Then by definition P € Fg(7;) and
Py € Fg(T;)(v) forall 8 € SNZ with 8’ € H(x). Since Fs(T;) € Fs(T; — 1) it follows
that P € F(T; —1)%™. Also, forany S” € §' C SwithS' C E,S” € ZandS” € H(x) we have
Py € Fy(T;) and Pg» € Fgr,(T;)(v), so Py € F(T; )Z*‘ Thus P € F(T; — l)?;"[F(Tj)%’iv].
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Conversely, suppose that S € E and P € F(T; — 1)%’;"[F (T)Z2]5. I S # E then P €
F(T,«)?;V - F(Y})%’;V. Now suppose S = E. Then P € Fx(T; — 1) and Py € Fg(T;) for
S € S,s0 P e F(T)). Also, for §" C S we have Py € F(Tj)f,*v, so Pgr € Fgr (T;)(v) for
all §” C S/_ﬂZ with §” € H(x). Therefore P € F(T;)5*. This proves (<>421). Note also that
since z ¢ E we can replace Z by Z' in ($421).

Since Mz ;(T}) = Mzp(T; — 1) N Fg(Ty) and F(T)Z* € Fx(T)) we have Mz ;(T)) N

F(T)Z" = Mg (Ty — 1) N F(T; — DZ2'[F(T))Z2"]. Then
Mz (T; — 1) N F(T; = DEZ[F(T)22 5|

(T;— Do) : K 0,
' [F(T;— DZ(F(T)Z2 )] -

DZ (T —1) =

X«,J

Next note that by A;;_; and Lemma 4.10 we have

d(F(T; — DZ") = (1 £8¢,) [ [ds(F(T; — ) [ [dse F(T; = 1)) [ as.

SCE Sel Sel,|S|=1

Now consider y ¢ Ev (T; — 1). By Claim B we can apply the properties in As; with this
choice of y, so we also have

d(F(THZ™) = (1 £ 8e) [ [dsF @) [ [dse F(T)) [] s
SCE Sel Sel,|S|=1

Now dg(F(T))) is (1 £ €,)ds(F(T; — 1))dgzj(F(T,- — 1) for § € H(zj) by (%41) or (1 &
€)ds(F(T;—1))forS ¢ H(z) byLemma4.14.Therefored(F(Tj)%*”) = (1£40€,)d(F(T;—
l)g*") x d*, where

&= [] dyF@-1) [] dsEFT—1)
ng,SeH(zj) Sel SxeH (zj)

=(£8e) [] dy@E@—-1"™).

SCE,SeH (z))

To see the second equality above, note that for any S € I with Sx € H(z;), applying As;_,
to any triple £, € H with Sz; C E(?fl, since Sz; € Z' = Zz; we have dsz_/, (F(T; — l)Z’*V) =
(1+£ 6*)dsxz_,- (F(T; — 1))dSZj(F(Tj —1)). We deduce that

|F(T; — D22 [F(T)22" ]| = (14 506 [F(T) — DZE™|d*
forsuchy ¢ E;;_(Tj — 1). Now
o= ) M - DN - D22 [FI)2 ]
veDZ J 1=

S0 S F@ = DER[F@Ze]

nZ xv
}EDZ]‘.E (Tj=D\Bz;

> (1 = 50€,)0,+ (
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(Note that we used the estimate |B;| < 2e|F, (T, — D] < \/5|sz (T, — DH()|, by
Lemma 4.13 and Claim C.) We also have T < Z}EFV‘(TJA)(V) |ME,E(T D NF(T; —
-7

1)5/*‘[F(T-)§ *]g|. This sum counts all pairs (y, P) with P € Mg o(T; — 1) N F(T; — DZ*,

€ Fo (T, — D) and Pg € F(Y})?*V forall§ CE,S e H (z;); there is no need to consider
S¢H (zj) as by Lemma 3.11 we get the same expression if we replace the restriction to
F(T; )Z by F(T; — I)Z * for such S. Note that F (T} )Z * = F(T))5" and Ps € F(T))§" &
Pgy € F(T; — 1);;” by (421)- Given P, let Fy , be the set of y € szj(TJ 1)(v) satisfying

this condition, and let B}, be the set of P € F(T; — l)g * such that we do not have
|Fp | = (1 €)IF (T = D)™ = (1 €)|[F(T; — D2 |d"

Lemma 4.11 applied with G = F(T; — l)gs*v and I = {i(S) : S € E,S € H(z)} gives
|By| < e.|F(T; — 1)%/*"|. Then

Y < |Mgp(T; — 1) N F(T; — DZ*

(I + €)|F (T; — D()|d*

+ €|F(T; = DE™||Foy (T; — D).
Combining this with the lower bound on ¥ we obtain
D23 T = D)

[Mep(T; = D NFT = DEY| e,
|Fe, (T; — D)

(1—506*)9“*( f) < (I+e)

Now d* > €,, and |Mg;(T; — 1) N F(T; — DZ*| < 0]|F(T; — 1)Z*| by Ay;_; (since
F(T; — 1)Z* = F(T; — 1)2*). Then

D231 = D) _ U tes + Ve
|Foy (Tj — 1)(V)| (I = 50¢,)0,

+ Ve < O
This completes the proof of Claim D.

Claim E. Conditional on the events A; 7, 1 <i < 4,0 <j < j and the embedding up to
time 7; — 1 we have P(A4;) > d,/2.

Proof.  Suppose Aj;_i, Ayj—; and A3;_; hold. Then Claim D gives |DZ *V(T - 1] <
O12p|Fu; (T; — D(v)| for any E € U(z), Z € E, Z' = Z U z;. Also Fx& (T, — D) >
(1-38 '/4)d |F.,(T;— 1)] by Ay and since a; > 128, As |E. (T;— 1)| < &,|F. (T;—1)|
by Lemma 4. 13 B, = E (T;— l)UEV](T_ —l)has size IB;| < \/e_*|Fw (T;—1)(v)| by Claim
C. Since H has maximum degree at most D we have at most 2D? choices for E € U(z;) then
8 choices for Z C E, so |0Kz‘j',(Tj — 1)|/|FXZJ.(TJ- bW >1- Ja— 16D?6,p > 1 —6,.
Now y = ¢(z;) is chosen uniformly at random in OKZj(Tj - 1) C FZJ.(TJ — 1), and
OK%;(Y} —1)C OKZJ.(T]- — 1). Then Claim E follows from

OK!(Tj = 1) (1 —6,)|Fy(T; — D)
0K, 0~ 1 -1
> (1 =61 —8)/%d, > d,/2.

P(y € OK)(T; = 1)) =
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To finish the proof of the lemma, note that if all the events A;;, 1 <i<4,1<j<g
hold, then the events A4; imply that ¢ (H(x)) € (G \ M)(v). Multiplying the conditional
probabilities given by Claim E over at most 2D vertices of VNy (x) gives probability at least
(d/2)*" > p. -

4.6. The Conclusion of the Algorithm

The algorithm will be successful if the following two conditions hold. Firstly, it must
not abort during the iterative phase because of the queue becoming too large. Secondly,
there must be a system of distinct representatives for the available images of the unem-
bedded vertices, which all belong to the buffer B. Recall that A, = F,(tY) \ Ugs, M, ()
is the available set for x € B at the time t)’:’ when the last vertex of VNy(x) is embed-
ded. Since VNy(x) has been embedded, until the conclusion of the algorithm at time 7,
no further vertices will be marked as forbidden for the image x, and no further neighbour-
hood conditions will be imposed on the image of x, although some vertices in A, may be
used to embed other vertices in X,. Thus the set of vertices available to embed x at time
TisA, = A, NV(T) = F(T) \ UgsxM, g(T). Therefore we seek a system of distinct
representatives for {A’ : x € X(T)}.

We start with the ‘main lemma’, which is almost identical to Lemma 2.6. For
completeness we repeat the proof, giving the necessary modifications.

Lemma 4.22. Suppose 1 <i <r,Y C X;and A C V; with |A| > €.n. Let E,y be the
event that (i) no vertices are embedded in A before the conclusion of the algorithm, and (ii)
for every 7 € Y there is some time t. such that |A N F.(t,)|/|F.(t,)| < 272P|A|/|V;|. Then
P(Exy) <pj .

Proof. We start by choosing Y’ € Y with |Y’| > |Y|/(2D)? so that vertices in Y’ are
mutually at distance at least 3 (this can be done greedily, using the fact that H has maximum
degree D). It suffices to bound the probability of E, /. Note that initially we have |[A N
F.(0)|/|F,(0)] = |A|/|V;| for all z € X;. Also, if no vertices are embedded in A, then
|A N F,(t)|/|F.(t)] can only be less than |[A N F (¢t — 1)|/|F.(t — 1)] for some z and ¢ if
we embed a neighbour of z at time ¢. It follows that if E, y occurs, then for every z € Y’
there is a first time #, when we embed a neighbour w of z and have |A N F (2,)|/|F.(t,)] <
|A sz(tz - 1)|/2|Fz(tz - 1)|

By Lemma4.13, the densities d,(F(t,— 1)), d,(F(t,— 1)) and d,,,(F (t,— 1)) are all at least
d,and F,,(t,— 1) is €,-regular. Applying Lemma 2.2, we see that there are at most €, |F,, (¢, —
1)| ‘exceptional’ vertices y € F,,(t,— 1) thatdo not satisfy [ANF,(t,)| = |F,,(t.—1)(y)NAN
F.(t,— )| = (1£e,)d,,(F(t,—1))|]ANF,(t,— 1)|. On the other hand, the algorithm chooses
¢ (w) = ytosatisfy (x41), 0 |F,(t,)| = (1 e€,)d,, (F(t,—1))|F,(t, — 1)|. Thus we can only
have |ANF,(t,)|/|F (t,)| < |ANF,(t,—1)|/2|F,(¢,—1)| by choosing an exceptional vertex y.
But y is chosen uniformly at random from |OK,, (¢, — 1)| > (1 —6,)|F,,(t, — 1)| possibilities
(by Corollary 4.16). It follows that, conditional on the prior embedding, the probability of
choosing an exceptional vertex for y is at most €, |F,, (¢, — 1)|/|OK, (¢, — 1)| < 2e,.

Since vertices of Y’ have disjoint neighbourhoods, we can multiply the conditional
probabilities over z € Y’ to obtain an upper bound of (2¢,)"’!. Recall that this bound
is for a subset of E, y» in which we have specified a certain neighbour w for every vertex
z € Y'. Taking a union bound over at most (2D)¥ I choices for these neighbours gives
P(Exy) < P(Eay) < 4e.D)" < py. .
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Now we can prove the following theorem, which implies Theorem 4.1. The proof is
quite similar to the graph case, except that the marked edges create an additional case when
verifying Hall’s criterion, which is covered by Lemma 4.20.

Theorem 4.23.  With high probability the algorithm embeds H in G \ M.

Proof.  First we estimate the probability of the iteration phase aborting with failure, which
happens when the number of vertices that have ever been queued is too large. We can
take a union bound over all 1 < i < rand ¥ C X; with |Y| = §y|X;| of P(Y € Q(T)).
Suppose thatthe event Y € Q(T') occurs. Then for every z € Y there is some time ¢ such that
|F.(1)] < 8plF.(1,)], where £, < t is the most recent time at which we embedded a neighbour
of z.Since A = V;(T) isunused we have ANF, (1) = ANF,(t,),s0 |ANF,(t,)|/|F.(t,)| = |AN
F.O|/IF ()| < [F.(0)|/|F.(t.)| < é,. However, we have |A| > §zn/2 by Lemma 4.3(i),
so since §;, K &g we have |A N F,(1,)|/|F.(1,)| < 272P|A|/|V;]. Taking a union bound over
all possibilities for i, ¥ and A, Lemma 4.22 implies that the failure probability is at most
r- 46 ~ngn < o(1), since py K 8.

Now we estimate the probability of the conclusion of the algorithm aborting with failure.
By Hall’s criterion for finding a system of distinct representatives, the conclusion fails if
and only if thereis 1 < i < rand § C X;(T) such that |U,A’| < [S]|. Recall that
|X;(T)| > 6gn/2 by Lemma 4.3(i) and buffer vertices have disjoint neighbourhoods. We
divide into cases according to the size of S.

0 < |S)/1X:(T)| < y.For every unembedded z and triple E containing z we have |F,(T)| >
d,nby Lemma 4.13 and |M, z(T)| < 6,|F.(T)| by Lemma 4.15. Since z has degree at
most D we have |Al| > (1 — Dé,)d,n > yn, so this case cannot occur.

Yy < ISI/1Xi(T)| < 1/2. We use the fact that A := V;(T) \ U,csA; is a large set of unused
vertices which cannot be used by any vertex z in S: we have |[A| > |V (T)| — |S| >
IXi(T)|/2 = épn/4, yet AN F(T) € Ugs,M,g(T) has size at most D6, |F,(T)| by
Lemma 4.15, so |A N F.(T)|/|F.(T)| < DA, < 27*P|A|/|V;|. As above, taking a union
bound over all possibilities for 7, S and A, Lemma 4.22 implies that the failure probability
is at most r - 4" . pI*8""* < o(1), since py < ¥, 8p.

1/2 < |S|/1X;(T)| <1 — y. We use the fact that W := Vi(T') \ U.5A. satisfies W N A, =
WNA, = @ forevery z € S. Now |[W| > [Vi(T)| — IS| = yIXi(T)| = ydzn/2, so
by Lemma 4.20, for each z the event W N A, = @ has probability at most 6, when
we embed VNy(z), conditional on the prior embedding. Multiplying the conditional
probabilities and taking a union bound over all possibilities for i, S and W, the failure
probability is at most r - 4" . gl < o(1), since 0, K 8p.

1 —y < |SI/1Xi(T)| < 1. We claim that with high probability U,csA. = V;(T), so in fact
Hall’s criterion holds. It suffices to consider sets S € X;(T) of size exactly (1 —
Y)IXi(T)|. The claim fails if there is some v € V;(T) such that v ¢ A’ for every
z € §. Since v is unused we have v ¢ A,, and by Lemma 4.21, for each z the event
v ¢ A, has probability at most 1 — p when we embed VN (z), conditional on the prior
embedding. Multiplying the conditional probabilities and taking a union bound over all
1<i<r,veV,andS C X;(T) of size (1 —y)|X;(T)|, the failure probability is at most

rCn((lfc;l)Cn)(l — p)I=IXDI < 5(1). This estimate uses the bounds ((lj/”)Cn) < 2V,

(1 — )=l < g=rdpn/4 — 2=1"1 and 3 & p.
In all cases we see that the failure probability is o(1). .
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5. APPLYING THE BLOW-UP LEMMA

To demonstrate the utility of the blow-up lemma we will work through an application in this
section. To warm up, we sketch the proof of Kiihn and Osthus [31, Theorem 2] on packing
bipartite graphs using the graph blow-up lemma. Then we generalise this result to packing
tripartite 3-graphs. We divide this section into four subsections, organised as follows. In
the first subsection we illustrate the use of the graph blow-up lemma, which is based on
a decomposition obtained from Szemerédi’s Regularity Lemma and a simple lemma that
one can delete a small number of vertices from a regular pair to make it super-regular.
The second subsection describes some more hypergraph regularity theory for 3-graphs:
the Regular Approximation Lemma and Counting Lemma of R&ddl and Schacht. In the
third subsection we give the 3-graph analogue of the super-regular deletion lemma, which
requires rather more work than the graph case. We also give a ‘black box’ reformulation of
the blow-up lemma that will be more accessible for future applications. We then apply this
in the fourth subsection to packing tripartite 3-graphs.

5.1. Applying the Graph Blow-Up Lemma

In this subsection we sketch a proof of the following result of Kiihn and Osthus. First we
give some definitions. For any graph F, an F-packing is a collection of vertex-disjoint copies
of F. We say that a graph G is (a £ b)-regular if the degree of every vertex in G lies between
a—banda+b.

Theorem 5.1.  For any bipartite graph F with different part sizes and 0 < ¢ < 1 there is
areal € > 0 and positive integers C, ny such that any (1 £ €)cn-regular graph G on n > ny
vertices contains an F-packing covering all but at most C vertices.

Note that the assumption that F' has different part sizes is essential. For example, if
F = C, is a 4-cycle and G is a complete bipartite graph with parts of size (1 4 €)n/2
and (1 — €)n/2 then any F-packing leaves at least en vertices uncovered. Also, we cannot
expect to cover all vertices even when the number f of vertices of F divides n, as G may be
disconnected and have a component in which the number of vertices is not divisible by f.

Without loss of generality we can assume F is a complete bipartite graph K, ; for some
r # s. It is convenient to assume that G is bipartite, having parts A and B of sizes n/2. This
can be achieved by choosing A and B randomly: if G is (1 &£ €)cn-regular then with high
probability the induced bipartite graph is (1 &= 2¢)cn/2-regular. Then we refine the partition
(A, B) using the following ‘degree form’ of Szemerédi’s Regularity Lemma.

Lemma 5.2. Suppose 0 < 1/T < € € d < 1 and G = (A, B) is a bipartite graph with
|A| = |B| = n/2. Then there are partitions A = AgUA|U---UA,and B = ByUB,U---UB,
forsomet < T such that |A;| = |B;| = mfor1 <i <tforsomemand|AyUBy| < en, and
a spanning subgraph G' of G such that dg (x) > dg(x) — (d + €)n for every vertex x and
every pair (A;, B)) with 1 < i,j < k induces a bipartite subgraph of G’ that is either empty
or e-regular of density at least d.

Lemma 5.2 can be easily derived from the usual statement of Szemerédi’s Regularity
Lemma (see e.g. [33, Lemma 41] for a non-bipartite version). We refer to the parts A; and B;
with 1 < i < tas clusters and the parts A, and By as exceptional sets. We write (A;, B;) ¢ for
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the bipartite subgraph of G’ induced by A; and B;. There is a naturally associated reduced
graph, in which vertices correspond to clusters and edges to dense regular pairs: R is a
weighted bipartite graph on ([¢], [f]) with an edge (i, j) of weight d;; whenever (A;, B;)¢ is
e-regular of density d;; > d. We choose the parameter d to satisfy ¢ < d < c.

The next step of the proof is to select a nearly-perfect matching in R, using the defect
form of Hall’s matching theorem. Using the fact that G is (1 £ €)cn-regular one can show
that for any I C [¢] we have [Nx(I)| > (1 — 2(d + 2¢)/o)|I] > (1 — V)|l (say) so R has
a matching of size (1 — +/d)t. The details are given in Lemma 11 of [31].

Now it is straightforward to find an F-packing covering all but at most 3+/dn vertices.
For each edge (i,) of the matching in R we greedily remove copies of K, ; while possible,
alternating which of A; and B; contains the part of size s to maintain parts of roughly equal
size. While we still have at least em vertices remaining in each of A; and B;, the definition of
e-regularity implies that the remaining subgraph (A;, B;) has density at least d — €. Then
the Kovari-S6s-Turdn theorem [29] implies that we can choose the next copy of K, ;. We
can estimate the number of uncovered vertices by 24/dt - m < 2+/dn in clusters not covered
by the matching, 2¢ - em < 2en in clusters covered by the matching, and en in Ay U By, so
at most 3+/dn vertices are uncovered.

However, we want to prove the stronger result that there is an F-packing covering all but
at most C vertices. To do this we first move a small number of vertices from each cluster
to the exceptional sets so as to make the matching pairs super-regular. This is a standard
property of graph regularity; we include the short proof of the next lemma for comparison
with the analogous statement later for hypergraphs.

Lemma 5.3. Suppose G = (A,B) is an €-regular bipartite graph of density d with
|A| = |B| = m. Then there are A* C A and B* C B with |A*| = |B*| = (1 — €)m such that
the restriction G* of G to (A*, B*) is (2¢€,d)-super-regular.

Proof. LetAg={x € A:d(x) < (d—€)m}.Then|Ay| < em, otherwise (A, B) would con-
tradict the definition of e-regularity for (A, B). Similarly By = {x € B : d(x) < (d — €)m}
has |By| < em. Let A* be obtained from A by deleting a set of size em containing Aj.
Define B* similarly. Then |A*| = |[B*| = (1 — €¢)m. For any A’ C A*, B C B* with
|A"| > 2¢€lA*|, |B'| > 2¢|B*| we have |A'| > em, |B'| > 2em, so (A, B'); has den-
sity d & € by e-regularity of G. Thus G* is 2e-regular. Also, for any vertex x of G*
we have dg«(x) > dg(x) —em > (d —e)ym —em > (d — 2¢)(1 — €)m, so G* is
(2€, d)-super-regular. .

We make the matching pairs (€, 2d)-super-regular and move all discarded vertices and
unmatched clusters into the exceptional sets. For convenient notation, weredefine Ay, ..., A,
and By, ...,By, wheret' = (1 — \/E)t, to be the parts of the super-regular matched pairs,
and Ay, By to be the new exceptional sets. Thus |A;| = |B;| = (1 —e)mfor 1 <i <t and
|Ao U By| < en + 2t'em + 2+/dtm < 3/dn.

We will select vertex-disjoint copies of K, ; to cover Ao U By. We want to do this in such a
way that the matching pairs remain super-regular (with slightly weaker parameters) and the
uncovered parts of the clusters all have roughly equal sizes. Then we will be able to apply
the graph blow-up lemma (Theorem 2.1) to pack the remaining vertices in each matching
pair almost perfectly with copies of K, ;. (We assumed |V;| = |X;| = n in Theorem 2.1 for
simplicity, but it is easy to replace this assumption by n < |V;| = |X;| < 2n, say.) The sizes
of the uncovered parts in a pair may not permit a perfect K, ;-packing, but it is easy to see
that one can cover all but at most r 4 s vertices in each pair. Taking C = T'(r 4 5) we will
thus cover all but at most C vertices.
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It remains to show how to cover Ay U By with vertex-disjoint copies of K, ;. First we
set aside some vertices that we will not use so as to preserve the super-regularity of the
matching pairs. For each matching pair (i,j) we randomly partition A; as A; U A} and B; as
B;UB]. We will only use vertices from A" = U;A} and B’ = U;B; when covering Ao U By. By
Chernoff bounds, with high probability these partitions have the following properties:

1. all parts A}, A/, B}, B} have sizes (1 — €)m/2 £ m*

2. every vertex x has at least d(x)/2 — 4+/dn neighbours in A’ U B'.

3. whenever a vertex x has K > em neighbours in a cluster A; it has K/2 £ m*?3

neighbours in each of A}, A7; a similar statement holds for clusters B;.
4. each of N (x) N B} and N (y) NA/ have size at least dm/2 — m*? for every matching
edge (i,j) and x € Al,y € B,.

Now we cover Ay U By by the following greedy procedure. Suppose we are about to cover
avertex x € AgU By, say x € Ag. We consider a cluster to be heavy if we have covered more
than d'/*m of its vertices. Since |Ay U By| < 3+/dn we have covered at most 3(r + s)/dn
vertices by copies of K, ;, so there are at most 4(r + s)d'/*t heavy clusters. Since G is
(1 & €)cn-regular, x has at least cn/3 neighbours in B’ by property 2. At most 4(r + s)d'/*n
of these neighbours lie in heavy clusters and at most cn/4 of them lie in clusters B; where
x has at most cm/4 neighbours. Thus we can choose a matching pair (i,j) such that x has
at least cm/4 neighbours in B;, so at least cm/10 neighbours in B} by property 3. Since
(A, B)) is 2e-regular, (A, N(x) N BJ/.) has density at least d/2, so by Kovari-Sés-Turdn we
can choose a copy of K, ; with r — 1 vertices in A} and s vertices in N (x) N B;. Adding x
we obtain a copy of K, ; covering x.

Thus we can cover AgUBj, only using vertices from A’"UB’, and by avoiding heavy clusters
we never cover more than d'/*m 4 max{r, s} vertices in any cluster. For each matching edge
(i,)), the uncovered part of (A;, B))¢ is 3e-regular, and has minimum degree at least dm/3
by property 4. Thus it is super-regular, and as described above we can complete the proof
via the blow-up lemma.

5.2. The Regular Approximation Lemma and Dense Counting Lemma

In order to apply regularity methods to 3-graphs we need a result analogous to the Sze-
merédi Regularity Lemma, decomposing an arbitrary 3-graph into a bounded number of
3-complexes, most of which are regular. This was achieved by Frankl and Rodl [9], but as
we mentioned in Section 3, in this sparse setting the parameters are not suitable for our
blow-up lemma. We will instead use the regular approximation lemma, which provides a
dense setting for an approximation of the original 3-graph. For 3-graphs this result is due to
Nagle, Rodl and Schacht [37] and in general to R6dl and Schacht [41]. A similar result was
proved by Tao [45]. For simplicity we will just discuss the lemma for 3-graphs, although
the statement for k-graphs is very similar. Note also that we will formulate the results using
the notation established in this paper. We start with a general definition.

Definition 5.4. Suppose thatV =V, U---UV,isanr- partite set. A partition k-system P
on 'V is a collection of partitions P, ofK(V)A foreveryA € ( ) We say that P is a partition
k-complex if every two sets S, S’ in the same cell of P, are strongly equivalent, defined as in
[13] to mean that Sy and S}, belong to the same cell of Py for every B C A. Given S € K(V)
we write CL for the cell in P4 containing S. We write Cs = C¥ when there is no danger of
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ambiguity. For any S’ C S we write Cy < Cy and say that Cg lies under or is consistent
with Cs. We define the cell complex Cs< = UgcsCyr.

We can use a partition 2-complex to decompose a 3-graph as follows.

Definition 5.5. Suppose G is an r-partite 3-graph on V and P is a partition 2-complex
on V. We define G[P] to be the coarsest partition 3-complex refining P and the partitions
{Gs,K(V)S \ Gs}fOI"S e G.

We make a few remarks here to explain the structures defined in Definitions 5.4 and 5.5.
The partition 2-complex P has vertex partitions and graph partitions. The vertex partitions
P; are of the form V; = V!U---U V' for some a;, for 1 < i < r. The graph partitions P are
of the form K(V); = Ji]l' U---u J;ij for some a;;, for 1 < i < j < r. By strong equivalence,

. . b . . bi i, -
any bipartite graph J,-j’ 18 spann(zd by some pair (V;", V; )it cann(b)t cut across several such
pairs. We also say that V" and V;” lie under or are consistent with J;”. A choice of i < j < k,

singleton parts V,-h’ , thj , V,f * and graph parts J:;ij, JJ.[Zk, Ji"" such that the singleton parts are
consistent with the graph parts is called a triad. (This terminology is used by Rédl et al.) If
we consider the set of triangles in a triad, then we obtain a partition of the r-partite triples of
V as we range over all triads. Another way to describe this is to say as in [13] that S, S" are
weakly equivalent when Sg, S}, are in the same cell of P for every strict subset B C A. Let
P} denote the partition of K (V), into weak equivalence classes. Then P} is the partition of
K (V) by triads as described above. The partition 3-complex G[P] has two cells for each
triad: for each cell C of P;‘kjk we have cells G N C and (K(V) \ G);x N C of G[P];u. For
embeddings in G only the cells G N C are of interest, but we include both for symmetry
in the definition. We make the following further definitions.

Definition 5.6.  Suppose P is a partition k-complex. We say that P is equitable if for every
k' < k the k'-cells all have equal size, i.e. |T| = |T'| foreveryT € Py, T' € Py, A, A’ € ([kr,)
We say that P is a-bounded if |Ps| < a for every A. We say that P is e-regular if every
cell complex Cs= is e-regular. We say that r-partite 3-graphs G° and G on 'V are v-close if

|IGSAG,| < vIK(V)4| forevery A € ([;]). Here A denotes symmetric difference.

The following is a slightly modified version of the Regular Approximation Lemma
[41, Theorem 14].2 The reader should note the key point of the constant hierarchy: although
the closeness of approximation v may be quite large (it will satisfy d» < v <K d3), the
regularity parameter € will be much smaller.

Theorem 5.7 (Rodl-Schacht [41]).  Suppose integers n,a,r and reals €, v satisfy 0 <
1/n <K e < 1/a < v,1/rand that G° is an r-partite 3-graph on an equitable r-partite set
of nvertices V=V, U---UV, where al|n. Then there is an a-bounded equitable r-partite
partition 2-complex P on V and an r-partite 3-graph G on V that is v-close to G° such that
GI[P] is e-regular.

2The differences are: (i) we are starting with an initial partition of V, so technically we are using a simplified form
of [41, Lemma 25], (ii) a weaker definition of ‘equitable’ is given in [41], that the singleton cells have equal sizes,
but in fact they prove their result with the definition used here, and (iii) we omit the parameter 1 in our statement,
as by increasing r we can ensure that all but at most nn> edges are r-partite.
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As we mentioned earlier, e-regular 3-complexes are useful because of a counting lemma
that allows one to estimate the number of copies of any fixed complex J, using a suitable
product of densities. First we state a counting lemma for tetrahedra, analogous to the triangle
counting lemma in (1). Suppose 0 < € < d,y and G is an e-regular 4-partite 3-complex
onV = V,U- ..UV, with all relative densities ds(G) > d. Then Gy is the set of tetrahedra
in G. We have the estimate

|G|
dlGt,) = ————M———— = (1% dq(G). 7
(Gt) = wrivavewa = 00 [ @ 2

S<4]

This follows from a result of Kohayakawa, Rodl and Skokan [22, Theorem 6.5]: they proved
a counting lemma for cliques in regular k-complexes.

More generally, suppose J is an r-partite 3-complexon ¥ = Y; U---UY, and G is an
r-partite 3-complexon V. = V; U -.- U V,. We let ®(Y, V) denote the set of all r-partite
maps from Y to V: these are maps ¢ : Y — V such that ¢ (Y;) C V; for each i. We say that
¢ is a homomorphism if ¢(J) € G. ForI C [r] we let G; : K(V); — {0, 1} also denote the
characteristic function of Gy, i.e. G;(S) is 1 if S € G, and 0 otherwise. The following general
dense counting lemma from [42] gives an estimate for partite homomorphism density d;(G)
of J in G, by which we mean the probability that a random r-partite map from Y to V is
a homomorphism from J to G. We use the language of homomorphisms for convenient
notation, but note that we can apply the same estimate to the density of embedded copies
of J in G, as most maps are injective.

Theorem 5.8 (Rodl-Schacht [42], see Theorem 13).> Suppose 0 < € < d,y,1/r,1/j,
that J and G are r-partite 3-complexes withvertex sets Y = Y|U---UY,andV = V,U---UV,
respectively, that |J| = j, and G is €-regular with all densities ds(G) > d. Then

d;(G) = Egearry) [H Ga(¢ (A»} =1 £ []du(O.

AeJ AeJ

5.3. Obtaining Super-Regularity

Suppose that we want to embed some bounded degree 3-graph H in another 3-graph G°
on a set V of n vertices, where n is large. We fix constants with hierarchy 0 < 1/n <
€ KL 1/a € v,1/r <« 1. We delete at most a! vertices so that the number remaining is
divisible by a!, take an equitable r-partition V. = V; U --- U V,, and apply Theorem 5.7
to obtain an a-bounded equitable r-partite partition 2-complex P on V and an r-partite
3-graph G on V that is v-close to G° such that G[P] is e-regular. Since G is so regular,
our strategy for embedding H in G° will be to think about embedding it in G, subject to
the rule that the edges M = G\ G° are marked as ‘forbidden’. Recall that we refer to the
pair (G, M) as a marked complex. To apply the 3-graph blow-up lemma (Theorem 4.1) we
need the following analogue of Lemma 5.3, showing that we can enforce super-regularity
by deleting a small number of vertices.

3We have rephrased their statement and slightly generalised it by allowing the sets ¥; to have more than one vertex:
this version can easily be deduced from the case |Y;| = 1, 1 < i < r by defining an auxiliary complex with the
appropriate number of copies of each V; (see [4]).
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Lemma 5.9. Suppose that 0 < ¢y € € K € <K dy € 0 L d3,1/r, and (G,M) is a
marked r-partite 3-complex on V.=V, U --- UV, such that when defined Gy is €,-regular,
|Ms| < 0|Gs| and ds(G) > dis if |S| = 2,3. Then we can delete at most 20'3|G;| vertices
fromeach G;, 1 <i < rtoobtainan (€,€',d,/2, 2\/5, d;/2)-super-regular marked complex
(G¥, M*).

Proof. The idea is to delete vertices which cause failure of the regularity, density or
marking conditions in Definition 3.16 (super-regularity). However, some care must be taken
to ensure that this process terminates. There are three steps in the proof: firstly, we identify
sets Y; of vertices in G; that cause the conditions on marked edges to fail; secondly, we
identify sets Z; of vertices in G; that either cause the regularity and density conditions to fail
or have atypical neighbourhood in some Y;; thirdly, we delete the sets ¥; and Z; and show
that what remains is a super-regular pair.

Step 1. Fix 1 <i < r. We will identify a set Y; of vertices in G; that are bad with respect
to the conditions on marked edges in the definition of super-regularity. For any j, k such that
G is defined we let Y, j; be the set of vertices v € G; for which [M (v)j| > N |G(v)j|. For
any triple S such that Gy is defined and subcomplex I of S= such that Gy; is defined for all
S" € I we let Y/ be the set of vertices v € G; for which |(M N G")s| > VO|GY|. Let Y; be
the union of all such sets Y;; and Y/;. We will show that |Y;| < 6'7|G;].

First we bound the sets Y; 3. Let Z; j; be the set of vertices v € G; such that we do not have
IGMjil = (1 £€)|Gyl/1Gi| and G(v)s is e-regular with ds(G(v)) = (1 £ €)ds(G)ds(G)
for @ # S C jk. Since Gy is €p-regular we have |Z; ;| < €|G;| by Lemma 4.12 and
Lemma4.6. Therefore ZveYiJk M) > ﬂzven‘,’k\lw IGW)j| > «/§(|EJk|—e|Gi|)(1—
€)|Gii!/1G;]. We also have an upper bound Zveyiﬂ( MWl < IMy| < 601Gyl by the

hypotheses of the lemma. This gives |Y; /|G| < VO/(1—¢€)+e <20.

Now we bound Yl{ s- Define Z; 5 to equal Z;y if S = ijk or Z;, U Z;po U Ziye if i ¢
S = abc. If v € G; \ Z;5 then by regular restriction Gg"s is /e-regular and dy (G") is
(1 £ €)dy(G)dgi(G) if @ # S € I or (1 + /e)dy(G) otherwise. By Lemma 4.10 we
have d(Gs) = (1 £ 8¢) [[¢sds(G) and d(GISV) = (1 £86)[lyegds(G") = (1 =
20\/g)d(GS) H(Z);&S’el dgi(G).

Write & = ZVGY{S [(M N G")g|. Then

T >0 Z |Gy | > Vo(|Y| — 3€1Gil) (1 — 20/€)|Gs| ]_[ dyi(G).

ve Y,'IS\ZLS WS el

For any P € Gg, let Gp; be the set of v € G; such that Pyv € Gy, forall @ # S’ € I. Let B,
be the set of P € G such that we do not have |Gp,;| = (1 £ €')|G;] ]_[Q#S,E, dg;(G). Then
|B;| < €'|Gs| by Lemma 4.11. Now ¥ < ZL,EGi |(M N G")|, which counts all pairs (v, P)
with P € Mg and v € Gp, so

T < IMsl(1+€)IGil 1_[ ds:i(G) + €'|Gsl|Gyl.
W#S'el
Combining this with the lower bound on ¥ we obtain
|Ms| N -
Vo(|Yisl/1Gil = 3e)(1 =206 < TR ) ¢ [ dsi(G).

GS' W#S'el
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Since |Ms| < 0]Gs| and €’ < d, we deduce that |Y;x|/|1G;| < 2/6.
In total we deduce that |Y;|/|G| < (("}") +2%(}))2v0 < 6!/,

Step 2.  Next we come to the regularity and density conditions. Recall that G(v) is e-
regular with dg(G(v)) = (1 £ €)ds(G)ds;(G) for @ # S C jk when v ¢ Z;;, where
|Zijx] < €]Gi|. Now suppose Gy is defined and let Z{; be the set of v € G; such that
IGOv); N Y| # d;(G)|Y;] £ €]|G;|. We claim that |Z{J| < 2€|G;|. To prove this, we can
assume that |Y;| > €|G;|, otherwise Z; is empty. Since Gj; is €p-regular, G;[Y;] is e-regular
by Lemma 2.3. Then the bound on Z; follows from Lemma 2.2. Let Z; be the union of all
the sets Z; and Z{;. Then |Z;|/|G;| < ()€ +2(r — 1)2€ < /€, say.

Step 3. Now we show that deleting Y; U Z; from G; for every 1 < i < r gives an
(€,€,d>/2,2+/0, ds/2)-super-regular marked complex (G*, M¥). To see this, note first that
the above upper bounds on Y; and Z; show that we have deleted at most 26'/3-proportion
of each G;. Since G is €y-regular with ds(G) > djg if |S| = 2, 3, regular restriction implies
that G* is e-regular with dg(G*) = (1 €)ds(G) if |S| = 2,3 and d;(G") > (1 —20')d;(G)
for 1 <i < r. This gives property (i) of super-regularity.

Now suppose Gj; is defined and v € Gf. Then |G(v);| = (1 £ €)d;(G)|G;| and |G(v); N
Yj| = dj(G)|Y;| £ €|G)| since v ¢ Z[ .. Since Gf = G;\ (Y;UZ) and |Z;| < /€|G;| we have

1G] = IGO); \ (Y, UZ)| = |G| — dy(G)|Y| £ 2V/€|Gj| = (1 £ €)dy(GH|GE|.

Next suppose that G is defined and v € G?. Then dy (G(v)) = (1 £ €)dp(G)dj(G) and
G(v)j is e-regular, so dy(G*(v)) = (1 £ €)dy(G")d;y(G*) and G*(v); is €'-regular by
regular restriction. Also, since v ¢ Y, 3 we have |[M (V)| < Vo |G(v)j|. Since

|G Wil = di(G-O)IG W)IG (W] >

1
(1 = €)1 =20 ’di(GO)IGOYIGV| > S1GMid

we have |M tt(v)jk| S M)l < 2V0 |G*(v)|. This gives property (ii) of super-regularity.

Finally, consider any triple S such that G is defined and subcomplex I of S= such that Gy;
is defined forall S’ € I.Sincev ¢ Z;, G{S‘g is \/e-regular and dy (G") is (14€)dy (G)ds(G)
if 9 # 8 € Ior(1=x./€)dy(G) otherwise. For j € S, we have d;(G*) = d;(G*) >
(1 —20'3)di(G) if j ¢ I or d(G™) = di(G*(v)) = (1 £ €)dy(G)di(G*) > 1drdi(G)
if j € I. Then by regular restriction, for |S'| > 2 with §' C S, Ggl," is €'-regular with
dg (G*™) = (1€ dy (G") equal to (1+€")dy (Gds;(G*)if @ # S’ € I or (14+€")dy (G*)
otherwise. Also, by Lemma 4.10 we have

G5 _ d(G5") dy (G 1
= =1:t10/||— 1 —=20eN(1 =263 = 1/2.
of] ~aen) Y s T e r=l

Since v ¢ Y’ we have |(M N G")s| < VO|Gy 1, so |(M?* N G™)g| < 24/6|G5"|. This gives
property (iii) of super-regularity, so the proof is complete. .

Remark 5.10. For some applications it may be important to preserve exact equality of
the part sizes, i.e. start with |G;] = n for 1 < i < r and delete exactly 26035 vertices
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from each G; to obtain super-regularity. This can be achieved by deleting the sets Y; and
Z; of Lemma 5.9, together with some randomly chosen additional vertices to equalise the
numbers. With high probability these additional vertices intersect all vertex neighbourhoods
in approximately the correct proportion, and then the same proof shows that the resulting
marked complex is super-regular. We omit the details.

For applications it is also useful to know that super-regularity is preserved when
one restricts to subsets that are both large and have large intersection with every vertex
neighbourhood.

Lemma 5.11 (Super-regular restriction). Suppose 0 < € € € K €' €K d) K
0 K ds,d and (G,M) is a (¢,€',d,, 0, d3)-super-regular marked r-partite 3-complex on
V=ViU..-UV,withG; =V, for 1 <i < r. Suppose also that we have V] C V; for
l<i<rwriteV =V{U.-..UV, G =G[V'], M' = M[V'], and that |V!| = d'|V;| and
IG(v); N V]| = d'|G(v);| whenever 1 <i,j <r,ve Vj’ and Gy; is defined. Then (G',M') is
(€,€",d>/2, V0, ds/2)-super-regular.

Proof. The argument is similar to Step 3 of the previous lemma. Suppose |S| = 3, G is
defined, i € S, v € G;. By Definition 3.16(i) for (G, M), Gs< is e-regular with dy (G) > d|y,
for 8’ C S, |S'| = 2,3. By assumption we have d;(G’) > d'd;(G) for j € S, so regular
restriction implies that G- is €’-regular with dg'(G') > d|s/2 for §' C S, |§'| = 2, 3. This
gives Definition 3.16(i) for (G, M’). Similarly, by Definition 3.16(ii) for (G, M), writing
S = ijk, GW)j= is €'-regular with dy(G(v)) = (1 £ €)dy(G)dy;(G) for ¥ # §' C jk
and [M (v)jx| < 6|G(v)jc|. By assumption we have d;(G'(v)) = d'd;(G(v)) and d(G'(v)) =
d'd(G(v)), so regular restriction implies that G’ (v) < is €”-regular with dy (G'(v)) = (1 £
€")dy (G')dgi(G') for ¥ # S C jk. Also |G/(V)jk|/|G(V)jk| = d(G/(V)jk)/d(G(V)jk) >
(d)?/2s0 M’ Wil /IG' ()] < 20/(d')?* < /0. This gives Definition 3.16(ii) for (G', M").

Finally, consider any triple S such that Gy is defined and subcomplex I of S= such that
Gy; is defined for all S’ € I. By Definition 3.16(iii) for (G, M), |(M N G")g| < 0|G§"|,
G;”S is €’-regular and dyg (G") is (1 & €)dy(G)dgi(G) if & £ §" € I or (1 £ €')dy(G)
otherwise. By assumption d;(G'") is d;(G') > d'd;(G) if j ¢ I or d;(G'(v)) > d'd;,(G(v))
if j € I. Then by regular restriction, for |S’| > 2 with §' C S, G/?, is €”-regular with
dy(G'™) = (1 & Ve)dg(G") equal to (1 £ €")dy(G)dg;(G)if § # S € Ior (1 £
€")dg (G') otherwise. Also, by Lemma 4.10 we have |G'Y|/|GY| = d(G'Y)/d(GY) =
(1£10€") [{gcs ds (G'™) /ds (G") > d” /2. Therefore |(MNG'™)s|/|G'Y| < 20/d” < /6.
This gives Definition 3.16(iii) for (G’, M’). .

Now we will present a ‘black box’ reformulation that goes straight from regularity to
embedding, bypassing super-regularity and the blow-up lemma. This more accessible form
of our results will be more convenient for future applications of the method. First we give
a definition.

Definition 5.12 (Robustly universal).  Suppose J is an r-partite 3-complex on Y =
Y/U---UY, withJ; = Y, for 1 < i < r. We say that J is c*-robustly D-universal if
whenever

(1) Y] C Y, with|Y]| > ¢*|Y;| suchthatY' = U_Y!,J' = J[Y']satisfy |J;(v)| > c*|Js(v)]

i=1"i

whenever |S| = 3, Js is defined, i € S, v € J},
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(ii) H' is an r-partite 3-complex on X' = X{ U --- U X of maximum degree at most D
with |X]| = |Y!|for 1 <i<r,

then J' contains a copy of H', in which vertices of X! correspond to vertices of Y| for
1<i<r.

Now we show that one can delete a small number of vertices from a regular complex
with a small number of marked triples to obtain a robustly universal pair.

Theorem 5.13.  Suppose 0 < 1/n K € L d* K dy < 0 K ds,c*,1/D,1/C, that G is an
e-regular r-partite 3-complex on V.=V, U - .- UV, with ds(G) > d5| for |S| = 2,3 when
defined andn < |G;| = |Vi)| < Cnfor1 <i <r, and M C G- with |Ms| < 0|Gs| when
defined. Then we can delete at most 20'°|G;| vertices from G; for 1 < i < r to obtain G*
and M* so that

(i) d(G%) > d* and |G5(v)| > |G%|/2|G?| whenever |S| = 3, Gs is defined, i € S, v € G,
and
(ii) G*\ MF is c*-robustly D-universal.

Proof. Define additional constants with € < €; < € K €3 < d”. Applying Lemma 5.9,
we can delete at most 20'/%|G;| vertices from each G; to obtain an (¢, €, d>/2,2:/0, d3/2)-
super-regular marked complex (G*, M®) on some V¢ = Vi U ... U Vi We will show
that J = G* \ M* is (c*,d*)-robustly D-universal. To see this suppose |S| = 3, Gs is
defined, i € S, v € G.. By Definition 3.16(i) and Lemma 4.10 we have d(G}) = (1 +
8e1) [1ycgds (G > (1 — 8e)(1 — 20'°)3(dr/2)*(d3/2) > d°. Writing S = ijk, by
Definition 3.16(ii) we have d(Gg(v)) = dp(G*(V)d;(G*()dp (G*(v)) = ]_[Q,#S,gk(l +
€)ds (G*)dyi(G) 50 |G 1|G5(0)|/|G5| = di(GHd (G5 () /d(G) = (1 £ 8e)/(1 £ &) >
1/2. Now suppose that V; C Vf and H' are given as in Definition 5.12 applied to J.
Then (G*[V'], M*[V']) is (€2, €3, d» /4,264, d3 /4)-super-regular by Lemma 5.11. Applying
Theorem4.1,J" = J[V’] contains a copy of H’, in which vertices of X correspond to vertices
of V/forl1 <i<r. .

5.4. Applying the 3-Graph Blow-Up Lemma

In this subsection we illustrate the 3-graph blow-up lemma by proving the following
generalisation of Theorem 5.1 to packings of tripartite 3-graphs.

Theorem 5.14.  For any 3-partite 3-graph F in which not all part sizes are equal and
0 < c1,¢0 < 1 there is a real € > 0 and positive integers C,ny such that if G is a 3-graph
on n > ng vertices V such that every vertex v has degree |G(v)| = (1 & €)c,n* and every
pair of vertices u,v has degree |G(uv)| > cyn then G contains an F-packing that covers all
but at most C vertices.

We start by recording some auxiliary results that will be used in the proof. First we need
a result of Erdds on the number of copies of a k-partite k-graph.

Theorem 5.15 (Erdés [8]). For any a > 0 and k-partite k-graph F on f vertices there
is b > 0 so that if H is a k-graph on n vertices with at least an* edges then H contains at
least br! copies of F.
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Next we need Azuma’s inequality on martingale deviations.

Theorem 5.16 (Azuma [2]). Suppose Z,, . . . ,Z, isamartingale, i.e. a sequence of random
variables satisfying B(Z; 1|2y, . .., Z;)) = Z;, and that |Z; — Z;_| < ¢;, 1 <i < n, for some
constants c;. Then for any t > 0,

2
P(1Z, — Zy| = 1) < 2exp (——22,, c2>'
i=1Ci

We also need the following theorem of Kahn, which is a linear programming generalisa-
tion of a theorem of Pippenger on matchings in regular hypergraphs with small codegrees.
(A matching is a set of vertex-disjoint edges.) Suppose H is a k-graph and ¢ : E(H) — R*.
Write t(H) = Y 4cpu t(A) and £'(S) = Y, cpmysca t(A) for S € V(H). Let co(t) =
maxSG(V(ZH)) r'(S). Say that ¢ is a fractional matching if t'(x) = ZAeE(H):XGA t(A) < 1 for
every x € V(H).

Theorem 5.17 (Kahn [17]). For any € > O there is § > 0 so that if H is a k-graph on n
vertices and t is a fractional matching of H with co(t) < § then H has a matching of size
at least t(H) — €n.

Now we will prove Theorem 5.14. We may suppose that F is complete 3-partite, say
F=K(X)i;3onY =Y, UY,UY; We introduce parameters with the hierarchy

0L /n<eke Ke'Kd* < <1 /akv<1/r<d; L8 Ly <KpLaKer, e l/lY].

We delete at most a! vertices of G so that the number remaining is divisible by a!, take an
equitable r-partition V. = V; U ... U V,, and apply Theorem 5.7 to obtain an a-bounded
equitable r-partite partition 2-complex P on V and an r-partite 3-graph G’ on V that is v-
close to G such that G'[P] is e-regular. Since P is a-bounded, for every graph J;; € P; with
1 <i < j <r,thedensities d(J;), d(J;) and d(J;;) are all at least 1/a. We refer to singleton
parts in P as clusters. Let n; be the size of each cluster. By means of an initial partition we
may also assume that n; < vn. Let M = G’ \ G be the edges marked as ‘forbidden’.

Next we define the reduced 3-graph R, a weighted 3-graph in which vertices correspond
to clusters and triples correspond to cells of G'[P] that are useful for embedding, in that
they have large density and few marked edges. Let Z = Z, U - - - U Z, be an r-partite set
with |Z;| = a; := |P;| for | <i < r, where a; < aand n — a! < rnja; < n. We identify
Z; with [a,], although it is to be understood that Z; and Z; are disjoint for i # j, and label
the cells of P; as Cy, . . ., C;,, . We identity an r-partite triple § € K(Z) with " = U;esCis;,
where S; = S N Z;. Write N = n’n; and K(S") = K(V)[S’]. We say that S is an edge of R
with weight w(S) = |G'[S']s|/N if |G'[S']s| > d3|K(S")s| and [M[S']s| < </VIK(S")s].

We define the weighted degree d,,(j) of a vertex j in R to be the sum of w(S) over all
J € S € R. We will delete a small number of vertices from R to obtain a 3-graph R’ that is
almost regular with respect to weighted degrees. Forany i € A € ([;]) and j € Z; we define

B, =1{S:jeSeK@aIMSTs| > VVIKS)sl}and Z4 = |j € Z; : [B,| > v'/*a}}.
Then

Mol =" > IMIST > D Y VUK sl > 1 Zial vt ons.

J€Z; SjeSeK (), J€ZiA sepl
Ly
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Since G’ is v-close to G (see Definition 5.6) we have [My| < v|K(V)4| < v(n/r)3, so
1Zial < v'*(n/rny)?/a} < 2v'*a;. Let Z' = Z] U - - - U Z! be obtained by deleting all sets
Z;s from Z and let R = R[Z']. Since v < 1/r we have |Z]| > (1 —v')a; for 1 <i <r.

Now we estimate the weighted degrees d; (j) in R'. Suppose j € Z'. We have d, (j) =
N~! ZS:jESeR |G'[S']s|. There are at most a2 triples S € K(V) containing j, so at most
dya’n < d;N triples in G'[S']s for such S with |G'[S']s| < d5|K(S)s|. There are at most
v!a7 triples S ¢ Z' with j € § € K(V), so at most v'/°N triples in G'[S']s for such
S. Since j € Z' we have |B§’A| < v'4a2, so there are at most v'/*N triples in G'[S']s
for triples S withj € S € K(V) and [M[S']s| > +/v|K(S')s|. Finally, there are at most
r(n/r)?n, = N/r triples that are not r-partite. Altogether, at most %d3N triples contributing
to d/,(j) do not belong to G'[S']s withj € S € R. Since |G(v)| = (1 £ €)cyn? forallv € G
and e € 1/a €K v K 1/r « d; we have

d,() =N (G181l =N Y 1GW)| £3d5/2 = ¢ % 2ds.

S;jeSeR veCij

Define 7 : E(R') — R? by 1(S) = w(S)/(c1 + 2d5). Then ' (j) = d.,(j)/(c1 + 2d3) < 1
forj € R, so t is a fractional matching. We have

HRY =) "D 1 (/3= d,()/3(c1 +2d3) > (1 = ds)|Z'| /3.

JjER' SijeS jer'

Also, the trivial bound w(S) < n}/N gives co(t) < n/n; -n}/(c; + 2d;)N < ni/cin < ds.
Applying Theorem 5.17, there is a matching in R’ of size at least |Z'|/3 — é8|Z’|, ie. at
most %8 |Z'| vertices are not covered by the matching.

We can use an edge S of the matching as follows. Consider the partition P§ of K(V)s
by weak equivalence, i.e. we have a cell of P§ corresponding to each triad of consistent
bipartite graphs indexed by S. The cells lying over §" = U,sC; s, give a partition of K(S'),
which we denote by C5' U - ..U C5, Since P is a-bounded we have ag < a*. Furthermore,
since P is equitable, the triangle counting lemma (1) gives |C5/| = (1 4 €')|C5/| for
any 1 < i,j < as. Now at most 2v'/4|K(S")s| triples of G'[S']s can lie in cells C5' with
M N CS| > v/4|CS|; otherwise we would have at least (1 — €')2v!/4ag such cells, giving
IM[S']] > (1 —€)2v*ag - v/ (1 — €)|K (S )s|/as > (1 — 3€')2/V|K(S')s|, contradicting
S € R. Since |G'[S']s| > d3|K(S')s| and v < d3, more than %d3|K(S’)S| triples of G'[S']s lie
in cells C5 with |M N C5/| < v'/4|C5|, so we can choose such a cell C5* with |G'NCS/| >
%d3|CS’i|.

Fix such a cell C5 for each matching edge S and let G° be the associated cell complex
of G'[P],i.e. G = G'N C% and for S’ C S, G, is the cell of Py underlying C5'. Then G°
is e-regular. Also, |G| > 1d3|C%7|, so writing MS = M N G® we have |[MS| < v'/*|CS| <
v1/5|G3|. At this stage, if we were satisfied with an F-packing covering all but o(n) vertices,
we could just repeatedly remove copies of F from each G5 \ M5.* However, we want to
cover all but at most C vertices, so we will apply the blow-up lemma, using the black box
form in the previous subsection. By Lemma 5.13 we can delete at most 2v'/n; vertices

4This could be achieved using the counting lemma to count copies of F in G° and the ‘extension lemma’ to
bound the number of copies of F using an edge in MS. Alternatively one could start the proof with the ‘regular
decomposition lemma’ instead of the regular approximation lemma, then find F using the sparse counting lemma.
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from each cluster so that each (G*, M) becomes a pair (G*, M*) such that JS = G* \ M*S
is 1/2-robustly |Y |>-universal.

Now we gather together all the removed vertices into an exceptional set Ay. This includes
at most a! vertices removed at the start of the proof, at most v!/°n vertices in parts indexed
by Z \ Z', at most 18n vertices in parts not covered by the matching, and at most 2v'/5n
vertices deleted in making the pairs robustly universal. Therefore |Ag| < §n. For convenient
notation we denote the clusters of G*5 by A, Aga, Ass. Thus Ay and Ag, Ag,, Ags for
matching edges S partition the vertex set of G. To cover the vertices of Ay by copies of F
we need the following claim.

Claim. Any vertex v belongs to at least Bn'Y'~" copies of F in G.

Proof. Let ® be the set of all pairs (ab, T) such that ab € G(v) and T € (f;:fl\l‘) There

are |G(v)| > (1 — €)c;n? choices for ab, and for each ab the minimum degree property
gives at least ("2"_1) choices for T. Therefore |®| > (1 — €)c n? (”2”_1). Let W be the set of

[Y3]—1 [Y3]—1
all T e (Y;ﬁl\r) such that there are at least %clc‘zy3‘7ln2 pairs ab € G(v) with (ab,T) € .
¥3]—1
Then |®| < |¥|n? + (lY;‘LI) creiey 0t so

-1 1 o1 -
[w] > (1 _6)61(0211 ) — ( " ) P s o 1< n )
1Y3] — 1 |Y;|—1) 3 3 15| — 1

For each T in W, since « < ¢y, ¢y, Theorem 5.15 implies that the sets ab € G(v) with
(ab,T) € @ span at least an"11*1"2! copies of Ky, y,. Each of these gives a copy of F
containing v when we add 7 Uv. Summing over 7 in W and dividing by |Y|! (a crude estimate
for overcounting) we obtain (since 8 < «) at least Sn!¥!=! copies of F containing v. .

"

Next we randomly partition each set As; as Ay ; UAg ;, each vertex being placed indepen-
dently into either class with probability 1/2. The reason for this partition is that, as in the
proof of Theorem 5.1, we will be able to use the sets A§ j when covering the vertices in Ay,
whilst preserving the vertices in A ; so as to maintain super-regularity. Theorem 5.16 gives
the following properties with high probability:

1. |A;| and |Ag | are |Ag;|/2 & n*? for every S and j,

2. for every S and j and each vertex v € Ay}, letting {7}, denote the singleton classes
of G¥(v), |Ay; N T;| and |AY; N T;| are |T3|/2 & n*? for i # j, and

3. forany vertex v of G, there are at least yn'"'=! copies of F in which all vertices, except
possibly v, are in Us ;A ;.

In fact, the first two properties are simple applications of Chernoff bounds (in which the
martingale is just a sum of independent variables). For the third property we use a vertex
exposure martingale. Fix v and let Z be the random variable which is the number of copies
of F in which all vertices, except possibly v, are in Ug;Aj . Since |A¢| < én, the Claim
gives EZ > (1/2)"71(B — §)n"'=!. Order the vertices of Ug;As; as vi,...,v,, where
n’ > (1 — 8)n, and define the random variable Z; as the conditional expectation of Z given
whether vy is in Ay ; or Ay fori' < i. ThenZy = EZ and Z, = Z. Also |Z; = Z;_| < n"'7?,
using a crude upper bound on the number of copies of F containing v and some other
vertex v;. Now by Theorem 5.16 we have P(Z < yn""'"™!) < P(|Z, — Zo| > 27M1Bn"171)
< e P,
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Now we cover Ay by the following greedy procedure. Suppose we are about to cover a
vertex v € Ag. We consider a cluster to be heavy if we have covered more than yn; of its
vertices. Since [Ag| < dn we have covered at most |Y|§n vertices by copies of F, so there are
at most |Y[8n/yn; < 1yra, heavy clusters. As shown above, there at least yn!"'~! copies
of F that we can use to cover v. At most 3y raymn"'=? < 1yn”I=! of these use a heavy
cluster, so we can cover A, while avoiding heavy clusters.

Next we restrict to the vertices not already covered by the copies of F covering A,, where
we will use robust universality to finish the packing. Recall that each J° is 1/2-robustly
|Y|*-universal. By properties (1) and (2) of the partitions Ag; = A ; UA;, on restricting to
the uncovered vertices we obtain J'S that satisfies conditions (i) in Definition 5.12. (Property
(i) of Theorem 5.13 and d” >> 1/n shows that the n*? errors are negligible.) Also, any
F-packing has maximum degree less than |Y |2, so satisfies condition (ii) in Definition 5.12.
Thus we can assume that J’S is complete, in that we can embed any F-packing in J'5, subject
only to the constraints given by the sizes of the uncovered parts of each cluster.

Now it is not hard to finish the proof with a slightly messy ad hoc argument, but we
prefer to use the elegant argument of Kémlos [23, Lemma 12]. Denote the classes of J' by
J1,J2,J5. Since we avoided heavy clusters we have (1 —2y)n; < |J;| < n;forl <i < 3.
LetPP ={a € [0,1P : oy < ap < 0‘3’2?:1 o; = 1}. We can associate a ‘class vector’
a(X) € P?toa3-partite set X = X; UX, UX; by a(X); = |X,;|/1X], for some permutation
o € S§; chosen to put the classes in increasing order by size. For «, 8 € P* write o < B if
o) < Brand o +ay < B+ ps. Since the classes of F are not all of equal sizeand y < 1/Y|
we have a(F) < «a(J). By a theorem of Hardy, Littlewood and P6lya, this implies that there
is a doubly stochastic matrix M such that «(J) = Ma(F). By Birkhoff’s theorem M is
a convex combination of permutation matrices M = Zi AiPi, Y A; = 1. Thus we can
write the class vector of J as «(J) = >, AP« (F), which is a convex combination of the
permutations of the class vector of F. In fact, although the constant is not important, since
P? has dimension 3, we can apply Carathéodory’s theorem to write «(J) = Z?=1 wiPio(F),
Zle w; = 1 as a convex combination using only 3 permutations of a(F).° Finally, to
pack copies of F in J'S we can use |u;]J|/|Y|] copies of F permuted according to Ps, for
1 <i < 3. Atmost 3|Y| vertices of any J; are left uncovered because of the rounding, so in
total at most C = 3|Y|ra; vertices will remain uncovered. This completes the proof. .

As for Theorem 5.1, we needed to assume that not all part sizes of F are equal and
we could not expect to cover all vertices. Some assumption on the degrees of pairs was
convenient, as without it a nearly regular 3-graph can have some vertices that do not belong
to any copies of F. For example, let G, be a tripartite 3-graph on V = V; U V, U V3 with
Vil = |V2| = |V3] = ny/3 such that every vertex v has degree |Gy (v)| = (1 j:e)cln(z). Form
G from G, by adding new vertices v, ..., v, where t &~ (3¢;)~! and edges so that G(v;) are
pairwise disjoint graphs of size ¢;n} contained in (*}) U (*?) U (‘7). Then G has n = ng + ¢
vertices and |G(v)| = (1 & 2¢)c n? for every vertex v. However, for every new vertex v;,
every pair ab € G(v;) is only contained in the edge v;ab, so v; is not contained in any K; 3
(say). This example does not show that the assumption on pairs is necessary, as we can still
cover all but ¢ vertices, but it at least indicates that it may not be so easy to remove the
assumption. For simplicity we assumed that every pair has many neighbours, but it is clear
from the proof that this assumption can be relaxed somewhat. The bottleneck is the Claim,

5This last remark is attributed to Endre Boros in [23].
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which can be established under the weaker assumption that for every vertex v there are at
least n*>~ pairs ab in G(v) with |G(ab)| > n'~?, for some 6 > 0 depending on F.

Finally, we remark that one can apply the general hypergraph blow-up lemma in the
next section and the same proof to obtain the following result (we omit the details). For any
k-partite k-graph F' in which not all part sizes are equal and 0 < ¢,¢, < 1 there is a real
€ > 0 and positive integers C, ny such that if G is an k-graph on n > ng vertices V such that
every vertex v has degree |G(v)| = (1 £ €)c,n*~! and every (k — 1)-tuple S of vertices has
degree |G(S)| > con then G contains an F-packing that covers all but at most C vertices.

6. GENERAL HYPERGRAPHS

In this section we present the general blow-up lemma. Besides working with k-graphs for
any k > 3, we will introduce the following further generalisations:

(i) Restricted positions: a small number of sets in H may be constrained to use a certain
subset of their potential images in G (provided that these constraints are regular and
not too sparse).

(i) Complex-indexed complexes: a structure that provides greater flexibility, in particular
the possibility of embedding spanning hypergraphs (such as Hamilton cycles).

We divide this section into five subsections organised as follows. The first subsection
contains various definitions needed for the general case, some of which are similar to those
already given for 3-complexes and some of which are new. In the second subsection we state
the general blow-up lemma and the algorithm that we use to prove it. The third subsection
contains some properties of hypergraph regularity, analogous to those proved earlier for
3-graphs. We give the analysis of the algorithm in the fourth subsection, thus proving the
general blow-up lemma. Since much of the analysis is similar to that for 3-graphs we only
give full details for those aspects of the general case that are different. The last subsection
contains the general cases of the lemmas to be used in applications of the blow-up lemma,
namely Lemmas 5.9, 5.11 (super-regular restriction) and 5.13 (robust universality).

6.1. Definitions

We start by defining complex-indexed complexes.

Definition 6.1. We say R is a multicomplex on [r] if it consists some number of copies
(possibly 0) of every I C [r] which are partially ordered by some relation, which we denote
by C, such that whenever I* € R is a copy of some subset I of [r] and J is a subset of I,
there is a unique copy J* of J with J* C I*. We say that R is a multi-k-complex if |I| < k
foralll € R.

Suppose V is a set partitioned as V = V; U --- U V,. Suppose each V;,, 1 < i < ris
further partitioned as V; = U V=, where i* ranges over all copies of i in R. We say G is an
R-indexed complex on V if it consists of disjoint parts Gy for I € R (possibly undefined),
such that G; C 'V, for singletons i € R, and Gi= := Upc,;Gy is a complex whenever G
is defined. We say that an R-indexed complex J on V is an R-indexed subcomplex of G
if Ji € G; when defined. We say S C V is r-partite if |SNV;| < 1for1 <i < r. The
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Fig. 1. A complex-indexed complex.

multi-index i*(S) of S is that I € Rwith S € G;. If S € G we write Gs = G s) for the part
of G containing S.

We emphasise that C is more restrictive than the inclusion relation (also denoted <)
between copies considered merely as subsets of [r]. To avoid confusion we never ‘mix’
subsets with copies of subsets. Thus, if I € R then J C [ means J € R and (J, ) is in
the relation C. Also, if I € R then i € I means {i} € R and ({i},]) is in the relation C.
We also write i € R to mean {i} € R when the meaning is clear from the context. As in
Definition 3.2, we henceforth simplify notation by writing i instead of {i}.

Remark 6.2. We are adopting similar notation for complex-indexed complexes as for
usual complexes for ease of discussing analogies between the two situations. Thus we
typically denote a singleton multi-index by i and a set multi-index by I. If we need to
distinguish a multi-index from the index of which it is a copy, we typically use the notation
that i* is a copy of i and /* is a copy of /.

We illustrate Definition 6.1 with the following example.

Example 6.3. Figure 1 depicts an example of an R-indexed complex G in which R is
a multi-3-complex on [4] (not all parts have been labelled). The multi-indices have been
represented as ordered pairs (A, 1), where A € ([2) and 7 is a number (arbitrarily chosen) to
distinguish different copies of A. An example of the inclusion structure is (34,2) C (234, 1),
since the intended interpretation of our picture is that for every triple in G34 its restriction
to index 34 lies in Gs4,. Other examples are (1,2) € (123,2) and (2,2) € (123,2), but
(1,1) € (123,2) and (12,3) & (123, 2), since the intended interpretation of our picture is
that there are triples in Gp3, such that their restriction to index 12 is a pair in Gy, X G,
not belonging to G,3.

Complex-indexed complexes arise naturally from the partition complexes needed for
regular decompositions of hypergraphs, asin Theorem 5.7. Suppose P is an r-partite partition
k-complex on V. Recall that Cs denotes the cell containing a set S. We can index the cells
of P by a multicomplex R on [r], where for each cell Cs we form a copy i*(S) of its (usual)
index i(S). The elements of R are partially ordered by a relation € which corresponds to
the consistency relation < discussed above, i.e. *(S") C i*(S) exactly when Cy < Cs. One
could think of P as a ‘complete R-indexed k-complex’, in that it contains every r-partite set
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of size at most k, although we remark that many partition k-complexes P will give rise to
the same multicomplex R, so the phrase is ambiguous.

Note that if we do not allow sets in R to have multiplicity more than 1 then an R-
indexed complex is precisely an r-partite complex. The reason for working in the more
general context is that R-indexed complexes are the structures that naturally arise from an
application of Theorem 5.7, so a general theory of hypergraph embedding will need to take
this into account. In particular, in order to use every vertex of V we need to consider every
part of the partition P; of V; for 1 < i < r, i.e. we need multi-index copies of each index
i. The multi-index copies of larger index sets are useful because it may not be possible to
choose mutually consistent cells. To illustrate this point, it may be helpful to consider an
example of a 4-partite 3-complex where each triple has constant density (say 1/10) and
there is no tetrahedron K;. A well-known example of Rddl is obtained by independently
orienting each pair of vertices at random and taking the edges to be all triples that form
cyclic triangles. (A similar example is described in [36].) Then we cannot make a consistent
choice of cells in any 4-partite subcomplex so that each cell has good density. However, by
working with indexed complexes one can embed using cells from each of the four triples,
provided that the choice of cells is locally consistent.

Much of the notation we set up for r-partite 3-complexes extends in a straightforward
manner to R-indexed complexes for some multi-k-complex R on [r]. Throughout we make
the following replacements: replace ‘3’ by ‘k’, ‘r-partite’ by ‘R-indexed’, ‘I C [r]’ by
‘I € R, ‘index’ by ‘multi-index’, i(S) by i*(S), and understand C as the partial order of
multi-indices. Thus we define G;= = Upc;Gr, Gi< = Upg; Gy, etc. as in Definition 3.2.
We define restriction of R-indexed complexes as in Definition 3.5, and more generally
composition of R-indexed complexes G and G’ as in Definition 4.4: we define (G * G')g if
(G U G')s is defined and say that S € (G* G')sif A €* Gy and A €* G, for any A C S.
Lemma 4.5 applies to R-indexed complexes, with the same proof.

As in Definition 3.9, if § C X is r-partite and I C i*(S) we write S; = S N U/ X;. We
also write St = S for any r-partite set T with i*(T') C i*(S). As in Definition 3.6 we
write Gj for the set of r-partite |/|-tuples S with i*(S) = I such that T € Gy when defined
for all T C S. When defined we have relative densities d;(G) = |G;|/|Gj| and absolute
densities d(G;) = |G|/ [ ;.; |Vil. (Recall that i € I means {i} I according to R.)

To define regularity we adopt the reformulation using restriction notation already dis-
cussed for 3-complexes. Forany / € R such that G, is defined we say that G, is e-regular if for
every subcomplex J of G with |J}| > €|G7| and J; undefined we have d,(G[J]) = d,;(G) %e.
Note that if |I| = 0, 1 we have G[J]; = Gy, so G; is automatically e-regular for any €. We
say that G is e-regular if whenever any G, is defined it is e-regular.

Remark 6.4. Some care is needed when forming neighbourhoods in complex-indexed
complexes. The usual definition defines G;(v) and G;<(v). However the expression G(v);
may be ambiguous, as there may be several multi-indices I’ such that I = I’ \ i, where
i = i*(v). We avoid this ambiguous expression unless the meaning is clear from the context.
The expression P € G(v) is unambiguous: it means Pv € G.

Henceforth we suppose R is a multi-k-complex on [r], H is an R-indexed complex on
X = U;erX; and G is an R-indexed complex on V = U,z V;, with |V;| = |X;| fori € R. As
before we want to find an embedding ¢ of H in G, via an algorithm that considers the vertices
of X in some order and embeds them one at a time. At some time ¢ in the algorithm, for each
S € H there will be some |S|-graph Fs(f) € Gy consisting of those sets P € Gg that are
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‘free’ for S, in that mapping S to P is ‘locally consistent” with the embedding so far. These
free sets will be ‘mutually consistent’, in that Fg<(f) = UgcsFy (¢) is a complex. With the
modifications already mentioned, we can apply the following definitions and lemmas (and
their proofs) to the general case: Definition 3.7 (the update rule), Lemma 3.10 (consistency),
Lemma 3.11 (iterative construction) and Lemma 3.12 (localisation). Just as some triples
were marked as forbidden for 3-graphs, in the general case some k-tuples M will be marked
as forbidden. Definition 3.13 (Mg £(¢)) applies in general when E € H is a k-tuple.

Definition 3.15 is potentially ambiguous for R-indexed complexes (see Remark 6.4), so
we adopt the following modified definition.

Definition 6.5. Suppose G is an R-indexed complex on V = U;.xV,, i € R, v € G; and I
is a submulticomplex of R. We define G = G[Us¢;Gs(v)].

Now we give the general definition of super-regularity, which is very similar to that used
for 3-graphs.

Definition 6.6 (Super-regularity). Suppose R is a multi-k-complex on [r], G is an R-
indexed complex on V.= U;cgV;and M C G- := {P € G : |P| = k}. We say that (G,M) is
(e,€',d,,0,d)-super-regular if

(1) Gise-regular, and if G is defined then ds(G) > d if |S| = k ords(G) > d,, if |S| < k,
(1) if Gg is defined, i € S and v € G; then |[Ms(v)| < 0|Gs(v)| if |S| = k and Gs<(v) is
€'-regular with dg.;(Gs= (v)) = (1 £ €')dsn;(G)dy (G) fori C §' C S,
(iii) forevery submulticomplex1 of R, if Gs is defined,i € Randv € G, then |(MNG")g| <
% |G§V| if |S| = k, and G is €'-regular with densities (when defined)

ds(Gl) = {(1 +€)ds(G)dr(G) ifD#S=T\i,T €l,Gr defined,
5 (1 £ €)ds(G) otherwise.

We remark that the parameters in Definition 6.6 will satisfy the hierarchy ¢ <« €’ K
d, € 0 < d. Thus we work in a dense setting with regularity parameters much smaller
than density parameters. Note that we have two density thresholds d, and d, where d,, is
a lower bound on the S-densities when |S| < k and d is a lower bound on the S-densities
when |S| = k. The marking parameter 6 again lies between these thresholds. Next we will
formalise the notation ds(F(¢)) = ds(Fs=<(t)) used for 3-complexes by defining F(¢) as an
object in its own right: a complex-coloured complex.

Definition 6.7.  Suppose R is a multi-k-complex on [r], H is an R-indexed complex on
X = U;erX; and G is an R-indexed complex on V = U,z V;. An H-coloured complex F (in
G) consists of |S|-graphs Fs C Ggs such that Fs< = UgcsFy is a complex for S € H. We
allow Fs to be undefined for some S € H. We say that an H-coloured complex J is an H-
coloured subcomplex of F if Jy € Fs when defined. The restriction F[J] is the H-coloured
complex with F[J]s = Fs<[Js<]s. When F(t) is an H-coloured complex at time t we use
F(t)s and F(t) interchangeably. We let G also denote the H-coloured complex F in G such
that Fs = Gy for all S € H. When I is a subcomplex of H we let F; denote the H-coloured
complex that consists of Fs for every S € I and is otherwise undefined.

We use the terminology ‘coloured’ in analogy with various combinatorial questions
involving hypergraphs in which each set can be assigned several colours. In our case a set
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E € G is assigned as colours all those S € H for which E € Fs. Note also that if we had
the additional property that the parts F, S € H were mutually disjoint, i.e. any set in G
has at most one colour from H, then F would be an H-indexed complex. (We make this
comment just to illustrate the definition: we will not have cause to consider any H-indexed
complexes.)

In the proof of Theorem 4.1 there were several places where we divided the argument
into separate cases. This will not be feasible for general k, so we will introduce some more
notation, which may at first appear somewhat awkward, but will repay us by unifying cases
into a single argument.

Definition 6.8.  Suppose R is a multi-k-complex on [r], H is an R-indexed complex on
X = U;erX; and G is an R-indexed complex on V = U;xV;. Fix x € X.

(1) We define a multi-(k + 1)-complex R on [r + 1] as follows. There is a single multi-
index copy of r + 1, also called r + 1. Suppose x € X;x, where i* € R is a copy of
some i € [r]. Consider I'" € R such that I is a copy of I C [r]. If i* € I* we let I'**
be acopy of U\ i) U{r+ 1}. Ifi* ¢ I* and I* # J \ i* forany J € Rwe let I*" be a
copy of I U {r + 1}. We extend C by the rules (when defined) J C I** fori* ¢ J C I*;
JoCI*fori*eJ CI*J CI* fori* e Jand J\i* C I*; I* C "ty and J+ C I*F
forJ C I*.

(ii) LetX,,, = {x°} consist of a single new vertex that we consider to be a copy of x.° Let
H* be the R -indexed complex HU{Sx" : S € H} on Xt = XUX, |, where i*(Sx°) is
(i*(Sx))° if Sx € H or i*(S)T if Sx ¢ H. If Sx € H we write (Sx)° = Sx“. Ifx ¢ S € H
we write S¢ = S. If S € H \ H(x) we write St = Sx°. Note that i*((Sx)°) = (i*(Sx))*
and i*(ST) = (*(S)*.

(iii) Let V,,| be a new set of vertices disjoint from V having the same size as V, = V.
We think of V,1 as a copy of V,, in that for each v € V, there is a copy v € V,,. Let
G™* be the R*-indexed complex GU {Pv* : P € G,v € V,}on V* =V UV,,,, where
*(Pve) is i*(Pv) if Pv € G or i*(P)T if Pv ¢ G. If Pv € G we write (Pv)° = Pv~.
Ifv ¢ P e Gwewrite P° = P. If P € G\ G(v) we write P* = Pv“. Note that
*((Pv)°) = (i*(Pv))" and i*(P*) = (i*(P))™.

Gv) IfICHorl C Gwewritel° ={A°: A el}.

(V) Suppose F is an H-coloured complex in G. We define H" -coloured complexes F© =
Usey Feand F* = gy (Fs UF§) = FUFC. Suppose I is an R-indexed subcomplex
of H. The plus complex is F'™ = GT[F U F,t].

We give the following example to illustrate Definition 6.8.

Example 6.9. As in Example 3.8, suppose that H and G are 4-partite 3-complexes, that
we have 4 vertices x; € X;, 1 < i < 4 that span a tetrahedron KZ in H, that we have the
edges x|x,x; and x{x3x, and all their subsets for some other 4 vertices x; € X;, 1 <i <4,
and that there are no other edges of H containing any x; or x;, 1 < i < 4. We can think of
H and G as R-indexed complexes with R = ([4]), i.e. we have one copy of each subset of

<3
[4] of size at most 3.

6To avoid confusion we should point out that the use of ‘copy” here is different to the sense in which multi-indices
are copies of normal indices.
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We work through Definition 6.8, setting x = x;. R is the subcomplex of [5] that contains
R = (HJ) and all sets S U5 with S e (HJ) H* is the R*-indexed complex on X* = X U X5
where X5 = {x{} and H" consists of all sets S and Sx¢ with S € H. G" is the R"-indexed
complex on V* = V U Vs where Vs = {v* : v € V;} and G* consists of all sets S and Sv*
with S € G and v € V;. Note that H* and G* are 5-partite 4-complexes.

Let F(0) be the H-coloured 3-complex in which F(0)s = Gy for all S € H. We will
describe the plus complex F(0)7*1. For any S € H we have F(O)HH1 = F(0)s = Gs by
equation (2). Similarly, for any S € H(x;) we have F (O)HJ“)Cl (F(0) Hc) s = GC . (Recall

that S € H(x;) iff Sx; € H.) For example, F(O)f;f' =G . = {1y e me}. If
1

X241

S € H\ H(x;) then F(0) 1 consists of all P € G;XT such that for all " C S we have
Py € Gy and Ps’xg € Gs,xl 1f S’ € H(x;). For example, F (O)Zi;af{ consists of all 4-tuples
Viv,v3v§ where viv,v3 and viv,vs are in Gya3.

Now suppose, as in Example 3.8, that we start the embedding by mapping x; to some
v € V. Let F(1) be the H-coloured 3-complex given by the update rule: this is worked out
in Example 3.8 and formally defined in Definition 3.7. We can also describe it using the plus
complex. For example, we saw that F, .y, (1) = F(1),x,, consists of all triples in G34 that
form a triangle in the neighbourhood of vy, i.e. form a tetrahedron with v,. We can write this
as F(D)yyuy, = F(0)f+x (V)xyxzxs» @8 by definition vyv3vgv| € F(O)fi‘i « exactly when
V1VaVv3Vy is a tetrahedron. Another example from Example 3.8 is that F (l)w‘z’% consists of
all triples P € G); not containing v; such that P; = PN V3 is a neighbour of vi. We can
write this as F(l)qu’m = F(0)ft (vi)x/lxéx3 \ V1, as by definition viv,v3V§ € F(O)HH1

XXXXI

exactly when viv,v3 € Gip3 and viv; € Gys.

Note that the plus complex in Definition 6.8(v) depends on H, but we suppress this in
the notation, as H will always be clear from the context. We have also suppressed x from
the notation in R™ (etc). One should note that the definition of F™ is rather different than
G" and H*. To clarify this definition, we note that Fj;. = F*, and also that F;; = F., so
one could also write F'™ = GT[F U F.]. To justify the definition of the plus complex, we
note that F“ and F'* are H*-coloured complexes in G*, as F{; . - is the copied version of
the complex Fg,= for any S € H. Then F U F,: is an H"-coloured complex in G*, with
(FUF*)s = FsforS € Hand (FUF})sc = F¢forS € I. Regarding G as an H"-coloured
complex in G*, the plus complex F'* is a well—deﬁned H"-coloured complex in G*. By
equation (2) we have

F{™ = FsforS € H and Fii* = F§ for S € I.

As noted in Remark 6.4, some care must be taken to avoid ambiguity when defining
neighbourhoods. We adopt the following convention:

F'(v)g = FLF () for S € H.

Note that we set / = H in Example 6.9, and indeed this is the typical application of this
definition. The reason for allowing general [ is for proving the analogue of Lemma 4.21
in the general case. Next we prove a lemma which confirms that the plus complex does
describe the update rule in general, when we map x to ¢ (x) = y at time ¢.

Lemma 6.10. Ifx ¢ S € H then F(t)g= = F(t — 1) (%) 4= \ y.
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Proof. By Definition 3.7 we have Fg<(t) = Fs<(t— 1)[Fs,<(t—1)(y)]\y. Thus P € F(t)
exactly when P € Fg(t — 1),y ¢ P and Pgyy € Fg,(t — 1) forall S’ C S with §' € H(x).
Since Pyy € Fyg,(t — 1) <& Pgy® € Fyg,(t — 1), Definition 6.8 gives P € Fg(t) exactly
wheny ¢ P and Py € F(t — 1)2+~, .

Sx¢

We also note that the plus complex can describe the construction G in a similar manner.
For the following identity we could take H = R, considered as an R-indexed complex with
exactly one set S € Hy forevery S € R. Actually, the identity makes sense for any R-indexed
complex H, when we interpret each R-indexed complex as an H-coloured complex as in
Definition 6.7, i.e. G" is the H-coloured complex F in G" with Fg = Gg”' forall S € H,
and similarly for G+ (v¢).

Lemma 6.11. G ()s = GY for S € H and v € G,.

Proof. Wehave P € Gg” exactly when P € Gy and P'v € Gforall P' C P withi*(P'v) € I.
Since P'v € G & P'v* € G* this is equivalent to Pv¢ € G5 .

6.2. The General Blow-Up Lemma

Now we come to the general blow-up lemma. First we give a couple of definitions. Suppose
R is a multi-k-complex on [r]. We write |R| for the number of multi-indices in R. For S € R,
the degree of S is the number of T € Rwith S C T.

Theorem 6.12 (Hypergraph blow-up lemma).  Suppose that

D 0KI/nKl/mp<KekKe KckKd, K0 KLd,c’,1/Dg,1/D,1/C,1/k,

(1) R is a multi-k-complex on [r] of maximum degree at most Dg with |R| < ng,

(iii)) H is an R-indexed complex on X = U;cpX; of maximum degree at most D, G is
an R-indexed complex on V. = U;.xV,, Gy is defined whenever Hy is defined, and
n<|X;|=|Vil =1G;| < CnforieR,

vy MCG_=1{SeG:|S|=k}and (G,M) is (¢,€,d,,0,d)-super-regular,

(v) T'isan H-coloured complex in G with T, defined only when x € X,, where |X,NX;| <
c|X;| foralli € R, andfor S € H, when defined I is €' -regular with ds(I') > c'ds(G),

Then there is a bijection ¢ : X — V with ¢ (X;) = V; fori € R such that for S € H we have
d(S) € Gs, 9(S) € Gs \ Mg when |S| = k and ¢(S) € I's when defined.

We make some comments here to explain the statement of Theorem 6.12. An informal
statement is that we can embed any bounded degree R-indexed complex in any super-regular
marked R-indexed complex, even with some restricted positions. The restricted positions
are described by assumption (v): for some sets S € H we constrain the embedding to
satisfy ¢ (S) € I's, for some H-coloured complex I that is regular and dense and is not
defined for too many vertices. Note that we now allow the embedding to use all |R| parts of
V, provided that R is of bounded degree. Thus this theorem could be used for embedding
spanning hypergraphs, such as Hamilton cycles. Even in the graph case, embedding spanning
subgraphs is a generalisation of the graph blow-up lemma in [24]. A blow-up lemma for
spanning subgraphs was previously given by Csaba [5] (see [20] for another application).
Restricted positions have arisen naturally in many applications of the graph blow-up lemma,
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and will no doubt be similarly useful in future applications of the hypergraph blow-up
lemma. In particular, a simplified form of the condition (where I'y is only defined when
S| = 1) is used in a forthcoming work [19] on embedding loose Hamilton cycles in
hypergraphs. We allow a general H-coloured complex I' as the proof is the same, and it
would be needed for embedding general Hamilton cycles.’

We prove Theorem 6.12 with an embedding algorithm that is very similar to that used
for Theorem 4.1. We introduce more parameters with the hierarchy

0<1/n<K1/np € e K€ K<+ K €apy K6,
CP LKLY K KpKLdy Ly KO KOy KO <K -+ L Oap L O3
<0, <8, <8 <d,c,1/D,1/Dp,1/C,1/k.

The roles of the parameters from Theorem 4.1 are exactly as before. Our generalisations to
R-indexed complexes and restricted positions have introduced some additional parameters,
so one should note how they fit into the hierarchy. The restricted positions hypothesis has
two parameters ¢ and ¢’. Parameter ¢ controls the number of restricted positions and satisfies
Po K ¢ K y.Parameter ¢’ gives a lower bound on the density relative to G of the constraints
and satisfies ¢’ > 8. The indexing complex R has two parameters ng and Dg. Parameter
ng is a bound for |R| and can be very large, provided that n is even larger. Parameter Dy
bounds the maximum degree of R and satisfies D < 1/8p.

Initialisation and notation. Write X, = X, U, ex, VNu (x). We choose a bufferset B C X
of vertices at mutual distance at least 9 in H so that |B N X;| = §p|X;| for i € R and
BNX, =9. Since n < |X;| < Cnfori € R and H has maximum degree D we can
construct B by selecting vertices one-by-one greedily. Every vertex neighbourhood in
H has size less than kD, so there are at most (kD)3 vertices at distance less than 9 from
any vertex of H. Similarly, there are at most (kDy)® multi-indices j € R at distance
less than 9 from any fixed multi-index i € R. Thus at any stage we have excluded at
most (kDg)?(kD)88sCn < n/2 vertices from X;, since 83 < 1/Dg. Similarly, since
IX. N X;| < c|X;| forall j € R we have |X, N X;| < (kDg)®(kD)3cCn < \/cn. Since
|X;| = n we can construct B greedily. Let N = U,z VNy(x) be the set of all vertices
that have a neighbour in the buffer. Then N is disjoint from X,., as we chose B disjoint
from X]. Also, IN N X;| < (kDg)(kD)dgcn < A/85|X;| for any i € R.

For § € H we set Fg(0) = G[I']s. We define L = L(0), ¢g(t), Q(?), j(1), J(t), X;(¢),
Vi(¢) as in the 3-graph algorithm. We let X (r) = U;zX;(¢) and V (¢) = U;cgVi(2).

Iteration. At time 7, while there are still some unembedded non-buffer vertices, we select
a vertex to embed x = s(¢) according to the same selection rule as for the 3-graph
algorithm. We choose the image ¢ (x) of x uniformly at random among all elements
y € F.(t — 1) that are ‘good’ (a property defined below). Note that all expressions
at time ¢ are to be understood with the embedding ¢ (x) = y, for some unspecified
vertex y.

7While [19] and the current paper have been under review, more general results on Hamilton cycles have been
obtained in [28] and [21] without using the hypergraph blow-up lemma. However, it seems most likely that more
complicated embedding problems will require the hypergraph blow-up lemma.
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Definitions.

1. For a vertex x we write v,(¢) for the number of elements in VNg(x) that have
been embedded at time ¢. For a set § we write vg(t) = Z},ES v,(1). We also
define v¢(¢) as follows. When [S| = k we let vg(t) = vg(f). When [S| < k we
let vg(t) = vs(t) + K, where K is the maximum value of v, (¢') over vertices
x" embedded at time ¢’ < ¢ with § € H(x); if there is no such vertex x’ we let
ve(t) = vs(2).

2. For any r-partite set S we define F(t) = Fs(t — 1)" if x € S or Fs(t) = Fs<(t —
D[Fs,<(t—1)(y)]s\yifx ¢ S. We define an exceptional setE, (t—1) C F,.(t—1)
by saying y is in F,(t — 1) \ E,(t — 1) if and only if for every unembedded
h+#S e H®x),

di(F(t)) = (1% el,é(,),o)dS(F(t — 1)ds (F(t — 1)), and Fs(¢) is evg(,),o-regular.

(k6.2)

3. Wedefine E', Mgt (1), D, g(t—1) and U (x) as in the 3-graph algorithm, replacing
‘triple’ by ‘k-tuple’. We obtain the set of good elements OK, (t— 1) from F,.(t—1)
by deleting E,(t — 1) and D, g(t — 1) for every E € U(x).

We embed x as ¢(x) = y where y is chosen uniformly at random from the good
elements of F,(t — 1). We update L(¢), g(¢) and j(t) as before, using the same rule for
adding vertices to the queue. We repeat until the only unembedded vertices are buffer
vertices, but abort with failure if at any time we have |Q(t) N X;| > §,|X;| for some
i € R. Let T denote the time at which the iterative phase terminates (whether with
success or failure).

Conclusion. When all non-buffer vertices have been embedded, we choose a system of
distinct representatives among the available slots A’ (defined as before) for x € X(7T')
to complete the embedding, ending with success if possible, otherwise aborting with
failure.

Similarly to Lemma 4.2, the algorithm embeds H in G \ M unless it aborts with failure.
Furthermore, when I'y is defined we have F(0) = G[I']s = I's, so we ensure that ¢ (S) €
['s. Note that any vertex neighbourhood contains at most (k — 1)D vertices. Thus in the
selection rule, any element of the queue can cause at most (k — 1)D vertices to jump
the queue. Note also that when a vertex neighbourhood jumps the queue, its vertices are
immediately embedded at consecutive times before any other vertices are embedded. We
collect here a few more simple observations on the algorithm.

Lemma 6.13.

(i) Foranyi € R and time t we have |V(t)| > &zn/2.

(i) Foranyi € R and time t we have |J(t) N X;| < \/%n

(iii) We have v.(t) < (k — 1)D for any vertex and vg(t) < k3D for any S € H. Thus the
e-subscripts are always defined in (#¢,).

(iv) For any z € VNg(x) we have v,(t) = v,(t — 1) + 1, so for any S € H that intersects
VNg(x) we have vg(t) > vg(t — 1).

V) Ifvs(t) > vs(t — 1) then vg(t) > vg(t — 1).

(vi) If z is embedded at time t' < t and S € H(z) then vg(t) > vg (1) > vg (¥’ — 1).
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Proof.  The proofs of (i) and (iii—vi) are similar to those in Lemma 4.3 so we omit them.
For (ii) we have to be more careful to get a good bound inside each part. Note that we only
obtain a new element x of J(¢) N X; when x is a neighbour of some b € B and some z within
distance 4 of x is queued. In particular z is within distance 5 of x. Given i, there are at most
(kDg)? choices for j = i*(z) € R, at most |Q(7) N X;| < 8oCn choices for z, then at most
(kD)* choices for x. Therefore |J(r) N X;| < (kDg)’(kD)*8oCn < \/3¢n. .

6.3. Hypergraph Regularity Properties

This subsection contains various properties of hypergraph regularity analogous to those
described earlier for 3-graphs. We start with the general counting lemma, analogous to
Theorem 5.8.

Theorem 6.14 (Rodl-Schacht [42], see Theorem 13). Suppose 0 < € <
d,y,1/r,1/j,1/k, that J and G are r-partite k-complexes with vertex sets Y = Y, U---UY,
andV = VU --- UV, respectively, that |J| = j, and G is €-regular with all densities at
least d. Then

d(J,G) = Egeor) []‘[ N (A))} =1 +y)[Jdu(O).

Ael AeJ

A useful case of Theorem 6.14 is when r = k and J = [k]= consists of all subsets of a
k-tuple; this gives the following analogue of Lemma 4.10.

Lemma6.15. Suppose(0 < € < €’ <« d, 1/k, Gisak-partite k-complexonV = V,U- - -U
Vi with all densities ds(G) > d and G is e-regular. Then d(Gpy) = (1 £ €') Hsg[k] ds(G).

Next we give the analogue of Lemma 4.6.

Lemma 6.16 (Vertex neighbourhoods). Suppose G is a k-partite k-complexonV = VU
- UV, with all densities ds(G) > d and 0 < n; < 0, < d, 1/k for each I C [k]. Suppose
that each Gy is n;-regular. Then for all but at most 2 Z,gkq] N |G| vertices v € Gy, for
every@ # 1 C [k—1], G(v); is (n;+ny)-regular with d,(G(v)) = (1£n;£n3,)d(G)dy (G).

Proof. The argument is similar to that in Lemmas 2.2 and 4.6. We show the following
statement by induction on |C|: for any subcomplex C of [k — 1]=, for all but at most
2% cc |Gyl vertices v € Gy, forevery I € C, G(v); is (1, + ny,)-regular with d;(G(v)) =
(1 £ 5} £ 13,)d;(G)d(G). The base case is C = @, or less trivially any C with |/| < 2 for
all I € C, by Lemmas 2.2 and 4.6.

For the induction step, fix any maximal element / of C. By induction hypothesis, for all
but at most 2 Z,,ec\, |Gk vertices v € Gy, for every I' € C\ I, G(v)p is (1, + n},)-
regular with dp (G(v)) = (1 £}, £ 1,,)dr(G)d;(G). Let G, be the set of such vertices. It
suffices to show the claim that all but at most 2n,,|G,| vertices v € G have the following
property: if J¥ is a subcomplex of G(v),< with [(J*)}| > (n; + n3)|G(v);]| then |G[J'];| =
(1 £n;/2)di(G)|I");] and |[GOW)']| = (1 £ 13, /2)du (G) |GV ] 1.
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Suppose for a contradiction that this claim is false. Let y = max;c; 1},. By Theorem 6.14,
for any v € G| we have

1
GO TV =d(G;) > A= [ (1= 1) = 1) dr (G)dii(G) > Edz".

iel rcl

Then for any J* € G(v);< with |(J");| > (n; +n,)IG(v);| we have |(J*)}| > n; [, Vil =
n|Gyl, so |G| = (di(G) £ n)|(UM)f| = (1 £ 1;/2)di(G)[(JV)]], since G is n;-regular.
So without loss of generality, we can assume that we have vertices vy,...,v, € G, with
t > |G|, and subcomplexes J'i € G(v;);< with [(J')F] > (7 + n)|G(vy);| such
that |GW)[JV ]l < (1 — 1, /2)dr(G)|G[J"];| for 1 < i < t. Define complexes Al =
G, U{v;S: S e J}and A = Ui_ /A,

We have |A5| = YI_, [(A)5] = Yi_, IGITi];|. Now |GL" ]| > (d;(G) — np)| ("),
di(G) > d, |(J")] > (n; + np)IGO)T| > ny - %dzk [lie Vil and £ > 1}, |Gy], s0

1
43 > el Gul - (d =iy - w5 [TVl > ma [T 1Vl = ma| G .

iel ielk

Since Gy is ny-regular we have dy (G[A])x = di(G) £ 1. Therefore |GNAj| > (dp(G) —
M)A = (dy(G) — nu) Y_i_y |GLJ"];]. But we also have

t

GNAG| =D IGOII I < Y (1=1j/2)du( GG ")y | < (du(G)=nu) Y IGIT "1y,

i=1 i=1 i=1
contradiction. This proves the claim, and so completes the induction. .

We apply Lemma 6.16 in the next lemma showing that arbitrary neighbourhoods are
typically regular.

Lemma 6.17 (Set neighbourhoods). Suppose 0 < € K € K d,1/k and G is an €-
regular k-partite k-complex on V.=V, U --- U V; with all densities ds(G) > d. Then for
any A C [k] and for all but at most €'|G,| sets P € Gy, forany @ =1 C [k]\ A, G(P); is
€'-regular with di(G(P)) = (1 £ €') [y da1(G) (and dy(G(P)) = 1 as usual).

Proof.  For convenient notation suppose that A = [k] for some k" < k. Introduce additional
constants with the hierarchy € < €; K €] K -+ K e K €, <K €'. We prove inductively
for 1 <t < k' that for all but at most €,|Gy,| sets S € Gy, forany @ # I C [k]\ [#], G(S) is
€;-regular with d;(G(S)) = (1 + ¢,) nrgt] dr;(G). The base case t = 1 is immediate from
Lemma 6.16 with €’ replaced by ¢,. For the induction step, consider S € Gy, such that for
any ¥ # 1 C [k]\ [t], G(S) is ¢,-regular with d;(G(S)) = (1 £ ¢,) I—[Tg[/] dr;(G). We have
d,(G(S)) > %dzt, so we can apply Lemma 6.16 to G(S) with n; = €, n, = 27%¢/ and d
replaced by %dzr. Then for all but at most €;|G(S), | verticesv € G(S)4, forevery ¥ # I C
[KI\[t+ 1], G(S)(v); = G(Sv); is €,-regular with d; (G(Sv)) = (1£€))d;(G(S))dy (G(S)) =
(1 = 2€) [Tyeyy drr(G). Also, since |Gyl > 1a®*' T2 Vil by Theorem 6.14, the
number of pairs (S, v) for which this fails is at most |G| - V1| + |Gl - €,1G(S)i41] <
€141 |G[t+1]|~ .
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We omit the proofs of the next three lemmas, as they are almost identical to those of
the corresponding Lemmas 4.8, 4.9 and 4.12, replacing 123 by [k] and using Theorem 6.14
instead of the triangle-counting lemma.

Lemma 6.18 (Regular restriction). Suppose G is a k-partite k-complex on V. = V; U
-+ UV with all densities ds(G) > d, Gy, is e-regular, where 0 < € < d,1/k, andJ C G
is a (k — 1)-complex with |Jji,| > /€|G}|. Then G[J]y is \/€-regular and dyy(G[J]) =
(1 £ J/e)dyy(G).

Lemma 6.19. Suppose G is a k-partite k-complexon V. = V, U - - - UV} with all densities
ds(G) > d and Gy, is €-regular, where 0 < € < d, 1/k. Suppose also that J < G is a
(k — 1)-complex, and when defined, d;(J) > d and J; is n-regular, where 0 < n < d. Then
G[J ) is A/€-regular and d;)(G[J]) = (1 £ \/€)d};)(G).

Lemma 6.20. Suppose G is a k-partite k-complex on V.= V, U - - - UV, with all densities
ds(G) > d and G is e-regular, where 0 < € < € K d, 1/k. Then for any A C [k] and for
all but at most €'|G,| sets P € G4 we have |G(P)yqal = (1 £ €)|Gyyl/1Gal.

Note that we will not need an analogue of the technical Lemma 4.11.

6.4. Analysis of the Algorithm

We start the analysis of the algorithm by showing that most free vertices are good. First we
record some properties of the initial sets Fs(0), taking into account the restricted positions.

Lemma 6.21.  Fg(0) is €'-regular with ds(F(0)) > ¢'ds(G) and |Fs(0)| > (¢')*"'|Gs|.

Proof. By definition we have Fs(0) = G[I"]s. Condition (i) of Definition 6.6 tells us that
Gy is e-regular with ds(G) > d,. Hypothesis (v) of Theorem 6.12 says that when defined
[y is €’-regular with dy(I") > ¢'dg(G) for §' C S. If ['s is defined then F3(0) = Iy is
€’-regular with dg(F (0)) = ds(I') > ’ds(G). Otherwise, by Lemma 6.19, I'y is 4/e-regular
with ds(F(0)) = (1 £ €)ds(G) > ¢'ds(G). The estimate |F5(0)] > (¢')*"'|Gs| follows by
applying Theorem 6.14 to F(0)s< and Gs=<. Note that d,(F (0)) = dy(G) = 1, so one of the
¢’ factors compensates for the error terms in Theorem 6.14. .

Our next lemma handles the definitions for regularity and density in the algorithm.

Lemma 6.22. The exceptional set E.(t — 1) defined by (x¢,) satisfies |E.(t — 1)| <
e |F.(t — 1)|, and F(t) is evém’l-regular with dg(F(t)) > d, for every S € H.

Proof. 'We argue by induction on ¢. At time ¢+ = O the first statement is vacuous and the
second follows from Lemma 6.21, since ds(G) > d, for S € H. Now suppose ¢ > 1 and
@ # S € H isunembedded, so x ¢ S. We consider various cases for S to establish the bound
on the exceptional set and the regularity property, postponing the density bound until later
in the proof.

We start with the case when S € H(x). By induction Fg (¢ — 1) is €, (—1),1-regular and
dg (F(t — 1)) > d, for every §" C Sx. Write v = maxycs vy (t — 1) and v* = max{vg(t —
1), v (t — 1)}. By Lemma 6.16, for all but at most €,,|F,(t — 1)| vertices y € Fy(t — 1),
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Fs(t) = Fs,(t — 1)(p) is €, p-regular with dg(F (¢)) = (1 £ €,%2)ds(F(t — 1))ds, (F(t — 1)).
Also, we claim that vg(¢) > v*. This holds by Lemma 6.13: (iv) gives vs(t) > vs(t — 1),
(v) gives vg(t) > vg(t — 1), and (vi) gives vg(¢) > vg (t — 1). Thus we have (s4,) for such
y. We also note for future reference that dg(F(¢)) > df /2. In the argument so far we have
excluded at most €3, |F,(t — 1)| vertices y € F,(t — 1) for each of at most 2k=1D sets
S € H(x); this gives the required bound on E, (t — 1). We also have the required regularity
property of Fg(t), but for now we postpone showing the density bounds.

Next we consider the case when S € H and S ¢ H (x). We show by induction on |S| that
Fs() is evé(,),l-regular with dg(F(¢)) > d,/2, and moreover F(¢) is evé(,,n,z—regular when
S intersects VNy(x). Note that if S intersects VN (x) then we have vg(¢) > vg(t — 1) by
Lemma 6.13(v). For the base case when S = {v} has size 1 we have |F,(t)| = |F,(t — 1) \
y| > |F,t —1)| —1,s0d,(F(t) > d,(F(t — 1)) — 1/n > d,/2. For the induction step,
suppose that |S| > 2. Recall that Lemma 3.11 gives Fs(¢) = Fs<(t — 1)[Fs<(#)]s. Since
Fg(t — 1) is evé(,_l),l-regular, by Lemma 6.18, Fg(¢) is evg(,_l),z-regular with dg(F () =
1+ evg(,,l),z)ds (F(t — 1)). This gives the required property in the case when S intersects
Vg (x). Next suppose that S and Vg (x) are disjoint. Let ¢’ be the most recent time at which
we embedded a vertex x” with a neighbour in S. Then by Lemma 3.12, Fg<(¢) is obtained
from Fgs<(t') just by deleting all sets containing any vertices that are embedded between
time #'+ 1 and 7. Equivalently, Fs(¢) = Fs(t)[((F,(t) : z € S), {#})]. Now F(¢') is -2
regular with dg(F(t')) > d, and v5(t) > ve(t') > vg(t' — 1), so Fs(t) is evém,l-regular with
ds(F(t)) > d,/2 by Lemma 6.18.

Now we have established the bound on E,(f — 1) and the regularity properties, so it
remains to show the density bounds. First we consider any unembedded S € H with |§| = k.
Then Fs(t) = F(0)[Fs<(t)]s, similarly to (4) in Lemma 4.13. By Lemma 6.21, F(0)y is
€’-regular with dg(F(0)) > c'd. Also, we showed above for every S’ C S that Fg (¢) is
€, .1-regular with dy (F (1)) > d,/2. Now Lemma 6.19 shows that F(?) is Je' -regular

with dg(F (1)) = (1 & +/€')ds(F(0)) > c'd/2. In particular we have dg(F (t)) > d,, though
we also use the bound ¢’d/2 below.

Next we show for k — 1 > [S| > 2 that dg(F (1)) > 4d> . We argue by induction
on ¢ and reverse induction on S/, i.e. we assume that the bound holds for larger sets than
S. When |S| = k we have already proved ds(F (1)) > ¢’d/2 > 4d?. Let ' < t be the most
recent time at which we embedded a vertex x’ with § € H(x'), or let ¥ = O if there is
no such vertex x'. Note that we may have ¢ = ¢ if § € H(x). Let J(¢) be the 1-complex
((F.(t) : z€8),{#}). Asin Lemma4.13 we have Fs(t) = F(¢')[J(t)]s, so Lemma 6.18 gives
ds(F(1)) > ds(F(1'))/2. Also, (xs.) gives ds(F(1) = (1€, 0)ds(F (' = 1))dsv (F(1' —

1)), where dgv (F(t — 1)) > 4d§D2(k_m_]) by induction. Thus the S-density starts with
ds(F(0)) > c'd,, loses a factor no worse than 1/2 before we embed some x’ with S € H (x'),
then loses a factor no worse than dsDz(k_ls‘_l) on at most D occasions when we embed some
x' with S € H(x'). This gives ds(F(t)) > c'd,/2 - dﬁDz(kilsHm > 4d§D2(k7‘SD. In particular
we have ds(F (1)) > d,, though we also use the bound 4d502(k7‘5|) below.

Finally we consider any unembedded vertex z. Suppose that the current z-regime started
atsome time ¢, < t.If#, > O then we embedded some neighbour w = s(¢,) of z at time ¢,. By
(*6,) and the above bound for pair densities we have d_(F(t,)) > d,,,(F(t, — 1))d.(F(t, —
1))/2 > dsDZ(k_z) d,(F(t, — 1)). Now we consider cases according to whether z is in the list
L(t — 1), the queue g(¢r — 1) or the queue jumpers j(f — 1). Suppose first that z € L(f — 1).
Then the rule for updating the queue in the algorithm gives |F.(r)| > &,|F.(z,)|. Next

Dp2k—1S1)
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suppose that z € j(t — 1) U g(t — 1), and z first joined j(z') U g(¢') at some time ¢’ < t.
Since z did not join the queue at time ¢ — 1 we have [F.(t' — 1)| > §,|F.(t,)]. Also,
between times ¢’ and ¢ we only embed vertices that are in the queue or jumping the queue,
or otherwise we would have embedded z before x. Now |Q(f) N X;| < §oCn fori € R,
or otherwise we abort the algorithm, and |J(r) N X,| < \/@n by Lemma 6.13(ii), so we
embed at most 2\/8_Q |V,| vertices in V, between times ¢’ and . Thus we have catalogued
all possible ways in which the number of vertices free for z can decrease. It may decrease
by a factor of ngZ(kfz) when a new z-regime starts, and by a factor §;, during a z-regime
before z joins the queue. Also, if z joins the queue or jumps the queue it may decrease by
at most 2\/8_Q |V,| in absolute size. Since z has at most 2D neighbours, and |F,(0)| > ¢/|V,],

we have |F,(1)] = (@275, |V, — 2/85|V.| > du|V.]. .

From now on it will often suffice and be more convenient to use a crude upper bound
of €, for any epsilon parameter. The estimates in Lemma 4.14 hold in general (we can
replace 12D by kD in (vi)). We also need some similar properties for plus complexes. In
the following statement H ™ is to be understood as in Definition 6.8 but with x replaced by z.

Lemma 6.23. Suppose z € X and S' C S € H" are unembedded and I is a subcomplex
of H. Then

(i) F(1)§E is €3p5-regular.
(ii) IfS € H then ds(F(1)!*%) = dg(F(1)).
IfS € H" \ H then ds(F(t)'*%) is dr (F()) if S = T¢, T € I or 1 otherwise.
(iii) For all but at most €,|F (1)*| sets P € F(t);* we have

[F)§H(P)| = (1 £ e)|FO)§|/|F@)y.

(iv) d(F(0)57) = (1 £ €) [Tyeg dr (F@)'*).
)

|F ()5 d(F()§™)

FOFIFOL]  dFOF)AFOLS)

=(+4e) []  d@F@).

T:TCS.TLS . TES\S

(vi) Statements (iii—v) hold replacing F (t)é?(t) by F (t)IS?(t)[F] for any €3, 5-regular
subcomplex T of F(1)"F(¢), such that dv(T") > €, when defined.

§=
Proof. 1f S € H then F(t)f;"' = F(t)s=. Now suppose S € H* \ H, say § = Tz° with
T € H. Then by Definition 6.8, F (t)ISJgZ = GT[F(1) U F(t);.]s= consists of all Py° with
P € F(t)7 and Pyy“ € Fg,(t)° when defined for all 'z € I. Thus we can write F (t)f;gz =
K(VH)[F(r) U F(1);.]s=. Note that K(V1)g is e-regular with dg(K(V*')) = 1 for any

S’ € H*. Thus (i) and (ii) follow by regular restriction. The other statements of the Lemma
can be proved as in Lemma 4.14. .

Our next lemma concerns the definitions for marked edges in the algorithm.
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Lemma 6.24.

(i) For every k-tuple E € H we have Mg g(1)| < 0,

Et

IMp g (D] = Oy |Fer (D] for E € U x).

(Z)|FEr ()|, and in fact

(ii) For every x and k-tuple E € U(x) we have |D,g(t — 1)| < QV/Et(,)lFX(t — 1.

Proof. Throughout we use the notation E = E'~', v = v/E(t =D, v =v,®.

(i) To verify the bound for t = 0 we use our assumption that (G, M) is (¢,€’,d,,0,d)-
super-regular. We take I = ({f}}), when for any v we have G = G by Definition 6.5. Then
condition (iii) in Definition 6.6 gives |Mg| < 6|Gg|. Since E° = E we have Mg x(0) =
MgNFE(0), where |Fr(0)| > (c’)2k |Gg| by Lemma 6.21. Since 6 < ¢’ we have |[Mg £(0)| <
Mg| < 0|Gg| < G(C/)’2k|FE(0)| < 6p|Fg(0)|. Now suppose ¢t > 0. When E € U(x)
we have Mg g(t)| < 0,«|Fg:(¢)| by definition, since the algorithm chooses y = ¢ (x) ¢
D, g(t — 1). Now suppose E ¢ U(x), and let #' < ¢ be the most recent time at which we
embedded a vertex x' with E € U(x'). Then E' = E, v (1) = v*, and My (1) <
erEt @ [F g (t))] by the previous case. For any z € E’, we can bound |F(¢)| using the same
argument as that used at the end of the proof of Lemma 6.22. We do not embed any
neighbour of z between time t' 4 1 and ¢, so the size of the free set for z can only decrease
by a factor of 822 and an absolute term of 2\/%11. Since d,(F(t")) = d, > 8, we have
|F ()] = 8, F.(t)] — 2\/%n > %8’Q|Fz(t/)|. By Lemma 3.11, for every @ £ S C E', F(¢)
is obtained from F (') by restricting to the 1-complex ((F,(¢) : z € S), {#}). If |S| > 2 then
Lemma 6.18 gives dg(F (1)) = (1 £€,)ds(F(1')). Now d(Fet (1)) = (1 £ €,) [ [cpr ds(F (1))
by Lemma 6.15, so N

|Fpe (1) " ds(F (1)) o LED) 0
DERUL (] 4 2ke, 20— (12222 [ = > (8,/2) /2.
For)] = ) [ 3ray = «)[1 LEwy - 0D

SCE! z€E!

Therefore |Mp: g(¢)| < |Mpi g(t')] < 0 |Fre (1| < 2(5&2/2)"‘9V*|F5t O < 0« |Fp (1)

(i1) The argument when x € E is identical to that in Lemma 4.15, so we just consider the
case whenx ¢ E. Then E' = E'~' = E. Note that when E € U (x) we have ENVNy (x) # @,
so v* > v. By Lemma 6.10 we have F()z = F(t — )™ () \y = (F(t — l)g;;x \ y) ().
Since Mg (1) = Mgg(t — 1) N Fg(t) we have

Mzt — 1) N0 (F(r = DI\ y) (09
D.g(t—1) = F.t—1): . 2 0,

Then

L= Y |Mpg— 1N (F@— DEE\y) 09
YEDy p(1—1)
> 0, > |(F(t = D\ ) 09|
yeDy p(t—D\Ex (t—1)
> (1= 2€)0,+ (1D.x(t — V| — €.|Fu(t — D) |[F(t = DZE|/|Fe(t = 1)

= (1 = 2€)0,+(ID £ (t = DI/IF(t = D] = €)|[F(t = DE*].

Ex¢
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Here weused |F,c(t—1)| = |F,(t—1)|, and in the second inequality we applied Lemma 6.23,
with a factor 1 — 2¢, rather than 1 — €, to account for the error from deleting y (which has
a lower order of magnitude). We also have ¥ < ZyeF,\-(t—l) Mg (t—1)NF(t— l)gxt"(y”ﬂ.
This counts all pairs (y, P) with P € Mgz(t — 1),y € F,(t — 1) and Py° € F(t — l)g;", SO
we can rewrite it as X < Z”EME,E(’*‘) |F(t — l)g;” (P)]. By Lemma 6.23 we have

H+x
|F(t B I)Exc

Fa—g]

[Fa—DEr )] = (1 £e)

Ex¢

for all but at most €,|F(r — )| sets P € F(t — ). Since F(r — D™ = Fg(t — 1)
we have

) Mz —1 1 + —| (t 1) xcx + Fz(t — 1D)||F -1
= el * «| L E( £ .
<| E( )I( €:) \Fr(t — 1) €| Fg( MIF( |

Combining this with the lower bound on ¥ we obtain

Dt = D]
Fot = 1)]

|Mgg(t — 1| |[Fg(t — DIIF.(t — 1)]
|[Fg(t — 1) TF@ - D

Ex¢

(1 — 2¢€,)0,+ ( 6*> < (14+¢€)

[Fg—=DIIFx(t=1)]|
H+x
F—=DI Y|

Now |[Mz z(t—1)| < 6/ |Fz(t—1)| by (i) and <d? « ¢!, byLemma6.23,
EE vII'E Yy u « 2 0Y

SO

IDert— DI _ (A +e)6 + NG
|Fx(r = D] (I —2€,)0,+

+ €, < 9‘,*.

The following corollary is now immediate from Lemmas 6.22 and 6.24. Recall that
OK,(t — 1) is obtained from F, (¢ — 1) by deleting E,(t — 1) and D, g(t — 1) for E € U(x),
and note that since H has maximum degree at most D we have |U(x)| < (k — 1)D?.

Corollary 6.25. |OK.(t — 1)| > (1 — 6,)|F.(t — 1)].

Next we consider the initial phase of the algorithm, during which we embed the neigh-
bourhood N of the buffer B. We give three lemmas that are analogous to those used for the
3-graph blow-up lemma. First we recall the key properties of the selection rule during the
initial phase. Since H has maximum degree D we have |VNy (x)| < (k — 1)D for all x. We
embed all vertex neighbourhoods VNy (x), x € B at consecutive times, and before x or any
other vertices at distance at most 4 from x. Then Lemma 3.12 implies that if we start embed-
ding VNy (x) just after some time Ty then F,(T,) = F,(0) N V,(Tp) consists of all vertices in
F,(0) that have not yet been used by the embedding, for every z at distance at most 3 from x.
Recall that F,(0) = G[T'], is either a set of restricted positions I', with |T",| > ¢'|G.| = ¢|V,|
oris G, = V,if I, is undefined. We chose B disjoint from X, = X, U UxeX* VNy(x),s0 BUN
is disjoint from X,.. Thus for z € VN (x) U {x} we have F,(Ty) = V,(T,). We also recall that
BN V.| = 85| V.|, IN N V.| < /85| Vzl, |Q(To) N V.| < 8| V.| and [J(To) N Vz| < /50| V.|
by Lemma 4.3(ii). Since 8y < 85 < ¢, for any z at distance at most 3 from x we have

IF.(To)| = [F.(0) N V.(To)| > (1 — 8;*)IF.(0)]. (8)

Random Structures and Algorithms DOI 10.1002/rsa



A HYPERGRAPH BLOW-UP LEMMA 361

Our first lemma is analogous to Lemma 4.18. We omit the proof, which is almost identical
to that for 3-graphs. The only modifications are to replace 2D by (k — 1)D, 12D by k3D
and Z;=1 by a sum over at most Dy neighbours £ € R of i; the estimates are still valid as
0p < 1/Dp.

Lemma 6.26.  With high probability, for every S € Rwith |S| = 2 lying over some i,j € R,
and vertex v € G; with |Gs(v)| > d,|Vi|, we have |Gs(v) N Vi(T)| > (1 — 8 ) |Gsw)!.

Next we fix a vertex x € B and write VN (x) = {z,,...,Z,}, with vertices listed in the
order that they are embedded. We let 7; be the time at which z; is embedded. By the selection
rule, VN (x) jumps the queue and is embedded at consecutive times: T, = 7; + 1 for
1 <j < g — 1. For convenience we also define T, = 7| — 1. Note that no vertex of VNy (x)
lies in X,. Our second lemma shows that for that any W C V, that is not too small, the
probability that W does not contain a vertex available for x is quite small.

Lemma 6.27. For any W C V, with |W| > €,|V,|, conditional on any embedding of the
vertices {s(u) : u < T} that does not use any vertex of W, we have P[A, N W = §] < 6,.

Proof. The proof is very similar to that of Lemma 4.20, so we will just describe the
necessary modifications. We note that since B U N is disjoint from X, we do not need to
consider restricted positions in this proof. Suppose 1 < j < g and that we are considering
the embedding of z;. We interpret quantities at time 7; with the embedding ¢ (z;) =y, for
some as yet unspecified y € F, (T; — 1). We define W, [W}], EW(T -1, DWE(T — 1) and
the events A;; as before (replacmg triples with k- tuples) The proofs of Clalms A,B,C,E
and the conclusion of the proof are almost identical to before. We need to modify various
absolute constants to take account of the dependence on k, e.g. changing 20 to 2+ in Claim
A, 12to k* in Claim E, and g < 2D to g < (k — 1)D. Also, when we apply equation (8)
instead of (5) we will replace 2/35 by 8.

To complete the proof of the lemma it remains to establish Claim D. This requires more
substantial modifications, similar to those in Lemma 6.24, so we will give more details
here. Suppose that A, ;_; and A,;_; hold and E is a k-tuple containing x. As before we write
E=EVi"' v=1L (T —1,v*=v T(T)andB =E,. (T — 1)UEW(T —1). Again we
have |BNJ| < 2€*|FJ(T 1)|. We are requlred to prove that |D E(T 1)| <0 *|F,(T D).
The proof of Case D.1 when z; € E is exactly as before, so we just consider the case z; ¢ E.
In Lemma 4.20 we divided this into Cases D.2 and D.3, but here we will give a unified
argument.

Suppose that z; ¢ E. Then E'/ = ETi™' = E. Also x € E N VNy(z), so v* > v. By

Lemma 6.10 we have F(T})z = F(T; — D5z \ y = (F(T) — 1)H+“f \ ¥) (). Now
W, = Wy 0 (T = DO) = Wit N (T, = 1709, s0
Fe(T)IW)) = (F(T; = D \»)0)IW] = (F(T; ~ D +“J[W, T\ ) 6.
Since My 5 (T;) = Mz ;(T; — 1) N FE(TJ) we have
My (T, — 1) 0 (F(T; — 1);?"[%_1] \ ) 6]

va, (T—l) =1y c FZ](T — 1) : . > 91)*
(T, j [(P(T; = D W10\ 9) 0]
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Then

Si= Y |Mpe(T - DN (FT - DL +“’[W, I\ )09

<Y p(Tj=1)
>0 Y (F@ = D W]\ )69
yeDl p(T=D\BY; '
> (1 =260, (|DY o (T; — 1| = 2€,|F,(T; = DI) |F(T; = Dy +][W |/1F (T; = D)

th

= (1= 2€)6+ (|Dy(T; = D|/IF5(T; = D] = 26 |F(T; = D Wil

Here we used |Fee (T) — 1| = |F,(T; — 1)| and Lemma 6.23 with I' = (W;_, {#}), as

usual denoting the exceptional set by B. ; the factor 1 — 2e, rather than 1 — €, accounts

for the error from deleting y (which has a lower order of magnitude). We also have ¥ <

ZVGF%(TJ,_D Mze(T; — D) N F(T; — 1) +Z’[WJ 11)|. This counts all pairs (y, P) with
Y

H+z,
[

P e Mz (T; — D)[W;_1], yeF (T; — 1) and Py € F(T; —1) W;_11, so we can rewrite

itas T < Yper oo IF (T — g +Zf[wj,l](P)L By Lemma 623, we have

|F(T; —1) WL

+z,
[

[P~ D T W0P) = (& e)

|F(T; — 1>E*Z’[vvj_1]|

H+z;

for all but at most e*|F(T — l):m’[W, il sets P € F(T; — 1)
Since F(T; — DE = Fg(T; — 1) we have

[/l]

|F(T; — 1)”“’[W ]

Y < Mg (Tj— DIWj]l(1+€,) +e | Fp(Tj— DIW JI1F, (Tj— D).

|Fe(Tj — 1)[WH]I

Combining this with the lower bound on ¥ we obtain

DY (T, = )|
(1 — 2€,)0, ——26*
|F (T, — D]

M (T = DIW 1l (FE(Ty = DIV lF, (T = D)
Fe(T = DWWl R, — )H“f[w,,ln '

< (1+e€)

Now [ My (T; — DIW,_11| < 6,|F(T; — 1)] by Ay, and

|Fe(T; — DIW;_1 ][ F5(T; — D

<d” «e,
|F(T; — )H”[ ]
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by Lemma 6.23, so

DY o (T; = D) _U+e)dt e

+ 26* < 91,*.

Our final lemma for the initial phase is similar to the previous one, but instead of asking
for a set W of vertices to contain an available vertex for x, we ask for some particular vertex
v to be available for x.

Lemma 6.28. For any v € V,, conditional on any embedding of the vertices {s(u) : u <
T} that does not use v, with probability at least p we have ¢ (H(x)) € (G \ M)(v), so
v eEA,.

Proof. We follow the proof of Lemma 4.21, indicating the necessary modifications. We
note again that since B U N is disjoint from X,, restricted positions have no effect on any
z € VNy(x) U {x}. However, we need to consider all vertices within distance 3 of x, so
some of these may have restricted positions. The bound in equation (8) will be adequate
to deal with these. By Remark 6.4 we also need to clarify the meaning of neighbourhood
constructions, which are potentially ambiguous: F(7;)(v)s is F(T})s.(v) when Sx € H or
undefined when Sx ¢ H.

For z € VNg (x) we define o, as before. We also define «g = 1 for S € H with |S| > 2. As
before, we define v¢(¢) similarly to vg(#), replacing ‘embedded’ with ‘allocated’. Suppose
1 <j < g and that we are considering the embedding of z;. We interpret quantities at time
T; with the embedding ¢ (z;) = y, for some as yet unspecified y € F, (T; — 1). We define
EZV/ (T; — 1) as before, except that the condition for |S| = 2 now applies whenever |S| > 2.
We define Y, H', F (7})?;v and DZJ*E(T, — 1) as before. Properties (i—iv) of Z hold as before.
We define the events A;; as before.

Recall that we used the notationZ C Y, Z2' =7z, [ ={SCZ:Se Hx)},I' ={S C
Z':S € Hx)}. Here we also define S = {SC Zx: Se H}andJ = {S C Z'x : S € H}.
Using the plus complex notation we can write

F(T)%2 = F(T))"" (v)s=. (+6.28)

To see this, we need to show that P € F(T))5" < Pv° € F(T){L . Recall that F(T;)%"
consists of all sets P € Fg(7T}) such that Pgv € Fy,(T;) forall " € S with S’ € I. Also, from
Definition 6.8(v) we have Pv¢ € F (Tj)é;lv if and only if P € F(T;)s (this is the restriction
from F) and Psv¢ € (F(T))}e)sxe = F(T)§ . for every 8" C § with §’x € J. Since " € 1
< S'x € J, this is equivalent to the condition for F (Tj)Z*V, as required.

The proof of Claim A is similar to before. Instead of the bound |F,(Ty)| > (1 —24/85)| V.|
from equation (5) we use |F,(Tp)| > (1 — 811,/3)|Vz| from equation (8). We again have
IF.(Ty) N G).| > (1 —8;°)|G(v).| for z € VNy(x) by Lemma 6.26, using the fact that
z ¢ X,. Again, A4 holds by definition and Lemma 6.26 implies that A, , holds with high
probability. The arguments for A, and A3 are as before, modifying the absolute constants
to take account of their dependence on k. (In the A, argument we have F(0)2* = Gé",
where we let J also denote the submulticomplex {i*(S) : S € J} of R.) The proofs of Claims
B and E and the conclusion of the lemma are also similar to before. As usual we replace
triple by k-tuple, 2D by (k— 1)D and 12D by k3D. Also, in Claim E we previously estimated
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2D? choices for E then 8 choices for Z; here we estimate (k — 1)D? choices for E then 2F
choices for Z. To complete the proof of the lemma it remains to establish Claims C and D.
These require more substantial modifications, so we will give the details here.

We start with Claim C. Suppose that A;;_; and A;3;_; hold. We are required to prove
that |EZVj(Tj —1) \Ezj(Tj -] < e*|FXZj(Tj — 1)(v)|. For any S € H we write vy =
vg(T; — 1) and v{ = v¢(T;). Consider any unembedded ¥ # S € H(x) N H(z;). Note that
ve > max{vg, vg,, vg’zj}. Applying the definitions, it suffices to show that for all but at most
€wps|Foy (T, — D()| vertices y € Fu (T; — 1)) \ Ey (T — 1), Fs.(T))(v) is €z,i-regular
with ds(F(Tj) () = (1 & €,3,1)ds.(F(T)))ds (F (T}))ets. We claim that

Fs(T)(v) = F(T; — D5 (ny")s.

To see this we apply Definition 6.8, which tells us that for P € F(T; — 1)5, vy € F(T; — 1),

and y, € F(T; — 1)2,» we have Pvyy; € F(T; — I)Z;" exactly when Py, € F(T; — 1)s, and
J

(Pvy)s'yo € F(T; — 1)5/zj forall 8" C Sx, S" € H(z;). Therefore F(T; — D)5 (vy©) consists

of all P € F(T; — 1)g such that Pv € F(T; — 1)5, and (Pv)y € F(T; — 1)S/Zj(y) for all

S C Sx, 8" € H(z;). By Definition 3.7 this is equivalent to Pv € F(T})s, i.e. P € Fg (T;)(v)

as claimed. (We do not need to delete y as S and x are in H(z;).)

By Definition 6.8, F(T; — 1)1;:;" is F(T; — D if Sxz; € H or consists of all Py® with
P e F(T;— s,y € F(T; — 1) and Pyy € F(T; — Dy, for §" € Sx with §” € H(z;). Thus
F(T; - l)gij;j W isF(T; — l)gxzj(v) if Sxz; € Hor F(T; — 1)[F(T; — I)szfg (V)]gz,- if Sxz; ¢ H.
Either way we can see that is evgzjqz-regular: in the first case we write F'(T; — 1) SXZJ.(V) =

F(T; — l)ifl ™ and use Aj;_1; in the second case we use Lemma 6.19 and the fact that
F(T; — l)gz'j is a copy of F(T; — l)sz,, which is €. q-regular by Lemma 6.22. Also by
: LJ.

Asjors dsee (F(T; — D (v)) s (1 & €y 2)dsy; (F(Tj — 1)dse; (F(Tj — 1)) if Sxz; € H or
: g .
1+ €y ’2)d511 (F(T; — 1)) if Sxz; ¢ H. Similarly, F(T; — l)gxﬂj(v) is ev/S/,z—regular with
2 4
ds(F(T; — D () = (1 €y2)ds(F(T; — 1)ds. (F(Tj — 1))ats.
Sincex € H(z;) we have F(Tj—l)H“J' (v)zlq = F,. (T;—1)°(v). By Lemma 6.16, for all but

Xzj

at most Zs’cm, €3 |szj (T; = 1)(v)| vertices y € Fy, (T; = 1)(v), writing n = €y3tey
=08 2z
Fs(T))(v) = F(T; — D"*9(v)(y°)s is n-regular with

ds(F(T))(v)) = ds(F(T; — )"*5 (vy°))
= (1 £ n)ds(F(T; — D5 ()ds, (F(T; — D5 ().
= (1 £3nds(F(T; — 1)ds.(F(T; — D)as - ds;; (F(Tj — 1) dsx; (F(T; — 1)) s,

This gives the required regularity property for Fg.(T})(v). Next, (x¢2) gives

ds(F(T) = (1 % €,2 0)ds (F(T; — 1))ds, (F(T; — 1)) and
ds (F(T)) = (1 £ €2 0)ds (F(T; — D)dsy (F(T; — 1)) S5
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so since v§ > max{vy, vg, vS } we have ds(F(T)) (v)) = (1 £ €,¢,1)ds. (F(T)))ds (F (T)))xs.
This proves Claim C.

It remains to prove Claim D. Suppose that A;;_;, A,;_; and A3;_; hold, E € U(z),
Z C Eand Z' = Z U z;. As before we write E=Ei"v= =v(T; — 1), v = v”T (T)),
B~ =k, (T 1) UE‘ (T; — 1). Since E € U(z;) we have v* > v. We are required to prove

that |DZ PTG -1 < 91, |Fy. (T 1)(v)|. The proof of Case D.1 when z; € E is exactly as
before, so we just consider the casez; ¢ E.
Suppose that z; ¢ E. Then E”/ = E"i' = E. By Lemma 6.10 we have

F(Tg = F(T; = D949 \y = (F(T; = D TN Y)09).
We claim that
F(T)22 = F(T; — D3 () ()= \ y = F(T; = )" 05 ()= \ v, (Fs)

For the first equality we use (+¢.3) to getF(T Z — = F(T; )H'V(VC)ES and substitute F'(T;) =

F(T; — )9 (y) \ y from Lemma 6.10. For the second equality we apply Definition 6.8
as follows. Suppose § C E. We have P € F(T; — DA+ (y°)+v(1°)g exactly when P €
F(T; — 1)"*49(y*)s and Pyv € F(T; — 1)"*9(y°)g, forall S’ C S with S'x € J. Equivalently,
P e F(Tj — 1g, Pyy € F(T} — 1)U«7j for U C S with U € H(Zj), Pyv € F(Tj — 1)y, and
Pv)gry € F(T; — 1)S”zj for 8" € S with §x € J and §” C §'x with §” € H(z;). Note that it
is equivalent to assume x € S”, as otherwise the S” condition is covered by the U condition.
Writing W = §” \ x and using J = {A C Zx : A € H} we have

P e F(T;— )9 (y*)’ " (v°)sifand only if P € F(T;—1)s, Pyy € F(Tj=1y, forU € §
with U € H(z), Pyv € F(Tj — Dgx for S € SNZ, S € H(x), and Pyvy € F(T; — Dy,
for W € SNZ with W € H(xz;).

On the other hand, we have P € F(T; — 1)”+V(vc)”“f' ()°)s exactly when P € F(T; —
1)1/”(\/”)5 and Pyy € F(T; — 1)1/+V(V”)Uzj for all U € § with U € H(z;). Equivalently,
P € F(I; — s, Pyv € F(Tj — Dy, for " € S with §'x € J', Pyy € F(I; — 1)y and
(Py)yv € F(T; — 1)y, for U € S with U € H(z;) and U" € Uz; with U'x € J'. Note
that it is equivalent to assume z; € U’, as otherwise the U’ condition is covered by the S’
condition. Writing W = U’ \ z; and using J' = {A C Z'x : A € H} we have

P e F(T, — 17+ (v)H+4 (y°)s if and only if P € F(T; — )5, Pyv € F(T; — 1)y, for
§CSNZ' =SNZwithS € H(x), Pyy € F(Tj — Dy, for U € S with U € H(z), and
Pyyv e F(T; — I)szx for W € SNZ with W € H(xz).

This proves (f628). Now, since Mz (1) = Mg (T; — 1) N Fg(T;) we have

. M (T; — 1) N (F(T; — 1>f/+V(vc>§;" \y) (9]
DI (T=1) =y € Fy(Ty— 1) : : g : >0, %
(R = 17 0\ »)09)|

Writing B, for the set of vertices y € F(T; — Do) = F(T, - 1)y, (v) for which we
do not have

H+J

|F(T; — 1Y+ (v )”“f(y)}—(liemF(T D0

— D 0,
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we have |B2j | < €|F(Tj—1),;(v)| by Lemma 6.20. Here we use the fact that the ‘double plus’
complex is €3, ;-regular; the proof of this is similar to that of Lemma 6.23(i): F(7; — 1)’ v
is €3p-regular, F(T; — 1)”+"(1°) is €3, ,-regular by Lemma 6.16, F(T; — 1)”+"(v*)"*3 is
€3ps-regular. Then

H +zj

Bi= o ) [Mee(T = D0 (R = D00\ 9)0)]

U
yeDZZj,’g(Tj—n

> 6, > |(F(T; — 1)”+”(vc)g:j \ )69
yEDZZj/.zV(Tj—l)\Béj ’

|F(T/ _ 1)J’+V(Vc)f+zj

Esz

> (1= 2,0, (

AN _ —
Dzj,E (T 1)| €| F(T; l)xz]-(v)l) [F(T; — Dy 0)]

= (1 = 260, (| D23 (T; = D|/IF(T; = 1) 0)] — &) |[F(T; = 1)/ H (0017

Ez¢
%

‘We also have

+z;

S 3 M- DNFTG =109 09)]

yeszj (T;—D(v)

This counts all pairs (y, P) with P € Mg (T, — 1) NF(T; — 1)’/+V(vc)g+zj,y € szj (T, —1D(v)
and Py° € F(T; — 1)’ /“’(v“)gfj , SO we can rewrite it as
5
(RN
T < > |F(T; = 10057 (P)].
]

H+z;
— (Ti— 1) vy 7
PeMg g (Ti—DNF(Tj—1) + (»C)E

For all but at most ,|F(T; — 1)/ ' (v) /[ sets P € F(T; — )" ()27, we have

|F(T = 1) )
(P)|=1+e) , o
|F(T; = 1)+ ()

H+z;
EZ§
J

|F(T] _ 1)./,+V(VC)

+Zj| '

(Recall that the ‘double plus’ complex is €3, ;-regular and use Lemma 6.20.) Therefore

H+zj
EZ
7

|F(T/ _ 1)J’+v(vc)

S < Mgy (T— DOFT - )P0 7] (1 +e)

[F(T; = 17 ey |
Ay
E

+ e |F(T — 1))

|F(T; = Dy 0]
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Combining this with the lower bound on ¥ we have
(1 =260, (|DZ3(T; = D|/IF(T; = D, 0)] = €.)

"4y o H+z;
Mg e (T; — D) N F(T; — DY+ ()5 |

<(+e) -
[F(@; = 17 ey |

/ H+z;
L@ e R - Do
* [Py = 17 '

(4
%

Since z; ¢ E, Definition 6.8 and equation (fe23) give F(7; — 1)”+V(v‘)g+zj = F(T; —
D)z = F(T, = )T (95 = F(T; = D27, 50

ERPRPEN ’ ERPEENh]
(Mg p(T; = DN FT = D00 7| < 6)[FT = 105

by A, ;_;. We also have

4\t
PO @ G - DO

[P — D7 o

£

similarly to Lemma 6.23(v) (the statement is only for F'(¢), but the estimate for the densities
is valid for any €3, ;-regular complex). Therefore

PLET Dl a4+ Ve
(T =DM~ (1= 2606

+ €, < Qv*.

The analysis for the conclusion of the algorithm is very similar to that for 3-graphs,
with the usual modifications to absolute constants to account for their dependence on k.
The only important difference is to take account of restricted positions. Lemma 4.22 (the
‘main lemma’) holds, provided that we assume that the set Y is disjoint from the set X, of
vertices with restricted positions. We applied Lemma 4.22 in the proof of Theorem 4.23 to
show that it is very unlikely that the iteration phase aborts with failure. This required an
estimate for the probability that a given set ¥ C X; of size §y|X;| is contained in Q(T) (the
vertices that have ever been queued). Since |X, N X;| < c|X;| and ¢ < 8y, we can apply
the same argument to Y \ X,, which has size at least %SQ |X;|. The remainder of the proof of
Theorem 4.23 is checking Hall’s condition for the sets {A’ : z € S}, where S € X;(T) C B.
No changes are required here, as we chose the buffer B to be disjoint from X,. This completes
the proof of Theorem 6.12.

6.5. Obtaining Super-Regularity and Robust Universality

We conclude with some lemmas that will be useful when applying the blow-up lemma.
We start with the analogue of Lemma 5.9, showing that one can delete a small number of
vertices to enforce super-regularity.
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Lemma 6.29. Suppose 0 < ¢y € € € € K d, € 0 L 1/Dg,d,1/k, we have a multi-
k-complex R on [r] with maximum degree at most Dg, and (G, M) is an R-indexed marked
complex on V. = U V; such that when defined Gy is €y-regular, |Ms| < 0|Gs|, ds(G) > d,
when |S| > 2 and ds(G) > d when |S| = k. Then we can delete at most 20'/*|G;| vertices
from each G;, i € R to obtain an (€,€',d,/2, 240.,d /2)-super-regular marked complex
(G*, M*).

Proof. The proof is similar to that of Lemma 5.9, so we will just sketch the necessary
modifications. Similarly to before, for any i, S such that i € S, |S| = k and Gy is defined
we let Y; 5\; be the set of vertices v € G; for which [Ms(v)| > 0|Gs(v)|. We also let Z; 5\; be
the set of vertices v € G; such that we do not have |Gs(v)| = (1 & €)|Gs|/|G;| and Gs=<(v)
is e-regular with dg\;(Gs=<(v)) = (1 £ €)dy\;(G)dy (G) fori C 8" C §. As before we have
|Zisil < €|G;| and |Y; 5| < 24/6. Next, consider any k-tuple S containing at least one
neighbour of i in R such that Gy is defined, and any subcomplex [ of Si= such that Gy is
defined for all S’ € 1. We let Y/ be the set of vertices v € G; for which [(M N G")g| >
N |G§" |. Note that we only need to consider S containing at least one neighbour of i in R,
as otherwise we have GISV = Gy, and |M;| < 0|Gs| by assumption. We let Z; s be the union
ofall Z;y withi ¢ §' C S, |S'| = k — 1. Recall from Lemma 6.11 that G = G'*(v")s. If
v ¢ Z;s then ng.;" is /€-regular by regular restriction and |G (v9)s| = (14 e’)|G§i+C[| /G|
by Lemma 6.20. Then ¥ = Zveyizs (M NGY)g| = Zveyizs [(M N G (v¢))s]| satisfies

T>V0 Y IMNGT))s| > VO(|Y| - kelGil) (1 — €)|GE

ve¥!(\z s

/1Gil.

We also have £ < 37 . [((M N G (v%))s|, which counts all pairs (v, P) with P € Mg,
v € G;and Pv* € G'*'. By Lemma 6.20 we have |G""(P);c| = (1 €)|G|/1GST| for all
but at most €'|G§| sets P € Gy, Since Gy = Gg we have

= < Y IGH(P)e| < Ml (1+ €)|GE|/1Gs| + €|GslIGil.

PeMg

Combining this with the lower bound on ¥ and using |Ms| < 68|Gs| we obtain |Y,{ RVALERS

% +ke < 24/0.LetY; be the union of all such sets ¥;5; and Y/. Since & < 1/Dg we
have |Y;| < 6'/°|G;| as in Step 1 of Lemma 5.9. We define Z;, Z; and obtain |Z;| < /€|G;|
as in Step 2 of Lemma 5.9. Now we delete Y; U Z; from G; for every i € R; as in Step 3 of

Lemma 5.9 this gives an (¢, €, d, /2, 2+/0, d /2)-super-regular marked complex (G*, M?). a

The next lemma is analogous to Lemma 5.11; we omit its very similar proof.

Lemma 6.30 (Super-regular restriction). Suppose 0 < € € € K €' K€ d, K
0 « d,d',1/k, we have a multi-k-complex R, and (G, M) is a (e, €',d,,0,d)-super-regular
marked R-indexed complex on V. = U;.xV; with G; = V; for i € R. Suppose also that we
have V! C V; fori € R, write V' = UigV], G' = G[V'], M' = M[V'], and that |V]| > d'|V}|
and |Gx(v) N V| = d'|Gs(v)| whenever S € R with |S| = 2 lies over i,j € R and v € G;.
Then (G',M'") is (¢',€”,d,/2, V0, d/2)-super-regular.

More generally, the same proof shows that super-regularity is preserved on restriction to
a dense regular subcomplex I', provided that the singleton parts of I" have large intersection
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with every vertex neighbourhood. More precisely, suppose (G, M) is as in Lemma 6.30 and
[ is an €’-regular subcomplex of G with |T's| > d'|Gs| when defined and |Gs(v) N T[;| >
d'|Gg(v)| whenever S € R with |S| = 2 lies over i,j € R, v € G; and I'; is defined. Then
(G',M')is (¢, €",d'd,, /6, d d)-super-regular. Next we will reformulate the blow-up lemma
in a more convenient ‘black box’ form. The following definition of ‘robustly universal’ is
more general than that used for 3-graphs, in that it allows for restricted positions.

Definition 6.31 (Robustly universal). Suppose R is a multi-k-complex R and J is an
R-indexed complex on Y = U,Y; with J; = Y; for i € R. We say that J is (c¥, ¢)-robustly
D-universal if whenever

(i) Y! C Yiwith|Y]| = c*|Y;| suchthat Y’ = U;eRY], J' = J[Y'satisfy [Js(v)| > cFlJs(v)]
whenever |S| =k, Js is defined, i € S, v € J},
(ii) H' is an R-indexed complex on X' = U;cgX] of maximum degree at most D with
|X!| = |Y/| fori e R,
(ili) X, € X' with |X, NX]| < c|X]| foralli € R, and T'y C Y, with || > ¢*|Y!| for
x e X,

then there is a bijection ¢ : X' — V' with ¢(X!) = V! for i € R such that ¢(S) € Js for
S eH and ¢p(x) € T, forx € X,.

More generally, one can allow restrictions to regular subcomplexes in both conditions
(1) and (iii) of Definition 6.31, but for simplicity we will not formulate the definition here.
As before, one can delete a small number of vertices from a regular complex with a small
number of marked k-tuples to obtain a robustly universal complex. As for Theorem 5.13,
the proof is immediate from Lemma 6.30, Definition 6.31 and Theorem 6.12.

Theorem 6.32. Suppose 0 < 1/n € 1/np; € € € ¢ €K d* € d, € 0 K
c*,d,1/k,1/Dg,1/D, we have a multi-k-complex R on [r] with maximum degree at most
Dr and |R| < ng, G is an e€-regular R-indexed complex on V. = U;.gV; withn < |V;| =
|G;| < Cnfori e R, ds(G) > d, when |S| > 2 and ds(G) > d when |S| =k, and M C G-
with |Ms| < 6|Gs| when defined. Then we can delete at most 20'/*|G;| vertices from G; for
i € R to obtain G* and M* so that

(i) d(G%) > d* and |Gi(v)| > d*|G%|/|G?| whenever |S| = k, G is defined, i € S,
ve G?, and
(ii) G* \ MF is (c*, c)-robustly D-universal.

Finally, we mention that one can allow much smaller densities in the restricted positions,
provided that one makes an additional assumption to control the marking edges. We can
replace ¢’ by d, in condition (v) of Theorem 6.12, provided that we add the following
additional assumptions:

v.1) [Ms(v)| <0|'s(v)| when |S| =k, 'y is defined, i € S and v € T},
(v.2) |((M NG[T)s| < 9|G[F]§“| for any submulticomplex I of R, when |S| = k, v € G;
and S N VNR(i) # 0.

Note that these conditions ensure that the marked edges are controlled in G[I'] exactly
as in conditions (ii) and (iii) of super-regularity, so the proof goes through as before. In

Random Structures and Algorithms DOI 10.1002/rsa



370 KEEVASH

this general form there is no simplification to be gained by reformulating the statement
in a black box form. We suppressed this refined form in the statement of Theorem 6.12
to avoid overburdening the reader with technicalities, but we note that it may be needed
in some applications. Indeed, one may well have to generate restricted positions using
neighbourhood complexes in G, and then ¢’ will be of the order of the densities in G.

6.6. Concluding Remarks

The theory of regularity and super-regularity for hypergraphs is considerably more involved
than that for graphs. As explained in Section 3, these technicalities cannot be avoided, but the
black box reformulation in Lemma 6.32 should make the hypergraph blow-up lemma more
convenient for future applications. The graph blow-up lemma has had many applications
in modern graph theory, so it is natural to look for hypergraph generalisations of these
results. However, many such applications build on basic results for graphs for which the
hypergraph analogue is unknown. For example, in our application in Section 5 we only
needed a matching, and were able to rely on Kahn’s matching theorem, which is already
quite a difficult result. Thus one may expect it will take longer for the hypergraph blow-up
lemma to achieve its full potential.

Another question for future research is to obtain an algorithmic version of our theorem,
along the lines of the algorithmic graph blow-up lemma in [27]. In applications this could
be combined with an algorithmic version of hypergraph regularity given by [6]. A rather
different direction of research would be along the lines of the ‘infinitary’ versions of hyper-
graph regularity theory, whether probabilistic [1,45], analytic [34], model theoretic [7] or
algebraic [10, 38]. It is natural to ask whether the blow-up lemma has an interpretation in
any of these frameworks.

Further refinements could include estimating the number of embeddings, rather than
just proving the existence of a single embedding as in this paper. Here it may be helpful
to note that one can combine Lemma 6.28 with martingale estimates to show that with
high probability there will be at least %p|B N X, | vertices x € BN X, such that ¢ (H(x)) C
(G \ M)(v). We also note that small improvements to the tail decay of our martingales
may be obtained from the Optional Sampling Theorem (see e.g. [14] p. 462). One could
also try to obtain (nearly) perfect edge-decompositions of super-regular complexes into
copies of a given bounded degree hypergraph. For example, one could ask for hypergraph
generalisations of a result of Frieze and Krivelevich [11] that one can cover almost all edges
of an e-regular graph by edge-disjoint Hamilton cycles.?
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INDEX OF NOTATION AND TERMINOLOGY

(), see neighbourhood see Fs(t) 14 H;, 11
)+, 75 Hf, 14
)<, 75 Hg, 11
A=, 11 Hi<, 11
A, 22 H<, 11
A, 22,38 1,46
A;j, 39, 46 I', 46
B,5 J(), 21
B, 67 K(S"), 67
B, 41, 46 K@), 11
CSi 68 K., 58
Cs=(1), 15 L(),5
D‘;VE(T, - 1,39 M, 13,62, 74
DT, — 1), 45 My (1), 17,74
D,Z, 78 N, 5,67
’ OK, 6, 35, 39, 46, 79, 86
D p(t—1),22
’ P, 60

E, 3 Pz, 61
E(H),3 PA’ 60
EY(T;, —1),39 A

5 i 0,5
Et, 17, 74 R, 67, 73
E!(T; — 1), 45 R.68
E.(t—1),21,29 S.x, 15
E, 32 Sy, 15
F(T)5, 45 T, 6,22
F(t)s, 74 To, 8, 38
FH'X, 75 T17 36
F;, 74 T;, 8,38
Fs(1), 14,73, 74 T1(G), 4
Fs(t— 1), 14 U(x), 22
F.(1),5 V,4,73
Fs<(1), 16 V(H),3
Fy<(1), 14,74 V), 6
Fs.(t — 1)(y), 14 VNy(x), 3
G, 4,73 Vi(1), 6
Gx*G, 23,73 Vi, 5
G[P], 61 W, 39, 87
G, 62 X, 4,73
G", 17,74 X.,78
G_, 18,74 X(@), 6
G;, 62 X, 77
H,4,73 X;(1), 6
H', 45 Y, 45
H(S),3 Z,45, 46, 67
H[],13 7', 46, 68
HS, 3 Zi,A’ 67
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[W;1, 39
[n], 3

A, 61

I', 77,94, 95
A;(1), 36
O(Y,V), 62
ITy;(2), 36
o, 67

g, 89

o, 45

B, 67

8Q, 5
e-regular, see regular 3
v, 5,67

e, 72

e€*, 23
<,61,72
<3

co(t), 67

v, 32,41, 45
v-close, see close 61
Vg, 48

vi(t), 45
ve(t), 21,79
v*, 32,45
vg, 48

vs(1), 21,79
v (1), 21,79
E, 41,45
¢,5,20,73
\y, 15

c, 71
axb,3

a, 62

a-bounded, see bounded 61

ap, 67

c, 78
c,78

ct, 66
d,,()). 68

Random Structures and Algorithms DOI 10.1002/rsa

KEEVASH

d(Hy), 14

d*, 66

d;(H), 14

d;(G), 62

dy, 5

d.(j), 67

dj, 6

8, 8,38

i(S), 11

i*(S), 72

j(@®),21

n, 67

ng, 78

p,5

Pos S

q(1),5

r-partite, see partite 11

s(t), 5

t, 14

r'(S), 67

t(H), 67

N, 22

v, 35

w(S), 67

x, 14,35

v, 14,39

Zjs 8, 38

* see Hf, €, G x G, O, F(T)%,
i*(S), P

3-complex, 11

3-graph blowup lemma, 19

absolute density, see density 14
allocated, 45

annotated €, 20

annotated 6, 20

available, 22, 35, 38

average, 28

Azuma, 67

black box, 65, 94
bounded, 61
buffer, 5

buffer parameter, 5

cell, 60
cell complex, 61
Chernoft, 60
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close, 61

cluster, 58, 67
complete, 11
complex-coloured, 74
complex-indexed, 71
composition, 23, 73
concatenation, 11
conclusion, 56
consistent, 61, 72
copy, 71,75

dangerous, 22, 39, 45
defined, 11

degree, 3, 77

dense counting lemma, 62, 80
dense setting, 12

density, 3, 11, 14,73

edge set, 3

empty complex, 14, 15

equitable, 61

exceptional, 21, 29, 39, 45,79, 82

fractional matching, 67
free, 4, 5, 14, 74

good, 6-8, 22, 29, 79, 86
graph blow-up lemma, 4

H-coloured, see complex-coloured
74

heavy, 60, 70

homomorphism, 62

hypergraph blow-up lemma, 77

I-density, 14, see relative density 14
index, 11

initial phase, 8, 35, 86

intersection, 12

jump, 21

k-complex, 3
k-graph, 3

lies under, 61

list, 5

local, 17, 74, 86

locally consistent, 14, 16, 74
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main lemma, 9, 56
marked, 17, 74, 85
marked complex, 13
martingale, 67

matching, 59, 67
multi-k-complex, 71
multi-index, 72
multicomplex, 71

mutually consistent, 14, 74

neighbourhood, 3

packing, 58, 66

pair neighbourhoods, 26

partite, 11

partite homomorphism density, 62
partition k-complex, 60

partition k-system, 60

plus complex, 75, 84

queue, 5
queue admission parameter, 5
queue threshold, 5

R-indexed, see complexed-indexed
71

reduced 3-graph, 67

reduced graph, 59

regime, 22

regular, 3, 12, 61, 73

regular approximation lemma, 61

regular restriction, 7, 26, 82

relative density, 14, 73

restricted positions, 71, 77, 82, 86

restriction, 13, 73, 74

robustly universal, 65, 94

selection rule, 21
separate, 23

set neighbourhoods, 81
simplicial complex, 3
spanning, 4, 77

sparse setting, 12
sphere of influence, 45
strongly equivalent, 60
super-regular, 4, 18, 74
super-regular restriction, 65, 94
supermartingale, 36
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triad, 61, 68 vertex neighbourhood, 3, 25, 80
triangles, 4 vertex regular, 11
typical degrees, 6 vertex set, 3
walk, 3
undefined, 11 weakly equivalent, 61, 68
unembedded, 21 weight, 67
union, 12 weighted degree, 67
update rule, 15, 74 with high probability, 3
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