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Abstract

In this paper we consider two regular lattices with the cell repre-
sented in the figure 1, and we compute the probability that a segment
of random position and of costant lenght intersects a side of lattice. In
particular we obtain the probability determinated in the previous work,
then the Laplace probability.

Keywords: Geometric Probability, stochastic geometry, random sets, ran-
dom convex sets and integral geometry

1 Cell with obstacles rhombus.

Let R (a, b, m; ) be the regular lattice with the fundamental cell C((]l) is rep-
resented in the figure
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where m < (a,b) and a < 5 an angle. The obstacles are rhombus of two

different types.
We have:

2

area C'(()2) = 2absina — m”sin a. (1)

Considering a segment s of random position and of constant leght [ with [ <

m .
min (a —m,b— 5) and we compute the probabiltiy Pzgt) that this segment
intersects a side of lattice, then the probability that the segment s intersects

the side of the fundamental cell C{V.

The position of the segment s is determinated by his middle point O and
by the( gmgle @ that the segment forms with the side C'D of the fundamental
cell C§Y.

To compute the probability Pi(l) we consider the limit positions of the

nt
segment s for a determinated value of ¢ and let C((]l) () be the determinated
figure from these positions (fig. 2):
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From this figure we can write:

areaaél) (p) = areaC’(()l) +

— [areab; (@) + areabs (@) + ... + areabi; (¢)] . (2)

We have:

e (6%
|0102| = |E1E2| = 71 S1n 5, |BlBQ| = |F1F2| = M COS 5 (3)

From the figure
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follow that:

BTB\BQZW—O(, B/Bg\B4:g0, B/B4\B;3:Od—g0.
From the triangle B B3 B, we have

l _ | BB,| _ | BBs|
sina sing  sin(a— )’
hence
[sin (o — [ sin
BBy = S8 g, Loine
sin av sin av

and, as hy = |BBj3|sin ¢, we have

lh 1% si ' —
areaBB3;B, = - smg051.n (a SO). (4)
2 2sin o

Then, as

2
areaBB,B'By = mj sin

we have

Psinpsin(a —¢) m?sina

areaby () + areaby () = (5)

2sina 4
The figure:
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BiGiCh = BBy = a— .

then
hy = =sin (o — ).
Moreover we have

-
|B402|:a—%—\334|:a_@_ Sin ¢

2 sin o

and then

fig.5
We have:
L ™ « ™ «
GOOi=n-(3-3+¢) =515 ¢
hence
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Then, considering the relation (3), follow that

ml . « o
areaCyCyC3Cy = |C1Cy| - hy = - sin 5 cos <§ - ga) ) (7)

Moreover we have

m2
areaCyCyCs = 5 sin « (8)
and then
bi (o) = 2sin @ cos (£ = ) = s ()
areaby (p) = —-sin 5 cos (5 — ¢ g sina.

Replacing o with m — «, the figure by () diventa by (), hence

2

l
areaby = m? cos % sin <g + ga) " sina. (10)

2 8

Considering now the figure:

We have C’ﬁ)l\E’ = 2o and CTDl\D = ¢, hence

D/DE”:%V—@, m4:7r—2a+cp (11)
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and, then

E3E4E:7T—20é+(,0

and

o —

E4E3E =0 — Q.

The triangle EE3FE, give us

l _ |EEy| _ |E Es|
sina  sin(a—¢) sin(2a— )’
therefore
[sin (2c0 — [sin (o —
\EE:*)!:M, \EE4!:M.
sin o sin «
We have
h, = lsinm = [sin (2a — ) .
hence

1
areaEE3Ey = — |EEy| - hy = .
2 2sin

From here and from (8) follow that

l2 . _ . 2 _
areaby () = sin (« 2@? sin (2o — ) % na.
sin

The figure

fig.7

I%sin (a — ) sin (2a — )
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l
give us hy = 5 sin¢ and, then |C1D]| =b — %, we have

l
areabs (p) = (b — %) 3 sin . (16)

From the same figure 7 follow that

areabg (p) = |DEy4| - hg

Considering the relation (11) we can write:

l — l
he = 3 sinDiDEy = 3 sin (2a — ) .

Then, with the (13),

[si —
\DE,| = b— |EE,| = b @ =¢)
sin «
and therefore
Isin(a—¢)] [ .
— o= T i (20— o). 1
areabg (¢) lb o, } 5 sin (2a — @) (17)
The figure
FZ
1/2
Py e
h8
E3
e

fig.8



Laplace type problem

give us the possibility to compute areabs ().
Considering the relation (12), we have

—

EsFyFy = ByERE = o — o,

then

l — l
hg = 5 sin Fs ol = 5 sin (a — ).

From the relation (13) follow that

{sin (20 —
by —a— T | BEy| =g T G =0)
2 2 sin av

Hence

B m  Isin(2a—¢)| 1 |
areabg (p) = R - —sin (a — ).

fig.9

and, considering the (11), we have

m4:.m/D\E4:W—2a+@.

Then, considering the figure 3, follow that:

‘ABg‘:b—lBBg‘:b—w.

sin o

4057
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Moreover,we have:

m [ . I
|AF1|:b_§7 h102551n(204—(,0), hn:ésm(p.

Therefore
my\ [ .
areabyy = (b - 5) 5 sin (2a — ) (19)
and
[sin (o — [ .
areabyy (@) = {b - #] g sing. (20)

Replacing in the (2) the expression (5), (6), (9), (10), (11), (13), (14), (15),
and (20), we obtain

area@él) (p) = areaC’él) -
[ , my .
2 [Qa sin v + <2b — 5) sin Qa} cos p +

—|—% [2b+%— (2a —m) cosa — <2b— %) cosQa] :

sinp — 3 sin (2a — ) — 3 (21)

12 5m? sin av }
Denoting with M; the set of segments s that have the middle point in the
fundamental cell C(()l)and with N7 the set of segments s completely contained
in C’él), we have that :

Pl =1 M0 (2)

As in the previous paragraph we have ¢ € [0, a.
Therefore
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«

w(My) /dgp // dxdy = / [areaC’( } dp = aareaC( ) (23)
{c

z,y) C(l)} 0

and, considering the (21),

1 (N)) = /dgp // )}dxdy/[areac ()}dgpz

(z,y) GC(l) (¢

l
ozareaC'él) - {5 [Qa sin o + <2b — %) sin 2a] sin p—

[ m m
—2b+ — — (2a — —(2——) 2]~
2[b+ 5 (2a —m) cos a b 5 ) cos 20

12 S5m2sina ) |”
cosp — —cos2(a—p)— ——¢
1 8 .

ozareaC’(()l) - <{ [2@ sin o + <2b - %) sin 2@} sin a+

+ [Qb—l— % — (2a —m)cosa — <2b— %005204)} :

[ 1- 2 5masi
(1 —cosa)} 5 ZOS Q20 Oésm&) (24)
The relation (1), (22), (23) and (24) give us:
P = ! ({ [Qa sin o + <2b - @) sin 2a] sina+  (25)
Mt o (2absin a — m? sin ) 2

2b+%— (2a —m) cosa — <2b— %0052(1” (1 —cos&)}%
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1 — cos 2al2 5m?asin a)

4 8

For a = g, the fundamental cell began a rectangle with sides a and 2b and

with four square obstacles with side % and the probability (25) began:

5rm?

2(a+2b)1 — 12 —
7 (2ab — m?)

P =

Evidentement for m — 0 we have the Laplace probability:

2(a+20)1—[?
2mab '

P =

2 Cell with obstacles rhombus and circular sec-
tions.

Let Ry (a, b, m; ) be the regular lattice with the fundamental cell C’éQ) is rep-
resented in the figure

A
m/é32 F m/2
B
m/2 m/2
B,
1 F2
a—m a—-m
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fig.10
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where m < min(a,b) and a < g an angle. The four obstacles are two rhombus

and two circular sections.

We have:

m2sina m™m?
2 8

Considering a segment s of random position and of constant leght [ with [ <

area 0(54) = 2absina — (26)

min (a —m, b— %)and we compute the probabiltiy PZ(nQB that this segment
intersects a side of lattice, then the probability that the segment s intersects
the side of the fundamental cell Céz).

The position of the segment s is determinated by his middle point O and
by the angle  that the segment forms with the side C'D of the fundamental
cell C2.

To compute the probability Pz(jt) we consider the limit positions of the
segment s for a determinated value of ¢ let 5((]2) () be the determinated figure
from these positions (fig. 11):

fig.11

From here we can write:

areaa((]Q) (p) = areaC? —

laread; () + areads (@) + ... + aready; (¢)] . (27)
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We have:

ZQ : : . 9 .
aready () + aready (p) = areaby () + areabs (¢) = Sm%‘; ZI;S p) _m Zma’

[
areads () = areabs () = (a ~ 5 " na ) 5 sin (v — ),

areads (@) = areabs (¢) = <b — %) %sin o,

B B Isin(a —¢)] I .
areadg (p) = areabg (p) = [b - v} 5 sin (2a — ),

o m?
——i—gp) — —slna,

ml « (2 '

aready (@) = areaby (p) = 5 cosy sin

my | .
aready (@) = areabyp (p) = <b - 5) 5 sin (2a — ),

[ si — l
_ Isin goz 90)} ! np,
sin av

aready; (@) = areabyy (p) = [b 5

ml . « <04 ) ~ m® (a —sina)

aready (p) = areacy (p) = -5 sin Ses(5 v S )

?sin (2a — p)sin (o — )  am?

aread; () = areacy (p) = Tsna 3

areads (p) = areabs (p) = areacs () =

m  lsin(2a—¢)] [ |
G—E—v §SIH(04—Q0) (28)
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Replacing the (27) expression (28) , we obtain

2

~ [? sin © sin (d —p) m’sina
2 2 2 14
areaCé ) (p) = areaC’(() ) _ { oG ——
N m  Ising\ | ( )+ <b m) [ . n
a— — — —sin (o — — — ) —sin
2 sina ) 2 v 9 ) o PH¥

Isin(a—p)] 1 . ml o . [/«
e ] e B3+
—i—[b o } 251n(a ®) + 5 cosgsin( g +e)+

26 [ si — l
_misina (b— @) Esin(?a—gp)—i— {b— sm@ 90)] L sinp+
sin v 2

ml . « <a ) m? (a — sin @)
—sin—cos (= —¢ ) —
2 2 2 8

sin (2o — @) sin (o — )  am?
2sin« 8

+

+[a_@_w}. %Sin(a_¢)}:

2 sin «

l
areaC((]2) - { [Qa sin o + <2b — %) sin Qa} 5 c08 o+

l
+ [2b+ % — (2a — m) cosa — <2b— %) cosQoz] isingo—i-

'y sinpsin (o — ) m? } ' (20)

o 9 g
o A (o + 2sin )

Denoting with M, the set of segments s that have the middle point in the
fundamental cell Céz)and with N, the set of segments s completely contained
in the fundamental cell C(()Q), we have that :

p® _ 1 #(V2)

int L (MQ) ) (3())
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We have

«

w(My) /dgp // dxdy = / [areaC’( } dp = aareaC( ) (31)
{«

z,y) 60(2)} 0

and, considering the (29),

11 (V) / dy / / drdy = /a [areaC’ ()}d
{¢ i

z,y) 60(2) (¢

l
&areaCé2) - { [Qa sin o + (2() — 7;) sin Qa} 3 sin p—

l
— [Qb—i— % — (2a —m) cos o — <2b— %) COSQCM} §sin<p+

12 i -2
. sin (o S0>—|rg0(:osoz —m(p(ﬂ—sina)
2sin« 2

[
&areaCéz) - { [2@ sin o + <Qb — %) sin 204] 5 sin a+

l
2b+%— (2a —m) cosa — <2b— %) cosQa] 5(1 — cos )

2 2

T T

The relation (26), (30), (31) and (32) give us:

pe _ 1

nt . m2sina ™m?
o | 2absin o — —

2 8



Laplace type problem 4065

l
{ [2@ sin o + <2b — %) sin Qa} 3 sin o+

2b+@—(2a—m)cosoz— 2% — ) cos 2a l(l—cosoz)
[ 2 < 2) ]2

2 2
) (1 — actga) — ma

(7 — sin a)} . (33)

For a = T and m = 0, the fundamental cell began a rectangle with side a
and 2b and the probability (33) began the Laplace probability:

2 (a+2b)1 —I?
2mwab '

P =
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