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Abstract

We study the stability of the equilibrium states and the rate of convergence of solutions
towards them for the continuous kinetic version of the Cucker-Smale flocking in presence of
diffusion whose strength depends on the density. This kinetic equation describes the collective
behavior of an ensemble of organisms, animals or devices which are forced to adapt their
velocities according to a certain rule implying a final configuration in which the ensemble flies
at the mean velocity of the initial configuration. Our analysis takes advantage both from the
fact that the global equilibrium is a Maxwellian distribution function, and, on the contrary
to what happens in the Cucker-Smale model [, the interaction potential is an integrable
function. Precise conditions which guarantee polynomial rates of convergence towards the
global equilibrium are found.
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1 Introduction

1.1 Main results

Description of the collective and interactive motion of multi-agents such as school of fish, flocking of birds
or swarm of bacteria became recently a major research topic in population and behavioral biology and
ecology [23, @ [T9, 20, Bl B]. Among them, the phenomenon of flocking can be regarded as a universal
behavior of multi-agents systems, where consensus is reached at large times [H]. Both the numerical and
theoretical studies of some related mathematical models which describe various self-organized patterns
in the collective motion [3} 26l [T6], have shown recently an increasing interest.

In this paper we are concerned with a kinetic flocking model in presence of diffusion. Denoting by f =
f(t,xz,&) > 0 the number density of particles (e.g. flying birds) which have position x = (1,29, -+ ,x,) €
R™ and velocity &€ = (£1,&2,- -+ ,&,) € R™ at time ¢t > 0, n > 1, the evolution of the density is described
by the Fokker-Planck type equation

Of+E&-Vuf +Uxpes-Vef =UxpsVe- (Vef +Ef), (1.1)
f(O,.ﬁ,g) = f0($7€)7 (1'2)

where
pilte) = [ Flt.a,€)de, pes(t,a) = / EF(t,2,€)de.
R» R~

“ ”

Both the interactive potential U = U(x) and the initial data fo = fo(z, ) are given. The operator “
denotes the convolution with respect to spatial variable. Throughout this paper, it is supposed that U is
continuous in x with

n

U(z) =U(|z]) >0, / U(z)dx = 1. (1.3)

Let us briefly present the origin of the model equation ([[J]). When there is no diffusion term in (ITI),
the equation

Of+E&-Vauf +Usxpey-Vef =UxppVe-(Ef) (1.4)

has been derived and analyzed by Ha-Tadmor [I6] as the mean-field limit of the discrete and finite
dimensional flocking model considered by Cucker-Smale []. Recently, (L) was also obtained as the
grazing collision limit of a Boltzmann equation of Povzner type in [2]. Within this kinetic picture, the
velocities of birds are modified through binary interactions, which dissipate energy according to their
mutual distance. Consequently, both equations ([LZl) and ([Il) describe a system of particles (e.g. birds)
which influence each other according to the potential function of their mutual spatial distance, in such a
way that the difference between the respective velocities is diminishing. This can be seen also looking at
the characteristic equations, which in the Ha-Tadmor model [d) read

dX
o
d= -

= _ / /R U=yl (€ =Dty Odyde.

[1]

)

Equation ([T differs from the Ha-Tadmor model () in two essential features. In ([IJ]) particles are
subject to random fluctuations whose strength depends on the density, which implies that randomness
increases as soon as particles are closer to each other. Resorting again to the collisional kinetic picture,
in this new model the velocities of birds are modified through binary interactions, in which, in addition
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to dissipation of energy according to their mutual distance, also random fluctuations of bird velocities are
introduced to mimic a more realistic behavior. The additional presence of random terms, which is reason-
able from a physical point of view, is responsible of the existence of a global equilibrium configuration of
Maxwellian type. This type of interactions induces a substantial difference in the asymptotic behavior of
the solution to ([[l), with respect to model ([4), where all particles tend exponentially fast to move with
their global mean velocity whenever the mutual interaction was strong enough at far distance, indepen-
dently of the initial conditions. This situation is called unconditional flocking, and the global equilibrium
(due to the intrinsic dissipation) is represented by a Dirac delta function concentrated at the mean ve-
locity. A second main difference between model () and the present one is that, on the contrary to
what happens in the former, here the interaction potential U(+) is integrable. This corresponds to a weak
interaction between birds, or, in other words, to a rapid decay of the interaction in terms of the mutual
distance. In consequence of this choice, the relaxation towards equilibrium is not universal, but depends
on the size of the perturbation. We remark that also this condition can be reasonably justified from a
physical point of view, since it reflects the fact that birds mainly adapt their velocity to birds which are
close enough to them. We remark however that the unconditional flocking phenomenon observed in the
original Cucker and Smale discrete model [E] heavily depends on the fact that the interaction potential is
not integrable. Otherwise, results can be recovered only for well-prepared initial configurations of birds.
By direct inspection, one can easily check that the global Maxwellian function

M = MI(E) = g exp (-I/2) (1.5)

is a steady state of ([Il). Notice that M has zero bulk velocity and unit density and temperature. The
main goal of this paper is to study the stability of solutions near M and the rate of convergence of these
solutions towards it for the Cauchy problem ([I)-(@TZ). For this purpose, introduce the perturbation
u=u(t,z,§) by setting

f =M+ VMu.

Then, u satisfies
1
atquf-VqurU*p&\/MMVg’uf§U*p§mu~§u—U*p§mu~§vM
1 1
=— [ UdaV¢- (| VMVeu+ - \/Mu>
ﬂﬁ/ 5( €t gt
1 1
— - vM —&VMu | .
—i—\/MU*pmqu ( Veu + 25 u)

It is straightforward to verify that
1

VM

Thus, the Cauchy problem ([I)-([2) is reformulated as

Ve - (VMVeu + %émm = Acu+ 3(271 — €*)u.

du+&-Vou+Ux*p a7, - Veu = Lu+T'(u,u), (1.6)
U(O,l‘,f) = UO(I’,&), (17)

where uq takes the form of
uo = M™?(fo = M),

and the linear part Lu and the nonlinear part I'(u, u) are respectively given by
1
Lu = Agu+ 2(2n - E1*)u+ U * pe yxg,, - VM, (1.8)

1 1
D(u,u) = U * p g, [Acu + Z(2n — 1€)?)u] + §U * e/ * EU- (1.9)

We introduce some notations. For any integer m > 0, we use H 9’&, H™ H g” to denote the usual
Hilbert spaces H™ (R} x Rg), H™(R}), H™(R}), respectively, where L2 ., L7, L are also used for m = 0.
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For a Banach space X, |||/ x denotes the corresponding norm, while || -|| always denotes the norm ||-|| 2 .

for simplicity when X = Lig. We use (-, ) to denote the inner product over the Hilbert space Lg, i.e.

o) = [ g©hlpde. g.ne L2

For ¢ > 1, we also define

2/q 1/2
2, = LA(LY) = L(RE: LYRY). [lgllz, = ( L ([ atopas) dg) .

Let v(€) = 1+ [£]?. Denote |- |, and || - ||, by

o = [ IVeal©)F + v(©laPde. o= 9(6) (1.10)
lal2 =[] 1Vea@OF + m©)lg(o. ) Pdsdade, 9= gla.). (111)
R™xR™
and || - [l by
lolly = [ Ulle = uDlota)Pdady. 6= o) (1.12)

Define the linear operator Ta by Tab(x,y) = b(z) — b(y) for b = b(x). For the multiple indices o =
(Oél,Oég, T ,O{n) and ﬂ - (ﬂlaﬂ% T 7671); we denote

5 n 9B1 9B Bn
070, = 03! 052+ 0y7 0 Og) -+ O

As usual, the length of ais || = ay +ag+ -+ -+ ay, and o/ < a means that o < «; for 1 < i < n, while
o/ < ameans o <« and |o/| < |a|. For simplicity, we also use 9; to denote 9,, for each i =1,2,--- ,n.
In addition, C' denotes a generic positive (generally large) constant and A\ a generic positive (generally
small) constant, where both of them may take different values at different places. When necessary, we
write Cy, Cy, -+, Ag, A1, -+, to distinguish them.

Now, the main results of this paper are stated as follows.

Theorem 1.1. Let n > 3 and N > 2[n/2] + 2, and let [L3) hold. Suppose that fo = M + vVMug > 0,
and ||“OHH,{V§ is small enough. Then, the Cauchy problem ([LH)-[C) admits a unique global solution

u(t,z,§), sdtisfymg
ue C([0,00); HY(R™ x R™)), f=M+vVMu >0, (1.13)

and

t t
O +3 > [ jeola-PrulRas+x X[ Imaoryolas

lal+]BI<N la|<N

t
H/ IVa(a®, 5*) ()G -rds < Clluollzy (1.14)
0 x x,

for any t > 0, where P, I — P, a", b" are defined in IO). Moreover, if ||ugllz, is bounded and
HuOHHN£ + |EVug|| is small enough, then the time-decay estimate

lu@lmy, < (lollzy, + lluollz ) (1+8)%, (1.15)
is valid for any t > 0.

It has to be outlined that [IJ]) is a nonlinear Fokker-Planck equation where both the nonlocal drift
term and the diffusion coefficient depend on the macroscopic momentum and density, respectively. This
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kind of nonlinear character leads to the fact that (L) does not have the same properties of the classical
linear Fokker-Planck equation

hf+&-Vaf + VoV -Vef = Ve (Vef +£f), (1.16)

where V = V(z) is a confining force potential. In fact, whether or not V is present, ([[LIG) possesses only
one total conservation law (the conservation of mass), while (II) conserves not only the total mass but
also the total momentum. This difference would imply that the kinetic dissipation of ([IJJ) should be
much weaker than that of ([(LIH). In addition, ([CIH) has a natural Lyapunov functional

2
Bee(f) = [[ v+ 5 s on ] pasae

nonincreasing in time

d

—Bre(f) = —Drp(f) = - //RHXR" %ng + &fPdedg < 0.

In the current case, denoting

E(f) = //Rn . [g Jrlog‘f] fdzdg, (1.17)
U
pif)= [[ TN vedds— [ Uspespepie (118)

solutions to ([I]) satisfy a similar equation

@ B(1) = -D(f), (119)

dt
but it is presently unknown if D(f) is non-negative and consequently E(f) is decreasing in time. The
eventual existence of a Lyapunov functional for ([Il) is an interesting problem to study. In the case
without diffusion Ha-Liu [I5] explicitly constructed such Lyapunov functional for (), and used its
decay to give a simple proof of the exponential convergence of solutions to the flocking state. Since
the nonlinear equation () lacks such natural a priori bound (only total conservations of mass and
momentum hold), we need to turn to the perturbation theory of equilibrium (cf. Theorem [l of this
paper) to recover convergence to equilibrium.

We remark that it is straightforward to check that the functional D(-) denoted by ([CI¥) satisfies

d2
DM+ €)= 2L().

Consequently M is a critical point of the nonlinear functional D(-). This makes it possible to apply the
perturbation method to obtain the stability of equilibrium state M if the linearized operator L satisfies
certain coercivity inequalities. As stated in Theorem BTl it turns out that L is degenerately dissipative
over the full phase space Ry} x R in the sense of E3) below. Then, the classical energy method together
with suitable smallness assumptions produce some uniform a priori estimates in high-order Sobolev spaces,
which together with the local existence and the continuum argument yield the global existence.

The rate of convergence of solutions to the steady state M is the other issue under consideration in
this paper. For the classical linear Fokker-Planck equation ([LIH), thank to the existence of Lyapunov
functionals, the hypocoercivity with almost exponential rate or exponential rate in time has been ex-
tensively studied by Desvillettes-Villani [7], Mouhot-Neumann [I8], Dolbeault-Mouhot-Schmeiser [8] and
Villani [25] in a general framework. In the case without diffusion, Ha-Tadmor [I6] showed that the energy
of solution to () tends exponentially fast in time to zero for certain strong potential function U. This
result has been recently improved in [2], where it has been shown that both the discrete model by Cucker
and Smale H] and its kinetic version (L) produce a flocking behavior under the same conditions on the
interaction potential.

d
D(M) =0, - D(M+€6)|e=o =0,
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In the case considered in this paper, as shown in Theorem [l solutions to the Cauchy problem
([CI)-C3) which are near equilibrium M, converge to it with an explicit algebraic rate

22 <o
for any ¢ > 0, where CYy, is a constant depending on the size of initial data. As pointed out in [25], the
hypocoercivity, which produces the trend towards the equilibrium, essentially stems from the interplay
between the conservative free transport operator and the kinetic relaxation. Here, only the algebraic rate
is found because the particles move in the whole space R™ and also the number of the total conservation
laws exceed two.

Another issue of this paper is concerned with the direct velocity regularized equation

Onf+E& - NVuf +Uxpep-Vef =Ux*psVe- (Ef) + rAc, (1.20)

for k > 0. Notice that in the above equation, the strength of noise is spatially homogeneous, and the

steady state is
1 lel?

P W@ 2K

However, for fixed x > 0, it is unclear whether or not Mj is uniformly stable in time under a certain
topology, again due to the lack of a Lyapunov functional. Moreover, the stability of M, with k > 0
is unknown even for small smooth perturbation of the type considered in Theorem [l because the
linearized operator of ([CZ) has no coercivity properties similar to that of L defined in (CH).

Therefore, as far as equation ([l is concerned, it is fundamental for the stability of equilibrium that
the strength of noise would depend non-locally on the density. As mentioned before, this dependence
implies that randomness is weaker at position x around which the density is lower. A similar phenomenon
has been observed in a recent paper [26], where it is argued that coherence in collective swarm motion
is facilitated in presence of randomness, which has to be weaker at some position around which mean
velocity of particles is larger.

Last, we discuss a variant of the model ([IIl). When the potential function U reduces to Dirac delta
function concentrated on the origin, the nonlocal nonlinear Fokker-Planck equation (Il takes the form

Ouf +€-Vof = ppVe-[Vef + (€~ f—f)f]- (1.21)

We refer to [24] for an exhaustive presentation and discussion on the above local nonlinear Fokker-Planck
equation. We emphasize that various results including Theorem [Tl and Theorem Bl respectively in
the nonlinear and linear cases also hold for equation (CZI). Moreover, when U reduces to Dirac delta
function concentrated on the origin, ([LI) remains true for (CZI) with E(f) in (CId) unchanged and

D(f) in (CIX) reducing to Do(f) given by
_ Pr 2 _ 2
oih) = [[ Ever+erPasic [ e

:// CLIVe + (€~ 2Ly fPdad > 0,
R™ xR® Pr

Therefore, [CZI)) possesses a natural Lyapunov functional, and the non-perturbation theory would be
also possible for the study of well-posedness and large-time behavior of ([CZIJ). This will be object of a
separate forthcoming paper.

Finally, we should point out that the present study presents analogies with a recent paper by Guo
4], where the global well-posedness on the torus for the classical Landau equation in absence of external
forcing

o +€9.1 = Ve { [ Me-eNr€ene - ©Tereas | (122
was studied. In Landau equation [LZ2) A is the non-negative matrix given by
&i&j

A) = Ao ((z-j - ) €2, 4> 3, Ay > 0.

[€[?
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We remark that the main difficulties in this paper rely both in reckoning the kinetic dissipation of the
nonlocal linearized operator L defined in (LX) and in the control of the nonlinear term in the process of
energy estimates. The method used to prove Theorem Bl which gives the time-decay estimates on the
linearized solution operator is general enough to deal with the time-decay estimates of some other kinetic
equations with both the free transport operator and the kinetic relaxation in the full space R™, whenever
the classical spectral analysis is difficult to apply [2I]. Actually, we can resort to a similar strategy to
obtain results analogous to those of Theorem Bl for the Landau equation ([ZZJ), linearized in the case
of hard potentials v > 0, where the space domain is the whole R"™.

The rest of this paper is organized as follows. We shall end this introduction with the next subsection
by presenting how equation ([C2) can be derived as a kinetic version of a particle system. In particular,
we formally show that this equation arises naturally either as mean-field limit or as grazing collision
limit of a Boltzmann type equation from the Cucker-Smale particle model of flocking in presence of
an additional stochastic term. In Section B for the later study of both the linearized and the original
nonlinear equation (L), we make two preparations, one of which is to obtain the coercivity of the
linearized operator L as in Theorem EZl and the other one to make a macro-micro decomposition of the
perturbation u and equation ([CH) where a system of equations for the evolution of moments of u up to
second order is derived (cf. (ZZI)-(Z24)). In Section Bl we employ Fourier analysis methods to establish
the hypocoercivity property for the linearized Cauchy problem with a non-homogeneous microscopic
source, and we obtain the precise algebraic time-decay rates. The main idea here is to construct a
temporal-frequency free energy functional defined in ([BII]) able to capture the macroscopic dissipation
in the Fourier space.

In Section Hlwe devote ourselves to the proof of the main result for the fully nonlinear Cauchy problem
([CH)-C0) (Theorem [Tl introduced before). To this extent, in Subsection Bl we list a series of uniform
a priori estimates on the solution, whose proofs are postponed to appendices [A] and for the sake
of a simpler presentation. The dissipative property of L proven in Theorem EZTIl and the construction
of the other temporal free energy in the phase space contained in (EZ0) play a key role in the proof of
those a priori estimates. We continue in Subsection the proof of the local existence and uniqueness
stated in Theorem Bl by using an iterative scheme and the standard stability method, concluding with
the global existence, which follows by combining the established uniform a priori estimates with the
continuum argument. In the last Subsection we apply the time-decay properties of the linearized
solution operator of Theorem Bl to obtain the optimal time-decay rates for the perturbation solution u
in some smooth Sobolev space. The main idea of proof is here based on the recently developed energy-
spectrum method [I2 [TT].

1.2 Formal derivation of diffusive model

In this subsection, we shall give a formal derivation of the kinetic equation (). There are at least two
ways to do it which we will introduce in what follows. The first way to derive ([]) is based on the discrete
Cucker-Smale model with noise whose strength depends on the distance between particles. Consider
the evolutions of m (m > 1) particles (e.g. birds) with positions and velocities (x;,&) = (2;:(t),&(t))
(1 <4< m) at time ¢ in the phase space R™ x R™:

dz; = gzdta

m m (1.23)
& = Uy —mil)(& — &)dt + [ 2p ) Ullz; — ] )dW;.

Jj=1 j=1

Here, U denotes the distance potential (communication rate) function defined as in (). A typical
example goes back to the original Cucker-Smale model [], where

Cnn

M A

r e R".

In the random noise term, W; = W;(t) (1 <i < m) are m independent Wiener processes with values in
R™ and p > 0 is a constant denoting the coefficient of noise strength. Notice that the strength of noise
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for i-th particle is
pYy Uy — )
j=1

which is proportional to the summation of distance potentials of i-th particle with all particles. We
remark that if there is only one particle, i.e. m = 1, then the system reduces to

dv = £dt,

= /2uU(0)dW,

which means that the motion of a single particle is just a random walk, and further that if ;4 = 0, then
the system is the same as the Cucker-Smale model. We are interested in the so-called mean field limit of
particle systems ([C2Z3)). Thus, set

v="u,
m

for some function Uy and some constant x > 0 which are independent of m, and let
1 m
(m) (t il _
P = 225w = 0)6(E — (1),

where §(-) is the Dirac delta function. Since f(™ for each m > 1 belongs to M(R?") which is the space
of Radon measure on R?" and

// f(m)(t,:c,v)d:cdv =1, t>0,
R™ xRR"

then, up to a subsequence, there is a temporal measure f(t) € M(R?") such that
F = f(t) in w-M(R®™) as m — oo.

Moreover, formally it is a usual way to show (see for instance [T5]) that f(¢) is the measure-valued weak
solution in M(R?") to the kinetic equation

Of+8&-Vauf +nrUo*pep-Vef =wUo*ppVe - (uVef +Ef). (1.24)

In equation ([C2Z)) the nonlinear diffusion term follows from the so-called Ito’s formula.

On the other hand, the nonlinear kinetic model equation (CZ4) of Fokker-Planck type can be also
obtained as the grazing limit of a certain kinetic equation of Boltzmann type. Let us assume that the
post-interaction velocities (£*,7*) of two birds which have positions and velocities (z, ) and (y,n) before
interaction are determined by the law

& =Q0-rU(lz—y|)§+rU(lz —yl)n + v2urU(|lz — y|) O,
n* = xU(lz —y)&+ (1 = &U(|lz — y))n + 2ucU(|lz — y|) O,

where U is defined as before, while k > 0 and g > 0 are constants which will enter into the equation
exactly in the same way as in ([CZ4), and

Oc = (0¢,1,0¢2,- -+ ,0cn) €R",
977 = (977717977,2, P ,9777") c Rn

O¢,i and 6,5, (1 <1 < n) are identically distributed independent random variables of zero mean and unit
variance. For this time, it is also supposed that sup, U(|z|) is finite and

i sup U(lz]) < (1.25)

l\:JIr—A
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Notice that this assumption can be removed in the later grazing limit since U will be scaled up to a small
parameter € > 0. As in [2], the evolution of the bird density can be described at a kinetic level by the
following integro-differential equation of Boltzmann type:

with )
s = T, Gx s Hx) ™ z, ’ dyd ’
arn=o [[ (G @) - 1) ) duds
where (&4, 7.) mean the pre-collisional velocities of particles that generate the pair velocities (£,n) after

interaction, and
J(z —yl) = (1= 2cU(|lz —y[)"

is the Jacobian of the transformation of (£,7) into (£*,7*). Notice that J is a well-defined nonnegative
function due to the assumption (CZ3).

Definition 1.1. The function f(t,x,&) is said to be a weak solution to the Cauchy problem of equation
CZ8) with initial data fo(x,&) provided that for any smooth function ¢(xz,§) with compact support, it
holds that

D ) f(w dede = [ € Vad(a,€)f (1, €)drde

dt R2n R2n

+oE |:/]R4” ((725(1', g*) - (725(1', g))f(ta €, g)f(ta Y, n)dfcdydfdﬁ (]_27)

for any t >0 and

lim oz, &) f(t, x, §)dwdS = ¢, &) fo(x, §)duds.

t—0+ R2n R2n
To carry out the grazing limit, we scale U as
U= GUQ,

where € > 0 is a small parameter. Suppose that f = f(¢, z,§) satisfies the equation ([[CZH), where f
actually takes the form of € which depends on parameters o and € but the superscripts are omitted
for brevity. Let us begin with the weak form ([CZ7) and we consider the Taylor’s expansion

B, €) — 6(2,) = Vedlw, &) - (€ ~ &) + 5 3 Ao, E)(E ~ &)
[B]=2

b2 3 Aolw A, E)(E ~ 0,
181=3

where A(£*, ) is a vector between £* and €. Recall also that

§ =& =erlUo(lz —y|)(n — &) + /2uexlUo(|z — y]) Oc.

Then, formally one has

E[¢(I,€*) - ¢(I,€)] = 6V§¢($,§) : KUO(|$ - y|)(77 - 5)
+elep(w,€) - prUo(|z — yl) + O(e?).

Thus, it holds

d
R2n R2n

+oe /IRM Vep(x,8) - (n—&)kUo(|x — y|) f(t, 2, €) f(t, y, n)dzdydEdn

+oe /]R‘“" pAep(z, ) rUo (|l — y|) f(t, 2, &) f(t, y, n)dedydédn
+0e0(e).
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Taking the so-called grazing limit, so that
€e—0, oe — 1,

then the limit function, still denoted by f (¢, z, &), satisfies

d
G | oo ortnodeds = [ € Voo, 0)ft,0, )
R2n R2n

+ Ved(x, &) - (n— ErUo(lx —yl) f(t, 2, &) f(t,y,n)dxdydEdn

R4n

+/R4 nled(x, §)rUo(lx — yl) f(t, x, &) f(t, y, n)dxdydSdn.
This implies that f satisfies

Ouf +&-Vaf =6Ve - (fUo* (per —Epyr)) + kule(fUo * py),

which is in the same form as ([CZ).

2 Preparations

2.1 Coercivity of the linearized operator

In this subsection, we are concerned with some properties of the linearized operator L defined by (LJ),
especially the coercivity estimate of L over the Hilbert space Lig. Notice that L is the summation of
the classical linearized Fokker-Planck operator Lpp and the convolution-type operator A, i.e.

L=Lrpr +A, (2.1)
where Lgp and A are defined by
1
Lrpu = Agu + 1(271 — &), (2.2)

In @2) and Z3) n > 1 denotes the spatial dimension, U satisfies the condition ([[3)) and M is the
normalized global Maxwellian given by (LH).
Firstly, it is well-known from [I] that Lgp enjoys some dissipative properties, stated in the following

Proposition 2.1. Lgp is a linear self-adjoint operator with respect to the duality induced by the Lg-scalar
product, and it is local in x. Furthermore, the following properties hold.

(i) One has
(Lppu,u) = */n Ve <\/LM>

Ker Lpp = Span{VM}, Range Lpp = Span{vM}*.
(ii) Define the projector Py by

2
Mg,

Pou=a“vM, a" = (VM,u).

Then, one has the identity
1
Lrpun) == [ VelT=PouPds — [ 1€PHT~PojuPs
n 2
o2 [ - Pojupae
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(iii) There exists a constant App > 0 such that the Poincaré inequality holds:
—(Lppu,u) > )\FP/ {I—Po}ul*de.
]Rn
(iv) More strongly, there is a constant \g > 0 such that the coercivity estimate holds:
— (Lppu, u) > Ao[{T - Pol}ul}, (2.4)

where the norm | - |, is defined in (CI0).

Next, we shall obtain some coercivity estimate similar to (3 on the non-local linear operator L in
the phase space Ry x R¢. Notice that it is straightforward to make estimates on A as

[ avaas <c, [[ - popupasas
Rn R7 X R™
where C,, = (|¢|>, M) depends only on n. On the other hand, from @3 it holds

—/ (Lppu, u)dz > Ao||{T - Polull2.

Since it is not clear presently whether )\ is strictly larger than C),, it is nontrivial to get a coercivity
estimate on L directly from (). It turns out that one has to extract part of dissipation of Lpp
corresponding to the momentum component of u in order to control the non-local operator A. To do
that, let us decompose the Hilbert space Lg as

Lg =Na&Nt, N = Span{VvM, sVM},
and define the projector P by
P:L; >N, urPu= {a* 4+ b" - £}VM.
Notice that since VM, &V M, - - -, &,vV/M forms an orthonormal basis of A/, then one has
a* = (VM,u), b= (EVM,u).
We also introduce the projector P; by
Piu=0b"-&VM = (6VM, u) - VM.

Then P can be written as

P=Pyo Py,
in Lg. The main result of this subsection concerning the coercivity estimate of L is stated as follows.
Theorem 2.1. Let n > 1 and ([L3)) hold. The operators L, Lpp, A are defined by ), &2) and ),
respectively. Then, the following holds.

(i) A and hence L are linear nonlocal operators which are self-adjoint with respect to the duality induced
by the Li’g-scalar product;

(ii) One has identities:

Au=APu=PAu= AP u=PAu="U b" VM, (2.5)
A{I-Plu={I-P}Au=0, (2.6)
LypPu = LgpPiu=—Piu, PLppu = —Pu, (2.7)
LPu = —[Py, AlJu=—(b" — U % b") - VM, (2.8)
where [Py, A] denotes the commutator P1A — APq;
(iii) Let \o be defined in A). Then, the coercivity inequality
- [ (Luu)de > Xo|[X - PYul? + 51220 (29)

holds for any u = u(x, &), where the norms || - ||, and || - ||u are defined in (L) and ([CIZ), respectively.
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Proof. To prove (i), for any u = u(z,§),v = v(x,§), it holds

R

/ (Au,v)dx = // U b" - eV Mudzde = U b"“b"dx
n R?LxR?L
[ vle—uhpw) - v @)dody
R™xR™
:/ b U * b’dx :/ (u, Av)dzx,

where the symmetry of U = U(|x|) was used. Then, A is self-adjoint on Li’ ¢ Since Lpp is also self-adjoint
with respect to the duality induced by the Lig—scalar product, so is L = Lgp + A.
To prove (ii), () and ) directly follow from definitions of A, Py and P. Notice

LrpPu = LrpPou + LppPiu = LppPiu

holds from Proposition 2] (i). Then, one can compute
1
LppPu = Ac(b" - £VM) + (20 = [¢)(b" - EVM) = —b" - &VM = —P1u,
where we used

Ag(b" - VM) = Ag(b" - €) +2Ve(b" - €) - VeV M + 5" - EAVM,

and
1 1
VeVM = - LevM. AcvM = - 2VAL+ LepvaL
Moreover, it holds

PLppu = (VM, Lppu)VM + (6V/M, Lpu) - VM
= <LFPPO\/M,U>V M + <LFPP1(§V M),u) : f\/ M
= —(&VM,u) - EVM = —Pqu.
Then, equation ) is proved. Equation ([ZF) follows from L = Lpp + A and (Z0)-ED).
To prove (iii), for any u, one has
(Lrpu,u) = (LppPu, Pu) + (LppPu, {I — P}u)

+<LFP{I — P}u, Pu} + <LFP{I — P}u, {I — P}U>

= (LppPu,Pu) + 2(LppPu, {I — P}u)
H(Lpp{I— Plu, {I— Plu),

where for the first two terms on the r.h.s., further from ), it holds

(LppPu,Pu) = —(Pu, Pu) = —(Piu, Pru) = —|b%|%,
(LppPu,{I — P}lu) = —(Pyu,{I—P}u) = 0.

Then, one has
(Lppu,u) = (Lpp{I — P}u, {I - P}u) — |b“]°.

On the other hand, for A, similarly one has

/(Au,u)dmz/ (APlu,u)dm:/ (Plu,APlu)dm:/ U *b"-b"dz.
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Thus, combining the above estimates on Lpp and A, it follows that

/n (Lu, u)dx = / (Lpp{I — P}u, {I — P}u)dx

f/ |b" |2 da: +/ U xb* - b de.
One can further compute

/|b“|2dx—/ Uxb" b dx

- / / Ul — )b (2)(0" () — B (y))dedy
R™xR"™

=// Uly — a)b* (y) (0" () — b* () dardy
R7 xR

1

1
=5 [ U= ubba) - ) Pdady = ST
2 R™ xR"™ 5

Therefore, () follows from the coercivity inequality (Z4) for Lgp and
(I-PH{I-P} = {1-P}.

Hence, also (iii) is proved. This completes the proof of Theorem 1 O

2.2 Macro-micro decomposition

As usual, for fixed (¢, ), u(t,z,€) can be uniquely decomposed as
u(t,z,§) = Pu+{I—P}u,
Pu = {a" +b" - £}VM, (2.10)
a* = (VM,u), b* = (EVM,u),

where Pu is called the macroscopic component of u while {I—P}u is called the corresponding microscopic
component. Notice that by the definitions of a* and b, it holds

Pu L {I-P}u (2.11)

in Lg for any (¢, ).

In what follows, let us suppose that u satisfies the perturbation equation ([CH) and the spatial dimen-
sion n > 1 holds. For later use, let us now derive some macroscopic balance laws satisfied by the macro
components a* and b". To do that, rewrite ([CH) as

Ou+ & Vou+Uxb" - Veu = Lu + T(u, u), (2.12)

where by (L), I'(-, ) is regarded as a bilinear operator defined by
1
I(u,v) =U *a"Lppv + §U * b - Ev. (2.13)

After taking velocity integration from the unperturbed equation [IZJ]), one has the local conservation law
of mass:
o [ tac+v. [ erae=o, (2.14)
n R‘n.
and the local balance law of momentum:

o[ aric .. [ easas—Usepes [ o= —Usp [ s (2.15)

R™



14 R.-J. Duan, M. Fornasier and G. Toscani

for 1 <i < n. By using the macro-micro decomposition (1) and the property I1), one can compute
the moments of f up to second order as follows:

/ fde = [ (M4 VMu)dé =1+ a*,
n ]Rn

&fde = | &M+ vVMu)d¢ = by,

R‘n. R‘n.
and

[ strie= [ e+ VR
RTL ]Rn
b+ [ G6VMPud+ [ 66 VAL Pudg
RTL ]Rn
= (1+a")di; + (&& VM, {I - Plu),
for 1 <i,j < n, where ¢;; is the Kronecker delta. Thus, it follows from ZTd) and ZI3) that
oa" + Vg - b* =0,

and

ObY + Dia™ + > 0;(&:& VM, {I = Phu) — U % by (1 + a)
J

=-Ux(1+a")b}, 1<i<n.
Next, we need to derive the evolution of second-order moments of {I — P }u:
(€ ® VM, {1 - Plu).
By using
L=Lpp+A, LppP =Py,
and the macro-micro decomposition 1), one can further rewrite ZIZ) as
O+ E&-Vou+Uxb" - Veu = Lpp{I— Plu+ (U b — b*) - VM
+U *a"Lpp{I — P}u—U x a"b" -f\/ﬁ
—l—%U 0" - EPu + %U* b - {1 — Plu,

that is
OPu+E&-V,Pu+Uxb" - VePu
—(U *b* = b") - VM + U % a®b" - VM — %U*b“fPu
=—-0{I-Plu+1+r, (2.16)
In (ZI0), the linear term [ and the nonlinear term r, are given respectively by
l=—-¢ -V, {I-Plu+ Lpp{I — P}u, (2.17)
r=Usxa"Lpp{I—Plu+ %U b - E{I—Plu—U=bd" - Ve{I - Plu. (2.18)

By using the representation of Pu as in (1), one can expand the Lh.s. of I0) as
{0:a* + U xb" - 0"} VM

+ 3O+ Gia” — (U bY = b) + U b — U s b} &/M

=1

+ ol — U xbybY} 66VM
ij=1
=—0{I-Plu+1+r (2.19)
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Let us define the moment function A = (A;;(-))nxn by
Agj(u) = /R (&5 = 1)V Mudg. (2.20)
Then, applying A;;(-) to both sides of [I) yields
0ibd —U # bib! = —0: Ayi({T— Phu) + A (1 + 1),
and
by + 0;bi" — U * bi'b} — U * b3by! = =0, Ai ({1 — Phu) + Aj (I +7), i # j,

where 1 <i4,j <n.
In summary, the macro components a* and b* satisfy the equations

Orat + Vg - b* =0, (2.21)
Oby + 0;a™ — (U x b — b)) + U x a"by — U * bi'a"
+Y9;45({T=P}u) =0, (2.22)
j=1
OpAii({I = Phu) + 9,6 — U+ bj'b = Ais(1 + 1), (2.23)
0 Aij ({1 = Pu) + 9ib% + 9;b! — U % byl — U % bbY
= Aii(l+7), i # ], (2.24)

for 1 <4,j < n, where [, r are defined by [ZI7) and IJ), respectively. Notice that 24 is symmetric
in (é,7). The similar derivation of the system of equations ZZI)-E24)) is inspired by [I[3] and used
recently in [I0] for the study of the Boltzmann equation.

The following important observation, which plays a key role in the estimates on the macroscopic
dissipation firstly pointed out by [I3], is that from [Z23)) and EZZ), b* satisfies the following

Proposition 2.2. For fired 1 < j <n, it holds

O 1> 0;Au({I=Plu) = > 0, Ay ({T—Plu) | — AybY
i#j i

= 0;(U #bbY) — 3 0i(U % bibY + U = bbY)
+ 3 Al +7r) =Y 0 Ay +7), (2.25)
i#] i
fort >0 and x € R™.

Proof. For simplicity, set
R=-0{1-Plu+l+r

From ZZ4), one can compute
—AGbY == 0;(0ibY) — 0;0;bY
i#]
i#]

=05 | > 0iby — bl | = > i[U % bYbY + U % bYbY + Aij(R)].
i#£] i#]
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Thanks to ([Z23)), one has
—AGbY = O[U # bIbY + Aii(R)] — 05[U  bYbY + Ajj(R)]
i)
=D O[U 0By + U % bUbY + Ay (R)).
i#]

A further simplification gives
—AGDY =Y (U b)Y Oi(U  bibY + U+ bybY)
+> 0 0;Ai(R) = > 0:A5(R).
iF£] [

Then, [ZZH) follows from the definition of R and the linearity of A;;. This completes the proof of
Proposition O

3 Linearized Cauchy problem

3.1 Hypocoercivity

Let us now consider the Cauchy problem of the linearized equation with a nonhomogeneous source,
namely

Ou=Bu+h, t>0,xcR",
(3.1)

u|t=0 =ug, x* €R",

where n > 1 is the spatial dimension, h = h(t,z,§) and ug = ug(x, &) are given, and the linear operator
B is defined by

B=—-¢V,+L L=Lgp+A,
1
Lrpu = Acu + Z(2n —1€1*)u,
Au=Uxb"- VM, b* = (£VM, u).

Formally, the solution to the Cauchy problem (BI) can be written as the Duhamel formula
t
u(t) = eBlugy +/ B (s)ds,
0

where eB? denotes the solution operator to the Cauchy problem of the linearized equation without source
corresponding to ([B) with A = 0. In this section, we shall show that eB? has the algebraic decay as time
tends to infinity as in the case of the Boltzmann equation 211, 22 2, [TT].

To this end, for 1 < ¢ <2 and m > 0, set the rate index og,, by

- n (1 1 +m
Gam=95\y " 2) 2

The main result of this section, whose proof is left to the next subsection, is stated as follows.

Theorem 3.1. Let 1 < ¢ <2 andn > 1, and let [3) hold.

(i) For any o, with o' < «, and for any ug satisfying 0Xug € L?v,i and 0% ug € Zy,, one has

195 B uol| < O(L+ 1)~ (|10 uol 2, + 195 uoll), (3-2)

for t >0 with m = |a — &/|, where C is a positive constant depending only on n,m,q.
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(ii) Similarly, for any a, o’ with o < o, and for any h such that, for all t > 0 it holds v(£)~'/202h(t) €
L2, v(§)~Y20% h(t) € Zy and further

VMh(t,z,€)dé = | &VMA(t,2,8)dé =0, i=1,2,...,n (3.3)

R™ R™

t
< C/ (L+ 1= )20 (Il 205 h(s) 1%, + llv™ /203 h(s)||*)ds, (3.4)
0

x € R™, one has

2

t
0;?/ B (s)ds
0

for t >0 with m = | — &/|, where C is a positive constant depending only on n,m,q.

3.2 Proof of hypocoercivity: Fourier analysis

In what follows we devote ourselves to the proof of Theorem Bl Let u = u(t, z,£) be the solution to the
Cauchy problem Bl with the nonhomogeneous source h(t,z, &) and initial data ug(z, ). Similarly as
before, we decompose u as

u(t,z,§) = Pu+{I—P}u,

Pu = {a" +b* - £}VM,
at = <\/Ma u), b= <£\/Ma u).

Then, from the same procedure as in Section 22 a suitable skipping of the nonlinear term I'(u, u) leads
to the macroscopic balance laws satisfied by a®, b*:

a4+ Vg - b =0, (3.5)

Oy + 00" — (U b — by) + > _0;A;;({T—Pu) =0, (3.6)
j=1

0t Ay ({I—Plu) + 0;b) = Aiu(l+ h), (3.7)

where 1 < 4,5 < n, the velocity moment function A;;(-) is defined by ([2Z0), and ! has the same form as
before, given by

l=—-¢ V,{I-Plu+Lpp{I—P}lu. (3.9)

Here we notice that h does not appear in the first n 4+ 1 equations ([BH)-(BH) because the assumption

B3) implies that
Ph(t,x) =0, t>0,z € R".

Furthermore, following a procedure similar to that used to derive (ZZH) from ZZJ) and E2Z4), for fixed
1 <75 <n,it follows from F1) and BJ) that

0 | D 0;A({T—Phu) = > 0, A;({T - Phu) | — AgbY
i#j i
=3 0 Ai(l+h) = 0iAi;(L+h). (3.10)
i#j i
Up to the end of this subsection, let us introduce some notations. For an integrable function g : R™ —
R, its Fourier transform g = Fg is defined by

ak) = For) = [

n

e 2™ kg(pyde, x-k=: ZIjkj.
j=1
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Here, k € R™, and i = /—1 € C is the imaginary unit. For two complex vectors a,b € C", (a | b) denotes
the dot product a - b over the complex field, where b is the complex conjugate of b.

Lemma 3.1. There is a temporal-frequency free energy functional Sfree (u(t,k)) in the form of

l U
Eh oo Tlt, k) *3ZZH|;€|2 ({1 - P}a) | b

J o i#d

Aaz}iﬁ—mmumen@>

T+ k2
ij
ik ~
—— - (0% | a* 3.11
such that
9 |]‘3|2 ~|2 )2
—Re & t, k ——(|a® bv
ot © f'ree( (7 ))+4(1+|k|2)(|a | +| | )
17Re(7/\2 C —1/272 ~112
< —|bv I-P 12
< Ty P e B + - Pl (3.12)

holds for t > 0 and k € R™. Moreover, one has the estimate
[Eree (@t B)| < Cllatt, k|72, (3.13)
fort>0 and k € R™.
Proof. Let us first notice that
FH{I-P}lu) ={I-P}Fu, F(Pu)=PFu.
After taking the Fourier transform, BI0) reads
00 | ik A ({T—PYa) — Y iki Ai; ({1 — PYa) | + [k[*bY
i#£j i
= Z ik‘ini (,Z\-i- ,H) — Z ik/’iAij (,Z\-i- ﬁ),

i#j i

which by further taking the inner product with E gives
00 (D ik Ay ({1 - PYa) — 3 ik Ay ({T—PYa) | b | + |2 [04?

i#] i

= Zik:jAn(lA+ h) — ZikiAij (+h) | @

i#] i
+ | D ik An({T - PYa) = > ik Ay ({T— P}a) | 9,67 | - (3.14)
i#] i

The first term on the r.h.s of [Id) is estimated by

S ik Au(+h) = > ki Ay L+ R) | b
i#j i
1 w|2 2
< ZRPIBP + 0 (145 OF + 145 ()P) (3.15)

ij
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By (B3, the Fourier transform 1 of | is given by
1= —i¢ - k{I-P}i+ Lgp{I - P}1,

and thus one has

o~

|Ai; (D] =

| (66 - DVEC-ig KT~ PYa + Lip{1 - Pl

- ‘/R [i€ - k(&5 — VM + Lep((&€; — DVMI ~ P}ﬂdg‘

<= i€ k(€& — DVM + Lip((&€5 — DVM) | 2 |{T - Pl 2
< C(1+ k) [T — Pyl 2.

Similarly one has for h

A ()] = ‘ /R (&€ — 1)V Mhde
< v (&& = DVM ey 2R 12
< C|lv?h 2.
Therefore, (BIH) together with (BI6) and BI7) imply
> ik Au(+h) = > ki Ay L+ R) | b
i#£j i
1 ~ N -~ ~
< RIS + C O+ K {1 = Pl e + Cllv ™" 2Rz,

19

(3.16)

(3.17)

(3.18)

which gives the estimate on the first term on the r.h.s. of ([BId). For the second term, one can use the

Fourier transform of (B0l

QubY + ikia¥ — (UbY — bF) + > ik Ay ({1 — P}a) = 0
J

to estimate

> ik Au({T—P}a) — > iki Ay ({T— P}a) | 0y

i#j i

= Y ikjAu({T—-P}a) = > ik Ay ({T - P}a) |

i#£j i

—ikja¥ + ((AfbA}‘ - b?) - Z ke Aje({I— PW))
L

— 1 ~ ~
< OkPla®f? + kP + Co (1 + [RI*){T - PYal s,
where the constant 0 < § < 1 is arbitrary. In (20), the property sup;, |U| < U]z =1 and
[Ai; ({1 = P}u)| < C|{I - Pl .
have been used. From [BId) as well as (BI8) and [F20), one has
. e . P 1 o
o Zlijm-({I —P}a) — ZlkiAij({I ~P}a) | b | + 5|1c|2|bg|2
i#] i
< Sk Pat? + Cs (1 + k)T~ PYall; + Cllv 2R,

(3.19)

(3.20)

(3.21)
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for 0 < § <1 to be determined later.

To get the dissipation |k|?|a%|? as in ([BZI), we take the inner product of ([EIW) with —ika®. it holds

(~0uik -6 @) + k2@ + (@~ 1)ik- b | av)
+ Zk’iijij({I —P}a)|a" | =0.
ij

Let us write
(—atik-b?waﬁ) -3 (—ik-maﬁ) + (ik-z?u |at55).
From (B3), which implies
dha” + ik - b =0,

one has

(ik-b%mtaﬂ) - (ik:-bA“ | —ik:-bA“> = |k bu2.
Then, the first term on the Lh.s. of BZA) reduces to

(—é)tik;-bA“ | cTu) =9, (—ik:-bA“ | cTu) |k - B,
Notice that

Im U(k) = / U(z)sin(k - z)dx = 0,
since U is even. Then, R N
U=ReU

holds. Thus, one has the estimate on the third term on the Lh.s. of [B22) as

1

\(((7 — 1)ik - b | a%) < (1= Re D)[kP[a"* + (1 = Re )5

1 - PO
< ZIkPla" + (1= Re U)o,
Again we used [Re U| < |U| < 1. For the fourth term on the Lh.s. of Z), one finally has

. 1o~ _
S kb Ay (T - PYa) @ || < 2@ + Ol Y |4y ((1- Pl

ij ij
< ZIRPIZP + CIR?IT - Pyl
Thus, plugging all the above estimates into ([B222) yields
oRe (—ik- 5 |a) + %|1<:|2|ai|2
< kP[54 + (1 = Re T[5> + Clk[*|{T ~ PYal|Z,.

(3.22)

(3.23)

Therefore, [BI2) follows by taking the proper linear combination of EZIl) and BZ3) with a fixed small

constant 0 < § < 1 and then dividing it by 1 + |k|?. This completes the proof of Lemma Bl

Lemma 3.2. it holds
5 77 (B2 + NI = PYal} + (1 = Re D)[ouf* < Cllv"?h(t, k).

for anyt >0 and k € R™.

O

(3.24)
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Proof. Since
LFPP’U, = —Plu = —bu . f\/ ].V[7

we can rewrite the first equation in ([BIl) as
du+ & Vou=Lpp{I—Plu— (b* —U «b") - &M + h.
Taking the Fourier transform in z yields
Oyt + i€ - ki = Lpp{I — P}u — (1 — U)b" - VM + h.

By taking further the inner product with @, integrating it in & over R™ and then using the coercivity
estimate on Lgp ([Z3), one has

577180172 + A{I=P}af; + (1~ Re 0)[o* < |(h, @), (3.25)
where we used U = Re U and {I — Po}{I— P} = {I — P}. For the r.h.s. term, since Ph = 0, it holds
which implies that
~ 1 ~
|(h,@)] < w2 {1~ PYall7a + = v~ /%0l
¢ 40 €
~ 1L, 07
< COT—PYaf; + <[V ?hl 72, (3.26)

where § > 0 is arbitrary. Therefore, B24) follows from [B2ZH) together with ([B2ZH) by taking a properly
small constant ¢ > 0. This completes the proof of Lemma B2 O

Proof of Theorem BTk Let ug and h be given as in Theorem Bl and u be the solution to the Cauchy
problem (BJl). Then, by choosing M > 0 large enough, it follows from ([BI) and ([EZ4) that there is an
energy &4, (t(t, k)) with

ngM(a(tv k)) = Mlla(ta k)”ig + Re g}'r'ee(a(ta k))

such that
D et (e k) + A {1 = Py + —5L @ 4 )
ot ’ v TR
+ AL = Re D)|5"[* < Cflv2h(t, k)7, (3.27)

for any t > 0 and k € R, where €L __(7(t, k)) is defined by (BII). From @I3J) it follows that
En (@t k) ~ [[a(t, k)II7z, (3.28)

if M > 0 is large enough. Notice that
L

M2 o
I_P’\Q | w2 bu2 >
- ey + @ i 2

1+ k2

(L= PYa2 + [ + 52 (3.29)
On the other hand, one also has
En(T(t, k) < Cllat, k)72 < CIPa(t, k)| 72 + CI{T - PYa(t, k)| Zz

< C[HT-PYal + a2 + 6+ . (3.30)
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Thus, B2Z10) together with (B29) and B30) yield

o -
o€ (@t ) +

L
1+ [k

Enr(@(t, k) + AL —Re D)|5*[* < Cllv™"/2h(t, k)72,

which, by using the Gronwall inequality, gives

Alk|2

ENLIEE LTI -~
En(a(t, k) <e 1+w2t5§w(a5(k))+c/ e Tzt )Hy_l/Qh(s,k)H%gds.
0

Thus, from B2ZJ) one obtains

k|2

ERENUICE LN s ~
||ﬂ(t,k)||%§§Ce 1+\k\2t|\u0(k)||%§+0/0 e TreE )|‘y*1/2h(s,k)||%§ds, (3.31)

for any t > 0 and k£ € R™.
Now, in order to get the decay estimate ([IZ), let ~ = 0 so that u(t) = eBlug. Write k* =
kS kS? - k9. Then, from @3Z), one has

A

_ k2
|0 eBlug||? = /R k2| - ||ﬁ(t,k)||2L§dk: < C/Rn k%% e 1+\k\2t|\a3(k:)||%§dk. (3.32)
k k

As in [I7], one can further estimate it by
20| T Mk‘it Fo 2
[ e @)
k

N ALk e~
- / |k2(e=e) | TRz | 2o | [@a (k)72 dk +/
|k|<1 £

e” 2tk |[ap (k) |12 2 dk
|k|>1 ¢

n—2la—a’|

SO+ 7T 5 0% uol|%, + Ce™ 2[0S uo|1?, (3.33)

where the Holder and Hausdorff-Young inequalities were used in the usual way. Hence, (B3 follows from
B32) and B33J). On the other hand, to get the decay estimate [B4), let ug = 0 so that

From (B33), one obtains
-~ 2 bR () 1/27 2
lat, k)13, gc/ TR V2R s ) 2. (3.34)
0

Proceeding as in the derivation of ([B32) and B33), Q) follows from B3l). This completes the proof
of Theorem BTl

4 Nonlinear Cauchy problem

4.1 Uniform a priori estimates

From now on, we devote ourselves to the proof of the main result Theorem [[Jl Through this subsection,
let u be the solution to the Cauchy problem ([CH) or equivalently [ZI2) and (), and let

n>3, N>2n/2+2. (4.1)

Also we suppose that u is smooth enough to justify that all calculations can be carried out. By using the
classical energy method, we shall obtain in this subsection some uniform a priori estimates on v on the
basis of some energy and energy dissipation rate inequalities. By these a priori estimates one will obtain
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in the next subsection a proof of the global existence of solutions with the help of the local existence
as well as the continuum argument, under the smallness and regularity conditions on initial data wg.
For the time-decay rate of u, we shall apply in the last subsection the energy-spectrum method recently
developed in [I2] and later in [I1], which combine the linearized spectral analysis given in Section B with
the nonlinear high-order energy estimates.

For the above purpose, we begin with the proof of uniform a priori estimates on u to obtain the
microscopic dissipation rate

Y IHI-PYgolu)ll} + D ITadsb" 07,
lal+151<N lal<N

which corresponds to the total temporal energy. Firstly, from the equation ([LH) or equivalently ZIZ),
one can obtain estimates on u and its space derivatives. The proof of these estimates will be postponed
to Appendix [Al for a simpler presentation. Here, we need to take care of the zero-order individually
since the estimate on the nonlinear term I'(u, u) is a little subtle in the case of zero-order.

Lemma 4.1 (Zero-order). it holds

5 () + AT~ PYull2 + 2 |7ab¥?
< Cll(a", b) | zzns (I = Phal2 + | Tab"3)
O, b 2 1612 . (4.2)
fort >0, where A > 0 and C are constants depending only on n.
Lemma 4.2 (Space derivatives). it holds
S5 Y @A Y (1001 Pul?+ I Ta0b )

1<|a|<N 1<]al<N
< CIVala® 0l | 22 105{T=Phullp + [ Va(a®, ")y
lal<N

OV gy Y 195V Phul?, (4.3)

1<|a|<N-1
fort >0, where A > 0 and C are constants depending only on n.

Next, we shall obtain estimates on the mixed space-velocity derivatives of u which appears on the
r.hs. of [E3). Notice that by taking the velocity derivatives we do not affect Lig—norms for the macro-
scopic component Pu. Thus, let us apply I — P to both sides of T2 to get

O{I—Plu+{I-P}E - Vou+U=b"-Veu) = {I-P}Lu+{I - P} (u,u). (4.4)
One can make further simplifications on the r.h.s. terms. In fact, from Theorem B (ii) it follows that

{I-P}Lu={I-P}Lppu+ {I-P}Au={I - P}Lppu
= LFP{I — P}u + LppPu — PLppu
= LFP{I — P}U —Piu+Piu= LFP{I — P}u

Similarly, it holds
{I-P}I'(u,u) ={I-P}U *a"Lppu + %U *x b - Eu)
=Uxa"Lpp{I —Plu—+ %U x 0" - {1 —Plu
+%U x 0" - [, {I - P}u

= Dlu, {1 Phu) + 50U #b* - 6, {T - PYu,
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where {I — P}Lpp = Lpp{I — P} was used. Moreover [, {I — P}] denotes the commutator
[ AT=P} =&{I-P} —{I-P}§ =[5, P], 1<i<m,
with £ regarded as the velocity multiplier operator. Therefore, () is simplified as
O{I —Plu+ {I—-P}E - Vou+U*b"-Veu)
— Lpp{I— Plu+T(u, {I— Plu) + %U L b - [€, Pu,
which further can be rewritten as the evolution equation of {I — P}u:

Of{I—Plu+& -V {I-Plu+Ux*b"-Ve{I—-Plu
=Lpp{I-Plu+T(u,{I-Plu)+ %U xb" - [€,Plu

PV {I—Plu+ U b Ve{I—P}u)

—{I-P}( V,Pu+U=xb" - VcPu). (4.5)

Then, on the basis of the above equation, one can use the energy estimates to obtain the following
technical lemma, which is proven in Appendix [AZTl

Lemma 4.3 (Mixed space-velocity derivatives). Let 1 < k < N. it holds

1d

2D DI C 40 B ST LR W SR 20 s B8 S0
|B|=k 18]=k
laf+|BI<N la|+]BI<N

<Ol by | D 1050HT = Phull} + | Vala®,b) |5 x -
lal+I8l<N

+C Yo 08I = PYull} + [ Vala®,b") |3 x -
|| <N —k+1

+CX{2<k<n} Z ||033§3{I —Pull7,
1<|8|<k—1
laf+BI<N

for t > 0, where A\ > 0 and C are constants depending only on n, and xp denotes the characteristic
function of a set D.

Finally, in order to control the nonlinear term and close the a priori estimates under the smallness
condition, we need to obtain the macroscopic dissipation rate:

Yo EVePu@)P~ Y 95 Va(at, b))

lal<N—1 lal<N-1

which corresponds to certain temporal free energy. Actually, the following lemma exactly gives the above
dissipation for the macroscopic component Pu or equivalently the coefficients (a*,b™). Here, the analysis
is essentially based only on the macroscopic balance laws ZZI)-@Z4) satisfied by (a*,b*) which have
been derived in Subsection The proof will be carried out in the physical phase space by using a
method close to the proof of Lemma Bl in the case of the linearized equation. Again, we postpone it to
Appendix
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Lemma 4.4. There exists a temporal free energy EF,..(u(t)) of the form

Efrecu®) =3 > Y N / 1#(020;,{1 — PIu)0o b da

la|<N—-1 j i#j

= Z/ 17 (050:{1 — P}u)0ob da

la|<N—-1 1j
+ Y é)g‘vxa“-é);‘b“dx, (4.6)
laj<N—17R"

such that

d
Eg}lree( ())+>‘HV (a bu)”HN 1

<C Y (ITad0 || + (105 {1 = Phul?)
la|<N

+Cll(a", 0 Iy (1Va(a®, 5 w-s + D 1105 = Pul®) (4.7)

la|<N
holds for t > 0, where A > 0 and C are constants depending only on n. Moreover, it holds
Eee (WD) < Cllu®) Bz gz, (4.8)
fort>0.

We remark that an estimate similar to the one stated in Lemma B4 was firstly considered in [9] and
recently developed in [I0] in the study of the Boltzmann equation for the hard sphere model in R"™. In
addition, the proofs of Lemma L4l and Lemma B at the level of linearization are in the same spirit even
though the analysis of the latter is made pointwise both in time and frequency.

4.2 Proof of global existence and uniqueness

In this subsection, we are going to make a few preparations in order to prove Theorem [l along the line
mentioned at the beginning of Subsection Bl Let us first consider the local existence of solutions to the
Cauchy problem ([CH) or equivalently [ZI2) and ([). We define iteratively the sequence (f™ (¢, x,&))o_,
of solutions to the Cauchy problems

8tfm+1 +€ . fom"’l + U * p&fm . ngmH

=UxppmVe- (Vef™H M),

ferl =M+ \/Muerl (49)
S =0 = fo = M+ vV Muy,
or equivalently in terms of u™(t, z,§):
Su™ T + € V™ 4 U b V™
— LFPuerl +]_—‘(um’,ulerl) +Aum’ (410)

m+1 _
u |t:0 = Uo,

where m > 0, and u” = 0 is set at the beginning of iteration. Let the solution space X (0,7; M) be
defined by
ve C([0,T]; HY(R™ x R™)) :
X0, T; M) =

sup (vt )||HN5 <M, M++vMuv>0
0<t< R

We prove the following
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Theorem 4.1. Letn, N satisfy @). There are constants T, > 0, eg, My such that if ug € H™ (R™ x R™)
with fo =M+ vVMug > 0 and ||U0||HN§ < €y, then for each m > 1, u™ is well-defined with

u™ € X(0,T.; Mp). (4.11)

Furthermore, (u™)m>o is a Cauchy sequence in the Banach space C([0,T.]); HN~H(R"™ x R™)), and the
corresponding limit function denoted by u belongs to X (0,Ty; My), and u is a solution to the Cauchy
problem (CO)-CM). Meanwhile, there exists at most one solution in X (0, Tx; My) to the Cauchy problem

(CO)-[D).
Proof. One can use induction to prove ([EII). Suppose that EII) holds true for m > 0. Without loss
of generality, one can also suppose that u" is smooth enough so that all the forthcoming calculations
can be carried out. Otherwise, one can instead consider the Cauchy problem on the regularized iterative
equation

DI 4 € Vo fTEL 4 Uk pegine - Ve f L

— U « pfm,EV§ . (V§fm+1’€ +€fm+1,6) + GAl-ferl’C,

S =0 = u.
for any € > 0 with uf§ a smooth approximation of ug, prove the same for f™€ and then pass to the limit
by letting € — 0.

Thanks to the nonnegativity
Usppm =14+Uxa"

1 —Clx/Mm(T) S U*pfm S 1+01\/Mm(T), 0 S t S T’7

for some constant C; > 0, where

one has

M (T) = sup [u™ ()|~
0<t<T .8

for any 0 < T < T,. Note that 207 My < 1 if My > 0, to be chosen later, is sufficiently small. If this is
the case, from the induction hypothesis, the estimate

201/ M, (T) <2C1 My <1

holds. Then 1/2 < U % pym < 3/2 follows. By the maximum principle for [@3), one has
=M+ VMu > 0.

To obtain the bound on u™*!, for any o with |a| < N, it follows from @I0)

1d
5 7105w T @1 + Ao {T = Po}ozu™ 3
=y Ca,/ (U %02~ p"" . Ve w900 da
o' <a

+/ (A@gum,ﬁgumH}d:ch/ (00T (u™, u™ Y, 0%u™ Y dx

< Cllu™llz2emy) Z 105 0? w2
o/ [+|B| <N
JrC||um||Lg(Hgy)||uer1||Lg(H;y)~

Taking the summation over |a| < N implies

1d )\0
m+1 o, m+1(2
Sl Oy + 5 D 02
\a|<N
<Oy Y llo20fum |2

laf+[BI<N

+Cllu™ | g2y lu™ L2y + C||um+1||2L§(H§EV)'
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Similarly, for any 0 < ¢ < T < T, it holds

d

7L R Ol P I W [ S s

la]+[BISN
<Oz Y, 05w
la]+[BISN
FCu™ g ™ s, + Cllu™ o
< Co/Mu(T) Y [050gu™ |3 + Ca M (T) + CaMyp i1 (T), (4.12)
la]+[BISN

for some constant Cy > 0. By letting Cov/M,,(T) < CaMy < X\o/2, from the induction hypothesis and
taking time integration, the above inequality gives

A 4 (63 m
M@+ S [ jorourn o) s

la|+|BI<N
< |\u0|\§w§ + C3 My (T)T + Cy M1 (T)T. (4.13)
Now, one can choose
1 X 1 1 1
Mo =min{—, 22}, T, = min{—, — 1, =~ M,
o =min{gE o5, b min{ 7 5a, b 0= Mo
so that
2 Lo 1o, 2
Mm+1(T*) S 260 —+ QCgT*Mm(T*) S iMO —+ iMO S MO?
that is,
m+l 2
sup |[u™ () [5n = vV Mmia (1) < Mo.
0<t<T, z.€

Finally, proceeding as in the proof of [IJ), for any 0 < s < ¢ < T, we obtain

t
m m d m
Oy, = I Oy | = | [ 1m0 ao

t
<C(Mo+1) Y 0501 (0)]|2d0 + CMG |t — 5. (4.14)
la+[8]<N ¢

This implies that [Ju™*!(¢)||3,5 is continuous over 0 < ¢ < T, since from ([EIJ), ||8§8§um+1||3 is
e
integrable over [0, T,]. Hence equation @IT) holds true for m + 1 and so it does for any m > 0.
Next, the difference between two subsequent solutions of ([EIM) satisfies

Dp(u™Ht — ™) + € V(™ — ™) + U b - V(™ —u™)
= Lpp(u™™ — ™) + T(u™, o™ — ™)+ T(u™ —u™ " u™)

FA@™ —u™ Y U V™,

(u™ Tt — u™)|4=p = 0.
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As for @I, it follows that

d m m (83 m m
GO Ol e D 0RO —uml

dt
lal+|BI<N -1
SOz Do 1050 (@™ — ™)
lal+|BI<N -1
+Cllum—um‘1l\Lg<H;v—1> ool DD 089wt —wm)
la|+|BISN la|+|B|<N—1

+C[u™ — '“mjlHL2(H’Y*1)||UmJrl - Um”Lg(H;V*l)

+C||Um+1 m||L2 HN 1),

where N > 2[n/2] + 2 and the Sobolev embedding H"/2+1(R") < L*°(R™) were used. Since ||U0||HN§
and hence €y, T,, My can be small enough, and from [EI3), Y

T
swp [ [orouns)ds

O Jal+IBI<N
can be also small enough, it further follows that there is a constant u < 1 such that

sup [lu™ T (E) —u™ ()| g1 < posup Jlu™ () — T HE) || s (4.15)
78 0<t<T., @8

0<t<T.
It can be seen from @IF) that (u™),,>0 is a Cauchy sequence in the Banach space C([0, T.]; HN ~1(R™ x
R™)), and thus the limit function

ue C([0,T.]; HN M (R™ x R™))

exists. By letting m — oo in () or @I0), v is a solution to the Cauchy problem (H)-(d). From the
pointwise convergence of u™ to u by the Sobolev embedding theorem and the lower semicontinuity of the
norms, u™ € X (0, Ty; Mp) implies
F=M+VMu>0, sup |u(t)|gy < M.
0<t<T, ¢

Similarly to the proof of (), one can conclude that v € C([0,T.]; HY(R" x R")). Thus, u €
X (0,Ty; My) follows.

Finally, let v € X(0,T%; My) be another solution to the Cauchy problem ([LH)-([[d). Proceeding as
in the proof of [EIH) we obtain

sup Ju(t) —v(®)| <p sup u(t) —o(@)]],
0<t<T. 0<t<T

for 4 < 1. Then, u = v, and uniqueness follows. This completes the proof of Theorem BTl O

Proof of global existence and uniqueness in Theorem [Tk At this time it suffices to obtain the
uniform a priori estimates. For a given T > 0, let u be the solution to the Cauchy problem (LCH)-([T)
over [0, 7] which satisfies
sup. [[u(t) [y, < e
0<t<T :

for 0 < e < 1 small enough. Now, one can apply Lemmas BTl B2, and B4 to u.

We claim that there are the equivalent energy £(u(t)) and energy dissipation rate D(u(t)), defined
by

E(u(t)) ~ IIU()IIHN, (4.16)
Du(t) = Y [000{T-Plu@)2+ > [Ta02b" ()7
|af|+]B|<N || <N

+H[Vala®, b)) (1)1

2 yor, (4.17)
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such that p

a5(u(t)) + AD(u(t)) <0, (4.18)
holds for any 0 < ¢ < T. In fact, since 0 < € < 1 is small enough, the linear combination of (EZ2),
E3) and EID) gives the dissipation of the macroscopic component Pu or equivalently of its coefficients

(a*, b*), the microscopic component {I—P}u, and their space derivatives with remaining terms including
L?-norms of the mixed space-velocity derivatives with small-coefficients, that is,

d 2 n
= (M) 2113 + Eprecul®)))

A D 10T = Phull? + AITadb" (| + Al Va(a®,b)[ 5

o] <N
< CeD(u(t)) + Ce Z 09V {I — P}ul?, (4.19)
1<|a|<N-1
where £}, (u(t)) is defined by @T), and M > 1 is large enough, so that, by [E3J),

M”U(t)”%g([{i\’) + E?Tee(u(t)) ~ ||u(t)||%§(HiV)

holds. On the other hand, the linear combination of (H) over 1 < k < N gives the dissipation of all the
space-velocity derivatives in L?-norm, that is,

d
DRI At S S TP W [V S S

1<k<N |B|=Fk |B]=1
la|+]B8|<N la|+[BI<N
< CeD(u(t) +C Y 02T —Phull2 +C|IVala, %) |2, (120)
|| <N

for some properly chosen constants Cj. Thus, the further linear combination of EI9) and E2) leads
to @IR) by letting € > 0 small enough. Then, after taking time integration, it holds

sup {00y, + [ Pluls)ds | < elun) < Clually

0<t<T

where C' is independent of T" and wy. Thus, the global existence and uniqueness of solutions to the
Cauchy problem (CH)-(C7) follows from the above uniform a priori estimate 20) together with the
local existence obtained in Theorem Bl as well as the continuum argument, and moreover, (CI3) and
([CTA) hold. Here, the details are omitted for simplicity. This completes the proof of global existence and
uniqueness in Theorem [[T]

4.3 Proof of rates of convergence

In this subsection, in order to prove ([LIH) in Theorem [l we are concerned with the time-decay rates
of solutions. The main idea of the proof is based on the energy-spectrum method recently developed in
T2, [TT]. To this end, let us suppose that all conditions in Theorem [Tl hold, and let « be the solution to

the Cauchy problem (CH)-(7) satistying (CI3) and [CI).

Firstly, the time-decay properties of the linearized solution operator eB? given in Section [ will be
applied in the following lemma to obtain some formal time-decay estimates for the solution u in terms of
the total temporal energy &(u(t)).

Lemma 4.5. If |Juo||z, is bounded, then it holds
[u(®)]* < C(E(uo) + uollZ, (1 +1)~%
t
+C/O (L+1t—5)"2E(u(s))[E(u(s)) + [|E{T ~ Phu(s)|*]ds

2

+C [/0 (I1+t—s)"7E(u(s))ds| , (4.21)
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for any t > 0.

Proof. From ZI2), u can be written in mild form as

t
u(t) = eBlug +/ eBE=9G(s)ds, (4.22)
0

where the source term G is denoted by
G=T(u,u) —U=*b"-Veu.
By the definition of T', given in [ZI3), G can be rewritten as
G = G+ G2 + Gf,
with
Gy
G

U a"Lpp{I — P}u,

1
EU*b“-f{I—P}u—U*b“-Vg{I—P}u,
1
Gs = -U=xa"Piu+ §U*bu-«fPu—U*b“-V§Pu.

It is straightforward to check that both G and G satisfy condition ([B3)). Then, one can apply both (i)
and (ii) in Theorem Bl to ([EEZA) to obtain

lu@®)|* < C(E(uo) + uoll%, )1 +1)~2

2 t
+CZ/ (L4t —5)"2(lv " 2Gi(s)ll7, + v~ /2Gils)[P)ds
i=170
t 2
v0 | [ s t= 9 TG0 + G| (429
0
By using the inequalities

U # (a*,6%) [z < [|U[[Lall(a®,0)]| 2,
[U * (a®, 0 < Uz [1(a®,0%)[[Lee < CNUN L1 IV (@, 6%) | yinr,

it is straightforward to get

v 2G5, + v Y2Ga|? < CE)[E(u) + [[E{1—Plul?],
|v=2Gs||%, + v Y2G2|? < ClE(u))?,
1G3(s)llz, + [|G3(s)]| < E(u).

Plugging the above estimates into ZZ3) leads to [ZZI)). This completes the proof of Lemma EH O

The next lemma is devoted to obtain a uniform bound on the velocity-weighted norm ||{{I—P}u(s)||,
under the additional condition on initial data which imply that the time integral term on the r.h.s. of
(EZT) can be controlled. This, together with ([EEIS) can lead to the desired time-decay rates of the total
temporal energy &(u(t)).

Lemma 4.6. If ||uOHHN£ is small enough and ||§ug|| is bounded, then it holds
I{L = Plull, < C(lluoll g, + lI§uoll), (4.24)

for any t > 0.
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Proof. For simplicity, set w; = §{I — P}u. Thanks to [EH), w; satisfies
Oyw; + & - Vaw; + U * b* - Vew;
1
= Lppw; + I'(u,w;) + JU* b - &[S, Plu

FEP(E - Vo {I — Plu+ U +b" - Ve {I— Plu)
—&{I-P}E-VPu+Uxb"-VPu)
+U «bi{I—Plu—2(14+U % a")0:,{I — P}u.

The last line follows from the computation of commutators
[v§7 g’t] = €4, [LFP, 51] = [A§7 g’t] = 2857
The zero-order energy estimate as before gives

3 35 1O 4 ol = Podusl? < (32 + Colw) ) il + C(Ew) + 1P

where &(u), D(u) are defined in [EI0) and ID), respectively. From EIR) and

sup & (u(t)) < E(uo) < Clluolfn
t>0 @€

which is small enough, it follows
d
Ellwi(t)ll2 +Xoflwil} < CD(u) + C|[Powi[}, < CD(u).

Then, further taking time integration and using ([EZI), one has

Hw@W+MAHW@M@gwmmW+OADw@Ms

< Cl&{T — Puo | + CE(uo)
< Clluolly, + llEuo]®),

which gives [ZZ4]). This completes the proof of Lemma EL6l O

Proof of time-decay rates in Theorem [Tk For simplicity, let us denote
Ko = lluollrx, + luollzy, 30 = luollmy, + ull. (4.25)

Notice that K is finite and dp can be arbitrarily small thanks to the assumptions of Theorem [l In
order to get the time decay of the total temporal energy in ([CIH), we define

Eo(t) = sup (14 8)2&(u(s)).

0<s<t

Thus, to prove [CIH), it suffices to prove that £ (¢) is uniformly bounded in time. In fact, combining

EZD) and EZA) gives

u(t)||> < CKE(1+1t)"% + 053/0 (1+t—s)"2E(u(s))ds

osi T < /
0

t
<CK21+1t)"% +C’5§500(t)/ (1+t—s)"2(1+s) %ds
0

2

-

(1+t—s)" % [5(u(s)]%+fds)

2
2_2¢

+O5F [En (D)3 </Ot(1 +t—s) T (1+ s)%%fds> , (4.26)
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where 0 < € < 1/3 is a constant. Since n > 3 holds, one has

t
/ (1+t—s)"2(1+s)"2ds <C(1+1)" %,
0

n_n

t
/ (I+t—s)"i(1+s) 3 2ds<C(1+1t)" 1,
0

where n/2 > 1 and n/3 + ne/2 > max{1,n/4} were used. Then, it follows from [EZH) that

(@) < € { K3 + 836 (t) + C3F 0]} (14 0)7%, (a.27)
Notice that [I8) implies
%5@(75)) + A& (u(t) < Cllu(®)]*. (4.28)

By the Gronwall inequality, it follows from E21) and {28) that

t

E(u(t)) < e ME(ug) + 0/0 e M9 |u(s)|ds
< C{KE +638(t) + O35 (e} (14175,
for any ¢ > 0. In fact £ (t) is nondecreasing in time. Then, it holds
Enolt) < CKZ + O3 (t) + C6¢ [En(t)]) 3,
for any ¢ > 0. Since &y in [ZZH) is small enough, one has
Enclt) < CKZ + 083 > [Ena(D)]3F,
for any t > 0. Again using the smallness of §p and 2/3 — 2e > 0, one further has
sup £ (t) < CKE.

t>0

Thus, the uniform boundness of £ (t) is obtained and hence ([LIH) is proved. This completes the proof
of time decay rates in Theorem [[T] and thus the proof of the whole Theorem [T

A Proofs of uniform a priori estimates

A.1 A priori estimates: Microscopic dissipation

In the first part of this appendix, we shall prove Lemmas E1l and which are related to the
microscopic dissipation rate. As a preparation, we first obtain a lemma about some estimate on the
nonlinear term.

Lemma A.1. it holds

[(T(u, v), w)|
< ClU (@, b")| ({I = Pofy + |(a”,6°)]) (T = P}Yuwl, + [(a®,0)]), (A1)

for some constant C depending only on n.
Proof. Recall the definition [ZI3)) of I'(u,v). One has
(T(u,v),w) = U*a" ((Lpp{I—P}lv, {I— Plw) — (P1v, P1w))
+%U*b“ (&, {I-Plv+Po){I-Plw + Puw)). (A.2)

Then, (A follows by applying integration by parts and Holder inequality to ([Al). O
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Proof of Lemma HJk From [I2), the zero-order energy estimate over R? x RE gives

Gl = [ Qs = [ (0w, (A3)
2 dt Rn R3
To estimate the nonlinear term on the r.h.s., let us define
I(uyv,w) = T(u,v),w),

where T'(+,-) means the bilinear operator given in [ZI3). Notice that I(u;v,w) can be written as the
summation of two terms:
I(u;v,w) = I (u;v,w) + Tz (u; v, w),

where as in ([A2), from the macro-micro decomposition ([I0), I, o are defined by
L (w3 v,w) = U a*(Lp{L - Pho, {1 — Phu)
Jr%U x 0" (£ {T - Plo{I-Plw
+{I - P}vPw+ Pv{I - P}w),
L(u;v,w) = =U * a“(Pyv, Pyw) + %U *b" - (£, PvPuw).

One can further simplify the form of Ir(u;v,w) in terms of the coefficients of Pv and Pw. In fact, it
holds

(Pyv, Pw) :/ b - EbY - EMdE = bV - bV,
and
&, PoPw) = [ &(a”+b" - VM)(a¥ +b¥ - VM)dE = a’b® + a”b".
RW,

Then, it follows that
L(u;v,w) = =U % a"b” - b + %U b - (a"b" 4+ a"b").
Next, we estimate the nonlinear term
(T(u,w),u) = I (u;u, u) + Io(u; u, uw). (A4)
For I (u;u,u), one has
/R I (u;u,u d:cf/ U xa"(Lpp{I — P}u,{I — P}u)dx
Jr/ Uxb" - (£, Pu{l — Plu)dzx
+% / Uxb"- (& {I-Plul*)dx
The terms on the r.h.s are estimated as
/ U a“(Lpp{I — P}u,{I — Plu)dx

< ||U*a“HL;e/ (e {T - Pu, {T— Plu)|de

< Clla"|| e [T = Pull,
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/U*b”-(g,Pu{I—P}u)dat

< [0 b Pz - T = Pullzdo

<C [ b (el D - M= Pl o
< (@ b)) 2 10" = 1 {T — Pl

and

1
/ Uxb*- (&, {1 - Plu>)dz < 5/ U % 6| - {I - P}ulida
R™ R~

1 U
< S8 {1 = P2

N =

Then, it follows that

[ (i wds < Clla = {1 - P
+C(@ )2 1022 L - P,

518 e 1T~ P2 (A5)
For I5(u;wu,u) one has
/ Ir(u;u,u)de = / —U *a"|b")? + U % b" - a"b"dx
[ Ula = sha@p )6 @) - b)) dody
R™ xR"™
== [ Ul =y @@ - ) Paedy
[ U=yt @ (@) 0 (@) () dady

Since

[ Ula—sha @) @) = b )Py < o T

and

[ vl e @p @) @) - v (w)dsdy
R7 xR™

5
s[// U1z — y))?|a*(2)b" (z) Pdzdy| || Tab"|lu
R xR"
< a6 L2 Tab o,

it follows that
/ I(u; u, w)de < [la¥|| e [ Tab" ([ + [|a*"|| 2 [ Tab®[|v- (A.6)

Plugging estimates [(AJ)) and ([AG) into (A3) and using the coercivity inequality ) of —L, we obtain
(E2). This completes the proof of Lemma BTl

Proof of Lemma Let 1 < |a] < N. Notice that although A is nonlocal in z,

8§Au=8§‘(U*pEmu§\/M) :U*pgmaaug\/M:Aagu (A?)
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and hence
OyLu = 0y Lppu+ 09 Au = Lpp0Su + A05u = LoSu

holds. Then, from {ZIZ), the energy estimate on 9%u over R x R? gives

1iH@;‘u(t)HQf/ (L8§‘u,8§u>:/ (09T (u, w), Ogu)ydx
2 dt ™ "
+> c / (—U 92~ b* - Ved u, 0%u)du. (A8)
a’'<a R™

Next we estimate each term on the r.h.s. of [(AF). Similar to ([(AZ), from Lemma [ATJ] we obtain

/ (09T (u, u), 0 uyda = C / (T(8% 1, 82~ w), 00u)da < Cly. o,

(X’SO( R™

where
ot :/ U 05 (a*,0")] - ({T = P}OZ™" uly + 0777 (a®,0%)])
- ({T =P} ul, + 107 (a",0%) ) d.
When |o/| > [n/2] + 1 or &/ = «a, one has
Taor < ||U 05" (0", 5")[| 2 (T = P} ull, + 1195 (@, b*)]] 2)
X (sup {1 — P}OR ™ ul, +sup |07~ (a",b")]).
x xT
By the Sobolev inequality [|g[|ze < C[|Vigl| ;2 for n >3 and g = g(x), it further holds that

sup [{I — P}@g_“luﬁ
x

— sup / V(T — PO ul® 1+ v()|{T - P}O° ul?de

x

< [ IVelT =PI ull s + (€T~ POl

<C ; VeVl — PO U||§{Ln/21 + (I - P}V,0; ™ U||§{g[tn/21df

<c Y {1-Pogul?,

1<|e/|[SN
and similarly

sup |92 (a",b*)| < C[| Vo 05~ (@*,0") | st < Ol V(@™ 5%)|| v+

Il o
Hence it follows that
Lnar < C|[Va(a" b gy | D 19T = PYull} + [|Vala®,b") | 7x -1 | - (A.9)
1<|a’|<N
When |o/| < [n/2] and o/ < a, one obtains similarly that
Loor < sup U+ 07 (a,6)| - (L= PYOT ™ ully + 1102 (0,6 122)
(I{T = P}ozull, + 1107 (a*, b*) || 2)-
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A further bound also holds for the r.h.s. of ([AJ) since

sup [U % 02 (a", b")] < sup 99 (a",0")] < C[[Va(a, b") || -
x x
For the second term on the r.h.s. of [(AR), by using the same proof as for I, o/, one has

> ey / (U %02~ b* . V0% u, 0%u)da
a'<a R

<O X [ o Ve ul poul pda

o' <«

< C|| Vb || g1 S Ve ul? + |05 ul?
1<|e/|[<N -1
<OV gy D 02 Ve{I - Phul?

1<]a/|<N-1
FOIVab v |0 1102 AT~ Pull? 4 [V (a0
1<|o/|<N

Putting all the above estimates into ([A8), taking summation over 1 < |o| < N and using the coercivity
inequality Z3) of —L yields ([3)). This completes the proof of Lemma

Proof of Lemma 3} Fix k& with 1 <k < N, and choose «, 8 with || = k and |a| + || < N. From
[ET), the energy estimate on 8;?‘85 u over Ry x RY gives

Ldoays 2 a 53 a8 :

5%”61 AT = PYul® — [ (Lppdf 0 {T - Phu, 050/ {1 - Phuydz = > I, (A.10)

R" i=1

where I; (1 <i <7) take the form of
I = / (—02[07 € - V{1 — Phu, 0207 {1 — Phu)d,

b= | (02107 ~I€P1{1 - P}u. 020} {1 - Phu)da.
R

and

=) Cq / (—U % 027" Vedy O{1 — Phu, 020/ {1 - Plu)da,

a’'<a R
I = / (0 0¢T (u, {1~ P}u), 070, {1 — P}u)de,
]Rn
1

= [ (0800(U +b" (€. Plu). 5200 {1 ~ Pl

and

Ig = / (020fP (& VoI —Phu+ U 0" - Ve{I — Phu), 059, {1 — P}u)dz,
Rn
I; = / (—020 {1 —PHE - VoPu+ U+ b" - VePu), 059, {1 — Phu)da.
Here, the commutator in I follows from

(07, Lep] = [0, Ae] + (97, i(%* €17)] = [0, —1€P°). (A.11)
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Next, we estimate each term I; (1 <4 < 7). For I; and I, one has
I < 0|02 02{T = Phull* + Cs[|[97, & - V]9 {T — P}ul®
<O0g0I—PYu® +Cs > [[09V{I - Plul

la] <N~k

+X{2<k<N}Cs Z Hai-“@f{l —P}ul?,
1<|8|<k—1
laf+[BI<N

and
I < 6|05 {1 — Pul|® + Cs[[97, - [¢1*)05{T — Plul®

<000 {T—Phu?+Cs Y [02{I—Pulf?
lo|<N—k

+xgeskemyCs Y, 0892 {1—Plull,
1<|B|<k—1
el +8]<N
where § > 0 is arbitrary, to be chosen later. For I3 and I, similar to the proof of (A, it holds
<O Y [ e or e [ Veor 0T~ Pl 080T ~ Phulzdo

o' <o
SOV gy Y (10897 {1 - Phu?,
[a/|+]B/|<N

and
<CY /R U % 026" |- 119 (6, P105 w)l| 21105 0¢ T — Pul| p2da
Ot'SOt n

<C Z / U 02~ b"| - |02 (a®, b")| - ||8§8§{I - P}u||L§da:

a’'<a

< Oll@", o) ey (Va0 31 + 1050 {T = Pul).

2
1%
For Is and I7, it follows in the same way that

Is < 80501~ Phull + C5 Y V.05 {1 Phulf?
lo/|<N—k

OB gy Y 108702 {1 - Phul?,
la’[+]B"|<N

and
I < 8]1020 {1 — Pul|* + C5|| Vo (a™, b))

HY -k
+Cl (@, ") [ (V@™ b 12w 1 + 02041 — Pul]?).

2
2,
Now, it remains to estimate Iy. To this extent, one can use the identity

u 1 U

agf(u,v) = F(u,@?v) +U=xa [ag,LFp]v + §U * b - [85,5]1}
u 1 U
= D(u,000) + U x @', —[§PJo + 5U % 8" - [0 o,

where ([ATI)) was used again. Then, Iy can be rewritten as

Iy =141 + Iy,

37
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with
I = /]R (03T (u, 0 {1 — Pu), 02001 — Plu)da
Tis = / (02 (U % a[0f, —|€P}{I — P}u), 0207 {1 — Phu)da
+ / <6§(%U £ b 02, {1 — Phu), 02001 — Pu)da

Similarly to the bound on I3, I4 2 can be controlled by
Lo < Cl@ b lgy > (10207 {T—P}ul2.
la/|+]B|<N
For I 1, it follows from Lemma [A] that
=Y c / T(02="u, 02’ 00 {1 — Phu), 0202 {T — Phu)da

o' <a

<cC Z/ U * (a(05=" ), b0~ u))|

a'<a
% [{T = P}OT 0T — Plul, + [((07 0 {1~ PYu), b(@ 0 {1~ Phu))]]
x[{I = P} o AT — Phul, + |(a(07 9/ {T — P}u), b3/ {1 — P}u))||dz
where a(w) = a®, b(w) = b™ for any w. For any ', 3, one can use the properties
a(05'u) = 05", |a(0% 0 {1~ Phu)| < C|l0g {1~ Phul| 13,
and similarly for b. Then, it further holds that

I42<C’Z/ |U % 99~ o (a",b")]

a’'<a
x({I—P}o2 {1 — Phul, + 95 {1 - Pul2)
x({T = PYogo (I — Phul, + |05{I — Pul 12)de

< Oll(@ 0" lay Y 1059 {1 Phully.
|| +187 <N

Finally, using the coercivity inequality 4] of —Lpp, the second term on the L.h.s. of [ATIl)satisfies the
low bound

- / (Lpp0g 0 {1 — Plu, 020 {1 — Plu)dx

> Ao

{I— Po}ogo {1 — Plul?
> %Hagaf{l = Plull} — 0| Pod 0 {1~ Plull;
> 20 g0 {1 — PYull? — €5 {1 - Pul”

Finally, plugging all the above estimates into ([AI0), taking summation over {|3| = k, |a| +|3] < N} and
then choosing a properly small § > 0 yields [8). This completes the proof of Lemma

A.2 A priori estimates: Macroscopic dissipation

In this second part of the appendix, we shall prove Lemma EZl for the macroscopic dissipation which
plays a key role in the proof of global existence. We first prove estimates on the space derivatives of
A;; (1) and A;;(r) in the following
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Lemma A.2. Let l,r be given by ID) and EIF) respectively. it holds

> 08 A <C D 09T - Phul?, (A.12)
o <N -1 la|<N
> 05 AG(P)lle < CIVa(a®, 0l yy— > 1105{T = Plull, (A.13)
la|<N-1 lal<N

for some constant C' depending only on n, where the moment function A;;(-), 1 <i,5 <n, are defined

by @20).
Proof. For any «, integration by parts yields straightforwardly
|07 A (D] = A5 (021)]
= (&€& — DVM, =€ V207 {T = Plu+ Lpp07 {1 — Plu)|
< [(=€(&& — DVM, V.05 {1 = Phu)| + [(Lee (&5 — 1JVM), 05 {1 - Plu)
< ll6(&€ — DV Vo0 {1~ Pl 2
+ILrp([&&; — 1]\/M)||L§||6§{I — Plullr:
< O V208~ Phul 1z + 021 - Phull2).

The exponential decay in ¢ for M was used above. Thus, [(AI2) follows by further taking L2-norm and
then summation over |o| < N — 1. For A;;(n), one has

95 Aij(r) = Ay (03r)
= (&€& — VM, 02[U * a"Lpp{I — P}u]
+%U* b (T — Phu— U s b" - Ve{I — Pu))

=Y C9((&E — DYMLU 0 a"Lppdy {1— Phu

o' <a

]_ ’ ’ ’ ’
+§U 097 EOS{I—Pru— U« 057 b* - V05 {1 —Plu),
which from integration by parts gives

05 Ais(r) = 3 O { L[ — 1IVM), U « 02 a0’ {T - P}u)

o' <a
+<%€(€i€j — )VM, U * 92492 {T — P}u)

 (Vel(g — VM), U = 92002 {1- Phu) |
Thus, it follows from the Holder inequality that

05 Ay ()] < C Y7 |U 07~ (a",0")] - 95 {T = Phul| 2

o' <a

for any o Hence, similarly as before, (A1) follows by taking further L2-norm, applying the Young and
Sobolev inequalities and then taking summation over |a| < N — 1. This completes the proof of Lemma

O

Proof of Lemma HZk Recall the equations (Z2I))-Z2d) satisfied by (a*,b") and the parabolic-type
equation ([ZZ0) derived from ([Z23)-(EZ4). We begin with the estimate on b* from ZZZ) and Z2H). Let
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la] < N —1. It follows from (Z2H) that

L 0a[3 0, 4u({1 - Phu) — 3 0 ({1 - Phu))oSbida + /]R V.02 da

R i#]
_ / 021" 0 A ({1 = Phu) — 3 0 Ay ({1 — PYu)]osa,btda
" iy i

+ / 03(3" 0;(U % bUb) — 37 0,(U + b + U % bUb2)]02bYdas

+/ 03[2 9;Aii(l+n) — Z 9iAij (1 +n)|og b dx
T iy i
=1+ I+ I3, (A.14)

where I;, i = 1,2, 3, denote the corresponding terms on the r.h.s., respectively. For I3, it holds
w C
I < M|Va0gbi 7 + < > (10545 (D172 + 105 A (n)][72),
ij

where 0 < A <1 is a constant to be chosen later. For Io, similarly one has

I < N|VR02bY[72 + ~ Z 102 (U # bYb) |7 2

< AIV2076717: + 5 Z DR L A

ij o<«
a2 c w2 w2
< NIVLB28 35 + S 10y Va2,

where the Young and Sobolev inequalities were used. For I7, one can use ([ZZ2) to rewrite it as
h= [ 03 0T~ Phu) — 3" 05 (1~ Phu)
n oy ;
0% [—0;a" + (U x b} —b}) — (U xa"b} — U * bj'a")
+ Z 9;Ai; ({1 — Pu)]dz
J

Then, it holds
o U C (67
I < 8| V.03 af|l7s + 5 > A (Vo 05{T = Plu)| 72
ij

U C (63
PNV 3 + S D 145 (95 {T — Phu) 3
i

+H|0g (U * a"by = U s bia*)|[72 + C Y [|Ay (Va05 {T = Phu)|7s,
j
where 0 < § < 1 is a constant to be also determined later, and again from the Young and Sobolev

inequalities, one has

107 (U * a"bi" = U = bj'a")| 2 < C||(a",0")|| gy |V (a™, b)[| -1
Thus, it follows that
I < AV, 0204 12 + 01V, 0%a" 2

+Cl(@" o) v [V l(a® 6" 31+ Cos D 10541 = Plull®.
lal<N
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By plugging the above estimates on I;, Ir and I3 into [AId), taking summation over |a] < N — 1,
1 < j <n and then choosing 0 < A <1 properly small, one has

Dend (ult) + 5V

free

< 8| Vaa | Fw—s + Cs Y (105 {1 - Phulf?

jal<N
+Cl(a", b") 1 7x Vo (@, 0") [
+C Y (105 Ai; (D72 + 105 Ay ()] 72), (A.15)
i

where the free energy &7’ Free (u(t)) corresponding to the dissipation of b* is given by

Efn (ult) = Y ZZ/ 11(000:{1 — Phu)0Sbde

la|<N—-1 J i#j

-2 > / i (050 {1 — PYu)0g b} da.

la|<N—-1 ij

Next, we shall obtain the dissipation of ¢* from [ZZII) and @ZZ). Let |o| < N — 1. It follows from

E22) that

d
il OV a - 98 dr + |V, 05 a2,

= [ 9°V.0a"- agb“dx+/ 09V pat - 9% (U # b* — b*)da

Rn

+/ 0% - 9%(U # b a™ — U + a"b")da

=3[ 000,a"020;Ai; ({1 - Plu)dz

=14+ I + Ig + I7, (A.16)

where I;, 4 <1 < 7, denote the corresponding terms on the r.h.s., respectively. From the conservation

law of mass [ZZI), I, is rewritten as

Li=— | 080,a"09V, - b"dz = [0V, - b"|[32.
Rn :

For I5, one can use the general inequality

JRCREEEE \//% Ul = o(b(0) ~ b))t

1/2
[ /I Ule y|>dwdy} ITablle
R» XR”

< llallzz | Tabllr

for a = a(x) and b = b(x) so that it holds
I < SIV205a" 3, + CITa0 7.
For Is and I7, similarly as before, one has
Iy < lnvzaaauniz T OO (U *brat — U a2

<z HV apa"|Zs + Cll(a",0")|3x IVa(a®, b 71,
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and

1 @ U (63
Ir < £lIVa0ga"|[Z: + CY 114y (970;{1— PYu)z

ij
1
< lIVa0Zatzz + V03 {T - Phul”

Putting the above estimates on I; (4 <4 < 7) into [(AIf) and taking summation over || < N — 1 gives

d 1
St (u(t) + 5 IVaat Iy

free
<Vab|3x-1 +C D (ITadgb" |13 + Vo095 {T - Phul®)
la]<N-1
+O[I(a", )7 [V (@, 0%) [ 1 (A.17)

n,a

where the free energy &/,

(u(t)) corresponding to the dissipation of a* is given by

Efrec(u(®) = Y 09V pa" - Ab dx.
la]<N—1"R"

Therefore, @) with £7._.(u(t)) defined by &) follows from taking the proper linear combination

free
of (AIR) and [(AI7) and then choosing a properly small 0 < § < 1. Finally, @3) holds true since one
has

EF ()] < C D7 (|02 =PH + 102 (a", b")[I72)
lal<N

<C Y (1931 - PY* + |02P|?)

la|<N

< CHU(t)H%g(Hg)-

This completes the proof of Lemma 1
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