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C hap ter 1

SOME BASIC DEFINITIONS AND THE STATEMENT OF THE MAIN RESULT

§ 1 .1  The S ta te m e n t o f  th e  M ain R e s u l t

We s h a l l  assume th e  r e a d e r  i s  f a m i l i a r  w ith  th e  b a s ic  te rm s and 

d e f i n i t i o n s  and n o ta t io n  o f  g ra p h  th e o r y .  An em bedding o f  a  g rap h  G 

in to  a  s u r fa c e  M, G c  M, i s  a  r e a l i z a t i o n  o f  a  ham eam orphic image 

o f  G a s  a  subspace  o f  M. A g rap h  G i s  i r r e d u c ib l e  f o r  a  s u r fa c e  

M p ro v id e d  th e r e  does n o t  e x i s t  an em bedding o f  G i n  M, d en o ted  

G ^  M b u t  f o r  any  p ro p e r  su b g rap h  H G, H <= M. I r r e d u c ib le  g rap h s 

a re  th e  s m a l le s t  (w ith  r e s p e c t  to  in c lu s io n )  g ra p h s  w hich  f a i l  to  embed 

on a  g iv e n  s u r f a c e .  L e t l(M ) d e n o te  th e  s e t  o f  homecmorphy c la s s e s  

o f  i r r e d u c ib l e  g rap h s  f o r  th e  s u r fa c e  M.

The r e a l  p r o j e c t iv e  p la n e , P , i s  d e f in e d  a s  th e  o r b i t  space o f  

th e  a n t ip o d a l  in v o lu t io n  on th e  tw o -sp h e re . P can  a l s o  be d e s c r ib e d  

a s  th e  n o n o r ie n ta b le  s u r fa c e  o f  genus 1 . The m ain  r e s u l t  o f  t h i s  p a p e r  

w i l l  be  to  l i s t  th e  s e t  o f  a l l  i r r e d u c ib l e  g rap h s f o r  th e  p r o j e c t iv e  

p l a n e .

Theorem 1 . 1 . l ( P )  i s  th e  s e t  o f  103 g rap h s  l i s t e d  in  th e  

a p p en d ix .

1



The p ro o f  o f  t h i s  th eo rem  i s  i n  §1.^+. T h is  theorem  i s  s im i la r  

i n  n a tu r e  to  K u ra to w sk i’ s theorem  [ 7 ] w hich s t a t e s

G lo v er, Huneke, and Wang [ 5] have shown t h a t  th e  103 g rap h s  i n  

th e  ap p en d ix  a re  d i s t i n c t ,  i r r e d u c ib l e  g rap h s  f o r  th e  r e a l  p r o je c t iv e  

p la n e .  Thus to  p ro v e  theo rem  1 .1  i t  s u f f i c e s  to  show t h i s  l i s t  i s  

co m p le te , i . e . ,  i t  c o n ta in s  a l l  i r r e d u c ib l e  g rap h s  f o r  P .

G lover and  Huneke have shown [ 3 ] t h a t  j l ( P ) |  i s  f i n i t e  b u t  

t h e i r  bound i s  r a t h e r  l a r g e  compared to  th e  number 103  o f  theo rem

1 .1 .  A no ther p r e c u r s o r  t o  th eo rem  1 .1  i s  th e  d e te rm in a t io n  o f  th e  

cu b ic  g rap h s  i n  l ( P ) ,  [ ^ ] , [ 8 ] .

The r e a d e r  sh o u ld  n o te  th e  g rap h s  o f  ap p en d ix  A a re  i n d iv id u a l ly  

named u s in g  a  l e t t e r  betw een  A and G and a  n u m e ric a l s u b s c r ip t .  

The g rap h s  named w ith  l e t t e r  A a l l  have B e t t i  number 12 , th e  

g rap h s  w ith  l e t t e r  B have B e t t i  number 11 , and so f o r t h .

W ith in  each  l e t t e r  c l a s s  th e  g rap h s a re  o rd e re d  by  th e  n u m e ric a l 

s u b s c r ip t s  i n  a  m anner c o n s i s te n t  w ith  th e  d e c re a s in g  le x ic o g ra p h ic  

o rd e r in g  on th e  v e r te x  v a le n c y  seq u en ces .

w here HR2 d e n o te s  th e  r e a l  e u c lid e a n  p la n e



§1 .2  The Topology o f  th e  P r o je c t iv e  P lan e

A sim p le  c y c le  C i n  P i s  c a l l e d  e s s e n t i a l  (d en o ted ' 'f' * ) i f  

th e  to p o lo g ic a l  com plem ent o f  C i n  P (d en o ted  P /c )  i s  co n n ec te d , 

and i s  c a l l e d  n u l l  (d en o ted  ““ * )  o th e rw is e . The fu n d am en ta l group  

o f  P i s  Z g .  E s s e n t i a l  c y c le s  c o rre sp o n d  to  th e  n o n zero  e lem en t in  

SZg, w h ile  n u l l  c y c le s  c o rre sp o n d  t o  0 . The fo llo w in g  i s  a w e l l  

known theorem  o f  to p o lo g y .

Lemma 1 . 2 . Any two e s s e n t i a l  c y c le s  i n  P m ust i n t e r s e c t  each  

o t h e r .

P r o o f . See ( [5 ] ,  lemma 2 . 2 ) .

□

The s t a r  o f  a  v e r t e x ,  s t ( v ) ,  i s  th e  v e r te x  v  to g e th e r  w ith  th e  

i n t e r i o r s  o f  a l l  ed g es  in c id e n t  w ith  v .  The c lo s e d  s t a r  o f  v ,  s t ( v ) ,  

i s  th e  to p o lo g ic a l  c lo s u r e  o f  s t ( v )  i n  G, i . e . ,  s t ( v )  = s t(v )U  

a l l  v e r t i c e s  o f  d is ta n c e  1 from  v .  The p re c e e d in g  two te rm s s h a l l  

a l s o  be a p p l ie d  t o  a r b i t r a r y  sub g rap h s o f  G.

A su b g rap h  K o f  a  g rap h  G w i l l  be c a l l e d  a  k -g ra p h  i f  th e r e  

e x i s t  a  g ra p h  L o f  G, K c  l c  g .

Such t h a t

1 ) o r  K w 1̂  ^ (** d e n o te s  hcm ecm orphism ),

2 )  L \s t(K )  i s  c o n n e c te d , and

3) the q u o tien t space or -  K ,.



h

F ig u re  1 .1

F ig u re  1 .1  i l l u s t r a t e s  th e  homeamorphy ty p e s  o f  k -g ra p h s .  The 

s o l i d  l i n e s  a r e  K, w h ile  th e  d o t te d  l i n e s  r e p r e s e n t  m in im al r e p r e s e n 

t a t i o n s  o f  l \K .  A k -g ra p h  hcm ecm orphic t o  a  ^ 3  w ith  b i p a r t i t i o n

s e t s  f a , b , c ] ,  fx ,y }  w i l l  be  c a l l e d  a  k^, ,  and d en o ted  ( x  y  ) .
c-)-> a  b c

S im i la r ly  a  k -g ra p h  hcm eom orphic t o  a  on v e r t i c e s  ( a , b , c , d )

* s. *bw i l l  be  c a l l e d  a  k ^  and d e n o te d  (c ^ ) • A 3 g ra p h  w ith

v e r t e x  s e t  ( a , b , c )  U { x ,y , z} w i l l  be  d e n o ted  (a  ^  C)x  y  z

Lemma 1 . 3 . I f  K i s  a  k -g ra p h  o f  G and i :  G c  P i s  an 

em bedding o f  G th e n  th e r e  e x i s t s  a  c y c le  C o f  K su ch  t h a t  

i ( C )  i s  e s s e n t i a l .

P ro o f :  See (GHW [ 5 ] ,  lemma 2 . 5 ) .

□



§ 1 .3  Two P a r t i a l  O rd e rin g s  f o r  l ( P )

L et v  be  a  v e r te x  o f  a  g rap h  G, and l a b e l  th e  n  d i s t i n c t  

v e r t i c e s  a d ja c e n t  to  v  by  1 ,2 ,3 ,  • • • > j+ l>  • • Prom G we can

c o n s t r u c t  a  new g ra p h , Sv (G ), by  a  p ro c e s s  c a l l e d  s p l i t t i n g  a

v e r t e x .  S^CG) i s  form ed by  rem oving  s t ( v )  from  G, a d d in g  two

new v e r t i c e s  v , v '  and an  edge e jo in in g  them , and a d d in g  in  

edges j o in in g  1 ,2 ,  . . . , j  t o  v  and j+ 1 , . . . , n  t o  v ' . More 

s p e c i f i c a l l y  we s h a l l  d en o te  th e  r e s u l t i n g  g rap h  S /_ . -v (G ).
V  • \ ± ,  • • • , J  )

The r e v e r s e  o f  t h i s  o p e r a t io n ,  c o n t r a c t in g  an ed g e , w i l l  be d en o ted
Q,

b y  — . We n o te  c o n t r a c t in g  an  edge i s  th e  same a s  to p o lo g ic a l ly

be c o n s tr u c te d  from  K,_ b y  s p l i t t i n g  a  v e r te x  and d e l e t i n g  two e d g e s .

F ig u re  1 .2
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Lemma 1 . 4 . I f  G<  ̂ M th e n  Sv ( G ) ^  M.

P r o o f . See GHW ( [ 5 ]  ̂ lemma 0 .2 ) .
□

Thus Sv (G) m ust c o n ta in  some G' € l(M ) i f  G € l(M ). We 

s h a l l  say  G' i s  an e le m e n ta ry  d e r iv a t io n  o f  G, and d e n o te  t h i s  by  

G >  G*. N ote G' i s  c o n s t r u c te d  frcm  G by  s p l i t t i n g  a  v e r te x  and 

d e l e t i n g  a  s e t  ( p o s s ib ly  em pty) o f  e d g e s . We s h a l l  c o n s id e r  th e  

r e f l e x i v e ,  t r a n s i t i v e  r e l a t i o n ,  a l s o  d e n o ted  > , on l(M ) g e n e ra te d  

b y  e le m e n ta ry  d e r iv a t io n s .

Lemma 1 . 5 . ( l(M ) ,> )  i s  a  p a r t i a l l y  o rd e re d  s e t .

P r o o f . By d e f i n i t i o n  i t  i s  r e f l e x i v e  and  t r a n s i t i v e .  I t  rem a in s

to  show th e  r e l a t i o n  i s  a n tis y m m e tr ic .  C o n sid e r th e  f u n c t io n  a  

a s s ig n in g  to  each  g ra p h  i t s  v a le n c y  seq u e n c e . P a r t i a l l y  o rd e r  th e  

v a le n c y  seq u en ces  l e x ic o g r a p h i c a l ly ,  and a l s o  d e n o te  t h i s  o rd e r in g  

b y  > .  The f u n c t io n  a  i s  o rd e r  p r e s e r v in g ,  i . e . ,

G >  G* =» o'(G) > a ( G ’ ) .  S in ce  th e  ra n g e  i s  a n tisy m m e tr ic  th e  domain

i s  a l s o .

□

F o r a  g iv e n  s u r f a c e  £  l e t  

e le m e n ts  in  ( l ( I ) , > ) .

d e n o te  th e  s e t  o f  m axim al
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Theorem 7 . 1 . ^ ( P )  = [A p A ^ B ^ B p D  }.

P r o o f .  See c h a p te r  7»

Maximal g rap h s  a r e  o f  i n t e r e s t  b ecau se  by  a  sequence o f  v e r te x  

s p l i t t i n g s  and edge d e le t io n s  we can g e n e r a te  l a r g e  num bers o f  

i r r e d u c ib l e  g rap h s  from  A p ) .  However i t  sh o u ld  be n o te d  t h a t  

t h i s  p ro c e s s  i s  e x tre m e ly  te d io u s .  F in d in g  e ac h  o f  th e  p o s s ib ly  

many i r r e d u c ib l e  g ra p h s  c o n ta in e d  i n  any p a r t i c u l a r  Sv (G) may 

in v o lv e  th e  d e le t io n  o f  s e v e r a l  e d g e s . A lso  f o r  a  g iv e n  G € l ( P )  

many d i f f e r e n t  v e r te x  s p l i t t i n g s  a r e  p o s s i b l e .  G lo v e r, Huneke, and 

Wang have announced [ 6 ] t h a t  th e  103 g rap h s  o f  ap p en d ix  A a re  

th e  e n t i r e  s e t  o f  g ra p h s  d e r iv a b le  from  th e  5 m axim al g ra p h s . To 

a v o id  th e  d i f f i c u l t y  o f  t h i s  check  we s h a l l  u s e  a  c o u rs e r  p a r t i a l  

o rd e r in g  ( s u b o rd e r in g )  i n  w hich  th e  ty p e  o f  edge d e le t io n s  a llo w ed  

a re  e x p l i c i t l y  s t a t e d .  F o r t h i s  we need  th e  fo l lo w in g  lemma.

lemma 1 . 6 . L e t M be a  s u r fa c e  and l e t  G be a  g ra p h . L e t v  

be a c u b ic  v e r te x  in  G a d ja c e n t  t o  v e r t i c e s  a ,b .  I f  G c  M th e n  

G U ( a ,b )  c  M.

P r o o f . (From [ 5 ] )  G C M w ith  a  l o c a l  

n e ig h b o rh o o d  o f  v  a s  in  f ig u r e  1 .3 .  As 

shown in  t h a t  f i g u r e  we may e x ten d  Gc  M 

to  G U ( a ,b )  C M . □

ba
F ig u re  1 .3



L et G, G* € l ( P ) ,  G* c: Sv (G) f o r  some v e r te x  v .  We s h a l l  s ay  

G1 i s  an  e le m e n ta ry  *  -  d e r iv a t io n  o f  G, G ^  G’ , p ro v id e d :

l )  b o th  G,G' do n o t c o n ta in  d i s j o i n t  k -g ra p h s , and

e € E(Sv (G )\G ')  e i s  i n  a  3 - c y c le  o p p o s ite  one o f  th e  two 

new v e r t i c e s  c r e a te d  in  th e  s p l i t t i n g ,  s a id  v e r te x  b e in g  

v a le n c y  3 in  Sv (G ); 

o r  2 )  b o th  G, G’ c o n ta in  d i s j o i n t  k -g ra p h s , and w ith

G* = Sv (G ), and e i t h e r :

a )  v  i s  d i s j o i n t  from  (K^ U K ^),

b )  v  € and th e  b i p a r t i t i o n  o f  edges in c id e n t  w ith  v  in

th e  s p l i t t i n g  i s  { th e  edges o f  IC ) , {edges n o t  i n  K^},

o r  c )  v  6 K. = k0  - w i th  v  one o f  th e  v a le n c y  2  v e r t i c e s ,
i  2 ,3

The r e a d e r  i s  r e f e r r e d  to  f ig u r e  1 .4  f o r  some i l l u s t r a t i o n s  o f  

e le m e n ta ry  * -  d e r i v a t i o n s .
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* * *  X) S4 : ( 0 ,2 ,6 )  -  d ' 5 )

^  S a )  Sr = ( 5 ,6 ,7 )

^  1} S2  = (3 , 6 )

IySe S0 : ( l ,2 )  -  t <1.2),(3,4)}

Type 2 b ) S
0 : ( 1 ,2 ,3 )

Type 2 c )  S0 . ( l# 8 )

F ig u re  1 .^



1 0

We s h a l l  c o n s id e r  th e  r e f l e x i v e  t r a n s i t i v e  r e l a t i o n ,  a l s o  d en o ted  

g e n e ra te d  by  e le m e n ta ry  * - d e r i v a t i o n s . Note G ^  G' im p lie s  

G >  G1 so i t  fo llo w s  from  lemma 1 .5  t h a t  |  i s  a  p a r t i a l  o rd e r in g .  

L e t I* (P )  d en o te  th e  s e t  o f  m axim al e lem en ts  in  ( l ( P ) , ^ ) .

L et G,GT € l ( P ) ,  G' c  Sv (G ). D efin e  an  e le m e n ta ry  S - d e r iv a t io n ,

G — G’ , i f  G' = S (G ). A gain  l e t  — a l s o  d e n o te  th e  r e f l e x iv es y  g

t r a n s i t i v e  p a r t i a l  o rd e r in g  g e n e ra te d  by  e le m e n ta ry  S - d e r iv a t io n s .  

Maximal e lem en ts  in  ( l ( P ) , ^ )  w i l l  be  c a l l e d  s o u r c e s . S ou rces a re  

o f te n  c a l l e d  m in im al m in o rs  i n  th e  l i t e r a t u r e .  M inim al e lem en ts  i n  

( l ( P ) , ^ )  w i l l  be  c a l l e d  s in k s .  F i n a l l y  c o n s id e r  th e  p a r t i a l l y
S.............................................................. .....

o rd e re d  s e t  ( l ( P ) ,—  ) w here = -■ fl — . Maximal e lem en ts  in  v '  " s *  s* *  s

t h i s  s e t  w i l l  be c a l l e d  ■* - s o u rc e s , m in im al e lem en ts  -* -  s i n k s . 

Observe a g re e s  w ith  ^  i f  G, G’ c o n ta in  d i s j o i n t  k -g ra p h s ,
S vr *'*

and a g re e s  w ith  — i f  G,G* do n o t  c o n ta in  d i s j o i n t  k -g ra p h s .
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§ 1 .4  An O u tlin e  o f  th e  P ro o f  o f  th e  Main R e s u lt

R e c a l l

Theorem 1 . 1 . l ( P )  i s  th e  s e t  o f  103, g rap h s  l i s t e d  in  th e  

a p p e n d ix .

P r o o f . The 103 g rap h s  o f  th e  ap p en d ix  a re  each  i n  l ( P )  by 

[ 3 ] .  Theorem 1 .7  i d e n t i f i e s  a  s e t  o f  g rap h s  c o n ta in in g  I ^ ( P ) .

Theorem 6 .1  i d e n t i f i e s  th e  103 g rap h s  a s  a l l  th o s e  in  l ( P )  

be low  a  g rap h  i n  th e  s e t  i d e n t i f i e d  by  theorem  1 .7 .  F i n a l l y  we 

n o te  t h a t  G ^  G* =* | v ( g ) |  <  |v ( G ' ) l  shows e ac h  g rap h  i n  l ( P )  i s  

j  t o  a  m axim al g ra p h , i . e . ,  ( l ( P ) , ^  ) d oes n o t  c o n ta in  an i n f i n i t e

c h a in .

Theorem 1 .7  depends on th e  r e s u l t s  in  c h a p te r s  2 ,  3 , 4 , and 5 , 

w h ich  a re  in d e p en d e n t o f  c h a p te r  1 . Theorem 6 .1 ,  and a l l  th e  m a te r i a l

o f  c h a p te r  6 ,  i s  p ro v ed  in d e p en d e n t o f  th e  p re c e e d in g  c h a p te r s .

□

We p o in t  o u t we do n o t  f i n d  a l l  r e l a t i o n s  i n  ( l ( p ) , < ) ,  o r  even  

a l l  r e l a t i o n s  in  ( l ( P ) , ^ ) .  We exam ine o n ly  enough r e l a t i o n s  t o  

g u a ra n te e  r e a c h in g  each  g ra p h  i n  l ( P ) .

L e t G € l ( p )  and l e t  be ^ “Sr a Ph s  G*

ML Hg d en o te  a  one p o in t  u n io n  o f  and w ith  th e  p r o p e r ty

each  EL c o n ta in s  a  c y c le  d i s j o i n t  frcm  ^ . L ikew ise  w r i te



V. Hg i f  Hg c o n ta in s  a  c y c le  d i s j o i n t  frcm  H^. S im i la r ly  

V Hg means c o n ta in s  a  c y c le  d i s j o i n t  from  Hg. Any such

one p o in t  u n io n  w i l l  be c a l l e d  a  wedge p r o d u c t , o r  more s im p ly  a  

w edge.

Theorem 1 . 7 •

El ’ E3’ E6 ’ E8 ’ E9* EH JI El 8 > E19* E20* E22 ’ E26 * E27 ’ E42 ’ F2 yEV  F6 ’ G-* *

P r o o f . Theorem 2 .1  s t a t e s  i f  G € I ^ ( P )  and G c o n ta in s  

d i s j o i n t  k -g ra p h s  th e n  G € { A ^ A ^ B ^ C ^ C g ^ .^ C .^ D ^ D ^ D ^ D ^ D .^ D .^ ,

E1 'E6 ,E8,E9,E11,E19,E2 0 ,E26 ,E27 ,E42,P2 , I V :E,6 ,GJ' Theorem 3 -1 s t a tes  

t h a t  i f  G € i 5 ( p )  and G d oes n o t  c o n ta in  d i s j o i n t  k -g ra p h s  b u t

c o n ta in s  a  wedge o f  k -g ra p h s  th e n  G € fA g,B ^,E gg}. Theorem 4 .1

s t a t e s  t h a t  th e r e  d oes n o t  e x i s t  G € such  t h a t  G c o n ta in s

a c y c le  d i s j o i n t  from  a k -g ra p h  b u t  G d oes n o t  c o n ta in  e i t h e r

d i s j o i n t  o r  a  wedge o f  k -g r a p h s .  Theorem 5*1 s t a t e s  t h a t  i f

G € i j ( p )  and G does n o t  c o n ta in  a  c y c le  d i s j o i n t  from  a k -g ra p h

th e n  G € { E ^ E ^ g } . The p r o o f s  o f  th e s e  th eo rem s w i l l  com plete  th e

p r o o f  o f  theorem  1 .7 .  I t  sh o u ld  be n o te d  th e s e  theorem s g iv e  an

e x h a u s tiv e  l i s t  o f  c a n d id a te s  f o r  m axim al g ra p h s . The a c tu a l  p ro o f

o f  m a x im a lity  fo llo w s  frcm  theorem  6 . 1  w hich  shows no two o f  th e s e

g ra p h s  a re  r e l a t e d  b y  ^  .
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§1  .5  Same D e f in i t io n s

A g rap h  G w i l l  be c a l l e d  p r o j e c t iv e  i f  f f c  p , and n o n p ro je c t iv e  

i f  G<^ P . An edge e o f  a  n o n p ro je c t iv e  g rap h  G i s  r e d u c ib le  

i f  d \e  i s  n o n p r o je c t iv e ,  and i r r e d u c ib l e  o th e rw is e . A 8 -g ra p h  

i s  any  g ra p h  hameamorphic t o  th e  g re e k  l e t t e r  8 ,  i . e . ,  th e  u n io n

o f  two c y c le s  a lo n g  a  common a r c .

G iven a g ra p h  G and a  su b graph  H, a  (G ,H )-b rid g e , B, i s  

d e f in e d  a s  th e  t o p o lo g ic a l  c lo s u r e  o f  a  p a th  component o f  d\H . I f  

(G,H) i s  c l e a r  we s h a l l  r e f e r  t o  a  b r id g e . A b r id g e  may c o n s i s t  o f  

a  s in g le  ed g e , o r  o f  s e v e r a l  v e r t i c e s  and e d g e s . B fl H i s  a  s e t  

o f  v e r t i c e s  c a l l e d  v e r t i c e s  o f  a t ta c h m e n t, a b b re v ia te d  v o a . An 

n -b r id g e  i s  a  b r id g e  w ith  |v o a (B ) | = n .  Two b r id g e s  a r e  e q u iv a le n t  

i f  t h e i r  voa a re  e q u a l .  G iven 9 : H c  P a  r e g io n  D i s  a  component 

o f  p\cp(H). A b r id g e  i s  (cp>D )-a d m is s ib le  i f  t h e r e  e x i s t s  an 

em bedding cp: H U  B C P w ith  9 ^ = 9  and cp(B) cr d .  a  b r id g e  

i s  9 - a d m is s ib le  i f  i t  i s  (9 ,D ) -a d m is s ib le  f o r  seme r e g io n  D, 

and 9 - in a d m i,s s ib le  o th e rw is e .  A b r id g e  i s  9 - t r a n s f e r a b l e  i f  i t  i s  

(9 ,D ) -a d m is s ib le  f o r  more th a n  one r e g io n  D. The p r e f i x  9 -  s h a l l  

be  d ro p p ed  i f  th e  em bedding 9  i s  u n d e rs to o d  from  c o n te x t .  A r e g io n  

D i s  9 -d e a d  i f  th e re  does n o t  e x i s t  a  (9 ,D ) -a d m is s ib le  b r id g e .

The c y c le  bound ing  D i s  9 -d e a d  i f  D i s  9 -d e a d . A subgraph

L c  H i s  dead  i f  th e r e  d oes n o t  e x i s t  a  (G ,H )-b rid g e  w ith  a  voa 

i n  L. L e t C be a  s im p le  c y c le  bounding  a  p la n e r  r e g io n  D. Two

b r id g e s  B-^Bg a re  C-skew i f  th e r e  e x i s t s  voa (B^) UpV-^, and

voa (Bg) Ug,Vg, such  t h a t  u ^ ,U g ,v ^ ,v ^  i s  th e  c y c l i c  o rd e r  on C.
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2Lemma 1 . 8 . L e t C be a  s im p le  c y c le ,  D a  r e g io n  o f  tp: c c  E  . 

L e t be two (cp ,D )-ad m issib le  b r id g e s .  Then U i s

cp (D )-ad m issib le  i f  and o n ly  i f  B1  and B^ a re  n e i t h e r  C-skew 

n o r e q u iv a le n t  3 - b r id g e s .

P r o o f . See [ 1 ] .

□

F ig u re  1 .5  shows ^ w here th e  d o t te d  c i r c l e  i s  t in d e rs to o d

t o  be i d e n t i f i e d  x  = - x .  L ikew ise  in  th e  r i g h t  hand p i c t u r e  th e  

d o t te d  c i r c l e  i s  u n d e rs to o d .

F ig u re  1 .5
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An em bedding G cr P w i l l  a l s o  be c a l l e d  an  u n la b e le d  em bedding. 

I f  G i s  a  la b e le d  g ra p h , i . e . ,  we name th e  v e r t i c e s ,  G C  P w i l l  

be  c a l l e d  a  la b e le d  em bedding. I f  G p o s s e s s e s  symmetry th e r e  

w i l l  be more la b e le d  em beddings t h a t  can  be d i s t in g u is h e d  th a n  

u n la b e le d  em beddings t h a t  can  be d i s t in g u i s h e d .  In  d e s c r ib in g  a 

la b e le d  em bedding we w i l l  o f te n  g iv e  a  p i c t u r e  o f  i t s  r e g io n s ,  a s  in  

f ig u r e  1 . 6 .

o

o

c

a

Two d e s c r ip t i o n s  o f  th e  same la b e le d  em bedding.

F ig u re  1 .6

L et ( a ,b )  be  an  edge o f  H ^  G. I f  v  € V(G), v  € ( a ,b )  we 

s h a l l  d e n o te  v  b y  a b . L ikew ise  a  v e r te x  o f  G in  edge ( a ,a b )
O

o f  H w i l l  be d en o ted  a  b .  H ere ( a ,b )  d e n o te s  th e  i n t e r i o r  o f  

an  edge, [ a ,b ]  w i l l  d e n o te  ( a ,b ) ,  i . e . ,  in c lu d in g  th e  e n d p o in ts .

S im i la r ly  [ a ,b )  d e n o te s  ( a ,b )  U fa } .



C h ap ter 2 

DISJOINT k-GRAPHS

§ 2 .1  The D is jo in t  k -g ra p h  Theorem

Theorem 2 . 1 . L e t G € c o n ta in  d i s j o i n t  k -g r a p h s .  Then

o  6  (A1 ,A5 ,B 3, C j , C£ , Cj, 0 ^ D j j , D j , D g , D jg,D 17, E j , Eg, E g , E ^ , E l g ,

E2 0 ’ E2 6 ’ V Et e ' r 2 ' Fl» 'F6 ' G} ’

P r o o f . Iiemma 2 .^  say s  t h a t  i f  G i s  n o t  c o n n ec ted  th e n  

G £ (A y C 1 -[,E ^p 3. Lemma 2 .5  say s  t h a t  i f  G h a s  a c u t  p o in t  th e n  

G € ( A y C y E ^ .  Lemma 2 . 8  say s  t h a t  i f  G i s  tw o -co n n ec ted  and 

c o n ta in s  d i s j o i n t  k ^ ’s th e n  G € { B y C y D ^ } .  Lemma 2 .1 1  say s  

t h a t  i f  G i s  tw o -co n n ec ted  and c o n ta in s  d i s j o i n t  k -  _ 's  th e nd 9 3
G 6 ( D y D y E y E y E y E1 1 ' E2 6 , E2 7 >F2 , I V F6 'G} • Lenma 2 .1 3  say s  t h a t  

i f  G i s  tw o -co n n ec ted  and c o n ta in s  a  k^ d i s j o i n t  from  a k^ ^ 

th e n  G € f C p,D y D y D .jp ,E .jy E p 0 }. The p ro o f s  o f  th e s e  lemmas w i l l  

ccm p le te  th e  p ro o f  o f  t h i s  theo rem .

□

Lemma 2 . 2 . L e t G 6 and l e t  e = (x ,y )  he an edge o f

G w ith  e n d p o in ts  x  and y .  I f

16
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l )  G does n o t c o n ta in  d i s j o i n t  k -g ra p h s ,

o r 2 )  G c o n ta in s  d i s j o i n t  k -g ra p h s  and and e i t h e r

a )  e i s  e n t i r e l y  c o n ta in e d  in  one open a rc  c o n n e c tin g  cu b ic

v e r t i c e s  o f  k_ _ = K. , i  = 1 o r  2d.} d 1

o r  b )  e i t h e r  [ x ,y )  o r  (x ,y ]  i s  d i s j o i n t  from  (K^ U K ^).

Then -< =  P . e

GP r o o f . L e t G’ = —, and by  way o f  c o n t r a d ic t io n  suppose G1 ^  P . 

G '\ e ’ ^  P f o r  a l l  e '  € E ( G ') by  rem oving  th e  edge c o rre sp o n d in g  

to  e ’ in  G, em bedding, and a p p ly in g  th e  c o n t r a p o s i t iv e  o f  lemma

1 .4  t o  c o n t r a c t  e .  Thus G’ i s  i r r e d u c i b l e ,  b u t  G' ^  G c o n t r a d ic t s  

G m axim al w ith  r e s p e c t  to  ^

□

Lemma 2 . 3 . I f  a  g rap h  G c o n ta in s  two d i s j o i n t  k -g ra p h s  th e n  

G i s  n o n p r o je c t iv e .

P r o o f . By lemma 1 .3  i f  G c  P th e n  each  k -g ra p h  m ust c o n ta in  

an e s s e n t i a l  c y c le .  The k -g ra p h s  b e in g  d i s j o i n t  c o n t r a d ic t s  

lemma 1 .2 .

□

Lemma 2 . 4 . Suppose G € 1* ( p ) I s n°4  c o n n e c te d . Then 

G 6 . ( A ^ C ^ E ^ ) .
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P ro o f . We f i r s t  o b se rv e  each  component m ust be n o n p la n e r  o r 

e l s e  we c o u ld  embed G b y  p la c in g  th e  p la n e r  component C i n  a 

r e g io n  o f  (A cer P . Each component m ust be  a K uratow sk i g ra p h  by  

lemma 2 .3 *  Hence th e  r e s u l t  fo l lo w s .

□

Lemma 2 . 5 . Suppose G 6 I ^ ( P )  h a s  a  c u t  p o i n t .  Then 

G €  { A ^ C ^ } .

P r o o f . L e t v  be a  c u t  p o in t ,  and 1,6 'fcwo com ponents

( in c lu d in g  v )  o f  gYv . By a  m ethod s im i la r  to  lemma 2 .4  we see  

e ac h  (L m ust c o n ta in  a  K ura tow sk i g ra p h . Observe c A s t ( v )  

c o n ta in s  a  k -g ra p h , hence b y  lemma 2 .3  G i s  th e  wedge p ro d u c t  

o f  two K uratow sk i g ra p h s . I f  th e  wedge p o in t  v  i s  i n  an  a rc  

( a ,b )  o f  one o f  th e s e  K u ra to w sk i g ra p h s , th e n  s t i l l  c o n ta in s

d i s j o i n t  k -g ra p h s , c o n t r a d ic t in g  lemma 2 . 2 .

□
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§ 2 .2  D is jo in t  k ^ 's

Lemma 2 .6 .  Suppose G € 4 ( p )  c o n ta in s  a  k^ d i s j o i n t  from  a 

k -g ra p h . Then th e  k ^  i s  on h v e r t i c e s ,  i . e . ,  an  edge o f  th e  

k^  i s  an edge o f  G.

P r o o f . L e t v  be a  v e r te x  on th e  edge jo in in g  a  and b i n  th e  k ^ . 

G c o n s i s t s  o f  d i s j o i n t  k -g ra p h s  to g e th e r  w ith  w h a tev e r edges a re
Q

n eeded  to  com plete  them  to  K uratow ski g ra p h s . O bserve [ a  v ] s t i l l  

c o n ta in s  d i s j o i n t  k -g r a p h s ,  c o n t r a d ic t in g  lemma 2 . 2 .

□

Lemma 2 . 7 . L e t G € l * ( p ) *>e tw o -co n n ec ted  and c o n ta in  d i s j o i n t

k ^ ' s .  Then |v (G ) | = 8 .

P r o o f . By way o f  c o n t r a d ic t io n  suppose  |v (G ) | = 9* By lemma 2 .6

th e r e  e x i s t s  a  d i s j o i n t  u n io n  v  j[  ^ )  ][ (a  ^ ) .  T here e x i s t s

two p a th s  from  v  t o  one k ^ , w ith o u t  l o s s  o f  g e n e r a l i t y  ( v ,a )

and ( v ,b ) ,  o r  e l s e  v e r t e x  v  i s  n o t  u s e d  in  th e  co m p le tio n  o f  th e

k -g r a p h s .  I f  v , c , d  a l l  c o n n e c t to  th e  same com ponent o f  G 
v

G \s t  ( af ^ b ) th e n  (v a c d ) i s  a  k -g ra p h , showingb \ r a  b

c * - » d

( c ,d )  i s  r e d u c ib le  b y  lemma 2 .3 *  Hence w ith o u t  l o s s  o f  g e n e r a l i t y

1  owe have ( v , c ) .  Suppose v  and d b o th  c o n n ec t t o  ^ ) .  I f
1  Q

v e r te x  v  c o n n e c ts  t o  o n ly  one v e r te x  o f  ^ ) ,  s a y  1 , th e n
Q

s t i l l  c o n ta in s  d i s j o i n t  k -g r a p h s .  By symmetry d m ust a l s o



2 0

r 1  2.c o n n ec t to  two v e r t i c e s  o f  ( ^ ) .  I f  ( v , l ) , ( d , l )  b o th  o ccu r

th e n  one o f  them i s  r e d u c ib le .  Hence g iv e n  th e  a ssu m p tio n  v  and d

1  2co n n ec t to  we co n c lu d e  ( v , l ) ,  ( v ,2 ) , ( d , 3 )> a  c o n tr a 

d i c t i o n  s in c e  G \ ( l ,2 )  3  (a  *?) J[ (. 1  2j  / jj. ’ n i .) • Hence v , d can n o t '■c d '  Vv  3 b '
1  2b o th  co n n ec t to  ^ ) ,  w hich im p lie s  v  c o n n e c ts  to  d . By

1  2symmetry no two v e r t i c e s  v , a , b , c , d  can  co n n ec t to  ^ ) ,  hence

G i s  n o t tw o -c o n n e c te d , a  c o n t r a d ic t io n .

□

Lemma 2 .8 .  L e t G € i ^ ( p )  be  tw o -co n n ec ted  and c o n ta in  d i s j o i n t  

k ^ ’s .  Then G €

P r o o f . By lemma 2 .7  |v (G ) | = 8 . C a l l  th e  k^*s d )

r e s p e c t i v e l y .  N ote G may n o t  c o n ta in  a  su b graph  homecm orphic to  

f ig u r e  2 .1  o r  e l s e  G \ ( a , l )  s t i l l  c o n ta in s  d i s j o i n t  k -g r a p h s .

d

F ig u re  2 .1

I f  a l l  b v e r t i c e s  1 ,2 ,3 , ^  a r e  a d ja c e n t  t o  v e r te x  a ,  th e n  

w herever b c o n n e c ts  g iv e s  a  su b g rap h  a s  i n  f ig u r e  2 .1 .  I f  v e r t i c e s

1 ,2 ,3  a re  a d ja c e n t  to  a  th e n  b , c ,d  m ust a l l  be a d ja c e n t  t o  ij-,



g iv in g  B^. I f  v e r t i c e s  1 ,2  a re  a d ja c e n t  t o  a ,  th e n  v e r t i c e s  

b , c , d  m ust he a d ja c e n t  t o  3 ,4 .  The o n ly  ch o ice  i s  ( b , 3 ) ( c , 3 ) , ( d , 4 )  

g iv in g  C j, I f  no two 1 ,2 ,3 ,4  a r e  a d ja c e n t  to  th e  same v e r te x  

we g e t  ( a , l ) ,  ( b ,2 ) ,  ( c , 3 ) ,  ( d ,4 )  w hich i s  g ra p h  D ^ .

□



§2 .3  D i s jo in t  k0  - , 'sd.,3

Lemma 2 . 9 - L et G € c o n ta in  a  k _ d i s j o i n t  from  a

k -g ra p h . Then th e  kc Q i s  on 5 v e r t i c e s .

^ 5P r o o f . L e t G c o n ta in  ( j  2  3^ d i s j o i n t  from  a k -g ra p h , and
Gsuppose G ^  v  € ( l ,U ) .  Then | y  ^  s t i l l  c o n ta in s  d i s j o i n t  

k -g ra p h s , c o n t r a d ic t in g  lemma 2 . 2 .

□

Lemma 2 .1 0 . L e t G € 4 ( p )  he tw o -co n n ec ted  and c o n ta in  d i s j o i n t  

k  ' s .  Then |v (G ) | = 10 .

P ro o f .  T here a r e  a t  l e a s t  10 v e r t i c e s  n eeded  in  th e  k rt - , ' s *

By way o f  c o n t r a d ic t io n  suppose G c o n ta in e d  an e le v e n th  v e r te x ,  v .  

By lemma 2 .9  0 c o n ta in s  a  d i s j o i n t  u n io n  v i  ( A e J i  ( A 5 , ) .a  D C JL ^  3

W ithou t l o s s  o f  g e n e r a l i t y ,  we have ( v , l ) , ( v , 2 )  o r  e l s e  v  i s  n o t 

needed  in  th e  co m p le tio n  o f  e i t h e r  k -g ra p h . Suppose (v ,3 )  i s  an

ed g e . By lemma 2 .9  2  3 ) i s  on 6  v e r t i c e s .  I t  rem a in s  to

i d e n t i f y  th e  3 edges from  a ,h , c  r e s p e c t i v e l y .  I f  two o f  th e  3 

c o n n ec t to  a d ja c e n t  v e r t i c e s  th e n  th e  edge jo in in g  th e s e  v e r t i c e s  i s  

r e d u c ib le .  By tw o -co n n ec ted  th e  o n ly  two p o s s i b i l i t i e s  a re  

( a , l ) , ( b , l ) , ( c , 2 )  o r  ( a , l ) ( b , 2 ) ( c , 3 ) • In  th e  fo rm er g rap h  we can 

c o n t r a c t  ( c ,2 ) and s t i l l  have 1! and-

l a t t e r  g rap h  we can remove s t ( 5 ) and s t i l l  have th e  n o n p ro je c t iv e

g rap h  G o f  ap p en d ix  A. Thus (v ,3 )  i s  n o t  an  edge o f  G.
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S in ce  ( v ,3 )  i s  n o t  an  edge we have t h a t  v  and 3 m ust "both 
d 0

c o n n ec t t o  ( , ) .  I f  v  co n n ec ts  to  o n ly  one v e r te x  v f th e nva b c '  °

( v ,v ’) i s  c o n t r a c t i b l e .  I f  v  c o n n ec ts  to  two v e r t i c e s  and one i s  

d  (e  r e s p e c t iv e ly )  th e n  (v ,d )  ( ( v ,e )  r e s p e c t i v e l y )  i s  r e d u c ib le .

Thus w ith o u t l o s s  o f  g e n e r a l i t y  we have ( v , a ) ( v , b ) ( 3 , a ) ( 3 ,c ) ,  a 

c o n t r a d ic t io n  s in c e  ( v ,a )  i s  r e d u c ib le .

□

Lemma 2 .1 1 . L e t ,G € I ^ ( P )  c o n ta in  d i s j o i n t  kg g ’ s and 

tw o -c o n n e c te d . Then ( D - ^ D ^ E ^ E g ^ ^ E ^ E g ^ E g ^ F g ^ ^ F ^ G ) .

P ro o f . L et G c o n ta in  (_ S „) 11 ( n ^ n ^ n ) *  By lemma 2 .1 0
■ 1 Q, D C _L eL J5

we know |v (G ) | = 1 0 . I f  ( a , l ) ( b , 2 ) ( c , 3 ) a r e  a l l  ed g es  th e n  we 

have g ra p h  G o f  th e  ap p en d ix . I f  ( a , l ) , ( b , 2 )  a re  edges we have 

th r e e  p o s s ib le  g ra p h s : ( c , l ) ( a , 3 )  g iv e s  Fg, ( c , l ) ( d , 3 )  g iv e s  Fg ,

and ( c ,k ) ( d ,3 )  g iv e s  F ^ . N ext suppose ( a , l )  i s  an  edge and  we 

have no o th e r  edges o f  t h i s  ty p e .  I f  ( 2 ,a ) (3 > a )  th e n  we have two 

g ra p h s : ( b , 4 ) ( c , i+) g iv e s  Eg, C bj^K cj!? ) g iv e s  E ^. I f  we have

(2 , a )  th e n  we have two g ra p h s :  (3 j d ) ( b , 4 ) ( c , 5 ) g iv e s

(3 , d ) ( b , 4 ) ( c , ^ )  g iv e s  a g ra p h  w ith  a  r e d u c ib le  edge G \(3 ^^) = F ^ .

I f  b o th  1 and a  a re  dead  we have th r e e  p o s s ib le  g ra p h s :  

( b ,k ) ( c ,k ) ( 2 ,d ) ( 3 ,d )  g iv e s  Eg, ( b , k ) ( c , 4 ) ( 2 , d ) ( 3 , e )  g iv e s  Eu , 

and ( b ,k ) ( c ,5 ) ( 2 ,d ) ( 3 , e )  g iv e s  E2 5 * T h is  e x h a u s ts  th e  g rap h s

w ith  an  edge ( a , l ) .
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We now have t h a t  v e r t i c e s  a , b , c  m ust he a d ja c e n t  to  e i t h e r  

v e r t i c e s  b or  and l ik e w is e  t h a t  v e r t i c e s  1 >2 , 3  m ust be

a d ja c e n t  to  e i t h e r  d o r  e .  We have th r e e  p o s s ib le  g ra p h s : 

( a , ^ ) ( b , U ) ( e , 4 ) ( l , d ) ( 2 , d ) ( 3 , d )  g iv e s  D1 , ( a , ^ ) ( b , ^ ) ( c , ^ ) ( l , d ) ( 2 , d ) ( 3 , d )  

g iv e s  g rap h  to g e th e r  w ith  a  r e d u c ib le  edge (3 ^ ) ,  and

( a , 4 ) ( b , 4 ) ( c , 5 ) ( l , d ) ( 2 , d ) ( 3 , e )  g iv e s  D^.

□
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§2 .4  A D i s jo in t  k. and k  _
} 3

lemma 2 .1 2 .  L e t G € l5?(P) be  two c o n n ec te d  and c o n ta in  a  k„ 0
2  j 3

d i s j o i n t  frcm  a k ^ .  Then |v ( g ) |  = S .

P r o o f . G c o n ta in s  a t  l e a s t  9 v e r t i c e s .  By way o f  c o n t r a d ic t io n  

suppose |v (G ) | >  1 0 . By lemmas 2 .6  and 2 .9>  0 c o n ta in s  a  d i s j o i n t

u n io n  ( ( x 2  3 ^ ^ )  J[ (® ^ ) ) Ji v .  We s h a l l  exam ine how many ed g es

(edge d i s j o i n t  p a th s )  j o i n  v  t o  (® ^ ) .  I f  ( v , a ) ( v ,b )  ( v ,c )  (v ,d )

a r e  i n  G and G w ere tw o -c o n n e c te d  th e n  th e r e  e x i s t s  tw o edges

2  b’frcm  (^  ^ j.) c o n n e c tin g  t o  (w ith o u t l o s s  o f  g e n e r a l i t y )  a  and b ,

G ^ (a ,b ) ^  (1 2 ^ ^ ^ )  Ji (d q ) shows ( a ,b )  i s  r e d u c ib l e .  I f

( v , a ) ,  ( v ,b ) ,  ( v ,c )  a r e  i n  G th e n  b y  assum ing  n o t  th e  p re v io u s  c a se ,

2  ^v  and  d b o th  co n n ec t t o  (1  3 ^ ) .  I f  v  c o n n e c ts  o n ly  to  a

v e r t e x  v f th e n  ( v , v ' ) i s  c o n t r a c t i b l e .  I f  v  c o n n e c ts  t o  v e r t i c e s

1 , 2  th e n  g \ ( v , 2 ) s t i l l  c o n ta in s  d i s j o i n t  k -g r a p h s ,  hence ( v ,2 )

i s  r e d u c ib l e .  Thus w ith o u t l o s s  o f  g e n e r a l i t y  we have ( v , l ) , ( v , 3 ) ,

( d , l ) , ( d , 3 ) ,  w hich  c o n ta in s  r e d u c ib le  edge' ( d , l ) .  I f  ( v , a ) ( v ,b )

a r e  i n  G th e n  th e y  m ust be u se d  to  com plete  th e  k -g ra p h  (*  ^ )

i n t o  a  K uratow sk i g ra p h  o r  e l s e  one o f  th e  two w ould be  r e d u c ib le .

Thus v e r t i c e s  v , c , d  m ust a l l  c o n n ec t t o  t h e  same component o f  

v

G \s t  ( a| ^ b ) • ° \ ( a , b )  =3 ( ! 2 3 % ) 1  (v a c b d ) im p lie s

Q
edge ( a ,b )  i s  r e d u c ib l e .  I f  ( v ,a )  a lo n e  i s  i n  G th e n  ^  ^  

s t i l l  c o n ta in s  d i s j o i n t  k -g ra p h s  c o n t r a d ic t in g  lemma 2 .2 .  F i n a l l y  i f
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v  does n o t  co n n ec t t o  (a th e n  v  m ust be u se d  to  com plete

2  bth e  k -g ra p h  0^ ^ im p ly in g  we have ed g es  ( v , l ) ,  ( v ,3 ) , ( v , 5 ) .

The symmetry betw een  v , 1 , 2 , 3 , ^ , 5  shows G i s  n o t  tw o -c o n n e c te d .

□

Lemma 2 .1 3 . L e t G € iJJ(p ) be tw o -co n n ec ted  and c o n ta in  a  

d i s j o i n t  k^ 3 and k ^ . Then G ^  {C ^ D ^ D ^ D - ^ E - ^ E ^ ) .

P ro o f .  L e t G c o n ta in  (a  J [ By lemma 2 .2
  c d 1  3 5

|v (G ) | = 9- I f  G 3  ( l , a ) ( l , b ) ( l , c ) ( l , d )  th e n  r e g a r d l e s s  o f  w here 

3 c o n n e c ts , s ay  ( 3 ,a ) ,  t h e  edge ( l , a )  i s  r e d u c ib l e .  I f  

G 3  ( l , a ) ( l , b ) ( l , c )  th e n  we m ust have ( 3 ,d ) ( 5 ,d )  g iv in g  D^.

I f  G 13 ( l , a ) ( l , b )  th e n  we have two p o s s ib le  g ra p h s : ( 3 ,c ) ( 5 ,d )

g iv in g  o r  (3 , c )  (5 , c )  ( d ,2 ) g iv in g  to g e th e r  w ith  r e d u c ib le

edges ( a , b ) ( c , d ) .  Thus no more th a n  one o f  [ a ,b ,c ,d }  m a y b e  

a d ja c e n t  t o  e i t h e r  1 ,3 ,5 *  I f  ( l , a ) ( 3 ,a ) ( 5 , a )  € E(G) th e n  we have 

two p o s s i b i l i t i e s :  ( b ,2 ) ( c , 2 ) ( d ,2 ) g iv in g  C^, o r  ( b ,2 ) ( c ,2 ) ( d ,4 )

w hich g iv e s  E^ to g e th e r  w ith  r e d u c ib le  edges ( a , d ) ( b , c ) ;. I f  

( l , a ) ( 3 , a )  € E(G) th e n  we have two p o s s i b i l i t i e s :  ( 5 ,b ) ( 2 , c ) ( 2 ,d )

g iv in g  Dp., o r  (5,t>) ( 2 ,c )  ( ^ ,d )  g iv in g  D ^ .  F i n a l l y  we have 

( l , a ) ( 3 , b ) ( 5 , c ) ( 2 , d ) ,  g iv in g  EgQ.

□
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§ 2 .5  Some U se fu l C o r o l la r ie s

Lemma 2 .1 4 . Suppose G € l ( P )  i s  n o t  th r e e - c o n n e c te d .  Then G 

c o n ta in s  d i s j o i n t  k -g ra p h s .

P r o o f . See [ 2 ] .  We n o te  t h i s  lemma h o ld s  f o r  an y  G € l ( P ) ,  

a l th o u g h  we w i l l  o n ly  u se  i t  f o r  G € I ^ ( p ) .

□

Lemma 2 .1 5 . L e t L^ be a  tw o -co n n ec ted  su b g raph  o f  G, L^ a  

component o f  G \s t(L ^ ) ,  and e an edge n o t  i n  L^ U s t ( l ^ ) .  I f  

G P b u t  G\e cz p  -with L^ n u l l ,  th e n  th e r e  e x i s t s  a  k -g ra p h  

d i s j o i n t  from  1^ .

P r o o f . See [ 2 ] .

□

Lemma 2 .1 6 . L e t G € l ( p )  c o n ta in  a  9 -g ra p h  d i s j o i n t  from  a 

k -g ra p h . Then G c o n ta in s  d i s j o i n t  k -g ra p h s .

P r o o f . See [ 2 ] .

□

Lemma 2 .1 7 » L e t G € I ^ ( P )  c o n ta in  a  c u b ic  (v a le n c y  th r e e )  v e r te x  

v  w ith  s t ( v )  d i s j o i n t  from  a k -g ra p h . Then G c o n ta in s  d i s j o i n t  

k - g r a p h s .
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P r o o f . L e t a , b , c  d e n o te  th e  v e r t i c e s  a d ja c e n t  to  v .  D efine  

a  g rap h  G' = G U { ( a ,b ) ,  ( b , c ) ,  ( c ,a )  ) \ s t ( v )  (see  f ig u r e  2 . 2 ) .

Case 1 . G* *f P . Then G' c o n ta in s  some i r r e d u c i b l e  su b g rap h .

I f  we d e le t e  an  edge n o t  i n  th e  c y c le  ( a ,b ,c )  we can  embed 

(G* U s t ( v ) ) \ e  (and  hence embed G '\e )  b y  f i r s t  em bedding G\e 

and th e n  a p p ly in g  lemma 1 .6  th r e e  t im e s . I f  we d e le t e  two o f  th e  th r e e  

edges in  ( a , b , c ) ,  say  ( a ,b )  and ( b , c ) ,  we g e t  a  homecmorph o f  

G \(b .,v ) , hence  i t  em beds. Thus e i t h e r  G' o r  G '\(o n e  edge o f  

{ ( a ,b ) ,  ( b , c ) ,  ( c , a ) } ,  s ay  G’\ ( a , b ) ,  m ust be  i r r e d u c i b l e .

F ig u re  2 .2
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But G ^  S /, n(G’ ) \ ( b , c )  ^  S / , \ ( G '\ ( a ,b ) )  c o n t r a d ic t in g  G
Q. • V D ̂  C /  8, • \£Lj D )

m axim al w . r . t .  ^  .

Case 2 . G’ <= P . S t (v ) i s  d i s j o i n t  from  a k -g ra p h , hence f o r  

any  em bedding o f  G* c y c le  ( a ,b , c )  m ust be n u l l  by  lemmas 1 .2  and 

1 .3 .  C o n sid er th e  p la n e r  r e g io n  bounded b y  ( a , b , c ) .  I f  we co u ld  

embed s t ( v )  i n  t h i s  r e g io n  we would have an em bedding o f  G and 

a  c o n t r a d ic t io n .  Thus th e r e  e x i s t s  a  b lo c k in g  b r id g e  i n  t h i s  r e g io n .  

I f  G i s  n o t  th r e e  co n n ec ted  th e n  G c o n ta in s  d i s j o i n t  k -g ra p h s
•

(lemma 2 .1 4 ) ,  hence th e r e  e x i s t s  seme v e r te x  v 1 a d ja c e n t  t o

( a , b , c ) ,  so  t h a t  G c o n ta in s  a k -g ra p h  d i s j o i n t  from  ( V-^V ) .
r»

va b c ' 

□

Lemma 2 .1 8 . L e t G € l ^ ( ^ )  c o n ta in  a  subgraph  ham ecm orphic to  

t h a t  o f  f ig u r e  2 .3  w ith  th e  ^ a  3 k -g ra p h . M oreover suppose 

( a ,b )  i s  an  edge w ith  v e r t i c e s  a ,b  c u b ic . Then G c o n ta in s  d i s j o i n t  

k - g r a p h s .

C

a

t?

a

F ig u re  2 .3 F ig u re  2.U
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P r o o f . By way o f  c o n t r a d ic t io n ,  suppose G does n o t  c o n ta in  

d i s j o i n t  k -g r a p h s .  N ote G i s  th re e -c o n n e c te d  by  lemma 2 .1 4 .

D e fin e  G* = U ( ( c ,2 ) ,  ( d ,3 ) )  ( f ig u r e  2 . 4 ) .

Case 1 . G* ^  P . G' m ust c o n ta in  some i r r e d u c i b l e  su b g rap h . I f  

we d e le t e  an  edge n o t  i n  s t ( a )  U s t ( b )  and n o t ( c ,2 ) , ( d , 3 ) ,  we 

can  embed by  f i r s t  rem oving  th e  c o rre sp o n d in g  edge i n  G, em bedding, 

a p p ly in g  lemma 1 . 6  tw ic e ,  and  th e n  a p p ly in g  th e  c o n t r a p o s i t iv e  o f  

lemma 1 .4 ;  i . e . ,  ad d in g  in  edges ( c ,2 ) , ( d , 3 )  and th e n  c o n t r a c t in g  

edge ( a , b ) .  I f  we d e le t e  an  edge o f  th e  ty p e  ( ( ( a , b ) } ,2 )  we can
Q

embed a  homeomorph b y  em bedding "a  ̂ (lemma 2 .2 ) and f i l l i n g  in  

edge (d ,3 )  b y  lemma 1 .6 .  Thus th e  o n ly  p o s s ib le  r e d u c ib le  edges 

i n  G1 a r e  ( c , 2 ) , ( d , 3 ) .  R e g a rd le s s  o f  w h e th e r th e s e  edges a re  

r e d u c ib le  G' c o n ta in s  an i r r e d u c i b l e  g rap h  ^  G, c o n t r a d ic t in g  

G m axim al.

Case 2 . G c  P . N ote G c  P, w ith  a  l o c a l  n e ig h borhood  o f  ( a ,b )

o r  e l s e  we can s p l i t  v e r te x  ( a ,b )  and  embed G. 

2  3

A dding m edges ( d , 3 ) , ( c , 2 )  m ust g iv e  b o th  c y c le s  ( { ( a , b ) ) , d , 3 )  

and ( f ( a , b ) ) , c , 2 ) e s s e n t i a l  o r  e l s e  ( f ( a , b ) ) , d , 3 ) ( f o r  in s ta n c e )  

s e p e r a te s  G and edge ( c ,2 )  m ust i n t e r s e c t  ( f ( a , b ) } , d , 3 ) ,  a  

c o n t r a d ic t io n .  C ycle ( 0 ,2 ,1 ,4 )  i s  d i s j o i n t  from  ( ( a , b ) , d , 3 )  hence
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c y c le  ( 0 , 2 , l , b )  m ust be n u l l  f o r  a l l  em beddings. L ikew ise  c y c le  

( 0 ,3 ,1 ,4 )  m ust be n u l l  f o r  a l l  em beddings. T h is  g iv e s  

n u l l  c o n t r a d ic t in g  lemma 1 . 3 .

□

Lemma 2 .1 9 . L e t G € ! * ( ? )  c o n ta in  e i t h e r  a  c y c le  d i s j o i n t  from 

a  o r  an  n -c y c le  d i s j o i n t  from  a n > Then G c o n ta in s

d i s j o i n t  k -g ra p h s .

P r o o f . I f  v  i s  a  c u b ic  v e r te x  on th e  c y c le  th e n  r e g a r d le s s  o f  

w here i t s  t h i r d  a d ja c e n t  v e r t e x  i s  we have s t ( v )  d i s j o i n t  from  a 

k -g ra p h , hence  th e  r e s u l t  by  lemma 2 . 1 7 * I f  v  i s  n o t c u b ic  th e n  

i t  m ust co n n ec t t o  th e  s t a r  o f  a t  l e a s t  two v e r t i c e s  o f  th e  

K uratow sk i g ra p h  ( i . e . ,  t h e r e  e x i s t  p a th s  frcm  v  t o  two v e r t i c e s ) .

By th e  p id g e o n h o le  p r i n c i p l e  i n  e i t h e r  c ase  two v e r t i c e s  on th e  c y c le  

m ust c o n n ec t to  th e  s t a r  o f  same v e r te x  i n  th e  K uratow ski g ra p h , 

g iv in g  0 -g ra p h  d i s j o i n t  from  a k -g ra p h  and th e  c o n c lu s io n  b y  

lemma 2 .1 6 .  N ote i f  th e  K uratow sk i g ra p h  i s  a  ^ (6  v e r t i c e s )

and th e  c y c le  i s  a  3 - c y c le  we can n o t f o r c e  two v e r t i c e s  on th e  

c y c le  t o  co n n ec t to  th e  open s t a r  o f  seme v e r t e x .

• • □



C h ap te r 3 

HIE WEDGE OP k-GRAPHS

§ 3 .1  S ta te m e n t o f  th e  R e s u l t  and S ta n d in g  A ssum ptions

The r e s u l t  o f  c h a p te r  2 c l a s s i f i e d  th e  s u b s e t  o f  I ^ ( P )  whose 

g ra p h s  c o n ta in e d  d i s j o i n t  k -g r a p h s .  I n  t h i s  c h a p te r  we make th e  

s ta n d in g  a ssu m p tio n  G € l ^ ( ^ )  does n o t  c o n ta in  d i s j o i n t  k -g r a p h s .  

P o r e a se  o f  r e f e r e n c e ,  l e t  H3 r e f e r  t o  t h i s  s ta n d in g  a ssu m p tio n .

Theorem 3 . 1 . L e t G € I ^ ( P )  c o n ta in  a  wedge o f  k -g r a p h s ,  one 

c o n ta in in g  a  c y c le  d i s j o i n t  from  th e  o th e r ,  b u t  n o t  d i s j o i n t  

k -g r a p h s .  Then G € ( A ^ B ^ E ^ } .

P ro o f . C o n s id e rin g  th e  two ty p e s  o f  k -g ra p h s  and  p o s s ib le  one

p o in t  u n io n s  th e  th eo rem  n a t u r a l l y  b re a k s  i n t o  5  c a s e s  ( f ig u r e  3 *1 ) .

Each o f  th e  5 c a s e s  w i l l  be  co v ered  i n  th e  a p p r o p r ia te  p r o p o s i t io n .

The p ro o f s  o f  th e  p r o p o s i t io n s  w i l l  com plete  th e  p r o o f  o f  th e  th eo rem .

We o b se rv e  t h a t  a  u n io n in g  o f  a  k^ w ith  a n o th e r  su b g raph  a lo n g  th e

i n t e r i o r  o f  an  edge i s  th e  same a s  th e  u n io n in g  w ith  a  k _ . A lso
2 s 5

t h e  c o n d i t io n  one k -g ra p h  m ust c o n ta in  a  c y c le  d i s j o i n t  frcm  th e  

o th e r  e l im in a te s  one p o s s ib le  wedge o f  k  ’ s .

32
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P ro p . 3 . 5

►b * 2 ,3  ^  H  
P ro p . 3 . IT

A

1 k2 ,3  ^  k2 , ;  
P ro p . 3 .1 3

k2 ,3  ^  k4 
P ro p . 3 .2 1

, t  \ 14 \  
P ro p . 3*25

F ig u re  3 .1

For co n v en ien ce  we s t a t e  th e  p r o p o s i t io n s ,  w ith  th e  s ta n d in g  

a ssu m p tio n  H3, G does n o t  c o n ta in  d i s j o i n t ,  k -g ra p h s .

P r o p o s i t io n  3 . 5 . L e t G 6 1 ^ (P ) s a t i s f y  H3 and  l e t  G ^

G =  * 2 , 3 *  * 8 ,3 -  ^  G = E22-

P r o p o s i t io n  3*13 . T here does n o t  e x i s t  a  G € I^ (P )  s a t i s f y i n g

H3 such t h a t  G c o n ta in s  a  wedge k  _ V. k  _ .
2 , 3  2 , 3

P r o p o s i t io n  3 . I T . There does n o t  e x i s t  a  G € I^ ( P )  s a t i s f y i n g

H3 such  t h a t  G c o n ta in s  a  wedge k^  ^ ^ 4 *



P r o p o s i t io n  3*21 . T here does n o t  e x i s t  a  G € i ? ( p )  s a t i s f y i n g  

H3 such  t h a t  G c o n ta in s  a wedge kg ^ ^

P r o p o s i t io n  3 .2 3 . L e t G € ij^(P ) s a t i s f y  H3 and l e t  

G k^  M k ^ . Then G € .

T hroughout a l l  o f  c h a p te r  3 we s h a l l  m a in ta in  th e  s ta n d in g  assum p

t i o n  H2, G does n o t  c o n ta in  d i s j o i n t  k -g r a p h s .  From th e  lemmas 

o f  §2 . 5  we g a in  th e  fo llo w in g  s ta n d in g  a ssu m p tio n s :

1 ) G i s  3 -c o n n e c te d

2 )  G does n o t  c o n ta in  a  6 -g ra p h  d i s j o i n t  from  a k -g ra p h

3) G does n o t  c o n ta in  cu b ic  v e r te x  v  w ith  s t  (v ) d i s j o i n t  from

a k -g ra p h

4) G ^  a  subgraph  hameomorphic to  f ig u r e  2 . 3  w ith  [ a ,b ]  dead

5) G does n o t c o n ta in  a  c y c le  d i s j o i n t  from  a

6 ) G does n o t c o n ta in  a c y c le  w ith  4 o r  m ore v e r t i c e s  d i s j o i n t

from  a ^

The p ro o f s  in  c h a p te r  3 w i l l  be b y  c o n t r a d ic t io n ,  assum ing  a  

subg raph  a s  in  f ig u r e  3 . 1  and c o n s id e r in g  p o s s ib le  au g m en ta tio n s  o f  

t h a t  su b g rap h . The p a r t i c u l a r  c o n t r a d ic t io n  re a c h e d  w i l l  o f te n  be 

r e f e r r e d  to  by  name (d e s c r ib e d  a s  i n  th e  above l i s t )  r a t h e r  th a n  by  

th e  number o f  th e  lemma.



35

D e f i n i t i o n . An S - in d e p en d e n t argum ent i s  a  p ro o f  w here each  

im p l ic a t io n  fo llo w s  r e g a r d le s s  o f  w h e th er we c o n s id e r  G o r S^CG).

An S -in d ep en d en t argum ent i s  one w hich i s  S - in d e p en d e n t f o r  a l l  S^.

Lemma 3 .2 . I f  th e re  e x i s t s  an  Sv - in d e p e n d e n t argum ent showing 

th e r e  does n o t  e x i s t  a  G € iJ^ (P ), G c o n ta in in g  H th e n  th e r e  e x i s t s  an 

Sv ~ in d ep en d en t argum ent showing th e r e  does n o t  e x i s t  a  G € I ^ ( p ) ,  G 

c o n ta in in g  S^.(H).

P r o o f .' Each im p l ic a t io n  fo llo w s  in d e p en d e n t o f  th e  s p l i t t i n g .

Thus th e  o r i g i n a l  p ro o f  s u f f i c e s  to  show th e  second  s ta te m e n t .

□

Lemma 3 .3  • The fo llo w in g  im p l ic a t io n s  may be u se d  in  sin S -  

in d e p en d e n t argum en t:

1 ) Each o f  lemmas 2 .1 5  to  2 .1 9

2 ) A c o n t r a d ic t io n  i d e n t i f y i n g  d i s j o i n t  k -g ra p h s  in  G

3 ) A c o n t r a d ic t io n  i d e n t i f y in g  G w ith  a  known non-m axim al g rap h

4 ) Lemma 1 .6  ( th e r e  does n o t e x i s t  a  c u b ic  v e r te x  i n  a  3 - c y c le ) ;  

p ro v id e d  p r e s e r v e s  th e  3 - c y c le .

P r o o f .

l )  Each lemma d e s c r ib e s  a ssu m p tio n s  w hich m ust s t i l l  h o ld  when 

c o n s id e r in g  Sv (G) in s t e a d  o f  G. Hence th e  im p l ic a t io n s  

s t i l l  fo l lo w ,



2 )  G c o n ta in s  d i s j o i n t  k -g ra p h s  im p lie s  Sv ( g ) c o n ta in s

d i s j o i n t  k -g ra p h s ,

3 ) G c o n ta in s  S ^ G 1) ,  G’ € l ( p )  im p lie s  G f

Obvious

□

On o c c a s io n  we s h a l l  make S ^ -in d e p en d e n t p ro o f s  by  c o n s id e r in g  

G c o n ta in s  H, G c o n ta in s  Sv (h ) ,  a s  two s e p a ra te  c a s e s .  A lso  we

s h a l l  add new " to o l s "  to  o u r l i s t  o f  S ^ -in d e p en d e n t im p l ic a t io n s  o f

th e  p re v io u s  lemma. As an  exam ple th e  r e a d e r  sh o u ld  n o te  p r o p o s i t io n

3 .1 0  i s  an S -in d ep e n d e n t v e r s io n  o f  p r o p o s i t io n  3-5*
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§3.2  The Wedge o f  k  ' s  Each W ith a  C ycle D is jo in t  From th e  O ther

Lemma 3 . 4 . L e t G c o n ta in  L  ,  k  ,  a s  i n  f ig u r e  3 .2 .  Then 

th e r e  i s  e x a c t ly  one u n la b e le d  and fo u r  la b e le d  em beddings o f  t h i s  

•wedge w hich may e x ten d  to  an  em bedding o f  G.

P r o o f . C ycles ( 1 ,3 ,2 ,4 )  and ( a , c ,b ,d )  a r e  b o th  d i s j o i n t  from  

k -g ra p h s , hence  th e y  m ust embed n u l l .  C ycles  ( 0 , 3 , 2 , 4 ) , ( 0 , 3 , 1 , 4 ) ,  

( 0 , c , b , d ) , ( 0 , c , a , b )  m ust a l l  embed e s s e n t i a l l y .  T h is  im p lie s  th e  

u n iq u e  u n la b e le d  em bedding o f  f ig u r e  3 .2 .  O bserve r e g io n s  I I I ,  IV 

i n  f ig u r e  3 .2  a r e  d ead , hence we n eed  o n ly  d e p ic t  r e g io n s  I ,  I I .

The fo u r  la b e l e d  em beddings ( a r i s i n g  from  sym m etries) a r e  shown in  

f ig u r e  3 -3 . Note th e  n a t u r a l  b i j e c t i o n  betw een  em beddings o f  th e  

wedge, H, and em beddings o f  Sq . ^  c )(**)> shown i n  f ig u r e  3 .4 .  

A lso  em beddings o f  SQ. ^  a re  s*lown ^  f3-gu*,e 3*5.

□

F ig u re  3 .2
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P r o p o s i t io n  3 « 5 * L e t G € 3 ^ (P ) s a t i s f y  H3 and l e t  

G = ,k 2 ,3  V k2 , 3 ‘ ^  G = E2 2 -

P r o o f . We c o n s id e r  how we may nonhom ecm orph ically  com plete  th e  

g iv e n  k -g ra p h s  t o  K uratow sk i g ra p h s . I f  th e  v e r te x  m is s in g  from  th e

^ c o n ta in in g  th e  k£  ^ d ° 6S nafc l i e  ^  ^ O ^ ^ b ^
c cLth e n  we have a  6 -g ra p h  d i s j o i n t  from  (q  a  c o n t r a d ic t io n  by

lemma 2 .1 6 .  Thus each  o f  th e  k -g ra p h s  com ple te  t o  K uratow sk i g rap h s  

b y  b r id g e s  t o  th e  o th e r  k -g ra p h .

I f  ( l , a ) ,  (2 , b )  a re  b o th  a r c s  in  G th e n  we s h a l l  a p p ly  lemma

3 - 9  (s e e  f ig u r e  3 . 1 l ) .

I f  ( l , a )  b u t  n o t  (2 ,b )  i s  an  a r c  o f  G th e n  G c o n ta in s  a

g ra p h  homecm orphic t o  t h a t  o f  f ig u r e  3 -1 0 , o r  G c o n ta in s  a  g ra p h

homeomorphic t o  a  s p l i t t i n g  o f  th e  g ra p h  i n  f ig u r e  3 .1 0 .  I n  e i t h e r  

c ase  lemma 3 . 8  i s  a p p l i c a b le .

I f  n e i t h e r  ( l , a )  n o r  ( 2 ,b )  a re  a r c s  o f  G th e n  l e t  ( l , c )  

be an  a r c  o f  G ( ( l , 0 c )  i s  a  s p l i t t i n g  o f  t h i s  p o s s i b i l i t y ,  b u t  we 

w i l l  u se  (Sc- in d e p e n d e n t a rg u m e n ts ) . I f  ( 2 ,c )  i s  an  a r c  o f  G 

th e n  we have tw o p o s s i b i l i t i e s ;  (a ,3 )> ( i> ,3 )  o r  (a ,3 )>  ( b ,4 ) .  The 

fo rm er g ra p h  i s  E,_, w hich  i s  n o t  m axim al, and th e  l a t t e r  g ra p h  i s  

co v ered  in  lemma 3 .7 .  F i n a l l y  i f  ( 2 ,c )  i s  n o t  an  a rc  o f  G th e n  

b y  symmetry we have (2 , d ) ,  ( a , 3 ) ,  ( b ,4 )  g iv in g  g ra p h  E ^

□



Lemma 3 . 6 . T here does n o t  e x i s t  a  G € I^ (P )  s a t i s f y i n g  H3 

c o n ta in in g  a  hameamorph o f  e i t h e r  H ( th e  g rap h  o f  f ig u r e  3 .6 ) ,  

a  s p l i t t i n g  th e r e o f  w here a r e  ^ -g ra p h s

H =

F ig u re  3*6 F ig u re  3 .7

/ 3 4 \P ro o f . To com plete  (q 1 2 a  ^ -g ra p h  v e r te x  2 m ust

c o n n ec t somewhere. F ig u re  3*7 shows ( 2 , a ) , ( 2 , c )  h o th  g iv e  F^, 

w hich i s  n o t  m axim al. O bserve t h i s  i s  an S -in d ep e n d e n t argum ent 

hence th e r e  does n o t  e x i s t  a  G c o n ta in in g  a  s p l i t t i n g  o f  H.

□

4 0

and

o r

G.

Lemma 3 -7 . There does n o t  e x i s t  a  G € i > )  s a t i s f y i n g  H3 and 

c o n ta in in g  a su b graph  homeomorphic to  e i t h e r  th e  g rap h  o f  f ig u r e  3 . 8  

o r  a  s p l i t t i n g  t h e r e o f .



4 1

1  2P r o o f . S t ( d )  i s  d i s j o i n t  from  so  by  th e  s ta n d in g

assu m p tio n  G does n o t  c o n ta in  d i s j o i n t  k -g ra p h s  and by  lemma 2 .1 7  

v e r te x  d i s  n o t c u b ic . Where may i t  co n n ec t?  I f  ( d , l )  o r  (d ,2 )  

th e n  G c o n ta in s  Ep p . (See f ig u r e  3 .9 * )•

0 o

em bedding 2

a
rA

0
em bedding 3

F ig u re  3 .8

Thus we have e i t h e r  ( d ,3 ) o r  ( d ,4 ) ,  w ith o u t l o s s  o f  g e n e r a l i t y  

assume ( d ,3 ) .  C ycle (d ,a ,3 > 0 )  i s  d i s j o i n t  from  hence

th e  a d d i t io n  o f  t h i s  edge c r e a te s  a 9 -g ra p h  d i s j o i n t  from  a k -g ra p h , 

and by  lemma 2 .1 6  G c o n ta in s  d i s j o i n t  k -g ra p h s , a  c o n t r a d ic t io n .  

Observe t h i s  i s  an S -in d ep e n d e n t argum ent, hence  th e r e  does n o t 

e x i s t  a  G 6 I ^ ( P )  c o n ta in in g  e i t h e r  H o r a  s p l i t t i n g  t h e r e o f .

□



Er E,22
F ig u r e  3.9

0 0
em bedding 1

F ig u re  3*10

0 0
em bedding 1

3

em bedding 3

F ig u re  3 .1 1



^3

L^mma 3 .8 . There does n o t  e x i s t  a  G € I^ ( P )  s a t i s f y i n g  H3 

and c o n ta in in g  a  subgraph  homecmorphic to  e i t h e r  t h a t  o f  f ig u r e  3 . 1 0  

o r  t o  a  s p l i t t i n g  t h e r e o f .

P r o o f . Observe by lemma 3-3  th e r e  e x i s t s  a  u n iq u e  em bedding o f  

t h i s  su b g rap h . By lemma 2 .1 8  we see  t h a t  n e i t h e r  [ I , 1*-] n o r [ a ,d ]  

i s  d ead . We s h a l l  assume th e r e  e x i s t s  such  a  G c o n ta in in g  f ig u r e  3 .1 0  

and u se  S - in d ep e n d e n t argum ents to  e s t a b l i s h  th e  r e s u l t s .

Suppose v e r te x  4 c o n n e c ts  somewhere. Edge (U ,b ) g iv e s  a 

n o n p ro je c t iv e  g ra p h  w ith  [ a ,d ]  d ead , c o n t r a d ic t in g  lemma 2 . 1 8 .

L ikew ise  an  edge ( k , s t ( c ) )  g iv e s  e i t h e r  a  n o n p ro je c t iv e  g ra p h , o r 

e l s e  th e  edge embeds in  r e g io n  ( 2 , c , 0 , k ) .  I n  th e  l a t t e r  c a se  lemma 

2 . 1 5  g iv e s  u s  a  k -g ra p h  on (2 , c , 0 , k ) ,  and s in c e  th e  r e g io n  ad m its  

no t r a n s f e r a b l e  b r id g e s  th e  r e s u l t i n g  g rap h  i s  n o n p r o je c t iv e . In  

e i t h e r  c a se  [ a ,d ]  c o n t r a d ic t s  lemma 2 .1 8 .  Thus we see  we have 

e i t h e r  edge (it-,0d), (i^ ,d ) ( it-,ad) o r  ( ^ , a ) .  By lemma 2 .1 5  th e r e  

e x i s t s  a  k -g ra p h  on c y c le  ( a , l , ^ , 0 , d ) .  We n o te  th e  a rc  i s

an  edge o f  G, a s  4 c o n n e c tin g  to  two p la c e s  g iv e s  a 0 -g ra p h  

d i s j o i n t  from  (0 ^ 2 ° ^ ’ ^ -g ra p h  on c y c le  ( a , l , 4 , 0 , d )

c o n s i s t s  o f  th e  c y c le ,  th e  edge (*+,__), and a b r id g e  B b lo c k in g  th e  

e x te n s io n  o f  an  em bedding o f  G\ (*•-,_) to  an  em bedding o f  G.

We s h a l l  a n a ly z e  th e  p o s s i b i l i t i e s  f o r  B. I f  0 i s  n o t  a  v . o . a .

o f  B th e n  we have a  0 -g ra p h  d i s j o i n t  from  ( o ^ 2 ° b ^ *  Nafce

i f  G c o n ta in s  /_ \ th e n  th e  same h o ld s .  Hence e i t h e r  G0 : (3 , c ;

c o n ta in s  e x a c t ly  th e  su b g raph  o f  f ig u r e  3 . 1 0  o r  ®o* (3 d)* ^

e i t h e r  c a se  b r id g e  B m ust b e  an edge o u t o f  0 . I f  B does n o t



t r a n s f e r  to  c y c le  ( a , l , 3 , 0 , c )  th e n  B = ( 0 , l 4 )  o r  ( 0 ,a d ) ,  and 

we have e i t h e r  edge [1 ,1 4 ]  o r  [ a ,a d ]  c o n t r a d ic t in g  lemma 2 . 1 8 .

Hence B = ( 0 , l ) .  To b lo c k  t h i s  edge from  t r a n s f e r r i n g  to  ( a , l , 3 , 0 , c )

we have e i t h e r  ( 3 , c ) , ( 3 , a ) ,  o r  we have SQ# ^  w ith  ( 1 ,0 )

and e i t h e r  ( 0 ,c )  o r  ( 0 , a ) .  The f i r s t  c a se  h a s  a  0 -g ra p h  d i s j o i n t

frcm  a k -g ra p h  on c y c le  ( a , l , 4 , 0 , d ) ;  th e  second h as  a  0 -g ra p h

3 5d i s j o i n t  frcm  (& ^  g ) i f  ( 4 ,d )  and r e d u c ib le  edge ( l ,  a )  i f

( 4 ,a ) .  I n  th e  Sq . ^  a )  c a s e ,  ( 0 ,c )  g iv e s  a  0 -g ra p h  d i s j o i n t

from  ^ a ^ b ) ;  hence we have ( 0 , a ) .  Edge (4 ,d )  a  0 -g ra p h

d i s j o i n t  from  ( o ^ l &c ^  and edge ( a , 0 ) i n  c y c le  ( 4 , a ,d ,  0 ) g iv e s

a  0 -g ra p h  d i s j o i n t  from  a k -g ra p h . We have e x h a u s te d  v e r te x  4

c o n n e c tin g  anyw here u s in g  S -in d e p e n d e n t a rg u m en ts .

To a v o id  [ 1 , 4 ] , [ a ,d ]  c o n t r a d ic t in g  lemma 2 .1 8  we have v e r t i c e s

l , a  n o n -c u b ic . N ote edges ( l , b )  c o n t r a d ic t s  lemma 3 -4 , and s t ( d )

i s  d e ad . Edge ( 1 ,0 )  c r e a te s  4 c u b ic  in  a  3 -c y c le  o r  v e r te x  d

0 2c u b ic  d i s j o i n t  from  Q u n le s s  we have (1 , 0 ) and S ^ . ^  a)*

I n  t h i s  c a se  exam in ing  th e  u n iq u e  em bedding I S 1 o f  f ig u r e  3 .5  and 

em bedding ( l , 0 ) i n  r e g io n  ( a , l , 4 , 0 * , 0 , d )  we g e t  edge (a ,O ’ ) .  

Embedding (1 ,0 )  i n  r e g io n  ( a , 1 , 3 , 0 , O ',c )  im p lie s  v e r t e x  3 

c o n n e c ts  somewhere; edge (3 , c )  g iv e s  a  0 -g ra p h  d i s j o i n t  from  

( 0 , ° 1 a d ) hence we m ust have ( 3 , a ) , ( l , c )  and  G c o n ta in s  E ^.

Thus ( 1 ,0 )  can n o t be an ed g e . We have fo rc e d  i n t o  th e  c a se  

( l , c ) , ( 3 , a )  and a g a in , G c o n ta in s  E ^. The above a r e  S - in d e p e n d e n t 

a rg u m en ts , hence  th e  r e s u l t  i s  e s t a b l i s h e d .



Lemma 3 « 9 . T here does n o t  e x i s t  a  G 6 s a t i s f y i n g  H3 and

c o n ta in in g  a  subg raph  heme am orphic to  t h a t  o f  f ig u r e  3 . 1 1 .

P r o o f . By way o f  c o n t r a d ic t io n  l e t  G be  such  a g ra p h , and n o te  

f ig u r e  3 * 1 1  a l s o  g iv e s  th e  two u n iq u e  em beddings o f  th e  su b g rap h .

We s h a l l  f i r s t  p ro v e  th e r e  does n o t  e x i s t  a  v e r te x  v  d i s j o i n t  from  

f ig u r e  3 .1 1 .

I f  a l  € V(G) th e n  ( a l ,  0 ) ,  o r  e l s e  we have a  0 -g ra p h  d i s j o i n t

from  a k -g ra p h ;  n o te  s t ( l ) ,  s t ( 2 ) , s t ( a ) , s t ( b ) a r e  a l l  d i s j o i n t  from

k -g r a p h s .  C o n nec ting  a  and 1 somewhere w ith o u t  c o n t r a d ic t in g

lemma 3 .8  f o r c e s  e i t h e r  ( a , l )  o r  ( a , 0 ) .  I n  e i t h e r  c a se  v e r te x

a l  i s  c u b ic  in  a 3 - c y c le ,  f o r c in g  b y  lemma 1 .6  a  v e r te x  v  in

( a , l ) ,  ( a , 0 ) ,  r e s p e c t iv e ly ,  g iv in g  a  k -g ra p h  ^ am inl nS

th e  em beddings and d e l e t i n g  s t ( v )  f o r c e s  a  0 -g ra p h  d i s j o i n t  from

( ® a i , ) .  Thus t h e r e  i s  n o t  a  v e r te x  a l .  va l  v  4

L e t v  be  a v e r te x  d i s j o i n t  from  th e  su b g rap h  o f  f ig u r e  3 .11* B 

th e  b r id g e  c o n ta in in g  v .  W ith o u t l o s s  o f  g e n e r a l i t y  two v . o . a .  

m ust be 0  and c .  I f  B had 4 o r  m ore v . o . a . ,  G c o n ta in s  a

0 -g ra p h  d i s j o i n t  from  a k -g ra p h ; hence B c o n s i s t s  o f  a  s in g le  

c u b ic  v e r te x  v  and th e r e  e x i s t s  a  v e r te x  Oc. L e t v* be th e  t h i r d  

v e r te x  a d ja c e n t  to  e .  I f  (O c ,l )  th e n  G c o n ta in s  a s p l i t t i n g  o f

th e  g ra p h  in  f ig u r e  3 .1 0 , s a y  H, by  exam in ing  ^ 3 ^ 4 ^ d ^ ‘

Thus (0 c ,3 )>  and above u n io n  o f  k -g ra p h s  im p lie s  v* = 4 t o  a v o id  

G c o n ta in in g  H. By sym m etry (0 U ,d ), and th e r e  i s  a  0 -g ra p h  

d i s j o i n t  from  ^  g ) .  Thus th e r e  i s  n o t  a  v e r t e x  d i s j o i n t  from

th e  wedge k_ _ Y. k_ _ .
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N ext we w i l l  show (a ,  0 ) i s  n o t  an  edge o f  G, by  c o n t r a d ic t io n .

We have th r e e  c a s e s :

1 )  ( c , l ) ( d , l ) ,  n o n p ro je c t iv e  w ith  [2 ,b ]  d i s j o i n t  frcm

(_ ^  ^  ) v i o l a t i n g  lemma 2 . 1 8 .
j  C Qt

2 ) ( c , 3 ) ( c , 4 ) ,  p r o j e c t i v e ,  em bedding 3 o f  f ig u r e  3 .1 1 , i s  u n iq u e .

S t ( 2 ) , s t ( b )  a r e  b o th  d i s j o i n t  from  k -g ra p h s , hence  th e y  a re

n o n -c u b ic . E xam ining em bedding 3 we g e t  ( b ,3 ) ( 2 ,c )  and 

c o n t r a d ic t  lemma 3 . 9 * •

3 ) ( c , l ) ( d , 4 ) ,  p r o j e c t i v e  em bedding 3 u n iq u e . S t ( b )  i s

d i s j o i n t  from  hence b i s  n o t  c u b ic . The

in a d m is s ib le  b r id g e  from  b i s  (b ,0 4 ) ,  g iv in g  a  9 -g ra p h
Td i|.d i s j o i n t  from  (g d . A v o id in g  a  c o n t r a d ic t io n  o f  lemma

3 . 8 , t h e r e  m ust be skew edges i n  e i t h e r  r e g io n  ( b , c , 0 , 3 , 2 ) 

o r  r e g io n  ( b , 2 , 4 , d ) .  I f  ( 0 , b ) , ( c , 2 )  o r  ( 0 , b ) , ( c , 3 )  th e n  

th e  wedge ( o ^ l ^ 2  ̂ ^  ^ c ^ ^ O ^  Siv e s  a  c o n t r a d ic t io n  o f  

lemma 3 . 8 ,  ( 0 , 2 ) , ( b , 3 ) g iv e s  a  n o n p ro je c t iv e  g rap h  c o n tr a 

d i c t i n g  lemma 1 .6 .  Thus ( a ,0 )  i s  n o t an  e d g e .

To f i n i s h  th e  lemma suppose v e r te x  a  c o n n e c ts  somewhere. I f  

( a , 1 3 ) o r  ( a , 3 ) th e n  we may alw ays add t h i s  edge i n  e i t h e r  em bedding, 

u n le s s  1  c o n n e c ts  som ewhere. Any such  c o n n e c tio n  g iv e s  G c o n ta in 

in g  a  s p l i t t i n g  o f  th e  g ra p h  i n  f ig u r e  3 .1 0 . I f  ( a , 03) th e n  b i s  

c u b ic  d i s j o i n t  from  Edge (b ,0 3 )  g iv e s  4 -c y c le  ( 1 ,3 ,2 ,4 )

d i s j o i n t  from  (® a  ^ ) ,  c o n t r a d ic t in g  lemma 2 . 1 9 , hence ( b ,0 4 ) .  

S t ( l )  i s  d i s j o i n t  from  (q4 °  c ^  d^ ^  any  ed se  ou'k 1  c o n t r a d ic t s



lemma 3 .8 .  Hence th e r e  does n o t e x i s t  an  edge o u t o f  a ,  and by  

d i s j o i n t n e s s  argum ents th e r e  does n o t  e x i s t  an  edge o u t o f  s t ( l ) .

The o n ly  p o s s ib le  c r o s s in g  edges re m a in in g  a re  ( c ,0 3 ) , ( 3 ,0 c ) ;  

th e  r e s u l t i n g  g rap h  v iew ed a s  a  wedge (q0^ 0^  ) Al (q  ^  a  ^ 2   ̂ c o n t r a 

d i c t s  lemma 3 -6 .

□

IiPinma 3«10« T here does n o t  e x i s t  a  G € 1 ^ (P ) s a t i s f y i n g  H3 

and  c o n ta in in g  a  su b g rap h  homeamorphic t o  t h a t  o f  f ig u r e  3 . 1 2 .

Figure 3-32

P r o o f . B ecause o f  th e  b i s e c t i o n  betw een  em beddings o f  t h i s  subg raph  
HH and  ̂ we se e  [0 ,0 * ]  m ust n o t be d e a d . I f  t h e r e  i s  a  v e r te x
 ̂ d00* th e n  s t ( 0 )  i s  d i s j o i n t  from  ( ^  q , ) ,  hence  WLOG we have

e i t h e r  (0 , 1 3 ) o r  (0 , l ) ,  s in c e  ( 0 ,4 )  i s  lemma 3 .9*

Suppose (0 ,1 3 )  i s  an  a r c  o f  G. I f  t h e r e  e x i s t s  v  € (0 ,1 3 )

th e n  v  c o n n ec ts  somewhere on c y c le  ( a , c , b , d ) ,  e l s e  G c o n ta in s  a

0 -g ra p h  d i s j o i n t  fl*am ( c ^ ^ ) .  An e a r l i e r  lemma, dep en d in g  on

w here v  c o n n e c ts , a p p l ie s  i f  we w r i te  G a s  (_ 0  13  ) U ( a . b ll)
3 v  1 (1 ,4 )  c d *
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Thus (0 ,1 3 )  i s  an  edge, n o t  an  a rc  o f  G. N ext d e le t e  (0 ,1 3 )

and embed G, u s in g  e i t h e r  em bedding IS  o r  3S o f  f i g u r e  3 .4 .

There e x i s t s  an  edge o u t o f  3 w hich  makes (0 ,1 3 )  in a d m is s ib le ,  by

in d e p en d e n t argum ents we need  o n ly  c o n s id e r  edges betw een  e x i s t i n g

v e r t i c e s .  A gain , ( 3 , 0 ) , ( 3 , 0 ' )  g iv e  a  © -g raph  d i s j o i n t  from

(c a  d ^  4 ) • Edge ( 3 , c )  g iv e s  a  © -graph  d i s j o i n t  from  (a ^ 2 d 0 t)>

and (3 , a )  i s  co v ered  b y  an  e a r l i e r  lemma i f  we exam ine

( i ^ n ^ n )  U ( , 0 ^  ) .  We n eed  n o t  c o n s id e r  ( 3 ,b ) ,  a s  t h i s
1 2 0  (0,0*) 0 a b

edge d oes n o t  make (0 , 1 3 ) in a d m is s ib le ,  hence we m ust have (3 , d ) ,

w ith  em bedding I s  u n iq u e . S t ( l )  d i s j o i n t  from  (^ q , c ) ,  s t (4)

d i s j o i n t  from  C ^  ^ ) hence  we m ust have a  k -g ra p h  on c y c le

( a , l , 4 , 0 ’ ,d )  g iv in g  a  n o n p ro je c t iv e  g ra p h  w ith  v e r te x  13  c u b ic

i n  a  t r i a n g l e ,  a  c o n t r a d i c t i o n .  Hence (1 3 ,0 )  i s  n o t an edge o f

G, so  ( 1 ,0 )  m ust b e .

N ote s t (2 ) i s  d i s j o i n t  from  (c ° q »  so we w i l l  b re a k  i n t o

c a s e s  d ep en d in g  on w here v e r te x  2  c o n n e c ts .

I f  ( 2 ,b e )  th e n  s t  (b e ) i s  d i s j o i n t  from  ^ o ° 4 1 d ^  S°

m ust n o t  be c u b ic .  A v o id in g  a  c o n t r a d ic t io n  o f  lemmas 3 .6 ,  3 .7 ,  and

3 .8 ,  be  may o n ly  c o n n ec t t o  0 , 0 0 ' ,  o r  0* . The f i r s t  i s  e q u iv a le n t

t o  edge (1 3 , 0 ) ,  w hich case  was j u s t  h a n d le d , th e  second  c o n t r a d ic t s

lemma 3 .8  i f  we exam ine (n U L bc d v )# and t îe
1 d U (O’ , 0 0 ’ ) 0  c b

t h i r d  c o n t r a d ic t s  lemma 3*9 . Hence 2 does n o t  c o n n ec t t o  th e  s t ( b ) .

I f  ( 2 ,c )  i s  an  a r c  o f  G, f i r s t  c o n s id e r  th e  e x is te n c e  o f  a

v e r te x  2 c . Any edge o u t o f  2c e x c e p t ( 2 c ,0 ) g iv e s  e i t h e r  a
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0 -g ra p h  d i s j o i n t  from  a k -g ra p h  o r an  e a r l i e r  case  o f  co m p le tin g  th e

k -g ra p h s  to  K uratow ski g ra p h s . I f  ( 2 c ,0 ) i s  an ed g e , th e  a v o id in g

2c  cu b ic  in  a  3 -c y c le  we g e t  a  v e r te x  Oc. Edge ( 0 c ,2 ) g iv e s  a
0 *

0 -g ra p h  d i s j o i n t  from  (Q ^ d ) ,  (O c ,l )  g iv e s  a  0 -g ra p h  d i s j o i n t

(q c °  3 1 ( ° c^ )  g iv e s  th e  wedge ^  2  v ° Cb ) X. (Q 1  d ) . By

S ^ .-independent argum ents Oc can n o t c o n n ec t anyw here, hence (2 , c )

i s  an  edge, n o t an  a r c ,  o f  G. N ext d e le t e  ( 2 , c )  and embed, u s in g

e i t h e r  em beddings IS  o r  3S o f  f ig u r e  3.^-. V e rtex  b c o n n ec ts

somewhere o r  we may alw ays e x te n d  G \ ( 2 , c ) c: P to  Gc  P . A vo id ing

a  c o n t r a d ic t io n  o f  lemmas 3 -6 , 3 .7 , and 3 .8  g iv e s  t h a t  b  c o n n ec ts

to  [ 0 , 0 ' ] .  Edges ( b ,0 ) ,  ( b , 0 0 ') g iv e  em bedding IS  u n iq u e , a v o id in g

v e r te x  3 cu b ic  in  a  3 c y c le  and s t ( d )  d i s j o i n t  from  a k -g ra p h

im p lie s  (3 j< i), a  c o n t r a d ic t io n  s in c e  s t ( a )  i s  d i s j o i n t  from  
0 2^ ij.)' Hence we g e t  ( b , 0 * )  i s  i n  G. D e le t in g  t h i s  edge and

em bedding g iv e s  e i t h e r  ( d ,1*) o r  ( d , 3 ) .  The fo rm er g ra p h  c o n ta in s  

a  0 -g ra p h  d i s j o i n t  from  (n C 1 0 ) .  The l a t t e r  g rap h  h as  em beddingv & C
c d

3 u n iq u e , s t ( 4 )  d i s j o i n t  from  (a  ^  3 ) and- s t ( a )  d i s j o i n t  from
0 * 2(Q ^ -j^), hence in a d m is s ib le  b r id g e  ( a , 4 ) .  The g ra p h  i s  B11,

w hich  i s  n o t m axim al.

I f  (2 , d )  i s  an edge o f  G, th e n  v e r te x  b m ust c o n n ec t some-
2 0 *w h ere . Edge ( b , 0 ' )  g iv e s  0 -g ra p h  d i s j o i n t  from  (. ) hence

4 d b
we have ( b ,0 ) .  D e le t in g  t h i s  edge and em bedding im p lie s  t h e r e

e x i s t s  a  b r id g e  o u t o f  c w hich  p re v e n ts  th e  em bedding from  e x te n d in g

to  an  em bedding o f  ' G, y e t  any  su ch  b r id g e  g iv e s  a  n o n p ro je c t iv e
0 2g rap h  w ith  s t ( a )  d i s j o i n t  from  ^ t ) .  Hence ( 2 ,d )  i s  n o t 

an  edge o f  G.
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I f  ( 2 , 0 ' d )  i s  an  edge o f  G th e n  s t ( d )  i s  d i s j o i n t  frcm  

3 4(q i  g ) ,  so d i s  n o t c u b ic . T here i s  a  u n iq u e  em bedding even

a f t e r  c o n t r a c t in g  (O’d^O1) .  One o f  th e  v e r t i c e s  a ,b ,  w i l l  be

c u b ic  d i s j o i n t  from  a k -g ra p h .

I f  (2 ,0 c )  i s  an edge v e r te x  c i s  n o t  c u b ic . I f  ( c , 3 )  th e n

GG i s  n o n p r o je c t iv e ,  b u t  so i s  j-^ c . A vo id ing  a  0 -g ra p h  d i s j o i n t
1  Qt

from  q ) im p lie s  e i t h e r  ( c , 4 )  o r  ( c , l 4 ) .  The fo rm er

c 2  1  0 1c o n ta in s  a  wedge (qq ^ q a ) l a t t e r  i s  co v ered

in  lemma 3 *8 .
o o f

I f  ( 2 ,0 0 ’ ) th e n  we have a  0 -g ra p h  d i s j o i n t  frcm  ^ •£,)•

I f  ( 2 ,0 )  th e n  v e r te x  3 c o n n e c tin g  anywhere g iv e s  a  wedge

(0 1 3 2 1|) ^  ( ( ^ a ^ b ^  c o n t r a d ic t in g  p r o p o s i t io n  3 . 5 *

I f  ( 2 , 0 ' )  we have v e r t i c e s  3 and 4 c u b ic  in  a  t r i a n g l e .

Exam ining ( C , d n ) U L 1 , ^ . , )  we a re  fo rc e d  to  ( 3 , a ) ( if , b ) ;
(0, 0 ’ )

w ith  a  9 -g ra p h  d i s j o i n t  from  H aving e x h a u s te d  th e

p la c e s  2  may c o n n e c t, th e  lemma i s  p ro v e d .

□

C o ro l la ry  3 .1 1 . L e t G € I^ ( P )  s a t i s f y  H3- I f  G c o n ta in s

k_ _ ^  k  _ o r  a  s p l i t t i n g  t h e r e o f  th e n  G = E .
d>)Z> 22

P r o o f . The p ro o f s  o f  lemmas 3 .6 - 3 - 9  com pleted  th e  p r o o f  o f

p r o p o s i t io n  3*5, w hich c o v e rs  G c o n ta in in g  a  wedge kc _ X. k  _ .
2 , 3  2 , 3

The p ro o f s  o f  l e mma s 3*6, 3 -7 , and 3 .8  a re  S - in d e p e n d e n t, and lemma

3 .1 0  i s  an  S -in d ep e n d e n t v e r s io n  o f  lemma 3.9*
□



§ 3 .3  The Wedge o f  k  *s, One C o n ta in in g  a  C ycle D is jo in t  From th e
<-9 3

Lemma 3 .1 2 . L e t G c o n ta in  H = k„ n ^  kn ,  a s  in  f ig u r e  3 .1 3 .  
- —~ ■“  £>3

Then th e r e  e x i s t  e x a c t ly  one u n ia t e l e d  and 12 la b e le d  em beddings o f  

H i n t o  P w hich may e x te n d  to  an  em bedding o f  G.

P r o o f . C ycle ( l , 3 * 2 ,4 )  i s  d i s j o i n t  from  k -g ra p h  hence t h i s  

c y c le  m ust embed n u l l .  E x a c t ly  one o f  th e  .c y c le s  ( 0 , b , a , c ) ,  

( 0 , b , a , d ) , ( 0 , c , a , d )  m ust embed n u l l .  Thus th e  u n iq u e  u n la b e le d  

em bedding i s  shown in  f ig u r e  3 .13* The 12 la b e le d  em beddings a r i s e  

from  th e  sym m etries in v o lv e d , and a r e  shown in  f i g u r e  3 .1 ^ .  Note 

r e g io n  ( l , 3 >2 , b)  i s  d ead .

O ther

\ /\

F ig u re  3*13

□

»
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em bedding 1

0 0
em bedding 2

em bedding 5

em bedding 6

em bedding 9 

o

>c a* iz a<
d v ^ X 4  b V ^ 4

o p
em bedding 1 0

• O '  O  O
a t> o

em bedding 3

em bedding 4

em bedding 7

em bedding 8

em bedding 1 1

c a

em bedding 12

F ig u re  3 . i 4
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P r o p o s i t io n  3-13 • There does n o t  e x i s t  a  G € s a t i s f y i n g

H3, G c o n ta in in g  a  wedge kg ^ .Y ^  3 *

P ro o f . L e t G c o n ta in  a  wedge k^ ,, .Y k„ ,, l a b e le d  a s  i n
C*y J  C .y  J

f ig u r e  3 .1 3 .  We s h a l l  b re a k  in to  c a s e s  d ep en d in g  on how th e

3 4(q g )  k -g ra p h  co m p le tes  t o  a  K uratow sk i g ra p h .

The m is s in g  v e r te x  o f  th e  K uratow ski g ra p h  a s s o c ia te d  w ith  ( o ^ l ^ 2 ^

m ust l i e  on a  0 d ) \ ( 0 } ,  e l s e  G c o n ta in s  a  0 -g ra p h  d i s j o i n t

from  (, a  I f  v e r t i c e s  1 ,2  b o th  co n n ec t t o  th e  i n t e r i o r  o fb e d  '

th e  same a rc  o f  th e  kg ^ a c °  d ) th e n  we can  a p p ly  c o r o l l a r y  3 - H .  

The re m a in in g  th r e e  p o s s i b i l i t i e s  a r e  ( l , b ) ( 2 , a ) ,  ( l , b ) ( 2 , c ) ,  o r  

( l , a ) ( 2 , a ) .  These t h r e e  c a s e s  a re  shown in  f ig u r e s  3 .1 5 -3 .1 7 -  The 

n o n e x is te n c e  o f  G c o n ta in in g  th e s e  f i r s t  two sub g rap h s i s  p ro v en  

in  lemmas 3 .1 ^ -3 .1 5  r e s p e c t i v e l y  f o r  th e  f i r s t  two c a s e s .  We n o te  

th e  symmetry (0 , a )  (1 , 3 ) (2 , h )  shows any  co m p le tio n  o f  (^ °  c & ^ ) 

i n  th e  t h i r d  case  re d u c e s  i t  t o  one o f  th e  f i r s t  two c a s e s .  Hence 

th e  p ro o f  o f  th e s e  tw o lemmas s h a l l  com plete  th e  p ro o f  o f  th e  

p r o p o s i t io n .

□
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lemma 3 -14

F ig u re  3 .1 5  F ig u re  3*16

3 b

F ig u re  3*17

Lemma 3 « l4 . T here does n o t . e x i s t  a  G € I ^ ( P )  s a t i s f y i n g  H3,

G c o n ta in in g  H hamecanorphic t o  th e  g rap h  o f  f ig u r e  3 .15^  w here

(* ° c V  i s  a  * 2 ,3 -

P r o o f . By way o f  c o n t r a d ic t io n  we s h a l l  suppose su ch  a  G and  

b re a k  in to  c a s e s  d epend ing  on how c_,d c o n n ec t t o  com plete  ^  c & ^ )

t o  a  Kj 2 * The r e a d e r  i s  r e f e r r e d  t o  f ig u r e  3 *1 8 .

Case 1 . ( c ,1 3 ) .  We exam ine w here d c o n n ec ts  t o  co m ple te  th e

k -g ra p h . I f  ( d , l ) , ( d , 1 3 )  th e n  G i s  a  s p l i t t i n g  o f  E ^. I f  

( d ,2 3 ) th e n  th e  wedge 3 ^^$)  V ^ 1  ° (P  c o n t r a d ic t s  c o r o l l a r y  3 . 1 1 .
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I f  ( d ,2 )  th e n  o b serv e  ( a ,2 )  i s  an  ed g e , s in c e  any  edge o u t o f  a2

0 2c r e a te s  a  0 -g ra p h  d i s j o i n t  from  ^ o r  a  © -graph d i s j o i n t

from  V ertex  d i s  c u b ic  i n  a  3 - c y c le ,  so d c o n n ec ts

somewhere e l s e .  By th e  sym m etry (c 3)Cb M (2  a )  ( th e  symmetry i s  

d e s c r ib e d  by  th e  p e rm u ta tio n  on V(G)) we may assume ( d ,3 ) .  

Exam ining th e  12 em beddings we see  em bedding 8  i n  f ig u r e  3 -1^  

i s  th e  u n iq u e  em bedding o f  ou r su b g rap h . S t ( l ) , S t ( l 3 )  a r e  b o th  

d i s j o i n t  from  k -g ra p h s ,  hence th e y  a re  n o t  c u b ic .  The skew b r id g e s  

in  r e g io n  ( c , 1 3 , l , b , a )  g iv e  u s  a n o n p ro je c t iv e  g rap h  w ith  d 

cu b ic  in  a  3 - c y c le ,  a  c o n t r a d ic t io n .

Case 2 . ( c , l ) .  A gain  we exam ine where v e r te x  d c o n n e c ts . As

i n  c ase  1  we may a g a in  fo r c e  ( d ,3 ) .

c a se  1 case  3case  2

case  4 c ase  5

Figure 3 .18
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em bedding 8

F ig u re  3 .1 9

V ertex  d i s  c u b ic  i n  a  3 -c y c le ,  we s h a l l  exam ine w here e l s e  d 

may c o n n e c t. I f  d c o n n ec ts  to  s t ( o )  o r  s t ( 3 )  th e n  we have a  

0 -g ra p h  d i s j o i n t  from  d c o n n ec ts  t o  s t ( a ) ,  s t ( 2 ) , s t ( 3 )

th e n  we have a 0 -g ra p h  d i s j o i n t  from  Edge g iv e s

a wedge (1 ^ 2  ^ d ^  V ^ b ^ c 8^  anc* we c o r o l l a r y  3*11. Thus

i f  d c o n n e c ts  anyw here we m ust have ( d ,b ) ,  w ith  em bedding 8 

u n iq u e . We exam ine why t h i s  em bedding does n o t  e x te n d  t o  an em bedding 

o f  th e  w hole g ra p h . I f  t h e r e  e x i s t e d  an in a d m is s ib le  b r id g e ,  i t  would 

have to  be  em bedding 4 a d m is s ib le  e l s e  edge ( b ,d )  i s  r e d u c ib le .

The o n ly  c a n d id a te s  f o r  such  a  b r id g e  a r e  ( c , 1*0 and ( b ,3)5 th e  

f i r s t  g rap h  b e in g  c ase  1  o f  t h i s  lemma and th e  l a t t e r  g ra p h  c o n ta in in g  

a  s p l i t t i n g  o f  D^. S in ce  any s e t  o f  e q u iv a le n t  3 -b r id g e s  c r e a te s  

a  0 -g ra p h  d i s j o i n t  frcan k -g ra p h , em bedding 8  m ust n o t e x ten d  

b ecau se  o f  a  p a i r  o f  skew b r id g e s .  The o n ly  l i v e  re g io n s  a re  

( a , 2 , 4 , 0 , c ) ,  ( c , 1 , 3 , 0 ) ,  and ( b ,1 ,4 ,0 ) ;  th e  r e s t  a re  d i s j o i n t  f r a n  

a  k -g ra p h . N ote th e  skew edges m ust be  em bedding 4 a d m is s ib le .
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I n  r e g io n  ( a ,2 ,4 ,  0 , c )  th e  b r id g e s  m ust in v o lv e  v e r te x  c , o r  th e y

a re  n o t  em bedding 4 a d m is s ib le .  Edge ( c , 2 ) g iv e s  a  6 -g ra p h

X 2d i s j o i n t  from  ^ c ) ,  hence we have ( c , 4 ) .  Edge ( a ,0 )  g iv e s

cL Tda 0 -g ra p h  d i s j o i n t  from  ( n ) and edge (2 , 0 ) c o n ta in s  a  s p l i t t i n g
Et v

o f  B^. In  th e  re m a in in g  r e g io n s  (0 ,1 4 )  i s  e q u iv a le n t  t o  ( 0 ,2 4 ) ,

and (0 ,1 3 )  i s  e q u iv a le n t  to  (d ,2 3 )  i n s t e a d  o f  ( d ,3 ) .  Thus th e

o n ly  ch o ice  i s  (1 , 0 ) , ( b ,4 )  and ( c , 3 )* w hich h a s  ( b ,d )  r e d u c ib le .

We co n clu d e  v e r te x  d i s  c u b ic ,  and s t ( d )  d oes n o t  c o n n ec t anyw here.

By d b e in g  c u b ic  we know th e r e  e x i s t s  a  v e r te x  03 . V ertex  03

a d ja c e n t  to  e i t h e r  a , d , 3 , 1 ,2  a l l  g iv e  a  0 -g ra p h  d i s j o i n t  from  a
^  0 X

k -g ra p h . Hence (0 3 ,b ) ,  g iv in g  a  wedge C, d a t ) y  (^ ^ c ) and

c o n t r a d ic t in g  c o r o l l a r y  3 . 1 1 .

Case 3 . ( c ,2 3 ) .  A gain  we exam ine w here v e r te x  d c o n n e c ts .

C ases 1 and 2 r u l e  o u t s t ( l ) ,  and ( d ,2 )  g iv e s  a  0 -g ra p h

d i s j o i n t  from  (3 0  ^ 1 1,^ '  Ed®e (d >3 ) g iv e s  a  wedge

(g "*"ij.) v  ( c &2 ^ 3 ^  c o n t r a d ic t in g  c o r o l l a r y  3 .1 1 .  Hence b y

S -in d ep e n d e n t argum ents we have ( d ,4 ) ,  w ith  s t (23) d i s j o i n t  from
Id X(Q ^ ) .  I f  23 c o n n e c ts  t o  a , e ,  o r  d th e n  we have a  0 -g ra p h

d i s j o i n t  from  ( g ^ 1 ^ ) ;  (2 3 ,b )  g iv e s  a  wedge \ )  ^  (b  ° c & d ) J

and (2 3 , 0 ) g iv e s  a  0 -g ra p h  d i s j o i n t  from  (]_ 2  d^* These 

co v e r th e  p o s s i b i l i t i e s ,  hence  ( c ,2 3 )  i s  n o t  i n  G.

Case 4 . ( c ,2 ) .  Edge (d ,2 )  g iv e s  a  0 -g ra p h  d i s j o i n t  from  

( g ^ ^ ^ i j ^  so  b y  e a r l i e r  c a s e s  o f  t h i s  lemma we m ust have ( d ,3 ) o r



( d ,0 3 ) .  We s h a l l  assume (d ,3 )  and u s e  S ^ -in d e p en d e n t a rg u m en ts . 

Note th e r e  a r e  4 em beddings o f  t h i s  g ra p h , shown i n  f i g u r e  3 .2 0 . 

We exam ine v e r te x  c cu b ic  i n  c y c le  ( c , a , 2 ) .

te a

o
em bedding 1

em bedding 9

em bedding 8

o

• O
o0

em bedding 10

F ig u re  3*20

I f  t h e r e  w ere a v e r t e x  a2 any  edge o u t o f  a2 c r e a te s  a  9 -g ra p h  

d i s j o i n t  from  k -g ra p h  e x c e p t ( a 2 ,b ) ,  ( a 2 ,0 ) .  The f i r s t  g ra p h  

c o n ta in s  a  wedge ^ ^  ^ Y. & c ^ d ) c o n t r a d ic t in g  c o r o l l a r y  3 - H ,  

th e  second  g rap h  i s  an  e a r l i e r  c a se  o f  th e  lemma. Thus ( a ,2 )  i s  

an  ed g e , n o t  j u s t  an  a r c ,  o f  G. D e le t in g  t h i s  edge and em bedding 

we g e t  e i t h e r  ( c , 3 ) o r  ( c , 4 ) .

I f  ( c , 3 ) i s  a  b r id g e  th e n  we have e i t h e r  em bedding 8  o r  1 0 . 

D e le t in g  ( c ,2 )  g iv e s  th e  same em beddings, hence  we have e i t h e r  

( a ,0 )  o r  ( a , 4 ) .  R e g a rd le s s  th e  g rap h  i s  n o n p ro je c t iv e  w ith  v e r te x  

d cu b ic  in  a  3 - c y c le .
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I f  ( c , k )  i s  a  "bridge we have e i t h e r  em bedding 1 , 8 ,  o r  9,  w ith

v e r te x  d c u b ic  i n  a  3 - c y c le .  Edge ( d ,4 )  makes v e r te x  3

sym m etric to  v e r te x  hence  we can  a p p ly  th e  p re c e e d in g  p a ra g ra p h .

cLEdge ( d ,b )  g iv e s  a  0 -g ra p h  d i s j o i n t  from  (Q ^ )> (d >c ) g iv e s  a 

0 -g ra p h  d i s j o i n t  from  (d >3 ) g iv e s  a  0 -g ra p h  d i s j o i n t

from  a £ ^  c ) • By S - in d e p e n d e n t argum ents s t ( d )  i s  d e ad . Hence 

th e r e  e x i s t s  a  v e r te x  03 . I f  03 c o n n e c ts  t o  e i t h e r  c o r  d th e n  

th e  p re c e e d in g  argum ents a p p ly , a l s o  n o te  (0 3 , a )  g iv e s  a  wedge

^ d a c ° 0 3 ^  c a se  2 * 111:113 we have ( ° 3 , b )  and  u n iq u e

em beddings 8  and 9* D e le t in g  ( a ,2 )  im p lie s  a  b r id g e  ( c ,3 ) ,  

a  c o n t r a d ic t io n .

Case V e r t ic e s  c ,d  can  o n ly  c o n n ec t t o  3>^j03>0^*

I f  ( c ,d )  b o th  c o n n ec t to  [ 3 ,0 )  t h e r e  a r e  t h r e e  p o s s i b i l i t i e s .

1 2Edges ( c ,0 3 ) ,  (d ,0 3 )  g iv e  a  0 -g ra p h  d i s j o i n t  from  ^  t ) .  Edges

( c , 3 ) , ( d ,0 3 ) g iv e  two em beddings, 8  and 1 0 ; u n iq u e  even  u n d e r

c o n t r a c t in g  ( 3 ,0 3 ) .  T h is  im p lie s  (3 ,0 d )  g iv in g  a  wedge

(0^ 3° ^ )  v  (^ 1  ^ ^ c o n t r a d ic t in g  c o r o l l a r y  3 .1 1 . Hence we have

(c ,3 )  and ( d ,3 ) .  I f  th e r e  i s  a  v e r te x  03 th e n  we have a  wedge

( ^ ^ q )  v  (c ° q 2̂  d ) i s  c a se  2 o f  t h i s  lemma. Edge (c ,* 0  g iv e s

a n o n p ro je c t iv e  g rap h  w ith  d cu b ic  in  a  3 - c y c le .  Hence we have

( c ,d )  w hich g iv e s  nonm axim al g ra p h  Dg.

We have ( c ,3 )  and ( d ,4 ) ,  w ith  b o th  v e r t i c e s  c ,d  c u b ic  i n  a

3 - c y c le .  I f  ( c ,0 3 )  th e n  G c o n ta in s  a  0 -g ra p h  d i s j o i n t  from  

a  ^(g ^  d ) .  The o n ly  p la c e  c and d can  c o n n ec t i s  t o  each  o th e r .



I f  t h i s  i s  n o t th e  c a s e , th e n  c ,d  a re  dead  and th e r e  e x i s t  v e r t i c e s  

0 3 ,0 4 . I f  03 ,0 4  c o n n ec t t o  th e  same p la c e  we have e i t h e r  c a se  2 

o f  t h i s  lemma o r  c o r o l l a r y  3 - H -  Hence (0 3 ,a b )  (04-,a) o r  (0 3 ,a b )  ( 0 4 ,b ) .  

The fo rm er g ra p h  c o n ta in s  a  0 -g ra p h  d i s j o i n t  from  (q^ ^ c & d^ anc  ̂

t h e  l a t t e r  a  6 -g ra p h  d i s j o i n t  from  a ) .

Thus ( c ,d )  € E(G) and v e r t i c e s  c ,d  a re  d ead . A l l  re m a in in g  

b r id g e s  may co n n ec t o n ly  t o  a  o r  s t ( b ) .  Note ( a ,0 3 )  g iv e s  a 

0 -g ra p h  d i s j o i n t  from  2  b^ (a A )  i s  c a se  2  b y  exam in ing

a  wedge 1  ^ &) X  ( ^ a c ° d ) -  A lso  o b serv e  ( a , 3 ) f o r c e s  a  v e r te x  

a 3 o r  e l s e  c i s  c u b ic  on a  3 - c y c le ,  y e t  a 3 can  c o n n ec t now here.

We co n clu d e  a l l  b r id g e s  have a  v . o . a .  in  s t ( b ) .  Edge (b ,3 )  g iv e s  

a  n o n p ro je c t iv e  g ra p h  w ith  v e r t e x  1 c u b ic  i n  a  3 - c y c le .  Any 

s p l i t t i n g  o f  t h i s  edge c r e a te s  0 -g ra p h  d i s j o i n t  from k -g ra p h . Edge 

( b , l )  g iv e s  a  0 -g ra p h  d i s j o i n t  from  hence s t ( b )  i s

d e ad . The o n ly  b r id g e  a d d i t io n  w hich  does n o t  c r e a te  a  0 -g ra p h  

d i s j o i n t  from  w hich  g iv e s  a  © -graph  d i s j o i n t

from  ^ ) .  T h is  co m p le tes  c a se  5, w hich  com p le tes  th e  p ro o f  o f

t h e  lemma.

□

lemma 3 .1 5 . There does n o t  e x i s t  a  G € I^ (P )  s a t i s f y i n g  H3, 

G c o n ta in in g  H ham eam orphic to  th e  g ra p h  o f  f ig u r e  3 .1 6  where



6 l

P r o o f . By way o f  c o n t r a d ic t io n  we s h a l l  suppose such  a  G and 

b re a k  i n to  c a s e s  dep en d in g  on w here d c o n n e c ts  t o  com plete  th e  k_ _

c a to  a  K uratow ski g ra p h .

Case 1 . ( d , l ) .  We s h a l l  u s e  S ^ -in d e p en d e n t a rgum ents to  a l s o

co v er th e  c ase  ( d ,1 3 ) .  N ote th e  symmetry (3 b ) ( k  d ) (2  a ) .  V e rte x
, 3 k .

a  i s  cu b ic  d i s j o i n t  from  (q  i  2  ’ symme‘̂ r y  2 a l s o  can n o t be

c u b ic .  Edges ( 2 , a ) , ( 2 ,1 )  c o n t r a d ic t  lemma 3 - l k ,  edges ( 2 ,d ) ( 2 ,b )

c o n t r a d ic t  c o r o l l a r y  3 .1 1 .  By S - in d ep e n d e n t argum ents we have (2 , 0 ) .

T h is  g rap h  h a s  k em beddings, g e n e ra te d  frcm  em bedding 1 o f  f ig u r e

3 .2 1  b y  th e  sym m etries b ~ d ,  3 ~ k .  Thus upon rem oving  ( 2 ,0 )  we

may assume th e  g ra p h  embeds a s  an  e x te n s io n  o f  em bedding 1 . We g e t
cL t)

e i t h e r  l )  ( c ,k ) ,  ( c ,3 )  w i th  a  0 -g ra p h  d i s j o i n t  from  ^  Q a ) ,

2 )  ( c , k ) , ( 3 , a )  w ith  a  0 -g ra p h  d i s j o i n t  from  o r  3)

2 0( c , k ) , ( b , 3 )  w ith  a  0 -g ra p h  d i s j o i n t  from  c ) .

3 kCase 2 . (d ,3 )«  S t ( a )  i s  d i s j o i n t  from  ^  ^ ) ,  so  a  i s  n o t

c u b ic .  We exam ine p o s s ib le  p la c e s  w here a  may c o n n e c t.

I f  ( a , 03) th e n  s t ( 2 )  i s  d i s j o i n t  frcm  a  k -g r a p h . S in ce  c y c le

( 0 , c ,2 ,k )  i s  d i s j o i n t  from  (<3̂ 1̂ 0 3 ) we mus'fc have C2 ^ ) *  w ith  

th e  wedge ^ 2  ^  1^ ^  ( 0 ° ^ 3  ^  a ) c o n t r a d ic t in g  c o r o l l a r y  3 *11* I f

(a ,O k) th e n  em beddings 9 , 1 0  a r e  u n iq u e  even  u n d e r c o n t r a c t in g  

( 0 k ,k ) .  T h is  im p lie s  e i t h e r  (k ,d )  o r  ( O k ,c ) , ( k , a ) . The fo rm er 

g rap h  c o n t r a d ic t s  c o r o l l a r y  3 * H  and  th e  l a t t e r  c o n ta in s  s t ( l )  

d i s j o i n t  frcm  ( o k ^ 8^ ’



I f  ( a , 3 ) i s  a  b r id g e  th e n  t h a t  b r id g e  i s  r e d u c ib le  u n le s s  v e r te x  

d i s  n o t  c u b ic .  By th e  p re v io u s  c a se  and c o r o l l a r y  3 .1 1  we have

G i s  m axim al t h i s  g rap h  embeds and we know c y c le s  ( ( 2 >c) , 3 j h ) ,  

( f 2 , c } , a , 0 ) a re  e s s e n t i a l  and (0 , b , d ) , ( a , b , d ) , ( b , d , 3 , l )  a re  n u l l .

d e ad . I f  v e r te x  2 c o n n e c ts  anyw here b u t  ( b ,d ,a )  th e n  th e r e  i s  a

g iv e s  c a se  1  o f  t h i s  lemma, any  s p l i t t i n g  o f  t h i s  i s  lemma 3 . 1^ .

Edge (2 ,b )  i s  a  c o n t r a d ic t io n  o f  c o r o l l a r y  3 .1 1 , hence  2 and ,

b y  S - in d e p e n d e n t a rgum ents s t ( 2 ) ,  a r e  d ead ; we co n clu d e  v e r te x  c

i s  n o t  c u b ic .  Edge ( c ,3 )  c r e a t e s  v e r te x  2 c u b ic  in  a  3 -c y c le ,

y e t  any o th e r  c o n n e c tio n  o f  c g iv e s  a  0 -g ra p h  d i s j o i n t  from

e i t h e r  (n ^ ^ o r  (n ^ ^  ) .  Hence c i s  dead  and we conclude'■l 2  O' ' I d  a '

(a , 3 ) i s  n o t  in  G.

I f  ( a , 4 ) i s  a  b r id g e  we exam ine w here v e r te x  d can  c o n n e c t. 

Edges ( d , ^ ) , ( d , c ) , ( d , 0 3 ) , ( 3 , 0 d )  a l l  g iv e  a  c o n t r a d ic t io n  o f  

c o r o l l a r y  3 -1 1 , hence  d i s  c u b ic .  A v o id ing  a  3 -c y c le  im p lie s  03, 

w ith o u t l o s s  o f  g e n e r a l i t y  (0 3 ,b )  and a  c o n t r a d ic t io n  a s  G i s  

n o n p ro je c t iv e  w ith  03  c u b ic  in  a  3 - c y c le .

H aving e x h au s te d  th e  p o s s ib le  c o n n e c tio n s  o f  a we co n clu d e  case  

2  does n o t h o ld .

(d ,b )  and s t ( d )  i s  d ead . C o n sid e r Tq^vt ^  f ( 3 , ^ ) , ( a , 0 )} . S ince

t  cLT his im p lie s  k -g ra p h  (q a  ^ niJ. l l ,  hence [ 2 ,c ]  can n o t be

9 -g ra p h  d i s j o i n t  from  e i t h e r  ( 3 b 
I d a ) .  Edge ( 2 , a )

□

em bedding 1 

F ig u re  3 .2 1



§ 3 .4  A kg ^ Wedge a k ^ , Each C o n ta in in g  a  C ycle D is jo in t  from  

th e  O ther

Lemma 3 .1 6 . L e t G c o n ta in  H = kg ^ ^  a s  shown i n  f ig u r e  3 .2 2 . 

Then th e r e  i s  e x a c t ly  one u n la h e le d  and 12 la b e le d  em beddings o f  H 

w hich  may e x te n d  t o  an  em bedding o f  G.

F ig u re  3*22

P r o o f . C ycle ( l ,  3 ,2 ,4 )  i s  d i s j o i n t  from  a k -g ra p h  hence i t  m ust 

embed n u l l .  One o f  th e  c y c le s  ( 0 , a ,b ) ,  ( 0 , a , c ) ,  ( 0 ,b ,c )  m ust be 

n u l l .  The u n iq u e  u n la b e le d  em bedding i s  shown i n  f ig u r e  3 .2 2 .  For a  

p a r t i c u l a r  c h o ic e , sa y  (0 , a , b ) ,  em bedding n u l l ,  t h e r e  a r e  4 la b e le d  

em beddings b a se d  on th e  sym m etries 3 ~ 4 ,  1 ~ 2 .  The 12 r e s u l t i n g  

la b e le d  em beddings a re  shown in  f ig u r e  3 .2 3 .
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P r o p o s i t io n  3 .1 7 . T here does n o t  e x i s t  a  G € I^ (P )  s a t i s f y i n g  

H3 and c o n ta in in g  k^ ^

P ro o f . We l a b e l  k^ ^ V. k], a s  in  f ig u r e  3 .2 2 . By p r o p o s i t io n s
2 ,  3 ^

3 .5  and 3*13 we know G d oes n o t  c o n ta in  a  wedge o f  k 0  _ ’ s ,  hence

( 0 ,a ) ,  ( 0 ,b ) ,  ( 0 , c ) ,  ( a ,b ) ,  ( a , c ) ,  ( b ,c )  a re  a l l  e d g es , n o t a r c s ,  o f  G.

M oreover i f  t h e r e  e x i s t e d  a  v e r te x  v  d i s j o i n t  from  t h i s  wedge th en

th e  b r id g e  c o n ta in in g  v  m ust c o n n ec t tw ic e  to  one o f  th e  k -g ra p h s .

We can n o t a v o id  e i t h e r  a  wedge k _ V v  „ o r  a  Q -g rap h  d i s j o i n t
£ 9  i  ^ 9

from  a k -g ra p h . The p ro o f  o f  th e  p r o p o s i t io n  w i l l  be b ro k e n  i n t o  

c a s e s  d ep en d in g  on how th e  k^ ^ co m p le tes  t o  a  1116 "two

c h o ic e s  a r e  shown i n  f ig u r e  3 .2 ^ and  3 .2 5  and th e  p ro o f  t h a t  th e r e  

does n o t  e x i s t  a  g rap h  G c o n ta in in g  t h i s  su b g raph  fo llo w s  in  lemma 

3 . l8 ,3 .1 9 >  r e s p e c t iv e ly .

□

F ig u re  3 .2 ^ F ig u re  3 .2 5
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Lemma 3 .1 8 . There does n o t  e x i s t  a  G € f * ( p ) s a t i s f y i n g  H3 

and c o n ta in in g  a subg raph  homeam orphic t o  t h a t  o f  f ig u r e  3 .2 4  w here 

( °  i s  a  k -g ra p h .

P r o o f . By way o f  c o n t r a d ic t io n  suppose G w ere such  a  g ra p h .

N ote th e  o n ly  em beddings w h ich  ad m it b o th  ( l ,  a )  and ( 2 ,a )  a re  

em beddings 1 ,4 ,7 * 1 0  o f  f i g u r e  3 .2 3 .  A lso  o b serv e  th e  symmetry 

(0 a ) ( l  3 ) (2  4 ) .  From t h i s  we see  v e r t i c e s  1 ,2 ,3 * 4  a r e  a l l  v e r te x  

t r a n s i t i v e .  A lso  (3 * 0 ) (4 ,0 )  m ust be edges o f  G o r e l s e  t h e r e  

e x i s t s  a  v e r te x  d i s j o i n t  from  t h i s  w edge.

I f  b , c  c o n n ec t t o  th e  same v e r te x  th e n  G i s  D^* w hich  i s  

n o t m axim al. N ext suppose (b , 13) i s  i n  G, n o te  em bedding 7 i s  

u n iq u e . W ithou t lo s s  o f  g e n e r a l i t y  we have e i t h e r  ( c ,2 )  o r  ( c ,2 4 ) .

S t (1 ) and s t (13) a r e  e ac h  d i s j o i n t  from  k -g ra p h s , hence  we have 

( l , b ) , ( 1 3 ,a ) .  R e g a rd le s s  o f  w here c c o n n e c ts  we have s t ( 3 )  

i s  d i s j o i n t  from  ( g ^ t , 0 !).)* a  c o n t r a d ic t io n .  Thus b and c 

can  c o n n ec t o n ly  t o  1 ,2 ,3  o r  4 .

Suppose ( b , l ) , ( c , 3 )  a r e  in  G. I f  t h e r e  e x i s t s  a  n in th  v e r te x  

th e n  i t  m ust be e i t h e r  1 3 ,1 4 ,2 3 * 2 4 . By th e  p re c e e d in g  p a ra g ra p h  

su ch  a  v e r te x  may o n ly  c o n n ec t t o  a .  S upposing  ( l 4 , a )  g iv e s  14 

c u b ic  i n  a  3 - c y c le .  S upposing  (2 4 ,a ) ,( 2 3 * a )  g iv e s  (2 ,0 )  o r  

(2 , c )  r e s p e c t i v e l y  and v e r te x  2 4 ,2 3  r e s p e c t i v e l y  c u b ic  i n  a  3 - c y c le .  

F i n a l l y  su p p o sin g  (13*a )  and  a v o id in g  a  c u b ic  v e r t e x  i n  a  3 -c y c le  

im p lie s  v  € (1 , 1 3 ) and  ( v , 0 ) ,  w hich  c a se  was c o n s id e re d  i n  th e  

p re c e e d in g  p a ra g ra p h . Hence th e r e  does n o t  e x i s t  a  n in th  v e r t e x .
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Exam ining th e  u n iq u e  em bedding f o r  skew b r id g e s  g iv e s  ( 2 , 0 ) , ( 4 , a )  

o r  ( 3 ,a ) ,  ( 1 ,0 ) ,  ( 2 , c ) ,  ( 4 , b ) . The f i r s t  g ra p h  i s  B^., w h ile  th e  

second  h as  edge ( c ,3 )  r e d u c ib le .  Hence G does n o t  c o n ta in  edges 

o f  th e  ty p e  ( b , l )  w ith  ( c , 3 ) .

N ext suppose ( b , 3 ) , ( c , 4 )  a r e  i n  G. N ote em beddings 7 ,1 0  

a r e  u n iq u e . A gain  i f  t h e r e  w ere a  n i n t h  v e r te x  w ith o u t  l o s s  o f  

g e n e r a l i t y  i t  i s  1 3 . H aving p r e v io u s ly  e l im in a te d  ( l 3 ,b )  o r  

(1 3 ,c )  we have e i t h e r  (1 3 ,0 )  o r  ( l 3 , a ) .  I f  (1 3 ,0 )  th e n  a v o id in g

v e r t e x  13  c u b ic  in  a  3 - c y c le  im p lie s  e i t h e r  ( a , 0 3 ) o r  ( l 3 , a ) , (1 , 0 ) .

The fo rm er g ra p h  c o n ta in s  s t ( 3 ) d i s j o i n t  from  (^ a ) and th e  l a t t e r  

c o n ta in s  a  wedge ^  ^13 Cp a s  covere<3- P re c e e d in g

p a ra g ra p h . I f  (1 3 ,a )  th e n  13 i s  s t i l l  cu b ic  in  a 3 - c y c le .

S t (13) a s  b e fo re  can c o n n ec t now here e x c e p t a ,  hence  we g e t  a

Q -graph  d i s j o i n t  from  ( g ^ o ^ c ^ *  We concl ude t h e r e  a re  e x a c t ly  8

v e r t i c e s  in  G. We have a l r e a d y  checked  th e  c a s e s  w here any  b r id g e s  

a r e  in c id e n t  w ith  v e r t i c e s  b o r  c .  The o n ly  p o s s ib le  edge 

a d d i t io n s  a r e  ( a , 3 ) , ( a , 4 ) .  A dding i n  b o th  s t i l l  g iv e s  a  p r o j e c t iv e  

g ra p h .

□

Lemma 3 .1 9 « T here does n o t  e x i s t  a  G 6  I ^ ( P )  s a t i s f y i n g  H3 and 

c o n ta in in g  a  su b g raph  homeomorphic t o  t h a t  o f  f ig u r e  3 - 2 5  w here 

( °  ®) i s  a  k -g ra p h .
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P r o o f . By way o f  c o n t r a d ic t io n  we s h a l l  suppose su ch  a  G and 

b re a k  in to  c a se s  dep en d in g  on w here c c o n n e c ts  i n  th e  co m p le tio n  o f  

(b c> to  a  K uratow sk i g ra p h . N ote th e  subg raph  o f  f ig u r e  3 .2 5  

embeds a s  an  e x te n s io n  o f  em beddings 2 ,3 ,4 ,8 ,9 ,1 0  o f  f ig u r e  3 . 2 3 .

Case 1 . ( c , 0 3 ) . N ote s t ( 3 )  i s  d i s j o i n t  from  (^ ^ ) ,  03 i s

1 2cu b ic  i n  a  3 - c y c le ,  c y c le  (0 3 , 0 , c )  i s  d i s j o i n t  from  ^ &)

hence i t  embeds n u l l ,  and em beddings 8  and 1 0  do n o t  ad m it ( c , 0 3 ) .  

W ith o u t l o s s  o f  g e n e r a l i t y  v e r te x  03 c o n n e c ts  t o  a ,  and v e r t e x  3 

c o n n e c ts  t o  e i t h e r  a ,b  o r  c .  I f  (3 , a )  th e n  o b se rv e  i n  each  

em bedding c y c le  (0 3 , 3 *1 , a )  i s  n u l l ,  hence (0 3 , 1 ) and  we have a  

S -g ra p h  d i s j o i n t  from  k -g ra p h . Edge ( 3 ,b )  g iv e s  a  0 -g ra p h  

d i s j o i n t  from  ^ ) .  Edge ( 3 , c )  a lw ays embeds in  r e g io n

( c , 0 , 0 3 , 3 ) ,  so  by  lemma 2 .1 5  t h e r e  e x i s t s  a  k -g ra p h  on t h i s  c y c le .

T h is  g iv e s  e i t h e r  a  wedge o f  ^ ’ s o r  a  wedge ^  ^03 c ^ ’

Case 2 . ( c , l ) .  N ote t h i s  u n io n  o f  K uratow ski g ra p h s  h a s  em beddings

3 ,4 ,9  and 10 o f  f ig u r e  3 .2 3  a s  i t s  o n ly  em beddings. We s h a l l  f i r s t  

e l im in a te  th e  e x is te n c e  o f  a  n in th  v e r t e x .

I f  13 i s  a  v e r t e x  th e n  n o te  ( l 3 , a )  g iv e s  a  0 -g ra p h  d i s j o i n t

from  (■b ° 3 2 j+) ,  and (13 ,b )  was e l im in a te d  i n  lemma 3 » l8 . Hence

(1 3 ,0 ) ,  and v e r t i c e s  1 3 ,3  a r e  cu b ic  i n  a 3 - c y c le .  T here does n o t

e x i s t  a  v e r te x  i n  (1 3 , 0 ) o r  (3 , 0 ) b e c a u se  t h i s  would c r e a te  a  

v e r te x  d i s j o i n t  from  su b graph  o f  f ig u r e  3 . 2 2 ,  b y  e l im in a t io n  we c an n o t 

a v o id  13  cu b ic  i n  a  3 - c y c l e .
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I f  03 i s  a  v e r te x  n o te  (0 3 ,a )  i s  c a se  1 , hence ( 0 3 ,b ) .

A gain  03 i s  c u b ic  in  a  3 - c y c le ,  th e  o p p o s ite  edge ( 0 ,b )  i s  in d eed

an  ed g e , n o t  an a r c ,  o f  G, and s t ( 0 3 )  can  co n n ec t o n ly  t o  b .

A c u b ic  v e r te x  i n  a  3-c y c le  i s  u n a v o id a b le .

I f  23 i s  a  v e r te x  n o te  (2 3 ,a )  was e l im in a te d  in  lemma 3 » l8 .

Edge (2 3 ,0 )  i s  th e  same g rap h  a s  we g e t  from  add in g  (1 3 ,0 ) ,  w hich 

was p r e v io u s ly  c o v e re d . Hence (2 3 ,b ) ,  w ith  v e r t i c e s  2 ,2 3  cu b ic  

i n  a  3 - c y c le .  By e l im in a t io n  [2 ,2 3 ]  can  o n ly  co n n ec t to  b , and 

a  cu b ic  v e r te x  i n  a  3 - c y c le  i s  u n a v o id a b le .

We co n clu d e  |v ( g ) |  = 8 ,  and exam ine p o s s ib le  g ra p h s . I f  (2 ,0 )

i s  an  edge th e n  d e le t e  i t  and embed. The 4 em beddings a re  g e n e ra te d

b y  3 ~  a ~  c so  w ith o u t l o s s  o f  g e n e r a l i t y ,  suppose g \ ( 2 , c )  

embeds in  P a s  an  e x te n s io n  o f  em bedding 3 * We g e t  (3 ,b )  and 

e i t h e r  ( ^ ,b )  o r  ( 4 , c ) .  The f i r s t  g rap h  i s  and  th e  second
O Q

c o n ta in s  a  0 -g ra p h  d i s j o i n t  from  (^ b ) .  Hence ( 2 ,0 )  i s  n o t an

ed g e , and a v o id in g  a c o n t r a d ic t io n  from  lemma 3*18  im p lie s  v e r te x  

2 i s  d e ad . V e rtex  1 can o n ly  co n n ec t t o  0 , y e t  t h i s  makes

s t (2 ) ■ d i s j o i n t  from  ( °  ^ ) .  Thus th e  o n ly  p o s s ib le  edges a re
£1 C

(3 > a ) , (3 *c ) , ( 4 ,a ) ,  and ( 4 ,c )  s in c e  (3 , b )  and ( ^ ,b )  make v e r te x

2 c u b ic  i n  a  3 - c y c le .  These edges a re  sym m etric , a s  a r e  th e  4 

em beddings, so i t  i s  e a sy  to  check  ad d in g  o n ly  3 g iv e s  a p r o j e c t iv e

g ra p h  and a d d in g  i n  a l l  4 a  n o n p ro je c t iv e  g ra p h . T h is  g rap h  w ith o u t 

edge (0 , 3 ) i s  Bg.
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Case 3 . ( c ,1 3 ) .  N ote em beddings 3 and 4 o f  f ig u r e  3 .2 3  a re
Gth e  o n ly  p o s s i b i l i t i e s .  As in  lemma 2 .1 8  []_ 1 3 ] ^  £ ( c >3)* ( ^ , a ) }

sh o u ld  embed w ith  c y c le s  ( ( l , 1 3 ) , c , 3 ) and  ({1 , 1 3 }, 4 , a )  e s s e n t i a l .

3 4Cycle ( a ,b , c )  i s  d i s j o i n t  from  (Q ^  g ) ,  c y c le  ( 0 ,a ,b )  i s  

d i s j o i n t  from  c y c le  ( { l , 1 3 } , c , 3 ) , and c y c le  (0 , b , c )  i s  d i s j o i n t  

from  c y c le  ({ 1 ,1 3 } ,4 ,a )  g iv e s  a  n u l l  k -g ra p h  (^ ® ). Hence
O Q

[1 ,1 3 ]  i s  n o t d ead . C ycle ( l , a , c , 1 3 )  i s  d i s j o i n t  from  ^

hence 1  can n o t c o n n ec t to  a  o r  c .  Edge ( l , b )  was lemma 3 .1 8 .

By symmetry and S -  in d e p en d e n t argum en ts  we have (v ,0 )  f o r  v  

e i t h e r  1 o r  a  new v e r te x  i n  ( 1 ,1 3 ) .  The fo rm er g ra p h  h a s  edge 

( 4 ,a )  by  d e l e t i n g  ( v ,0 ) and exam in ing  em beddings, and s t ( 2 ) 

i s  now d i s j o i n t  from  ( i 3 "**c)C a ^ ‘ ^ ie -*-a’k’*:e r  Dg.

Case 4 . ( c , 3 ) .  Note th e  o n ly  em beddings a r e  2 ,3 ,4  and 9  o f

f ig u r e  2 .2 3 . We s h a l l  f i r s t  e l im in a te  t h e  e x is te n c e  o f  a  n in th  

v e r t e x .

I f  13 i s  a  v e r te x ,  n o te  (1 3 ,b )  c o n t r a d i c t s  l e mma 3 -1 8 , ( 1 3 ,c ) 

i s  c a se  3* and (1 3 ,, 0 ) i s  th e  same g rap h  a s  a d d in g  ( c ,2 3 ) ,  an

e a r l i e r  c a s e .  Hence ( l 3 , a ) ,  and v e r t i c e s  1  and 13 a r e  cu b ic

i n  a  3 - c y c le .  H aving e l im in a te d  any  o th e r  c o n n e c tio n  o f  13 , we 

c an n o t a v o id  a  cu b ic  v e r te x  in  a  3 - c y c le .

I f  14 i s  a  v e r te x  th e n  we have ( l 4 , 0 ) .  S in ce  e i t h e r  r e g io n  

( 1 ,4 ,0 , a )  o r  ( l , 4 , 0 , c , a )  i s  n u l l  b y  d e l e t i n g  ( l 4 ,0 )  and em bedding 

we g e t  e i t h e r  edge ( 4 ,a )  o r  ( 4 ,c ) .  The fo rm er g ra p h  i s  n o n p ro je c t iv e  

w ith  14 cu b ic  i n  a  3 - c y c le ,  and  th e  l a t t e r  g rap h  i s  c ase  3 by

c o n s id e r in g  th e  wedge ( q ^ i  ^ 4 ) ^  (£  ^ ) •
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I f  03 i s  a  v e r te x  th e n  we have e i t h e r  (0 3 ,a )  o r  ( 0 3 ,b ), 

o n ly  one g iv e s  c u b ic  v e r te x  in  a  3 - c y c le ,  so  we m ust have b o th .

S t(Y ) i s  d i s j o i n t  from  Edge ( 4 ,a )  g iv e s  a  0 -g ra p h

d i s j o i n t  from  (q ̂  0 3 ) ,  edge ( 4 ,c )  g iv e s  a  wedge ( ^ ^ ^ y

(c an<i edge g iv e s  0 -g ra p h  d i s j o i n t  from  (^  & 03 ^ >

e l im in a t in g  p o s s i b i l i t i e s  and  g iv in g  a  c o n t r a d i c t i o n .

I f  04 i s  a  v e r te x  n o te  (0 4 ,c )  was a p re v io u s  c a s e .  A v o id in g  a

c u b ic  v e r te x  i n  a  3 -c y c le  im p lie s  (0 4 ,a )  and ( 0 4 ,b ) .  S t (4 )  i s

d i s j o i n t  from  (^ a ) ,  so we have edge ( 4 ,c )  o r  ( 4 ,a ) .  The fo rm er

3 4
g ra p h  c o n ta in s  a  0 -g ra p h  d i s j o i n t  from  (]_ 2  c '  l a ‘t ’fcer'

0 -g ra p h  d i s j o i n t  from  (Q ^ g 13 Q).

We co n clu d e  G d oes n o t  c o n ta in  a  n in th  v e r t e x ,  and  exam ine

p o s s ib le  g rap h s  on 8  v e r t i c e s .  By e l im in a t io n  th e  p o s s ib le  edge

a d d i t io n s  a r e  ( 1 ,0 ) ,  ( 2 ,0 ) ,  ( 3 , a ) ,  ( 3 ,b ) ,  ( 4 , a ) ,  ( 4 ,b ) ,  ( 4 , e ) .  I f  ( 4 ,a )

i s  an  edge th e n  a v o id in g  c u b ic  i n  a  3 -c y c le  im p lie s  ( 1 ,0 ) .  We have

o n ly  em beddings 2 and 9,  and  sym m etry (4 b ) ( l  c ) .  E xam ining th e  

em beddings g iv e s  e i t h e r  ( 2 , 0 ) , ( 4 , b )  o r  ( 3 , a ) .  The fo rm er g rap h  i s  

c a se  2  upon exam in ing  th e  wedge (<3 ^ 3  °  ^  ^  (a  4  ̂ anc* - ^ t e r

g ra p h  i s  B^. Hence ( 4 , a )  i s  n o t  an  ed g e , b y  sym m etry n e i t h e r  i s  

( 4 ,b ) .  I f  ( 4 ,c )  th e n  th e  symmetry (0  c )  im p lie s  n o t  ( l , 0 ) o r

(2 ,0 )  b y  c a se  2 .  The symmetry (4 3 ) shows no p o s s ib le  edge 

a d d i t io n s ,  y e t  th e  g ra p h  i s  p r o j e c t i v e .  Hence v e r te x  4 i s  d ead , 

w hich  im p lie s  v e r t i c e s  1 ,2  a r e  d e ad . The a d d i t io n  o f  th e  re m a in in g  

edges (3 , a ) ( 3 , b )  g iv e s  a  p r o j e c t i v e  g ra p h .

□
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§3-5 A kg ^ Wedge a  k ^ , The k^  C o n ta in in g  a  C ycle D is jo in t  

From th e  kg ^

Lemma 3 .2 0 . L e t G c o n ta in  a  subg raph  H, H = kg ^ ^  a s

shown i n  f ig u r e  3 .2 6 .  Then th e r e  i s  e x a c t ly  one u n la b e le d  and 36 

la b e le d  em beddings o f  t h i s  su b g rap h  w hich may e x te n d  t o  an  em bedding 

o f  G.

F ig u re  3 .2 6

F ig u re  3*27

P r o o f . Each em bedding i s  homeamorphic t o  th e  u n iq u e  u n la b e le d  

em bedding o f  f ig u r e  3 .2 6 .  We l a b e l  th e  v e r t i c e s  and d e p ic t  a  t y p i c a l  

l a b e le d  em bedding i n  f i g u r e  3 .2 7 .  Any o th e r  l a b e le d  em bedding a r i s e s  

from  a sym m etry, and hence  may be d e s c r ib e d  a s  th e  p ro d u c t  o f  two 

p e rm u ta t io n s , one on th e  s e t  f a , b , c )  and th e  o th e r  on th e  s e t  

f 2 ,3 j* 0 .  T here a r e  36 such  sy m m etries , e ach  g iv in g  r i s e  t o  a



d i f f e r e n t  la b e le d  em bedding. We s h a l l  r e f e r  to  th e s e  em beddings by  

th e  p e rm u ta tio n s  d e s c r ib in g  th e  sym m etry. As exam ples th e  12 

em beddings a r i s i n g  from  p e rm u ta tio n s  on th e  s t a b i l i z e r  o f  a  a r e  

shown in  f i g u r e  3 . 2 8 .



74

o o
em bedding e

em bedding (3**0 
o

0  '  o
em bedding ( 2 ,3 )

VX
o o

em bedding ( 2 ,4 ,3 )

<>o a
em bedding ( 2 ,4 )

em bedding ( b ,c )

em bedding (3 ^ 4 ) (b ,c )

em bedding ( 2 ,3 ) ( b ,c )

o :a a
O o

em bedding ( 2 ,4 ,3  ) ( b ,c )

em bedding ( 2 , 4 ) ( b ,c )

600 <>a:a
em bedding ( 2 ,3 ,4 ) em bedding ( 2 ,3 ,4 ) ( b , c )

F ig u r e  3 . 2 8
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P r o p o s i t io n  3 .2 1 . T here does n o t e x i s t  a  G € I^ (P )  s a t i s f y i n g  

H3 and c o n ta in in g  kg ^ V. k ^ .

P ro o f . We b re a k  th e  p r o o f  i n t o  c a s e s  dep en d in g  on how th e  k„ „
3

co m ple tes  to  a  K hratow ski g ra p h . L ab e l th e  kg ^ ^  a s  i-n f ig u r e

3 .2 6 , i . e . ,  (g ^ 3  q)» S in ce  G can n o t c o n ta in  a

k  _ V k  b y  p r o p o s i t io n  3 .1 3  v e r t i c e s  2 ,3 * ^  may c o n n ec t o n ly
cLy j  C ; j

t o  a ,  O a,b ,O b, c , Oc. We w i l l  u se  S ^ -in d e p en d e n t a rgum ents hence we 

w i l l  assume 2 , 3 ^  may co n n ec t o n ly  to  a ,b ,  c .  The p r o o f  o f  th e  

p r o p o s i t io n  n a t u r a l l y  f a l l s  in to  th r e e  c a s e s :  l )  (2 , a ) ,  (3 > a), ( ^ a ) ;

2 )  ( 2 ,a ) ,  (3 > a ), ( ^ b ) ;  3 ) ( 2 ,a ) ,  ( 3 jb ) ,  ( 4 , c ) .  The p ro o f s  t h a t  th e re

does n o t e x i s t  a  G c o n ta in in g  th e s e  th r e e  su b g rap h s a r e  lemma 

3 .2 2 , 3 -2 3 , 3*2^ fo l lo w in g . The p ro o f s  o f  th e s e  lemmas co m p le tes

th e  p ro o f  o f  t h e  p r o p o s i t io n .

□

Lemma 3 .2 2 . L e t H d e n o te  any  g ra p h  hamecmorphic to  th e  g rap h  o f

f ig u r e  3.29> w here i s  a  k -g ra p h . Then t h e r e  d oes n o t  e x i s t
M

a  G € i ^ ( p )  s a t i s f y i n g  H3 and c o n ta in in g  e i t h e r  H o r  S (h ) .&



P r o o f . By way o f  c o n t r a d ic t io n ,  suppose such  a  G e x i s t s .  We 

s h a l l  b re a k  i n t o  c a s e s  dep en d in g  on w here v e r t i c e s  b , c  c o n n ec t in  

th e  co m p le tio n  o f  (^ a ) .  Case 1  i s  ( b ,2 ) ( c ,2 ) ;  Case 2 i s  

( b , l ) , ( c , 2 ) ;  and Case 3 i s  ( b ,2 ) ( c ,3 ) .

Case 1 . ( b , 2 ) ( c , 2 ) .  C ycle ( 0 ,3 ,1 ,^ )  i s  d i s j o i n t  from  (a ^ )>
Td 2c y c le  ( a , 3 , l A )  i s  d i s j o i n t  from  c ) ,  hence  th e  k -g ra p h

3(q 2  ) w ould be  n u l l  i f  G embedded. T here G i s  n o n p ro je c t iv e

w ith  s t ( l )  d i s j o i n t  from  a ) .  N ote t h i s  i s  an  S -in d ep e n d e n t

a rgum ent.

Case 2 . ( b , l ) ( c , 2 ) .  F i r s t  o b se rv e  (c ,Q 2) c o n ta in s  a  0 -g ra p h

d i s j o i n t  from  an<i c o n ta in s  a  wedge

(3  ^  "*"■&) v  (a  C 0 2 1 2 ) c o n t r a d ic t in g  p r o p o s i t io n  3 .1 3 .  Hence we 

have ( c ,2 )  and n o t  a  s p l i t t i n g  t h e r e o f .  S econd ly  o b serv e  c y c le  

(0 , b , c )  i s  d i s j o i n t  from  ^  3 a  ^ ) hence  we m ust have one o f  th e  

12 em beddings o f  f ig u r e  3 -2 8 . Exam ining th e s e  shows th e r e  a re  

e x a c t ly  tw o em beddings o f  o u r g rap h  ( f ig u r e  3 «3 0 ) b a se d  on th e  symmetry 

3 ~ ^ .

F ig u re  3*29

em bedding (2 3 ) (b e )

O o

o o
em bedding (2 ^3 ) (b e )

F ig u r e  3»30
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We s h a l l  now p ro v e  th e r e  does n o t  e x i s t  a  G € I ^ ( P )  c o n ta in in g  

S (H ). I f  ( 2 , 0 a ) , ( 3 ,a ) , ( 4 ,a )  th e n  G i s  n o n p ro je e t iv e  w ith  Oa 

c u b ic  i n  a  3 - c y c le .  I f  ( 2 , a ) , ( 3 , 0 a ) , ( ^ , 0 a )  th e n  G c o n ta in s  a  

0 -g ra p h  d i s j o i n t  from  (Qa Q ^ ) .  I f  ( 2 ,0 a ) ,  ( 3 ,0 a ) ,  ( 4 ,a )  th e n  

G c o n ta in s  a  wedge ( q ^  ° a ) V (3  ° ^  1 -b ) ,  c o n t r a d ic t in g  p r o p o s i t io n  

3 .1 3 - F i n a l l y  i f  ( 2 ,a ) ,  ( 3 ,a ) ,  (k ,0 a )  we s t i l l  have th e  two
Q

em beddings o f  f ig u r e  3 *3 0 , we w i l l  exam ine ,['a" q^J  • I f  5111

in a d m is s ib le  b r id g e  becomes a d m is s ib le  we have e i t h e r  ( a , 0U) o r

( 2 ,0 a ) .  The fo rm er g ra p h  c o n ta in s  a  wedge ( o ^ c ^ l ^  V ^ O ^ O a ^ ^

and th e  l a t t e r  g rap h  was j u s t  c o v e red . By c o n t r a c t in g  ( a ,0 a )  we

m ust have "unskewed" skew b r id g e s .  We have a l r e a d y  e l im in a te d

(0a , 2 ) ,  and o b se rv in g  (0a , l )  g iv e s  a  0 -g ra p h  d i s j o i n t  from

(oa ° 3 ^ij.) shows th e  skew b r id g e s  m ust be  on r e g io n  ( a ,0 a ,0 3 )  o r

( 0 a ,0 ,k ) .  We m ust g e t  a  k -g ra p h  on th e s e  re g io n s  b y  lemma 2 .1 5 ,

2 tob u t t h i s  k -g ra p h  wedge (q ^ )  m ust c o n t r a d ic t  e i t h e r  c o r o l l a r y  

3 .1 1 , p r o p o s i t io n  3*13 o r  p r o p o s i t io n  3 .17* Hence we have e x a c t ly  

H and n o t  S (H ).
GL

V e r t ic e s  3 and k  a r e  c u b ic  i n  a  3 - c y c le .  I f  t h e r e  was a

v e r te x  0a th e n  (0a , l )  (we have j u s t  e l im in a te d  any  o th e r  c h o ic e )

g iv in g  a  0 -g ra p h  d i s j o i n t  frpm  ^  ^ e r e  i s  a  v e r te x

a 3 th e n  th e  b r id g e  from  a 3 m ust embed, e l s e  v e r t e x  ^ rem ain s

cu b ic  i n  a  3 - c y c le .  R egion  ( a , 0 ,3 )  i s  d ead , b e ca u se  a s  above a

2 tob r id g e  on t h i s  r e g io n  g iv e s  k -g ra p h  wedge (Q ^ ) . Edges 

( a 3 ,^ )  o r  ( a 3 ,2 )  g iv e  a  c o n t r a d ic t io n  b y  p r o p o s i t io n  3 .17* Thus 

(a 3 , l )  and a v o id in g  c u b ic  i n  a  t r i a n g l e  im p lie s  a  v e r te x  1 3 ,
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r e s u l t i n g  i n  a  c o n t r a d ic t io n  b y  p r o p o s i t io n  3 -1 7 - We see  a3 i s  

n o t  a  v e r te x ,  b y  th e  sym m etry (2 b ) ( a  0 ) n e i t h e r  i s  a 4 ,0 3 ,0 4 .

Edge ( 3 ,c )  g iv e s  a  n o n p ro je e t iv e  g ra p h  -with 4 c u b ic  in  a 

3 - c y c le .  Edge ( 3 ,4 )  g iv e s  a  wedge V (q ^ c 2 ^ ) ;  p r o p o s i t io n

3.17* Edges ( 3 ,2 )  and  ( 4 ,2 )  to g e th e r  g iv e  a  0 -g ra p h  d i s j o i n t  

from  k -g ra p h , by  symmetry we do n o t  have edges ( 3 ,b ) ,  ( 4 ,b )  t o g e th e r .  

Hence ( 3 , 2 ) , ( 4 , b ) ,  d e l e t i n g  one o f  them  g iv e s  e i t h e r  ( 0 , l )  o r  

( a , l ) ,  b y  symmetry ( a , l )  and a  0 -g ra p h  d i s j o i n t  from  (^ ^*).Si J-

Case 3 . ( 2 ,b ) ( 3 , c ) .  N ote S t ( l )  i s  d i s j o i n t  from  (^  q)* Edge 

( l , b )  o r  ( l , c )  g iv e s  c a se  2 , edge ( l , 0 b )  g iv e s  a  0 -g ra p h  

d i s j o i n t  from  ajid edge (1 , 0 3 ) a  0 -g ra p h  d i s j o i n t

from  ^ ° 2 1 0 3 ^‘ Edge im p lie s  e i t h e r  (4 ,b )  o r  ( 4 , c ) ,

r e g a r d le s s  04 i s  c u b ic  i n  a  3 - c y c le .  Edge ( l , 0 a )  g iv e s  e i t h e r  a 

0 -g ra p h  d i s j o i n t  from  ( o a ^ ^ ^  o r  edges ( 3 ,0 a ) ,  (2 ,0 a )  and  a  

0 -g ra p h  d i s j o i n t  frcm  a ^  c ) • E i n a l ly  ( 0 , l )  g iv e s  e i t h e r

( 4 ,3 )  o r  ( 2 ,3 ) -  The fo rm er g ra p h  c o n ta in s  a  0 -g ra p h  d i s j o i n t  

from  (g ^ )  and i n  th e  l a t t e r  g rap h  a v o id in g  v e r te x  4 c u b ic  in  a  

3 -c y c le  im p lie s  01 o r  4 c o n n ec t som eplace, any  such  c o n n e c tio n  

g iv e s  a  0 -g ra p h  d i s j o i n t  from  a  k -g ra p h .

□

Lemma 3«23. L e t H d e n o te  th e  g rap h  o f  f ig u r e  3*31, w here 

^b c^ i s  a  k -g r a p h . Then th e r e  does n o t  e x i s t  a  G € I ^ ( P )  

s a t i s f y i n g  H3 and c o n ta in in g  e i t h e r  H, Sfl(H) o r  S ^ H ) .
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F ig u re  3*31

P r o o f . By way o f  c o n t r a d ic t io n ,  suppose G w ere such  a g ra p h .

N ote a  s p l i t t i n g  o f  H o f  th e  ty p e  d e s c r ib e d  w hich  does n o t  c r e a te  

k„ ,  Y L  ,  i s  th e  e q u iv a le n t  o f  (4 ,0 b )  r e p la c in g  ( 4 ,b ) , ( 2 , 0a )

r e p la c in g  ( 2 ,a ) ,  a n d /o r  (3 ,0 a )  r e p la c in g  (3 > a ) . We s h a l l  b re a k

i n to  c a se s  dep en d in g  on w here v e r te x  c c o n n e c ts  to  com plete  th e  

k -g ra p h  (?  a ) .  Case 1  i s  ( c ,2 )  o r  a  s p l i t t i n g  t h e r e o f ,  c a se  2
D C

i s  ( c , l ) .  N ote ( c ,4 )  g iv e s  a  wedge ^b 4 ^ '

Case 1 . ( c , 2 ) .  F i r s t  we s h a l l  show th e  c y c le  ( 0 ,4 ,b )  m ust be

a 3 - c y c le .

I f  th e r e  e x i s t s  a  v e r te x  04 th e n  edge (0 4 ,a )  c o n t r a d ic t s  th e  

p re v io u s  lemma, edge (0 4 ,c )  g iv e s  a  wedge ^ o ^ l ^ a ^  V

edge (0 4 ,2 )  g iv e s  a  wedge (2 ° \ 1 o ) V (<■) c ^  edge g iv e s
- . 1  \  /  0 s. \ i

a  wedge (^ ^  o 'b  c ’ S°  may connec^ onl y  "to 1  o r  t o

b .  I f  (0 4 ,1 )  th e n  i t (4 ) i s  d i s j o i n t  from  (^  a ) , 4 can n o t 

co n n ec t t o  a  o r  c b y  p re v io u s  c a s e s ,  and 4 can n o t c o n n ec t t o  

(g ^ 3  ^ ) \ ( 0 ) w ith o u t  c r e a t in g  a  © -graph  d i s j o i n t  from  (^ a ) .

Hence G c o n ta in s  edge ( 4 ,0 ) ,  and a v o id in g  04 c u b ic  in  a  3 -c y c le
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4 0  2  3im p lie s  (0 4 ,b )  g iv in g  a  wedge q^) V (© j_ q)> c o n t r a d ic t in g

p r o p o s i t io n  3 .1 7 . Thus 04 may o n ly  be a d ja c e n t  to  b .  A vo id ing  

04 c u b ic  i n  a  3 - c y c le  im p lie s  ( 4 ,0 b ) ,  a  c o n t r a d ic t io n  s in c e  G 

c o n ta in s  a  wedge (^ V  (q0^ 0^ )  • Thus 04 i s  n o t a  v e r t e x .

I f  th e r e  e x i s t s  a  v e r te x  Ob w hich  c o n n e c ts  anyw here b u t  4 

we g e t  a  wedge ( ^ l ^ o b ^  Edge g iv e s  Ob

c u b ic  i n  a  3 - c y c le .  Hence t h e r e  i s  n o t  a  v e r te x  Ob.

I f  th e r e  e x i s t s  a  v e r te x  b4 th e n  we have b o th  (b 4 ,0 )  and

( b 4 , l )  o r  e l s e  b4 i s  c u b ic  in  a  3 - c y c le .  A v o id in g  4 c u b ic

i n  a  3 -c y c le  im p lie s  ( 4 ,3 )  o r  ( 4 ,2 ) .  R e g a rd le s s  G c o n ta in s  a 

9 -g ra p h  d i s j o i n t  from  (^  a ) .

Thus c y c le  ( 0 ,b ,4 )  i s  in d e ed  a  3 -c y c le  o f  G. V e rte x  4 m ust 

co n n ec t e lse w h e re , t h e  o n ly  c a n d id a te s  a re  ( 4 , 2 ) , ( 4 , 1 2 ) , ( 4 , 3 )  o r

( 4 ,1 3 ) .  By Sv ~ in d ep en d en t argum ents we w i l l  c o n s id e r  (4 ,2 )  o r

( 4 ,3 ) .  B efo re  c o n s id e r in g  th e s e  two su b ca se s  we s h a l l  show t h a t

n e i th e r  ( l , b )  n o r ( 1 ,0 )  can  be i n  G.

0 2I f  ( l , b )  th e n  a v o id in g  a  0 -g ra p h  d i s j o i n t  from  ( ) im p lie s
8. C

( 4 ,2 ) .  I f  c y c le  ( 0 ,3 , a )  i s  n o t a  3 -c y c le  o f  G th e n  we a re  

c o n s id e r in g  Sa . ( 0  2 ) and a  wedge v  ( o ^ 0^ *  Thus verfcex

3 m ust c o n n ec t som ewhere. The th r e e  p o s s i b i l i t i e s ,  ( 3 , c ) , ( 3 ,0 a )

and (3 ,b )  c o n ta in  a  0 -g ra p h  d i s j o i n t  from  (q a ) ,  0 -g ra p h  

d i s j o i n t  from  and  a  wedge ^ O ^ l ^ b ^  V ^2 c^ r e s p e c t iv e ly .

Thus ( l , b )  i s  n o t i n  G.

I f  ( l , 0 )  th e n  ( 4 ,3 )  g iv e s  a  0 -g ra p h  d i s j o i n t  from  (^ j|0 ,

hence  ( 4 ,2 ) .  V e rte x  3 m ust c o n n ec t somewhere e l s e ,  s in c e  (1 ,0 )
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i s  an edge, n o t  an a rc  o f  G. The k -g ra p h s  Y. (^  n o t

in v o lv in g  v e r te x  3 show any  a d d i t i o n a l  c o n n e c tio n  y i e ld s  © -graph 

d i s j o i n t  from  a  k -g ra p h .

H aving e l im in a te d  th e  p o s s ib le  edges ( l , b )  and ( l , 0 )  we p ro c e e d  

b y  b re a k in g  i n t o  th e  two s u b c a s e s , (4 ,3 )  o r  ( 4 ,2 ) .

em bedding (3 ,4 )

F ig u re  3 .3 2

Suppose ( 4 ,3 ) i s  an  edge o f  G and c o n s id e r  em bedding (3 j4 )

a s  shown i n  f ig u r e  3»32. T h is  em bedding does n o t  e x ten d  t o  an

em bedding o f  G. The th r e e  in a d m is s ib le  b r id g e s  a re  ( 0 , l ) , ( b , 3 ) , ( c , 4 ) .

The f i r s t  b r id g e  was j u s t  co v ered  two p a ra g ra p h s  ago , and th e  l a t t e r

p a i r  o f  c a se s  b o th  c o n ta in  wedges k^ k ^ . B ecause any p a i r  o f

e q u iv a le n t  3 - b r id g e s  c r e a te s  a  0 -g ra p h  d i s j o i n t  from  a k -g ra p h , we

conclude  th e r e  e x i s t s  a  p a i r  o f  skew b r id g e s  f o r  t h i s  em bedding. R egions

(2 , 0 , c )  wedges r e gio n  (a , 0 ,3 )  wedges ( o 2 i ^ c ^  ^
2 3r e g io n  ( b ,0 ,4 )  wedges (Q a  ]_) so any  p a i r  o f  skew b r id g e s  on 

th e s e  r e g io n s  c r e a te  a  wedge o f  k -g ra p h s  a s  h a s  p r e v io u s ly  b een  

e l im in a te d .  We have shown ( b , l )  i s  n o t  i n  G, and ( b ,2 )  g iv e s  a



0 -g ra p h  d i s j o i n t  frcm  (a  ^ ) ,  hence ( a , 3 >l>2 , c )  does n o t  adm it
C

skew b r id g e s .  Skew b r id g e s  on (0 ,3 A )  g iv e  a  © -graph d i s j o i n t  

from  (^ a ) .  I f  th e r e  a r e  skew b r id g e s  on ( a , 0 ,2 )  th e y  a re

( a , 0 2 ) , ( 2 ,0 a ) ,  and G c o n ta in s  e i t h e r  a  0 -g ra p h  d i s j o i n t  frcm  a 

k -g ra p h  o r a  wedge k^ ^ 41 ^  dep en d in g  on w h e th er G c o n ta in s  

( l , c )  o r  ( l , a ) .  F i n a l ly  o b serv e  skew b r id g e s  on r e g io n  ( a , 3 * 1 * 2 ,c )  

can n o t c o n ta in  ( a ,v )  f o r  v  € [ 1 , 2 ] a s  t h i s  b r id g e  i s  t r a n s f e r a b l e  

and (a , 13) g iv e s  a  wedge (^  a ) V ( ^ i ^ q ) .  ■nm s (^>3) i s  n o t  

an  edge o f  G.

em bedding (ab ) 

F ig u re  3 .33

We con clu d e  (4 ,2 )  i s  an  edge o f  G and we c o n s id e r  em bedding 

(a  b )  a s  shown i n  f ig u r e  3 .3 3 . N ote skew b r id g e s  on c y c le s  

( 0 , 3 j 1 j 4 ) , ( 4 ,1 ,2 )  and ( a ,2 , 1 , 3 ) a l l  g iv e  a  0 -g ra p h  d i s j o i n t  from  

(b :> •  Skew b r id Ses  on C b> 4,2 ,c) g iv e s  a  wedge (£ J )  V ( Q 2  j^ 3  a ) ,  

and a l s o  a s  b e fo re  re g io n s  ( b , 0 , 4 ) , ( c , 0 , 2 ) , ( a , 0 , 3 ) c an n o t c o n ta in  

skew b r id g e s  o r  we have a  p re v io u s  wedge o f  k -g r a p h s .  Skew b r id g e s  

on ( a , b , c , 2 ) m ust be  (a ,Q 2 ) , ( b , 2 ) and  ( l , a )  g iv e s  a  wedge
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k2 3 V C  2 } 3 and edge giv e s  a  wedge kg ^ v  (c 2 ) .  Hence

t h i s  em bedding m ust have an in a d m is s ib le  "bridge, e i t h e r  ( a , 1*-), ( c , 3 ) ,

o r  ( c , l ) .  The f i r s t  c o n t r a d ic t s  lemma 3*22, th e  second c r e a te s  th e

symmetry 2 ~ 3  and hence was c o v e red  i n  th e  p re c e e d in g  su b ca se ,

hence  we co n c lu d e  ( e , l ) .

H aving e s t a b l i s h e d  ( 4 , 2 ) , ( c , l )  a r e  i n  G we c o n s id e r  v e r te x  3

w hich  i s  c u b ic  i n  a  3 - c y c le .  I f  (3 > 0 ,a )  i s  n o t  a  3 -c y c le  th e n

we m ust have S ( 0  2 ) w h lch  §iv e s  a  wedge V ^ l ^ ^ b ^ *

Thus v e r t e x  3 c o n n ec ts  som ewhere. Edge (3*b) g iv e s  a  wedge

Edge ( 3 ,c )  g iv e s  2 ~ 3 ,  h av in g  e l im in a te d
U ±  D cl C

(4 .3 )  p r e v io u s ly  le a d s  to  a  c o n t r a d ic t io n .  Thus 3 c o n n e c ts  t o

s t ( a ) ,  g iv in g  a  6 -g ra p h  d i s j o i n t  from  (® 1 ) .^ c

Case 2 . ( c , l ) .  O bserve c y c le  ( 0 ,b ,4 )  i s  d i s j o i n t  from

(2  %  hence  t h a t  c y c le  i s  d e ad . A gain  we can n o t have (4 , c )

o r  ( 4 ,a ) ,  by  p re v io u s  casew o rk . A v e r te x  Ob g iv e s  a  wedge 

(0 2 a 3 i )  v  (Q ^ 4  ^  Qb) • Hence w ith o u t lo s s  o f  g e n e r a l i t y  we have

( 4 .3 ) .  We s h a l l  work on v e r te x  2 b e in g  cu b ic  i n  a  3 - c y c le .

I f  G c o n ta in s  Sa . ^  ^  th e n  th e  new v e r te x ,  c a l l e d  Oa i n  

k e e p in g  w ith  c o n v e n tio n , i s  c u b ic  i n  a  3 - c y c le .  Edges (O a ,l )  o r 

(0a , 2 ) g iv e  u s  c a se  1  c o n s id e r in g  th e  wedge ( o a ^ c &b^ ^  ^0 4 *̂ 

Edge (0 a ,0 3 )  g iv e s  a  0 -g ra p h  d i s j o i n t  from  (2  b & c  ̂ and edge 

(0 a ,4 )  g iv e s  th e  p re v io u s  lemma. Thus G does n o t c o n ta in  t h i s

s p l i t t i n g .
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I f  t h e r e  i s  a  b r id g e  on c y c le  ( a , 0 ,2 )  th e n  d e le t e  t h a t  b r id g e  

and embed. I f  c y c le  ( a , 0 ,2 )  i s  n u l l  th e n  we g e t  an  e a r l i e r  c ase

/  C 4̂* \o f  a  k -g ra p h  wedge ( q ^  b y  lemma 2 .1 5 .  Exam ining th e

p o s s ib le  em beddings we see  th e  o n ly  one w ith  ( a , 0 , 2 ) e s s e n t i a l  i s

th e  one o f  f ig u r e  3 .3 4 .  The b r id g e  on c y c le  ( a , 0 ,2 )  m ast be

( a , 0 2 ) ,  and th e  b r id g e  b lo c k in g  an e x te n s io n  o f  t h i s  em bedding i s

( 2 ,b ) .  The r e s u l t i n g  g ra p h  c o n ta in s  a  0 -g ra p h  d i s j o i n t  from  
1  b(g ^ c ) ,  hence  th e r e  i s  no b r id g e  on ( a , 0 , 2 ) .

oe
F ig u re  3 .3 4

We have v e r te x  2 i s  i n  f a c t  c u b ic  in  a  3 - c y c le  and th e r e  i s  no 

b r id g e  on ( a , 0 ,2 ) .  I f  a2 i s  a  v e r te x  th e n  a v o id in g  a  0 -g ra p h  

d i s j o i n t  from  e i t h e r  o r  a ) im p lie s  (a2 , 0 ) ,  and a

0 -g ra p h  d i s j o i n t  from  (2  & 3 ^  a 0  ̂  A ver-tex  02 h as  s e v e r a l  p o s s ib le  

c o n n e c tio n s . Edge (0 2 ,0b) c o n t r a d i c t s  th e  p re v io u s  lemma u s in g  

th e  wedge ( °  J )  V (a ° 01)b c ) .  Edge (0 b ,0 c )  i s  c ase  1  u s in g  th e  

wedge (a  ^  ° qc ) • Ede e (0 2 , b )  g iv e s  02  c u b ic  i n  a



3 - c y c le ,  y e t  we have e x h a u s te d  th e  p la c e s  w here i t  may c o n n e c t.

Thus ( a , 0 ,2 )  i s  a  3 - c y c le .

Edges ( 2 ,0 c ) ,  ( 2 ,Oh) a re  r u le d  o u t h y  th e  same k -g ra p h s  w hich  

r u l e d  o u t (0 2 ,O c), (0 2 ,Ob) r e s p e c t iv e ly ,  th u s  (2 ,b )  i s  i n  G. 

V e r t ic e s  2 , c a re  d ead , s t ( 4 )  i s  d ead , b y  symmetry so  i s  s t ( 3 ) .  

The o n ly  edges l e f t  a r e  ( l ,O a ) , ( l ,O b )  w ith  0 -g ra p h s  d i s j o i n t  frcm  

C3 0 l>1 0a ) ' (3 ° ! . 1 0b ) r e s p e c t iv e ly .

□

Lemma. 3.2^-. L e t H d e n o te  th e  g rap h  o f  f ig u r e  3 .35* Then th e r e  

does n o t  e x i s t  a  G € l!?(P ) s a t i s f y i n g  H3 and e i t h e r  H, S (h ) ,  

Sb (H) o r  SC(H ).

V

F ig u re  3 .3 5 F ig u re  3 .3 6

P r o o f . By way o f  c o n t r a d ic t io n  suppose  G w ere su ch  a  g ra p h . 

N ote i f  ( 1 ,0 )  i s  i n  G, a v o id in g  c u b ic  v e r t i c e s  i n  3 -c y c le s  we 

have ( 2 ,3 ) .  Any c o n n e c tio n  from  ^ g iv e s  a  0 -g ra p h  d i s j o i n t  from  

a  k -g ra p h . Hence (1 ,0 )  i s  n o t  i n  G.



N ext c o n s id e r  th e  em bedding o f  f ig u r e  3*36, t h i s  does n o t  ex ten d

t o  an  em bedding o f  G. I f  t h e r e  w ere skew b r id g e s  on c y c le  ( a , 0 ,2 )

th e n  G c o n ta in s  a  k -g ra p h  wedge i s  a  p re v io u s  p r o p o s i t io n .

By sym m etry th e r e  a r e  n o t  skew b r id g e s  on ( b ,0 ,3 )  o r  (c , 0 ,4 ) .

S in ce  ( 0 , l )  i s  n o t i n  G th e r e  a re  n o t  skew b r id g e s  on ( a ,2 , 1 , 4 ) .

By th e  p re v io u s  lemma ( a ,3 ) j  ( a ,4 ) ,  ( b ,2 ) ,  ( b ,4 ) ,  ( c ,2 ) ,  ( c ,3 )  a re  n o t

edges o f  G, so  th e  o n ly  p o s s i b i l i t i e s  f o r  skew b r id g e s  on ( a , 2 , l , 3 )

o r  ( a , 0 , 3 , 1 , 4 , c )  a r e  ( 2 ,3 ) ,  ( l , a )  o r  ( 3 ,4 ) ,  ( l , 0 a ) .  The l a t t e r

g ra p h  c o n ta in s  a  wedge (q0^ ^  1  ̂ ^  ( o ^ c ^ *  111 "fche fo rm er g rap h

v e r te x  4 i s  c u b ic  i n  a  3 - c y c le ,  a v o id in g  th e  p re v io u s  lemma

1 2im p lie s  ( 4 , c )  g iv in g  a  0 -g ra p h  d i s j o i n t  from  (_ ) .  Thus t h i s
d a

em bedding m ust n o t  e x te n d  by  re a s o n  o f  an in a d m is s ib le  b r id g e .

B rid g e s  ( c , 2 ) , ( b , 4 )  g iv e  g ra p h s  c o v e red  i n  th e  p re v io u s  lemma, 

hence we have ( l ,O b ) .  A v o id ing  2 ,4  c u b ic  i n  a  3 -c y c le  im p lie s

(2 ,4 )  w hich  i s  sym m etric t o  a  p re v io u s  c a s e .
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§3*6 A Wedge o f  k ^ 's

P r o p o s i t io n  3 .2 5 . L e t G € I ^ ( P )  s a t i s f y  H3 and c o n ta in  

k ^  V k^  a s  shown in  f ig u r e  3 .37* Then G € [A ^B .^}.

F ig u re  3 .3 7

P r o o f . F i r s t  we n o te  |v (G ) | = 7 .  Any v e r te x  v  d i s j o i n t  frcm  

t h i s  su b g rap h  c o n n e c ts  t o  (WLOG) 0 ,1  g iv in g  a  wedge -V

(2  0  ^ 1  -y) * L ikew ise  i f  th e r e  was a  v e r te x  12 € (1 ,2 )  th e n  G 

c o n ta in s  a  wedge v  ( -^  1 3 ^ o') ‘ We shai;L L reak  i n t o  c a s e s

dep en d in g  on deg  ( l ) ,  t h e  v a le n c y  o f  v e r te x  1 .

Case 1 . deg  ( l )  = 6 . We have edges ( l , a ) , ( l , h ) , ( l , c ) . Edges

( 2 , a ) , ( 3 , a )  g iv e  g ra p h  • A v o id in g  t h i s ,  th e  l a r g e s t  g rap h

p o s s ib le  i s  (2 , a ) ( 2 , b ) ( 3 ^ c )  w hich  i s  p r o j e c t i v e .

Case 2 . deg  ( l )  = 5 . We have edges ( l , a ) ( l , b ) .  I f  ( 2 ,a ) ( 2 ,b )

th e n  th e  l a r g e s t  g ra p h  w ith  o n ly  one v a le n c y  5  v e r te x  i s  (3 > c), 

w hich  i s  p r o j e c t i v e .  I f  ( 2 , a ) ( 2 , c )  th e n  a v o id in g  th e  p re v io u s  

se n te n c e  im p lie s  ( 3 , b ) , ( 3 , c )  g iv in g  I f  b o th  v e r t i c e s  2 ,3

have v a le n c y  <  4 th e n  th e  r e s u l t i n g  g rap h  i s  p r o j e c t i v e .



Case 3 . deg  ( l )  = ^ .  A vo id ing  c a se s  1 and 2 th e  l a r g e s t  g raph  

p o s s ib le  i s  ( l , a ) ( 2 , b ) (3 , c )  w hich  i s  p r o j e c t i v e .



C h ap te r 4 

A CYCLE DISJOINT FROM A k-GRAPH

§ 4 .1  S ta te m e n t o f  th e  R e s u l t  and S ta n d in g  A ssum ptions

C h ap ter 2 c h a r a c te r i z e s  g rap h s  i n  I^ ( P )  w hich c o n ta in  d i s j o i n t  

k -g r a p h s .  C h ap ter 3 c h a r a c te r iz e s  g rap h s  i n  I ^ ( P )  w hich  c o n ta in  a  

w edge, V , o f  k -g r a p h s .  I n  c h a p te r  4 we make th e  s ta n d in g  

a ssu m p tio n , H4, t h a t  G € I^ ( P )  c o n ta in s  n e i t h e r  d i s j o i n t  k -g ra p h s  

n o r  a  w edge, V } o f  k -g r a p h s .

Theorem 4 . 1 . T here does n o t  e x i s t  a  G € i ^ ( p )  w hich  c o n ta in s  a

c y c le  d i s j o i n t  from  a k -g ra p h  b u t  w h ich  does n o t  c o n ta in  e i t h e r :

1 )  d i s j o i n t  k -g ra p h s ,  o r

2 )  a  one p o in t  u n io n  o f  k -g ra p h s ,  a t  l e a s t  one c o n ta in in g  a  

c y c le  d i s j o i n t  from  th e  o th e r .

P r o o f . The c o n d i t io n  G c o n ta in s  a  c y c le  d i s j o i n t  from  a  k -g ra p h  

i s  e x h a u s t iv e ly  co v ered  by  th e  fo u r  p r o p o s i t io n s  l i s t e d  be low . T h e ir  

p ro o f s  w i l l  com plete  th e  p r o o f  o f  t h i s  theo rem .

H4 and con ta in in g  an n -c y c le  d is jo in t  frcm a kc where n > 4 .

P r o p o s i t io n  4 . 6 .  T here does n o t e x i s t  a s a t i s f y i n g

89



P r o p o s i t io n  k . 2 2 . T here does n o t  e x i s t  a 

H4 and c o n ta in in g  an  n -c y c le  d i s j o i n t  from  a

P r o p o s i t io n  4 . l 8 . 

H4 and c o n ta in in g  a

P r o p o s i t io n  4 .2 2 . 

and c o n ta in in g  a

There does n o t  e x i s t  a 

3- c y c le  d i s j o i n t  from  a

T here does n o t  e x i s t  a

3-c y c le  d i s j o i n t  from  a

G € I^ (P )  s a t i s f y i n g  

k ^ , w here n  >  k .

G ^ I ^ ( P )  s a t i s f y i n g

*2 ,3-

G € n ^ (p )  s a t i s f y i n g  

k ^ .

□

We n o te  s ta n d in g  a ssu m p tio n  H4 in c lu d e s  H3, th e  s ta n d in g  

a ssu m p tio n  o f  c h a p te r  3 . The r e a d e r  i s  r e f e r r e d  t o  th e  l i s t  o f  

s ta n d in g  a ssu m p tio n s  i n  § 3 .1 .
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§4 .2  A 4 - c y c le  D i s jo in t  From a k  _
J

The g o a l  o f  t h i s  s e c t io n  i s  th e  p ro o f  o f  p r o p o s i t io n  4 .6 ,  co n ce rn in g

G c o n ta in in g  an  n -c y c le  j[ k  _ f o r  n  >  4 . We f i r s t  s h a l l  p rove

a p a r t i a l  r e s u l t  w here G c o n ta in s  a  y  ^  ° ) ,  and an

n -c y c le  d i s j o i n t  from  ^  ° ) \ ( d ! ,c )  f o r  n  >  4 .oc x  y  ““

Lemma 4 . 2 . T here does n o t  e x i s t  a  G € I ^ ( P )  s a t i s f y i n g  H4 

and c o n ta in in g  a  su b g rap h , H, homeomorphic t o  th e  g rap h  o f  f ig u r e  

4 .1 ,  w here H h a s  a t  l e a s t  3 v e r t i c e s  1 ,2 ,3  a s  i n d ic a te d .

F ig u re  4 .1

P r o o f . By way o f  c o n t r a d ic t io n  suppose G i s  such  a g ra p h . I f  

v e r te x  2 c o n n ec ts  t o  e i t h e r  s t(o :)  o r  s t ( c )  th e n  G c o n ta in s  a 

0 -g ra p h  d i s j o i n t  from  a k -g ra p h . I f  ( 2 ,b )  th e n  G c o n ta in s  a  wedge 

( i ° 3 ^ t ) V  (•b X a y c ) and i f  (2 ,x )  th e n  G c o n ta in s  a  wedge 

(1 ° 2 2 x ) V By Sy -in d e p e n d e n t argum ents ( c o r o l l a r y  3 . H )

v e r te x  2 i s  d ead , a  c o n t r a d ic t io n .

□
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Lemma 4 . 3 . T here does n o t  e x i s t  a  G £ I^ ( P )  s a t i s f y i n g  I& 

and c o n ta in in g  a  su b g rap h , H, hameomorphic to  th e  g rap h  o f  

f ig u r e  b . 2  w here H h a s  v e r t i c e s  2 ,3  a s  in d ic a te d .

F ig u re  b .2

P r o o f . By way o f  c o n t r a d ic t io n  suppose G w ere such  a  g ra p h .

I f  v e r te x  2  c o n n ec ts  to  a ,  c th e n  G c o n ta in s  a  9 -g ra p h  d i s j o i n t

from  a k -g ra p h . I f  edge ( 2 ,a )  i s  i n  G th e n  G c o n ta in s  a  

wedge (_ ® ^ ) V ( X , ^  ) .  By symmetry and S - in d e p e n d e n t
*1. j  & 3. D C v

argum ents 2  may co n n ec t o n ly  t o  x  o r  y , l ik e w is e  3 may o n ly

co n n ec t t o  a  o r  b .  Assume G c o n ta in s  ( 2 ,x )  and ( 3 , a ) .

N ext o b se rv e  s t  (0 ) i s  d i s j o i n t  from  ( x  y  ) w hich  im p lie s
€1 D C

0, and by  symmetry 1 , m ust co n n ec t e lse w h e re . Edge ( 0 , c ) g iv e s

Ida 0 -g ra p h  d i s j o i n t  from  ( ) ,  edge ( 0 ,x )  g iv e s  a  wedge
A  jr  v t

0 2 o# *b(-L 3 x ) X- (x  y  a ) ,  and edge ( 0 , y )  g iv e s  s t  (2 ) d i s j o i n t  from

(Da Viy n) which im plies edge (2,y)  g iv ing a wedge L °  aa d u j  Q! y
/ 2  c
(y  X^* (^ Ja ) and (Oj13) a re  b o th  i n  G th e n  s t (2 )

& bd i s j o i n t  from  (q ^  ) im p lie s  (2 , y )  and a  0 -g ra p h  d i s j o i n t

from  ^  th e n  s t  (a )  d i s j o i n t  from  ( x &y C2 ^
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im p lie s  a  c o n n ec ts  som ewhere. Edge (a, c )  i s  lemma 2 .1 9 ,  (o :,b )

c o n ta in s  0 -g ra p h  d i s j o i n t  from  ( a  ° 0 ) ,  (o :,x) c o n ta in s  a  wedgex  y  c

(n °  2 ) V ( „ X -h y _) and ( a ,a x )  r e s p e c t i v e l y  ( a ,a y )  i s  e q u iv a le n t
J- 3 X  cl D C

t o  th e  c a se  w here ( 3 ,a y )  r e s p e c t iv e ly  ( 3 , ax ) i s  an  edge o f  G.

Hence ( a ,y )  and a a  i s  c u b ic  i n  a  t r i a n g l e  so t h a t  a a  co n n ec ts

somewhere, y e t  any such  c o n n e c tio n  y i e ld s  e i t h e r  a  0 -g ra p h  d i s j o i n t

from  a k -g ra p h  o r  s t (2 ) d i s j o i n t  from  a k -g ra p h . Thus (0 ,a a )

i s  n o t an edge o f  G. I f  ( 0 ,a )  th e n  v e r te x  3 c u b ic  i n  a  3 -c y c le

im p lie s  ( 3 ,b )  i s  an edge o f  G and G c o n ta in s  a  wedge

a y  ^  q,) ^  c X a  ̂  ’ Thu-*3 by  S ^ -in d e p e n d e n t a rgum ents we may

assume G c o n ta in s  (0 ,b )  and b y  symmetry ( l , y ) .

V e rtex  a  i s  cu b ic  i n  a  3 -c y c le ,  and ( a ,v )  f o r  v  n o t in

c y c le  ( x ,b ,y , e )  g iv e s  0 -g ra p h  d i s j o i n t  frcm  a  k -g r a p h . Edge

( a ,c )  c o n ta in s  a  k -c y c le  d i s j o i n t  from  (a  10 a ) c o n t r a d ic t in g
0! x  y

lemma 2 . 1 9 ,  ( a ,x )  g iv e s  a  wedge (x ° 1 2 3 )A ' (a Xb y c )> ( a ,y )

g iv e s  a wedge ( ° 2 _ ) ^  ( D Xv,y  )* and ( a ,b )  g iv e s  a  0 -g ra p hy  ± 3 a, D c
/  8* C \d i s j o i n t  from  x  ) .  By S ^ -in d e p en d e n t argum ents th e s e

e x h a u s t th e  p o s s i b i l i t i e s .

□

Lemma U .4 . T here does n o t  e x i s t  a G € I^ ( P )  s a t i s f y i n g  H4 

and c o n ta in in g  a  su b g rap h , H, ham eam orphic to  th e  g rap h  o f  f ig u r e

^•3  where H h a s  v e r t i c e s  1 ,3  a s  in d ic a te d .
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F ig u r e  4 .3

E ro o f . By way o f  c o n t r a d ic t io n  suppose G w ere such  a  g ra p h .

N ote t h e r e  can n o t e x i s t  v e r t i c e s  0 1 ,1 2 ,2 3 * 0 3  e l s e  we can a p p ly

lemma 4 .3*  A lso  n o te  th e  sym m etries ( l  3 ) * (a  h ) , ( x  y ) ,  and

(a  x ) ( h  y ) ( a  c ) ( 0  2 ) .  We exam ine w here v e r t i c e s  1 ,3  may c o n n e c t.

Edges ( l , a )  o r  ( l , c )  c r e a te  a - 9 -g ra p h  d i s j o i n t  from  a

k -g ra p h , hence th e y  b o th  may c o n n ec t o n ly  t o  c y c le  ( a , x , b , y ) .

Edges ( l , x ) ( 3 , x )  to g e th e r  g iv e  a  wedge (Q 3 X) ^  (x  ^ y ^ a ) '

Edges (3 ,b y ) ,  ( l , a x )  to g e th e r  g iv e  a  su b g rap h  (, a QaXn ) u O y,r ° 0 ) *
D a u ( x ,b )  D y  d

b y  S - in d e p en d e n t a rgum ents and symmetry one o f  th e  p a i r  1 ,3  m ust

c o n n ec t to  an  e x i s t i n g  v e r t e x ,  w ith o u t  l o s s  o f  g e n e r a l i t y  suppose

( l , x ) .  I f  (3*y) th e n  we have a  c y c le  d i s j o i n t  from

S t (2 ) i s  d i s j o i n t  from  ( a  ^  ) y e t  anyw here 2 c o n n ec tsx  y  a

c r e a te s  a  6 -g ra p h  d i s j o i n t  from  a  k -g ra p h . By S - in d e p e n d e n t
y

argum ents we co n clu d e  (3 * b ), g iv in g  th e  g ra p h  o f  f ig u r e  4 .4 .
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o<-

F ig u re  4 .4

As was o b se rv ed  b e f o r e ,  s t ( 2 )  i s  d i s j o i n t  from  ( a  b  ) .A J LX

A v o id ing  a  c o n t r a d ic t io n  we have 2 c o n n e c tin g  o n ly  to  x ,y ,  ex , cy . 

L ikew ise  0 may co n n ec t o n ly  t o  a ,b , a a ,b a .  We exam ine w here v e r te x  

0. may c o n n e c t.

I f  (0 ,a b )  i s  i n  G n o te  th e  c y c le  (0 ,a ,a :b )  i s  d i s j o i n t  from

(a  b S ) \ ( 3 > a ) .  I f  t h i s  c y c le  i s  a  4 - c y c le  lemma 4 .3  0 a , andx y  j
0 3

a v o id in g  k -g ra p h  d i s j o i n t  from  th e  0 -g ra p h  —* 2

x c
im p lie s  ( 0 a ,a ) ,  y e t  t h i s  g iv e s  9 -g ra p h  d i s j o i n t  from  ( ^  c ) .

Hence ( 0 ,a ,a b )  i s  a  3 -c y c le  and b o th  a ,a b  a r e  n o t  c u b ic .  I f

e i t h e r  c o n n e c ts  o u ts id e  o f  c y c le  ( a ,x ,b ,y )  th e n  we g e t  a  0 -g ra p h

d i s j o i n t  frcm  a  k -g ra p h  o r a  c o n t r a d ic t io n  o f  lemma 2 .1 9 *  Edges

( a ,b ) , ( a b ,x )  g iv e  a  wedge (a °-b Q!x ) v  (x b y C2 ^  any  o th e r
x  2c o n n e c tio n s  g iv e  a  wedge k^  V ( ^  ) ,  Thus (0 ,a b )  i s  n o t  an

edge o f  G. O bserve ( 0 ,a a )  i s  n o t an  edge o f  G s in c e  renam ing  

a a , a  b y  a ,a b  r e s p e c t iv e ly  g iv e s  th e  su b g raph  we j u s t  c o n s id e re d .



I f  ( 0 ,b )  i s  an edge o f  G th e n  a v o id in g  v e r te x  3 cu b ic  i n  a 

t r i a n g l e  im p lie s  (3*a ) .  S in ce  t h i s  c r e a te s  a  g rap h  w ith  a  sym m etric 

t o  b  we may assume ( 0 ,a )  i s  an edge o f  G and by  symmetry ( 2 ,y )
q , Q

i s  a l s o .  Note ( a ,x )  b u i ld s  ( ) d i s j o i n t  from  a 0 -g ra p h .St X
By S - in d e p e n d e n t argum ents we have (oc,y) and ( c ,a )  g iv in g

X
DC O

^ c ) d i s j o i n t  from  a 0 -g ra p h .

□

C o ro l la ry  4 . 5 . There does n o t  e x i s t  a  G € I^ ( P )  s a t i s f y i n g  H4

s. Id c
and c o n ta in in g  a  ^ (q, x  y ) an<i u*1 n -c y e le  d i s j o i n t  from  

(a  x  f o r  n  >

P r o o f . D epending on how ( a , c )  i s  added i n  we a p p ly  lemma 2 .1 9  

o r  one o f  "the p re c e e d in g  t h r e e  lemmas. O bserve t h i s  i s  an  S -in d ep e n 

d e n t a rgum en t.

□

P rop osition  4 . 6 . There does not e x is t  a G € I^!(P) s a t is fy in g  

H4 and contain ing an n -c y c le  d is jo in t  from a k_ „ fo r  n > 4 .

P roof. The v ertex  in  the  ̂ m issin g  from th e  kg  ̂ must l i e  

on the n -c y c le  by co ro lla ry  4 . 5 .  The p ro p o sitio n  n a tu r a lly  breaks 

in to  four ca ses , i l lu s t r a te d  in  f ig u re  4 . 5 .  Each case i s  covered in  

a separate lemma. The p roofs  o f  th ese  lemmas w i l l  complete the p roof  

o f  t h i s  p ro p o sitio n .



97

lemma 4 .8lemma 4 .7

lemma 4 .1 1lemma 4 .1 0

F ig u re  4 .5

Lemma 4 . 7 . T here does n o t  e x i s t  a  G € I^!(P) s a t i s f y i n g  H4 

and c o n ta in in g  a  su b g rap h , H, hameomorphic t o  th e  g rap h  o f  f ig u r e  

4 .6  w here H c o n ta in s  v e r t i c e s  1 ,2 ,3  a s  shown.

Figure 4 .6



P r o o f . By way o f  c o n t r a d ic t io n  suppose G w ere su ch  a  g ra p h .

We f i r s t  exam ine w here v e r te x  2 may c o n n e c t.
0 2Suppose ( 2 ,a )  i s  an  a r c  o f  G. A vo id ing  a  wedge ( _ )J. ,3 &

( X y  ) im p lie s  edge ( l , a )  and s t ( l )  i s  d e ad . A v o id in g  v e r te x
& D C

1  cu b ic  i n  a  3 -c y c le  im p lie s  v e r t i c e s  Oa and 2 a .  Edge (O a,x) 

g iv e s  c y c le  ( 0 ,1 ,2 ,3 )  d i s j o i n t  from  ^ \ e  c o n t r a d ic t in g

c o r o l l a r y  4 .5 .  I f  Oa c o n n e c ts  anyw here e l s e  we g e t  a  s im i la r  

c o n t r a d ic t io n  o r  a  0 -g ra p h  d i s j o i n t  from  a  k -g ra p h . Thus edge ( 2 , a )  

i s  n o t i n  G.

Suppose { 2 , ax ) i s  an a r c  o f  G. A v o id in g  a  subgraph  

( X y  ) ^  ® ^  ) im p lie s  v e r te x  1  can  o n ly  c o n n ec t to
D C /  \  *1. Jj S X( a ,a x ;

[ a , a x ] .  I f  ( l , a )  i s  i n  G and  th e r e  e x i s t s  a  v e r te x  Oa we can

r e p e a t  th e  above arg u m en t. Thus edge ( l , a x )  and G c o n ta in s  a

4 -c y c le  d i s j o i n t  from  ^  Q ) \ ( a ,x )  c o n t r a d ic t in g  c o r o l l a r y  4 .5 .

Thus G c o n ta in s  ( 2 ,x ) ,  and s in c e  s t (2 ) i s  d i s j o i n t  from

( ° >iy  ) , ( 2 , y )  i s  a l s o  i n  G. N ext we s h a l l  exam ine w here v e r te x  a  d c

1  c o n n e c ts .

Suppose ( l , a )  i s  i n  G. Edge (3>a) .g iv e s  a  c o n t r a d ic t io n  o f

c o r o l l a r y  3 .1 1  and edge (3>x) g iv e s  a  0 -g ra p h  d i s j o i n t  from

( y  ) .  Edges ( 3 ,b y ) ,( 3 > y )  g iv e  a  g rap h  c o n ta in in g  a  wedge a  d c

(3 ° bbyy ) ^  (x 2 y  a x ) and a  wedge (b ° c y 3 ) V- (x 2 y  &1 ) r e s p e c t iv e ly .  

Thus we have ( 3 ,b )  i s  i n  G. I f  th e r e  i s  a  v e r te x  Ob th e n  G 

c o n ta in s  a  wedge ( o b ^ ^ x ^  ^  ^ x ^ y &l ^  bence ( 0 ,b )  i s  an  e d g e .
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A v oid ing  v e r te x  3 c u b ic  i n  a  t r i a n g l e  im p lie s  edge ( 3 , c )  g iv in g

a wedge V (-i ^  v & ,r ) • These argum ents a r e  S - in d e p e n d e n t,u x  -L x  y  d,

hence ( l , a x )  i s  n o t  an  a r c  o f  G.

We now have t h a t  v e r t i c e s  1 ,3  may o n ly  c o n n ec t to  x o r  y .

I f  ( l , x )  and (3 ,x )  o ccu r to g e th e r  th e n  G c o n ta in s  a  wedge 

(q  ̂ V Xb ^ c ^  hence ( i j x )  and (3,y) w ith  s t ( l ) , s t ( 3 )  

d ead . S in ce  s t ( 2 )  i s  dead  G m ust c o n ta in  a  c u b ic  v e r t e x  i n  a 

3- c y c le .

□

Lemma 4.8. T here d oes n o t  e x i s t  a  G € I ^ ( P )  s a t i s f y i n g  H^ 

and c o n ta in in g  a  su b g rap h , H, hameom orphic t o  th e  g rap h  o f  f ig u r e  

b . J  w here H c o n ta in s  v e r t i c e s  2 ,3  a s  shown.

'i

F ig u re  k . J

P r o o f . By way o f  c o n t r a d ic t io n  l e t  G be such  a  g ra p h . We s h a l l  

f i r s t  examine w here v e r te x  2 may c o n n e c t.
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I f  (2 , a )  i s  i n  G th e n  a v o id in g  a  wedge ( 0 2 ) ^ (  X )x j  £i a d c
im p lie s  edge ( 3 ,a )  w ith  v e r te x  3 d e ad . A vo id ing  a  cu b ic  v e r te x

i n  a  3 -c y c le  th e r e  e x i s t  0 a ,2 a .  Any c o n n e c tio n  o f  v e r t e x  Oa

c r e a te s  a  4 -c y c le  d i s j o i n t  from  c o n t r a d ic t in g  c o r o l l a r y  4 .5 .

I f  ( 2 , ax ) i s  i n  G th e n  a g a in  ( c o r o l l a r y  3 .1 1  i s  S - in d e p e n d e n t)a

3 can o n ly  c o n n ec t t o  [ a , a x ] .  We g e t  e i t h e r  a  4 -c y c le  d i s j o i n t  

from  ^ \ e  d i r e c t l y  o r  a  v e r te x  a s  above from  whence any  c o n n e c tio n  

g iv e s  th e  same c o n t r a d i c t i o n .

Thus v e r te x  2 may o n ly  c o n n ec t t o  [x , c ] U [ c , y ] .  O bserve ( 2 ,c )  

o r  (2 ,c x )  g iv e  s t (2 )  d i s j o i n t  from  (x a y t 0 ) .  I f  2 c o n n ec ts  

t o  s t ( c )  a g a in  th e n  G c o n ta in s  a  0 -g ra p h  d i s j o i n t  from  a  k -g ra p h . 

Thus w ith o u t  l o s s  o f  g e n e r a l i t y  edge ( 2 ,x )  i s  i n  G.

We s h a l l  exam ine w here v e r t e x  3 may c o n n e c t. F i r s t  c o n s id e r  th e

c ase  (3,y). U sing  lemma 2 .1 8  w ith  k -g ra p h  (x  &y  ̂  we conclude

[1 ,2 ]  i s  n o t  d e a d .-  Edges ( 2 ,a ) ,  ( 2 ,b )  c o n t r a d i c t  c o r o l l a r y  3 * H ,

( 2 ,c )  g iv e s  a  0 -g ra p h  d i s j o i n t  from  f e ,y )  g iv e s

a  wedge ( i ^ x C y ^ ^  ^ a ^ b "^ 3 ^ *  ^  ^ - in d e p e n d e n t a rgum en ts  s t ( 2 )

i s  dead , b y  th e  symmetry (0 x ) ( 3  c ) ( l  2 )  s t ( l )  i s  d e ad , a  c o n tr a 

d i c t i o n .  By S - in d e p e n d e n t argum en ts  ed g es  (3,a y ) , (3>Uy) a r e  a l s o  
«y

e l im in a te d .

I f  edge ( 3 ,a x )  i s  i n  G th e n  a g a in  [1 ,2 ]  c an n o t be  d ead . I f

2 co n n ec ts  somewhere th e n  f o r  th e  same re a s o n s  a s  i n  th e  p re v io u s

p a ra g ra p h  we have e i t h e r  ( 2 ,y )  o r  ( 2 ,c y ) .  U sin g  th e  symmetry 

(2 3 ) (ax  l ) ( 0  x ) ( c  a )  t h i s  i s  e x a c t ly  th e  case  o f  th e  p re c e e d in g
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p a ra g ra p h . Thus v e r te x  1 i s  n o t  d ead , we exam ine w here i t  may 

c o n n e c t. Edge ( l , a x )  o r  ( l , a )  c o n t r a d ic t  c o r o l l a r y  3 .1 1 , ( l , h )

g iv e s  a  4 -c y c le  d i s j o i n t  from  *  ^ ) \ ( 2 , y ) ,  so 1 may co n n ec t

o n ly  t o  x , c x ,y .  I f  ( l , x )  th e n  s in c e  s t ( 2 )  i s  dead  th e r e  e x i s t s  

l x ,  e i t h e r  edge ( l x ,  cx) o r  ( l x ,y )  g iv e s  4 -c y c le  d i s j o i n t  from  

(g ^  Q ) \ ( a ,2 ) .  I f  ( l , c x )  th e n  ( l , c , e x )  i s  a  3 -c y c le  by  th e

same re a s o n in g , and ( l , y )  g iv e s  a  0 -g ra p h  d i s j o i n t  from  (n X o ^  )•U u SLX

Thus ( l , y )  i s  an  a rc  o f  G and v e r te x  c c o n n ec ts  som ewhere.

Any c h o ic e  g iv e s  e i t h e r  a  6 -g ra p h  d i s j o i n t  from  ( ] _ \ y a )> 4 -c y c le  

d i s j o i n t  from  a  ^ \ e ,  o r  lem m a'4 .7 .  Thus 3 does n o t co n n ec t 

t o  ax .

I f  ( 3 ,x )  th e n  c o n s id e r  th e  3 -c y c le  ( 2 ,3 ,x ) .  I f  th e r e  e x i s t s  

2x we g e t  e i t h e r  a  4 -c y c le  d i s j o i n t  from  ^ y ) \ ( 3 , y )  o r  a

0 -g ra p h  d i s j o i n t  from  ^ x ^ ^ b ^ *  Th;us we rm;is'fc a l s o  have ( 3 , a ) .

Now n o te  a  v e r te x  3x g iv e s  a  0 -g ra p h  d i s j o i n t  frcm  a  k -g ra p h  

u n le s s  ( 3 x ,b ) ,  i n  w hich  c a se  r e p la c in g  (b ,x )  w ith  ( b ,3 x ) ( 3 x ,x )  

shows we a re  i n  an  e a r l i e r  c a s e .  Thus v e r te x  2 c o n n ec ts  somewhere 

e l s e .  Edge (2 ,y )  g iv e s  a  wedge (1 Cx 2 y ) -v  ed&e

(2 ,c y )  g iv e s  a  wedge (x 2 1 C c y ) v (x &y h o ^  (2 , x  ̂ g iv e s  a  

0 -g ra p h  d i s j o i n t  from  hence  ( 2 ,c ) ,  and v e r te x  2 i s

d e ad . Now v e r te x  1  can n o t be  c u b ic .  Edges ( l , c )  o r  ( l , y )  

g iv e  a  0 -g ra p h  d i s j o i n t  from  (g Q) , edge ( l , a )  g iv e s  a  wedge 

V kg hence  ( l , b )  and v e r te x  1 i s  d ead . D e le t in g  (3 ,x )  and

n o tin g  c y c le s  ( 0 ,1 ,2 ,3 ) ,  ( 0 ,3 , a ) ,  ( 0 ,1 ,b ) ,  and ( l , 2 , c )  a l l  embed 

n u l l  im p lie s  (3 ,x )  i s  r e d u c ib le .
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Thus we m ust have (3.>a), and a v o id in g  a  c u b ic  v e r te x  i n  a
________ Q ”l_

3 -c y c le  we a l s o  have ( 3 jb ) .  S t (1 ) i s  d i s j o i n t  frcm  ( «)3c y  j
hence  1 c o n n e c ts  som ewhere. Anywhere b u t  ( l , y ) g iv e s  a  0 -g ra p h  

d i s j o i n t  from  a  k -g ra p h , hence ( l , y ) .  Exam ining c y c le  ( l , 2 , x , c )  

d i s j o i n t  from  ( o ^ ^ y ^  shows we m ust have edge (c , 0 ) i n  G 

w hich  c o n t r a d ic t s  lemma b . J .

□

Lemma 4 . 9 . L e t G c o n ta in  H, a k_ _ d i s j o i n t  from  a c y c le ,  w ith
e-jD

t h e  v e r te x  o f  th e  ^ ■ m is s in g  frcm  th e  kg ^ ly in g  °n  th e  c y c le .  

Then th e r e  a r e  e x a c t ly  1 la b e le d  and 6 u n la b e le d  em beddings o f  

H w hich can  a llo w  an e x te n s io n  t o  an  em bedding o f  G.

P r o o f . I f  t h i s  em bedding e x ten d s  th e n  th e  k0 _ c o n ta in s  and y  5
e s s e n t i a l  c y c le ,  t h e r e  a r e  3 l a b e l e d  c h o ic e s .  F o r each  c h o ice  

t h e  c y c le  c o n ta in in g  th e  m is s in g  v e r te x  m ust embed in  th e  n o n -n u l l  

r e g io n ,  e i t h e r  c lo ck w ise  o r  c o u n te rc lo c k w is e . The p o s s i b i l i t i e s  a re  

shown i n  f i g u r e  ^ .8 .

□
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b
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a

y

y

F ig u re  4 .8

Lemma 4 .1 0 . There does n o t  e x i s t  a  G € s a t i s f y i n g  H4

and c o n ta in in g  a  su b g rap h , H, hcaneomorphic t o  th e  g rap h  o f  f ig u r e  

4 .9  w here H c o n ta in s  v e r t i c e s  1 and 3 a s  shown.

Figure 4 .9
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P r o o f . By way o f  c o n t r a d ic t io n  suppose G w ere such  a  g ra p h .

B efo re  p ro c e e d in g  n o te  ( 0 , 1 ) , ( l , 2 ) , ( 2 , 3 )  and ( 3 ,4 )  a r e  a l l  dead

Si IDb y  lemma 4 .8 .  A lso  n o te  s t  (2 ) i s  d i s j o i n t  from  (n ) andu x  y

f i n a l l y  o b se rv e  v e r t i c e s  1 and 3 may o n ly  co n n ec t t o  c y c le  

( a , x ,b ,y ) .  We s h a l l  b re a k  i n t o  c a s e s  b a se d  on w here 1 ,3  can  c o n n e c t. 

I f  ( l , a x )  i s  in  G th e n  ( 3 ,a )  g iv e s  a  c o n t r a d ic t io n  o f  c o r o l l a r y  

3 .1 1 .  I f  ( 3 ,y )  th e n  ( 2 , c ) , ( 2 , x )  g iv e  a  0 -g ra p h  d i s j o i n t  from  

( °-Ky q ) and (2 ,y )  g iv e s  a 6 -g ra p h  d i s j o i n t  from  (_ ) .  Thus
S  D j  X D S

we have e i t h e r  ( 3 ,b ) , ( 3 ,b x )  o r  ( 3 ,x ) ,  c a s e s  1 -3  r e s p e c t i v e l y .  I f  

t h e r e  i s  no edge o f  ty p e  ( l , a x )  we have e i t h e r  ( l , a ) , ( 3 , x ) ;  

( l , a ) ( 3 * b ) ;  o r  ( l ,x ) , ( 3 > y )  c a s e s  4 -6  o f  f ig u r e  4 .1 0  r e s p e c t i v e l y .

l3X

c ase  3case  2

a x

c ase  6c ase  4 c ase  5

Figure 4 .1 0



Case 1 . We o b se rv e  v e r te x  3 i s  c u b ic  in  a  3 - c y c le .  I f  Ob 

th e n  a v o id in g  c o r o l l a r y  4 .5  we can  have o n ly  (O b,x) o r  (O b ,y ).

I f  Ob i s  c u b ic  th e n  th e r e  e x i s t s  a  v e r te x  ax , ay  r e s p e c t iv e ly  

and w herever th e y  c o n n ec t G c o n ta in s  a  0 -g ra p h  d i s j o i n t  from  a 

k -g ra p h . I f  Ob i s  n o t  c u b ic  th e n  G c o n ta in s  a  9 -g ra p h  d i s j o i n t  

from, ( t ^ o b ^ c ^ *  ®m s v e r '4ex 3 i s  n o t  c u b ic .  I f  (3 ,b )  th e n  

G c o n ta in s  a  0 -g ra p h  d i s j o i n t  from  ( a  Cp ) , (3 ,y )  g iv e s  lemma
A  J  Cm

4 .8  b y  c o n s id e r in g  ( 3 ,2 ,y ,  c )  d i s j o i n t  from  ( ax ^ ) .  Thus G
3* D X

m ust c o n ta in  ( 3 ,x ) .
^ m Q *L

N ext we n o te  s t ( 2 ) i s  d i s j o i n t  from  (x  y  q ) im p lie s  v e r te x  

2  i s  n o t  c u b ic , 2 may c o n n ec t o n ly  t o  x ,y , c x ,c y .  B efo re  c o n s id e r in g  

th e  c h o ic e s ,  b y  exam in ing  lemma 4 .9  we see  o u r su b g rap h  embeds in  

e x a c t ly  2  w ays, shown i n  f ig u r e  4 .1 1 .

F ig u re  4 .1 1



106

We n o te  c y c le s  ( l , 2 , c , x , a x ) ,  ( 2 ,3 ,x ,  c )  a r e  d i s j o i n t  from  9 -g ra p h s ,

hence  th e y  can n o t c o n ta in  k -g ra p h s . I f  ( 2 ,x )  o r  ( 2 , cx ) th e n

upon  d e l e t i n g  t h i s  edge we g e t  a  k -g ra p h  on one o f  th e s e  c y c le s  h y

lemma 2 .1 5 *  I f  (2 ,y )  th e  d e le t in g  im p lie s  ( c , b ) , ( c , a )  o r  ( c ,a x ) .

The f i r s t  c o n ta in s  a  6 -g ra p h  d i s j o i n t  from  a k -g ra p h , th e  second

i s  th e  p re v io u s  lemma w ith  k  _ d i s j o i n t  from  ( a x , a , 0 , l ) ,  and
d } 3

t h e  t h i r d  b r id g e  t r a n s f e r s  t o  c y c le  ( l , 2 , c , x , a x ) ,  a  c o n t r a d ic t io n .

Case 2 .  U sing  lemma 4 .9  we see  o u r su b graph  o n ly  embeds two w ays, 

shown i n  f ig u r e  4 .1 2 .  We exam ine w here v e r t e x  2 can  c o n n e c t, e i t h e r

x , c x ,c y ,  o r  y , k e e p in g  i n  m ind th e  sym m etries ( l  3 ) (a  b ) ( a x  b x ) 

and ( l a b  3 ) (2  ax  y  b x ) ( c  x ) .  C ycles (1 ,2 ,  c ,x , a x ) ,  ( 3 ,2 ,c ,x ,b x )  

a r e  b o th  d i s j o i n t  from  9 -g r a p h s ,  hence  b y  lemma 2 .1 5  we can n o t have 

( 2 ,x )  o r  ( 2 ,c x ) .  Thus ( 2 ,y )  and b y  symmetry ( a x ,b x ) .  D e le t in g  

(2 ,y )  and em bedding g iv e s  e i t h e r  ( c ,a )  o r  ( c , a x ) .  The fo rm er

c

F ig u re  4 .12
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g rap h  c o n ta in s  a  su b g raph  (n 0 _ 2 ) U ( a  x  ) and  th e  l a t t e r
3 y  ( y , t )  “  c

c o n ta in s  a  9 -g ra p h  d i s j o i n t  from  a  k -g ra p h .

Case 3 . We n o te  th e  sym m etry ( l  a ) (2 y ) (3  b )  and  th e  th r e e  

em beddings shown in  f ig u r e  4 .1 3 .  A gain  we exam ine w here v e r te x  2

F ig u re  4 .1 3

may c o n n e c t. I f  (2 ,x )  th e n  v e r t e x  3 i s  c u b ic  i n  a  3 - c y c le ,  y e t  

any o th e r  c o n n e c tio n  g iv e s  an  e a r l i e r  c a se  o f  t h i s  lemma. I f  (2 ,c x )  

th e n  d e l e t i n g  t h a t  b r id g e  and em bedding i n  one o f  th e  above em beddings 

im p lie s  ( c , l ) , ( c , 3 )  o r  ( c , a x ) .  The f i r s t  two a re  lemma 4 .8  and

th e  l a s t  g rap h  c o n ta in s  a  4 -c y c le  d i s j o i n t  from  ^  ^ ) \ ( 3 , c ) .
£. X C

Edge ( 2 ,c y )  i s  th e  same a s  ( 2 ,c x ) ,  hence  ( 2 ,y ) .  D e le t in g  t h i s  

b r id g e  and  em bedding im p lie s  ( c , a ) , ( c , b )  and ( c , a x ) .  A gain  (by 

sym m etry) th e  f i r s t  tw o a re  lemma 4 .8  hence  ( c ,a x )  w ith  em bedding 

B u n iq u e . E very  r e g io n  e x c e p t ( l , 2 , y , b , x , a x )  i s  d i s j o i n t  frcm  a  

9 -g ra p h , hence  any  a d m is s ib le  b r id g e  embeds in  t h i s  r e g io n .  V e rtex
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2 i s  d ead , ( l , x )  g iv e s  a  wedge (& y  ^ x ) V O-j'b) i s

a  s p l i t t i n g  o f  t h i s  so  v e r te x  1 can n o t be a  v . o . a .  o f  an  admi s s i b l e  

b r id g e .  Thus a d m is s ib le  b r id g e s  a r e  ( a ,b x ) , ( y ,x )  and s t ( 3 )  i s  

d i s j o i n t  from  Ci,aX y  )• We con clu d e  th e r e  e x i s t s  an in a d m is s ib le
D C £1

b r id g e  f o r  em bedding B. The o n ly  c a n d id a te  f o r  su ch  a  b r id g e  w hich  

a v o id s  a  cu b ic  v e r te x  i n  a  3 -c y c le  i s  ( a ,b x ) ,  w hich  g iv e s  c y c le  

( 0 ,1 ,2 ,3 )  d i s j o i n t  from  y  ^ ) \ ( a x , b ) .

Case 4 . V e rtex  1 i s  c u b ic  i n  a  3 - c y c l e .  I f  t h e r e  i s  a  v e r te x  

Oa th e n  e i t h e r  (0 a ,x )  o r  ( 0 a ,y ) ,  s in c e  ( O a ,s t ( a ) )  i s  e q u iv a le n t  

t o  ( l , a x )  w hich  h a s  b een  r u le d  o u t .  Both (0 a ,x )  and (0 a ,y )

g iv e  a  wedge (Qa X ti y  c ) ^  ^ 0 ^ 2  ^ x^ hence we can  have o n lV one ° f  

them . I f  (0 a ,x )  th e n  th e r e  e x i s t s  a x , a s  a  r e s u l t  we g e t  e i t h e r
Q  g

t h e  p re v io u s  case  w ith  c y c le  ( 0 a ,a ,a x ,x )  d i s j o i n t  from  (^  ^ y )  

o r  a  0 -g ra p h  d i s j o i n t  frcm  ( X. y  ) .  I f  ( 0 a ,y )  th e n  th e r e
8>X D C

e x i s t s  a y . Edges ( a y , l ) , ( a y , 3 ) * (a y ,0 )  a r e  e a r l i e r  c a s e s ,  ( a y ,2 )  

c o n t r a d ic t s  c o r o l l a r y  3 .1 1 , edge (a y ,x )  g iv e s  a  0 -g ra p h  d i s j o i n t

X  V*from  ( , ) ,  hence ay  may co n n ec t o n ly  t o  b o r  c .  I f  b o th
£ iy  D C

edges o c cu r th e n  G c o n ta in s  a  0 -g ra p h  d i s j o i n t  from  c ) ,x  j  ay

i f  j u s t  ( a y ,b )  (edge ( a y ,c )  r e s p e c t iv e ly )  th e n  th e r e  e x i s t s  a  v e r te x  

b y  (v e r te x  cy  r e s p e c t iv e ly )  and any c o n n e c tio n  g iv e s  a  0 -g ra p h  d i s 

j o i n t  from  a k -g ra p h . Thus Oa i s  n o t  a" v e r te x  and 1 i s  n o t  c u b ic .  

I f  ( l , b )  th e n  lemma ^ .8  a p p l i e s ,  hence edge ( l , y ) .  S t (2 )
X  v

i s  d i s j o i n t  from  ( , ) ,  ( 2 ,y )  g iv e s  a  0 -g ra p h  d i s j o i n t  from
& D C

and a n y th in g  e l s e  g iv e s  a  0 -g ra p h  d i s j o i n t  from



Case 5 . I f  e i t h e r  v e r te x  1 ,3  co n n ec t e lsew h e re  th e n  we have an  

e a r l i e r  c a s e .  Thus t h e r e  e x i s t  v e r t i c e s  Oa,Ob w hich  can co n n ec t 

o n ly  t o  x ,y .  I f  (O a ,x ) w ith  (O b,x) th e n  G c o n ta in s  a  0 -g ra p h  

d i s j o i n t  from  ( a n>,X QV)j hence  (O a,x ) and (O b ,y ). V e r t ic e s
a  wD a X

a x ,b y  m ust c o n n ec t t o  c o r  we g e t  a  0 -g ra p h  d i s j o i n t  from  

(a x a'o a X2 ^  " k ^ 13 g iv e s  an e a r l i e r  c a se  w ith  c y c le  ( 0 ,1 ,2 ,3 )

d i s j o i n t  from  ( a X ).
8i D C

Case 6 . N ote v e r t i c e s  1 ,3  a re  now d e a d . I f  ( 2 ,x )  th e n  G

c o n ta in s  a  0 -g ra p h  d i s j o i n t  from  ( By symmetry 2 i s  c u b ic ,Q* D 3

c o n t r a d ic t in g  lemma 2 .1 7 .

□

Lemma 4 .1 1 . T here does n o t  e x i s t  a  G € I ^ ( P )  s a t i s f y i n g  and

c o n ta in in g  a  su b g rap h , H, homecmorphic t o  th e  g rap h  o f  f ig u r e  4 .1 ^  

w here H c o n ta in s  a  v e r te x  3 a s  shown.

Figure 4 . l4
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P ro o f . By way o f  c o n t r a d ic t io n  suppose  G w ere su ch  a  g ra p h .

Up to  symmetry v e r te x  3 may c o n n ec t o n ly  to  ay , a  o r  y  fo rm ing

c a s e s  1 ,2  and 3 r e s p e c t i v e l y .

Case 1 . (3 > ay ). Note th e  symmetry ( l  a ) ( 2  a y )(b  x ) ( c  y ) .  I f

( 0 ,3 )  i s  n o t an  edge we g e t  e i t h e r  a  0 -g ra p h  d i s j o i n t  from  a 

k -g ra p h  o r  a  c o n t r a d ic t io n  o f  c o r o l l a r y  3 .1 1 . L ikew ise  n e i t h e r  

v e r t i c e s  0 n o r 3 can  c o n n ec t anyw here e l s e  w ith o u t  an e a r l i e r  

c a s e , so [0 ,3 ]  i s  d ead .

N ext, i f  th e r e  w ere a  v e r te x  23 any  c o n n e c tio n  g iv e s  a  c o n t r a 

d i c t i o n  o f  c o r o l l a r y  4 .5 .  By lemma 2 .1 8  v e r te x  2 i s  n o t  c u b ic .  We 

can o n ly  have edge ( 2 ,x )  o r  ( 2 ,y ) ,  o r  e l s e  we g e t  e i t h e r  lemma

4 .8  o r  we c o n t r a d ic t  c o r o l l a r y  4 .5 .  By th e  above symmetry and 

(a  y ) ( a  a y ) (0  3 ) ( l  2 ) ( b  c )  v e r t i c e s  l , a , a y  a l s o  can n o t be c u b ic .  

Exam ining ^ f a ( 2 , a y ) } ^  P a s  shown i n  f ig u r e  4 .1 5  we

have (w ith o u t lo s s  o f  g e n e r a l i t y )  ( 2 , y ) , ( c , a ) , ( l , x )  and ( b ,a y ) .  

S in ce  v e r t i c e s  0 ,3 ,1 ,2 ,  a ,a y  a re  a l l  dead  any b r id g e  a d d i t io n s  o ccu r 

on c y c le  ( b ,x , c , y ) ,  th e  g rap h  i s  p r o j e c t iv e  w ith  ( b ,x ,c ,y )  n u l l

and d i s j o i n t  from  a 0 -g ra p h , b y  lemma 4 .5  we m ust g e t  a  0 -g ra p h  

d i s j o i n t  frcm  a k -g ra p h .

Figure 4 .1 5
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Case 2 . (3*a ) .  I f  c y c le  ( 0 , a , 3 ) i s  n o t  a  3 -c y c le  th e n  we have

th e  p re v io u s  lemma. Thus v e r t i c e s  0 ,3  c o n n ec t somewhere, a v o id in g

th e  p re v io u s  case  im p lie s  th e y  can o n ly  co n n ec t t o  x  o r  y .  I f

( a , x ) , ( 3 j x )  th e n  G c o n ta in s  a  wedge (~ , )  V ( ^ n ° ) ,  hence
v  5 b. -L y

edges ( 0 , x ) , ( 3 , y ) .  Exam ining e x te n s io n s  o f  th e  em beddings o f  lemma

4 .9  we g e t  e x a c t ly  3 em beddings, shown in  f ig u r e  4 .1 6 .

A B C  

F ig u re  4 .1 6

I f  th e r e  e x i s t s  a  v e r te x  12 th e n  (1 2 ,a ) ,  g iv e s  a  wedge o f  

kQ o ' s ,  (1 2 ,x )  o r  (1 2 ,y ) g iv e  a  wedge V. k 0 , ’s and ( l2 ,b x )  

g iv e s  a  0 -g ra p h  d i s j o i n t  from  ( ^  Q ^ ) . By lemma 2 .1 8  e i t h e r  1 

o r  2 i s  n o t  c u b ic ,  w ith o u t  l o s s  o f  g e n e r a l i t y ,  suppose 1 i s  n o t

c u b ic . E i th e r  edge ( l , a )  o r  ( l , c ) g iv e  th e  p re v io u s  lemma, edge

( l , y )  g iv e s  ^ o ^ ^ y ^  1111:18 we have ei-blier edge (1 j x )

o r  ( l , b x ) .  D e le t in g  t h i s  b r id g e  and em bedding w ith  e i t h e r  an

e x te n s io n  o f  A o r  B g iv e s  a  k -g ra p h  d i s j o i n t  from  a 0 -g ra p h
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(k -g ra p h  on c y c le  ( 0 , l , b , x ) )  hence we m ust have an  e x te n s io n  o f  C,

y e t  t h i s  im p lie s  ( b ,c )  and a  0 -g ra p h  d i s j o i n t  from  (^ x ) .

Case 3 . (3 > y ). By e l im in a t io n  v e r te x  3 may o n ly  c o n n ec t to  x .

Suppose (3*x) i s  in  G. S t ( l )  i s  d i s j o i n t  from  ( X y _) im p lie s
8< C j

( l ,b x )  o r  e l s e  we g e t  an  e a r l i e r  lemma. C ycle ( l , b ,b x )  i s  a  3 -c y c le

s in c e  i t  i s  d i s j o i n t  from  a  ^ \ e ,  v e r t i c e s  (b ,b x )  may o n ly

co n n ec t to  ( x , a , y , c ) .  Edge ( b ,a )  g iv e s  a  0 -g ra p h  d i s j o i n t  from

(g ° x  ^ y )  hence  ( b ,x ) ,  (b x ,y )  and G c o n ta in s  a  wedge

(_ ^ c ) .V ( ^  ) .  Thus v e r te x  3 i s  c u b ic .2 x  y  b  bx  a

I f  v e r te x  0 i s  n o t  c u b ic  n o te  ( 0 ,y )  im p lie s  a  wedge

(~ ^ y „ ) V . ( l3 0 ) ,  so  0 may co n n ec t o n ly  to  a x ,x .  I f  (0 ,a x )
0y a  3 x  y  z '  3

th e n  ( 0 ,a ,a x )  d i s j o i n t  from  a  im p lie s  i t  i s  a  3 - c y c le ;

so  a  m ust c o n n ec t e ls e w h e re . Edge ( a ,x )  g iv e s  a  0 -g ra p h  d i s j o i n t  

from  ( ^ c Jr1 ) ,  a  c o n n e c tin g  t o  c y c le  ( 0 ,1 ,2 ,3 )  g iv e s  an  e a r l i e r

lemma, ( a ,b )  i s  c ase  1 i f  we exam ine (. a  X ,.)> and ( a ,c )  i sD aX y

c ase  1 by  exam in ing  ( ) .  Hence u n d e r th e  s u p p o s i t io n  0 i sc £QC y

n o t cu b ic  so we g e t  ( 0 ,x ) .

I f  (0 ,x )  i s  i n  G n o te  ( 2 ,x )  g iv e s  a  wedge o f  k -g r a p h s ,  ( 2 ,y )

makes th e  dead  v e r te x  3 c u b ic  in  a  3 - c y c le ,  and (2 ,c x )  i s  

sym m etric to  (0 ,a x )  w h ich  was j u s t  r u le d  o u t .  V e r t ic e s  2 ,3  cu b ic
n

im p lie s  ^-y U ( ( 0 ,y ) ,  ( l ,  c )}  i s  p r o j e c t i v e ,  th e  u n iq u e  embedding 

w i th  c y c le s  ( ( 2 ,3 } > 0 ,y ) ,  ( [2 ,3 } > 1 j c ) e s s e n t i a l  i s  shown i n  f ig u r e  4 .1 7 .
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F ig u re  4 .1 7

V e rte x  a  i s  c u b ic  in  a  3 -c y c le  ( i f  c y c le  ( a , x , 0 ) c o n ta in s  a

f o u r th  v e r te x  we a p p ly  th e  p re v io u s  lem m a), b y  f ig u r e  4 .1 7  we have

e i t h e r  ( a ,b )  o r  ( a ,b y ) .  The l a t t e r  g iv e s  c ase  1  i f  we u s e  th e

k -g ra p h  ( X _ ) ,  th u s  ( a ,b ) ,  and we g e t  th e  symmetry a, d  c

(0  y ) ( c  l ) ( b  x ) .  F i n a l l y  n o te  ( l , y )  g iv e s  a  wedge ^
0 Id( .  ) ,  ( l , c x )  g iv e s  c y c le  (2 ,3 > y ,c )  d i s j o i n t  frcm

J. a  X

(n  S * A ( a  , c x ) ,  ( l ,b x )  i s  e q u iv a le n t  t o  ( 0 ,ax ) i f  we u se  U 0 cx

(, 0  ^  ) ,  hence 1  may o n ly  c o n n ec t t o  x .  I f  1  and c a r e
i. X &

*fo Xb o th  n o n -c u b ic  we g e t  S t ( 3 ) d i s j o i n t  frcm  ( _ ) hence  w ith o u t
8. C J.

l o s s  o f  g e n e r a l i t y  1  i s  n o t  c u b ic .  [1 ,2 ]  dead  c o n t r a d i c t s  lemma 2 . 1 8 .

We co n c lu d e  ( 0 ,x )  i s  n o t  i n  G, v e r te x  0 i s  d ead , by  symmetry 

so  i s  v e r t e x  2 .  We s h a l l  co m ple te  th e  lemma by  show ing v e r t e x  1 

i s  c u b ic  and  hence  c o n t r a d ic t in g  lemma 2 . 1 8 . O bserve

j U { ( l> c ) , ( 0 ,y ) ) embeds i n  a s  d oes U { ( 2 ,y ) ,  ( l , a ) }.

The u n iq u e  em beddings a r e  shown i n  f ig u r e  4 .1 8 .  We see  v e r te x  1

may o n ly  c o n n ec t t o  x  o r  b x , r e g a r d le s s  v e r te x  b c o n n e c ts  e ls e w h e re .
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F ig u re

The o n ly  tw o p o s s i b i l i t i e s ,  s t ( a )  

th e  above em beddings. Thus 1  i s  

i s  c o m p le te .

4 .1 8

o r  s t ( c )  do n o t  e x te n d  one o f  

:u b ic , and th e  p r o o f  o f  t h e  lemma

□
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§4 .3  A 4 - c y c le  D i s jo in t  Prom a  k^

P r o p o s i t io n  4 .1 2 . There does n o t e x i s t  a  G £ l * ( p ) s a t i s f y i n g  

H4 and c o n ta in in g  an  n -c y c le  ]]_ k^ f o r  n  > 4 .

P r o o f . By way o f  c o n t r a d ic t io n  suppose G w ere such  a  g ra p h . 

L ab e l th e  c y c le  and th e  k^ a s  i n  f ig u r e  4 .1 9 , c a l l  t h i s  g rap h  H. 

F i r s t  we w i l l  show th e r e  i s  n o t  a  v e r te x  v  d i s j o i n t  from  H.

• O '
%

X

F ig u re  4 .1 9

L e t v  be such  a  v e r t e x .  N ote v  may n o t  co n n ec t tw ic e  to  th e  

c y c le .  I f  ( v ,a )  and (v ,b )  th e n  v  m ust be  i n  th e  same component 

o f  G \s t (k ^ )  a s  th e  "m iss in g "  v e r te x  o f  th e  k ^ , e l s e  a  and b 

form  a  c u t  s e t  s e p a r a t in g  v  and  t h i s  v e r te x ,  c o n t r a d ic t in g  lemma 

2 .1 4 .  C ycle ( 0 ,1 ,2 ,3 )  i s  d i s j o i n t  from  (c & a  ^  c o n t r a d ic t in g  

p r o p o s i t io n  4 .6 .  I f  ( v , a ) , ( v , b ) ,  and  ( v ,c )  a r e  in  G, n o te  v
__ j

m ust be th e  '^m issing" v e r te x  o f  th e  k ^ , e l s e  (& ^  c ) i s  a k^ ^ 

d i s j o i n t  frcm  a  4 - c y c le .  The re m a in in g  a r c  (v ,d )  m ust i n t e r s e c t  

c y c le  ( 0 ,1 ,2 ,3 )  b y  lemma 2 .19*  A lso  n o te  no b r id g e  h i t s  th e  c y c le  

( 0 ,1 ,2 ,3 )  and th e  i n t e r i o r  o f  an  edge o f  th e  k ^ , e l s e  th e  k^ i s
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a  k0 I f  ( v ,0 )  and  (d , 0) th e n  w ith o u t  lo s s  o f  g e n e r a l i t yd)  o
( l , a ) , ( 2 , a ) , ( 3 j h ) . A vo id ing  1 c u b ic  i n  a 3 -c y c le  im p lie s  ( l , b )  

g iv in g  a  wedge V (t , 1 0 ^2^*  1111:18 and  (d> °) axe

n o t  b o th  i n  G. N ote each  o f  th e  v e r t i c e s  0 ,1 ,2 ,3  m ust co n n ec t t o

th e  k ^ , e i t h e r  b e ca u se  th e y  a re  d eg ree  2  o r  a re  c u b ic  v e r t i c e s

d i s j o i n t  from  a  k ^ .  A lso  n o te  n o t  a l l  o f  a , b , c  c o n n ec t to  th e

c y c le  o r  ( V, d ^ ) i s  a k -g ra p h , w ith o u t  l o s s  o f  g e n e r a l i t y  suppose
cl D C

c does n o t  co n n ec t t o  th e  c y c le .  W hichever p a i r  o u t o f  0 ,1 ,2 ,3  

w hich  a re  n o t  a d ja c e n t  to  {v,d}  m ust (by a v o id in g  a  cu b ic  v e r te x  

i n  a  3 -c y c le )  be  a d ja c e n t  t o  w ith o u t l o s s  o f  g e n e r a l i t y  a , 

c r e a t in g  a  wedge o f  k -g r a p h s .  Thus th e r e  i s  n o t  a  v e r te x  d i s j o i n t  

from  H.

We summarize o u r know ledge o f  G: l )  th e r e  does n o t  e x i s t  a

v e r te x  v  d i s j o i n t  frcm  H, 2 )  an  edge o f  th e  k^  i s  an  edge o f

G, 3 ) a l l  b r id g e s  a re  edges jo in in g  th e  c y c le  t o  { a ,b ,c ,d } .

W ith t h i s  in fo rm a t io n  th e  p ro o f  s h a l l  p ro c e e d  b a se d  on th e  v a le n c y  

o f  v e r te x  0 .

I f  ( 0 , a ) , ( 0 , b ) , ( 0 , c ) , ( 0 , d )  th e n  w ith o u t l o s s  o f  g e n e r a l i t y  G

0 2c o n ta in s  edge ( 2 ,a ) .  ( , q ) m ust be a  k -g ra p h , b e ca u se  i f«L S.

v e r te x  1 o n ly  c o n n ec ts  to  a  i t  i s  cu b ic  i n  a  3 - c y c le .

I f  ( 0 , a ) , ( 0 , b ) , ( 0 , c )  th e n  a g a in  edge ( 2 ,a )  and k -g ra p h  

a s  (2*d) h a s  s t ( 2 ) d i s j o i n t  from  ® ).

I f  ( 0 , a ) , ( 0 , b )  th e n  suppose ( 2 , c ) , ( 2 , d ) .  V e r t ic e s  1 and 3 

m ust co n n ec t somewhere tw ic e .  Edges ( l , a ) ( l , b )  im p ly  ( 3 ,c )  

g iv in g  a 9 -g ra p h  d i s j o i n t  frcm  ( °  ?"). Edges ( l , a ) ( l , c )  im ply
& D



117

(3 jb )> (3> & ). Any o th e r  edge a d d i t io n  y ie ld s  a  wedge k^ ^ ^

y e t  t h i s  g raph  i s  p r o j e c t i v e .  We co n c lu d e  v e r te x  2 i s  c u b ic , say  

( 2 , c ) .  Both v e r t i c e s  1 and 3 can n o t co n n ec t to  d , s a y  ( l , d )

n o te  c i s  dead e l s e  2 i s  c u b ic  i n  a  3 - c y c le .  Thus (3 > a ) ,(3 ^ b )

a re  th e  o n ly  p o s s ib le  edge a d d i t io n s ,  y e t  th e  r e s u l t i n g  g rap h  i s

p r o j e c t i v e .

We have G c o n ta in s  edges ( 0 , a ) , ( l , b ) , ( 2 , c ) , ( 3 , d )  and th e r e  

e x i s t s  a  v e r te x  0 1 . T h is  v e r te x  can  o n ly  co n n ec t t o  a  o r  b ,

o r  e l s e  we g e t  a  wedge k^ ^ ^  suppose ( 0 1 ,a ) .  Now 01 i s

dead  and c u b ic , hence  th e r e  e x i s t s  v  € (0 1 ,a )  and ( v ,a )  g iv in g  

© -graph d i s j o i n t  from  g ) .

F o r e a sy  r e f e r e n c e  we summarize th e  r e s u l t s  o f  p r o p o s i t io n  b . 6  

and p r o p o s i t io n  k . 1 2 . i n  th e  fo llo w in g  c o r o l l a r y .

and c o n ta in in g  an  n -c y c le  d i s j o i n t  from  a  k -g ra p h  f o r  n >  4 .

□

C o ro l la ry  4 .1 3 .  T here d oes n o t  e x i s t  a s a t i s f y i n g



118

§4 .4  A 3 -c y c le  D i s jo in t  From a k  _

The g o a l  o f  t h i s  s e c t io n  i s  t o  p ro v e  p r o p o s i t io n  4 .1 8 , c o n c e rn in g  

G c o n ta in s  a  c y c le  d i s j o i n t  from  a k0 We s h a l l  f i r s t  p ro v e  th e  

p a r t i a l  r e s u l t  w here G c o n ta in s  a y  (q ^  C) ,  and a  3 -c y c le

( 1 ,2 ,3 )  d i s j o i n t  from  (* £  p \ ( 0 , c ) .

Lemma 4 . l 4 . T here does n o t  e x i s t  a  G € I ^ ( P )  s a t i s f y i n g  H4 

and c o n ta in in g  a  su b g rap h  homeomorphic t o  th e  g ra p h  o f  f ig u r e  4 .2 0 .

3

F ig u re  4 .2 0

P r o o f . By way o f  c o n t r a d ic t io n  l e t  G be such a  g ra p h . N ote

( 1 ,2 ,3 )  i s  a  3 -c y c le  o f  G b y  c o r o l l a r y  4 .1 3 , so 2 and 3 a re

o f  v a le n c y  a t  l e a s t  4 .  O bserve n e i t h e r  2 o r  3 niay c o n n ec t t o

s t ( 0 ) , s t ( c )  o r  we g e t  a  9 -g ra p h  d i s j o i n t  from  a  k -g ra p h . A lso ,

i f  2 and 3 a r e  b o th  a d ja c e n t  t o  s t ( a )  we g e t  a  4 -c y c le  d i s j o i n t

from  a k -g ra p h . N ote th e  sym m etries ( x  y ) ,  (a  b ) , ( 2  3 ) ,  and 

(c  0 ) ( x  a ) ( b  y ) .  F i n a l l y  each  em bedding o f  ( 1 ,2 ,3 )  JI  (  X * , y  )
6L D C

g iv e n  b y  lemma 4 .9  e x te n d s  in  2 ways t o  an  em bedding o f  

( ( 1 ,2 ,3 )  J i  ( a X t > y c ) )  U  s 'fc(° )^  th e  em beddings a r e  g iv e n  in  

f i g u r e  4 .2 1 .
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Case 1 . ( 2 , a x ) .  V e rtex  3 c o n n ec ts  tw ice  to  [ b ,y ] ,  The two

u n iq u e  em beddings a r e  shown in  f ig u r e  4 .2 2 .  The re m a in in g  b r id g e  w ith

ax. a% ■s

b

4

F ig u re  4 .2 2

v . o . a .  2 m ust co n n ec t to  e i t h e r  a  o r  x .  From "the em beddings 

( 2 , 0 )  im p lie s  ( a x ,0 ) , ( a x , l ) , ( a x , 3 ) o r  ( a x ,y ) .  The f i r s t  3 

c o n ta in  c y c le  ( x ,b ,y , c )  d i s j o i n t  from  a  k -g ra p h , c o n t r a d ic t in g  

c o r o l l a r y  4 .1 3 , and th e  f o u r th  c o n ta in s  c y c le  ( 2 ,a , 0 ,1 )  d i s j o i n t  

from  B ridge  ( 2 ,x )  im p lie s  e i t h e r  ( a x ,b ) ,  ( a x ,c )  o r

( a x , l ) .  The f i r s t  c o n ta in s  a  0 -g ra p h  d i s j o i n t  frcm

2 3Cth e  second a  0 -g ra p h  d i s j o i n t  from  ( ) ,  and th e  t h i r d  a
SIX C

q 3C
0 -g ra p h  d i s j o i n t  from  ( _ ) .  Case 1 i s  done.

SIX -L
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Figure 4 .2 1
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Case 2 . S in ce  2 and 3 b o th  co n n ec t o n ly  t o  c y c le  ( a ,x ,b ,y )

and  th e y  m ust co n n ec t t o  e x i s t i n g  v e r t i c e s  by  c ase  1 , we have e i t h e r

( 2 ,x ) ,  ( 2 ,y ) ,  ( 3 , a ) ,  (3>b) o r  ( 2 ,x ) ,  ( 2 ,c ) ,  ( 3 ,y ) ,  ( 3 ,b ) .  The fo rm er
0 ^g ra p h  c o n ta in s  c y c le  ( x , c ,y ,2 )  d i s j o i n t  from  { J  ) hence

J- Si D

th e  l a t t e r .  N ote v e r t i c e s  2 and 3 a re  d ead , and we have th e  

u n iq u e  em beddings A^,B^ b a se d  on th e  symmetry (x y ) ( 2  3 ) ( 0  c ) .

Suppose v e r te x  0 i s  n o t  c u b ic .  I f  ( 0 , c ) th e n  e i t h e r  

( l , b ) ,  ( l , x ) ,  ( l , a ) ,  o r  ( l , y ) .  A l l  a r e  sym m etric  and ( 0 , c ) ( l , b )  

g iv e  a  © -graph d i s j o i n t  from  (x a y C o)* edge th e n

Bg i s  a  u n iq u e  em bedding w i th  ax  c o n n e c tin g  somewhere. Any such  

c o n n e c tio n  g iv e s  a  © -graph d i s j o i n t  frcan a  k -g ra p h . I f  (0 ,x )  

th e n  we have e i t h e r  ( l , b ) , ( c , b ) ,  o r  ( a , b ) .  The f i r s t  g ra p h

c o n ta in s  a  © -graph d i s j o i n t  from  tlle  s e c °nd a © -graph

d i s j o i n t  from  an<  ̂ "^be "kbird a  © -graph d i s j o i n t  from

(x b^* By SQ-in d e p e n d e n t a rgum ents s t ( 0 )  and by  symmetry s t ( c )  

a r e  d ead .

We know l , 2 , 3 , 0 , e  and s t a r  t h e r e o f  a r e  a l l  d ead . Edge ( a ,b )  

im p lie s  a  v e r te x  ab , w ith o u t  l o s s  o f  g e n e r a l i t y  ( a b ,y )  and c y c le  

( e , y , 3 , l )  i s  d i s j o i n t  from  ( a b ^ ^ O ^ *  I f  (a *bx) th e n  G 

c o n ta in s  a  © -graph d i s j o i n t  from  I b i s  e x h a u s ts  th e

p o s s i b i l i t i e s .

□

Lemma 4 .1 5 . T here does n o t  e x i s t  a  G € I^ ( P )  s a t i s f y i n g  and

c o n ta in in g  a  subgraph  homecmorphic to  th e  g ra p h  o f  f ig u r e  k . 2 3 •
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F ig u re  4 .2 3

P ro o f . To a v o id  a 9 -g ra p h  d i s j o i n t  from  a k -g ra p h  each  v e r te x  

( 0 ,1 ,2 )  m ust co n n ec t t o  a d ja c e n t  v e r t i c e s  on * ^ ) .  W ithou t

lo s s  o f  g e n e r a l i t y  we assume G c o n ta in s  edges ( l , 0 )  and  ( l , c )  

and a p p ly  lemma 4 .1 4 .

□

Lemma 4 .1 6 . There does n o t  e x i s t  a  G € I# 0 ? )  s a t i s f y i n g  H4 

and c o n ta in in g  a subgraph  homeomorphic t o  th e  g rap h  o f  f ig u r e  4 .2 4 .
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F ig u re  4 .2 4

P r o o f . By way o f  c o n t r a d ic t io n  l e t  G be  such  a  g ra p h . The v e r te x  

3 m ust co n n ec t tw ic e  to  c y c le  ( a ,x ,b . ,y )  o r  e l s e  G c o n ta in s  a 

9 -g ra p h  d i s j o i n t  from  a k -g r a p h . N ote th e  symmetry ( l  2 ) ( c  0 ) ( a  x ) ( b  y ) .  

We b re a k  th e  p r o o f  i n t o  t h r e e  c a s e s ;  ( 3 ,ax ) case  1 , ( 3 ,x ) ( 3 ,y )

case  2 ,  and (3> a)(3> x) c a se  3-

Case 1 . ( 3 ,a x ) .  A gain  t h e r e  a re  e x a c t ly  12 em beddings o f  th e

subgraph  g iv e n  i n  th e  lemma, th e  5 a d m it t in g  ( 3 ,ax ) a r e  g iv e n  i n  

f ig u r e  4 .25* We exam ine w here v e r te x  2 may c o n n e c t. Edge (2 ,b )

c

a *  a
•)C

b

B, G2

Figure 4 .2 5
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Id q
g iv e s  a  4 -c y c le  d i s j o i n t  from  ( ) .  Edges ( 2 ,a ) , ( 2 , ax )x  y  d.

im p ly  3 co n n ec ts  a g a in  t o  [ a ,a x ]  o r  e l s e  G c o n ta in s  a k -g ra p h  

d i s j o i n t  from  c y c le  ( y ,b ,x , c ) ,  y e t  such  a  c o n n e c tio n  c r e a te s  a 

9 -g ra p h  d i s j o i n t  from  ^ x ^ y . ^ ) *  Hence 2 c o n n ec ts  o n ly  [ x ,c )  U 

( c ,y ] ,  b y  symmetry 1 c o n n ec ts  o n ly  t o  [ a ,  0 ) U ( 0 , b ] . R e g a rd le s s  

o f  w here 2 ,1  co n n ec t c ,0  r e s p e c t iv e ly  m ust c o n n ec t t o  c y c le  

( a ,y ,b ,x , a x ) .

Suppose (2 ,x )  we exam ine w here c c o n n e c ts .  Edge (c ,a x )

g iv e s  c y c le  ( 0 , a ,y ,b )  d i s j o i n t  frcm  ( 2 and (c ,b x )
C X  j

g iv e s  e i t h e r  c y c le  ( c ,b x ,b ,y )  d i s j o i n t  from  (& 1 o r  a

b r id g e  from  3 to  [a x ,x ]  and a  wedge (*  ^ ) V ( y 0 ) .  I f2 ax  a  b 2

( c ,a )  th e n  t h i s  p a i r  o f  edges does n o t  e l im in a te  any  o f  th e  5

em beddings, hence d e l e t i n g  (2 ,x )  im p lie s  e i t h e r  ( c , l ) , ( c , 0 ) ,  o r

( c ,3 ) ,  a l l  o f  w hich  g iv e  c o n t r a d i c t i o n s .  I f  ( c ,b )  th e n  a g a in  

t h i s  p a i r  o f  edges does n o t  e l im in a te  any o f  th e  em beddings, c 

m ust co n n ec t e lse w h e re , y e t  th e  p o s s i b i l i t i e s  a r e  e x h a u s te d . We 

co n clu d e  we can n o t have ( 2 ,x ) ,  hence  (2 ,y )  and ( l , b ) .

V ertex  0 now c o n n ec ts  t o  th e  c y c le  ( a , y , b , x , a x ) . I f  edge 

( 0 ,y )  th e n  G c o n ta in s  a  9 -g ra p h  d i s j o i n t  from  hence

e i t h e r  edges ( c , a ) , ( c , b )  o r  ( c ,a x ) .  Edge ( e ,b )  i s  t r a n s f e r a b l e  

in  each  em bedding, s in c e  s t ( l )  and s t ( 2 )  a r e  now d ead . By exam in

in g  th e  em beddings we g e t  ( x ,y )  o r  ( x ,0 ) .  The fo rm er g rap h  c o n ta in s

*b ca  9 -g ra p h  d i s j o i n t  from  (x  ) and th e  l a t t e r  g ra p h  a  9 -g ra p h  

d i s j o i n t  from  ( 0 Edge ( c ,a x )  i s  t r a n s f e r a b l e  i n  e v e ry
£1 X  j

em bedding, hence we g e t  e i t h e r  edges ( x ,0 ) , ( x ,y )  o r  ( x , a ) .  The
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f i r s t  g iv e s  a 0 -g ra p h  d i s j o i n t  from  ( ^  ^ ) ,  th e  second  a  © -graph

d i s j o i n t  from  (c â )>  and th e  t h i r d  a  0 -g ra p h  d i s j o i n t  from  x  y

(~ B̂ Z) • Hence G c o n ta in s  edge ( c ,a )  and h y  symmetry edge
X  a

( 0 ,x ) ,  and c y c le  ( b , x , 0 , l )  i s  d i s j o i n t  from  (_ a  2 ) c o n t r a d ic t in gj  c y

c o r o l l a r y  1 .1 3 .

Case 2 . (3 * x )* (3 * y ) . C hecking e x te n s io n s  o f  th e  em beddings in

f ig u r e  1 .2 1  we se e  th e r e  a re  e x a c t ly  1 em beddings o f  o u r su b g rap h , 

shown i n  f ig u r e  1 . 2 6 .

aA.
'3

a

bB.
3

a

bR2

F ig u re  1 .2 6

By lemma l . l l  we do n o t have edge ( l , c )  i n  G. I f  ( l , x )
Q  «■£

th e n  c y c le  (3 * 2 ,c ,y )  i s  d i s j o i n t  frcm  ( , , ) ,  so  b y  S -
£L D «L X

in d ep en d en ce  we have ( l , a ) .  I f  l a  th e n  ( l a ,b )  g iv in g  a  

0 -g ra p h  d i s j o i n t  from  Hence ( l , a )  i s  an  e d g e , n o t  an

a r c ,  o f  G. N ex t, n o te  exam in ing  c y c le  ( 0 ,1 , a )  d i s j o i n t  from
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c3 b  c ) \ ( 2 , b )  shows 2  c an n o t c o n n ec t t o  a  o r  b ,  h en ce  w ith o u t2  x  y ;

l o s s  o f  g e n e r a l i t y  we have edge ( 2 ,x ) .  Now, d e l e t i n g  ( l> a )  and  

em bedding im p lie s  e i t h e r  edge (0 , x ) , ( 0 , a x ) , ( 0 , a y ) , ( 0 , y )  o r  (0 , c y ) .  

The f i r s t  c o n ta in s  a  wedge (g 3 ) ^  (& Xb ^  nexr  ̂ ^wo c o n ta in

a  6 -g ra p h  d i s j o i n t  from  (°> cy ) g iv e s  th e  p re v io u s  lemma,

h en ce  G c o n ta in s  edge ( 0 ,y ) .  D e le t in g  (0 ,y )  im p lie s  e i t h e r  

( l , b ) , ( c , b ) , ( 2 , b )  o r  ( b ,3 )> we n eed  o n ly  c o n s id e r  em beddings 

o r  e l s e  G c o n ta in s  a  0 -g ra p h  d i s j o i n t  frcm  k -g ra p h  on 

c y c le  ( a , y , b , 0 ) .  The f i r s t  g iv e s  a  0 -g ra p h  d i s j o i n t  from

(
3 c2  x  y)> th e  second  a  0 -g ra p h  d i s j o i n t  from  ^ ) ,  th e  t h i r d  a

2 ^

0 -g ra p h  d i s j o i n t  from  c )j hence  ( b ,3 ) .  By th e  symmetry

(0  2 ) (a  3 ) (x  y ) ( b  c )  we have ( a ,c )  g iv in g  a  0 -g ra p h  d i s j o i n t  frcm

/ 2  a  n 
^1 c x ;>

Case 3 » ( 3 ^ a ) , ( 3 ,x ) .  The g rap h  embeds i n  e x a c t ly  6  w ays, shown

i n  f ig u r e  4 .2 7 .  V e rte x  3 i s  dead  o r  e l s e  e i t h e r  c a se  1 o r  c ase  2 

a p p l i e s .  N ote th e  symmetry ( l  2 ) ( 0  c ) ( a  x ) ( b  y ) .

A2

c
•4

O '

Ba

Figure 4 .27
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I f  ( l , y )  i s  in  G th e n  ( 0 y  ) d i s j o i n t  from  c y c le
S. D X

( 3 ,2 ,  e , x ) .  Edge ( l , c )  g iv e s  lemma *J-.l4, edges ( 1 ,2 )  o r  (1 ,3 )

g iv e  a  © -graph d i s j o i n t  from  a k -g ra p h . Edge ( l , x )  c r e a te s  a

4 - c y c le  ( a ,y ,b , c )  d i s j o i n t  from  a  K^, i n  o rd e r  t h a t  th e  i s

n o t a  k^ k -g ra p h  G m ust have edge ( 2 ,x ) .  V e rtex  c i s  c u b ic

1 2i n  a  3 - c y c le ,  an d  any  c o n n e c tio n  c r e a t e s  (^ x ) ,  a  k ^ .  Thus we

have ( l , v )  f o r  v €  [ a ,0 )  U ( 0 ,b ] ,  b y  symmetry ( 2 ,v f ) f o r  

v  € [ x , c ) U ( c ,y ]  .

I f  ( l , b )  n o te  ( 1 ,0 ,b )  d i s j o i n t  from  ( ^ ^ y )  im p lie s  0 

i s  n o t  c u b ic .  Edge ( 0 , c ) i s  lemma b . l k ,  edges (0 ,2 )  o r  (0 ,3 )  

g iv e  a  0 -g ra p h  d i s j o i n t  from  a k -g r a p h . Edge (0 ,a x )  i s  c a se  1 ,

v iew in g  c y c le  ( 1 ,2 ,3 )  d i s j o i n t  from  (®? 15 C) \ ( c , 0 ) ;  l ik e w is e
v  & X

(0 ,a y )  i s  c a se  1  upon a  s im i l a r  sym m etry. I f  (0 ,b y )  th e n  c o n s id e r 

in g  (x  a  i n  p la c e  o f  (x  a  y  b q ) shows t h a t  i t  i s  th e

e q u iv a le n t  to  a d d in g  ( l , b x ) ,  w hich  was p r e v io u s ly  e l im in a te d ;  

l ik e w is e  ( 0 ,x )  i s  th e  same c a se  a s  edge ( l , b y ) .  N ote 0 may

o n ly  c o n n e c t t o  x  o r  y . I f  ( 0 ,x )  th e n  (2 ,x )  g iv e s  a  wedge

(a X b y c ) V. (g ^ ) ,  hence  l e t  u s  assum e ( 2 ,y ) .  V e rte x  c c o n n e c ts  

t o  e i t h e r  a  o r  b ,  t h e  fo rm er g iv in g  a  0 -g ra p h  d i s j o i n t  from

(*L a ) and th e  l a t t e r  a  0 -g ra p h  d i s j o i n t  from  ( ® ^ ) .  We
Jr »  X & X

co n clu d e  ( 0 ,y ) ,  and exam ine w here 2 c o n n e c ts .  I f  (2 ,x )  th e n  

c c o n n e c ts  t o  e i t h e r  a  o r  b ,  y e t  ( c , a )  c o n ta in s  a  c y c le  

( l , 0 , y , b )  d i s j o i n t  from  ( ^ a o)* A lso  n o te  edge ( 2 ,y )  i s
C X  j

sym m etric  t o  edge ( l , b ) ,  hence  we a l s o  co n clu d e  ( c , b ) .  R e g a rd le s s  

o f  (2 ,x )  o r  ( 2 ,y ) ,  d e l e t i n g  ( c ,b )  and  exam in ing  th e  em beddings
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im p lie s  e i t h e r  (x ,y )  o r  ( x , l ) .  The fo rm er g rap h  c o n ta in s  a

0 -g ra p h  d i s j o i n t  from  (*  and  th e  l a t t e r  h a s  "been p r e v io u s ly

c o n s id e re d . We co n clu d e  ( l , b )  i s  n o t  i n  G.

I n  c a se  3 we have now fo r c e d  ( l , a ) ,  and b y  symmetry ( 2 ,x ) .

D e le t in g  (2 ,x )  and exam in ing  th e  em beddings im p lie s  e i t h e r

(c ,3 )>  ( c ,0 ) ,  ( c ,b )  o r  ( c , a ) .  The f i r s t  two have b een  p r e v io u s ly

c o n s id e re d . The t h i r d  edge i s  t r a n s f e r a b l e ,  d e l e t i n g  i t  and embedding

g iv e s  ( x ,y ) , ( y ,2 )  o r  ( y ,3 ) ,  g iv in g  a  0 -g ra p h  d i s j o i n t  from

(y and two p re v io u s  c a s e s  r e s p e c t i v e l y .  Hence we have ( c , a ) ,
«y

by  symmetry ( x ,0 ) and G c o n ta in s  a  wedge V

T h is  co m p le tes  c a se  3 and th e  p ro o f  o f  th e  lemma.

□

C o ro l la ry  4 .1 7 . T here d oes n o t  e x i s t  a  G € I ^ ( P )  s a t i s f y i n g  

H4 c o n ta in in g  a  K_ « b and a  c y c le  d i s j o i n t  from) j  y x  y

(® b c ) \ ( 0 ,  c ) . x  y  ’

P r o o f . The r e s u l t  fo llo w s  im m ed ia te ly  from  c o r o l l a r y  4 .5 ,  

lemma 4 . l 4 ,  lemma 4 .1 5 ,  and lemma 4 . l 6 .

□

P r o p o s i t io n  4 .1 8 . T here d oes n o t  e x i s t  a  G € I ^ ( P )  s a t i s f y i n g

H4 c o n ta in in g  a  3 -c y c le  d i s j o i n t  from  a k0 _ .2 ,3

P r o o f . The v e r te x  i n  th e  ^ in is  s in g  from  th e  k2 ^ m ast be 

on th e  3 -c y c le  b y  c o r o l l a r y  4 .1 7 .  The p r o p o s i t io n  n a t u r a l l y  b re a k s
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i n t o  th r e e  c a s e s ,  i l l u s t r a t e d  i n  f ig u r e  4 .2 8 .  Each c a se  s h a l l  be 

co v ered  in  a  s e p a r a te  lemma. The p ro o f s  o f  th e s e  lemmas w i l l  com plete  

th e  p ro o f  o f  t h i s  p r o p o s i t io n .

□

4

lemma 4 .2 0 lemma 4 .2 1

F ig u re  4 .2 8

Lemma 4 .1 9 . T here does n o t  e x i s t  a  G € I ^ ( P )  s a t i s f y i n g  H4 

and c o n ta in in g  a  subgraph  homecmorphic t o  th e  g rap h  o f  f ig u r e  4 .29-

Figure 4 .2 9
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P r o o f . By way o f  c o n t r a d ic t io n  suppose G was such  a  g ra p h .

N ote th e r e  e x i s t s  v e r t i c e s  2 ,3  a s  shown and by  p r o p o s i t io n  4 .6

( l , 2 , 3 )  i s  a  3 - c y c le .  We s h a l l  b re a k  i n t o  c a se s  dep en d in g  on where

v e r t i c e s  2 ,3  c o n n e c t. I f  ( 2 ,ax ) th e n  we can n o t have ( 3 ,ax ) by

c o r o l l a r y  4 .1 7 , ( 3 ,a )  and ( 3 ,x )  g iv e  p r o p o s i t io n  4 .6 .  Hence

we have e i t h e r  (3 , b y )  (c a se  l )  o r  (3 , b )  and (3 , x )  (c a se  2 )

s in c e  (3 , b )  and (3 , c )  g iv e  c y c le  (1 , 2 , a x ,a )  d i s j o i n t  from  

Id c(x  g')* ^  edge s ( 2 ,a )  and ( 2 ,b )  th e n  G m ust have  edges

( 3 , c ) , ( 3 , y )  (c a se  3 ) s in c e  ( 3 ,x ) , ( 3 ,y )  g iv e s  El g  U ( 1 ,2 ) .  Edges 

(2 , x ) ,  (2 , a )  g iv e  e i t h e r  (3 , c ) , ( 3 , y )  (c a se  4 )  o r  ( 3 , x ) , ( 3 , y )  . 

(c a se  5 ) .  I f  G does n o t  c o n ta in  ( 2 , a ) , ( 2 , x )  th e n  G c o n ta in s  

(2 , x ) , ( 2 , y ) , ( 3 , x ) , ( 3 , y )  g iv in g  E3 U ( 2 ,3 ) .  The f i v e  c a s e s  a re  

i l l u s t r a t e d  i n  f ig u r e  4 . 3 O.

3

c ase  1 c a se  2  c a se  3

case 4 case 5

Figure 4 .3 0



131

Case 1 . ( 2 , a x ) , ( 3 ,b y ) .  V e rte x  3 may o n ly  co n n ec t to  [ b ,y ] .

I f  (3 ,b )  th e n  c y c le  ( 3 ,b ,y )  i s  d i s j o i n t  frcm  ( f  °  2 ) \ ( 2 , y ) ,j. y  8X

hence  edge (3 ,y )  and b y  sym m etry ( 2 , x ) . We n o te  b y  exam in ing  

lemma 4 .9  "there a re  e x a c t ly  3 em beddings, shown i n  f ig u r e  4 .3 1 .

b<'
c

CBA

F ig u re  4 .3 1

D e le t in g  ( 2 ,x )  and c h ec k in g  th e  em beddings im p lie s  ( a x ,c )  o r  

( a x ,b ) .  The fo rm er g iv e s  a  4 -c y c le  d i s j o i n t  frcm  (, 1  y  _ ) and
D £t j

t h e  l a t t e r  a  4 -c y c le  d i s j o i n t  from  ( 1  y o)*
C & j

Case 2 . ( 2 ,a x ) , ( 3 , b ) , ( 3 , y ) • We o b se rv e  c y c le  (3 > b ,y ) i s  d i s j o i n t

from  (_ ^  BXV ) hence  i t  m u st embed m i l l .  Thus t h e r e  a r e  e x a c t ly  
& & X

3 em beddings c o rre sp o n d in g  t o  th e  3 em beddings fo  f i g u r e  4 .3 1 .  A gain  

2  c an n o t c o n n ec t t o  b ,a x ,  a ,x  o r  cy  b y  s im i la r  a rg u m en ts , hence 

( 2 ,c )  and em bedding C i s  u n iq u e .

N ext n o te  s t  (ax ) i s  d i s j o i n t  from  ^ c ^  3 )* 80  8X1 i s  no-k

c u b ic .  I t  c an n o t be a  v . o . a .  f o r  an  a d m is s ib le  b r id g e  s in c e  th e  

c y c le s  b o und ing  a x , ( a x ,2 , x , c ) , ( a x , 2 , l , a )  and ( a x , a ,y ,b ,x ) ,  a re
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a l l  d i s j o i n t  from  a 4 - c y c le ,  b y  lemma 2 .1 5  we w ould g e t  a  c o n t r a d ic t io n

o f  c o r o l l a r y  4 .1 3 .  A vo id ing  c u b ic  v e r te x  i n  a  3 -c y c le  im p lie s

e i t h e r  edge ( a x , c y ) , ( a x , l c )  o r  ( a x , l b ) .  The f i r s t  and t h i r d

c o n t r a d i c t  c o r o l l a r y  4 .1 7  and  th e  second  c o n ta in s  a  6 -g ra p h

d i s j o i n t  from  (_ X ^  ) .° l c  x  y

Case 3 . ( 2 , a ) , ( 2 , b ) , ( 3 j c ) , ( 3 , y ) .  We n o te  t h e r e  a r e  e x a c t ly  two

em beddings, shown in  f ig u r e  4 .3 2 , th e  two em beddings b a se d  on th e  

symmetry (a  b ) .

a a

4

A

y

bb

v
B

F ig u re  4 .3 2

F i r s t  we s h a l l  r u l e  o u t th e  p o s s i b i l i t y  o f  an  a d m is s ib le  b r id g e .

Note r e g io n s  ( a , x , b , 2 ) , ( 1 , 2 , 3 ) , ( a , y , b , l ) , ( l , 3 , c ) , ( 3 , c , y )  o ccu r i n

b o th  em beddings and a r e  e i t h e r  d i s j o i n t  from  4 - c y c le s  o r  6 -g ra p h s .

U sing  lemma 2 .1 5  an  a d m is s ib le  b r id g e  c o n t r a d ic t s  e i t h e r  c o r o l l a r y

4 .1 3  o r  lemma 2 .1 6 .  An a d m is s ib le  b r id g e  on ( l , 2 , b )  c r e a te s  a

6 -g ra p h  d i s j o i n t  from  a  k -g ra p h . An a d m is s ib le  b r id g e  on (2,3>y.»a)
T_ Pw hich  i s  n o t  a d m is s ib le  on (2 ,3 > y ,b )  g iv e s  (_ ) d i s j o i n t  fromj  a

c y c le  ( c , x ,b ,y ) ,  a  b r id g e  a d m is s ib le  on b o th  g iv e s  ( a , 3 ) and 

G c o n ta in s  a  wedge ( x . y  ) X . ( ^  ^ ) .  A s im i la r  argum ent h o ld s
E L D C c . j i
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on c y c le  ( l , a , x ,  c )  e x c e p t f o r  th e  b r id g e  ( l a , x ) ,  w h ich  g iv e s  a

c u b ic  v e r te x  i n  a 3 - c y c le  and  ( b , c ) , ( x , y )  w ith  a  9 -g ra p h  d i s j o i n t

from  a k -g ra p h . We co n c lu d e  th e r e  i s  n o t  an  a d m is s ib le  b r id g e .

I f  a  b r id g e  in a d m is s ib le  in  e i t h e r  em bedding has 3 o r  more

v . o . a .  th e n  no two v . o . a .  a r e  on th e  same r e g io n ,  e l s e  th e r e  i s  a

k -g ra p h  on t h a t  r e g io n .  R e c a l l in g  v e r te x  3 i s  dead  im p lie s  2 i s

a l s o  d ead . I f  1  i s  a  v . o . a .  th e n  so i s  cy , and G c o n ta in s  a
_ Td

4 -c y c le  d i s j o i n t  from  (_ 0  ) .  S in ce  th e r e  does n o t e x i s t  a
-L Cm X

v e r te x  cy , any  3 v . o . a .  on (a X-fc,y c ) S lve 2  v . o . a .  on a

common r e g io n .

I f  a 2 -b r id g e  i s  in a d m is s ib le  i n  e i t h e r  em bedding in v o lv e s  a

n in th  v e r te x ,  by  symmetry i t  i s  e i t h e r  a x ,a y ,c x  o r c y . I f  i t  i s

a  v e r te x  ax  th e n  s t ( x )  i s  d i s j o i n t  frcm  ^ ) ,  i f  cy th e n
d a

G c o n ta in s  a 4 -c y c le  d i s j o i n t  frcm  (_ a 0 b  )•  I f  i t  i s  a  v e r te x
-L cL X

ay  th e n  edge (a y ,b x )  g iv e s  a  4 -c y c le  d i s j o i n t  from  (c ^ 3 )

and i f  i t  i s  a  v e r te x  cx th e n  (c x ,2 ) g iv e s  a  4 -c y c le  d i s j o i n t  from
1 2c ) .  Thus th e  2 -b r id g e  i s  be tw een  e x i s t i n g  v e r t i c e s ,  hence i t  i s  

( 3 ,x )  g iv in g  El g  U { ( l , 2 ) , ( 3 , c ) ) .

Case 4 . ( 2 ,a ) ,( 2 ,x ) ,( 3 ,b ) ,( 3 ,y ) . N ote c y c le  ( 3 ,b ,y )  i s  d i s j o i n t
1  Xfrom  ( _ ) ,  hence i t  embeds n u l l  a s  does ( 2 , x , a ) .  T h is

C £  £t

g rap h  h as  3 em beddings c o rre sp o n d in g  t o  th e  em beddings o f  f ig u r e  

4 .3 1 . A lso  n o te  s t ( 3 )  i s  dead  im p lie s  s t ( 2 )  i s  d e a d . I f  edge 

( l , x )  th e n  G c o n ta in s  a  wedge * )  Y ^ ) ,  edge ( l ,b y )
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g iv e s  a  4 -c y c le  d i s j o i n t  from  ( 1 x  ) .  Thus s t ( l )  i s  dead  a s
C eL 3-

w e l l .

I f  t h e r e  i s  a  n in th  v e r te x  d i s j o i n t  from  our g rap h  th e n  i t  m ust 

co n n ec t t o  [ c ,x ]  U [ x , a ] ,  a v o id in g  a  c u b ic  v e r te x  in  a  t r i a n g l e

Y
im p lie s  g iv in g  a  wedge ^

n in th  v e r te x  i s  on th e  k -g ra p h  ( , ) th e n  i t  i s  e i t h e r  cx o r
8. D C

b x . I f  i t  i s  cx th e n  edge (c x ,v )  f o r  e i t h e r  v  £ s t  (x ) o r  

v  € s t ( y ) .  R e g a rd le s s  r e p la c in g  th e  k -g ra p h  ( X ^  ) w ith
8. D C

( V-K'^ ) g iv e s  an  e a r l i e r  c a s e .  S im i la r ly  th e  n in th  v e r te x  i s  n o t
8> 0  C

b x .

We con clu d e  G has e x a c t ly  8 v e r t i c e s  and ( a , b ) , ( a , c ) , ( b , c )  

a re  th e  o n ly  p o s s ib le  b r id g e  a d d i t io n s .  G U ( th e s e  b r id g e s }  i s  

s t i l l  p r o j e c t i v e .

Case 5 . ( 2 , c ) ,  ( 2 ,x ) ,  ( 3 ,x ) ,  (3 > y ). N ote s t ( 3 )  i s  d ead . Edge

(2 ,y )  h a s  b een  r u le d  o u t so s t ( 2 )  i s  a l s o  d e ad . Edge ( l , x )  

g iv e s  a  wedge ( ) V. ^ ) .  Edge ( l , y )  i s  e q u iv a le n t  u n d e r
8  D C j  X

t h e  symmetry ( l  x )  t o  ( x ,y ) ,  w hich  g iv e s  e i t h e r  ( c ,b )  and a 

0 -g ra p h  d i s j o i n t  frcm  (X o r  ( c ,a )  w hich  i s  c a se  4 u n d e r th e

symmetry (3 a ) .  Thus s t ( l )  i s  a l s o  d e a d . By th e  a fo re m e n tio n e d  

sym m etries s t ( c )  and s t ( x )  a r e  d ead , so  th e  o n ly  l i v e  v e r t i c e s  

a r e  [b ,y ]  U [ y , c ] .  W ith o u t lo s s  o f  g e n e r a l i t y  G c o n ta in s  edge 

(b ,c y )  w hich i s  a  p re v io u s  c ase  i f  we r e p la c e  th e  k -g ra p h  ( X, y  )
8  D C

w ith  (a X-b°y c ^* T h is  co m p le tes  th e  p r o o f  o f  c a se  5 and lemma 4 .1 9 .
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Lemma 4 .2 0 . There does n o t  e x i s t  a  G € I^ (P )  s a t i s f y i n g  H4 

and c o n ta in in g  a  subgraph  homeomorphic t o  th e  g rap h  o f  f ig u r e  4 .3 3 .

3

F ig u re  4 .3 3

P r o o f . By way o f  c o n t r a d ic t io n  suppose G w ere such  a  g ra p h .

Note th e r e  e x i s t s  a  v e r te x  3 a s  in  f ig u r e  4 .33* We s h a l l  b re a k

in to  c a s e s  d epend ing  on w here v e r t i c e s  2 , 3  c o n n e c t.

Suppose (3>c) i s  i n  G. I f  ( 2 ,ax ) th e n  3 may n o t  co n n ec t

1  2t o  v e r te x  a  (c y c le  ( x ,b ,y , c )  i s  d i s j o i n t  from  ( ) ) ,  t o
3 a

v e r te x  c (6 -g ra p h  d i s j o i n t  from  o r  v e r ‘fcex  U (c y c le

( 1 , 2 , a x ,a )  i s  d i s j o i n t  from  C ,13, % ) ) .  Under th e  symmetryx  y  j

( l  c ) ( x  a ) ( b  y ) t h i s  e x h a u s ts  th e  p o s s i b i l i t i e s ,  hence edge (2 , ax ) 

i s  n o t  i n  G. I f  ( 2 ,a )  i s  an  edge o f  G th e n  we have e i t h e r  

(3 , b )  (c a se  l )  o r  (3 , x )  ( c a se  2 ) .

Suppose (3>c) i s  n o t i n  G. I f  ( 2 ,ax ) th e n  th e  symmetry

( l  2 ) (a  a x ) (x  y ) ( b  c )  im p lie s  3 may o n ly  co n n ec t to  

[ x ,a ]  U [ a ,a x ]  U [ a x ,y ] . I f  (3 ,x )  and ( 3 ,y )  th e n  c y c le  ( 1 ,2 , a x ,a )

i s  d i s j o i n t  from  (ft * 0 ^ 3 )* so 3 m ust co n n ec t t o  [ a , a x ] .

A vo id ing  c y c le  ( x ,b ,y ,c )  d i s j o i n t  from  a  k -g ra p h  im p lie s  ( 3 , a ) , ( 3 ,a x ) ,  

and 3 i s  d ead . Embedding ( j \ ( a x ,2 )  g iv e s  c y c le  (3 , a ,a x )  n u l l
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a s  i s  ( 3 ,1 ,2 )  ( d i s j o i n t  frcm  k -g ra p h s  ^ b x  C ) ,  (& x b y  q ) 

r e s p e c t i v e l y ) ,  hence  we have a  l o c a l  em bedding around  3 a s  in  

f ig u r e  1 . 3 l .  T h is em bedding e x te n d s  to  in c lu d e  ( 2 ,a x ) ,  a  c o n t r a 

d i c t i o n .  Hence G does n o t  c o n ta in  edge ( 2 ,a x ) .  I f  ( 2 , a )  th e n

a g a in  we do n o t  have ( 3 , c ) , ( 3 , b ) .  I f  ( 3 ,a )  th e n  (^  2 ) i s
j  a

d i s j o i n t  from  c y c le  ( x ,b ,y , c ) ,  hence  ( 3 ,x )  and (3 ,y )  (c a se  3 ) .

a

F ig u re  1 .3 1

Under th e  s u p p o s i t io n  ( 3 ,c )  i s  n o t  i n  G we know 2 may o n ly  

c o n n ec t t o  x  o r  c x . I f  ( 3 ,y )  th e n  c y c le  ( 2 ,x ,c )  b e in g  d i s j o i n t  

from  ( 1 -Ky , )  g iv e s  an  e a r l i e r  c a s e .  I f  ( 3 ,a )  and  (3 ,b )  th e n
3. D 3

c y c le  (2 ,x ,  c )  d i s j o i n t  from  ( i ^ ^ y )  shows  we have in  an  e a r l i e r  

c a s e .  I f  ( 3 ,x ) , ( 3 , a x )  th e n  c y c le  ( 3 ,x ,a x )  d i s j o i n t  from  ( )
3  D C

im p lie s  ( l , a x ) .  Thus we have ( 3 , x ) , ( 3 , a )  (c a se  1 ) .  Note i n  case  

1 we have ( 2 ,x ) ,  a s  (2 ,c x )  g iv e s  c y c le  ( 2 ,c ,c x )  d i s j o i n t  from  

(^  * y ) \ ( 3 , y ) .  The 1 c a s e s  a re  i l l u s t r a t e d  i n  f ig u r e  1 .3 5 .

N ote b y  lemma 1 .9  we g e t  12 em beddings o f  th e  g rap h  in  f ig u r e  1 .3 3 , 

th e s e  em beddings a re  g iv e n  i n  f ig u r e  1 .3 6 .
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case  2case  1

c ase  ^c a se  3

F ig u re  U.35
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Case 1 . ( 2 , a ) ,  ( 3 ,b ) ,  ( 3 , c ) .  Note c y c le s  ( 1 ,2 ,3 ) ,  ( 1 , 2 , a ) ,  ( 1 ,3 ,b ) ,

( 2 ,3 ,c )  a re  a l l  d i s j o i n t  from  k -g ra p h s , hence th e y  m ust be  3 - c y c le s .

Suppose t h e r e  e x i s t s  v  d i s j o i n t  from  t h i s  su b g ra p h . I f  (v ,2 )

th e n  ( v ,x ) ,  (v ,y )  g iv in g  c y c le  ( 3 , 1 , a , 2 )  d i s j o i n t  from

I f  ( v ,x ) , ( v ,y )  and w ith o u t  lo s s  o f  g e n e r a l i t y  ( v ,a )  th e n

(b X c ^ v ) i s  d i s j o i n t  from  c y c le  ( a , 1 ,3 * 2 ) .  I f  ( v , a ) ,  ( v ,b ) ,  ( v ,c )
a Idth e n  c y c le  ( l , 2 , c , 3 )  i s  d i s j o i n t  from  (x  v ) ,  hence  v

co n n e c ts  o n ly  t o  [ a ,x ]  U [ x , b ] . I f  v  c o n n e c ts  e n t i r e l y  i n  [ a ,x ]  

th e n  th e r e  e x i s t s  a v e r te x  ax  and w ith o u t  l o s s  o f  g e n e r a l i t y  edge 

( a x ,c ) .  T h is  g iv e s  th e  e q u iv a le n t  o f  v e r te x  v  c o n n e c tin g  to  [ a ,x ]  

and [x ,b ]  upon c o n s id e r in g  th e  k -g ra p h  ( y -haX )• Thus w ith o u t
8 , D C

l o s s  o f  g e n e r a l i t y  th e r e  e x i s t s  b o th  a x ,b x  c o n n e c tin g  som ewhere.

Edge (a x ,b )  g iv e s  („v a nrt>,r ) d i s j o i n t  from  c y c le  ( l , 2 , c , 3 ) ,ax  v «y

th e r e f o r e  G h as  edges (a x , c )  and  ( a x ,b ) .  G now c o n ta in s  c y c le

( c ,a x ,x ,b x )  d i s j o i n t  from  hence  we c o n c lu d e  th e r e  i s

n o t  a  v e r te x  v  d i s j o i n t  from  t h i s  su b g rap h .

I f  t h e r e  i s  a  n in th  v e r te x  on t h i s  su b g rap h  th e n  i t  m ust b e ,

w ith o u t lo s s  o f  g e n e r a l i t y ,  c x . Exam ining c y c le  ( c , 2 , 3 ) d i s j o i n t  

a  Idfrom  ( n ) c o r o l l a r y  4 .1 7  im p lie s  e i t h e r  ( c x ,a )  o r  ( c x ,b ) .x  y  x

I f  ( c x ,a )  th e n  e i t h e r  edge ( a x ,c )  w ith  c y c le  ( 2 , l , b , 3 )  d i s j o i n t
cx ax

from  ( ) o r  edge" (a x ,b )  w ith  v e r te x  x  d i s j o i n t  froma x e
a Td( - )  c o n t r a d ic t in g  th e  p re v io u s  p a ra g ra p h . Hence ( c x ,a )  andax y  J-

(c x ,b )  and a g a in  v e r te x  x  i s  d i s j o i n t  frcm  ( cx  ) c o n t r a d ic t sa d c
th e  p re v io u s  p a ra g ra p h . Hence |v (G ) | = 8 .
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I f  G c o n ta in s  edge ( a ,b )  th e n  v e r t i c e s  x  and y  a r e  b o th  

c u b ic  in  a 3 - c y c le .  Edge (x ,y )  g iv e s  c y c le  ( l , 2 , c , 3 ) d i s j o i n t
_ v

from  ( ) .  I f  edge ( x , l )  th e n  ( y , l ) ,  o r  e l s e  a  9 -g rap h
4/

d i s j o i n t  from  ( , ) .  D e le t in g  edge ( a , b ) and em bedding Im p lie s8< D

edge ( x ,y ) ,  a  c o n t r a d i c t i o n .  I f  edges ( x ,2 )  and ( y ,2 )  th e n

c o n s id e r in g  c y c le  ( 2 , 3 , c )  d i s j o i n t  from  ( a  13 ) g iv e s  lemma 4 .1 9 .-L x  y

Thus ( x , 2 ) , ( y , 3 ) and x ,  y  a re  d e a d . E very  edge a d d i t io n  h a s  been

r u l e d  o u t ,  y e t  o u r g rap h  i s  s t i l l  p r o j e c t i v e .

I f  t h e r e  i s  no edge o f  th e  ty p e  ( a ,b )  th e n  n o te  a g a in  g iv e n  

ed g es  ( 2 ,x ) , ( 2 ,y )  we can  a p p ly  lemma 4 .1 9  a s  abo v e. I f  

( l , x ) ,  ( 2 ,x ) ,  ( 3 ,x )  th e n  G c o n ta in s  a  wedge | )  V (a X-b y c )

hence we have a t  m ost ( l , x ) ,  ( 2 ,x ) ,  ( 3 ,y )  w hich  g iv e s  a  p r o j e c t iv e  

g ra p h .

Case 2 . ( 2 , a ) ,( 3 , c ) , ( 3 ,x ) . N ote 3 i s  dead  by  e x h a u s tio n  o f  c a s e s .

By th e  symmetry (c l ) ( 2  3 ) (a  x ) ( b  y )  v e r te x  2 i s  a l s o  d ead .

We w i l l  show G c o n ta in s  e x a c t ly  8 v e r t i c e s .

I f  cx i s  a  v e r te x  n o te  ( c x ,y )  g iv e s  a  6 -g ra p h  d i s j o i n t  from
X  V( . • ) .  Edges ( e x ,a ) , ( c x ,b )  r e s p e c t i v e l y  a r e  e q u iv a le n t  t o

S» D OX

edges ( 3 ,b x ) ( 3 ,a x )  w hich was c o n t r a d ic t e d .  By S - in d e p e n d e n t 

argum ents  th e r e  i s  no v e r te x  cx . I f  cy  i s  a  v e r te x  th e n  a g a in
3C v

( c y ,x )  g iv e s  a  9 -g ra p h  d i s j o i n t  from  ( >.)• Edge (c y ,b )cy  & d

h as  c y c le  ( c y ,y ,b )  d i s j o i n t  from  (* im p lie s  ( c y ,a )  and
8. ^

c y c le  ( c , 2 , l , 3 )  i s  d i s j o i n t  from  ( ) .  Edge ( c y ,a )  i s
“ *■ v  W Jf
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e q u iv a le n t ,  u s in g  (& X ) • Thus th e r e  i s  no new v e r te x  i n  s t ( c )

and by  sym m etry s t ( l ) .

I f  ax  i s  a  v e r te x  th e n  (a x ,y )  g iv e s  a  6-g ra p h  d i s j o i n t  from

a  k -g ra p h , edge ( a x ,b )  o r  ( a x ,c )  a r e  e q u iv a le n t  t o  edge 

( 3 , c x ) , ( 3 ,b x )  r e s p e c t i v e l y ,  and ( a x , l )  i s  e q u iv a le n t  t o  ( 2 ,a y ) ,

a l l  o f  w hich have b een  e l im in a te d .  I f  ay  i s  a  v e r te x  we have e i t h e r  

edges ( a y ,b )  o r  ( a y ,c ) .  The f i r s t  i s  e q u iv a le n t  to  th e  e x is te n c e
X fly

o f  cy , u s in g  ( c ) ,  and th e  l a t t e r  g iv e s  a  3 - c y c le  w ith  y

d ead .

I f  bx  i s  a  v e r t e x  th e n  ( b x ,a ) , ( b x ,c ) g iv e  s im i la r  c o n t r a d i c t i o n s .  

Edge (b x ,y )  i s  e q u iv a le n t  t o  a  v e r te x  l b .  I f  b y  i s  a  v e r te x  n o te
2C V

(b y ,x )  i s  e q u iv a le n t  t o  l b  u s in g  ( ) ,  ( b y , l )  c o n ta in soy & c
( b y ,y , l )  d i s j o i n t  from  (* |  £ ) \ ( b , 2 )  and  edge (b y ,a )  o r  (b y ,c )

i s  e q u iv a le n t  t o  v e r t i c e s  cy , ay  r e s p e c t i v e l y .

I f  th e  n in th  v e r t e x ,  v , i s  d i s j o i n t  frcm  crur su b g rap h  th e n  edge

( v , l )  im p lie s  ed g es  ( v , x ) , ( v , y )  g iv in g  c y c le  ( x , c ,2 ,3 )  d i s j o i n t

/ 1 V \frcm  ( -jj v )» A l l  3 o f  th e  v e r t i c e s  a , b , c  can n o t b e  v . o . a . ,

a v o id in g  c u b ic  v e r t i c e s  in  a  3 -c y c le  im ply  edges ( v , a ) , ( v , b ) , ( v , x ) , ( v , y )

g iv in g  c y c le  ( a ,  1 ,3 ,2 )  d i s j o i n t  from

G iven G c o n ta in s  e x a c t ly  8 v e r t i c e s ,  n o te  ( x ,y )  im p lie s

( b ,a )  o r  ( b ,c )  and a  0 -g ra p h  d i s j o i n t  frcm  (x  ^ ) ,  0 -g ra p ha b
X Vd i s j o i n t  frcm  (^ ^ )  r e s p e c t i v e l y .  The f o u r  p o s s ib le  re m a in in g

edges a r e  ( l , x ) , ( c , a ) , ( l , y ) , ( c , b ) ,  a d d i t io n  o f  a l l  fo u r  y i e ld s  a

p r o j e c t i v e  g ra p h .
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Case 3 « ( 2 ,a ) ,  ( 3 ,x ) ,  ( 3 , y ) . We n o te  th e  sym m etries ( l  2 ) , (a  3 ) .

S in ce  s t ( 3 )  i s  dead  by  e x h a u s tio n  o f  c a se s  so i s  s t ( a ) .  I f  1 

i s  n o t  dead  we have ( l , x )  and c y c le  ( l , b , x )  i s  d i s j o i n t  from
2  Y"

( _) i s  lemma ^-.1 9  ̂ h ence  s t ( l )  and b y  symmetry s t ( 2 )  a rea  C j

d ead .

I f  bx  i s  a  v e r te x  n o te  (b x ,y )  i s  e q u iv a le n t  t o  l b ,  u s in g

X V 3C V( . ) i n  p la c e  o f  ( „ ) •  Any o th e r  c o n n e c tio n  c r e a te s  aa c d x  a d  c

3 -c y c le  d i s j o i n t  from  a By sym m etry t h e r e  d oes n o t  e x i s t  a

n i n t h  v e r t e x .

The o n ly  p o s s ib le  edge a d d i t io n s  a r e  ( b , c ) ( x ,y ) ,  a d d in g  in  

b o th  g iv e s  a  p r o j e c t i v e  g ra p h .

Case ( 2 , x ) , ( 3 ,a ) , ( 3 , x ) . By e x h a u s tio n  o f  th e  casew ork s t ( 3 )

i s  d e a d . I f  2 c o n n e c ts  t o  cx th e n  b o th  c ,c x  c o n n ec t e lse w h e re .

Edge ( c x ,a )  o r  ( c x ,b )  i s  an  e a r l i e r  case  by  c o n s id e r in g

( CV  )• Edge (c x ,y )  i s  e q u iv a le n t  t o  edge (2 ,y )  ( d e le t in g  a d c
( c , c x ) ) ,  u s in g  c y c le  ( l , a , 3 )  d i s j o i n t  from  we S e t

e i t h e r  c a se  1 o r  case  2 .  Thus s t ( 2 )  i s  d e ad .

I f  t h e r e  e x i s t s  a  v e r te x  cx th e n  th e  o n ly  c o n n e c tio n  n o t  g iv in g

a c o n t r a d ic t io n  i s  ( c x ,y ) .  C ycle ( c x ,y ,c )  i s  a  3 -c y c le  ( d i s j o i n t

from  a  k -g ra p h )  y e t  cx i s  c u b ic , a  c o n t r a d ic t io n .  We conclude

( 2 ,x ,c )  i s  a  3 -c y c le  and c i s  n o t  c u b ic .

I f  ( c ,v )  f o r  v €  (a x ,b x )  th e n  exam in ing  ( v , y  ) we g e ta d c
an  e a r l i e r  c a s e .  I f  ( c ,b )  th e n  y  i s  n o t  c u b ic , ( y ,x )  g iv e s  a  

0 -g ra p h  d i s j o i n t  from  (* ^ ) .  Thus edge ( y , l )  and symmetry
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( l  x ) ( y  c ) (2  a ) .  By th e  symmetry S t (a )  -is  d ead , a l s o  n o te  ( l , x )  

g iv e s  a wedge Y ( ) .  Thus a l l  b r id g e s  l i e  on c y c le
,j  X  Q, D C

( y ,b , c ) ,  y e t  s in c e  th e r e  e x i s t s  an em bedding w ith  t h i s  c y c le  n u l l  we 

g e t  a  k -g ra p h  d i s j o i n t  from  a 0 -g ra p h . By e x h a u s tio n  on w here c 

co n n ec ts  we have ( c , a ) .  A gain  ( y , l )  i s  fo r c e d ,  a s  i s  e i t h e r  

(b ,a y )  o r  ( b ,c y ) .  R e g a rd le s s , th e r e  e x i s t s  a  4 -c y c le  d i s j o i n t  

from co m p le tes  th e  p ro o f  o f  c a se  4 and lemma 4 .2 0 .

□

Lemma 4 .2 1 . There does n o t  e x i s t  a  G € I ^ ( P )  s a t i s f y i n g  H4 

and c o n ta in in g  a  su b g raph  hcm eam orphic t o  th e  g rap h  o f  f ig u r e  4 .3 7 .

V

F ig u re  4 .3 7

P r o o f . V e r t ic e s  ( l , 2 , 3 )  n o n -c u b ic  im p ly  w ith o u t lo s s  o f  g e n e r a l i t y  

edges ( l , x ) , ( 2 , x ) , ( 3 , y ) . S in ce  s t ( 3 )  i s  dead  c c o n n e c ts  somewhere,

w ith o u t lo s s  o f  g e n e r a l i t y  ( c , a ) .  C o n s id e rin g  c y c le  ( 2 ,x ,b )
<q 3

d i s j o i n t  from  ( 1 ) shows we can  a p p ly  lemma 4 .2 0 .c y
□



§ 4 .5  A 3 -c y c le  D is jo in t  From a k^

P r o p o s i t io n  4 .2 2 . T here does n o t e x i s t  a G € I ^ ( P )  s a t i s f y i n g  

H4 c o n ta in in g  a  3 -c y c le  d i s j o i n t  frcm  a  k ^ .

P r o o f . By way o f  c o n t r a d ic t io n  l e t  G be such  a  g ra p h . L ab e l th e  

c y c le  and th e  k^ a s  shown in  f ig u r e  4 .3 8 .

o

F ig u re  4 .3 8

I f  v  i s  a  v e r te x  d i s j o i n t  frcm  t h i s  su b g rap h  th e n  v  may n o t

c o n n ec t tw ic e  t o  th e  c y c le .  I f  ( v ,a )  and (v ,b )  th e n  v  i s  i n

th e  same component o f  G \s t (k ^ )  a s  th e  m is s in g  v e r te x  o f  th e  k ^ ,

e l s e  fa ,b }  i s  a  c u t  s e t ,  c o n t r a d ic t in g  lemma 2 .1 4 .  Now th e  c y c le  i s

d i s j o i n t  frcm  ( v , a ) , ( v , b ) ,  ( v ,c )  th e n  v  i s  th e

m is s in g  v e r te x  o f  th e  k ^ , b y  lemma 2 . 1 9  th e  a r c  (v ,d )  i n t e r s e c t s

c y c le  ( 1 ,2 ,3 ) •  N ote n e i t h e r  v  n o r d  may co n n ec t tw ic e  t o  th e

c y c le ,  i f  a l l  3 o f  f a ,b , c ]  c o n n ec t to  th e  c y c le  th e n  ( V ^ )
a  b c

i s  a  kg ^  w ith o u t l o s s  o f  g e n e r a l i t y ,  assum e c does n o t .  I f  

( v , l ) ( d , l )  th e n  ( 2 , a ) ,  ( 2 ,b ) ,  ( 3 , a ) ,  ( 3 ,b )  and c y c le  ( 2 , 3 , a )  i s  

d i s j o i n t  from  a k  I f  edges ( v , l ) ,  ( d ,2 )  th e n  ( 3 , a ) , ( 3 , b )  and

1 may o n ly  c o n n ec t to  a  o r  b ,  r e g a r d le s s  G c o n ta in s  a  wedge



S in ce  th e r e  does n o t  e x i s t  a  d i s j o i n t  v e r te x  a l l  edges co n n ec t 

from  th e  c y c le  to  th e  k ^ . I f  th e re  e x i s t s  a v e r te x  ab th e n  

^ab S c ^  d^ i s  d i s j o i n t  f ^ 0111 c y c le  ( 1 ,2 ,3 ) ,  th u s  |v (G ) | = 7 .

I f  ( l ,  a )  ( l , b ) ( l , c ) ( l , d )  th e n  WLOG ( 2 , a ) , ( 2 , b ) , ( 3 , c )  and 

( 3 ,d ) .  The g rap h  i s  p r o j e c t i v e  and any  edge a d d i t io n  g iv e s  a  wedge 

k^ ^  k ^ . I f  edges ( l , a ) ,  ( l , b ) ,  ( l , c )  a re  i n  G th e n  w ith o u t lo s s  

o f  g e n e r a l i t y  assume ( 2 , d ) , ( 2 , c ) .  V ertex  3 may co n n ec t o n ly  t o  

a ,b ,d .  I f  a l l  3 a re  p r e s e n t  th e n  th e  g rap h  i s  p r o j e c t iv e  and any  

edge a d d i t io n  g iv e s  a  w edge, k^  V k ^ . I f  ( 3 , a ) , ( 3 , d )  and (2 ,b )  

th e  g rap h  i s  sym m etric . I f  none o f  th e  v e r t i c e s  1 ,2 ,3  can  have 

v la e n c y  >  5 th e r e  a re  o n ly  2 p o s s ib le  g ra p h s , b o th  a re  p r o j e c t i v e .



C h ap te r 5 

NO CYCLE DISJOINT FROM A k-GRAPH

§5-1  S ta te m e n t o f  th e  R e s u l t

Theorem 5»1« L e t G € 4 ( P )  and suppose G does n o t c o n ta in  a  

c y c le  d i s j o i n t  from  a k -g ra p h . Then G 6 { E ^ E ^ g ) .

P r o o f . S in ce  G i s  n o n p la n e r  G c o n ta in s  e i t h e r  a ^ o r  a  

Kj_. I f  G c o n ta in s  a  K,_ w ith  no v e r te x  d i s j o i n t ,  th e n  any  b r id g e  

a d d i t io n  c r e a te s  a  g .  G does c o n ta in  a  v e r te x  d i s j o i n t

and G i s  3 -c o n n e c te d  th e n  th e  b r id g e  c o n ta in in g  th e  v e r te x  c r e a te s  

e i t h e r  a  Kg 3 o r  a  c y c le  d i s j o i n t  from  a k -g ra p h . F i n a l l y  i f  G 

i s  n o t  3 -c o n n e c te d  th e n  by  lemma 2 .1 4  G c o n ta in s  d i s j o i n t  k -g ra p h s  

and hence a  c y c le  d i s j o i n t  from  a k -g ra p h . T h e re fo re  we may assume 

G c o n ta in s  a  Kg y  s ay  G c o n ta in s  g «=;)•

Lemma 5 .8  s t a t e s  G Kg g "then "fche Kg g i s  on 6  v e r t i c e s ,  i . e .

an  edge o f  th e  ^3  3 i s  an edge o f  G. Hence G c o n ta in s  a v e r te x

v  d i s j o i n t  from  g ^ ) • By lemma 2 .1 4  th e  b r id g e  c o n ta in in g  v

i s  a d ja c e n t  to  a t  l e a s t  3 v e r t i c e s  o f  th e  Kg g . a d ja c e n t

v e r t i c e s  a re  v . o . a .  th e n  we may r e p la c e  th e  edge w ith  an a r c  c o n ta in in g  

v , c o n t r a d ic t in g  lemma 5*8. Hence w ith o u t  l o s s  o f  g e n e r a l i t y  v  i s  

a d ja c e n t  t o  0 ,2 ,4 ,  g iv in g  K. _ .

146
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The e x i s t i n g  g ra p h  i s  p r o j e c t i v e ,  hence th e r e  e x i s t s  an  e ig h th  

v e r te x  v* d i s j o i n t  from  t h i s  ^ • By an argum ent s im i la r  t o  

t h a t  above, v* c o n n e c ts  t o  3 v e r t i c e s  in  one o f  th e  b i p a r t i t i o n

The re m a in d e r o f  c h a p te r  5 s h a l l  be  d e v o ted  t o  th e  lemmas we u se  

t o  p ro v e  lemma 5*8 w hich  i s  i n  t u r n  u se d  to  p ro v e  th eo rem  5-1* N ote 

t h a t  i f  G c o n ta in s  d i s j o i n t  k -g ra p h s  th e n  G c o n ta in s  a  c y c le  

d i s j o i n t  frcrn a  k -g ra p h . Hence we s h a l l  u s e  G does n o t  c o n ta in  

d i s j o i n t  k -g ra p h s  f o r  th e  re m a in d e r o f  th e  c h a p te r .  O bserve we may 

a l s o  u s e  G i s  3 -c o n n e c te d , G does n o t  c o n ta in  a  9 -g ra p h  

d i s j o i n t  from  a  k -g ra p h , e t c .  u s in g  th e  v a r io u s  lemmas o f  §2.5*

s e t s  o f  th e  One c h o ic e  g iv e s  G = K, = E^, and th e  o th e r
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§5-2 Case 1

S e c t io n  5*1 s h a l l  co n ce rn  G € I ^ ( P )  c o n ta in in g  a  subg raph  homeo- 

m orphic  t o  t h a t  o f  f ig u r e  5*1* Observe s a id  subg raph  i s  a  K_ _ -with 

an  a rc  c o n n e c tin g  th e  i n t e r i o r s  o f  o p p o s ite  e d g e s .

F ig u re  5*1

Lemma 5 .2 . L e t G € c o n ta in  a  v e r te x  v  d i s j o i n t  from  a

su b graph  hamecmorphic t o  f ig u r e  5 -1 - Then G c o n ta in s  a  c y c le  

d i s j o i n t  from  a  k -g ra p h .

P r o o f . By way o f  c o n t r a d ic t io n  suppose G does n o t  c o n ta in  a
i

c y c le  d i s j o i n t  frcsn a  k -g ra p h . We exam ine th e  b r id g e  c o n ta in in g  th e  

v e r te x  v .  I t  m ust have a t  l e a s t  3 v . o . a .  We w i l l  b re a k  i n t o  

c a s e s  d epend ing  on w here th e s e  v . o . a .  a r e .

I f  01 i s  a  v . o . a .  th e n  a n o th e r  v . o . a .  c an n o t be  i n  s t ( l ) , s t ( 2 ) ,  

s t ( 0 ) , s t ( 7 ) ,  e l s e  G c o n ta in s  a  c y c le  d i s j o i n t  from  a k -g ra p h . 

L ikew ise  i f  th e  b r id g e  c o n n e c ts  t o  s t ( 4 )  th e n  c y e le  (2 ,3> 7> 6) i s  

d i s j o i n t  from  o r  a  s p o t t i n g  t h e r e o f .  Hence b y  symmetry

th e  o th e r  tw o v . o . a .  m ust be 3 and 6 ;  g iv in g  c y c le  (0 ,0 1 ,1 ,5 * 4 )

3 6
d i s j o i n t  from  (7  2  v^* •rhi;is “ ^ s t  n o t  b e  a  v . o . a .
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I f  v e r te x  (A i s  a  v . o . a .  th e n  s t ( 0 ) , s t ( l )  can n o t c o n ta in
• o C.

v . o . a ,  o r  e l s e  th e r e  i s  a  c y c le  d i s j o i n t  from  (^ 7  Bjr

sym m etry th e  o n ly  p o s s ib le  v . o . a .  a re  v e r t i c e s  6 , 2 , g iv in g  c a se  1 

o f  f ig u r e  5 *2 .

oA

c ase  1  c a se  2  c a se  3

F ig u re  5*2

We have re d u c ed  to  c a se s  w here th e  o n ly  v . o . a .  a re  e x i s t i n g  v e r t i c e s

0 th ro u g h  7 .  W ith o u t lo s s  o f  g e n e r a l i t y  l e t  0 be  a v . o . a .  I f

3 61  i s  a  v . o . a .  th e n  c y c le  ( v ,0 ,1 )  i s  d i s j o i n t  from  (g ^  j ) .  I f
0 3

3 i s  a  v . o . a .  th e n  c y c le  (1 , 2 , 6 , 5 ) i s  d i s j o i n t  from  ^ v ) .

Hence th e  o n ly  p o s s ib le  v . o . a .  s e t s  a r e  fO ,2 ,6 )  o r  ( 0 , 2 , 4 , 6 }.

F i n a l l y  we n o te  t h a t  v . o . a .  s e t  ( 0 , 2 , b } 6 ] m ust g iv e  c a se  3 o f  

f ig u r e  5*2  a s  any  s p l i t t i n g  c o n ta in s  a  c y c le  d i s j o i n t  from  a k -g ra p h .

Case 1 . V e rte x  v  i s  c u b ic , ( v ,2 ) , ( v ,6 )  a r e  ed g es , so  b y  lemma 

1 .6  th e r e  e x i s t s  a  v e r te x  2 6 . V ertex  26 i s  d i s j o i n t  from  a  sub

g ra p h  homeomorphic t o  5*1  so  b y  p re v io u s  argum ents 2 6  c o n n ec ts  t o  

s t ( 4 ) ,  c r e a t in g  a  c y c le  d i s j o i n t  from
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Case 2 . As i n  case  1 , we have a  v e r te x  2 6 , w hich  c o n n ec ts  t o

e i t h e r  s t ( 0 )  o r  s t ( 4 ) .  I f  ( 2 6 ,s t ( 0 ) )  th e n  c y c le  ( 7 ,6 ,5 ,4 ,3 )

i s  d i s j o i n t  from  ^ i ^ v ^ 2 6 ^  and fe6 , s t ( 4 ) )  g iv e s  c y c le
o  6( 4 ,3 ,2 ,2 6 )  d i s j o i n t  from  (^  ^ v ) .

Case 3 . F i r s t  we s h a l l  show |v (G ) | = 9- I f  t h e r e  e x i s t s  v

d i s j o i n t  from  o u r subgraph  th e n  th e  v . o . a .  a re  e i t h e r  ( 0 , 2 , 4 , 6 ) o r

( 1 ,3 ,5 ,7 ) *  The fo rm er c o n ta in s  c y c le  ( 3 ,4 ,5 ,6 ,7 )  d i s j o i n t  from  

0 2( — ^ )  and th e  l a t t e r  c o n ta in s  c y c le  (7 , v , 3 ) d i s j o i n t  frcm

4  1 ^ ' "t îe re  exI s^ s a v e r te x  1 5  th e n  i t  can n o t co n n ec t t o
2 ^s t ( l ) , s t ( 0 ) o r  s t ( 7 ) w ith o u t a  c y c le  d i s j o i n t  frcm  (^  ^ 5 )*

Symmetry e x h a u s ts  th e  p o s s i b i l i t i e s ,  hence th e r e  does n o t  e x i s t  a

v e r te x  1 5 . I f  t h e r e  e x i s t s  a  v e r te x  01  th e n  i t  can n o t co n n ec t

2 ^to  s t ( l ) , s t ( 0 ) ,  o r  s t ( 7 ) w ith o u t  a  c y c le  d i s j o i n t  from  (v  ^ 5 )*

L ikew ise  a  c o n n e c tio n  to  s t ( 2 )  o r  s t ( 3 )  g iv e s  a  c y c le  d i s j o i n t  
0 ‘6from  (v  j  5 )* A c o n n e c tio n  t o  s t ( 4 )  o r  s t ( 5 ) g iv e s  a  c y c le  

/ v* 7 \d i s j o i n t  from  (q g S in ce  b y  th e  p re v io u s  c o n s t r u c t io n  i t  does

n o t  co n n ec t to  s t ( v ) ,  we have e x h a u s te d  th e  p o s s i b i l i t i e s .  F in a l ly

suppose th e r e  e x i s t s  a  v e r te x  04 . I f  04 c o n n ec ts  to  s t ( 0 ) , s t ( l )

4 6o r s t ( 2 ) th e n  th e r e  e x i s t s  a  c y c le  d i s j o i n t  from  (^  ^ c ) > t y  

symmetry th e s e  a r e  th e  o n ly  c h o ic e s .  Thus we co n clu d e  |v (G ) | = 9*

The o n ly  p o s s ib le  edge a d d i t io n s  a r e  o f  th e  ty p e  ( i , i -  3 ) mod 8 , 

a s  ( i , i ^ 2 )  g iv e s  a  c y c le  d i s j o i n t  from  a k -g ra p h . T h e re fo re  

w ith o u t lo s s  o f  g e n e r a l i t y  (0 ,3 )  i s  an  ed g e . V e rte x  7 i s  c u b ic  in
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a 3 - c y c le ,  hence  we have edges (7*2) o r  (7 * 4 ) . The fo rm er

0 2c o n ta in s  c y c le  ( 4 ,5 *6 , v )  d i s j o i n t  from  ^ 7 ) a-51*3 3:3:16 l a t t e r
0 2c o n ta in s  c y c le  ( 4 ,5 *6 , 7 ) d i s j o i n t  from  ^ v )*

□

Lemma 5 .3 . L et G € I ^ ( P )  c o n ta in  a  subgraph  homeomorphic to

th a t  o f  f ig u r e  5 .1 ,  and suppose |v (G ) | >  9» Then G c o n ta in s  a

c y c le  d i s j o i n t  from  a k -g ra p h .

P r o o f . B yw ay of. c o n t r a d ic t io n  l e t  G be a  g rap h  a s  d e s c r ib e d .

By lemma 5*2 th e  n in th  v e r te x  m ust be  (w ith o u t lo s s  o f  g e n e r a l i t y )

e i t h e r  04 o r  0 1 .

I f  th e r e  e x i s t s  a  v e r te x  04 th e n  a  c o n n e c tio n  t o  s t ( 0 )  o r

s t ( l )  c r e a te s  a  c y c le  d i s j o i n t  from  2  4 ^* By symme't r y  3:3:16

o n ly  p o s s i b i l i t i e s  a re  e i t h e r  (0 4 ,2 6 ) (c a se  1  o f  f ig u r e  5 . 3 ) o r

(0 4 ,2 )  (c a se  2  o f  f ig u r e  5 *3 )•

I f  th e r e  e x i s t s  a  v e r te x  01 th e n  a  c o n n e c tio n  to  s t ( l )  o r

4 7s t ( 2 ) c r e a te s  a  c y c le  d i s j o i n t  from  (q  ^ > an<3 (0 1 ,  s-fc(3 ) )
A  O

g iv e s  c y c le  (1 , 2 , 6 , 5 ) d i s j o i n t  from  (q^ 4  7 )* By  symmetry we 

have e i t h e r  (0 1 ,4 )  o r  (0 1 ,4 5 ) ,  c a s e s  3 and 4 o f  f ig u r e  5*3 

r e s p e c t iv e ly .
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o 4

c ase  2

0 4

c ase  1

c a se  3 c ase  4

F ig u re  5 .3

Case 1 . We n o te  th e  g rap h  i s  b o th  v e r te x  and edge t r a n s i t i v e .  I f  

t h e r e  e x i s t e d  an  a d d i t i o n a l  v e r te x  th e n  w ith o u t l o s s  o f  g e n e r a l i t y  

v  € (0 4 ,2 6 ) , c o n t r a d ic t in g  lemma 5 -2 .  S in c e  th e  g ra p h  i s  p r o j e c t i v e  

t h e r e  e x i s t s  an  a d d i t i o n a l  edge o u t o f ,  w ith o u t lo s s  o f  g e n e r a l i t y ,  04, 

b y  th e  p re v io u s  argum ent we have edge (0 4 ,2 ) ,  g iv in g  a  c y c le  

d i s j o i n t  from  (1  ^ ^ ^  5 ) •

Case 2 . F i r s t  we s h a l l  e l im in a te  th e  p o s s i b i l i t y  o f  a t e n th  v e r t e x .  

The ed g es  f a l l  i n t o  5  symmetry c l a s s e s ,  r e p r e s e n te d  by  ( 0 , 7 ) , (3.>7)>

( 2 ,3 ) , ( 2 , 0 4 ) , ( 0 , 0 4 ) .  By lemma 5*2 th e  p o s s ib le  t e n t h  v e r te x  l i e s  i n  

th e  i n t e r i o r  o f  one o f  th e s e  e d g e s .
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*

0 A

3

A

Sym m etries o f  c ase  2 

F ig u re  5*4

I f  th e r e  e x i s t  a  v e r te x  07 th e n  b y  p re v io u s  a rgum ents i t  c o n n ec ts

t o  e i t h e r  3*34* o r  4 . The fo rm er two g rap h s  c o n ta in  a  c y c le

d i s j o i n t  frcm  2 ^ 4 ^  a r d  th e  l a t t e r  g rap h  c o n ta in s  c y c le
4 7(0 ,0 4 ,2 * 1 )  d i s j o i n t  frcm  (q^  ^ ^ ) .  I f  t h e r e  e x i s t  a  v e r te x

37 th e n  i t  m ust c o n n ec t t o  e i t h e r  v e r te x  1 , w i th  c y c le  (37* 7 * 0 ,1 )
o 1l

d i s j o i n t  frcm  (q^ 3 6 ^  o r v e r^ ex  5* w ith  c y c le  (3 7 * 3 ,4 ,5 )
0 2d i s j o i n t  from  ^  ^ ) .  I f  th e r e  e x i s t s  a  v e r te x  23 i t  c o n n e c ts

t o  e i t h e r  6,67*7* y ie ld in g  a  c y c le  d i s j o i n t  from  ( o ^ 2 ° \ .^ *

Lemma 5*2 shows t h a t  t h e r e  d oes n o t  e x i s t  a  v e r te x  in  edge ( 2 ,0 4 ) .  

F i n a l l y  i f  t h e r e  e x i s t s  a  v e r te x  v  € (0 ,0 4 )  th e n  we m ust have 

e i t h e r  edge ( v ,2 )  o r  ( v ,6 ) .  The fo rm er g rap h  c o n ta in s  c y c le
c

(v , 0 4 ,2 )  d i s j o i n t  from  (q  3 5 ) a^d  th e  l a t t e r  g ra p h  c o n ta in s

2c y c le  (v ,0,7*6) d i s j o i n t  from  (q^  ̂ 5 )* H aving e x h a u s te d  th e

p o s s i b i l i t i e s  we co n c lu d e  |v (G ) | = 9*
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I f  (0 4 ,6 )  i s  an  edge o f  G th e n  v e r te x  4 i s  d ead , and b y  

symmetry so a r e  2 and 6 . V e rtex  0 can  co n n ec t o n ly  t o  3 ,2  o r

4 (up t o  sym m etry). The f i r s t  h a s  c y c le  ( 3 ,0 ,7 )  d i s j o i n t  from
04 5 h d

^6  h l ) } th e  second h a s  c y c le  (0 , 1 , 2 ) d i s j o i n t  frcm  ( ^  ^ )>

and th e  l a s t  was h a n d le d  in  lemma 5*2. Hence by  symmetry b o th  0

and 4 a r e  d ead . Edge ( l , 7 )  g iv e s  c y c le  ( 0 ,1 ,7 )  d i s j o i n t  from  
2  4

(q^ 2 6 ^  S°  on'^ r *'wo e *ges w hich may b e  added a r e  ( l , 3 )

and (5 > 7 ). A dding in  b o th  edges g iv e s  c y c le  ( 2 ,0 4 ,6 )  d i s j o i n t  
1 ^from  (^ rj),  and ad d in g  i n  o n ly  one edge g iv e s  a  p r o j e c t i v e  g ra p h .

Thus we see  (0 4 ,6 )  i s  n o t  an  ed g e , and v e r t i c e s  Ob, 6  a r e  d e ad .

V e rte x  2  can n o t be a d ja c e n t  t o  0 ,4 ,5  o r  7,  s in c e  su ch  an

edge makes e i t h e r  v e r te x  04 o r  6  cu b ic  in  a  3 - c y c le .  Hence

v e r te x  2 i s  dead  a l s o .  A lso  n o te  ( l , 7 )  i s  n o t an  edge b ecau se

2th e  r e s u l t i n g  g rap h  c o n ta in s  c y c le  (0 , 1 , 7 ) d i s j o i n t  from  ( ^  ^ g ) •

We a re  l e f t  w ith  5 p o s s ib le  edge a d d i t io n s ,  ( 0 , 3 ) , ( 1 , 4 ) , ( 0 , 5 ) , ( l , 3)

and ( 4 ,7 ) .  I f  ( l , b )  i s  an  edge th e n  a v o id in g  a  c u b ic  v e r te x  i n

a 3 - c y c le  im p lie s  edge (0 , 5 ) ,  g iv in g  c y c le  ( 5 , 6 , 7 , 0 ) d i s j o i n t  

*■ 2  4
from  (1  ^ q 4 '*  s ymme'fcl,y  (0 ,3 )  i s  n o t an  ed g e . Of th e

3 re m a in in g  edges a d d in g  i n  any tw o s t i l l  g iv e s  a  p r o j e c t i v e  g ra p h ,

*5 7and ad d in g  a l l  3 g iv e s  c y c le  (1 , 2 , 3 ) d i s j o i n t  from  (0  4  g)*

Case 3 . C o n sid er th e  s p e c i f i c  em bedding shown i n  f ig u r e  5*1*

T h is  em bedding does n o t  e x te n d  to  an em bedding o f  G. Lemma 5*2 

r u l e s  o u t th e  e x is te n c e  o f  e q u iv a le n t  3 - b r id g e s ,  and c a s e s  1 ,  2  

r u l e  o u t in a d m is s ib le  b r id g e s .  Each o f  th e  r e g io n s  ( i ,  i + l , i + 5 , i + 4 )
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mod 8 a re  d i s j o i n t  from  a s im i la r  "com plem entary” r e g io n ,  so  skew 

b r id g e s  on such  a  r e g io n  m ust c r e a te  a  c y c le  d i s j o i n t  from  a  k -g ra p h . 

Hence th e r e  m ust e x i s t  skew b r id g e s  on r e g io n  ( 0 ,1 ,2 ,3 ,4 ,5 ,6 ,7 )  and 

b r id g e  (0 1 ,4 )  can  f i t  i n  r e g io n  ( 0 ,1 ,5 ,4 ) .

By p re v io u s  argum ents t h e r e  can n o t e x i s t  edges ( i , i + ^ ) ,  ( i , i + ^ )  

mod 8 . A lso  edges ( i , i + 3 ) ,  ( i , i + —) mod 8 a r e  a l l  o u te r  r e g io n  

a d m is s ib le ,  w here o u te r  r e g io n  r e f e r s  t o  one o f  th e  ty p e  ( i , i + l ,  

i+ 5 , i+ 4 ) .  Hence th e  skew b r id g e s  m ust be o f  th e  form  ( i , i - 2 ) ,  p ic k  

i  s . t .  t h e  skew b r id g e s  a r e  ( i - l , i + l ) ( i , i + 2 ) .  We o b se rv e  a v o id in g  

a  c u b ic  v e r te x  i n  a  3 -c y c le  im p lie s  v e r te x  01 m ust co n n ec t to

b o th  v e r t i c e s  4 ,5 -  Symmetry shows we need  o n ly  c o n s id e r  th e  c a se s

i  = 0 ,1 ,2 ,3  o r  4 , w here i  d e te rm in e s  th e  lo c a t io n  o f  th e  skew

b r id g e s  a s  d e s c r ib e d  p r e v io u s ly .  I f  i  = 0 th e n  c y c le  (0 1 ,4 ,5 )

i s  d i s j o i n t  from  (0 ^ 3  ^ 6 ^  1 = ^  ^ hen cy ° l e ( 0 1 ,4 ,5 )  i s
P  7

d i s j o i n t  from  (Q 3 6 ^  ^  i  = 2  th e n  c y c le  (1 , 2 , 3 ) i s  d i s j o i n t

from  (o i ° 4 ^ 7 ^  ^  1 = 3 th e n  c y c le  (0 1 ,0 ,4 )  i s  d i s j o i n t  frcm

^2 5 7 ^J 811(1 1 = ^ th e n  c y c le  (0 1 ,4 ,5 )  i s  d i s j o i n t  from

(  k  7  )3 6 '*

Case 4 . By c a s e s  1 -3  we know v e r te x  01 i s  dead , hence b y  symmetry 

a l l  v e r t i c e s  a re  d e a d . The o n ly  p o s s ib le  b r id g e  a d d i t io n s  a r e  o f  th e  

ty p e  (1 2 ,5 6 ) .  These b r id g e s  may be added r e p e a te d ly  and th e  g rap h  

s t i l l  embeds by  an  e x te n s io n  o f  th e  em bedding shown i n  f ig u r e  5-1*

□
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lemma 5 -4 . L e t G € i j ( p )  c o n ta in  a  subgraph  hcm ecm orphic to  

t h a t  o f  f ig u r e  5 .1 ,  and suppose |v (G ) | = 8 . Then G c o n ta in s  a 

c y c le  d i s j o i n t  from  a k -g ra p h .

P r o o f . O bserve a l l  edges t o  be added a re  o f  th e  ty p e  ( i , i ^ 2 )  and

I f  ( 0 ,3 )  i s  an  edge th e n  4 ,7  a re  b o th  c u b ic  i n  a  3 - c y c le .  I f

( 4 ,2 )  th e n  c y c le  ( 0 ,3 ,7 )  i s  d i s j o i n t  from  ( - ^ 4  ^ 6 ^  8,11(1 ^

(4 ,7 )  th e n  c y c le  ( 1 ,2 , 5 / 6 ) i s  d i s j o i n t  frcm  (^  j ) .  I f  (4 ,1 )

i s  an  edge th e n  we m ust have (by symmetry) e i t h e r  (5 *7 ) o r  (2 , 7 )•

The fo rm er g rap h  c o n ta in s  c y c le  (5 * 6 ,7 )  d i s j o i n t  frcm  (^ 4 ) and

t h e  l a t t e r  h a s  e i t h e r  edge ( 5*2 ) and hence  (6 , l )  w i th  c y c le
P

( 0 ,3 ,4 )  d i s j o i n t  frcm  ( 1  ^  j )  o r  edge (5*0) w ith  c y c le  ( 2 ,6 ,7 )

d i s j o i n t  from  ( ^ ^ ^ t j ) *  Thus we m ust have (4 ,6 )  and b y

symmetry (5 * 7 ) . O bserve a v o id in g  e a r l i e r  c a s e s  im p lie s  5 'may
»

o n ly  co n n ec t t o  3 . The o n ly  p o s s ib le  edge a d d i t io n s  a r e

f ( 5 * 3 ) , ( 6 ,0 ) , ( 3 ,1 ) * ( 0 ,2 ) } .  Edge (1 ,3 )  im p lie s  ( s in c e  2 i s  c u b ic

i n  a  3 - c y c le )  (0 , 2 ) g iv in g  c y c le  ( 4 ,5 ,6 )  d i s j o i n t  from  (^ ^)*

Thus th e r e  a re  o n ly  two p o s s ib le  edge a d d i t io n s ,  and G to g e th e r

w ith  th e s e  edges i s  p r o j e c t i v e .  Hence we see ( 0 , 3 ) i s  n o t an ed g e ,

and th e r e  can n o t e x i s t  edges o f  th e  ty p e  ( i , i - 3 ) •

W ith o u t l o s s  o f  g e n e r a l i t y  l e t  ( 0 ,2 ) , ( 1 ,3 )  be e d g e s . Note edge
0 *3( 4 .6 )  c r e a te s  c y c le  (4 ,5 * 6 )  d i s j o i n t  from  (^  2  7 ^  hence

( 4 .6 ) , ( 5 * 7 )  a r e  n o t  i n  G. A lso  n o te  i f  (3*5) i s  an  edge o f  G 

v e r te x  4 i s  c u b ic  in  a  3 - c y c le ,  hence ( 4 ,2 )  i s  an  e d g e . By



symmetry and th e  p re v io u s  argum ent o u r g rap h  may n o t  be augm ented 

f u r t h e r ,  y e t  i t  i s  s t i l l  p r o j e c t i v e .  We have o n ly  two p o s s ib le  edge 

a d d i t io n s  re m a in in g , (1 ,7 )  and ( 2 ,4 ) .  A dding on b o th  g iv e s  a 

p r o j e c t i v e  g ra p h .

a d ja c e n t  t o  tw o p o in t s  n o t  v e r t i c e s  o f  th e  K_ _ . Then G c o n ta in s

a  c y c le  d i s j o i n t  from  a  k -g ra p h .

P r o o f . The two v e r t i c e s  l i e  i n  th e  to p o lo g ic a l  i n t e r i o r  o f  edges 

o f  th e  2 * I f  th e y  b o th  l i e  in  th e  same edge, o r  i n  edges in c id e n t

w ith  a  common v e r te x ,  th e n  th e r e  e x i s t s  a  c y c le  d i s j o i n t  from  a 

k -g ra p h . I f  th e y  l i e  i n  o p p o s ite  edges th e n  we a p p ly  e i t h e r  lemma

5 .3  o r  lemma 5*4.

□

C o ro l la ry  5 .5 . L e t c o n ta in  a  K_ _ and a b r id g e



158

§5*3 Case 2

S e c tio n  5*3 s h a l l  co n ce rn  G € I^ (P )  c o n ta in in g  a  subg raph  

hcmeomorphic to  t h a t  o f  f ig u r e  5*5* O bserve t h i s  g rap h  i s  a  ]

w ith  an added  edge c o n n e c tin g  a  v e r te x  and th e  i n t e r i o r  o f  a  non

in c id e n t  ed g e .

su b g raph  homeam orphic t o  f ig u r e  5*5* Then G c o n ta in s  a  c y c le  

d i s j o i n t  from  a  k -g ra p h .

P r o o f . By way o f  c o n t r a d ic t io n  l e t  G be such a  g rap h  w ith o u t  a 

c y c le  d i s j o i n t  frcm  a  k -g ra p h . We exam ine p o s s ib le  v e r t i c e s  o f  

a tta c h m e n t f o r  th e  b r id g e  c o n ta in in g  v .  By c o r o l l a r y  5*5 th e r e  a re  

n o t  v . o . a .  in  th e  i n t e r i o r  o f  e d g e s . Observe v e r t i c e s  0 ,1  may b o th  

be v iew ed a s  i n  th e  i n t e r i o r  o f  an ed g e .

I f  46 i s  a  v . o . a .  th e n  two o th e r s  m ust be chosen  from  th e  s e t

( 2 , 3 , 5 ) •  I f  two a d ja c e n t  v e r t i c e s  a re  ch o sen , say  3 and 5> th e n  

r e p la c in g  th e  edge ( 3 ,5 )  w ith  th e  a rc  th ro u g h  v  g iv e s  a  c o n t r a 

d i c t i o n  o f  c o r o l l a r y  5*5- Hence th e  v . o . a .  a re  4 6 ,2 ,5  and G

F ig u re  5*5

Lemma 5 .6 .  L et c o n ta in  a  v e r te x  d i s j o i n t  frcm  a
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c o n ta in s  c y c le  (2 , 0 , l )  d i s j o i n t  from  ( 4  g)* K ius ^  i s

a  v . o . a . ;  b y  sym m etry, n e i t h e r  i s  35,»45j 4 6 .

I f  24 i s  a  v . o . a .  th e n  tw o o th e r s  m ust be  chosen  from  (3*5*6}• 

A gain  c h o s in g  n o n a d ja c e n t v e r t i c e s  g iv e s  v . o . a .  (24,5*6}* and G
c  £

c o n ta in s  c y c le  ( 2 ,0 ,1 )  d i s j o i n t  from  (g ^ v )* Hence 2 4 , and

by  symmetry 23* a r e  n o t v . o . a .  A s im i la r  argum ent shows a  v . o . a .

may n o t l i e  in  th e  i n t e r i o r  o f  any  ed g e , i . e . ,  th e  v . o . a .  m ust l i e

i n  th e  s e t  {0 , . . . , 6 ) .

I f  1 i s  a  v . o . a .  th e n  th e  o th e r  two can n o t be  a d ja c e n t .  C hosing

3 ,4  g iv e s  c y c le  (2 , 0 , 1 ) d i s j o i n t  from  JJ. .(5  g v ) hence  th e  v . o . a .

a r e  1 ,2  and  5* A v o id ing  v  c u b ic  i n  a  3 c y c le  g iv e s  a v e r te x

1 2 . I f  12 i s  a d ja c e n t  to  1 ,4  o r  6  th e n  G c o n ta in s  a  c y c le

2 5
d i s j o i n t  from  (^  3 0 ^  ad3acen,t to  2 o r  3 th e n  G c o n ta in s

1 5a  c y c le  d i s j o i n t  from  ( Q ^ ) ,  i f  a d ja c e n t  to  0 o r  v  th e n  G

/ 3 4 \c o n ta in s  a  c y c le  d i s j o i n t  frcm  (2  5  g '*  and i f  a d ja c e n t  t o  5

th e n  G c o n ta in s  a  c y c le  (3 * 2 ,4 ,6 ) d i s j o i n t  from  (v ^ " o ^ l 2 ^*

Hence v e r te x  1 , and b y  symmetry 0 , a r e  n o t  a  v . o . a .

I f  2 i s  a  v . o . a . ,  th e n  w ith o u t l o s s  o f  g e n e r a l i t y  so a re  3 and 

5 ,  any o th e r  v . o . a .  g iv e s  c y c le  (2 , 0 , l )  d i s j o i n t  from  a k -g ra p h . 

The b r id g e  m ust c o n s i s t  o f  th e  s in g le  c u b ic  v e r te x  v , and  a v o id in g

c u b ic  i n  a  3 - c y c le  f o r c e s  th e  e x is te n c e  o f  v e r te x  3 5 , w hich  may

co n n ec t o n ly  to  2 ,4  o r  6 . The f i r s t  g iv e s  a  g rap h  c o n ta in in g  

c y c le  (2 , 0 , 1 ) d i s j o i n t  from  (g y  g ^ ) ,  th e  second  c o n t r a d ic t s

c o r o l l a r y  5 .5  u s in g  th e  g (3  I f  ^)* and th e  t h i r d  c o n ta in s
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c y c le  ( 2 ,3 ,v )  d i s j o i n t  from  ( 0  4  3 5 )* Hence 2 i s  n o t  a  v . o . a . ,  

le a v in g  o n ly  th e  s e t  f 3 , ^ , 5 , 6 }.

W ithou t l o s s  o f  g e n e r a l i t y  l e t  3 ,5  he  v . o . a .  I f  35 i s  a  v e r te x  

th e n  we m ust have e i t h e r  (3 5 ,* 0  o r  (3 5 , 6 ) ,  b ecau se  35  i s  d i s j o i n t  

from  a  su b g rap h  l i k e  f ig u r e  5 , 5 ,  g iv in g  a  k -g ra p h  d i s j o i n t  from  

c y c le  ( 2 ,0 ,1 ) .  Hence f 3 ,^ ,5 ,6 }  i s  e x a c t ly  th e  v . o . a .  s e t ,  and th e  

3 k

b r id g e  i s  X , o r  e l s e  c y c le  (2 , 0 , 1 ) i s  d i s j o i n t

5 6

from  a k -g ra p h . V e r t ic e s  0 ,1  a r e  s t i l l  c u b ic  i n  a  3 - c y c le ,  

w ith o u t  l o s s  o f  g e n e r a l i t y  s t ( l )  c o n n e c ts  t o  a  v e r te x  n o t  0  o r  

2 .  I f  ( s t ( l ) , 5 )  th e n  c y c le  ( 5 ,1 ,0 )  i s  d i s j o i n t  frcm  ( g ^ g ^ Tr) .v '

By symmetry we have ( s t ( l ) , 4 )  w hich  g iv e s  c y c le  ( 3 ,v ,6 )  d i s j o i n t  

from (1 ° 2 ^ 5 )*

□

Lemma 5 .7 . L e t G € I ^ ( P )  c o n ta in  a  v e r te x  d i s j o i n t  from  a ^ 

on 7 o r  m ore v e r t i c e s .  Then G c o n ta in s  a  c y c le  d i s j o i n t  from  a 

k -g ra p h .

P r o o f . By way o f  c o n t r a d ic t io n  l e t  G be  a s  d e s c r ib e d  w ith o u t  a
2  6  *5

c y c le  d i s j o i n t  from  a  k -g ra p h . D enote th e  ^ " b y  (q  3  v  

and l e t  th e  se v e n th  v e r te x ,  1 , l i e  i n  edge ( 0 ,6 ) .  A v o id in g  

a  c y c le  d i s j o i n t  from  a k -g ra p h  and u s in g  c o r o l l a r y  5 .5  we have 

th e  g rap h  o f  f ig u r e  5*5 . A v e r te x  d i s j o i n t  from  th e  o r i g i n a l  K_
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b u t  n o t  frcm  t h i s  su b g raph  m ust be 1 2 . C o ro l la ry  5*5 im p lie s  12 

c o n n e c ts  o n ly  to  v e r t i c e s ,  v e r t i c e s  1 ,2 ,0  o r  6 a l l  g iv e  a c y c le  

d i s j o i n t  from  a  k -g ra p h . I f  12 c o n n ec ts  t o  two a d ja c e n t  v e r t i c e s  

we may a g a in  a p p ly  c o r o l l a r y  5 -5 , hence we have (1 2 ,5 )  and s t ( l 2 )

i s  d e ad . S in ce  v e r t i c e s  3 ,^  and 0  a r e  d i s j o i n t  from  ^ ,s

,12 0 4 W 1 2 5 \  . /12 3 ^  4.- n ,
( x 5  g )^  (q  1 2  y  ^  '  2  5 6 '  r e s p e c t i v e l y ,  we know

s t ( 3 ) , s t ( 4 )  and  s t ( 0 )  a re  a l l  d ead . The o n ly  l i v e  edge f o r  a

n in th  v e r te x  i s  ( 1 ,6 ) .  By c o r o l l a r y  5*5 and th e  above a rgum ents 16

may co n n ec t o n ly  to  v e r te x  2 (sy m m e tr ic a lly  5 ) g iv in g  c y c le

1 2( 3 ,5 ,^ ,6 )  d i s j o i n t  frcm  ( ^  q ]_g)* Hence th e  g rap h  G c o n ta in s  

e x a c t ly  8 v e r t i c e s ,  t h e  o n ly  l i v e  ones b e in g  1 ,2 ,5  and 6 .  N ote 

edge ( 1 ,2 ) , ( 1 ,5 )  make v e r t i c e s  1 2 ,0  r e s p e c t i v e l y  c u b ic  v e r t i c e s  

i n  a  3 - c y c le ,  y e t  th e y  a r e  d ead , a  c o n t r a d ic t io n .  Hence v e r te x  1 

i s  d ead . A dding i n  th e  th r e e  re m a in in g  p o s s ib le  edges g iv e s  a
I

p r o j e c t iv e  g ra p h .

□

Lemma 5 .8 . L e t G € : # ( * )  c o n ta in  a  ^ on 7 o r  more 

v e r t i c e s .  Then G c o n ta in s  a  c y c le  d i s j o i n t  frcm  a  k -g ra p h .

P r o o f . By way o f  c o n t r a d ic t io n  l e t  G be  a s  d e s c r ib e d ,  G n o t 

c o n ta in in g  a  c y c le  d i s j o i n t  from  a  k -g ra p h . As in  lemma 5*7 G 

c o n ta in s  a  su b graph  homecanorphic t o  t h a t  o f  f i g u r e  5*5* We o b se rv e  

v e r t i c e s  0 ,1  a re  b o th  c u b ic  i n  a  3 - c y c le .  By lemma 5*7 ( 0 ,2 ) ,  ( 1 ,2 )  

m ust b o th  be  e d g e s . We w i l l  f i r s t  show th e r e  does n o t  e x i s t  a  v e r te x  

01 , th e n  exam ine w here 0 and 1  c o n n e c t.
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Suppose 01 i s  a  v e r t e x .  By r e p e a te d  u s e  o f  th e  f a c t  t h a t  th e re

does n o t e x i s t  a  c u b ic  v e r te x  in  a  3 - c y c le  we may assume 0 1

c o n n e c ts  somewhere o th e r  th a n  v e r te x  2 .  I f  (0 1 ,6 )  th e n  v e r te x  1

i s  d i s j o i n t  from  (g ^  g )  c o n t r a d ic t in g  lemma 5 -7 - By symmetry

we may assume ( 0 1 ,4 ) .  O bserve G = ( ^  g |  ^ ) \ ( ( l , 6 ) ,  (0 1 ,3 ) ,  (5^0)}

and b y  symmetry a  n in th  v e r te x ,  i f  i t  e x i s t s ,  l i e s  on e i t h e r

( l , 2 ) ,  ( 2 ,4 ) ,  (0 1 ,l ) .  I f  22 i s  a  v e r te x  th e n  G c o n ta in s  a  c y c le

d i s j o i n t  from  a k -g ra p h  b y  lemma 5*7. I f  24 i s  a  v e r t e x  i t  m ust

co n n ec t t o  e i t h e r  1 , v  € ( 0 , l ) ,  o r  4 6 . The fo rm er p a i r  a re

c o r o l l a r y  5 . 5 ,  w h ile  th e  l a t t e r  g rap h  c o n ta in s  a  c y c le  d i s j o i n t  

0 3from  (g g ) .  A v e r te x  v  € ( l , 0 l )  may o n ly  c o n n ec t t o  2 a n d /o r

4 . Thus th e  o n ly  p o s s ib le  a d d i t i o n a l  v e r t i c e s  l i e  on edges (6 ,3 )^

( 3 ,5 ) > ( 5 > l ) > ( l > ° l ) , (0 1 , 0 ) , ( 0 , 6 ) and m ust co n n ec t t o  2  a n d /o r  4 .

Next we exam ine p o s s ib le  edge a d d i t io n  betw een  e x i s t i n g  v e r t i c e s .

By symmetry th e s e  f a l l  i n to  t h r e e  c l a s s e s ,  r e p r e s e n te d  by  edges

( 0 1 ,3 ) ,  ( 0 ,1 ) ,  ( 0 1 ,2 ) .  The f i r s t  ty p e  was p r e v io u s ly  e l im in a te d ,  and

3 ^th e  second h as  c y c le  ( 0 , 0 1 > l)  d i s j o i n t  from  (q 5  6 ^* 111118

t h e  o n ly  edge a d d i t io n s  a r e  ( 0 ,4 ) ,  ( 1 ,4 ) ,  (3 ^ 4 ) , (0 1 , 2 ) ,  (5 *2 ) ,  (6 , 2 ) .

Thus u n d e r th e  s u p p o s i t io n  o f  a  v e r te x  01 we have c h a r a c te r iz e d  

a l l  edge a d d i t io n s ,  w h e th er betw een  e x i s t i n g  v e r t i c e s  o r  w ith  one 

e n d p o in t a  new v e r t e x .  A dding th e s e  edges s t i l l  g iv e s  a  p r o j e c t iv e  

g ra p h , i n  p a r t i c u l a r  em bedding a s  an e x te n s io n  o f  th e  em bedding shown 

i n  f ig u r e  5*6. Thus t h e r e  does n o t e x i s t  01, and ( 0 ,1 ,2 )  i s  a  

3-c y c le  o f  G.
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F ig u re  5*6

N ext we exam ine w here 0 ,1  may c o n n e c t. F i r s t  suppose ( 0 ,6 )  i s  

i s  an  edge o f  G, o b se rv e  v e r te x  1 i s  d i s j o i n t  from  ^  g ) .

I f  th e r e  e x i s t s  an  e ig h th  v e r te x  th e n  b y  lemma 5 .7  and th e  above 

argum ent i t  m ust be  1 6 . I f  16 c o n n e c ts  to  0 ,2  we g e t  a  c y c le  

d i s j o i n t  from  a  k -g ra p h . I f  16 c o n n e c ts  t o  3 o r  4 th e n  a v o id in g  

1 6  cu b ic  in  a  3 - c y c le  (o p p o s ite  edge m ust be  an  edge o r  we a p p ly  

lemma 5*7) 16 m ust co n n ec t somewhere e l s e .  Edge (1 6 ,5 )  g iv e s

c y c le  (0 , 1 , 2 ) d i s j o i n t  from  (^g 3 6111(1 ^ 6  c o n n e c tin g  t o

b o th  3 and 4 g iv e s  ( j .6 5 6  ̂ d i s j o i n t  from  c y c le  ( 0 ,1 ,2 ) .

Hence 16 i s  n o t  a  v e r te x  and  |v (G ) | = 7 .  We s h a l l  b re a k  in to  c a se s  

depend ing  on v a le n c y  ( l ) .  I f  v a le n c y  ( l ) = 6  c o n s id e r  th e  e x te n s io n  o f  

th e  em bedding shown in  f ig u r e  5*7 . T h is  d oes n o t  e x te n d  t o  an 

em bedding o f  G, and a l l  edge a d d i t io n s  a r e  a d m is s ib le .  Hence th e r e

m ust be skew edges i n  one o f  th e  r e g io n s  bounded b y  a  4 - c y c le ,  y e t

any c h o ic e  g iv e s  a  c y c le  th ro u g h  v e r te x  1  w hich  i s  d i s j o i n t  from  a 

k -g ra p h . I f  v a l  ( l )  = 5 suppose ( 1 ,3 )  i s  n o t  an  ed g e . The above
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F ig u re  5*7

argum ent s t i l l  h o ld s  e x c e p t f o r  skew edges ( 4 ,0 ) ( 2 ,5 ) ,  t h i s  g rap h

c o n ta in s  c y c le  (2 ,3 * 5 ) d i s j o i n t  frcm  (® g ) .  I f  v e r te x  3 i s

c u b ic  th e n  G em beds, s in c e  Kg t r i a n g u l a t e s  P . Hence v e r te x  1

i s  o f  v a le n c e  4 , L e t ( l , 5 )  "be th e  a d d i t i o n a l  edge and n o te  

2 5 6
we have (Q 1 3  4 ^  (°^ 1 ) j  so symmetry 0 i s  d e ad . V e rte x

3 m ust co n n ec t to  4 , so  3 and 4 a re  d ead . Any edge o f  t r i a n g l e

(2 ,5 * 6 ) g iv e s  a  c y c le  d i s j o i n t  from  a k -g ra p h . Thus (1*4) m ust

be  th e  a d d i t io n a l  edge and v e r te x  1 i s  d e ad . V e r t ic e s  3*5 can n o t

be c u b ic , so w ith o u t lo s s  o f  g e n e r a l i t y  ( 3 * 0 ) , ( 5 , 2 ) g iv in g  c y c le

( 1 ,4 ,6 )  d i s j o i n t  from  (^  ^ ) .  Thus |v (G ) | = 7 im p lie s  G

c o n ta in s  a  c y c le  d i s j o i n t  from  a k -g ra p h , and we conclude  (0 ,6 )  

i s  n o t an edge o f  G, and hence  we now have v e r t i c e s  0 ,1  may 

o n ly  be a d ja c e n t  t o  v e r t i c e s  3*4 .
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F ig u re  5*8

I f  0 ,1  co n n ec t t o  d i f f e r e n t  v e r t i c e s  we have th e  g rap h  on th e

l e f t  o f  f ig u r e  5*8. I t  was p r e v io u s ly  a rg u e d  edges ( 0 ,1 ) ,  ( 0 ,2 ) ,  (1 ,2 )

a re  e d g es , n o t  a r c s ,  o f  G; th e  same argum ents show ( 0 , 3 ) , ( 0 , 5 ) , ( 3 , 5 ) ,

(1 ,1 * ) ,(* * ,6 ) ,(1 ,6 )  a r e  a l l  e d g e s . I f  23 i s  a  v e r te x  th e n  a  c o n n e c tio n

t o  an  edge o r  t o  v e r t i c e s  0 ,1 ,5 ,6  v i o l a t e  c o r o l l a r y  5*5, hence
3 1*(2 3 ,* 0 , and G c o n ta in s  a  c y c le  ( 0 ,1 ,2 )  d i s j o i n t  frcm  ^ g ) .

I f  36  i s  a  v e r te x  o b serv e  edge (3 6 , 2 ) and  G c o n ta in s  c y c le
p £

( 0 ,3 ,5 )  d i s j o i n t  frcm  (^  ^  )> h ence  (36,1*). U sing  v e r te x

5 € (0,1)-) i n  (^  ^  we Set  e i t h e r  (5 ,2 )  o r  ( 5 ,6 ) .  The
0 2fo rm er g rap h  c o n ta in s  c y c le  (1,1*,6) d i s j o i n t  from  (^ ^ )  and

th e  l a t t e r  c y c le  ( 0 ,2 ,3 )  d i s j o i n t  frcm  (1 ^ 5 ^ 3 6 ^* Thus |v (G ) | = 7 .

V e rtex  5 i s  c u b ic  in  a  3 - c y c le ,  (5 ,2 )  g iv e s  c y c le  (1,1*,6)
0 2d i s j o i n t  from  (^ ^ ) ,  hen ce  (5 ,6 )  and v e r t i c e s  5 ,6  a re  d e a d . 

L ikew ise  edge ( l , 3 )  g iv e s  c y c le  ( i* ,6 ,5 ) d i s j o i n t  from  (^ ^ )

hence  v e r t i c e s  0 ,1  a re  d ead . The o n ly  re m a in in g  edge a d d i t io n  i s  

(3,1*), and th e  r e s u l t i n g  g rap h  i s  s t i l l  p r o j e c t i v e .

F in a l ly  we have t h a t  0 and 1  m ust c o n n ec t t o  th e  same v e r te x ,  

g iv in g  th e  r i g h t  hand g rap h  o f  f ig u r e  5 . 8 . M oreover v e r t i c e s  0 and



1 a re  d ead . U sing  v e r te x  5 € (0,14-) c  ( °  ^  we g e t  t h a t

(0 ,5 )  and ( 4 ,5 )  a r e  e d g e s , n o t  a r c s  o f  G, (5 ,2 )  i s  an

edge o f  G, and v e r t i c e s  4 and 5 a r e  d e ad . V e rte x  3 6 (6 ,5 )
1 4 5

(0 2 g )  im p lie s  edge ( 3 ,4 ) ,  a  c o n t r a d ic t io n .



C h ap te r 6 

COMPLETION OP THE RESULT

§ 6 .1  D e r iv a t io n  o f  th e  103 Graphs

L et th e  s e t  o f  s p e c i f i c  g ra p h s  l i s t e d  i n  theorem  1 .7  he d e n o ted  

b y  I . e . ,  = (A.) ,A p, A^, ,  Bg, C-|, Cp, C j, Ĉ   ̂,D.j jD ^D ^., Dq,

E1 ,E 3 ,E 6,E 8 ,E 9,E 11 ,E l 8 ,E 19,E 2 0 ,E2 2 ,E 2 6 ,E2 7 ,E 1+2,F 2 ,F 4 ,F 6 ,G } . The g o a l  

o f  t h i s  c h a p te r  w i l l  be  theorem  6 .1  w hich  i d e n t i f i e s  {G* € l ( P ) l  

G1 G, G an  a r b i t r a r y  g ra p h  i n  <&). The r e a d e r  sh o u ld  r e c a l l  

t h a t  theorem  1 .7  (u s in g  th e  r e s u l t s  o f  c h a p te r s  2 ,3 ,h  and 5) showed 

t h a t  *  =  ^ ( p ) ,  th e  s e t  o f  m axim al g ra p h s  w ith  r e s p e c t  to  ^  . 

Theorem 6 .1  i d e n t i f i e s  th e  103 g ra p h s  in  th e  ap p en d ix  and co m p le tes  

th e  p ro o f  o f  theo rem  1 .1 ,  th e  m ain  r e s u l t .  However i t  sh o u ld  be  n o te d  

t h i s  c h a p te r  does n o t  depend on r e s u l t s  in  p re v io u s  c h a p te r s .  We 

exam ine p o s s ib le  s p l i t t i n g s  and d e le t io n s  o f  g ra p h s , in d e p en d e n t 

o f  I ^ ( P ) .  As a  c o r o l l a r y  we n o te  th e  f a c t  t h a t  no d i s t i n c t

e lem en ts  G^,Gg i n  & a r e  co m p arab le . T h is , t o g e th e r  w ith  theorem  

1 .7 ,  e s t a b l i s h e s  th e  g ra p h s  a c t u a l l y  a r e  m axim al, and hence

*  = i^ O p ).

Theorem 6 .1 . The s e t  {G 6 l ( P ) |  G1 ^  G, G 6 •&) c o n s i s t s  o f  

p r e c i s e l y  103  g ra p h s , l i s t e d  in  th e  a p p en d ix .
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P r o o f . We p a r t i t i o n  & i n t o  fo u r  s u b s e ts ,  = (A ^,A ,_,B yC y,D ^y),

H2 = f Cl ,C2 ,C:ia,DV D5 ,D12>E1 9 'E2 0 ^  H3 = fDl ' D9' El> E6,E8' E9,El l ,E26,

E27^e J|2,E 2 ,E 4 ,F 6^ ^  and = ^A2 ,B i ,E 3 ,E l 8 ,E2 2  ̂* Lemmas 6 .2 - 6 .4
<

e x h a u s t iv e ly  s e a rc h  f o r  GT •% G, G i n  and r e s p e c t i v e l y .

T h is  co m p le tes  th e  l i s t i n g  f o r  G* € l ( P ) ,  G' c o n ta in s  d i s j o i n t

k -g r a p h s .  = fG € >&\ G d oes n o t  c o n ta in  d i s j o i n t  k -g ra p h s } .

Lemma 6 .7  f in d s  = (G 1 € l ( P ) |  G' |  G G H^, G’ a *  -  source}.

Lemmas 6 .9 - 6 .1 6  e x h a u s t iv e ly  s e a rc h  f o r  g rap h s  — a g rap h  i n  H .s y

The com plete  s e t  o f  g rap h s  th u s  fo u n d  a re  l i s t e d  in  th e  a p p en d ix .
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§6 .2  D i s jo in t  k -g ra p h s

R e c a l l  a s  d e f in e d  i n  § 6 .1 . The g o a l o f  t h i s  s e c t io n  i s  t o  f in d  

a l l  G* 6 l ( p ) ,  G* ^  G f o r  some G € Jt, w here G c o n ta in s  

d i s j o i n t  k -g r a p h s .  Two g ra p h s  a re  com parable u n d e r ^  i f  and o n ly  

i f  e i t h e r  th e y  b o th  c o n ta in  d i s j o i n t  k -g ra p h s  o r  th e y  b o th  do n o t 

c o n ta in  d i s j o i n t  k -g ra p h s .  Thus, e q u iv a le n t ly ,  th e  g o a l o f  t h i s  

s e c t io n  i s  t o  f i n d  a l l  G1 6 l ( P ) ,  G1 c o n ta in s  d i s j o i n t  k -g ra p h s ,

G* ^  G f o r  some G 6

The r e a d e r  i s  a sk ed  to  r e c a l l  th e  d e f i n i t i o n  o f  an  e lem en ta ry  

* - d e r iv a t io n  f o r  G,G’ c o n ta in in g  d i s j o i n t  k -g ra p h s , d i s j o i n t

V
G ^  G1 p ro v id e d  G1 = S (G) and e i t h e r

a )  v j [  (Kj_ U Kg),

b )  v  € IL and th e  b i p a r t i t i o n  o f  edges in c id e n t  w ith  v  i n  th e

s p l i t t i n g  i s  { th e  edges o f  K^} U {edges n o t in  K^},

o r  c )  v  € K. = k0 ,  w ith  v  one o f  th e  v a le n c y  two v e r t i c e s  i n  K ..1 2 , 3  x
We s h a l l  c a l l  th e s e  ty p e  a , ty p e  b ,  and  ty p e  c s p l i t t i n g s  

r e s p e c t i v e l y .  The r e a d e r  i s  r e f e r r e d  t o  f ig u r e  1 .4  f o r  i l l u s t r a t i o n s .

Wo edge d e le t io n s  a r e  a llo w ed  i n  th e s e  s p l i t t i n g s .  Thus, f o r  

exam ple, any  s p l i t t i n g  w hich  c r e a te s  a  c u b ic  v e r te x  i n  a  3 -c y c le  i s  

n o t  a llo w ed  b y  lemma 1 .6 .

We c i t e  seme r e s t r i c t i o n s  f o r  ty p e  a ,  ty p e  b and ty p e  c

s p l i t t i n g s  may o c c u r . F or ty p e  a  s p l i t t i n g s ,  i f  v  i s  a  c u t

p o in t  o f  G th e n  Sv (G) may n o t  be  2 - co n n ec te d , o th e rw ise  th e  new ly 

c r e a te d  edge ( v , v ' ) w ould be  r e d u c ib le .  S im i la r ly  i f  th e  p a r t i t i o n
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on edges in c id e n t  w ith  v  c r e a te d  by  th e  s p l i t t i n g  i s  th e  same a s  

t h e  p a r t i t i o n  c r e a te d  by  v  b e in g  a  c u t  p o in t  th e n  a g a in  ( v , v ' ) i s  

r e d u c ib le .  F o r ty p e  b  s p l i t t i n g s  we need  a t  l e a s t  2 edges 

in c id e n t  w ith  v  w hich a re  n o t  p a r t  o f  th e  k -g ra p h  t o  w hich  v  

b e lo n g s . F o r any  s p l i t t i n g  we need  v a le n c y  (v ) >  4 . These c r i t e r i a  

s h a l l  be  a p p l ie d  in  upcom ing lemmas to  g r e a t l y  d e c re a se  th e  number o f  

s p l i t t i n g s  c o n s id e re d .

F in a l ly  b e fo re  p ro c e e d in g , [G € G ^  ][ k -g ra p h s}  b re a k s  

n a t u r a l l y  i n t o  th e  fo llo w in g  th r e e  s u b s e t s :

Hx = [G 6 M  G ^  k ^  j[ k^} = [A1 ,A5,B 3,C 7 ,D1 7 },

H2 = f G € ^ |  G ^ k j k g ^ ]  = [ C ^ C ^ C ^ D ^ D ^ D ^ E ^ E ,^ } ,

H3 = *-G 6 ^  G ^  k2 ,3  ^  k2 ,3  = ^Dl ' D9’ Er E6 ,E 8,E 9 'El l ’E26-’E2 7 'E42*

f2 , f v f 6 , g }.

Lemma 6 . 2 . L e t Hx = CA1 ,A 5,B 3 ,C 7 ,D1 7 ] .  Then {G* € l ( p ) |

Gf |  G, G € = Hx U fA3 ,Av Bg ,B 1 0 }.

P r o o f . We r e f e r  th e  r e a d e r  to  f ig u r e  6 .1 .  Graphs A^., C7 ,D^7

a re  a l l  * -  s in k s .

I f  G = B3 th e r e  a re  no ty p e  a o r  ty p e  c s p l i t t i n g s .  Up to

isom orphism  th e r e  i s  a  u n iq u e  ty p e  b  s p l i t t i n g ,  c r e a t in g  B0 . Any
o

ty p e  a  s p l i t t i n g  on Bg c r e a te s  a  cu b ic  v e r te x  i n  a  3 - c y c le .  The 

u n iq u e  ty p e  b s p l i t t i n g  g iv e s  B^q . B1q i s  a  *  -  s in k , so we have 

a l l  G’ |  B3 *
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I f  G = a v o id in g  a  c u b ic  v e r te x  in  a 3 -c y c le  g iv e s  a

u n iq u e  ty p e  a  s p l i t t i n g .  The r e s u l t i n g  g rap h  i s  A^. A gain 

t h e r e  i s  a  u n iq u e  (up to  symmetry) ty p e  a  s p l i t t i n g  y ie ld in g  A^, 

a  * -  s in k .  Thus we have a l l  G’ ^  A^, w hich co m p le tes  th e  p ro o f  o f  

th e  lemma:

□

'17
B.3

I

7

10

Figure 6 .1
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fG» € I ( P ) |  G* J  G, G €H 2 )=  Hg U { C ^ C ^ C ^ C ^ C ^ D ^ ^ ^ E ^ } .

P r o o f . We r e f e r  th e  r e a d e r  t o  f ig u r e  6 .2 .  G raphs and Eg0

a re  b o th  * -  s i n k s .

I n  g rap h  D ^,S ^ . ^  e<̂ Se (^>5) r e d u c ib le .  The only-

o th e r  ty p e  b s p l i t t i n g  c r e a t e s  a  c u b ic  v e r te x  in  a  3 - c y c le ,  hence 

D^ i s  a  * - s i n k .  I n  g rap h  D ^g ,S ^ . ^  h a s  edge (^>5) r e d u c ib le

so i s  a l s o  a * - s i n k .

I n  g rap h  E1Q t h e r e  a r e  no ty p e  a  s p l i t t i n g s  and any  ty p e  b 

s p l i t t i n g  c r e a te s  a  c u b ic  v e r te x  i n  a  3 - c y c le .  Both ty p e  c 

s p l i t t i n g  g iv e s  Eg^, a  • * - s in k .

I n  g rap h  Cg we n o te  th e  symmetry ( 1 2 )  u s in g  th e  l a b e l i n g  o f

f ig u r e  6 .2 .  The ty p e  b s p l i t t i n g  i s  u n iq u e  up  to  symmetry y ie ld in g

C^. I n  t h e r e  a g a in  i s  a  u n iq u e  ty p e  b s p l i t t i n g  g iv in g  C^.

There a re  no ty p e  b o r  ty p e  c s p l i t t i n g s  i n  CQ. The u n iq u e
y

u p  t o  symmetry ty p e  a  s p l i t t i n g  w hich  a v o id s  a  c u b ic  v e r te x  i n  a

3 -c y c le  i s  S ^ . ^  t h i s  s p l i t t i n g  h a s  (5 ,6 )  r e d u c ib le ,  so

i s  a  *  -  s in k  and we have a l l  G1 ^  Cg.

I n  th e  g rap h  th e r e  a re  o n ly  ty p e  a  s p l i t t i n g s .  R e c a l l  we

m ust a v o id  th e  c r e a t io n  o f  a  2 -c o n n e c te d  g ra p h . The two s p l i t t i n g s  

w hich  do n o t  c r e a te  a  c u b ic  v e r te x  i n  a  3-c y c le  g iv e  g rap h s  Cg and

Cg. Doing b o th  s p l i t t i n g s  g iv e s  c10> a  * -  s in k .

In  th e  g rap h  D  ̂ we n o te  th e  symmetry ( l  2 ) ( 3  ^ ) (5  6 ) .  T h is  

sym m etry shows th e r e  i s  a  u n iq u e  ty p e  b s p l i t t i n g ,  w hich  g iv e s  D ^ .
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In  th e r e  a g a in  i s  a  u n iq u e  ty p e  b s p l i t t i n g .  T h is  s p l i t t i n g

c r e a te s  a

□
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Figure 6 .2
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LemmajS^U. L e t H3 = { D ^ D ^ E ^ E ^ E g j E ^ E ^ E ^ E ^ E ^ F g j F ^ F ^ G } . 

Then (O’ € l ( P ) |  G’ ~  G, G G H^} =H3 U f E ^ E ^ E ^ E ^ E ^ E ^ E ^ ,

E 7 '  E 8 '  ^ i o *  i  *  F 1 2   ̂ *

P r o o f . E xam ining f ig u r e  6 .3  i t  i s  c l e a r  E2 6 ,E ^ 2 ,F 4 and ^  a re  

a l l  * -  s i n k s .

Graph ad m its  a  u n iq u e  up  to  symmetry ty p e  b s p l i t t i n g  on

v e r te x  1 ; how ever, th e  new edge ( l , l f ) i s  r e d u c ib le  g iv in g  E ^.

The g rap h  ad m its  a u n iq u e  up to  sym m etry ty p e  b s p l i t t i n g  on

v e r te x  1 ,  b u t  S^ . ̂  (D̂ ) \ s t (^ )  = E2 * ■I-n  a  s im i la r  m anner

S1 ; (2 j 3 ) ( e 8 ) \ ^ 5 )  = F2  and S1 ; (2 j 3 ) ( e i i M 4 ' 5 ) = V  111686 

e x h a u s t th e  p o s s ib le  ty p e  b s p l i t t i n g s .  T here a re  no ty p e  a  o r

ty p e  c s p l i t t i n g s ,  hence  D ^ D ^ E g  and Ein a re  * -  s in k s .

Graph E^y ad m its  a  u n iq u e  up to  sym m etry ty p e  c s p l i t t i n g  

y ie ld in g  Ego> a  * - s i n k .  The u n iq u e  ty p e  b  s p l i t t i n g  on E^y

i s  S l . 3 ) ( E2 7 ^ s ^ ^ ^  = We have a l l  G’ ^  E^y.

F o r th e  re m a in in g  g rap h  s p l i t t i n g s  t h e  r e a d e r  i s  r e f e r r e d  to  

f ig u r e  6 A ,

Graph E1  ad m its  a  u n iq u e  up  to  symmetry ty p e  a  s p l i t t i n g  w hich  

g iv e s  E2.6‘ A p p ly in g  th e  same p ro c e s s  a g a in  g iv e s  E^q, a  * - s i r i k .  

S in ce  n e i t h e r '  E^ n o r  E ^  have any ty p e  b o r  ty p e  c s p l i t t i n g s

we have a l l  G’ ^  E^.

Given g ra p h  Eg we n o te  th e  symmetry ( l  h ) ( 2  5 ) ( 3  6 ) .  T h is

symmetry shows th e  two ty p e  b  s p l i t t i n g s  b o th  g iv e  E ^ *  A ty p e  c

s p l i t t i n g  on Eg i s  b y  symmetry e q u iv a le n t  t o  a  s p l i t t i n g  o f  v e r te x  1 .



Any such  s p l i t t i n g  h as  a  r e d u c ib le  edge ( 4 , i )  f o r  i  = 7*8 o r  9s 

e . g . ,  S1 . (y 2 ) h a s  (^ s? )  r e d u c ib le .  I n  E ^  th e  u n iq u e  ty p e  b

s p l i t t i n g  g iv e s  E^g. Any ty p e  c s p l i t t i n g  h a s  th e  new edge ( v ,v * )

r e d u c ib le .  In  E^g th e  o n ly  s p l i t t i n g  p o s s ib le  i s  a  ty p e  a

s p l i t t i n g  on v e r te x  4 , o r  sy m m e tr ic a lly  v e r te x  1 . S^ . (2 3 ) ka s

edge (3**0 r e d u c ib le .  Thus E^g i s  a  *  -  s in k  and we have found

a l l  G* §  Eg.

G iven g rap h  EQ th e  u n iq u e  up to  symmetry ty p e  c s p l i t t i n g  g iv e s

E_n . The u n iq u e  up  t o  symmetry ty p e  c s p l i t t i n g  on E Q g iv e s  dy  dy

E^y, a- * -  s in k .  I n  e i t h e r  E^ o r  E£ ^ th e  u n iq u e  ty p e  b

s p l i t t i n g  g iv e s  a  r e d u c ib le  edge ( 1 ,2 ) .  Thus we have a l l  G* ^  E^.

Given g rap h  F^ th e  u n iq u e  ty p e  b s p l i t t i n g  i s  S1# (2 3 ) 

w hich  h a s  edge ( 4 ,5 )  r e d u c ib le .  The u n iq u e  ty p e  c s p l i t t i n g  

g iv e s  F10, a  * - s i n k .

G iven g rap h  Fg th e  u n iq u e  up t o  symmetry ty p e  b s p l i t t i n g

g iv e s  Frj and th e  u n iq u e  up t o  symmetry ty p e  c s p l i t t i n g  g iv e s

Fg . I n  Fg th e  u n iq u e  ty p e  b s p l i t t i n g  S ^ . (2 3 ) ^ as  

(4 ,5 )  r e d u c ib le .  S im i la r ly ,  th e  new edge in  any  ty p e  c s p l i t t i n g  

o f  Fy i s  r e d u c ib le .  A ty p e  b  s p l i t t i n g  on Fy g iv e s

each  ty p e  c s p l i t t i n g  on Fg g iv e s  F ^  • Both g ra p h s  a re  * -  s in k s

so we have found  a l l  G’ ^  Fg*
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Figure 6 .3
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§6.3  No D is jo in t  k -g ra p h s

R e c a l l  & and th e  p a r t i t i o n  IL ( i  = 1 ,2 ,3 .* ^ ) a s  d e f in e d  in  

§ 6 .1 . A lso  r e c a l l  ^  r e s p e c t s  th e  d icho tom y o f  l ( p )  d e te rm in e d  by 

th e  e x is ta n c e  o r  n o n e x is ta n c e  o f  d i s j o i n t  k -g r a p h s .  In  §6 .2  a l l  

g rap h s  i n  l ( P )  w hich c o n ta in  d i s j o i n t  k -g ra p h s  w ere d e te rm in e d .

In  t h i s  s e c t io n  o n ly  th o s e  g rap h s  i n  l ( P )  w hich  do n o t c o n ta in  

d i s j o i n t  k -g ra p h s  w i l l  be c o n s id e re d .

= f Ag, ■, ®2 2 ^ G ^  J[ k - g r a p h s ) . In  t h i s

s e c t io n  we s h a l l  f in d  a l l  G* € l ( P )  su ch  t h a t  G* ^  G, G € H^.

Note any  s p l i t t i n g  w hich c r e a te s  a  g rap h  c o n ta in in g  d i s j o i n t

k -g ra p h s  i s  n o t  a  r e l a t i o n  i n  ^  , and hence  n eed  n o t be c o n s id e re d

tow ards t h i s  g o a l .  We s h a l l  f i r s t  f in d  a l l  * -  so u rc e s  ( f o r  a

d e f i n i t i o n  see  §1 . 3 )> th e n  exam ine a l l  — d e r iv a t io n s  on th es

* -  s o u rc e s .

Lemma 6 . 9 . L e t be  a  * - so u rce  i n  l ( P ) .  I f  Hg i s  an

e le m e n ta ry  * - d e r iv a t iv e  o f  Gg th e n  Gg i s  a  * - s o u rc e .

P ro o f . By way o f  c o n t r a d ic t io n  suppose G2  f  Gl ’ w here Gg i s  

d e r iv e d  from  G^ by  a  s in g le  e le m e n ta ry  s p l i t t i n g  o p e r a t io n .  L e t

g2
en d en o te  th e  new edge c r e a te d ,  so t h a t  —  = G. . Note e ,  i s1  e^  1  ±

n o t in  a  3 -c y c le  o f  Gg, hence e1  i s  a l s o  in  Hg. D efin e

HPH_ = —  . We w i l l  show Hn € l ( P ) .1  en 1  v '
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F ig u re  6 .5

Suppose i s  p r o j e c t i v e ,  and l e t  cp be an  em bedding. L e t v

be a  cu b ic  v e r te x  c r e a te d  i n  S(Gg) w hich  f o r c e s  an  edge d e l e t i o n  i n  

c r e a t in g  H^. I f  v  € V(H^) i s  n o t  c u b ic  th e n  e ^  m ust be  in c id e n t  

w ith  v , y e t  t h i s  im p lie s  e1  i s  i n  a  3 - c y c le ,  a  c o n t r a d i c t i o n .

Thus u s in g  lemma 1 .6  we may e x te n d  cp to  cp ': S(G^) c  P . The 

em bedding cp' c o n t r a d i c t s  lemma 1 .4 ,  hence  i s  n o n p ro b jec tiv e .

L e t e be an a r b i t r a r y  edge o f  H^. By em bedding H^Xe c  p

and a p p ly in g  th e  c o n t r a p o s i t iv e  o f  lemma 1 .4  we g e t  H^Xe i s  p r o j e c t iv e .

Hp
The two p re c e e d in g  p a ra g ra p h s  show € l ( P ) .  S in ce  = — ,

H, — H0 w hich  c o n t r a d ic t s  i s  a  * - s o u rc e .1 s 2 2

□

Lemma 6 .5  say s  i n  o rd e r  to  f in d  a l l  * -  so u rc e s  we need  o n ly  

c o n s id e r  s p l i t t i n g s  o f  * - s o u rc e s .  L e t G be a  * - so u rce  in  

l ( P ) ,  ( a ,b ,  c )  a  3 -c y c le  i n  G. We o b serv e  S . /. \(G )X (b ,c )  =\Dj Cy
a  b

Sb :  ( a , c ) ( G^ a , c ) = Sc :  ( a ,b ) ^ G^ ^ b  ̂ = (GV a , h , c ) )  U ( Y  >■
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C all t h is  operation  a tr ia n g le  replacem ent. I f  ( a ,b ,c ) ,  ( a ,0 , l )  

are both 3 c y c le s  w ith  on ly  vertex  a in  common, and va len cy

This corresponds to  s p l i t t in g  v ertex  a and d e le t in g  two edges, 

(0 ,1 )  and ( b ,c ) .  ’

Rephrasing lemma 6 . 5, a l l  * - sources are generated from 

* - sources by tr ia n g le  replacem ents or double tr ia n g le  replacem ents. 

Note g iven  a candidate fo r  a double tr ia n g le  replacem ent, a s in g le  

tr ia n g le  replacem ent crea tes  a cubic v er tex  in  a 3 - c y c le .

Lemma 6 .6 . Let G, G' € l ( P ) ,  w ith  G* e ith e r  a tr ia n g le  

replacem ent or a double tr ia n g le  replacement o f  G. Suppose 

S (G) contains a red u cib le  edge e , e not in  a tr ia n g le  which i s  

rep laced  in  th e  crea tio n  o f  G '. Then e i s  red u cib le  in  S^CG*).

(a) = ^, then we may consider a double tr ia n g le  replacem ent.

F ig u re  6 .6
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P roof. Suppose G ,G ',e and v  are as g iven  in  the h yp oth esis, 

assume e i s  not red u cib le  in  Sv (G*) and embed Sv (G’ ) \ e c  P.

L oca lly  the v e r t ic e s  created in  the tr ia n g le  replacem ent look  as 

shown in  f ig u re  6 .7 .  In e ith e r  case we may extend the embedding to  

in clu d e the dotted  edges, g iv in g  Sv (G )\e c  P. This co n tra d ic ts  e 

red u cib le  fo r  Sv (g) . We note the con d ition  e i s  not in  a tr ia n g le  

rep laced  in  the crea tion  o f  G' i s  used only t o  be sure a corresponding  

edge e x is t s  in  G1.

□

Figure 6 .7

Lemma 6 .7 . Let = (A gjB ^E y E -^ E g g ]. Then (G* € l ( P ) )  G* ^ G, 

G €H 4 ;G ’ a * - source} = U f E ^ E ^ } .

P roof. We s h a ll  examine a l l  p o ss ib le  tr ia n g le  replacem ents. We 

r e fe r  t o  th e graphs as la b e led  in  f ig u re  6 .8 .

Graph Ag = K^\( jj- Kg), so up to  symmetry th ere are on ly  two 

types o f  tr ia n g le s ,  represented  by ( 1 ,4 ,5 )  and ( 0 ,1 ,2 ) .  R eplacing
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t r i a n g l e  ( 1 ,4 ,5 )  g iv e s  By, w here th e  new v e r te x  i s  la b e le d  "7 " . 

R ep lac in g  t r i a n g l e  ( 0 ,1 ,2 )  g iv e s  U ( ( l * 5 ) , ( 2 ,6 ) ) ,  hence i t  

does n o t  g e n e ra te  an  i r r e d u c ib l e  g ra p h . Thus By i s  th e  o n ly  

* - so u rce  w hich  i s  an  e le m e n ta ry  * - d e r iv a t iv e  o f  A^.

Graph By h a s  th e  sym m etries (2 3 ) (4  5 ) and ( l  5 ) (2  6 ) .  U sing  

th e s e  sym m etries th e  t r i a n g l e s  f a l l  i n to  4 e q u iv a le n c e  c l a s s e s ,  

r e p r e s e n te d  by  (3* 5 * 6 ), (2 ,3 * 6 ) , ( 0 ,1 ,2 )  and ( 0 ,2 ,3 ) .  R e p la c in g  

t r i a n g l e  (3*5*6) g iv e s  C^, w here th e  new v e r te x  i s  l a b e le d  "8 " , 

and r e p la c in g  (2 ,3 * 6 ) g iv e s  C^. U sing  lemma 6 .6  we see  r e p la c in g  

t r i a n g l e  ( 0 ,1 ,2 )  g iv e s  a g ra p h  w ith  (2 ,6 )  r e d u c ib le  and r e p la c in g  

( 0 ,2 ,3 )  g iv e s  ( 2 ,4 )  r e d u c ib le .

Graph h a s  th e  sym m etries ( l  4 ) (3  6 )  and ( l  3 ) (4  6 ) ( 7  8 ) .

The t r i a n g l e s  f a l l  i n t o  3 c l a s s e s  r e p r e s e n te d  by ( 2 ,4 , 6 ) , ( 0 , 1 , 2 )  

and ( 0 ,4 ,6 ) .  R e p la c in g  a t r i a n g l e  i n  th e  f i r s t  c l a s s  g iv e s  Dg, 

r e p la c in g  a  t r i a n g l e  in  th e  second  c l a s s ,  s ay  ( 0 ,1 ,2 ) ,  g iv e s  a 

g rap h  w ith  ( 2 ,6 )  r e d u c ib le  b y  lemma 6 .6*  and r e p la c in g  a  t r i a n g l e  

i n  th e  c l a s s  r e p r e s e n te d  by  ( 0 ,4 ,6 )  g iv e s  ' ^  Dy.

Graph Dg c o n ta in s  th e  symmetry ( l  2 3 ) ( 7  9 8 ) (4  6 5 ) .  The 

t r i a n g l e s  f a l l  i n t o  symmetry c la s s e s  r e p r e s e n te d  by  ( 1 ,2 ,3 )  and 

( 0 ,1 ,2 ) .  R e p la c in g  th e  fo rm er g iv e s  Eg and r e p la c in g  th e  l a t t e r

g iv e s  E U ( 0 ,4 ) .
5

Graph Eg does n o t  c o n ta in  a  t r i a n g l e .

Graph i s  a  6 w h eel w ith  v e r te x  7 a t t a c h in g  t o  a l t e r n a t i n g

rim  v e r t i c e s  1 ,4  and 5 and v e r te x  8 a t t a c h in g  t o  a l t e r n a t i n g

rim  v e r t i c e s  2 ,3  and 6 .  Thus a l l  t r i a n g l e s  a r e  sym m etric , r e p la c in g

( 0, 1, 2 )  g iv e s  lit ^ 7 *
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We have found  a l l  * - so u rc e s  G' w ith  G1 Ag.

Graph i s  K^Xcycle ( 1 ,4 ,3 ,6 ) .  The t r i a n g l e s  f a l l  i n t o  2

c l a s s e s ,  th e  f i r s t  r e p r e s e n te d  b y  ( 0 ,2 ,5 )  and th e  second  a  doub le  

t r i a n g l e  re p la ce m e n t r e p r e s e n te d  by  [ ( 0 ,4 ,6 ) ( 2 ,5 ,  6 ) ) .  R ep lac in g  

( 0 ,2 ,5 )  g iv e s  Eg U { ( l , 3 ) , ( 4 , 6 ) )  and th e  d o u b le  t r i a n g l e  r e p la c e 

m ent g iv e s  D^. N ote in  th e  l a t t e r  re p la c e m e n t v a le n c y  (6 ) = 2 ,  

hence  6 i s  n o t  la b e le d  a s  a  v e r te x  o f  Dg.

I n  Dg we have th e  sym m etries (2 5 ) and ( 1 3 ) .  T r ia n g le  

( 0 ,1 ,2 )  s h a re s  a  v a le n c y  4 v e r te x  w ith  ( l , 3 , 5 ) j  p e rfo rm in g  a  dou b le  

t r i a n g l e  re p la c e m e n t g iv e s  F ^ . By symmetry we have c o n s id e re d  a l l  

t r i a n g l e s  c o n ta in in g  e i t h e r  v e r te x  2 o r v e r te x  5- R e p la c in g  t r i a n g l e  

( 0 ,1 ,3 )  g iv e s  E^.

S in ce  E^ and F^ do n o t  c o n ta in  any  t r i a n g l e s  we have found  

a l l  so u rc e s  G1, G* ^  B^.

O bserv ing  Eg,E^g and E ^  a re  t r i a n g l e - f r e e  co m p le tes  th e  

p r o o f  o f  th e  lemma.

□



Figure 6 .8
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Lemma 6 .8 .  Let G, G' € l ( P ) ,  G' = S.. (G). Suppose S„ (G)
V1 2

contains a red u cib le  edge e . ,  where v  /  v .. . Then S__ (G’ ) a lso-L d -L Vg

has e^ re d u c ib le .

P roof. By way o f  co n tra d ic tio n  suppose S (G ') \e n ^  P. Applying
2 ±

th e co n tra p o sitiv e  o f  lemma 1 .4  we g e t S (G)\e_ cz v ,  con trad ic tin g
V2

e, red u c ib le . Note we need v_ £  v^ to  ensure S (G*) i s  w e ll
2

d efin ed .

□

Lemma 6 . 9 « Ag,By,C3,C^ and Dg are a l l  * -  s in k s . A lso  

fG €  I (P ) |  G ^  Eg} = {Eg,Ei r E3 8 }.

P roof. We la b e l  th e  graphs as shown in  f ig u r e  6 . 8 .

R eca ll^  Ag i s  ( 1 , 6 ) ,  ( 2 ,5 ) ,  ( 3 , 4 ) } .  S1; j U [ ( 4 , 5 ) } ,

Si :  ( 3 ,4 )  = d3 U f ( ° > 2 ) , ( l , 5 ) , ( 2 , 6 ) } ,  S0; (1̂ g ) = D1? U

{ ( 1 , 4 ) , ( 2 , 6 ) , ( 3 , 5 ) } ,  S0; = D 3 U { ( 2 , 4 ) , ( 3 , 5 ) , ( 4 , 5 ) } ,  SQ: ( 3 ^ )  =

E3  U { ( 1 , 2 ) ,  ( 2 , 6 ) ,  ( 6 , 5 ) ,  ( 5 , 1 ) } ,  and SQ: ( 3 ^ 5 ) = El 8  U

{ ( l , 2 ) , ( 2 , 6 ) , ( 3 , 5 ) , ( 4 , 5 ) } *  By symmetry t h is  exhausts th e  p o s s i b i l i t i e s .

Since every s p l i t t in g  contains red u cib le  edges Ag i s  a * - s i n k .

By contains th e  symmetries (2 3 ) (4  5) and ( l  5 ) (2  6 ) .  By 

lemma 6 .6  any s p l i t t in g  o f  v ertex  2 contains a red u cib le  edge,

by symmetry so does any s p l i t t in g  o f  3 and 6 . Any s p l i t t in g  o f  1
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c r e a t e s  a  c u b ic  v e r te x  i n  a  3 - c y c le .  By lemma 6 . 6  any  s p l i t t i n g  o f  

0 c o n ta in s  a r e d u c ib le  ed g e . Thus B^ i s  a l s o  a  * - s i r i k .

I n  Cg any  s p l i t t i n g  o f  1 c r e a te s  a  r e d u c ib le  edge by  lemma 6 . 6 .

By symmetry we need  n o t  c o n s id e r  s p l i t t i n g s  o f  3 ,4  o r  6 . By lemma 

6 . 6  any  s p l i t t i n g  o f  0 o r  2 c o n ta in s  a  r e d u c ib le  e d g e . Thus 

_ Cg i s  a  *  -  s in k .

As was o b se rv ed  i n  lemma 6 .7  «1 ~l v a le n c y  4 v e r t i c e s  o f  a re

s i m i l a r .  By lemma 6 . 6  we need  o n ly  c o n s id e r  S1 . (2  3 ) = D1 5  ^  ( ( ° , 5 ) ) *  

Any s p l i t t i n g  o f  0 c o n ta in s  a  r e d u c ib le  edge b y  lemma 6 . 6 ,  hence  

i s  a  * -  s in k .

I n  Dg n o te  v e r t e x  1  i s  s im i la r  t o  2 and 3 , an y  s p l i t t i n g  

o f  th e s e  v e r t i c e s  g iv e s  a  c u b ic  v e r te x  i n  a  3 - c y c le .  Any s p l i t t i n g  

o f  0  g iv e s  a  r e d u c ib le  edge b y  lemma 6 . 6 .

I n  Eg, 0  i s  th e  o n ly  n o n -c u b ic  v e r t e x .  Lemma 6 . 6  d oes n o t  a p p ly  

b e ca u se  th e  r e d u c ib le  edges i n  S0 (Dg) i s  i n  c y c le  ( 1 ,2 ,3 ) .  We n o te  

B0 . (4 5 ) anii S0 . (Ij. 5  6 ) ^ o th  c o n ta in  9 -g ra p h  J[ k -g r a p h .

S0 : ( 2 ,5 )  “  E1 7 ' S0 : ( 1 ,2 ,5 )  = E3 8 ' S0 : ( 2 ,4 ,6 )  = F9 U
By th e  symmetry shown in  th e  r i g h t  hand s id e  o f  f ig u r e  6 . 9  th e s e

e x h a u s t th e  p o s s ib le  s p l i t t i n g s .  Any a d d i t i o n a l  s p l i t t i n g s  o f  E ^

and E^g g iv e  a  s p l i t t i n g  o f  ®o* (4  5 ) c o n ta in  a

9 -g ra p h  d i s j o i n t  frcm  a  k -g ra p h , e x c e p t S__ ^v(E__)  = F_ U f ( 2 , 6 )} .
11 I^l^Oy If y

Thus we have found  a l l  G* € l ( P ) ,  G' — E_.
S c.

□
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F ig u re  6 .9

b

Lemma 6 .1 0 . (G € l ( P ) |  G |

P r o o f . We s h a l l  r e f e r  t o  th e  g rap h s  a s  l a b e le d  i n  f ig u r e  6 .1 0 .

Note B1  = KyXcycle ( l , 4 , 3 , 6 ) .  Any s p l i t t i n g  o f  v e r te x  1 c r e a te s  

a  r e d u c ib le  edge so b y  lemma 6 . 8  and symmetry we need  n e v e r  c o n s id e r  

s p l i t t i n g  v e r t i c e s  1 , 3 , ^  o r  6 . s 5 ; ( ^ 4 ) = \ >  s 5 ; (1 , 3 , 4 ) = B4>

and S ^ : (1 2 , 4 ) = B5 ’ We o b se rv e  S5 ; (0 , 2 ) = E3 U ( ^ 3 ) ,  ( 4 , 6 ) )

and S^.  (1 2 ) b a s  (1 ^2 ) r e d u c ib le ,  th u s  we n eed  n e v e r  c o n s id e r

th e s e  s p l i t t i n g s .  These s p l i t t i n g s  e x h au s t th e  p o s s i b i l i t i e s  i n  B^.

I n  Bĵ  i f  we s p l i t  5 a g a in  we g e t  Bg. I f  we s p l i t  a  second

v e r te x  in  Bg we g e t  a  g rap h  c o n ta in in g  C^. I n  B^ we can n o t

s p l i t  7 w ith o u t  a  fo rc e d  d e l e t i o n .  I f  we s p l i t  a n o th e r  v e r t e x ,  say
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2 , th e n  we m ust g e t  B^, e l s e  th e  g rap h  c o n ta in s  C^. S p l i t t i n g  

a l l  3 v e r t i c e s  g iv e s  B ^ .

I n  Bg i f  we s p l i t  7 we m ust g e t  e l s e  th e  g rap h  c o n ta in s

C^. S in ce  B^ ^  B^ we have a l r e a d y  found  a l l  g ra p h s  l e s s  th a n  

Bg. I f  we s p l i t  a  second  v e r t e x  we g e t  a  g rap h  c o n ta in in g  C^.

b 5
F i n a l l y  i n  g ra p h  B^ we n o te  "['} f cfj = hence  s in c e  we n eed

n o t  c o n s id e r  S^ we n eed  n o t  c o n s id e r  Sy. By symmetry we can n o t

s p l i t  v e r te x  5* I f  we s p l i t  a n o th e r  v e r te x  we g e t  e i t h e r  a  g rap h

"below Bg o r  B^ o r  we g e t  a  g rap h  c o n ta in in g  C^.

□
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B,B,

B,

B.11

Figure 6 .1 0



Lemma 6 .1 1 . (G £ l ( P ) |  G ^ D^} — (D3,Dg,D,^,Dg,D.^Q,D.jj^, D .^,D .j^, 

Dl 6 ,Dl 9 ^

P r o o f . We s h a l l  r e f e r  to  th e  g rap h s  a s  la b e le d  i n  f ig u r e  6 .1 1 .  We 

o b serv e  any s p l i t t i n g  o f  e i t h e r  v e r te x  2 o r  v e r te x  3 c r e a te s  a 

c u b ic  v e r te x  in  a  3 - c y c le .  By lemma 6 .8  we w i l l  need  o n ly  c o n s id e r  

s p l i t t i n g  v e r t i c e s  0 ,2 ,5 *  N ote th e  sym m etries (2 5 ) > 7)  and 

(1 3 ) .

Case 1 . G' |  S0 (D3 ) .

W ithout l o s s  o f  g e n e r a l i t y  in  s p l i t t i n g  0 we g e t  2 v e r t i c e s  

a d ja c e n t  to  0 . I f  th e  two a re  among th e  s e t  (1*2,3*5} th e n  we 

g e t  a  cu b ic  v e r te x  in  a  3 - c y c le .  Thus assume 8 i s  a d ja c e n t  to  0 . 

Sq . c o n ta in s  0 -g ra p h  d i s j o i n t  from  a  k -g ra p h , th u s

S0 : ( 8 ,1 )  = D8 1 s u n i ‘Ti e -

In  Dg n o te  th e  symmetry ( l  9 ) ,  t h i s  say s  we need  n o t  c o n s id e r

s p l i t t i n g  9 . I f  we s p l i t  a  second v e r te x  th e n  a v o id in g  a  cu b ic

v e r te x  i n  a  3 -c y c le  o r  a  9 -g ra p h  d i s j o i n t  from  a  k -g ra p h  we have

S2: (3A )  = E28 U ((5*7))  or Sg.

In  D ^  s p l i t t i n g  v e r te x  10 g iv e s  D ^ .  I n  Dg v e r te x  2 ,

and b y  symmetry v e r te x  7 , had  a  u n iq u e  s p l i t t i n g .  A pp ly ing  t h i s

s p l i t t i n g  to  v e r te x  7 in  D ^  g iv e s  D ^ .  The o n ly  p o s s ib le

g rap h  below  D ^  and D ^  i s  S^. = Fg U ( ( l j3 ) # ( 5 > 3 2 ) ] .

We have found a l l  G’ — S_(D _).s O' 3
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Case 2 .  G' — D„ w hich  do n o t  s p l i t  v e r te x  0 .----------  s 3

W ithou t l o s s  o f  g e n e r a l i t y  in  we c o n s id e r  s p l i t t i n g  v e r te x  5-

A vo id ing  a  © -graph d i s j o i n t  from  a k -g ra p h  im p lie s  e i t h e r

s5. (o^ii) = d6 or S5 * (1, 4 ) = dt '  In d6 we have the syrametry
(0  2 ) (5  7 )(4  8 ) shows we need  n o t  c o n s id e r  s p l i t t i n g  v e r te x  2 ,  o r

e l s e  we a re  in  case  1 . I f  we s p l i t  v e r te x  9 a g a in  i t  i s  e q u iv a le n t

to  s p l i t t i n g  v e r te x  9 in  from  w hich  i t  i s  seen  a v o id in g  a

9 -g ra p h  d i s j o i n t  from  a k -g ra p h  im p lie s  D-) ^ , o r  Thus we

have found  a l l  G’ — and a l l  G' <  D_ w hich  in v o lv e  s p l i t t i n gs o  — 3
e i t h e r  v e r te x  2 o r  5 i n t o  3 c u b ic  v e r t i c e s .  The o n ly  rem a in in g

p o s s i b i l i t y  i s  to  s p l i t  v e r te x  2 in  i n  a  m anner s im i la r  to

D3 s D7 ’ Si v l n S di 5 -

□
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th e n  th e  v e r te x  
la h e l in g s  a re  
c o m p a tib le .

Figure 6 .1 1



194

Lemma 6 .1 2 . (G € l ( P ) |  G — E^g) = (El 8 ,E 21 , ^*24,E 2 8 ,E 31,E 32 ,E 3 8 ^ *

P r o o f . We s h a l l  r e f e r  to  th e  g ra p h s  a s  la b e le d  i n  f ig u r e  6 .1 2 .

N ote E^g = ^ \ ( 0 , 4 ) ,  w ith  b i p a r t i t i o n  s e t s  (0 ,1 ,2 ,3 3 * (4 * 5 * 6 * 7 3 .

Up to  symmetry th e  o n ly  p o s s ib le  s p l i t t i n g  i s  S ^ . ^  ^ ) (e i 8 ) = e2 1 .

I n  we c o n s id e r  c o n tin u in g  to  s p l i t  v e r t i c e s  in  th e  b i p a r t i t i o n

s e t  ( 0 , 1 , 2 , 3 ) • S ^ . (g 7 ) (E2 i ) c o n ta in s  a  9 -g ra p h  d i s j o i n t  from  a

k -g ra p h . S in ce  6  i s  sym m etric  to  7 we have w ith o u t  l o s s  o f

g e n e r a l i t y  S3 ; ( i ^ 6 ) ( E2 1 ) = *£4 * I n  E24 S2 :  (4 , 6 ) and S2 :  (4 , 5 ) 

b o th  c o n ta in  J [  k -g ra p h s ,  hence Sg. ^  6 ) ^ E2 4  ̂ =  E31 d s  
We have e x h a u s te d  g rap h s  w hich  in v o lv e  s p l i t t i n g s  in  o n ly  one 

b i p a r t i t i o n  s e t .

I n  E3 1  v e r t i c e s  5 * 6 ,7  a 1 1  sy m m etric . S ^ , ^  U ( ( 8 ,7 ) )

and S,_. (0  1 )  = E9  ^  ( ( 3 * 6 ) )  show an y  s p l i t t i n g  c o n ta in s  a  r e d u c ib le  

ed g e . Thus we have found  a l l  g rap h s  w hich  in v o lv e  s p l i t t i n g  a l l  

3 v a le n c y  4 v e r t i c e s  o f  a  b i p a r t i t i o n  s e t .

I n  Eg^ o b se rv e  v e r te x  5 i s  sym m etric  w ith  6 . S ^ . (o 2 )  =

U ( ( 3 * 6 ) )  and S ^ ; (2 , 9 ) = F9  U ( ( 2 ^5 ^ *  symmetry we need  

n o t  c o n s id e r  s p l i t t i n g  v e r te x  7 . S^ . (0 2 ) = ^ 9  U ( ( 7 *8 )} and

S5* (0  l )  = E5 ^  ( (3 * 6 )} . Thus th e  o n ly  two s p l i t t i n g s  a r e  S ^ # ^  ^  

and S g # ^  ^ y  Doing one g iv e s  E ^ ,  d o in g  b o th  g iv e s  E ^g. We, 

have e x h a u s te d  th e  p o s s ib le  g rap h s  w here two v e r t i c e s  in  th e  same 

b i p a r t i t i o n  s e t  a r e  s p l i t .

I n  Eg^ we need  o n ly  c o n s id e r  a s in g le  s p l i t t i n g  o f  a  v e r te x  in  

th e  s e t  ( 4 ,5 ,6 ,7 3 .  S5 . (0 ^2 )(E2 1 ) = Egg, S5 ; ( 0 / 1 ) ( e 2 1 ) = U ( ( 3 , 6 )} ,
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S6: (0 ,2 )  = F5 U f (3 ,6 ) )  and S6; (o^g ) = Egg. These e x h a u s t th e  

p o s s i b i l i t i e s  by  symmetry, and com plete  th e  p ro o f  o f  th e  lemma.

□
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E18  ~ \ k ^ e

E,'21

E.E,

E,

0

E.

E

Figure 6 .12
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Lemma 6 .1 3 . (G 6 l (P ) |  G ^ E^) = { E ^ E ^ E ^ E ^ E ^ E ^ E ^ } .

P r o o f . The r e a d e r  i s  r e f e r r e d  t o  f ig u r e  6 .1 3 . N ote E3 = ^

w ith  0 ,1 ,2  th e  v a le n c y  5 v e r t i c e s .  W ithou t lo s s  o f  g e n e r a l i t y  

B0 . ^  = e 4* We s h a l l  f i r s t  c o n s id e r  G ~  E3 w here one

v a le n c y  5  v e r te x  i s  s p l i t  i n t o  3 cu b ic  v e r t i c e s .

In  E^ s p l i t t i n g  v e r te x  8 ,  up to  symmetry we need  o n ly  examine

S g . ^^(E ^) = E^.. I n  Ey symmetry shows th e  o n ly  two s p l i t t i n g s

" e S2: (3,5)(V  =F3 U f(1’4>) and S2: (3,6)(V  = El V

S10: (2 ,4 )^ 14^  = p3 u and s io :  ( 2 ,5 ) ^ 1 ^  = El 7 - Since
El 7  ^  Eg we know by  lemma 6 .9  E ^ , i s  a  * -  s in k .  I f  we s p l i t  th e

v a le n c y  5  v e r te x  in  Elif we have e i t h e r  S1 ;  ^  ^  U [ ( 7 >9 )}>

Sl*  7 ) = E5  ^  { (5 *8 )} , Sx . ^3 ^  c o n ta in s  a  0 -g ra p h  d i s j o i n t

from  a k -g ra p h  o r  S ^ . ^  ^  U f ( l ,  L-) 3. Thus we have a l l

G — E_ w hich  in v o lv e  s p l i t t i n g  a v e r te x  tw ic e .s i
I n  E^ i f  we s p l i t  v e r te x  2 we have by  symmetry S g . ^  ^  = E^q. 

From th e  above we need  o n ly  c o n s id e r  s p l i t t i n g  v e r te x  1 . S ^ . ^3 ^^ Ê]_o^

and (3 6 ) b o th  c o n ta in  0 -g ra p h  d i s j o i n t  from  a k -g ra p h .

Sl*  (3 5 ) ^ 1 0  ̂ = E31> whicl1 i s  a  * "  s in k  by  lemma 6 .1 2  S1 . ^  ^  

c o n ta in s  a  0 -g ra p h  d i s j o i n t  from  a k -g ra p h , S^ . ^  ^  U f ( 7 ^ 8 ) ) ,

Sl :  (5 , 6 ) = F5  U and  ^  y )  = U F3 ‘ 11:1115 we have

a l l  g rap h s  G1 ~  ®io*

□
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E

Figure 6 .13
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Lemma 6 . 1*1. {G € l (P ) J  G |  E ^  = { E ^ E ^ E ^ E ^ E - j ^ E - j ^ E g ^  

E 3 V E 3 9 , E l j - i ^  *

P r o o f . We l a b e l  th e  g rap h s  a s  i n  f ig u r e  6 . l 4 .  V iew ing

(2  ^ 8 ^ 1 ̂  V ^o"L5 ^ 6 ^  we see  S0 : (7 ,8 ) ^ E5^ = E7 ‘ ^  l “ a  6 .1 3  

we know fG 6 l ( P ) |  G ~  E^} = { E ^ E ^ E . ^ } . Thus we need  n o t c o n s id e r

t h i s  s p l i t t i n g  o f  v e r te x  0 . S in ce  SQ. ^  g^(E,_) and SQ. ^  g^(E ^) 

b o th  c o n ta in  0 -g ra p h  d i s j o i n t  from  a k -g ra p h  we w i l l  assume th ro u g h 

o u t t h i s  lemma 0 i s  n o t  s p l i t .  I n  E^ Si*  (3  1).) -H- ^ S ^ P h s  

and S1 . ^0 5 ) = E1  ^  f (O j5 ) 3 • Thus w ith o u t  l o s s  o f  g e n e r a l i t y  we

havE Sl :  t 4 , 5 ) (E5 ) = E12-

We s h a l l  f i r s t  c o n s id e r  g rap h s  i n  w hich  a  v a le n c y  5 v e r te x  o f  

E^ i s  s p l i t  i n t o  th r e e  c u b ic  v e r t i c e s .  I n  E ^  t h i s  co rre sp o n d s  

to  S^, S^ . ( o i )  = E1 5  on^  c h o ic e  by  lemma 6 . 8 . C le a r ly

s p l i t t i n g  v e r te x  2  once g iv e s  E ^ >  s p l i t t i n g  tw ic e  g iv e s  E ^ .

Thus we have a l l  g ra p h s  w here a  v a le n c y  5 v e r t e x  i s  s p l i t  tw ic e .

I t  o n ly  rem a in s  to  check S g fE .^ ) .  S2 * (3  6 )^ E12^ = E3^ and 

S2 :  ( ^ ,5 ) ^ 1 2 ^  = E33* ^  f u r t h e r  s p l i t t i n g  g iv e s  G* |  E ^  so

we a re  done.

□
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lemma 6 .1 5 . fG 6 l ( P ) |  G j  E ^ )  = f E g g j E g ^ E ^ E ^ E ^ E ^ E ^ } .

P r o o f .  We l a b e l  th e  g rap h s  a s  i n  f ig u r e  6 .1 5 .  E22

K_ A (  ( l , 6 ) ,  (2 ,7 ) ., (3> 5)j ( ^ 8 ) 3  w here th e  b i p a r t i t i o n  s e t s  a re  

( 0 , 1 , 2 , 3 ,4 )>  ( 5 , 6 , 7 , 8 ) .  Observe SQ; ^  c o n ta in s  d i s j o i n t  k -g ra p h s , 

by  symmetry we may assume th ro u g h o u t t h i s  lemma v e r te x  0  i s  n o t 

s p l i t .  A lso  b y  symmetry th e r e  i s  a  u n iq u e  s p l i t t i n g  o f  Ep p ,

S5 : (1 ,4 )  = E25*
I n  th e  v a le n c y  4 v e r t i c e s  a re  i n  two symmetry c l a s s e s ,

(7) and ( 6 , 8 ) .  N ote S ,̂. ( o , i ) ( E25^ = E34' S7: (0 ,3 )£ E25^ = E33 

and S^.. 4 ) ( E2 5 ) = * 5  U { C3,8 )} . By lemma 6 .1 4  we know

fG € I ( P ) |  g | e 33  o r  G |  E ^ }  = f E ^ E ^ E ^ E ^ } ,  so we need

n o t c o n s id e r  s p l i t t i n g  v e r te x  7 . S in ce  Sg. 2 )^ E25^ = F5 ^ £(^>7)} 

and Sg. 3  ̂(Eg^) = I\- U f ( l , 7 ) } ,  th e r e  i s  a  u n iq u e  s p l i t t i n g  on 

v e r te x  6 , by  symmetry th e r e  a l s o  i s  a u n iq u e  s p l i t t i n g  on v e r te x  

8 . S p l i t t i n g  one o f  th e s e  v e r t i c e s  g iv e s  E ^ ,  s p l i t t i n g  b o th  g iv e s

E „„ . S in ce  Eor, — E„_ th e  p r o o f  o f  th e  lemma i s  co m p le ted .
39 39 s  33

□
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Lemma 6 .1 6 . (G € l ( p ) |  G |  = { F ^ F ^ F ^ F ^ F ^ F .^ } .

P r o o f . L ab e l th e  g rap h s  a s  shown i n  f ig u r e  6 .1 6 .  We s h a l l  f i r s t  

f in d  { G € l ( P ) |  g | s 0 (F1 ) ) .  N ote SQ. c o n ta in s  a

9 -g rap h  d i s j o i n t  from  a k -g ra p h  hence up t o  symmetry th e r e  e x i s t s  

a  u n iq u e  s p l i t t i n g  o f  0 , SQ. ^  8 )^ F1^ = F5 ‘

I n  o b se rv e  Sg . (]_ lj.) c o n ta in s  a  9 -g ra p h  d i s j o i n t  from

Up t o  symmetry th e r e  i s  a  u n iq u e  s p l i t t i n g ,

Sg. ^  6 ) ^ 5 ^  = F9* Ver-tex 1  i s  sym m etric to  2 i n  F,_, b u t  th e  

two p o s s ib le  s p l i t t i n g s  o f  v e r te x  1  a r e  n o t  sym m etric  in

Sl :  (2 ,3 )^  V  = Fl ^  and Sl :  (2 ,5 )  = F13* S in ce  th e  ***
cu b ic  we have fo u n d  a l l  G Sq (F ^ ) .

I n  F1  we now n eed  o n ly  c o n s id e r  s p l i t t i n g  v e r t i c e s  1 and 2 .

Sg. (]_ 4 ) c o n ta in s  a  9 -g ra p h  d i s j o i n t  from  2̂ ^ 3 ^ 5 ^  S°

symmetry Sg. (1 j 5 ) ( f 1 ) = F3 i s  u n iq u e . Both S ^ F ^ )  g iv e  F^,

s in c e  F0  — Sn (Fn ) th e  p ro o f  o f  th e  lemma i s  co m p le ted .y  S vJ X

□
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C h ap ter 7 

CONCLUSIONS

In  t h i s  s e c t io n  we o f f e r  s e v e r a l  th eo rem s w hich fo llo w  from  our 

m ain  r e s u l t .  I n  §7 .2  we in v e s t ig a te  some p o s s ib le  r e s e a r c h  d i r e c t i o n s  

and g iv e  seme c o n c lu d in g  re m a rk s .

§ 7 .1  F u r th e r  R e s u l ts

Theorem 7 . 1 . I ^ P )  = fA1 ,A2 ,B 1 ,B 3 ,D9 ) .

P r o o f . R e c a l l  a s  d e f in e d  in  § 6 .1 . F o llo w in g  from  theorem  6 .1  

and theorem  1 .7  & = I ^ ( p )  . S in ce  ^  i s  a  co u rse  o rd e r in g  we know 

l “ (P) =  I > ) .  The p ro o f  o f  th e  theorem  b re a k s  i n t o  two p a r t s ;  

f i r s t  f in d in g  <  d e r iv a t io n s  f o r  G € I ^ ( P ) \ l ^ ( P ) ,  s e c o n d ly  showing 

(A j^A gjB .^B ^D ^} a re  in co m p arab le  u n d e r < .

For th e  f i r s t  p a r t  o f  th e  p ro o f  we r e f e r  th e  r e a d e r  to  f ig u r e s  

7 .1 ,  7 .2  and 7 .3 .  I n  th e s e  f ig u r e s  we have i d e n t i f i e d  each  g rap h  

in  I^ (P )  (e x c e p tin g  th o s e  c la im ed  in  i V ) )  a s  an  e le m e n ta ry  

d e r iv a t io n  o f  some o th e r  g ra p h . Thus we co n clu d e  I^ (P )  c

^ 2  * ®i* * ̂ 9  ̂  *

205
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Figure 7»2
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A v*:
5 : ( 0 ,4 )  \

5)

(0 ,4 )

0 : ( 3 ,6 ,7 )

1 : (0 ,4 )

4 : ( 1 ,2 ,5 ,6 )

0 : (1,2,

0 : ( 3 ,4 ,5 )

Figure 7-3



F or th e  second  p a r t  o f  th e  p r o o f  we need  t o  show each  o f  th e  5 

g rap h s  a re  m axim al. I t  s u f f i c e s  to  show th e  5 a r e  p a irw is e  incom

p a ra b le  u n d e r < . .As i n  th e  p ro o f  o f  lemma 1 .5  we s h a l l  u se  th e  

f u n c t io n  a  w h ich  a s s ig n s  t o  each  g rap h  i t s  v a le n c y  seq u en ce . We 

o f f e r  th e  fo llo w in g  o bv ious f a c t s :

1 )  G >  G* =» cr(G) >  o (G *) ,

2 )  G > G' =* p(G) >  p(G ' ) w here p(G) d e n o te s  th e  b e t t i  number o f

G.
Q o  ji

From th e  ap p en d ix  we have ct(A.^) = ) >  o’(B^) = (6 , k  ) >  ^(B g)

(62 ,4 ^ )  >  ct(Ag )  = (6 ,5 ^ )  >  CT(D̂ )  = From th e  c o n t r a p o s i t iv e

o f  l )  we im m e d ia te ly  co n c lu d e  6 I ^ ( p ) .  F o r g rap h  B^ we need

o n ly  check i f  i t  d e r iv e s  from  A^. S in ce  no s p l i t t i n g  o f  a  s in g le

v a le n c y  8 v e r te x  g iv e s  3 v a le n c y  6 v e r t i c e s  we con clu d e  

\  S t “ < P ). L ikew ise  we know ^  A^, s in c e  we checked a l l  

s p l i t t i n g s  o f  B^ (lemma 6 .1 0 )  we con clu d e  B^ € ^ ( p ) .  Graph 

Ag ^  A1 (Ag c o n ta in s  to o  many v e r t i c e s  o f  v a le n c y  >  *0 , l )  and 

2 )  combine t o  show Ag i s  n o t  com parab le  t o  e i t h e r  B^ o r  B^.

We n o te  ^  A^ s in c e  th e  o n ly  way t o  g e t  two v a le n c y  5 v e r t i c e s

i s  t o  s p l i t  th e  v a le n c y  8 v e r t e x .  The v a le n c y  5 v e r t i c e s  a re  

a d ja c e n t  i n  S(A^) b u t  n o t i n  D^. O bserve B1 c o n ta in s  4 v a le n c y  

4 v e r t i c e s  w h ile  D c o n ta in s  o n ly  2 .  Any s p l i t t i n g  o f  a  v a le n c y
7

4 v e r te x ,  o r  edge d e le t io n  o f  an  edge in c id e n t  t o  a  v a le n c y  1 

v e r t e x ,  was exam ined i n  lemma 6 .7 .  Such an  o p e r a t io n  d e c re a s e s  th e  

p number b y  2 , th u s  DQ ^  B.. . F i n a l ly  i n  g rap h  B_ s p l i t t i n g  a  

v a le n c y  6 v e r te x  c a u se s  2 edge d e l e t i o n s .  S p l i t t i n g  b o th  v a le n c y



6 v e r t i c e s  g iv e s  a  g ra p h  G' w ith  p(G ’ ) <  9* By 2 ) we co n clu d e  

D9 ^ B 3< Thus D9 6 A p ) and th e  p ro o f  o f  th e  theorem  i s  c o m p le te .

□

D efine  th e  K uratow ski co v er number o f  G, K(G), a s  th e  l e a s t  k

k  ps . t .  G = U H. , w here H. 6 l ( l r ) .
i = l  1 1

Theorem 7 . 2 . G 6 l ( P )  im p lie s  K(G) = 2 .

P r o o f . I t  i s  c l e a r  K(G) > 2 .  To show K(G) < 2  we check  th e  

103 c a s e s ,  w r i t i n g  each  g ra p h  a s  th e  u n io n  o f  tw o K uratow ski g ra p h s . 

We n o te  in  many c a se s  th e  u n io n  i s  e a sy , e . g . ,  G c o n ta in s  d i s j o i n t  

k -g ra p h s .  The g rap h s  a s  shown in  th e  ap p en d ix  em phasize th e  k -g ra p h s  

o f  G, in  each  case  th e r e  i s  a  c o m p le tio n  o f  th e  k -g ra p h s  t o  

K uratow ski g ra p h s  w hich  g iv e s  a l l  o f  G.
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§7 .2  Same R e la te d  Problem s

The r e a l  p r o j e c t iv e  p la n e  i s  p ro b a b ly  th e  l a s t  s u r fa c e  E f o r  

w hich  an  e x p l i c i t  l i s t i n g  seems r e a l i s t i c .  F o r exam ple, i t  i s  e a sy  

t o  v e r i f y  th e  number o f  o n e -c o n n ec te d  g rap h s  i n  l ( £ g )  i s  o v er 

4000 . However, many i n t e r e s t i n g '  q u e s t io n s  a b o u t l ( E )  rem ain  open . 

The fo llo w in g  a re  b u t  two w e l l  known u n so lv e d  p ro b lem s:

C o n je c tu re . | l ( S ) |  <  ® f o r  a l l  s u r fa c e s  £

C o n je c tu re . l )  G € l ( E  ) ^  K(G) = 2n  + 1 ,

2 )  G € l ( E n ) => K(G) = n  + 1 .

We n o te  th eo rem  7 .2  shows th e  second  c o n je c tu re  ( p a r t  2 )  i s  

t r u e  f o r  n  = 1 .

Of s p e c ia l  i n t e r e s t  in  l ( E )  a re  th e  m axim al g rap h s  and th e

th e  o th e r  han d , g iv e n  an  a r b i t r a r y  g rap h  we can  check i t s  genus by

* f o r  m in im al i r r e d u c i b l e  su b g ra p h s . C h a r a c te r iz in g  any  o f  th e s e  

s e t s  rem a in s  an  open q u e s t io n .

F in a l ly ,  g iv e n  G, G* 6 l ( E ) ,  G? <  G, w hat does S (G )\G ’ lo o k  

l i k e ?  Which edges a re  r e d u c ib le  i n  S(G)? The s e t  l ( P )  p ro v id e s  a  

p la c e  t o  i n v e s t i g a t e  th e s e  p ro b le m s .

m in im al g ra p h s . O bserve bound ing I A d  l a l s o  bounds | l ( E ) | . On 

s p l i t t i n g  ( in  1 p o s s ib le  w ay s) to  a  s e t  o f  cu b ic  g rap h s and lo o k in g



APPEHDIX

A 9 ( 8 , -̂3 ) m axim al Ag 7 ( 6 ,5 ^ )  m axim al 1 0 (6 ,

A^ 1 1 (41 1 ) (<Ag) A5 10 (41 0 ) (<AX) B1  7 ( 6 3 , b k ) m axim al

8 (62 , 5 , ^ , 3 )  (<B1 ) 8 (6 * ,b ° )  m axim al B^ 8 ( 6 ^ 2 ° )  ( ^'2  ,6 2 „6-

B 8 (6 2 ,^ 6 ) «&,_) B6 9 (62 ^ 5,3 2 ) « b4 ) By. 8 ( 6 ,53^ 3 , 3 ) « ^ )
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Bu  1 0 ( , 1 0 ) (<b ) c1 1 0 (7 , 41* ,3 P) (< 1̂ )  c2 9 ( < ? y S )  « b 3 );2 ,.3 >

C3 9 ( 6 ,5 , ^ , 3 3 ) (■<By) C4  9 (6 ,4 6 ,3 2 ) (<B? ) 1 0 ( 6 ,45 ,3 4 ) (<C2 )

C6  1 1 (6 , 4 \ - 3 6 ) (<CX) Cy 8 ( ^ , 4 ° )  (<2 ^ )  Cg l l ( 5 , 4 :3, 3 ;'’) (<&,_)=2 ,.6 5 ,5>

.6 „6 - ,5 ,6<C9  l l ( 4 7 ,3 4 ) (<C5 ) C1Q 0 2 ( 4 ° ,3 ° )  (<C6 ) 1 1 (4 ^ ,3 ° )  (<C1 )

D 1  1 0 ( 6 2 , 3 8 )  ( < C 2 )  D 2  1 0 ( 6 , 4 ' 3 , 3 d )  ( < c 3 )  D 3  8 ( 5 ^ , 4 s , 3 ° )  ( < & , _ )
3 , 6 ’ =3 ,,2 03 '



Dy 9 (52 ^ 3,3 4 ) (<D3 ) Dg 9 (5 2 ^ 3 ,3 4 ) (<D3 ) D9 1 0 ( ^ , 4 2 ,3 6 ) m axunal

D10 1 0 ( ^ , 4 2 ,3 6 ) (<D? ) 1 0 ( ^ , f c 2 ,3 6 ) (<D? ) 9 ( 5 ,^ 5 ,3 3 ) (<C? )
2 „6. ,5 o3-

D13 1 0 (5 ,44 ,3 5 ) (<D4 ) Du  1 0 ( 5 , ^ , 3P ) (<Dt ) D15 1 0 ( 5 , ^ , 3 ^ )  (<D? )^ o5>

Dl6  11(5,■^3,3 7 ) (<d15) d17 8 (4 8 ) (<Ag) Dl8  l l ( i+ 5,3 6 ) « d1 3 )



E6  i o ( ^ , 3 8 ) ( < d4 ) e ?  lo C ^ 2 ^ 8 ) (< E 4 ) E g  ioC^2 ^ 8 ) ( < e 5 )

E q  1 0 (5 A  , 3 ' )  (<EU) E . ft 1 0 ( 5 , 4 , 3  0  ( <E. )  E _ 1 0 (5 ,4  ,3  ) (<D-0 )

E ^  1 0 (5 ,'42 , 3 7 ) « E 5 ) e 1 3  1 1 ( 5 ,4 ,39 ) (< E 6 )  E l h  1 1 ( 5 ,4 ,3 9 ) « E 1 0 )
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E15 1 1 ( 5 ,^ ,3y ) ( < 5 ^ )  El 6  1 2 (5 ,3  ) C ^ )  E1? 1 2 (5 ,3  ) « B lU )

4 fv

El 8 - V Xe 8 (i.6 , 32 ) « b9 ) El g  9(l»5,3 4 )  « d3 ) e2Q 9 (l.5 / 31*) (<d )-*■1

e21 9(*5,3 4 ) (<ei 8 ) e 22 g ( k 5, 3 k ) (<o4 ) j^3 1 0 (1 (\3 S ) (<*19)

Es k  10 (bk , 3 6 ) « e £ 1 ) e 25 I0 ( it4 ,3 6 ) (<e2 2 ) e£6 lo ( i .k ,3 6 ) « e 2 2 )
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e 30 h (43 ,3 8 ) (<E2 6 ) e 31 h (43,3 8 ) (<eo1i) e 90 h (43, 3 8 ) « E o k )'2k '  32 *24 ■

E33 l l ( 4 3 ,3 8 ) « E ^ )  E ,k l l ( 4 3 ,3 8 ) (< £„„) E ,,, l l ( 4 3 , 3 8 ) « ^ „ )25

E36 12(42 ,3 1 0 ) « E „ )  E^?  12(42 ,3 1 0 ) (<Eo q ) E , r  12(b2 , 3 1 0 ) « E ^ )13 37 29 38 32 '

E39 32(42 ,3 1 0 ) (<E3 3 ) Ek0 1 3 ( 4 ,31 2 ) (<El 6 ) Ek l  1 3 ( 4 ,31 2 ) « E 3 9 )

E ^  32 O 3 2 ) ( < V  
m in im al

F1 9 (4 3,3 6 ) (<D3 ) F2  10(42 ,3 8 ) (<3^)
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Fk 10(42 ,3 8 ) (<EL_)Fq 10(42 , 3 8 ) (<Fn ) F,

F6 i o (42 , 3 8 ) (<e6 ) F? 1 1 ( 4 ,31 0 ) (<F6 ) Fg 1 1 ( 4 ,3 ^ )  « F 6 )10,

F9 1 1 ( 4 ,31 0 ) (<F5 ) F10 1 1 ( 4 ,31 0 ) (< f4 ) f u  1 2 ( 3 ^ )  («?*)

Fj2  1 2 ( 3 ^ )  (F1 0 ) 
m in im al

F13 I2 ( 3 1 2 ) « F 9 ) Fl k  1 2 ( 3 ^ )  (<F9 )

G 1 0 (31 0 ) (<F3 )
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