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Summary

A detailed exposition on a refined nonlinear shell theory that is suitable for nonlinear limit-
point buckling analyses of practical laminated-composite aerospace structures is presented. This
shell theory includes the classical nonlinear shell theory attributed to Leonard, Sanders, Koiter,
and Budiansky as an explicit proper subset that is obtained directly by neglecting all quantities
associated with higher-order effects such as transverse-shearing deformation. This approach is
used in order to leverage the exisiting experience base and to make the theory attractive to
industry. In addition, the formalism of general tensors is avoided in order to expose the details
needed to fully understand and use the theory in a process leading ultimately to vehicle
certification.

The shell theory presented is constructed around a set of strain-displacement relations that are
based on "small" strains and "moderate" rotations. No shell-thinness approximations involving
the ratio of the maximum thickness to the minimum radius of curvature are used and, as a result,
the strain-displacement relations are exact within the presumptions of "small" strains and
"moderate" rotations. To faciliate physical insight, these strain-displacement relations are
presented in terms of the linear reference-surface strains, rotations, and changes in curvature and
twist that appear in the classical "best" first-approximation linear shell theory attributed to
Sanders, Koiter, and Budiansky. The effects of transverse-shearing deformations are included in
the strain-displacement relations and kinematic equations by using analyst-defined functions to
describe the through-the-thickness distributions of transverse-shearing strains. This approach
yields a wide range of flexibility to the analyst when confronted with new structural
configurations and the need to analyze both global and local response phenomena, and it enables
a building-block approach to analysis. The theory also uses the three-dimensional elasticity form
of the internal virtual work to obtain the symmetrical effective stress resulants that appear in
classical nonlinear shell theory attributed to Leonard, Sanders, Koiter, and Budiansky. The
principle of virtual work, including "live" pressure effects, and the surface divergence theorem
are used to obtain the nonlinear equilibrium equations and boundary conditions.

A key element of the shell theory presented herein is the treatment of the constitutive
equations, which include thermal effects. The constitutive equations for laminated-composite
shells are derived without using any shell-thinness approximations, and simplified forms and
special cases are discussed that include the use of layerwise zigzag kinematics. In addition, the
effects of shell-thinness approximations on the constitutive equations are presented. It is
noteworthy that none of the shell-thinness approximations appear outside of the constitutive
equations, which are inherently approximate. Lastly, the effects of "small" initial geometric
imperfections are introduced in a relatively simple manner, and a resume’ of the fundamental
equations are given in an appendix. Overall, a hierarchy of shell theories that are amenable to the

2



prediction of global and local responses and to the development of generic design technology are
obtained in a detailed and unified manner.

Major Symbols

The primary symbols used in the present study are given as follows.
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(see equation (53))
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shell bending and twisting stiffnesses (see equation
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matrices defined by equations (116) - (117)

linear deformation parameters defined by equations (8)
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distributions of the transverse-shearing strains (see
equations (3)), in.

work-conjugate stress resultants defined by equations (20c)
and (20d), Ib
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variation (see equation (90))

shell thermal coefficients defined by equation (109)
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maximum shell thickness divided by the minimum principal
radius of curvature

shell thermal coefficients defined by equation (108)

transverse-shear correction factors appearing in equation (B32)

matrices defined by equations (28) and (29)
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work-conjugate bending stress resultants defined by equation
(20b), in-1b/in.

applied loads on edge &, = constant (see figure 2), in-1b/in.
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reference surface, as depicted in figure 1
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surface boundary curve and fi, as depicted in figure 1
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work-conjugate membrane stress resultants defined by equation
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effective tractions defined by equations (59), psi
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applied surface tractions (see equations (32)), psi

dead-load part of applied surface tractions (see equations
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initial geometric imprefections, defined by equation (122d), psi
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transverse-shear stress resultants defined by equations (13),
1b/in.

work-conjugate transverse-shear stress resultants defined by
equation (20e), Ib/in.
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transformed, reduced (plane stress) stiffnesses of classical

laminated-shell and laminated-plate theories
(see equation (85a)), psi

shell stiffnesses defined by equation (103)

principal radii of curvature of the shell reference surface along
the §, and &, coordinate directions, respectively, in.

shell stiffnesses defined by equation (102)

applied load on edge &, = constant (see figure 2), Ib/in.
applied load on edge &, = constant (see figure 2), 1b/in.
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displacements of material points comprizing the shell reference
surface (see equations (3)), in.

displacements of shell material points (see equations

(3)), in.

known, measured or assumed, distribution of reference-surface
initial geometric imperfections measured along a vector normal
to the reference surface at a given point, in.

shell stiffnesses defined by equation (104)
shell stiffnesses defined by equation (105)

quantities defined as 1 + % and 1 + % , respectively, and

1 2

used in equations (89) and (99)
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quantity defined as z, +z, + %(Zz -z,) and used in
equations (89) and (99)

shell stiffnesses defined by equation (106)

transformed coefficients of thermal expansion appeaing in
equation (85a), °F"

transverse-shearing strains evaluated at the shell reference
surface (see equation (16c))

transverse shear function defined by equation (5g)

variations of the linear deformation parameters defined
by equations (23)

virtual strains appearing in equation (14b)
virtual membrane strains defined by equation (22a) and (53)

virtual transverse-shearing strains appearing in equation (22c)

virtual rotations of the shell reference surface about the & -, €,-,
and & -axes, respectively, defined by equations (23), radians
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external virtual work per unit area of shell reference surface
defined by equation (32a), Ib/in.

external virtual work per unit length of the applied tractions

acting on the boundary curve dA that encloses the region A
(see figure 1 and equation (33a)), 1b

external virtual work per unit length of shell reference surface

boundary defined by equations (33), 1b

internal virtual work per unit area of shell reference surface
defined by equations (19), 1b/in.

internal virtual work per unit volume of shell defined by

equations (14), psi

internal virtual work per unit length of shell reference surface

boundary defined by equation (47), Ib

internal virtual work per unit length of shell reference surface

boundary defined by equations (48), 1b

virtual displacements of the shell reference surface about the
E,-. §,-, and E,-axes, respectively, in. (see equation (27a))

shell strains defined by equations (5)

reference-surface normal and shearing strains defined by
equations (6) and (51)

changes in reference surface curvature and torsion defined by
equations (7), in’'

radii of geodesic curvature of the shell reference surface
coordinate curves & and &,, respectively, in.
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shell stresses, psi
parameter used to identify second-order terms in equations (100)
curvilinear coordinates of the shell, as depicted in figure 1

linear rotation parameters for the shell reference surface defined

by equations (4), radians
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linear deformation parameters defined by equations (8)
and (16b), in.”
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0,06 function describeing the pointwise change in temperature from
a uniform reference state (see equations (90)), °F

{ek}, {(:)k} thermal quantities defined by equations (88) and (92),
respectively
0A curve bounding area of shell reference surface (see figure 1), in.
Introduction

Classical plate and shell theories have played an important role in the design of high-
performance aerospace structures for many years. As a result, familiarity with these theories is
generally widespread throughout the aerospace industry, and a great amount of resources has gone
into validating their use in design. Perhaps the best-known classical shell theory is the one
attributed to A. E. H. Love"? that was re-derived by Reissner’ in 1941. This shell theory has
become known worldwide as the Love-Kirchhoff classical thin-shell theory. This particular shell
theory, as presented by Reissner, has some deficiencies that were later addressed by Sanders,
Budiansky, and Koiter** to obtain what is generally deemed as the "best" first-approximation
classical thin-shell theory. This shell theory was later extended to include the effects of geometric
nonlinearities by Leonard,” Sanders,’ Koiter,”"” and Budiansky." For the most part, these theories
are focused on shells made of isotropic materials.

As the need for improved structural performance has increased, new materials and design
concepts have emerged that require refined plate and shell theories in order to predict adequately
the structural behavior. For example, a sandwich plate with fiber-reinforced face plates and a
relatively flexible core, either of which may have embedded electromechanical actuation layers,
is a structure that typically requires a refined theory. Similarly, efforts made over the last 20 to 30
years to reduce structural weight or to enable active shape control have resulted in thin-walled,
relatively flexible designs that require nonlinear theories to predict accurately responses such as



buckling and flutter.

Many refined plate and shell theories have been developed over the past 50 or so years that
are classified as equivalent single-layer, layer-wise, zigzag, and variational asymptotic theories.
Detailed historical accounts of these theories are beyond the scope of the present study and can
be found in references 12-80. Each of these theories has its own merits and range of validity
associated with a given class of problems, and the choice of which theory to use depends generally
on the nature of the response characteristics of interest. For the most part, these theories have not
yet found wide acceptance in standard industry design practices because of the extensive
experience base with classical theories, the relatively limited amount of validation studies, and the
increased complexity that designers usually try to avoid. In general, validation studies associated
with stuctures made from exotic state-of-the-art materials are very expensive if experiments are
involved. Moreover, there are usually many more structural parameters that must be examined in
order to understand the design space, compared to the number of parameters that characterize the
behaviors of the more commonplace metallic structures.

The present study is concerned with the development of refined shell theories that include the
classical shell theories as well-defined, explicit proper subsets. Herein, the term "explicit proper
subset" means that the equations of a particular classical shell theory appear directly when all
quantities associated with higher-order effects, such as transverse shearing deformations, are
neglected. In contrast, the terms "implicit subset" and "contained implicitly" are used to indicate
cases where the equations of a particular classical shell theory can be recovered by using a
transformation of the fundamental unknown response functions. This interest in refined shell
theories that include the classical shell theories as well-defined, explicit subsets is motivated by
the need for design-technology and certification technology development that takes full
advantage of the existing experience base. For example, legacy codes used by industry that have
undergone extensive, expensive experimental validation over many years can be enhanced to
address issues associated with new materials and design concepts with a high degree of
confidence. Moreover, this approach appears to avoid undesirable computational ill-conditioning
effects.”’ Likewise, experience and insight gained in the development and use of nondimensional
parameters® ' to characterize the very broad response spectrum of laminated-composite plates
and shells can be retained and extended with the high degree of confidence needed to design and
certify aerospace vehicles. Furthermore, the development and use of nondimensional parameters
have a high potential to impact the development of scaling technologies that can be used to design
sub-scale experiments for validation of new analysis methods and for flight certification of
aerospace vehicles (e. g., see reference 147).

Of the many refined theories for plates and shells discussed in references 12-80, several are
particularly relevant to the present study.'**"” In an early 1958 paper by Ambartsumian,'* a
general equivalent single-layer, linear theory of anisotropic shells was derived that presumes
parabolic through-the-thickness distributions for the transverse-shearing stresses. Subsequent
integration of the corresponding strain-displacement relations is shown to yield expressions for
the displacement fields that include those of the classical theory of shells explicitly as a proper
subset. Six equilibrium equations are also used that involve the asymmetrical shearing and
twisting stress resultants that are obtained by integrating the shearing stresses across the shell
thickness. A similar derivation was presented later by Ambartsumian'®’ for shallow shells in 1960.
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Likewise, Tomashevski'® used a similar approach to derive the corresponding equations for

buckling of orthotropic cylinders in 1966.

In 1969, Cappelli et.al.'” presented equations for orthotropic shells of revolution that are
based on Sanders’® linear shell theory and that include the effects of transverse-shear
deformations. In those equations, the two rotations of a material line element that is perpendicular
to the shell reference surface are used as fundamental unknowns and, as a result, the
corresponding equations of classical shell theory do not appear explicitly as a proper subset. In
contrast, Bhimaraddi'” presented linear equations for vibration analysis of isotropic circular
cylindrical shells in 1984 that include parabolic through-the-thickness distributions for the
transverse-shearing stresses and contain Fliigge’s equations'”' as an explicit proper subset. It is
noteworthy to recall that Fliigge’s equations retains terms of second order in the ratio of the
maximum thickness to the minimum radius of curvature that is used in the shell-thinness
approximations.

Also in 1984, Reddy'” presented a linear first-order transverse-shear-deformation theory for
doubly curved, laminated-composite shells that extends Sanders’ original work® by including the
two rotations of a material line element that is perpendicular to the shell reference surface that are
used as fundamental unknowns and by introducing constitutive equations that relate the
transverse-shear stress resultant to the transverse shearing strains. Similarly, in 1985, Reddy and
Liu'” extended Reddy’s previous shear-deformation theory for doubly curved, laminated-
composite shells by including parabolic through-the-thickness distributions for the transverse-
shearing stresses. Like Cappelli et.al.,'” the equations in references 172 and 173 do not contain
the equations of Sanders’ shell theory as an explicit proper subset.

Soldatos'™'™ presented a refined shear-deformation theory for isotropic and laminated-
composite non-circular cylindrical shells during 1986-1992. This particular theory includes
parabolic through-the-thickness distributions for the transverse-shearing stresses and contains the
equations of Love-Kirchoff classical shell theory as an explicit proper subset. Additionally, only
five independent unknown functions are present in the kinematic equations, like first-order
transverse-shear deformation theories. In 1989, Bhimaraddi et al.'” presented a derivation for a
shear-deformable shell finite element that is based on kinematics that include parabolic through-
the-thickness distributions for the transverse-shearing strains in addition to the kinematics based
on the hypothesis originally used by Love."* Likewise, in 1992, Touratier' presented a
generalization of the theories discussed herein so far that combines parabolic through-the-
thickness distributions for the transverse-shearing strains and the classical Love-Kirchhoff linear
shell theory. Specifically, following his earlier work on plates (see reference 181), Touratier
appended the Love-Kirchhoff kinematics for shells undergoing axisymmetric deformations with
a transverse-shear deformation term that uses a somewhat arbitrary function of the through-the-
thickness coordinate to define the distributions of the transverse-shearing stresses. The
arbitrariness of this function is limited by the requirement that the corresponding transverse
shearing stresses satisfy the traction boundary conditions on the bounding surfaces of the shell.
This process yields general functional representations for the transverse shearing stresses, much
like that of Ambartsumian,'*'"'* that are specified by the analyst a priori. Moreover, by
specifying the appropriate shear-deformation functions, the first-order and refined theories that
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have uniform and parabolic shear-stress distributions, respectively, discussed herein previously
are obtained as special cases. Touratier'" ' also presented results based on using sinusoidal
through-the-thickness distributions for the transverse-shearing strains that are similar to those
used earlier by Stein and Jegley."* '™ A similar formulation for shallow shells was given by
Sklepus' in 1996, which includes thermal effects. Additionally, in 1992, Soldatos' presented a
refined shear-deformation theory for circular cylindrical shells that is similar to general
formulation of Touratier' but utilizes only four unknown functions in the kinematic equations
and also accounts for transverse normal strains. Later, in 1999, Lam et.al."™ determined the
vibration modes of thick laminated-composite cylindrical shells by using a refined theory that
includes parabolic through-the-thickness distributions for the transverse-shearing strains in
addition to the kinematics of classical Love-Kirchhoff shell theory. In 2001, Fares & Youssif'
derived an improved first-order shear-deformation nonlinear shell theory, with the Sanders-type
kinematics used by Reddy,'” that uses a mixed variational principle to obtain stresses that are
continuous across the shell thickness. A similar theory was also derived by Zenkour and Fares
in 2001 for laminated cylindrical shells.

190

Recently, Mantari et.al.” presented a linear theory for doubly curved shallow shells, made of
laminated-composite materials, that is similar in form to the derivation given by Reddy and Liu,'”
but uses the form of the kinematics used by Touratier™® in 1992 and discussed previously herein.
In contrast to Touratier’s work, the theory given by Mantari et.al. contains the linear equations of
the Donnell-Mushtari-Vlasov'” shell theory as an explicit proper subset. In addition, Mantari et
al. use a special form of the functions used to specify the through-the-thickness distributions of
the transverse-shearing strains that contains a "tuning" parameter. This parameter is selected to
maximize the transverse flexibility of a given laminate construction. A similar derivation, but
with an emphasis on a different form of the functions used to specify the through-the-thickness
distributions of the transverse-shearing strains was presented by Mantari et al.” " in 2012. Very
recently, Viola et.al."” presented a general high-order, linear, equivalent single-layer shear-
deformation theory for shells that contains many of the theories described herein previously as
special cases.

Several shell theories have been derived over the past 25 to 30 years that utilize layerwise
kinematics to enhance an equivalent single-layer theory without introducing additional unknown
independent functions that lead to boundary-value problems of higher order. In 1991, Librescu &
Schmidt" presented a general theory of shells that appends the kinematics of first-order shear-
deformation shell theory with layerwise functions that are selected to yield displacement and
stress continuity at layer interfaces. However, the traction boundary conditions at the top and
bottom shell surfaces are not satisfied. In addition, the theory includes the effects of relatively
small-magnitude geometric nonlinearities. In contrast, to a standard first-order shear-deformation
shell theory, this theory of Librescu & Schmidt has a twelveth-order system of equations
governing the response.

Later, in 1993 and 1995, Soldatos and Timarci””'* presented, and applied, a general
formulation for cylindrical laminated-composite shells, similar to that of Touratier,' that includes
five independent unknown functions in the kinematic equations and a discussion about
incorporating layerwise zigzag kinematics into the functions used to specify the through-the-
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thickness distribution of transverse shearing stresses. Similarly, in 1993 and 1995, Jing and
Tzeng"”*” presented, and applied, a refined theory for laminated-composite shells that is based
on the kinematics of first-order transverse-shear-deformation shell theory appended with zigzag
layer-displacement functions, and on assumed independent transverse-shearing stress fields that
satisfy traction continuity at the layer interfaces. A mixed variational approach is used to obtain
the compatibility equations for transverse-shearing deformations in addition to the equilibrium
equations and boundary conditions. Although, the theory captures the layerwise deformations and
stresses, it has only seven unknown functions in the kinematic equations, regardless of the number
of layers. In addition, the theory includes the exact form of the shell curvature terms appearing
in the strain-displacement relations of elasticity theory and in the usual, general definitions of the
stress resultants for shells. Likewise, in 1993, a general theory for doubly curved laminated-
composite shallow shells was presented by Beakou and Touratier™' that incorporates zigzag layer-
displacement functions and that has only five unknown functions in the kinematic equations,
regardless of the number of layers. Similar work was presented by Ossadzow, Muller, Touratier,
and Faye®*” in 1995. Moreover, Shaw and Gosling™ extended the theory of Beakou and

Touratier™ in 2011 to include non-shallow, deep shells.

In 1994, He*” presented a general linear theory of laminated-composite shells that has the
three unknown reference-surface displacement fields of classical Love-Kirchhoff shell theory and
two additional ones that are selected to satisfy continuity of displacements and stresses at layer
interfaces and the traction boundary conditions at the two bounding surfaces of a shell. Similarly,
Shu™ presented a linear theory for laminated-composite shallow shells in 1996 that also satisfies
continuity of displacements and stresses at layer interfaces and the traction boundary conditions
at the two bounding surfaces of a shell. Shu’s theory, however, contains the equations of the
Donnell-Mushtari-Vlasov'” shell theory as an explicit proper subset. In 1997, Shu™’ extended this
theory to include nonshallow shells, with the classical Love-Kirchhoff shell theory as an explicit
proper subset.

Cho, Kim, and Kim**presented a refined theory for laminated-composite shells in 1996 that
is based on the kinematics of first-order transverse-shear-deformation shell theory appended with
zigzag layer-displacement functions. In contrast to the theory of Jing and Tzeng,'” this theory uses
a displacement formulation to enforce traction continuity at the layer interfaces. In 1999, Soldatos
& Shu™ presented a stress analysis method for doubly curved laminated shells that is based on
their earlier work (e.g., see references 197, 198, 206, and 208), which includes five unknown
independent functions in the kinematic equations and two general functions that are used to
specify the through-the-thickness distribution of transverse shearing stresses. The two functions
that are used to specify the through-the-thickness distribution of transverse shearing stresses are
determined by applying the two equilibrium equations of elasticity theory that relate the
transverse-shearing stresses to the stresses acting in the tangent plane to obtain a system of
ordinary differential equations for the two unknown functions. This approach yields solutions for
the two functions in each shell layer. The constants of integration are determined by enforcing
continuity of displacements and stresses at layer interfaces and the traction boundary conditions
at the two bounding surfaces of a shell.

The present study is also concerned primarily with the development of refined nonlinear shell
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theories. Several previous works relevant to the present study are given by references 210-220 and
72. Specifically, in 1987, Librescu® presented a general theory for geometrically perfect, elastic,
anisotropic, multilayer shells of general shape, using the formalism of general tensors, that utilizes
a mixed variational approach to obtain the equations governing the shell response. These
equations include continuity conditions for stresses and displacements at the layer interfaces. In
his theory, the displacement fields are expanded in power series with respect to the through-the-
thickness shell coordinate, and then substituted into the three-dimensional, nonlinear Green-
Lagrange strains of elasticity theory. This step yields nonlinear strain-displacement relations with
no restrictions placed on the size of the displacement gradients, and it contains the classical "small
finite deflection" theory of Koiter” and the classical "small strain-moderate rotation" theory of
Sanders® as special cases. A wide range of refined geometrically nonlinear shell theories can be
obtained from Librescu’s general formulation, each of which is based on the number of terms
retained in the power series expansions. In 1988, Librescu and Schmidt*"' presented a similar
derivation for a general theory of shells, again using the formalism of general tensors, that uses
Hamilton’s variational principle to derive the equations of motion and boundary conditions. This
particular derivation did not yield continuity conditions for stresses and displacements at the layer
interfaces, and focused on geometric nonlinearities associated with "small" strains and
"moderate" rotations. Likewise, Schmidt and Reddy*"” presented a general first-order shear-
deformation theory for elastic, geometrically perfect anisotropic shells in 1988, following an
approach similar to Librescu and Schmidt, for "small" strains and "moderate" rotations that
includes uniform through-the-thickness normal strain. Their derivation also uses the formalism of
general tensors. Another similar presentation and an assessment of the theory was given by
Palmerio, Reddy, and Schmidt in 1990.*"*"* In contrast to the theory of Librescu and Schmidt,
the theory of Schmidt and Reddy utilizes a simpler set of strain-displacement relations which
neglects nonlinear rotations about the vector field normal to the reference surface. Moreover, the
dynamic version of the principle of virtual displacements is used to obtain the corresponding
equations of motion and boundary conditions. Furthermore, the classical "small" strain and
"moderate" rotation theories given by Leonard,” Sanders,’ and Koiter™" are contained in the
Schmidt-Reddy theory implicitly; that is, they can be obtain by using a change of independent
variables in the equations governing the response.

In 1991, Carrera® presented a first-order shear-deformation theory for buckling and
vibration of doubly curved laminated-composite shells that includes the Fliigge-Lur’e-Byrne
equations™® as an explicit proper subset. This particular set of classical equations for doubly
curved shells also retains terms of second order in the ratio of the maximum thickness to the
minimum radius of curvature that is used in the shell-thinness approximations. The geometric
nonlinearities used by Carrera are identical to those of the Donnell-Mushtari-Vlasov shell theory,
as presented by Sanders.’ In 1992 and 1993, Simitses and Anastasiadis®”*"* presented a refined
nonlinear theory for moderately thick, laminated-composite, circular cylindrical shells that
includes geometric nonlinearity associated with "small" strains and "moderate" rotations, like
that given by Sanders,’® and initial geometric imperfections. The theory is based on cubic through-
the-thickness axial and circumferential displacements and constant through-the-thickness normal
displacements, and neglects rotations about the vector field normal to the reference surface.
Moreover, the classical theory of Sanders® is contained as an implicit subset. Also in 1992,
Soldatos*"”’ presented a refined nonlinear theory for geometrically perfect laminated-composite
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cylindrical shells with a general non-circular cross-sectional profile. Soldatos’ theory presumes
parabolic through-the-thickness distributions for the transverse-shearing stresses and contains the
equations of Love-Kirchoff classical shell theory as an explicit proper subset. Additionally, only
five unknown independent functions are present in the kinematic equations, like first-order
transverse-shear deformation theories. The geometric nonlinearity correspond to the "small"
strains and "moderate" rotations of Sanders,* with rotations about the normal vector field
neglected. The equations of motion and boundary conditions are obtained by using Hamilton’s
variational principle.

Several years later, in 2008, Takano™ presented a nonlinear theory for geometrically perfect,
anisotropic, circular cylindrical shells. His theory uses the full geometric nonlinearity possessed
by the three-dimensional Green-Lagrange strains of elasticity theory, and the equilibrium
equations and boundary conditions are obtained by applying the principle of virtual work.
Moreover, the theory is formulated as a first-order shear deformation theory and, when linearized,
includes Fliigge’s equations'”" as an explicit proper subset. Takano’s work is similar to that
presented in 1991 by Carrera®” for doubly curved shells, but includes a higher degree of
nonlinearity in the strain-displacement relations. In 2009, Pirrera and Weaver” presented a
nonlinear, first-order shear-deformation theory for geometrically perfect anisotropic shells that
uses the rotations of material line elements normal to the reference surface as fundamental
unknowns. In their theory, the full geometric nonlinearity possessed by the three-dimensional
Green-Lagrange strains of elasticity theory is used and expressed in terms of linear strains and
rotations, and their products. Additionally, the equations of motion used in their theory are based
on momentum balance of a differential shell element, as opposed to being determined from a
variational principle. Moreover, the equations of motion are linear, which appears to be
inconsistent with a geometrically nonlinear theory.

The literature review given previously herein reveals a need for a detailed exposition on a
refined nonlinear shell theory that is suitable for nonlinear limit-point buckling analyses of
practical aerospace structures made of laminated-composites that utilize advanced structural
design concepts. A major goal of the present study is to supply this exposition. Another goal is to
focus on a shell theory that includes the classical nonlinear shell theories as explicit proper subsets
in order to leverage the exisiting experience base and to make the theory attractive to industry. To
accomplish these goals, the formalism of general tensors is avoided in order to expose the details
needed to fully understand and use the theory in a process leading ultimately to vehicle
certification. In addition, the analysis is simplified greatly by focusing on the many practical cases
that can be addressed by using principal-curvature coordinates. The key to accomplishing these
goals is the form of the strain-displacement relations.

The strain-displacement relations used in the present study are a subset of those derived in
reference 221, that are useful for nonlinear limit-point buckling analyses. These strain-
displacement relations are based on "small" strains and "moderate" rotations, and are presented
first, along with a description of the shell geometry and kinematics. Moreover, the strain-
displacement relations are presented in terms of the linear reference-surface strains, rotations, and
changes in curvature and twist that appear in the classical "best" first-approximation linear shell
theory attributed to Sanders*, Koiter’, and Budiansky.’ The effects of transverse-shearing
deformations are included in the strain-displacement relations and kinematic equations by using
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the approach of Touratier'™ in which the through-the-thickness distributions of transverse-
shearing strains are represented by analyst-defined functions. Additionally, no shell-thinness
approximations involving the ratio of the maximum thickness to the minimum radius of curvature
are used and, as a result, the strain-displacement relations are exact within the presumptions of
"small" strains and "moderate" rotations. This approach yields a wide range of flexibility to the
analyst when confronted with new structural configurations and the need to analyze both global
and local response phenomena. Next, the usual asymmetrical shell stress resultants that are
obtained by integrating the stresses across the shell thickness are defined, and the three-
dimensional elasticity form of the internal virtual work is given and used to obtain the
corresponding symmetrical effective stress resulants that appear in classical nonlinear shell theory
attributed to Leonard,” Sanders,® Koiter,”'* and Budiansky." Afterward, the principle of virtual
work, including "live" pressure effects, and the surface divergence theorem are used to obtain the
nonlinear equilibrium equations and boundary conditions. Then, the thermoelastic constitutive
equations for laminated-composite shells are derived without using any shell-thinness
approximations. Simplified forms and special cases of the constitutive equations are also
discussed that include the use of layerwise zigzag kinematics. In addition, the effects of shell-
thinness approximations on the constitutive equations are presented. It is noteworthy to mention
that none of the shell-thinness approximations discussed in the present study appear outside of the
constitutive equations, which are inherently approximate due to the fact that their specification
requires experimentally determined quantities that are often not known precisely. Lastly, the
effects of "small" initial geometric imperfections are introduced in a relatively simple manner,
and a resume’ of the fundamental equations are given in an appendix. Overall, a hierarchy of shell
theories are obtained in a detailed and unified manner that are amenable to the prediction of global
and local responses and to the development of generic design technology.

Geometry and Coordinate Systems

The equations governing the nonlinear deformations of doubly curved shells are presented
subsequently in terms of the orthogonal, principal-curvature, curvilinear coordinates (§,,§,,5,) that
are depicted in figure 1 for a generic shell reference surface A. Associated with each point p of
the reference surface, with coordinates (§ ,§,,0), are three perpendicular, unit-magnitude vector
fields 4, 4,, and f.The vectors 4, and 4, are tangent to the § - and &, -coordinate curves,

respectively, and reside in the tangent plane at the point p. The vector fi is tangent to the § -
coordinate curve at point p and perpendicular to the tangent plane. The metric coefficients of the
reference surface, also known as coefficients of the first fundamental form, are denoted by the
functions A (g.k,) and A (E.E,) that appear in the equation

(dS)ZZ(AldEI)Z'{'(Aszz)Z (D

where ds is the differential arc length between two infinitesimally neighboring points of the
surface, p and q. This class of parametric coordinates permits substantial simplification of the
shell equations and has many practical applications.
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Principal-curvature coordinates form an orthogonal coordinate mesh and are identified by
examining how the vectors 4, 4,, and fi change as the coordinate curves are traversed by an
infinitesimal amount. In particular, at every point q that is infinitesimally close to point p there is
another set of vectors 4,, 4,, and f with similar attributes; that is, the vectors 4 and 4, are

orthogonal and tangent to the & - and § -coordinate curves at q, respectively, and reside in the

tangent plane at the point q. Likewise, vector 1 is tangent to the §,-coordinate curve at point q
and perpendicular to the tangent plane at point q. Next, consider the finite portion of the tangent

A A

plane at point p shown in figure 1. Because of the identical properties of the vectors 4, 4,, and

f at every point of the surface, an identical, corresponding planar region exists at point q.
Therefore, the vectors 4, 4,, and fi at point q can be obtained by moving the vectors 4, a,,

and @i at point p to point q. In addition, the plane region at point p moves into coincidence with
the corresponding plane region at point q as the surface is traversed from point p to point q.
During this process, the plane region at point p undergoes roll, pitch, and yaw (rotation about the
normal line to the surface) motions. The roll and pitch motions are caused by surface twist
(torsion) and curvature, respectively. The yaw motion is associated with the geodesic curvature
of the surface curve traversed in going from point p to q. When a principal-curvature coordinate
curve is traversed in going from point p to q, the planar region at point p undergoes only pitch
and yaw motions as it moves into coincidence with the corresponding region at point q. Rolling
motion associated with local surface torsion does not occur. This attribute simplifies greatly the
mathematics involved in deriving a shell theory.

In the shell-theory equations presented herein, the functions R (€.g,) and R,(E.t,) denote
the principal radii of curvature of the shell reference surface along the &, and &, coordinate
directions, respectively. Similarly, the functions p,,(€.&,) and p,,(EE,) denote the radii of
geodesic curvature of the shell reference surface coordinate curves &, and &, respectively.
Discussions of these quantities are found in the books by Weatherburn®?, Eisenhart,” Struik,**
and Kreyszig.” These functions are related to the metric coefficients by the equations

11 A, ,
on - AA, O, (22)
11 oA, o
on  AA, 3, (2b)

Kinematics and Strain-Displacement Relations

The kinematics and strain-displacement relations presented in this section are special cases
of those given in reference 221. These equations were derived on the presumption of "small"
strains and "moderate" rotations. Moreover, no shell-thinness approximations were used in their
derivation. In the subsequent presentations, the term "tangential" refers to quantities associated
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with the tangent plane at a given point of the shell reference surface. In contrast, the term "normal"
refers to quantities perpendicular to the tangent plane at that given point.

The tangential and normal displacement fields of a material point (&,.&..&,) of a shell are

expressed in orthogonal principal-curvature coordinates as

Ul(%l’ g, Ez) =u, + %3[(()1 - CPCPZ:I + FI(EB)‘Y; (33)
Us(E0 &2 &) = U + B[ @u + 90, | + Fy(E:)y, (3b)
U.(1 8 8) = w - 240 + ¢2) (3¢)

where U, U,, and U, are the displacement-field components in the § -, § -, and & -coordinate

directions, respectively. The functions u,(£,, &) and u,(&,,&.) are the corresponding
tangential displacements of the reference-surface material point (£.&,0), and us(&.&,) is
the normal displacement of the material point (&.&..0). In addition, the functions @,(&.. &),

®,(€.&), and ¢(§.E&) are linear rotation parameters that are given in terms of the reference-

surface displacements by

u, 1 du,
cpl(%l,zz)=Rfl—Af]6§1 (4a)
u, 1 du,
¢:(E &) = R AR (4b)
_ l Lauz _ Lau, & &
9(85) =3 A 0E,  AL0E, Py Pn (4c)

The functions Fl(§3)y(1)3(§17 E) and Fz(%a)Y;(El, E,) define the transverse-shearing strains. In

particular, F,(€;) and F,(&) are analyst-defined functions that specifiy the through-the-

thickness distributions of the transverse-shearing strains, and are selected to satisfy the traction-
free boundary conditions on the transverse-shear stresses at the bounding surfaces of the shell

given by the coordinates (E . %) In addition, F,(§;) and F,(€;) are selected to satisfy the

conditions U,(&,, &, 0)=u,(&,&) and U,(&, &, 0)=u,(&,&). Thus, from equations (3) it
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follows that F,(0) = F,(0) =0.

The nonlinear strain-displacement relations obtained from reference 221 are given as
follows. The normal strains are

R W Y PR : 1 Ya
811(217 Eza 23) - (1 .\ %3)|:811(1 +12]) + E3K11 +F1(E3)Al (:)El _Fz(?é3)p“ (Sa)
_ 1 ° Es o Y_(l)3 LGY;
822(?@1’ 22’ E*) - - E 822(1 + Rz) + §3Kzz + FI(ES)pn + FZ(ES)AZ 622 (Sb)
R,
833(31’ &, §3) =0 (SC)
and the shearing strains are
%yl (1 + Ei) + (1 + 1%2) + E3Ki2|2 + 1331 + Ej +2T (&0 &2 &
VolEn & &) = - = (5d)
e )lR)
' §3 Fl E* o
V(e ge)= 1 o ‘F (a)(uR_l)_% v, (5¢)
)
1 ' E? FZ(E’) °
’Y23(§1s €, & ) = 1 E, ‘Fz (% )(1 + R_z) - R—2 Y23 (Sf)
)
where
3 1Y Vs 3 19 Y
2l = (1 + R_l) (€ )A_za_‘gz - 2(3«)p—zj + (1 + R_z) FZ(E‘)A_I ey + FI(E;)E] (5g)

18



From equations (5e) and (5f), it follows that Y13(§1, Ex 0) = FI'(O)Y; and
Y23(E1, &, 0) = Fz'(O)Y;- Thus, it is convenient to scale F,(€;) and F,(&:) to give
F,/(0)=F,(0) = 1. For this scaling, Y. and Y. are the transverse-shearing strains at the shell

reference surface.

In equations (5), €,,> €, and?Y,, are the reference-surface normal and shearing strains,

which are given in terms of the linear strain and rotation parameters e, €5, €1, @,, §,, and ¢ by

8?1(E1’§2) =e?1 +%[(CT1)2+(6T2+CP)2+CP?] (6&)
en(5.8) = b+ 2 (et - @) + () + o] (6b)
Vo8 &) = 2eh +eli(el - @) +eh(el + @) + 0., (6¢)

Likewise, the changes in reference surface curvature and torsion K, K,,, and 2K, caused by

deformation are given by

KM&@J=X1—§I (Ta)
k(e s) =i 1 70)
2Ki2(§|» Ez) = 2X?2 - e(l)z(RL + RL) (7C)

where Xi1» X»> and ), are linear strain parameters associated with bending and twisting of the

shell reference surface. The linear strain parameters are given in terms of the reference-surface
displacements and linear rotations by

1 aul u, U,
S BT Y 8a
A%E p, TR (8a)

el (& &)
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e(sn &) =4 222+§;+R2 (8b)
1 9u, 1 9u, u, u,
e AP W A W S (8c)
a 1 2
(s e) =g -0 (8d)

Xo(E1 E:) = A a§j+ \d

(8e)

22

199 o 199 @ (1T 1
XIZ(EI’ E ) A E o “ + A2 622 p22 (P(Rl RZ) (8f)

In these equations, e, e, and 2e', are recognized as the linear reference-surface strains given

by Sanders in reference 4. Likewise, X > X» and 2, are the linear bending-strain measures

given by Sanders.

To arrive at the particular form of the nonlinear strain-displacement relations used in the
present study, equations (5a), (5b), and (5d) are first re-arranged to get

o o 8(l)l lay(l)i Y;

1

£, (88 EzFW s.]+%3(K.1+R—I)+FI(%3)A—I e " EE)G] O
. . . Vs o,

2\ 21 52 - 822 Fl +F b

(5.8.8) (1+3) +§( 2)+ (z)pzz (%)A | D
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2V 2
Vol6 60 &) = - -
(1 - 3)(1 - 3)
R, R, (9¢)
© 1 g E%
§3(K1 4Y12 R_2 ) (1 + Ri) + (1 + Rz) + 21“12(%1, E E%)
+
(1 + E’) 1+ E‘)
R, R,
where the identity
g, &) _(1_ 1 3 g,
(RR) ‘(E‘E) 33(1*&)‘33(1*m)] (10)
has been used to obtain this particular form of these equations. As pointed out by Koiter,”*'’ terms

involving a reference-surface strain divided by a principal radius of curvature are extremely small
and can be added or neglected without significantly altering the fidelity of the strain-displacement
relations. Thus, it follows that

. g,
K+ =
R,
o 8(2)2 X(l)l 0
Ky + R_ =~ An = {X } (11)
’ 2%
1 o 1 1
2K, + 2Y]2 EI-FR—Z

and equations (9) reduce to

=1 gt Ta 12
811_ (1+§3) 811+§3X11+F(§ )A agl F2(§3)p“ ( a)
R,

822:— 822+§3X22+F1(§ )
(1 + %3) P
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Equations (12) and equations (5e) and (5f) constitute the nonzero nonlinear strain displacement
relations of the present study. The membrane reference-surface strains defined by equations (6)
are identical to those used by Budiansky'' and Koiter,” "’ and contain those used by Sanders® as a
special case. Likewise, as mentioned before, the linear bending strain measures defined by
equations (8d)-(8f) are identical to those used in the "best" first-approximation linear shell theory
of Sanders, Budiansky, and Koiter. In contrast to the linear bending strain measures used in
classical Love-Kirchhoff shell theory, those given by equations (8d)-(8f) vanish for rigid-body
displacements (see reference 4).

Stress Resultants and Virtual Work

In the classical theories of shells, two-dimensional stress-resultant functions are used to
represent the actual force per unit length produced by the internal stresses acting on the normal
sections, or faces, of a shell given by constant values of the reference-surface coordinates &, and
E,. On an edge given by &, = constant, the stress resultants are defined as

-
Nll Oy
N, £ O
M, ;= (1 +R3) g0, dg, (13a)
2
\\MIZI 23012
Qs ) O,
v 2

In these definitions, the middle surface of the shell is used as the reference surface, for
convenience. Likewise, on an edge given by &, = constant, the stress resultants are defined as

Az
N, O
N,, £ Oy
M, ;= (1 + RS) §,0,, ,dEg, (13b)
M22 f 1 $ésozz
Q. , O,
v-3
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where 0,, 0,,, 0,,, O,, and O,, are stresses and where, in general, h=h(g,, €)) is the shell thickness
at the point (€,&,) of the shell reference surface. Equations (13) show that the stress resultants
are not symmetric; that is, N, = N, and M, = M, , even though the stresses 0, = 0,,. As a result

of this asymmetry, constitutive equations that are based on equations (13) are typically more
complicated that the corresponding equations for flat plates.

To obtain symmetric stress resultant definitions that yield a simple form for the constitutive
equations, the internal virtual work is used. The internal virtual work of a three-dimensional solid
is given, in matrix form, in terms of the curvilinear coordinates used herein by

th
JJ J az"a(l " E)(l " E)d& A A dE dE, (14a)
~1h
A

" /0,, Og,, OV 1
el ol 1% \ZZ: /

where the superscript T in equation (14b) denotes matrix transposition and where A denotes the
reference-surface area of the shell. The functions 8¢, d¢,,, 0y,,, 0Y,,, 0Y,,, and Og,, in equation
(14b) are the virtual strains that are obtained by taking the first variation of the corresponding shell
strains. To obtain the form needed for the present shell theory, it is convenient to express the shell
strains given by equations (12), (4e), and (4f) in matrix form as

with

(15a)

1)l ){§;:}= Hr) (15b)

where
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2

2
0 e+ () + (e o) + ]

€1 5 )
(&) ={en)= eiﬁ%[(e?z—cp) +(e) +cp§] (16a)
le o o (8] o (8]
2et, + e\l - @) +eb(el + @) + @@,
199 P
AL9E, py
Xll
0 N 1 9, @,
= = ot — 16b
'} o AE o, (16b)
1 g, 1 d¢, L, 11
O f oo YR
A,98, A, 08, \Pu Pz R, R,
[v°\ = Jvis\
Y=\ (16¢)
and where
&;
(1+Rz) 0 0
[S.] = 0 (1+§3) 0 (17a)
0 R,
i, 5 g, 15 &)
0 0 2(1+R1)+(1+R2)+2(R2 R,
E;
1+f2 0 0
[s.]=¢, 0 1+ 0 (17b)
e S id4 5
0 0 2(1+R1)+2(1+R2)
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F(g) O
[Sz]:(1+—3) 0 0
Yl 0 Fjg)
. 0 0
[s3]=(1+R3) 0 Fle)
V|F(e) 0
F2(§3) E.@
0 " hn (HRz)
[S.]= FgES) 1+E3) 0
F1(§3)(1+§3) _FZ(ES)(Has)
P . P R,
(1+§3)F'(§)1+§ -—Fl(g) 0
R,/ R R,
[5:]= : :
0 (1 - 1)[F2 (Ez)(l + Ez
Taking the first variation of equations (15) gives
£ g
(1 + R)(l + R) gen [S,]{0e"} +[S,]{dx"}
\

+ [Sz]A—]a—El{f’Yo}

1

R,

2

d

OV

N

Es){ﬁvm} =[S:]{5v")

+[S.J5 g tor) +[S.]for)

(17¢)

(17d)

(17e)

(17%)

(18a)

(18b)

Next, substituting equations (18) into equations (14) and performing the through-the-thickness
integration yields the internal virtual work as
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fj O A A,dg dg, (19a)
A

570, = (7} (0e") + (7} (o) + (7.} 2

with

where

=1 s ozz\\d& (20a)
f_h \012/
2
%
7;‘{11 011
%zz} EJ [Sl]T{Ozz\dE3 (20b)
%12 _h 012}
2
h
7 0.'ll
(7} = {;} = [SZ]T/% dE, (20c)
» B \ o
2

(7.} = {;} EJ [Ss]T{g;;}da (20d)

(2)={201 - J [s4]T{§;}da . f [ 90 e 200)

are defined as work-conjugate stress resultants. The relationship of these quantities with those
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defined by equations (13) are

%11
7,
27,
.,
oy,
27,

N11
sz
- RLI)(MIZ - M2|)

1
R,
Mll
M22

M, + M,

1

N12+N21+2

21

which are identical to the effective stress results first defined by Sanders.* The virtual reference-

surface strains are given by

o
og

o
0¢,,

3,

(oc') =

oy
e
82y,

(1+el,)de], + (el + @)del, + @O, + (e}, + ¢)d¢

(1 + egz)éegz + (e?z - (P)ée?z + ({326CP2 - (e?z - cp)écp

where the variations of the linear deformation parameters are given by

(22a)
(e?2 - cp)ée‘f1 + (el + @)des, + (2 +el + e;’z)ﬁe?z
+ @00, + @09, + (622 - eTl)&P
1 909, _ 0,
A, 0E, Pu
1 959, o9,
A, 0E, © pa (22b)
1 90, 1 90, (Bcp, 6cp2) 1 1
A, 08, A, 9§, " P Pa +o9 R, R,
° _/6Y(1)3\
{57 } ~\ova (22¢)
: _ 1.9 du,  du,
de!\ (&1 &) = AE ot R (23a)
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o 1 86112 6u1 61,13
d LE ) =—
(508)= T Tl TR,

o 1 9du, 1 90u,  du,
28¢",(5,, &) = du, _
elz(E Ez) A2 8%2 + AI a%] + o

6u] 1 aéu;

6(P1(E|a Ez) = Ril - A71 9E.
du 1 9du

d 1 S2) = 2 — :
o.(E &) RA

_1f_1 90w, g 9du,  du,
6(‘)(%"%2) - 2(A1 aEl Az aEZ " p11

From these expressions, it follows that

Pu R,
1 0du,

1 Pu

o =[%+ elﬁ_q}]am . du, + e, du, + (1 +eTl)_

ou,
p22

du
+ 2

P

2

1 9du,

A1 a%l
1 9du,

+ (e, + o)

Al a%l _(plAl a%l

o _1+e P, €n-@ 1+e; o | 9du,
d¢,, = 2§ 1 X2 12 S 2 Su. + e’ 1
) 2 [RZ P2 ] ’ 2 ’ ( ’ (p)Az 0,
oy 1 00u, 1 9du,
+ |1+
( ezz)A2 GEZ A2 a%z
o S + o o o +
6Y12= P 1+622 CoT® 6111 + @ Cn=® _ 1+e“ o) ) Cp— Q@ + Cp T Q@
R, P P2 R, Py P2 R, R,
0 ddu o adu . odu
+(C]2—CP)L—I+(]+QH)L I'i‘(1+€22)L :
A, 08, A, 98, A, 98,
+ (el + )L ddu, 1 9du, 1 adu,
€ - -
: v A2 aE2 cpzAl (:)El cplAz agz
and
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60—Liié _,_LL(%UI L6u2+i 1 0du, 1 0 [ 1 9du, 55
= AR T RA G, py R, p, A 98 A E A, 0g, | 2
. 1L du, 1 a1 1 {ddu, 1 1ddu, 1 9 ( 1 86u3)

O = — — + ———| — |Su, + - - 25b
2T 0l R, Aza‘gz(Rz) YROA, 95 puA, 08, A,0E\A, 05 | (D)

Colra N 1 a1 N

82y, = | — A fou | - s

A A26§2(R1) 2p11(R R) ! A]aE](RZ) 2p22(R R) e

+1(3__) 1 90u, N 1(3__) 1 90u, L(La6u3) 250)
R, R,/A, &, R, R,/A, 98, pu|A, oE,
+_( 1 86u3)_ 1 ( 1 66u3)_ 1 9 ( 1 86u3)
Pn\A, 95, | A,9E,| A, 98, | A, 9E,| A, 95,

Equation (22a) is now expressed in matrix form as

1
o\ _ [ &)
(") =[] (3u) + [d,] 2 (du) + ] 2 (ou) 26)
where
/6111\
{du} = { du, (27a)
\éuJ
P, Cnt _ltel l+e)
Rl pll pll Rl
[(10]= 1 +ezz &_ elz_(p 1 +622 (27b)
p22 R2 p22 RZ
ﬂ_l_l"'e;z_l_e(;z"'q) &_e(l;_(p_l-'_e(l)l e(l)z_(P_'_e(l’z'i'cP
Rl pll p22 R2 pll p22 l{l RZ
I+ € €rt+Q - ¢
[dl] = 0 0 0 (27¢)
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0

0 0
[dz] = e(1)2 -0 I+ CZZ - ¢,
L+ e(1)1 eTz +¢ —-@

Likewise, equation (22b) is now expressed in matrix form as

() = (ou) + ] - fou) + [k - 2(ow)

Jd 1 J Jd 1 i)
k k
-1 “JA €, (A ag{ﬁ“f) [ 1“A €, (A agz{au})
d (1 9
P N 0 R F
-k A 9E, (A 510 >) [k AZGEZ(AZGEZ{ “})
where
1 d 1 1
Alagl Rl p11R2
1 1 0 (1
k,] = =
[ 0] P Azagz(Rz)
Loty a1 1 191 1 [ 1
AZGEZ Rl 2'pll R2 Alagl RZ 2p22 Rl
1
— 0 0
R,
1
[kl]: 0 0 —E
if3_1)y _ b
0 2(R2 RI) Pu
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(274d)

(28)

01 (29a)

(29b)



1
0 0 —
p]]
1
[k.] = 0 R 0 (29¢)
13 _ 1 1
2(R| RQ) O p22
ko] ‘001
ku =000 29d
000 (25d)
] 000
k,|=[000 )
2 001 (96)
] 000
=001 29
1000 (290

Equilibrium Equations and Boundary Conditions

Equilibrium equations and boundary conditions that are work conjugate to the strains
appearing in equations (15) are obtained by applying the principle of virtual work. The statement
of this principle for the shells considered herein is given by

870, A A dE dE, = 8%, A AEGE, + | 87, ds (30)

A A 0A

where 82, is the virtual work of the internal stresses and 82/, is the virtual work of the external
surface tractions acting at each point of the shell reference surface A depicted in figure 1. The

B
symbol 82/, represents the virtual work of the external tractions acting on the boundary curve

dA that encloses the region A, as shown in figure 1. The specific form of the internal virtual work
needed to obtain the equilibrium equations is obtained by substituting equations (26) and (28) into
equation (19b). The result of this substitution yields
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520,= ((7)[a,) + {7 Tk, ] {ou)
() [a ]+ (m [k]) { } +((2)'[a.] + () [k])la{6u>

l

1 a{élI} 1 8\611/
%)l a& A, O, ) ) Tl a% A, O, G
Jd 1 a{éu} Jd 1 a{ﬁu}
- () [k“A AV ) [k”A 08,\ A, 08,
11 0{& 1 {8y T,
e 3 oy LA gy

The pointwise external virtual work of the tangential surface tractions ¢, and q, and the normal
surface traction q; is

820, = q,8u, + q,0u, + q,0u, = {q} {du) (32a)
where
q, + 95,
q, o
{4} ={q.; = Qy + 99, (32b)
qJ 0qr 90 9
D L{ o o q3 q3
+q,(e), + +
ds q,(en ezz) 821 a%z U, agg

The surface tractions q,, q,, and q, are defined to be positive-valued in the positive § -, §,-, and &.-
coordinate directions, respectively, as shown in figure 2, and include the effects of a live normal-
pressure field (see Appendix A), denoted by the superscript "L" and dead surface tractions,
denoted by the superscript "D." The boundary integral in equation (30) represents the virtual work
of forces per unit length that are applied to the boundary dA of the region A, and it is implied
that the integrand is evaluated on the boundary. The symbol ds denotes the boundary differential
arc-length coordinate, which is traversed in accordance with the surface divergence theorem of

Calculus. For many practical cases, the domain of the surface A is givenby a, <&, =<b, and

a, <&, =b, , and the boundary curve dA consists of four smooth arcs given by the constant values
of the coordinates &, and &, as depicted in figure 2. The general form of the boundary integral
is given by
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57, ds= | [670, (N +4.)+ 870N+ 4.) as (33a)

A A
where
020, = N, du, + S,8u, + Q,0u, + M, 8¢, + M ,,0¢, (33b)
B
02, = S,0u, + N,0u, + Q,0u, + M,,0p, + M,dq, (33c¢)

In equations (33); N, S, Q, , N,, S,, and Q, are the §, and E, components of the external forces
per unit length that are applied normal, tangential, and transverse to the given edge, respectively,
as shown in figure 2. Likewise, M, and M, are the components of the moment per unit length with
an axis of rotation that is parallel to the given edge, at the given point of the boundary. In addition,
M,, and M,, are applied twisting moment per unit length with an axis of rotation that is
perpendicular to the given edge, at the given point of the boundary.

The equilibrium equations and boundary conditions are obtained by applying "integration-
by-parts" formulas, obtained by specialization of the surface divergence theorem, to the first

integral in equation (30). For two arbitrary differentiable functions f(€,.€.) and g(&.£). the
integration-by-parts formulas are given in general form by

sl sl ald ald (“
of ) fo [~ .
5 (g) g, = (f)% dgdg,+ | & (Nea)as (34a)
J JA : J JA : JJ IA g
~ [ af "~ a ad f ) X
e (2] dsds, = (f)f dgdg, + | SN ea)as (34b)
J JA ? J JA : J 0A :

where N is the outward unit-magnitude vector field that is perpendicular to points of dA, and
that lies in the corresponding reference-surface tangent plane. In addition, 4, and &, are unit-

magnitude vector fields that are tangent to the &, and &, coordinate curves, respectively, at every
point of A and dA, as shown in figure 1.

The integration-by-parts formulas are easily extended to a useful vector form by noting that

the product (v} {w) represent a linear combination of scalar pairs. Thus, the vector forms of
equations (34) are given by
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rd{g) ot} g) {f} {g} { } Gun
fA{f} agg] dE dg, = ff e (g dedg. + f 8/ (Nea)ds (35a)
fj (£) aa{;z} dE dg, = ff agé (g) dE,dE, + j {f} {g} {g} va)d

Applying these equations to the left-hand side of equation (30), and using equation (31) for 87/,
gives the following results:

ff + /%\ [k ])A}l agzlll} AlAszJdEz =
f f Al 1]+ ) 1)) J(oupaz e, (36)

+f ((7) Ta.] + () [k, ) {u) (R + 2,) as

(I)

(35b)

ff ({7z>T[dz] +{m) [k, ])Alzag/ A A, dE dE, =

j j a%(A.(W}T[dz] ) i) o) . (37)

ALIGEI(AZ{%}T[kU])){ﬁu} & . 68)

34



| 9{du)
A, 08,

) dEldEZ =

_ff A, {7”) T[kzz i
Ll

A (%) [kzz])){ﬁu} de dt,

T { ll\ A
+J (A A a‘;z(A (m) [kn]){ﬁu} {(m) [kn]ALzaBZZf)(N.
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o)

2) ds

(39)

(40)

(41)



19{dy’
f f Ax(7) ‘a?}dzldzﬁ
A

42)
f f a4t ) or) dald%ﬁf (7 (or} (83
A : A
19{dy"}
ff A1{72} \ dEldEZ =
g,
: (43)

_ff a(; (Al{?z}T){ﬁ‘Y“} dgldgz-i-f {72}T{6’Y0} (ICI . a2) ds
A

0A

From these equations, it follows that

ff wAlAzde,dEz:jf({27}T{au}+{Z§’}T{6v"})d§1d§2+j 8%, ds (44
A A A

where

- a—El(Az({”} T[dl] + {%)T[kl]) + ALI%(AA%}T)D(H] + A—la—zz(Al{%}T)[ku]) 452)

e mlimtan )

2

(22} =Aan(2) - 2 (a(z)) - =(A(z)) (45b)

9
9E, 9E,

Next, equations (2) are used to get
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1A2 (= 7}T _ {”}Tl[do] _ L[dl] + L[dz]l N {%}T[ko]

-] - e )

(46a)
d 0 P
e | A T (A Ik + e (A )[ku])
d
_A,IAZGEz(AI{% [k.] + A EI(A () )[k,2]+A1 aaz( )[kn])
AEF) {2 e () —L’?‘T—i— (7 -z )
AA " 0n 7 TA e VT T A ., \ 7

The boundary integral appearing in equation (44) is given by

f 57, ds _f 570, (N +a,) + 874, (N 4 )]ds (47)

570, = [(7)"[a,] + (7} [k ] |{ou)

where

L) T, + %(A&%f[ku])kﬁu} (482)
-y T Iy T
520, = () [a.] + () k] {ou)
1A2 a%](Az(%)T[k,z]) A {7) [k, w (48b)
) Dy L) )

Next, equations (32a) and (44) are substituted into equation (30) to get
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ff (({2 7)'- AAL(a))(du) + (2 ?)T{ﬁv"})de.daz v | (89 -520 )as =0 (a9

dA

as the statement of the principle of virtual work. Because {6u} and {8y'} are independent

virtual displacements, that are generally nonzero, the localization lemma for the Calculus of
Variations yields the equilibrium equations

V- {a) = {0) (50a)

(22} = (o) (50b)

In order to identify the strain-displacement relations of several different theories that appear
often in the literature, equation (16a) is expressed as

el + (cp1 +C,Q ) + %cl|(e?1)2 + e?z(ef2 + 2cp)]
(s') = \gng ={ en+ (cp2 +C,Q ) % |(e22) +elz(e12 - 2cp)] (51)

26(])2+cp]cp2+cl[e ](e]2_ )+622 el2+cp)]

and equations (4) as

c,u, 1 du,
¢ (8. 8) = R A (52a)
(E . )_c3u2 1 du, $2h
o8 8) = - AT (52b)
10w 0w u
(&1 &) = 5e, AE A o T (52¢)

With this notation, equations (16a) and (8) are recovered by specifying ¢, =c¢,=c,= 1. Specifying
¢,=0and c,=c, =1 gives Sanders’ strain-displacement relations, and specifying ¢, =0, ¢, =0,
and c, =1 gives Sanders’ strain-displacement relations with nonlinear rotations about the
reference-surface normal neglected. In addition, specifying ¢, = ¢, = ¢, = 0 gives the strain-
displacement relations of the Donnell-Mushtari-Vlasov theory. Accordingly,
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(1 + cle(l)l)ae(l)l + Cl(e‘l)z + cp)ée‘l)Z + cplécpl + (cle(l)z + Cch)é(p

d¢e5,
oY1,

68‘1)1 (1 + 01622)6622 + Cl(e(;z - CP)&CTZ + CP26(P2 - ( Cle(l)Z - C2(p)6(p
(o) =

/(o1 - @)der, + ¢ (e, + @)del + 2+ ¢,e], + k) ser,

+ cpzécp, + cplécpz + C](egz - e(l‘l)é(p

where
c,du 1 9du
6@1(21,22): 3R I_A (9%3
c,0u, 1 0du,
5,(E1 &) = R AL,

odu adu, Su, du
] 1» =l 1 2 _ 1 l —* :
CP(E Ez) 7Cs A, OE, A, 08, * P " P2

(53)

(54a)

(54b)

(54c¢)

Substituting equations (23a)-(23c¢) and (54) into (53), the matrices in equations (26) are expressed

as
e C(l+c)el, + (cl + czc3)cp
Rl + 2pl]
_ Cl(l —C3)e?2+ (Czcs_cl)(p 1 +ce“
[dO] - 2p|l + p22] )
Q. , 2+ cl(l - c3)e(,’, + cl(l + cs)ez2 .\ C,(CTZ + (P)
R, 2p,, P2
cfe;—1)eh+ (e —c o 1+ce), 1 +ce),
2p22 - p]] R]
Cc;Q, C](l + cs)eTz - (Cl + Czcs)(p 1+ clezz
R, 20.. R,

o 2+efltelel+e(l-cle cfeh-o) c(ei;-cp+e;+cp
k. 2P P |
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c
1 +Cey 71 elz+cP) Y elZ+C2(P) - @,
[dl] = 0 l(elz ) C elZ ch) 0 (55b)
o C o
cl(e,z—cp) 1+7(1 —c3)e11 +71(1 +c3)e22 -,
c
j(el2+cp) c e12+cch) 0 0
c o
[dz = _1(612 ) C el2 2(P) 1+ CiCyp - ¢, (550)
c, c o o
1+ 7(1+c )e”+7‘(1 —03)622 cl(e12+cp) -,
Moreover,
1 1 _
[d] - —[d.]+—-[d.]= (56)
p22 pll
C¢, C,(C?2+(p) 1 +C]e(l)] CI(CT2+CP) 1 +Cle?1 1 +C]e(l)] P,
+ - - - —_—
R, Pu Px P2 P R, Px
c/(en - o) L Atces CPy /(e - 9) L 1+ces l+ce, @,
Pu P R, P Pu R, Pu
g, 2+ c,(e) +e) L29 oo 2+ c (e +em) L2000 [eh-e cnte) @@
R1 pll p22 RZ p22 pll l R1 R2 p22 pll
In addition, substituting equations (54) in to equation (22b) yields the revised matrices
1 0 (1 1 0
A 9§\ R, PR,
[k : A o| 7
= C\ _4 . a
e p.R, A, 05| R, (57a)
1 o0 (1 1 1 1 1 91 1 1 1
— | = |+t ——=—+ = ——| = - —+—1] 0
A2 a%Z Rl 2p11 Rl RZ Al a%l RZ 2p22 1{l R2
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Cs
== 0 0
R,
1
[k,|= 0 0 -—
p22
301 1
0 S22 _
2\R, R, P
1
0 0 —
pll
Cs
[k,|= 0 ® 0
2
o3 _ b 0 i
2\R, R, P

(57b)

(57¢)

that appear in equation (28). Equations (29d)-(29f) remain unaltered. By applying these revised

matrices to equations (46) and (50), the equilibrium equations are found to be

1 7, 1 7, 3 27, + %, — 7y + C3613 + c; 0 . L_L +2,+q, =0
A, 98, A, 98, P P2 R, 2A, 98, R, R, |
1 6%12 + 1 a7¢22 %ll B %22 + 2%12 + Csézs + Cs d L _ i +2, + =0
A GE, T AVOE, T p, pm | R, 2A05[TRR, TR TN

A, 98, A, 09, p, py R R,

721 ?11 1 a711 1 a721
2, + 22 T8 - =0
pll p22 Al a%l A2 aEZ

2 4 P2 P 1P 107
p]] p22 A] agl A2 aEZ

where

1 87%11 + 1 6%12 + 7%11 _%22 _ 2%12
3
l A1 6%1 Az 6%2 P2 P

&)
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(58a)

(58b)

(58c¢)

(58d)

(58e)

(59a)



~ 1 8%12 1 877{22 7%11 - 7%22 27%12
Q 3 = + + + 59b
23 A, 08, A, 0E, P P2 ( )

P, = [%Hcp1+7¢12(p] TAE o7+ 7)| 4 S e + (e - )]

Aa_%.

- _[%11 6?2 + (P) + 7{22(6(1)2 - CP) + 7{12(6T1 + 632 ] - _[%22622 - 7{116(1)1 + 27{12@] (590)
P P2

bl ot
2, = - 1(;_32[%22@2 + %lchl] 22 aE] [(%11 + 7%, (p] A a_EZ[%DeZZ + %12(6(1’2 + cp)]

F S (e o)+l o)+ el )| - St -l v 20 (5909

Fae] (o 2 s )

ps =- i%[%llcﬁ + %12CP2] - i[%nq)l + %IZCPZ] - ALzaiEz[%lchl + %ncpz]

. ) (59)
+ 7,0, + 2.9, - R—][%He‘fl + 70— )| - E‘[%ﬂe;’z + 720+ ) |

11 1 2

Before the boundary conditions can be obtained, the boundary integral given by equation (43)
must be reduced further. In particular, by noting that

(Neg)ds=A,dz, (60a)
(Ned)ds=-A,dg (60b)
it is seen that the integrals
n {%>T[klz]tagzl:} (K= a)as (612)
Joa
i {wz}T[kn]ALla{aZ‘l‘} (Ko a,)ds (61b)
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can be integrated by parts further, by using the product rule of differentiation, to get

/
BRICHEPS I RICEPY

() Tia)| -5

Using this result, equation (47) is expressed as

(62)

f 57, ds=f [az’&f(ﬁ-al)+5§‘4:(ﬁ-az)]ds+<{7zz}"‘[klz]{au}>% (63)
A JA

where

(7). (ow)) = J () ) (ou) . - f o) Tl fou) | e, (64

il

5%, =

() [a]+ () [ ]+ e ) ]

d

1 agl(Az{u}T[kn])+a%2(Al{7lt}T[kn])k5u}

AA,

+

- I ) o
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5%, =

(7) d.] + {7} ko] + A%a%(mf[ku]ﬂ{au}

d

! %(Az{uf[ku]hGEZ(AIW}T[kzz])}{éu} (640)

A A,

+

- a2 o)

On an edge given by &, = constant; d§, =0, (IQT ° ﬁl) =1 ,and (1(1 . ﬁz) = 0. For this case,

b,

b,
f 6%‘3 ds = f [6771?A2]_§1=mmm dE, + (<{W}T[kn]{6u}>§1=mm) ‘ (65a)
9A a,

a

where

b, b,

() Dcultou)), ) = ([ Taltow)], | (65b)

2z

Likewise, equation (33a) has the form

b,
f 62”; ds =f [67]5] A 2 ] &, = constant dE 2 (66&)
JA a,

with
570, = N e) + PE sy s ()« MelE o o e o,
' : 66b
M,(5) adu,  Mou()) adu, (00)
A, 98, A, 0E,

where equations (54) have been used for the virtual rotations. Noting that

b, b,
adu, dM,,(E,) b,
—_— = - P d M 2 3g, =
f |M]2(§2) 622 ]El=c0nslam dgz f | dgz 6U3]E|=constam E2 " ( IZ(E )61] & constanl)az (67)
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equations (66) are expressed as

bz
5705 dS = [a%EIAZ]E.:COnStam dEz — (M]2(§2)6u3§1=Conswm)ij
aA a
with
—B M M
N o e
: 2

QI g, Y

dMu(az)k  M,(E:) adu,

The matrix form of equation (68b) is given by

B — T —\ T 1 9{du
o0, = () {ou) - (72, Tk, ]
with
N c;M,
1 R]
_ M
{”I}E Sl C‘R212
dMlz
Q, {,

In addition,

b,
b,

= ([ teom].

az

(M (52)80: )

2z

(68a)

(68b)

(69)

(70a)

(70b)

(71)

Thus, enforcing the boundary integral term in equation (49) for an edge given by &, = constant
by using equations (64b), (65), and (67) and applying the localization lemma of the Calculus of

Variations yields
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590, - 670, = | () 1a.] + (m) (i) + () [ - ()| (ow)

» %(AZ{W}T[kH]) ¥ a%Z(Al{Wt}T[ku])hﬁu} (72a)

) - <7"}T)[kn]¢M +{7,) {8y} =0

B

Al aEI
(|(<W}T— (%) )[kn]{ﬁu}L,_m) =0 (72b)
1 9{du} . . . .
where {du}, A , and {8’} are arbitrary virtual displacements. The component form of

these equations yield the following boundary conditions for the edge given by &, = constant:

7¢,|(1 + c,e]’,) + ’7¢,2c1(e‘,'2 - cp) + %,Il%l =N, (&) + M,(Ez)% or 8u,=0 (73a)

1

o+ G700+ )0 %| (2654 0) - 70+ 272,03

or ou,=0 (73b)
127 _ TR, =911S2 R,
= 1 o, _ dMlz(%z)
Qut a7z~ (70 + 700 = Q&)+ —= or du,=0 (73¢)
M 786u3 B 73d
1= |(Ez) or A agl - ( )
Z.=0 or 6Y(1)% =0 (736)
Z,=0 or 6Y§3 =0 (73f)
and

., = Mlz(gz) or 61,13 =0 (73g)

at the corners given by §, =a, and &, =b,. Examination of equations (20c) reveals that 7, and
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7,, appearing in these boundary conditions correspond to forces per unit length associated with
through-the-thickness distributions of 0,, and o,,, respectively, that supress transverse-shearing
deformations of the plate edge face.

122

On an edge given by &, = constant; d&, =0, ( N - ﬁl) =0, and (N . ﬁz) =1. For this case,

b,

b,
f 6%3 ds = f [67’-&le 1]§2=Consmm dgl + (<{m}T[klz]{au}>'§z=comtam) (74&)
JA a,

where

b, b,

(<(%)T[klz]{ﬁu}>gzmm)ﬂl = ([{%}T[kn]{éu)Lz:mm) (74b)

ay

Likewise, equation (33a) has the form

b,
570; ds = [57=0E2A le_comm dg, (75a)
0A a,
with
570, = ‘sz(gl) ‘ %@) su, + |N.(5,) + %@) Su, + Qu(E,)u,

75b
CME) 300, ML(E) adu, (>0

AZ a§2 Al 8%‘1

where equations (53) have been used for the virtual rotations. Noting that

b, b,
adu, 3 dM,, (&) b,
f |M21(§1)a_§1]§z=constam dEl B _f |d—§16u3]‘§2=constam dEl N (M21(El)au3§2=mnsmm)ﬂl (76)

equations (75) are expressed as

b,
87, ds = [6@EZAI]

JA a,

b,

dEl - (M21(El)6u3§2=constant) (77&)

&, = constant a,

47



—~B ZM 1 1 ’%M 1
., = ‘Sg(il) + C‘;(%)kul +|N,(E,) + © RZ(E ) du,
with ‘ 2( | ) (77b)
dMZl El M2 %1 861']'3
+ g, + ou, —
Qe+ =5 1 "TTA, G
The matrix form of equation (77b) is given by
B / T \ /_ T 1 a{ﬁu}
%, = \7’2} {du} - \7”2} [kzz]Kz OE, (78)
with
S2 + C3M21
R,
2 3M2
{722} = N, + CR2 (79a)
o+ dM,,
Tdg,

\ ) f (79b)

In addition,

(M2 o0 ) = [ Dslow)], ) (30)

Thus, enforcing the boundary integral term in equation (49) for an edge given by &, = constant

by using equations (64c¢), (74), and (76) and applying the localization lemma of the Calculus of
Variations yields

) )+ o T

{du}  (81a)

La{f)u}

A, o (7.) (ov)

(7)) - (m)"|[k..]
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(|({%}T— {%z}T)[klz]{ﬁu}L ) =0 (81b)

A, 6%2

these equations yield the following boundary conditions for the edge given by &, = constant:

where {du}, and (8"} are arbitrary virtual displacements. The component form of

S+ 2o+ G| (20 - 7)o + 270 4 70|

s 3 1 M, (&,
g )=ste

7{12 -
or 6u, =0 (82a)

C; Cs

%22(1 + CIeZZ) + %IZCI(e?Z + (P) + 77Z22R_2 = Nz(%l) + MZ(EI)R_Z or du,=0 (82b)

o + L0 _ _ dM,(8,) _
Qux + A, 6)%1 (%12(91 + %nch) = Qz(?§1) + dEI or Ou,=0 (820)
=M L0 82d
2 = 2(%1) or A2 aEz - ( )
Z,=0 or d,=0 (82e)
7,=0 or 6'\{; =0 (82f)

and

., = MZI(EI) or 6“3 =0 (82g)

at the corners given by § =a, and §, =b,. Examination of equations (20d) reveals that 7, and
7,, appearing in these boundary conditions correspond to forces per unit length associated with
through-the-thickness distributions of 0,, and o,,, respectively, that supress transverse-shearing
deformations of the plate edge face.

Alternate Form of the Boundary Conditions

In the present derivation of the boundary conditions, and those given by Koiter,"*"" the
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derivati 1 dodu, 0 J 1
erivatves = an
A, 9E, A, 98,

us

=0 have been taken as the basic displacement parameters

along the edges &, = constant and &, =constant, respectively. In contrast, Sanders and Budiansky™
! use the virtual rotations 8¢, and d¢, as the corresponding basic displacement parameters. For
these basic displacement parameters, equation (73a) and (73d) are replaced with

%11(1 + Cle(])l) + %ncl(e(l)z - CP) = NI(E2) or 6111 =0 (833)

M, =M,(5) or 8¢, =0 (83b)

for the edge &, = constant. Similarly, equation (82b) and (82d) are replaced with
%22(1 +C]e;2) +7¢1201(e(1j2+q)) =N2(E1) or 5U2=0 (843)

M, =M,(E,) or d¢p,=0 (84b)

As pointed out by Koiter’ (see part 3, p.49), these alternate boundary conditions are completely
equivalent to those presented herein previously, and are completely acceptable.

Thermoelastic Constitutive Equations for Elastic Shells

Up to this point in the present study, the analysis has a very high fidelity within the
presumptions of "small" strains and "moderate" rotations. The constitutive equations are
approximate in nature and, as a result, are the best place to introduce approximations in a shell
theory. The constitutive equations used in the present study are those for a shell made of one or
more layers of linear elastic, specially orthotropic materials that are in a state of plane stress.
These equations, referred to the shell (g, g, €,) coordinate system are given by

(O Q,, QL Qy €.

oy,

On@= §12 @22 §26 €pp—§ Oxn Q(El’ &, Es) (85a)
Oun le on Q()ﬁ \ le/ (_112
fo.\ _|CsCus|f Vi)

V0w [T Tu |\ 12 (85b)

The Qj terms are the transformed, reduced (plane stress) stiffnesses of classical laminated-shell
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and laminated-plate theories, and the C; terms are the stiffnesses of a generally orthotropic solid.
Both the Q i and the C ;j terms are generally functions of the through-the-thickness coordinate, &,,

for a laminated shell. The @, terms are the corresponding transformed coefficients of thermal

expansion, and O(§ , £, £,) is a function that describes the pointwise change in temperature from a
uniform reference state. An in-depth description of these quantities is found in references 226 and
227.

The work-conjugate stress resultants defined by equations (20) are the only stress resultants
that appear in the virtual work, equilibrium equations, and boundary conditions. Thus, the shell
constitutive equations are obtained by substituting equations (15) into (85), and then substituting
the result into equations (20). This process gives the two-dimensional shell constitutive equations
by the general form

] [ledelede] led | e
()| |lcadlealealle] (e
(70 |=| [cal [Ca] [Ca][ca]  [cul
21| |[eal[ea][ea][es] (e
(2] [ lealealC]  [Ca+]e

0,)
0,
e.) (86)
0,)
0.}

2 8%2 4
{v’)
where
h
2 —_— —_— —
1 T 911 912 9]6
[Ci] = : : [S:]]Q.Q.Q.|[S)]d&: for i,jE€{0,1,2,3,4} (87a)
(1 +3)(1 +3) Q16 Qs Qys
_h R, R,
2
h
2
T| Cy; Cog (87b)
[Cs]= L [Ss] | =% =* |[Ss]dE;
(1+E’)(1+§’) Cis Ca
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T §11 (:212 g]() /C_ln\
{®k} = [Sk] 9[2 922 926 \?22/6(31’ EZ? E3)dz3 (88)
_% Q16 st Qﬁ(v alZ
Substituting equations (17) into equation (87) and using the shorthand notation z, =1+ % ,
z,=1+ % ,and Z=1z+z,+ %(Zz - Z.)2 yields the following exact expressions
b
_ — 7Z _
é Qll Q]z ~ Qm
Z, 27,
Cpl= Q 2 Q Z5 d
[ 00] = Q. Z Q.. 2_Z2 Qx §3 (89&)
_ 7 _ 7 _
Z_Zl Qm 2_Z2 st 4 z Q(6
Joy
4% )
_ _ Z,+2, _
£Q, Q. ’
zZ, 27,
— Z, = Z,+7, —
[COI] = le ;2 sz 2—Z2 Qze ESdES (89b)
7 — Z — 2,42, =
TZ] le TZZ Qz() 4Z]Z2 Qs(;
o —% )
rs
Z, z,
ZFl(gw)Qll ZIFZ(Es)Q]6
[Coz] = F,(§3)(_212 Fz(%s)st d§3 (89C)
4 _ Z —
TZ,FI(Es)QIG TLFZ(§3)Q66
Joy
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—
=2

[Cos]: ?FI(ES)QZ(J ?Fz(gw)ézz dEs (89d)
Z — Z —
TZZF](SB)Q(E £F2(§3)Q26
Joy
h
C2] _ _ _ ]
(le + Zles)Fl _ (Q16 + Z,{, )Fz
P2 Z,Py P2 Z,Py
[C.] = (;8 " S)F - (;S ¥ S)F e, (89)
z( (_226 + Qﬁs )F1 _z( (_216 + Qsﬁ )Fz
2\z0n  ZPy 2\zpn ZPn
Joy
~
— — Z,+2,_
£q, Q. .
Z, 27,
— — Z,+Z,— 2
[C.]= Q. S e (= (89
7, +2,  z,+7,_ (z,+z2)2_
2z, = 2z, °  4zz, =
Y —% )
~»h
7T
z, — z,
ZF](§3)Q” ZIFz(ES)Qm
[C..] = F|(8.)Q. E(8)Q.  [E.dE, (892)
z, + ZZF — oz, + ZZF —
2z, 1(%3)Q]6 22, 2(%3)Q66
hl
)
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»h
3T
F(E)Q, E(E)Q.
Zl Zl
[Cy]= Z—F,(Ez)Qm Z—E(&)sz E.dE, (89h)
z,+72, _ 7,472z, _
22, 1( 3)Q66 22, 2(%3)Q26
-0t
2
Al
(le_l_ﬁém)l: _(6164_26]])1:‘
Pn  Z,Pn) Pn  Z,Pu)
— Zl (_222 626 Z1 (_226 (_212 .
[C14] = (Zzpzz + p”)F, - (Z_zF)zz + o )Fz E,dg, (891)
Z,t72,( 7, = Z, = Z,t72,[ 7, = 7, =
z 25 g Z 25 g
22,2, (p22Q26 pllQﬁﬁ) l 22,2, (pzzQ66 * pllQm) ’
-0t -
h
2 5 _ _
F] (ES)QII Fl(az)Fz(Ez)Qm Z
Cy|= — 2 — =d 3 i
[ ] Fl(Ez)Fz(Ez) 16 Fz (E%) 66 ! % (89J)
.
h
2 5 _ _
F(&)Q, F(&)E(E)Q,
C,l= — 2 = dg, 89k
[C.] RER(E), Fls)a. (896
-%
~»h
2 p— — —_ —
(8.2 . ;_8)}: _ ((3 . 2_8 )F.Fz
[C24] _ ! 2 1_ 1 _22 1_11 dE (891)
(st L 2.0, )FIFZ ) (Q% L 2.Q. )F
P2 Z,Py P2 Z,Pn
h
J-3
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[S)[=x

2 — —
F] Ez)Qs& FI(EW) 2(%3)Q76 Z
C33 - — 2 — d 3
[ ] FI(E%)Fz(Ez)Q 6 2\%3 22 Z, E (89m)
-4
h
2 —_— —_— —_— —_—
(Q“ + 2l )Ff - (Q'ﬁ + %Q)FF
[C34] — _pn 2_p22 Ell 2322 d§3 (891’1)
(Q%_'_QQZZ)F]FZ _((2,2+5Q%)F;
P Z,Pxn P Z,Pxn

1 2

Z2(_266 + 2626 +
Z, p?, P1P2 Z5 05

Z1 sz 2 ZZ 616 612 + (_266 Z1 Qze
Z, p2 PiP»  Zyp’ )F - ( " " EFs
11 P2

d&; (890)

2 2 2 2 |
Z,p}, P1P2 Z5 05 Zip,, PuP2  Zyp,

[Cul=
L

2,0, , Qu+ Qs +z1@6)FF (zzén , 2Q. +z16%)Fz

Nl
"

Sl=g
1

_ 2 | d% 3 (89p)

T
and [C;]=[Cy] for i,jE{0,1,2,3,4}. Next, the thermal stress resultants {@)k} are obtained
by first expressing the temperature-change field by

O(e. &.8)=06(s. &)G(e,) (90)

such that
(@} =8(z.c){®,) 1)

with
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I~

'}G(gz)dgg ke {0,1,2,3,4} (92)

2

SIIRSIS]

elelel
ool
orelel
——

>
1
X
N

Specific expressions for {@k} are obtained by substituting equations (17) into equation (92).

The constitutive equations given by equations (86), (89), and (92) include the effects of
transverse-shearing deformations in a very general manner. Specifically, the constitutive
equations of a given transverse-shear-deformation theory depend on the choices for the functions
F (€, and F&,), which are required to satisfy F,(0) = F,(0)=0 and F,'(0) =F, (0) = 1. With these
functions specified, expressions for the transverse shearing stresses are then obtained by
substituting equations (4e) and (4f) into equation (85b) to obtain

F]’(Ei)(l + E) _ Flé?é*) _ ) FQ,(Ex)(l + %3 ) _ Fzégx) B 0
O, = | ! CSSYIS + 2 2 C45Y23 (933)
1+ % 1+ %
e )(1 +§s) _ Fll(f) o Fz’(E})(l +§3) ~ le(f) o
Oy = ! ! C45Y13 + 2 2 C44’Y23 (93b)
1+ % 1+ %

In refined transverse-shear-deformation theories, it is desireable, but not always necessary, to
specify F,(€,) and F,(g) suchthato,=0,,=0 at §, =+ h/2. For example, two similar choices for
the pair F (€,) and F,(€,) will yield different stress predictions yet their stiffnesses, obtained from
equations (89), will yield nearly identical predictions of overall buckling and vibration responses.
In contrast, for accurate stress analyses, one might expect F,(€,) and F,(&,) to account for the
inhomogeneity found in a general laminated-composite wall construction. Examples of various
choices for F,(g,) and F,(&,) that have been used in the analysis of plates and shells are found in
references 193-195. Some examples are discussed subsequently.

Constitutive equations that correspond to a first-order transverse-shear-deformation theory
are obtained by specifying
F](Ez) = Fz(zﬁ) = Ex (943)

For this fundamental, first-approximation case
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C (1)3 C 5 Zs
o, = e, 4‘2 (94b)
1+ R 1+ R—'Z

C45Y 13 (_:44Y23
= +

g,
R, R,

(94c)

Thus, the functions specified by equation (94a) lead to expressions for the transverse-shearing
stresses that do not satisfy the traction-free boundary conditions o,,=0,,=0 at § =+ h/2.
Moreover, these choices for the distibution of the transverse-shearing stresses and strains, given
by equation (94a), do not reflect the inhomogenous through-the-thickness nature of laminated-
composite and sandwich shells.

A more robust transverse-shear-deformation theory is obtained by specifying

Fl(§3) = Fz(%s) = Es - 42(%3)3 (953)

Upon substituting these functions into equations (3) and neglecting the nonlinearities, it is seen
that the displacements U, and U, are cubic functions of €, and that U, has no dependence on &,
at all. As a result of this character, a transverse-shear-deformation theory based on equation (95a)
is referred to herein as a {3, 0} shear-deformation theory. For this case

2 &, |[ 28, : 2 &, |[ 25, ’
1_1+3KHh) _ 1‘P+3Kﬂh) _ 95h
O3 = C55Y13 + £ C45Y23 ( )
1+ 5 1+ 3
R, R,
28, (28, 28 ](28,)
1_|1+3Rl](h) o 1_|1+3R2](h) . 05
o= Cuy + oG ©50)
1+ 5, 1+ 2
R R

The functions specified by equation (95a) also lead to expressions for the transverse-shearing
stresses that do not satisfy the traction-free boundary conditions o, =0,,=0 at § =+ h/2 unless
h/R, and h/R, are negligible. If 4/ denotes that maximum shell thickness divided by the
minimum principal radius of curvature, then

Yis

o
g=xl st

(96)




For moderately thick shells with 4/2=0.1, the coefficient in equation (96) involving 4/ is equal
to 0.035. This result suggests that the error in the traction-free boundary conditions may be within
the error of the constitutive equations for the practical range of values #/2 <0.1. However, these
choices for the distibution of the transverse-shearing stresses and strains, given by equation (95a),
also do not reflect the inhomogenous nature of laminated-composite and sandwich shells.

Expressions for F,(g,) and F,(g,) that satisfy o,=0,,=0 at § =+ h/2 are obtained by
assuming cubic polynomials for F,(€,) and F,(€,), with a total of eight unknown constants, and
then enforcing F (0) = F,(0) =0 and F,'(0) =F,'(0) = 1 in addition to the four traction boundary
conditions. This approach yields

: ' (97a)

F,(&) =€, : - (97b)

However, R, and R, are generally functions of (g, €,), which violates the requirement that F, =
F,(¢,) and F,=F,(g). If the terms involving h/R, and h/R, are neglected, then equation (95a) is
obtained. A simple choice for F,(€,) and F,(€,) that satisfies 0,,=0,,=0 at § =+h/2 and avoids
the presence of R, and R, is given by

F,(5,) =F,(&,) =€, - %(23)3 + L—?(ag)‘ (98)

These functions and their first derivatives vanish at &, =+ h/2.

A highly refined transverse-shear-deformation theory for laminated-composite and sandwich
shells is obtained by specifying F,(€,) and F,(g,) based on "zigzag" kinematics. This approach
has been presented in reference 228 for laminated-composite and sandwich plates. This approach
satisfies the traction-free boundary conditions o,,=0,,=0 at &, =+ h/2, and yields functional
forms for F,(g,) and F,(&,) that account through-the-thickness inhomogeneities. Moreover, for a
general inhomogeneous shell wall, F (€,) and F,(g,) are found to be different functions.

Simplified Constitutive Equations for Elastic Shells

The exact forms of equations (87) and (88) are obtained by integrating equations (89) and
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(92) exactly, once the through-the-thickness distribution of the elements of the constitutive matrix
in equation (85) are known. Generally, this process leads to very complicated functional
expressions for the stiffnesses defined by equations (89). However, for laminated-composite
materials, the elements of the constitutive matrix in equation (85) are modeled as piecewise-
constant functions and the integration of equations (87) and (88) poses no problems.

In the present study, the approximate nature of the constitutive equations is exploited to

simplify the shell constitutive equations by expanding the functions of % and % appearing in
equations (89) in power series and then neglecting terms that are third-order and higher in % and
= In addition, it is noted that
ST BN | PO T
SN
2NN IR | PO T
el et
Z 11 1 1/ 3 1 4 2
2,7 +2(RIR,)E3 +4(Ri+R§ } R.Rz)(g‘) ©9%)
Z _ 1/ 1 1 11 3 4 2
z (1 1),
127, =1+ 4(R2 - R,) (E‘;) (996)
z, + 2z, 11 1 1 2
SRIRE ey LR %0
7z, + 2, 1 1 1 1 2
SRR TR Bl %
Z|+Zzzz1+li_i2(§)2 99h
4z,2, 2\R, R, (95h)
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(991)

Following this process yields the following constitutive equations for a laminated-composite

shell:

+7T

1 1
— = —]A
(Rz R,)

11 1
- A
Rl(R. Rz)
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0
3 1 4
1 St 5= Azm
4R R, RR,
1 3 4
Hoe 2o A,
4lR; R, RR,

1/ 1 1 2

o S A

o -w )

ST N

2\R, R,
0

(100a)



11 1 ;
(_%1 0 N ENRAN
R,\R, R, 2R,\R, R,

1 ( 1

1(1 1 3 1 3
0 ——=—1]A e A”G
R2(R2 Rl) N 2R,\R, o (100b)
301 4\ ([1 3 4 ) L)
— +t - A?ﬁ l72"_72_7}‘;j é(_)AGG
R, R, R R, 4 R, R, RR, R R
R, R,
1 1
T D O
(R2 Rl 1 11 1 21
leo jR()()
T
R,\R, R, R/\R, R,
+T 0 0 (100c¢)
3,0 4 geaf3 1 4 g
4R, R, RR,J "4{R] R, RR,
0O O
LoD RE R
R, R, 1! 152!
ZRes jRZG
0 0
1/ 1 1 12 1(1 1 2
+ = - — Ry o le ~» Rz
T RZ(RZ R.) Rz(Rz RI) 2 (100d)
(.3 4 \peqfl 3 4 |
- =t — - Ry 1 ) 2 26
4 R| Rz R‘Rz 4 1 R1R7
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1 1 1 1
mﬁ+4R—)m:-mﬁ+4R-)ﬁf

2 RI 1 Rz
_ 1 10 _ 20
[C04] - 20, 2Ry 2R,
10 1 1 Rn Rzo 1 L R21
66 R2 Rl 66 16 Rl R2 16
2R, ~ 2R

1 1 1 1
+ 1 2R21;)+2———R2121 —2R22:+2———R;1
R, R

zpzz I , R,
R (1-1)R;; R (l-l)z:
1 2 2 1
4 (1 1) » 41 1\ .»
77_71{16 77_7R11
Rl Rl RZ Rl Rz R]
T
+ —— 0 0
4p,,
3 1 4 " 31 4 2
R R RR,” R R, RR "
0 0
+ T i i i l{12 4 L L R22 100
4p22 R2 1{2 R| 2 R2 R1 R2 2 ( e)
s o R EE e v
R, R, RR, R, R, RR,

4
A?] - ﬁ 0 l A?s _ TAI(»
2 2 2 R, 2 R,
ALALA 1 1 ‘le4 ‘[A4
2 2 2 3 ” 3 2
[Cll] = AIZ AzzAzs (R_R) 0 —A22 R_ _é(Azo - R (100f)
2 2 2 2 1 2 2
A Ay Ay 4 .
1 A2 TA 1 A3 TA, 1 i _ i A4
2 16 R1 2 26 R2 4 Rz R1 66
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R" R, R> R,
R'R” ! R, a R,
11 16 1 1 (lOOg)
~|R, ) R2 + | ===
[C..] N (R2 Rl) 0 0
16 R 13 23
Ry - e 2R
R, R,
0 0
Rll R21
et 11 b TR 2 TR, (100h)
[Cls] = Rm Rzz + R_ - R_ st - Rnﬁ Rzz - R_
Ree Rze l ’ 213 223
R _ Ry R _ TRy
66 R2 26 R2
0 0
1 21
TR 1 TR, TR
11 21 12 " 2 ,
[C14] = i Rzz - st + plzz(_ - R_) Rzz - R_ - Rza + R_6
2 2 2
2161 —R;l 13 2
1ls2 TRy 1lo2 TR
) ) (100i)
13 23
T
1 21
Rl6 _Ru l l
1 1 21 1 1 |
+ | Ry -R, |+ — - 0 0
P 2161 221 p“(R Rl)
R, -R
c e mRe|  _1fpm_ TRy
2 66 Rl 2 16 R1
111 ‘chlllz 121 ‘EQ::Z
110 Qn - Qm -5
[C.] - Q. Q.. (1 1 R, R, (100j)
2 120 220 R2 R, o Tlez . er
le “ Qae R—“
1
110 120
[C.]~ lg:zo 8‘;4 (100k)
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110
Q.

120

~ 1L
[Ca] = P

. i (1001)
m - 1Q, 2 1Q,
1(1 1) QTR TR
+ == 1 :
Pu\R, R, 121 TQalazz —Q221+ﬁ
66 1{1 16 R1
112 122
o Qm _ TQ4 Qm _ Q5
1 1 66 26
[Css] =~ Q(Iézo Qiézo + (_ B _) an Rin (100m)
. Q. R, R, 21 TQ, Q221 Q.
26 Rz 2 R2
110 120 110 120
C 1 Qze _Qee 1 Qas _Q16
[ 34] P leo szo E leo Q220
’EQH rlez (IOOH)
1 v _ 0 e
l(i_i) QZG Rz Q66 R2
P»\R, R, 121 TQZIZZ Q22‘ thzezz
2 R2 26 R2
12 122
e TQy 2t 1Q,
110 120 - X
[C ]=L Q66 —Qm l(i_i) Q66 Rl Q R1
44 pi B Ql1620 Q12120 p?l R, R, B Q12I + ’CQ:ZZ szl _ IQIZIZZ
16 R] 1 RI
12 122
110 120 Qzlzll Wy - Qzle21 L2
o] o -e l(i_i) R, R, (1000)
R AL R .
26 R2 66 R2
110 120 120
1 2Q, - (le + Qs )
120 120 220
PP _ (le + Q. ) 2Q,
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[Cs] 722 BN AR A A A I N IS A
— 53 L L 5 ;
55 120 220 121 210 221 121 120 221
ZAS Z44 Rl 45 45 Z44 Rz Z45 Y45 Z44
112 111 122 121 211 120
+ T Zss 2Y55 Z45 - Y45 Y45 +X45 T
RR, 241522 3 Y41521 _ ij” + X;520 Z;zz 2Y42421 R12
o XIIZ
L2()(55 _RSS) 0
0 0 1 R, !
Lz m |+ I(R_ - R_) 21
R, 0 X, 2 1 0 Lz - X,
R,
where
Ak Ak Ak % -
]1' 112 ]if’ gll 912 9“‘) «
AL,A,LA, = Q.. Q.. Q, (E%) dE%
kK Lk ok A A A
A, A, A, 0| Qi Qs Qe
2
ik ik ik % _ o _
b e Q1 Qi Qy .
12 2 %6 = 912 922 92(» FJ(%B)(E}) d§3
Ril; R:; R:; h Q16 Q26 st
2
ik ik ik h
QIJ] Q]JZ QIJG 2

ik ik __ijk
le sz st

ijk ijk ijk
Q 16 QZG Q66

ik ijk
Xss X45
ik ijk

X45 X44

N=

lefel¥e]

=

=)
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In these equations, T=1 gives the constitutive equations that are second order in % and &

h
Yo Yi |- [ 7 |Cs Cas
Ys Y| J n|CsCa
2
I h
ZuZy|_ |7 |CsCa
ZnZi o C.sC.

(105)

(106)

R,

that are generalizations of those put forth by Fliigge'” for isotropic shells. Setting T=0 gives
constitutive equations that are first order. It is also important to note that the matrices obtained
from equation (101) for k=0, 1, and 2 correspond to the [A], [B], and [D] matrices, respectively,

of classical laminated-plate theory (see reference 226). Similarly, the thermal parts of the

constitutive equations are given by

h,
h' «
o h.,
E? R +’£(
12 h]n
2(R, +R,)
hizll
1 R2
= fhP\ h,
\93=\?7+ R,
12 hzlz
2(R, +R,)
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10 gy 10 1_1
{@4}—1{ =R, }+1{g’+& } (107e)

where

K h
hk,.\ “laaafm)
h, = Q. Q. Q. |{ @ | (E.) G(8,)dE, (108)
hlzj _h QI6 on Q(\G \(_xlzf
2
Jjk % I —
fg'ﬁ gn 912 9" a, .
2= | [QuQQujas F[E)(E:) Gl e (109)
\gt _ h Q16 st Q(m (_x'lz
2
By examining equations (94a) and (95a), it is seen that the maximum magnitudes of F‘(hgz) and

E(&,)

h are typically greater than zero and less than unity. Using this information, the constitutive

equations given by equations (93) are simplified, using binomial expansions of the denomenators,
to obtain

o, = |F1’(Ew) - F‘l(f‘)(l - rﬁj)]égsvl + |F2’(§1) - F}S‘)(l - Tl%z) C.Yss (110a)

oy + |F;(a) . Fz(g*)(l _ 171%)

R, CuYs  (110b)

Special Cases of the Constitutive Equations

In the original shell theories of Sanders, Budiansky, and Koiter; the constitutive equations
used are the simplified, first-approximation constitutive equations of classical Love-Kirchhoff

linear shell theory. Their constitutive equations follow from neglecting % and % in

1 2

expressions for the effective stress resultants given by equations (20) when they are used with
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equations (85) to determine the constitutive equations. A similar set of constitutive equations are
obtained from equations (106) by neglecting all terms involving principal radii of curvature R,
and R.. In addition, terms involving the radii of geodesic curvature p,, and p,, are neglected. These
terms originally entered the constitutive equations through the matrix [S,] in equations (87). To
see the rationale for neglecting these terms, this matrix is expressed as

Fz(%z) h E3
0 ot (p”)(l + Rz)
| FE)(n & (111)
[S]=|~} (pzz)(uRl 0

FI(EZ%) h E3 Fz(%z) h §3

ChlleR) SRR

: . F (&) F,(g;) :
Next, the fact that the maximum magnitudes of —— and —— are typically greater than zero

and less than unity is used again. In addition, the radii of geodesic curvature measure the bending
of the coordinate curves within the tangent plane at a given point of the reference surface.

Typically, p,, and p,, are substantially larger than the shell thickness h and, as a result, -2 and

11

h

22
[S,] can be neglected based on the inherent error in the constitutive equations. Based on the same
reasoning, equations (110) are approximated as

have very small relative magnitudes. Therefore, it follows that constitutive matrices based on

0, =F/(€)CywY,, + F'()Cuyo (112a)

0, =F/(&)C.y,, + F(8)C.Y., (112b)

A detailed derivation of these equations is presented in Appendix B. Additionally, constitutive
equations are presented in Appendix B for transverse-shear deformation theories that include a
first-order theory, a {3, 0} theory, and a zigzag theory.

Effects of "Small" Initial Geometric Imperfections

The effects of "small" initial geometric imperfections are obtained in the present study by
following the approach presented in reference 221. With regard to the strain fields, the effects of
"small" initial geometric imperfections appear only in the nonlinear membrane strains given by
equations (5). These effects are obtained by replacing the normal displacement u,(€,&,) with
(g, &) + W(E,E,), where W'(g,E,) is a known, measured or assumed, distribution of reference-
surface deviations along a vector normal to the reference surface at a given point. Then, all terms
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involving W'(§,&,) appearing in a given membrane strain, that correspond to an unloaded state,

are subtracted from that given strain. Applying this process to equation (51) yields

STI(EI’E )_e“+ (CP1+C2CP ) 5 [(eT1)2+eT2(e?z+2(p)]+CellRli (P‘Al g:;

lfee) =et v do+ o)+ o (€1 + enfer ~20) |+ e~
YTz(El’ Ez) = 23(1)2 +@,¢, + Cl[eTl(e?z - CP) + 622(6?2 + CP)]
+ Cl_Wl(efl)z - (P) + Cl_Wl(e?z + CP) - ¢, ! an - ¢, 1 an
R, R, A, 98, A, g,

By using equations (23), it follows that

olee W Lai —CﬁLaﬁul—%+% 1 ow' Céu, 166u3
SR YA E, |TOR|A 98, T p, T R, |7 AE | R, A, G,
5l cem W 1 ow w'[ 1 9du,  du,  du _ 1 aw'[cdu, 1 9du,
2R, TP ALE, | TR, AL 98, T pn TR, | AL0E| R, A,

5 clwi( o )+clwi( - ) 1 ow' 1 ow'

—len - e - -
R] 12 (p R2 12 cp CPIAZ agz CPZAI aE]
=C1_Vvi(1+c)iaéu1_% +(1_ ) 86u2+6ul
2R, VA, 8, pn A, 9E,

+ (Y -(1 +ec )( 1 66u2 +%) + (1 _03)(L66u1 ) 6u2)'

2R2 A a%l pll A2 aEZ p22
1 ow'|c,du, 1 9du, 1 ow'|c,du, 1 9du,
A2 aEZ l{1 A] a%] Alagl RZ A2 aEZ

Equation (26) is then expressed as

(o) = [d+ (o) +[d,+ 1] 2L (au) + [+ ] 5 (ou)
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(113a)

(113b)

(113¢)

(114a)

(114b)

(114c)
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where [d,], [d,], and [d,] are given by equations (55) and where

1 ow'c, w' Ci
T AL OE R, “Ripy
] = w e _Lawe
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woe e law we oo 1oow
R,p, R,A,05, R,p, R,A,E,
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W oo -
"R, A OE,
[a]= 0 o o
clwi 1 ow'
0 R
R2 A2 aEZ
0 0 0
[di]_ 0 C,Wi 1 ow'
’ R, A, 0L,
clwi 0 1 ow'
Rl Alagl
From these equations, it follows that
i 1 i 1 i
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(116)

(117)

(118)

(119)



As aresult of the "small" initial geometric imperfections, three additional terms appear in the
counterpart of equation (46a); these terms are

| la] - e+ ] - Ll all- L)) a0

Including these additional terms in equations (46) and (50) yields the equilibrium equations

1 07, 1 %, 2%, 7, -y C3Q13
+ + +
A, g, A, 08, Pu P2 R,

(121a)
s O | Lo q 42 4q =0
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(121b)
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The terms in equation (122d) arise from the live pressure load.

(122d)

Additional terms associated with the initial geometric imperfections also appear in the

boundary conditions given by equations (72) and (81). In particular, (%}T[dl] in equation (72a)

is replaced with {7% }T[dl + dl] ,and {%) [d,] in equation (81a) is replaced with

{71}1‘[(12 + dz] As a result, equations (73a)-(73c) become

o Wi o C3 _ 3
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Likewise, equations (82a)-(82c) become
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In addition, the alternate boundary conditions given by equation (83a) becomes

%n‘l +C](e(1)1 +¥_1)1+%1201(672_CP)=N1(§2) or ou, =0 (125)

1

and that given by equation (84a) becomes

o W
1 +c, 622+R—2

Expressions for the displacements U, U,, and U, are obtained by replacing u,(g, &) with
u,(E, &) + W(E, &, in equations (52) and (3), and then eliminating terms involving w'(§,,&,) in
equation (3) that are left over when u,, u,, and u, are set equal to zero. This process gives

7%, +7¢1201(e?2+cp) :NZ(EI) or ou,=0 (126)

- 1 aw' - o
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; . 1 ow' 1 ow'
Ufengat) =u s w =gl 3ol + ol v oo +cpzAza§j (129)

A complete resumé of these fundamental equations is given in Appendix C.

73



Concluding Remarks

A detailed exposition on a refined nonlinear shell theory that is suitable for nonlinear limit-
point buckling analyses of practical laminated-composite aerospace structures has been
presented. This shell theory includes the classical nonlinear shell theory attributed to Leonard,
Sanders, Koiter, and Budiansky as an explicit proper subset that is obtained directly by neglecting
all quantities associated with higher-order effects such as transverse-shearing deformation. This
approach has been used in order to leverage the exisiting experience base and to make the theory
attractive to industry. The formalism of general tensors has been avoided in order to expose the
details needed to fully understand and use the theory in a process leading ultimately to vehicle
certification.

The shell theory presented is constructed around a set of strain-displacement relations that are
based on "small" strains and "moderate" rotations. No shell-thinness approximations involving
the ratio of the maximum thickness to the minimum radius of curvature were used and, as a result,
the strain-displacement relations are exact within the presumptions of "small" strains and
"moderate" rotations. To faciliate physical insight, these strain-displacement relations have been
presented in terms of the linear reference-surface strains, rotations, and changes in curvature and
twist that appear in the classical "best" first-approximation linear shell theory attributed to
Sanders, Koiter, and Budiansky. The effects of transverse-shearing deformations are included in
the strain-displacement relations and kinematic equations, in a very general manner, by using
analyst-defined functions to describe the through-the-thickness distributions of transverse-
shearing strains. This approach yields a wide range of flexibility to the analyst when confronted
with new structural configurations and the need to analyze both global and local response
phenomena, and it enables a consistent building-block approach to analysis. The three-
dimensional elasticity form of the internal virtual work has been used to obtain the symmetrical
effective stress resulants that appear in classical nonlinear shell theory attributed to Leonard,
Sanders, Koiter, and Budiansky. The principle of virtual work, including "live" pressure effects,
and the surface divergence theorem were used to obtain the nonlinear equilibrium equations and
boundary conditions.

A general set of thermoelastic constitutive equations for laminated-composite shells have
been derived without using any shell-thinness approximations. Acknowledging the approximate
nature of constitutive equations, simplified forms and special cases that may be useful in practice
have also been discussed. These special cases span a hierarchy of accuracy that ranges from that
of first-order transverse-shear deformation theory, to that of a shear-deformation theory with
parabolic through-the-thickness distributions for the transverse-shearing stresses, and to that
which includes the use of layerwise zigzag kinematics without introducing additional unknown
response functions into the formulation of the boundary-value problem. In addition, the effects of
shell-thinness approximations on the constitutive equations have been presented. It is noteworthy
that none of the shell-thinness approximations appear outside of the constitutive equations.
Furthermore, the effects of "small" initial geometric imperfections have been introduced in a
relatively simple manner to obtain a nonlinear shell theory suitable for studying the nonlinear
limit-point response. The equations of this theory include tracers that are useful in assessing many
approximations that appear in the literature. For convenience, a resumé of the fundamental
equations of the theory are given in an appendix. Overall, a hierarchy of nonlinear shell theories
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have been presented in a detailed and unified manner that is amenable to the prediction of global
and local responses and to the development of generic design technology.
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Appendix A - Live Normal Pressure Loads

For a live normal pressure load p , the pressure § depends on the deformation of the shell
reference surface. Thus,

f>=q3(§]+u.,32+uz, Eg+u3) (A1)
Expanding p in Taylor Series and retaining terms up to first order gives

9d;
a% 1 (Eb €2, E,z)

aa,
a?éz (Eh &2, Ei)

29, u(6.8) (A2)

p= q3(§,, g, Ew) + CI (51.52.5) »

u (8. &)+ uy(E, &) +

The differential force due to the live pressure acting on a deformed-shell reference surface is given
by

dF = pdSz (A3)

where 2(31, Ez) is the unit-magnitude vector field normal to the deformed reference surface and

dS is the deformed image of the reference-surface differential area dS. The surface area dS is
given in principal-curvature coordinates as

dS = A A.dE dg, (A4)

For "small" strains and "moderate" rotations, the analysis of reference 221 indicates that

d82 = aS[@.d, + @ + (1 + €l + )i (A5)

where 8,(€,.8,). 4,(5.%). and ﬁ(%., Ez) are the unit-magnitude base-vector fields associated
with points of the undeformed reference surface, ¢, and ¢, are the rotations defined by equations

(8),and e}, and e are the linear deformation parameters defined by equations (7). Substituting
equations (A2) and (AS5) into equation (A3) gives

7 LT TR T A

dF = | 4@l + @@l + a1+ e+ ez + 50w 4o v+ 2 U 1S (A6)
1 2 3

where terms involving products of displacements, strains, or rotations are presumed negligible.
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Appendix B - Special Cases of the Constitutive Equations

Several special cases of the constitutive equations are presented subsequently in which all
terms involving the principal radii of curvature are neglected. Likewise, terms involving the radii
of geodesic curvature are also neglected. This approach leads to equations that are consistent with
the classical shell theory and the shell theories of Leonard,” Sanders,® Koiter,”'* and Budiansky."
Thus, equations (85) reduce to

AL ALAS
[Coo] = A(I)Z A(z)z A(z)r, (Bl)
Al AL AL
ALALA,
[Cu]=|ALALAL (B2)
A Ay Al
RIO RZO
10 20
[Cu]= R, R, (B3)
Rlﬁ R66
RIO RZO
10 Zi)
[Col=| R R, (B4)
R, R,
(00
[Cu]=]|00 (B5)
00
ALALA
21] ;2 216
[Cll] =~| AL AL A, (B6)
AL ALAL
R, R,
[Clz] = Rllzl Rz}l (B7)
R“ R 1
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(00
[C.]=]00
00
Q. Q.
sz = 120 220
[ ] Q]b Qbh
110 120
St
00
[Cul=]40
1|38
0o
[C] = 00
0o
[Cul= 00
Z1]0 leo
[CSS] = ‘ i1520 42520

—_—
o]
-

1l
—_—
==
—_—
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(B8)

(B9)

(B10)

(B11)

(B12)

(B13)

(B14)

(B15)

(B16)

(B17)



%, ALALALALALA, (€ R
., ALALALALALAL ] € R
T \ _{AGALALAALA L) YE IR
M, ALALAL AL AL AL 2 R
" ALALAL AT AL AL | % R
e AL AL AL AT AL AL | 200 R

€
10 10 10 11 11 11 o
711\\ Rn R12 Rm Rn R12 Rm €» Qn

20 20 20 21 21 21 o

712 — R]e st Rss RIG R26 R66 le + le Q
- 10 10 10 11 __ 11 __ 11 o

721 Rm st R66 Rm R26 R66 X Qm Q
7 20 20 20 21 21 °

2 R12 Rzz sz, RlZ Rz2 R

55 45

/213}= z

2

Zs Zs

© R R R AW

W3 5
8RB

1o _ 120

120 220

L
SESE

S

S

120
Q 12
220

Qi Qu
Q66 Q26

220

o | %2 Q. Q. Q. Q.

1oy,
A, 3,
1 ay,,
A, O,
1oy,
A, 9,
1 9y,
A, 3,

1 ay;,
A, G,
1 oy,
A, 3,
1 ayy,
A, 3,
1 ay;,
A, 05,

(B18)

(B19)

(B20)

(B21)

(B22a)

(B22b)

(B22¢)

In addition, the constitutive equations for the transverse-shearing stresses are approximated as
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1013\ Fl’(g‘)éss FZ’(E,X)C“
| |F/(e)Cs E(g)Cu

o

Yl3
Y23

It is important to note that for F (€,) = F,(€,), equations (B22) reduce to

1 avﬂ

1 oy,

A, O,

1 ayﬂ
A dE,

1 ay,,

o 0o 0 1 1 1 10 10 10
% Al] AIZAI()AII AI2A|6 80 Rll RIZ Rlb
1 o 0 0 1 1 1 1 10 10 10
%22 A 12 A22 AZ(\ A 12 AZZ A26 822 R]Z R22 RQ()
0 0 0 1 1 .1 . 10 10 10

%12 — A 16 A26 A66 A 16 A26 A66 Y]Z + R]6 R26 R66
w = o1 1 2 22 XO 111l
7%“ Al] AIZAIGAII AIZAIG (]’I Rll RIZ R16
11 1 2 22 X o1 1l

- A 12 AZZ A26 A 12 A22 A26 220 R12 R22 R26
., o1 1 2 22 2% TR TR
A 16 AZ(\ A(76 A 16 AZG A()G Rlﬁ R26 Rﬁﬁ

X 110 110 _110

XZZ Q 16 Q26 Q66

€
\ RI'RYRL R, RLRL || &2 Q. QIiOQL“’/
7.} =|R. Ry R, Rf‘R R, {72 3 +]Q. Qn Q,
/ R, R, R, R, R, R,
2

10 _ 110 o
1213 — Zsi Z4s Yl%
\223 stm o Y23
where 7,=7,.

First-Order Shear-Deformation Theory

A, 0E,

1 8723

Az a%z

1 ay;,
A, 08,
1 dy,,
A, 9E,

1 ay,

A, 9E,

Az agz

(B224d)
h;,
h,
_(:) hllz (B23a)
l’111
h.,
h.,
| e
_®\gzﬁ)/ (B23b)
f g
(B23c¢)

The constitutive equations of a first-order shear-deformation theory are obtained by setting

(B24a)

(B24b)

F,(&:) =F,(&) =&, in equations (87)-(94). In particular, equations (87) and (88) become
RERIRY| (A A AN
R:I;R R — Ak+1 Ak+l Ak+1
R:()R R()é Ak:l Ak+1 Ak+l
Qr Q. Q.| |ATATAY
ijk ijk ijk k+2 k+2 k+2
12 22 26 = A A A
gijk gnjk qu Ak+2 Ak+2 Ak+2




where the right-hand-sides are given by equation (86). Likewise, equation (91) becomes

ik _ ijk Kk k
Z 7 A, A
EE o s
where
AL A, : C.C :
55 45 = _55 _45 E d%3 (B25b)
Als Al f 3 [CisCa (&)
Moreover, equation (94) becomes
b [h)
i k+1
g0 =\hs (B26)
g.) \h,

where the right-hand-side is given by equation (93). Applying these simplifications to equations
(B23) yields

5

Ry R. R, [ [ALALA]
R.R. Ry | [ALALA,
R, R, R, [_|A,A,A, (B27)
Ry Ry R, | |ALALA,
Ry Ry Ry | |ALALAL
R. Ry Ry | |ALALAL
Q. Qn Q.| |ALALAL
Q. Qn Q. |=|ALALAL (B28)
Qn Qu Qu | |ALALAL
110 110 0 0
‘Zﬁo sl= 0 A (B29)
770 | AL AL

e/~ ! Y

As aresult of 7, =7, , Substitution of equations (B27) and (B28) into equations (B23) reveals
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that 72, =7,,, 7,,=7,,, and 7, =7,,. Thus, the constitutive equations are expressed in terms of

the nomenclature of classical shell theory as

%, A,A,A,B,B,B,| e

%22 A12 A22 A26 B]2 B72 B26 822

%12 - A16 A26 A66 B16 B26 B66 YIZ +

%11 B1| B]z BI() DII Dlz D16 X(l)l

%22 B1z Bzz st Dlz D22 D26 X(2)2

%n Bl() B26 B66 Dlﬁ D26 DG() ZX?Z
[2.)| _ kA
|25/ kA

where k,,, k

449

B, B, B, 1 ay,,
B, B, B, A, 9E,
B, B, B, 1ay,
D,D,D, ALOE
D,D,D, || 1 dyvs 19y,
D,D,D.| | A 0 ~A,dE,
skaAL ][y

sk 15

(B31)

(B32)

s> and k.. are transverse-shear correction factors that are used to compensate for the

fact that the transverse-shearing stresses are uniformly distributed across the shell thickness and,
hence, do not vanish on the bounding shell surfaces. Additionally, the two equilibrium equations

given by (58d) and (58e) become

%12 %11 1 8%11 1 8%12
25,=- + + — + —

pll p22 Al aEl A2 aEZ
223 - _ 7%22 + %12 + 1 6%12 + La%n

Pu  P» A IE A, &,

Moreover, equations (17¢e) and (17f) become

[S.]=
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(B34)

(B35 )

(B36)



Applying these matrices to equation (20e) and using equations (13) gives

M, M,
[EA s+, T, \

122 7 o oMy My
Q pll p22

(B37)

For the special case in which the stiffnesses and the thermal coefficients appearing in
equations (85) are symmetric through the thickness, the following additional simplifications to the
constitutive equations are obtained

f (B38)

o 1 aY(1’3
X Al agl 1
[%H\ Dn DIZ D]e 1 a,YO hu
My =|D,D, Dy Zz + A_ (9%23 -0 hlzz (B39)
\%]2/ le Dzﬁ D66 o : : o h"
2 o 1 aYZ? 1 a’YH
X

+ +
FUOAOE, A, GG,

{3, 0} Shear-Deformation Theory

The constitutive equations of a {3, 0} shear-deformation theory are obtained by setting

F,(5.) = F(g,) = &, — 45(g)) (B40)

in equations (87)-(91) and (94). These functions yield parabolic distributions of transverse-
shearing stresses across the shell thickness. Substituting these functions into equation (B22d)
reveals that the transverse-shearing stresses vanish at &, = + h/2. Next, using equation (B40),
equations (96) and (97) become

RiR.R,| [A) A AL AVTATTAY
RoRoR: (= AL AL AL -2 AL AL AL (B41)
RJkRJkRJk Ak+1Ak+1Ak+1 3h Ak+3 Ak+3 Ak+3

16 26 66 16 26 66 16 26 66
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Q” le QIJ: Ak+2 Ak+2 Ak+2 Ak+4 Ak+4 Ak+4 Ak+6 Ak+6Ak+6
Q]z sz QI: _ Ak+2Ak+2 Ak+2 _ 82 Ak+4 Ak+4 Ak6+4 164 Ak+6 Ak+6Ak+6 (B42)
Q,6 Q26 Q(,I: Ak+2 Ak+2 Ak+2 3h Ak+4 Ak+4 Ak+4 Oh Ak+6 Ak+6Ak+6

where the right-hand-sides are given by equation (95). Likewise, equation (100) becomes

zi 7| _[an Al [ Al e anan
ijk ijk k k 2 k+2 k+2 k+4 k+4 (B43)
Z45 Z44 A45 A44 h A45 A44 h A45 A
and equation (103) becomes
f gJT\ h, f h,,”
i k+1 k+3
g =\ -k b (B44)
[PE3 B TS TR PN

where the right-hand-side is given by equation (102). Applying these simplifications to equations
(B23) gives

RIRURY| [Al AL AL AL AL AL
Ry R, R, | |ALALA, AL AL A
10 10 10 1 1 1 3 3 3
R16 R26 R66 — A16 A26 A66 _ 4 A16 A26 A66 (B45)
11 11 11 - 2 2 2 2 4 4 4
RI] R12 R16 A1] A12A16 3h AIl A12A16
11 11 11 2 2 2 4 4 4
RIZ R22 R26 AIZ A22 A26 All A22 A26
11 11 11 2 2 2 4 4 4
.RI() RZG Rb() .Al() A26 A66_ A16 AZ() A()G_
Q. Q. Q.| |ALALAL AL ALAL Al AL A
110 110 110 2 2 2 4 4 4 6 6 6
Q) Qn Q| =] AL AL AL - 3?12 AL AL AL+ 91}? A5, AL AL (B46)
110 110 110 2 2 2 4 4 4 6 6 6
Q]ﬁ Q26 Q66 A]6 A66 A26 A16 Aﬁb A26 A]6 A66 AZ()
110 110 AU AU 8 Az Az 6 A4 A4
55 45 5: 4 S5 45 1 55 5
Mgl AL AL walal] T Al Al (B47)
jgf?\ th\ y h,
1 3
\\gz:zz/ = \lh]zzf - 2 h§2 (B48)
g hy,) 30 \n

For the special case in which the stiffnesess and the thermal coefficients appearing in
equations (85) are symmetric through the thickness, the following additional simplifications to the
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constitutive equations are obtained

AL AL (e h'

AL A, {e; -64n, (B49a)
o 0

AL A / h,

1 ay,,

2 2,2

CALAL (x| [RURERL A5, h,
2,2 2 X (VR VR | I ay A !
12 A22 A26 X22 + RIZ R22 RZ( - @
LALAL RIR] R \

AL GE, \hfz (B49b)
1 avs L1 s
Al a%] A2 agz

1 ay,,
111l 110110 110 Ka‘g 10
Rl] R]Z Rl() ? 11 12 16 : nl
/7“ o121 Xﬁ,' Q110 Qno QllO 1 ay,, ~ gllb\
Zn ;= [Ru Ry Ry Ao + le sz QZG A -0 g2 (B49C)
\7 f Rll R11 Rll \2)(0} Q110 Qno QIIO A, 6%2 glof
12 16 Nog Rgg 12 16 2 66 190 : 1 ov° 12
Y-3 + Yl3
Al agl AZ aEZ

Shear-Deformation Theory Based on Zigzag Kinematics

When the transverse-shearing stresses are approximated by equation (B22d), the analysis
presented in reference 228 for laminated-composite plates is directly applicable to the present
study. In particular, the functions F,(g,) and F,(&,) are expressed as

F (&) =1f(g)+w" () (B50a)

F (&) =f(c)+w"(g) (B50b)

where the ply number n € {1, 2, ..., N} and N is the total number of plies in the laminated wall.

The functions f,(€,) and f,(g,) are continuous functions with continuous derivatives that are
required to satisfy

f(0)=1£,0)=0 (B51a)

(B51b)



£'(-g)=£'(g) (B5lc)
)=0 (B51d)

for all values of -h/2 <&, <h/2. The functions w"(5) and W."(5) are referred to in reference

228 as "zigzag enrichment functions" that account for shell wall inhomogeneity and asymmetry.
These functions are given by

w(e) =, () - @ (0) + % 2 - %(1 - é) - Cflb(l * _” (B52a)

W) = ol'e)-o(0)+ 52 - Sl 13- §§>(1 . E—” (B52b)

where
My h\| G, S 1
ole)= [+ 7)|Ci‘;’ o |C‘;2’ o ]h“” o
ey (e . h\[Gs _ S 1 B53b
@, (E)_(§3+2) dz) | +G2§[(—:Z) Ci:)]h(p) ( )
(™M) G, N 1
™(0) =g|_(w - 1] +G, |_(p) _ _(M)}h(p) (BS4a)
CSS = CSS CSS
(M) G ANl 1
@, (0) =% o~ 1[+G. 2 —l(p) = —mw [N (B54b)
C44 P C44 C44
G =130 (BS5a)
= CSS
G.=|f 2= (B55b)
! C44

In equations (B52) and (B54), the superscript M denotes the ply that occupies the shell reference

104



surface, §, = 0. The derivatives of F () and F,E,) are

F'(e)=1/(s)+w " (g) (B562)
F/(g)=1/(g) + %" (g) (B56b)
where
(n)y G1 1 | 2%3 G1 2%3
v, (E«)=_n——7(1— )+_N(1+ (B57a)
c. 2yt hJogyvo b
(n)y G2 1 G2 2%3 G2 2&3
lPZ (El)z_n___l(l_ )+_N(l+ (B57b)
c. 2c)t bt ooh

For a homogeneous shell wall, the zig-zag enrichment terms in equations (B50) and (B56) vanish.
Thus, the derivatives of the functions f (g,) and f,(€,) represent distribution of transverse-shearing
stresses in a homogeneous shell wall. For the parabolic distribution of transverse shearing stresses
commonly found in the technical literature for homogeneous plates,

fi(g)=£(&)= Egll - %(ZE ” (B58a)

(B58b)

The shell-wall stiffnesses and thermal coefficients appearing in equations (B22) are obtained
by substituting equations (B50), (B56), and (B58) into equations (101)-(109) and performing the
through-the-thickness integrations. The resulting expressions are lengthy and are not presented

herein.
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Appendix C - Resumé of the Fundamental Equations

The fundamental equations needed to characterize the nonlinear behavior of shells with
"small" initial geometric imperfections are presented in this appendix. The parameters c , c,, and
¢, appear in these equations and are used herein to identify other well-known shell theories that
are contained within the equations of the present study as special cases. In particular, specifying
F,(g,) = F,(€,) =0, neglecting the initial geometric imperfections, and setting ¢, =c¢, =c, =1 gives
the nonlinear shell theories of Budiansky'' and Koiter.”" Similarly, specifying ¢, =0 and ¢, =c,
=1 gives Sanders’ nonlinear shell theory, and specifying ¢, =0, ¢,=0, and c, =1 gives Sanders’
nonlinear shell theory with nonlinear rotations about the reference-surface normal neglected.
Furthermore, specifying ¢, = ¢, = ¢, = 0 gives the Donnell-Mushtari-Vlasov'” nonlinear shell
theory.

Displacements and Strain-Displacement Relations

The fundamental unknown fields in the present study are the reference-surface tangential
displacements u,(€,&,) and u,(g,&,), the normal displacement u,(§, €,), and the transverse-

shearing strains Y;( & Ez) and Y;( & Ez)- The corresponding displacements of a material point

(€. €, &) are given by

[ 1 ow' 0
UI(EI’EZ’ §3)=ul +§3 @, _CP(sz_A_aE ) +F1(§3)Y13 (Cl)
- 1 ow' - 0
U2(§1’ &, %3) =u,+ §3 ¢, + (P(cpl - A_E) + F2(§3)Y23 (C2)
i ., 1 ow' 1 ow'
U3(§1, %27 %%) =u;+wW - E3 %(cpl + ch) + CPIA_la_‘gl + cpzA_za_gj (C3)

where wi( € Ez) is a known field that describes the initial geometric imperfections in the

unloaded state. The functions F,(§,) and F,(€,) are user-defined and specifiy the through-the-
thickness distributions of the transverse-shear strains. These two functions are required to satisfy
F,(0)= F,(0)=0 and F,'(0) =F,(0) = 1. The nonzero strains at any point of the shell are given by

o

Y
Fz 3)
(E )pn

10y,
A, 9,

C4
3 (C4)

£,(80808) =€, +Ex\, +F(&)
143
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j’Y (1+R1) (1+R2)+2(R2 R) §3X12[(1+R1)+(1+R2
YIZ(EI’ Ez’ Ez) =
1+ L3 1+ L5
R, R,
U Ve 1Y Vi
F] A _F2 )T Sy )| ——— AE)—
ey (E)pzz Ble) i +FE);
+ : + :
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F 0
%)
F,(E.) | o
Y23(§1’ Ez, E3) = % Fz’(%)(l + %) _ I(;é ) .
%)
where the reference-surface membrane strains are given by
el(2.5) = el + 3ol re) + de[(eh) +eifel+ 20) |+ el - g B
o B 012 o R T . 1 a i
822(E|a Ez) = ezz (CPz + C, ) + 1(:I (622) + e,z(elz — 2cp) +c ezzgz CP2A7287¥2
YTz(El’ %2) = 26(1)2 + ¢, + CI[CTI(GTZ - Cp) + e;’z(eTz + (p)]
+ﬂ( )+01Wi( - ) 1 ow' 1 ow'
R, el R, Cet @ _cplAz a%z _(pzAl 3%1

with the linear deformation parameters
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(C5)

(Co)

(C7)

(C8)

(C9)

(C10)

(C11)



aul u, &
A a%l - P " R1 (Clz)

11(%1’ § )

1 au2 u, u;

ezz(%n%z) =A728§2 +E+R72 (C13)
aul 1 au2 u, u,

O o (19
Xo(gng) = Lo - 2 (C15)

! A 8%1 pll
Woln &) = Lo B (C16)

” A 9E,  P»

o l a(p2 @, Lacpl_&_ i_i
2lE )= A5, Yot ALaE e (R] R, €17y
and the linear rotation parameters

csu, 1 du,
¢ (5 &)= R T A (C18)
(g 8) =S L0 C19
PSR TR, (19

1 allz 1 aul & &
a(en8)=3 AVGE, T ALOE, py (€20)
Equilibrium Equations and Boundary Conditions
The equilibrium equations are given by

1 8%11 + 1 8%12 2%12 + % =7y + C3613

A1 agl A2 a§2 pll p22 Rl
(C21)

+pl+q|+p:+qi|=0

c, 0 1 1
2A8§|%(, &J
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1 07, 1 07, + %, =, + 2%12 + 03623
A] a%l AZ aEZ p]] p22 RZ
c, 0 1 1
+2A13_&[%12(R R) +p2+q2+Pz+qz—O
1 9Q, 1 9Q, én Q. 7. 7.
+ =B =n_ U2 2 4q,+P,+q,=0
A, 98, T A, 0, bl TR, TR, TR
?21 711 1 a711 1 a?21
2+ —-—- - =
pll p22 AI agl AZ aEZ
223+&_&_ 1 07, : 1 907, _
pll p22 AI a%l AZ a%Z
where
s 1 877{11 1 6%12 %11 _%22 2%12
Q13 = -
Al a%l AZ aEZ p22 p]]
P 1 o 1 o, 7%11 _%22 27%12
Q= +
A1 a%l A2 aEZ pll p22
| ow'
, ‘A, 0E,
[qi' L1 ow'
qQar =  Era
i A,9d
\% 2 3,
W W ;
qs| — + —) + 99,

P == 1%[%“(‘)1 + %12%]

A a§2[¢ 0+ 70|+

A 8%1[%11611+7¢12(612 cp)]

(C22)

(C23)

(C24)

(C25)

(C26)

(C27)

(C28)

- i[%ll(e?z + cp) + %22(6?2 - CP) + 7{12(671 + egz)] - _][%22622 - 7{116(1)1 + 2%12@] (C29)
Pu P

¢ 1
2 A, 9,
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P, =- ;—Z[%zchz + %,chl] 212 %E| [(7@I + 7, cp] NG, E[%ne; - %lz(eT2 + cp)]

+ p—l[%n(e?z + (P) + %22(eT2 - CP) + %12(6[1)1 + e;z):l - —1[7{22622 - %He?l + 2%12(()] (C30)
" Ea’gl [(7{“ 7{22)([) + 2(%11612 + 7112622)]

Py=- ALI%[%HCPI + %12(92] - i[%n@l + 7{12(P2] - t%[%lzcﬁ)l + 7zz2cP2]

C31
+ L[%mq)l + %22(92] - &[%ne?l + %12(6?2 - (P)] - &[%223(2]2 + %12(6[1)2 + CP)] ( )
pll R1 R2
i_c3%18wi+ 18wi+c,8%Wi
VR TUAVGE, T TUALGE | A0 |TR,
i i i (C32)
c, d p w cw 7%, 7%, C,W 1 1
A2 aEZ 121{1 p22 Rl R2 11 . Rl RZ
pi_c3% 18w'+% 16w'+cla %wi
"R, A8, TTALGE, | A GE| R,
. | (C33)
C, d Wl c\w 7{11 7{22 W 1 1
A A= %22_ - %12 -t
AZGEZ RZ pll Rl RZ 22 Rl 2
SRR L P 1aw‘+% Low' | 1 9 7 1awi+% 1 ow'
TAoE, | A g, T AL e, | T AL aE, | A aE, T AL e
i i i (C34)
+1%18w+%law 1%18W+%18W 7{22W+%”W
YA, OE, YA, IE, u| TAE, T AL OE, R, R, R, R,
The boundary conditions for an edge given by &, = constant are given by
%11‘1+C|(e(|)1+§_ﬂ+%12cl(e?z_cp)=Nl(§2) or u1=D1(§2) (C35)
1
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<,

()
%12 + 7(%11 + %22)@ + 2

2

. o W
%11(2612 + CP) - %zch + 2%12 €yt R_

or u,=D,(E,)

Cs 3 1 _ Mlz(gz)
+%127(E_R_1)—S1(§2) + Rz
— 1 67%]2 1 aWI 1 (")VVi _ dMlZ(EZ)
Q13+K2 a%z - %11(@1 _A]agél)+%12(CP2_A2822)1_Q1(22)+ d‘gz or

u; = D3(Ez)

o, = M1(§2) or ¢, = ¢l(§2)

Z.=0 or Y(I)S = FI(EZ)

Z.=0 or Y; = rz(%z)

and
o, = M]2(§2) or u;= D3(Ez)

at the corners given by §,=a, and &, =b,. The boundary conditions for an edge given by

€, = constant are given by

%12 - %(7{11 + %22)([) + &

. . W
%11(p + %22(2612 - (p) + 2%12 €, t R_

2 1
or u1:D1(§1)
3 1 M, (E,
e LT

%22 +7{]2C1(6‘:2 +CP) :NZ(EI) or u2=D2(El)

. W
1+¢c 622+R—2

%(cp ”W)Hezz(cpz ”Wﬂ:Qz(e.)ﬁM“(E') or

= | 0%,
Qi+ -
YA,

T A, 0, T A, GE, dE,

u; =D3(E1)
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(C40)
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(C43)

(C44)



i, = Mz(gz) or @, = (DZ(E.’]) =0 (C45)

Z,=0 or YTs = rl(%l) (C46)
7»,=0 or 'Y;3 = rZ(El) (C47)

and
., = le(gl) or u;= DS(EI) (C48)

at the corners given by § =a, and § =b,.

Stresses and Constitutive Equations

The stresses at any point of the shell are given by

(O N Q1|Q12 Q16 811\ o,

Oy = (_212 622 626 €n )~ 0xn ®(§1az2» E%) (C49)
\012[ (_216 st (_266 \ le/ (_xlzf /
/013\ - (_:55 (_:45 lYB\
\on/ 7 |C.C. ]m f (©50)
where
O(&.5.5) = 6(&,.5)G(&) (C51)

is the known temperature field for material points of the shell. The general constitutive equations
for a shell are given by

. . 1 ay;, 1 ay,,
% 8ll Xll A A o A~ ) =
{%22} = [Coo]{egz} + [Col]{XZzo } + [Coz] All g,;éi + [C03] Alzg';gi * [C04]{Y‘]’3} - 6{90} (C52)
? 2 A, 3, A, 3,

. . 1 ayy, 1 ayy,
i o %) an /Aa "\ ala )
{:Zzz} = [CIO]{Ezz} + [Cn]{)z(zzo } + [Clz] 11 aYEZI; + [C13] lza;éi + [CM]{}E:} - 6\91/ (C53)
e \Al 3 \Az €,
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Vi 2XT2

{;} - [CZ“]{E} - [Czl]{gx} + [sz]{ﬁgf;} +[Cax]
[
|nie)

E‘1‘1 XTu
Z)- [cm]{s?} : [cn]{xn } e[l

e at — N
{z:} = [C40]{€§2} + [Cu]{XZz“ } + [C42] AI] :;YE;L + [C43] IAlzgY%i + [CM]{zi} - @{64} (C56)
Y2 2X12 A] aEl Az agz

where the matrices [C;] appearing in these equations are given by equations (89) and the vectors
—\ . . T -
{Qi J are given by equation (92). Moreover, [C;]=[Cy] - Specialized forms of [C,;] and

{éj} are given in Appendix B.
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